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Abstract

We consider how superconducting microwave detector technology might be applied to the
readout of cavity-axion haloscopes and similar fundamental physics experiments. Expres-
sions for the sensitivity of two detection schemes are derived: 1) a dispersive spectrometer,
and 2) a direct-conversion/homodyne receiver using detectors as mixing elements. In both
cases the semi-classical/Poisson-mixture approach is used to account for quantum effects.
Preliminary sensitivity calculations are performed to guide future development work. These
suggest the homodyne scheme offers a near-term solution for realising near-quantum-noise
limited receivers with improved usability compared with parametric amplifiers. Similarly,
they show that the dispersive spectrometer offers a potential way to beat the quantum noise
limit, but that significant technological development work is needed to do so.
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1 Introduction

One of the most technologically challenging applications of microwave radiometry is the readout

of low frequency axion haloscopes. Here the aim is to detect thermal line emission due to the

axion against a background of thermal radiation from a microwave resonant cavity at frequencies

up to 10GHz. This line is theorised to be ∼1 kHz wide and to contain ∼10−22W of power, and

must be detected, for example, against a background power loading of ∼10−20W in the case of a

typical 1GHz cavity cooled to ∼1K [1]. Expressed in terms of noise temperatures, the challenge

is to measure 10 mK temperature excess against a 1K background and any contribution from

instrument noise, given only a linewidth of bandwidth. The corresponding background photon

arrival rate is only fifteen per second, so operation of the radiometer is further complicated by

quantum effects. For comparison, measurements of the cosmic microwave background (CMB)

have achieved µK resolution against a 4K background, but they do so thanks to much larger

photon arrival rates.

Haloscopes have traditionally used coherent radiometers for read out. In a typical system

the signal from the cavity is band-filtered, amplified and then down-converted for digitisation.

Digital signal processing techniques are then used to form multiple radiometer channels sim-

ultaneously across the down-converted bandwidth. The receiver noise temperature of a well

engineered system is determined by the initial low noise amplifier, with the current state of the

art for transistor based designs being of order 1.3K below 3 GHz [2].

Reductions in receiver noise temperatures are required for deeper searches and to fully

exploit lower temperature cavities. Unfortunately, the minimum receiver noise temperature

of a coherent system is limited to Tq ∼ hν0/(2kb) by quantum effects, where h is Planck’s

constant, ν0 is the channel frequency and kb is Boltzmann’s constants (Tq ≈ 24mK at 1GHz) [3].

New parametric amplifier designs are starting to approach this limit, leaving little room for

improvement. Further, they are typically more difficult to operate and narrower in bandwidth

than typical transistor-based designs. As such, there is increasing interest in alternate receiver

technologies that are easier to operate and/or have growth potential in terms of sensitivity and

with increasing tuning range up to mm-wavelengths.

One such technology is direct detection radiometers. In such systems the input signal

is band-filtered and then then the power in the filtered signal is measured directly using a

power detector such as a bolometer. Since they do not use amplifiers and or mixers prior to

detection, direct detection radiometers are not subject to the quantum noise limit and can, in

principle, achieve better sensitivities than coherent systems in a low background power limit [4,

5]. However, to build multi-channel systems requires either a dispersive element, such as a

filter-bank or grating, or a Fourier transform spectrometer.

Direct detection radiometers based on superconducting detectors including transition edge

sensors (TESs) and Kinetic Inductance Detectors (KIDs) have been extensively developed for

astronomical observations in the sub-mm range (above 40GHz for TESs and above 100GHz

for KIDs). Here the observation problem is similar to that of the axion case; the background

photon count can become low, in which case the quantum noise limit associated with coherent
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receivers becomes a significant sensitivity penalty [5]. Noise equivalent powers (NEPs) below

10−18W/
√
Hz are now readily achieved and multi-channel, system-on-chip, filter-bank spectro-

meters have been demonstrated. Additionally, the technology to support these detectors, such

as cryogenic coolers and readout electronics, is mature and commercially available. Work is

ongoing to extend these technologies to longer wavelengths (< 20GHz).

In this report we will consider the application of superconducting detector technology de-

veloped in the astronomical context to fundamental physics measurements, using readout of

the cavity haloscope as an example application. We will consider two different measurement

schemes for measuring the power spectral density of a microwave input signal. The first is a

dispersive spectrometer in which the input signal is first filtered into different frequency chan-

nels at its native frequency, then the output of each channel is measured by a superconducting

microwave power detector. We will refer to this scheme generically as a filter-bank spectrometer.

The second is a homodyne (or direct-conversion) receiver implemented using superconducting

microwave detectors as the mixing element. In the case of the homodyne scheme, the overall

behaviour of the system is that of a coherent system and as such it is subject to a quantum

noise limit. However, we believe it will be much easier to operate then equivalent parametric

amplifier designs; the pump level will not need precise adjustment and it will be tuneable over

a wide input frequency range. Homodyne readout of cavity haloscopes using power detectors

has already been promoted by Omarov [6]; here will consider an alternate scheme using a bal-

anced receiver architecture and present a sensitivity analysis using concepts more familiar to

microwave engineers.

In Section 2 of the report we will describe the basic operation of the two schemes and

highlight their key advantages. In Section 3 we then present a noise and responsivity analysis

of both configurations. This is based on a Poisson-mixture model of the photon detection

problem [7, 8, 9] and will allow us to explore the behaviour in both the quantum (few-photon)

and classical (many-photon) regimes, as well as the cross-over region between the two. This is, to

our knowledge, the first time the Poisson-mixture model has been used to analyse a homodyne

receiver. Finally, in Sections 4 we consider modes of operation of the two receivers and the

corresponding sensitivities. Detector technologies for realising the receivers are discussed in a

companion report [10].

2 Detection schemes considered

In this section we will describe the detection schemes that will be considered. It will be useful

to consider some basic aspects of power detector theory prior to doing so, as this will help

motivate the two designs.

2.1 Microwave power detector theory

In this section we will consider how power detectors are normally operated and the corresponding

measures of their sensitivity. The canonical example of a power detector is the bolometer.
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A power detector responds to the total incident power p(t) in the signal as a function of

time t, as opposed to the amplitude as in the case of an amplifier or mixer. For a linear device,

the readout output y(t) can be modelled by

y(t) =

∫ ∞

−∞
g(t− t′)p(t′) dt′ + n(t). (1)

Here g(t) is the response function of the detector and n(t) is the noise at the output. This noise

may come from a variety of sources, including the readout electronics, the detector and the input

signal itself. The response function g(t) encodes both the responsivity of the device and the fact

its response rate to changes in the input power is limited; response times for superconducting

microwave power detectors range from microseconds for tunnel junctions to milliseconds for

transition edge sensors.

The sensitivity of a power detector is usually measured using a figure of merit called the

Noise Equivalent Power (NEP). This is canonically defined as the steady-state input power

level that gives a signal to noise ratio of unity in 1Hz of output bandwidth. A reference output

bandwidth is given because it is always possible to reduce the output bandwidth by filtering

and thereby increase the sensitivity. NEP is strictly an overall system quantity and depends

not only on the detector, but the readout electronics, detector, background input signal and

particular modulation strategy.

Modulation is used here to mean converting the steady-state power level of interest into a

time-varying power level. This is common practice as it allows the signal-of-interest to be moved

to parts of the output bandwidth of the detector where the noise is lower, thereby improving

sensitivity. An example of modulation strategy is ‘chopping’, whereby the signal of interest is

turned on an off cyclically to encode the input level as the amplitude of several harmonics at

the detector output (e.g. using a chopper wheel or by pointing the detector on and off target).

The disadvantage of modulation is that input signal power may be lost, e.g. when the source

is off in a chopped measurement, or if power is modulated into frequency components that are

not subsequently measured. We will define the efficiency η2m of a modulation as the ratio of the

time-averaged signal power flow for the modulated signal to that for the unmodulated signal.

Poor modulation efficiency degrades sensitivity.

A more general definition of NEP that accounts for modulation effects is as the constant of

proportionality in the relationship between the noise in a power measurement and the length

for which the output signal is recorded. Let ∆P be the RMS error in a power measurement and

τ the time the signal is recorded for, then we can define the NEP(f0) when the steady-state

signal is modulated onto a tone with frequency f0 by

∆P =
NEP(f0)

ηm
√
2τ

(2)

where ηm is the modulation efficiency assuming only that tone is detected. This definition

reduces to the canonical definition when the single is unmodulated; ηm = 1 and the output

bandwidth for time averaging over τ is ∆ν = 1/
√
2τ . However, it extends the definition to
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Figure 1: Behaviour of S(f), G(f) and NEP for a typical power detector.

modulated signals in a manner that distinguishes the intrinsic sensitivity of the detector system

and reductions in that sensitivity due to imperfect modulation. (2) is derived in Appendix C.

The NEP can be decomposed into two components according to

NEP2 = NEP2
i +NEP2

photon (3)

where NEPi is the NEP that would be measured in the absence of an input signal and NEPphoton

is, therefore, the noise due to the input signal. NEPi arises from noises sources internal to the

detector and readout electronics and we will refer to it as the intrinsic NEP of the detector

system. Similarly, we will refer to NEPphoton as the photon NEP in the particular application.

The latter terminology follows historical convention and should not be interpreted as being

restricted to noise associated with the photonic nature of the light. Instead it should be read as

meaning any noise associated with the input photons, be it shot noise in the quantum regime

or wave-noise in the classical regime. In most applications of interest the signal is relatively

weak and so the photon noise will be dominated by any background radiation.

Figure 1 shows the behaviour of NEPi(f0) for a typical superconducting power detector.

Three quantities are plotted: NEPi(f0), the noise power spectral density S(f) at the detector

output and the frequency domain responsivity R(f) = |g(f)|2. We can normally distinguish

four regions, (i)–(iv), in the output noise power spectral density S(f). Below a certain shoulder

frequency, region (i), S(f) is dominated by 1/f noise resulting from long timescale drift in

system parameters. This is followed by a region, (ii) and (iii) together, where the noise from

the detector itself dominates. This usually rolls off with the detector responsivity G(f), as seen

in region (iii). Finally there is a region, (iv), where the detector responsivity has rolled off
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sufficiently that noise from the readout electronics now dominates. The result is the NEP is

lowest over some range of non-zero frequencies.

The valley in Figure 1 is seen generally and motivates modulation as a strategy to improve

detector sensitivity. This is most simply illustrated by considering chopping, which converts the

steady-state input power level into an input square-wave. This generates a strong fundamental

tone at the detector output at frequency f0, the amplitude and phase of which can be measured

using lock-in techniques and used to infer the original power level. The noise in the measurement

depends on the input-referred noise power spectral density at the fundamental frequency and

hence we can improve sensitivity by choosing fl < f0 < fu. If instead we want to think

about the problem in the time-domain, the rising NEP at low frequencies is due to 1/f noise,

which results from drifts in the output signal over long timescales caused by system instability.

These fluctuations prevent direct time-averaging, but chopping between the unknown signal

and a known source (i.e. zero) allows for calibration of the drift and its subsequent removal.

Overcoming detector instability is critical to achieving optimum performance and motivates the

homodyne approach.

Finally, it is useful later to be able to convert NEP into the equivalent system noise temper-

ature Tsys of a coherent radiometer, so as to allow a sensitivity comparison. In a radiometric

application the aim is to measure the noise temperature Ts as defined by Ps = kbTs∆ν, where

∆ν is the input radiation bandwidth of the power measurement. Therefore, whereas a power

detector measures total power incident over some input bandwidth, a coherent radiometer meas-

ures the power spectral density in that bandwidth. It follows from (2) that the RMS temperature

error achievable with a power detector is

∆Trms =
NEP(f0)

kbηm∆ν
√
2τ

. (4)

The equivalent result for a coherent radiometer is simply the radiometer equation,

∆Trms =
Tsys√
τ∆ν

, (5)

hence we see that the equivalent system noise temperature of a power detector system is

Tsys =
NEP(f0)

kbηm
√
2∆ν

. (6)

Equivalently, the effective NEP of a coherent radiometer system is

NEP = kbTsys

√
2∆ν. (7)

2.2 Filter-bank spectrometer

The first of the two detection schemes that we will consider in this report is the filter-bank

spectrometer, as illustrated in Figure 2a. This is conceptually the simplest way of realising a

multichannel radiometer with power detectors. A filter-bank circuit is used to disperse the signal
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(a)

(b)

Channel 1 output

Channel 2 output

· · ·

Channel N output

· · ·

Signal

BPF 1

BPF 2

· · ·

BPF N

P

Power
detector

P

Power
detector

· · ·

P

Power
detector

Signal

CW pump
(freq. = νpump)

Output

1

sum2

diff.

180◦ hybrid

1

sum2

diff.

180◦ hybrid

P

Power
detector

P

Power
detector

Figure 2: The two types of radiometer considered. Panel a) shows the concept of a filterbank
spectrometer and b) a direct conversion receiver implemented with power detectors.
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into the different spectral channels, then the power in each channel is measured by a separate

detector. Here we will assume the interest is in implementing multiple channels to give spectral

sensitivity and mimic the behaviour of a coherent receiver. However the analysis applies equally

well to the case where a single detector is used to measure the power in a bandpass signal, e.g.

for a whole power measurement on a cavity haloscope.

A recent development in radio astronomy is cyrogenic filterbank spectrometers that integ-

rate the filterbank and detectors together as a single microwave monolithic integrated circuits

(MMICs). These MMICs utilise superconducting, rather than semiconduting, electronics and

this enables the fabrication of both ultrasensitive detectors and low-loss, narrow-bandwidth,

filter channels and ultrasensitive detectors. Imaging arrays with few-colour pixels at mm-

wavelengths (>40 GHz) have already been deployed [11, 12, 13] and true spectrometer designs

with are in development [14, 15, 16]. It should be possible to scale this technology to axion

search frequencies (<40 GHz) by developing lumped element filter designs. Alternatively, the

cavity haloscope itself could be used as a single, tuneable, filter for a single detector.

The main advantages of this design is that it can, in principle, achieve better sensitivity than

a coherent radiometer in the case of low-background loading, as expected for an axion haloscope.

This will demonstrated in Section 4.2. However, this advantage is also widely discussed in the

literature, e.g. [4].

The main disadvantages are operational. Firstly, unlike coherent radiometers they are not

retuneable; location of the channels are fixed at production. Secondly, a stabilisation method

such as Dicke-switching is needed to overcome 1/f noise and achieve ultimate sensitivity. The

microwave switch needed to do the latter, indicated in the figure, is technologically challenging

to realise, as it must operate at cryogenic temperatures and add the minimal amount of structure

possible to the receiver’s spectral response.

2.3 Homodyne scheme

The second detection scheme we will consider is illustrated in Figure 2b. It comprises a pair

of identical power detectors that are connected to the sum and difference outputs of a 180◦

microwave hybrid. The noise signal of interest is applied to one input of the hybrid and a

continuous wave (CW) to the other, with the frequency of the latter chosen to be similar to

that of the signal of interest. The output signal is the difference of the two detector outputs.

This arrangement functions as a double-balanced mixer in the classical limit. To see this,

consider the case where continuous waves are applied to both ports. If the hybrid is ideal, the

inputs to the two detectors are

a1(t) = ℜ[b1e2πiν1t + b2e
2πiν2t]

a2(t) = ℜ[b1e2πiν1t − b2e
2πiν2t]

(8)

where the bn and νn are the amplitude and frequency of the tone at input n. The power
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detectors respond to the square of these signals, so the outputs are

p1(t) =
κ

2

{
|b1|2 + |b2|2 + 2ℜ[b1b∗2e2πi(ν1−ν2)t]

}
p2(t) =

κ

2

{
|b1|2 + |b2|2 − 2ℜ[b1b∗2e2πi(ν1−ν2)t]

} (9)

for some responsivity κ. The difference signal d(t) is then

d(t) = p1(t)− p2(t) = 2ℜ
[
b1b

∗
2e

2πi(ν1−ν2)t
]
, (10)

which is the product of the input signals. When a more general signal is applied at one port, it

therefore appears in the difference signal shifted down in frequency by an amount equal to the

frequency of the continuous wave on the second port.

For axion searches we propose operating the arrangement as a direct downconversion re-

ceiver, as illustrated in Figure 3. The frequency of the CW tone would be chosen to down-

convert some bandwidth of interest into the output bandwidth of the detectors, i.e. close to

the centre of the bandwidth of the signal. Ideally the frequency should be chosen to place the

down-converted signal in the range of the NEP valley discussed in Section 2.1, so as to maximise

sensitivity. The down converted signal will then appear as noise in the difference signal and its

power spectral density can be recovered using standard methods for measuring the NEP of a

detector. If the difference signal were filtered to match the line width and the total power then

measured, the receiver could be used as a scanned matched filter.

As discussed in the introduction, such a system can in principle function as a quantum noise

limited radiometer when the CW power is greater than the input noise signal power. A detailed

argument will be presented in Section 4.3, but we provide a qualitative argument here. If the

internal noise is made sufficiently low, the detectors’ NEPs will be dominated by photon noise

from background power loading. This comprises two parts: a shot noise term of quantum origin

and a wave noise term of classical origin. The wave noise term is correlated between detectors

that see the same signal and cancels in the difference signal. The photon noise remains and

scales as the product of the photon energy with the energy in the signal. Three noise terms are

therefore seen in the difference signal: the down-converted signal, the photon noise generated

by the CW signal and the photon noise generated by the input noise signal. The first two

contributions scale with the CW power, while the third scales with the signal power. When

the difference signal is rescaled by the CW power to recover the signal temperature, the photon

noise term from the input noise signal becomes negligible. However, the photon noise from the

CW remains and is of order hν/kb, i.e. twice the quantum noise limit.

If the radiometric sensitivity limit is the same as more conventional coherent receivers based

on amplifiers, one might ask why this architecture is attractive? The answer is that we believe

it will be easier to operate. Current quantum noise limited receivers use parametric amplifiers,

which typically require the amplitude of the CW pump signal be finely adjusted to operate and

must be recalibrated on retuning. The proposed architecture should, by contrast, be able to

operate with a range of CW signal amplitudes and at any frequency where both the hybrid
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Figure 3: Operation of the receiver arrangement in Figure 2b as a direct conversion receiver.
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p(t)
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Figure 4: Detector noise model.

functions and microwave power can be coupled efficiently into the detector. High coupling

efficiencies have been demonstrated for microstrip coupled TESs over instantaneous frequency

ranges of 0–700 GHz [17], so the tuning range can in principle be made very large and only be

limited by hybrid design.

The main disadvantage of this arrangement is that the instantaneous bandwidth is much

smaller than a traditional coherent receiver. This is because the instantaneous bandwidth is set

by the bandwidth of the detector, which is of order 1 kHz for typical low noise detectors (see

the companion note). This compares with a bandwidth of a few MHz for parametric amplifiers.

However, since the bandwidth of the output of cavity haloscope is only on the few tens of kHz

this is not a critical issue.

3 Signal analysis

In this section we will develop a model for the output signals of the receivers in the two schemes,

which will form the basis of the sensitivity analysis in Section 4. The starting point is to analyse

the input-output behaviour of single detector, which models a single channel of the filter-bank

spectrometer. We may then analyse the output of the homodyne receiver by combining the

outputs of two such detectors for appropriate input signals.
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Let us begin by defining what is meant by the input of the detector in this context. We

will assume all the detectors are fed from transmission lines and that input is the component

of the wavefield on the line that is travelling towards the detector. We also assume that this

input wave is quasi-monochromatic with centre frequency ν0 and bandwidth ∆ν ≪ 2ν0, which

is appropriate for the intended application and significantly simplifies the subsequent analysis.

A convenient choice of input signal is then the complex analytic signal representation of the

instantaneous amplitude of the input wave at the detector port, which we denote a(t). We

assume the normalisation of the amplitude has been chosen such that the time-averaged power

flow into the detector is given by |a(t)|2/2. In this case, a(t) is simply the time-domain form of

the Kurokawa power wave amplitudes used in frequency domain in microwave analysis. More

details of a(t) are given in Appendix B.

Next we must specify the basic detector model. We will assume each detector responds

linearly to the power absorbed at its input port whilst also containing noise in its output

generated by sources internal to the detector. Figure 4 shows a model of such a detector,

comprising an ideal power detector, additive noise source and output filter in series. The ideal

power detector converts a(t) to a power signal p(t), to which is added a noise signal n(t) and

then the result is filtered to give the final output signal y(t):

y(t) =

∫ t

−∞
g(t, t′){p(t′) + n(t′)} dt′. (11)

The noise signal n(t) is the effective input referred noise, i.e. it is the equivalent input signal

that would give the total noise measured at the detector output for p(t) = 0. The filter function

g(t) is assumed to contain the effects of any detector response time, but not of further filtering

operations like time-averaging; the latter will be dealt with as part of the sensitivity analysis as

it is not intrinsic to the detector.

There is a subtly in the behaviour of the ideal power detector and it does not simply produce

a signal proportional to |a(t)|2/2. In reality, the input signal is a stream of photons of energy

hν0 which are absorbed randomly, depositing their energy instantaneously, according to some

average rate. Further, this rate may itself vary randomly over time. Typically the average of this

rate is the quantity of interest, as it the ‘time-averaged’ power flow into the detector. However,

we see its measurement will be complicated either in the limit where there are very few photons

in the measurement period, or if the noise in the rate is significant over the measurement period.

Calculating the statistics of p(t) will be a significant part of the analysis and we defer discussion

to Section 3.2.

With the input signal and detector specified, we can proceed with the signal analysis. Our

approach will be to work in terms of the moment generating functionals (MGFs) of all the

signals, which will allow us to mechanistically generate any order of correlation function for

the output signals. We will start by reviewing MGFs (Section 3.1), then proceed to calculate

the MGF for the output of the ideal power detector (Section 3.2), the output of a noisy single

power detector (Figure, 4, Section 3.4) and the output of the homodyne receiver (Section 3.5).
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These will then be used to calculate the correlation functions of the output signals in the two

schemes to the orders necessary for the sensitivity analysis.

3.1 Moment generating functionals

In this section we review the basics of MGFs as necessary for the analysis.

To begin with, let us consider the moment generating function of a real continuous random

variable x. If the probability density of x is Pr(x), then the moment generating function Mx of

x is defined by

Mx(s) =

∫ ∞

−∞
esx Pr(x) dx (12)

for dummy variable s. As the name suggests, the moment generating function can be used to

calculate the moments of the variable. This is is achieved by differentiation and it is straight-

forward to show that

⟨xn⟩ =
(
dnMx

dsn

)
s=0

. (13)

Examples of moment generating functions include

Mx(s) = eµs+
1
2
σ2s2 (14)

if x is Gaussian distributed with mean µ and variance σ2 and

Mx(s) = e(e
s−1)λ (15)

for a Poisson distributed variable with rate λ.

This definition is straightforwardly extended to a set of jointly distributed random variables,

{xn|n = 1, 2, . . . N}. Representing the values of the variables as a vector x and denoting the joint

probability distribution by Pr(x), we may define the multivariate moment generating function

by

Mx(s) =

∫
es

T ·x Pr(x) dNx. (16)

The different joint moments of the variables can then be generated by differentiating Mx ap-

propriately:

⟨xixj . . . xk⟩ =
(

∂

∂si

∂

∂sj
. . .

∂Mx

∂sk

)
s=0

(17)

As an example, the moment generation function for a multivariate Gaussian distribution is

Mx(s) = eµ
T ·s+ 1

2
sT ·Σ·s (18)

where µ is the vector of means and Σ is the covariance matrix.

It follows from (12) that if the variables are statistically independent then

Mx(s) =
N∏
i=1

Mxi(si), (19)
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where the Mxi(si) are the moment generating functions of the independent variables. Similarly,

if y = A · x+ b for matrix A and vector b, then

My(s) = eb
T ·sMx(A

T · s). (20)

We will make use of both of these results later.

A generalisation of the multivariate results can be used to treat sets of multivariate complex

variables. To do so it is convenient to use Wirtinger calculus, whereby we may treat zi and z∗i
as independent variables. Then we may define

Mz(w,w∗) =

∫ ∫
ew

†·z+z†·w Pr(z, z∗) dNzdNz∗. (21)

The joint moments of the variables can then be calculated using

⟨zizj . . . zkz∗l z∗m . . . z∗n⟩ =
(

∂

∂w∗
i

∂

∂w∗
j

. . .
∂

∂w∗
k

∂

∂wl

∂

∂wm
. . .

∂Mz

∂wn

)
w,w∗=0

(22)

where the Wirtinger derivatives are assumed.

We are now in a position to introduce moment generating functionals. Let x(t) be a real

valued random process. Assume x(t) is drawn from the Hilbert space of finite, real-valued,

functions on −∞ < t < ∞ with inner product

f(t) ◦ g(t) =
∫ ∞

−∞
f(t)g(t) dt. (23)

If {hn(t)|n = 1, 2, . . . } is a set of orthonormal basis functions for the space, then x(t) can be

decomposed as

x(t) =
∞∑
n=1

xnhn(t)

xn = hn(t) ◦ x(t)
(24)

whereby ‘finite function’ we mean
∑∞

n=1 |xn| < ∞. The moment generating function is defined

by assuming the decomposition coefficients {xn|n = 1, 2, . . . } are a set of jointly distributed

random variables. Substituting (24) into (12), we obtain the moment generating functional

Mx[s(t)] =

∫
es(t)◦x(t)P[x(t)]D[x(t)] (25)

where P is the probability density functional of x(t) and D is the functional integration measure.

The functional equivalent of the joint moments is the many time correlation functions, which

are found by the operation

⟨x(ti)x(tj) . . . x(tk)⟩ =
(

δ

δs(ti)

δ

δs(tj)
. . .

δMx

δs(tk)

)
s(ti),s(tj),...,s(tk)=0

(26)
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where δ/(δs(tn)) denotes the functional derivative with respect to s(tn).

To illustrate this procedure, let us consider a real-valued Gaussian process x(t) with zero

mean. We start with the probability density functional. Substituting xn into the probability

density function of a zero-mean multivariate Gaussian, we obtain

P[x(t)] =
1√

det[Γ(t1, t2)]
exp

(
−1

2
x(t1) ◦ Γ−1(t1, t2) ◦ x(t2)

)
, (27)

where

Γ(t1, t2) = ⟨x(t1)x(t2)⟩ =
∞∑

m=1

∞∑
n=1

Σmnx(t1)x(t2), (28)

is the autocorrelation function of x(t), Γ−1(t1, t2) is the functional inverse defined by∫ ∞

−∞
Γ−1(t1, t2)Γ(t2, t3) dt2 = δ(t1 − t3) (29)

and we assume the factors of 1/
√
2π associated with each dimension are absorbed into the

integration measure. (29) follows from the definition of the inverse covariance matrix as used in

the probability density function: Σ−1 ·Σ · x = x. Similarly, the determinant of the correlation

function can be defined by

det[Γ(t1, t2)] = det(A) (30)

for matrix A with components Amn = hm(t1) ◦ Γ(t1, t2) ◦ hn(t2) in the limit the number of

dimensions tends to infinity. The moment generating functional is much easier to calculate and

substituting xn as defined by (24) into (18) for µ = 0 yields

Mx[s(t)] = e
1
2
s(t1)◦Γ(t1,t2)◦s(t2). (31)

As an aside, although we we will use moment generating functionals throughout, it is per-

fectly possible to carry out the calculations that follow using the discretised forms, then take

the continuum limits once the moments have been calculated. To do so the following set of

substitutions can be be used. Let

ai = a(ti) (32)

Fij = f(ti, tj) (33)

and ti+1 − ti = δt for all i. Then in the continuum limit we make the substitutions

fi → f(t), (34)

Fij → f(ti, tj), (35)

δt
∑
j

Fijaj →
∫

f(ti, t)a(t) dt, (36)

δij/δt → δ(t1, t2), (37)
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F−1
ij /(δt)2 → f−1(t1, t2) (38)

and

det(δtF ) → det(f(t1, t2)), (39)

where f−1 is defined by the relationship∫∫
f−1(t1, t2)f(t2, t3)g(t3) dt2dt3 = g(t1) (40)

for all possible g(t) in the problem considered.

3.2 Moment generating functional for the absorbed power

The power detector, labelled P in Figure 4, converts the input electromagnetic signal, a(t), into

a p(t), where the expected value of p(t) is proportional to the total incident power. Detectors of

this type respond to absorbed photons; for example a TES responds to the change in temper-

ature due to the energy deposited by the photon, while in an STJ the absorption of a photon

allows charge to tunnel across the junction. Detection is therefore, fundamentally, a quantum

process and p(t) is an intrinsically noisy.

We are interested primarily of radiation of thermal origin and a full quantum calculation

shows the noise in the power of such a signal comprises two terms. The first term, usually

referred to as photon shot noise, results from the randomness of the arrival times of the photons.

The second, usually referred to as wave- or bunching-noise, is normally interpreted as arising

from thermal fluctuations in the emission rate of the source. Shot noise dominates for low arrival

rates and typically determines the sensitivity of optical detectors. Wave noise dominates in the

classical limit when the photon arrival rate is high and typically determines the sensitivity of

microwave radiometers. Because both low- and high-rate signals (signal and pump) are present

simultaneously in the homodyne scheme, we must account for both types of noise. Note that it

is not the signal of interest that determines the arrival rate, but the total signal; the regime a

detector operates in is therefore usually determined by the background.

As an alternative to the full quantum mechanical analysis, p(t) can instead be calculated

approximately using a semi-classical approach [9, 8]. In this approach the absorption of photons

is treated as a nonhomogenous Poisson process for which the instantaneous arrival rate is

proportional to the instantaneous classical incident power. A nonhomogenous Poisson process

is a generalisation of a Poisson process in which the arrival rate is allowed to vary in time.

If the classical incident power is itself a stochastic signal, then strictly the ultimate signal

has a mixed distribution; this is the origin of the approach’s other name, Poisson-mixture

model [8]. In such a mixed model, the photon shot noise arises from the Poisson statistics and

the wave noise from the statistics of the rate. The semi-classical approach has been shown to

be completely equivalent to the full calculation in certain limits, such as the case of black body

radiation [18] and more generally where the classical statistics of the source are Gaussian, and

can be viewed as a complementary physical picture [9]. However, the semi-classical approach
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results is algebraically simpler and we will adopt it here.

Let us formalise the preceding discussion. Let N(t) denote the total number of photons

absorbed in the detector since some start time t = ts for which N(ts) = 0. Since we are only

considering quasimonochromatic sources, we can approximate each photon as depositing energy

hν0, so the total energy U absorbed in the detector up to time t is

U = hν0N(t). (41)

Classically we would expect

U =

∫ t

ts

p(t) dt (42)

and therefore we may make the identification

p(t) = hν0
dN

dt
. (43)

According to the semiclassical approach N(t) is a nonhomogenous process with time variable

rate λ(t). We expect

λ(t) =

〈
dN

dt

〉
=

⟨p(t)⟩
hν0

(44)

and therefore for the detector we can write

λ(t) =
1

2hν0
|a(t)|2, (45)

which links the photon arrival rate to the input signal.

Given our knowledge of the statistics of N(t), we can now calculate the statistics of p(t).

The MGF of p(t) on ts < t < tf is the expected value of the exponent of∫ tf

ts

s(t)p(t)dt. (46)

Later on, we will let the domain of integration tend to all time, but for now it is simplest to

consider a finite domain. (46) may be approximated as a discrete sum

∫ tf

ts

s(t)p(t)dt ≈
N∑

n=1

s(tn)

∫ tn+δt

tn

p(t)dt. (47)

Using (43) to substitute for the power and evaluating the integrals, we can simplify

∫ tf

ts

s(t)p(t)dt ≈ hν0

N∑
m=1

s(tm)nm (48)

where the

nm = N(tm + δ)−N(tm) (49)
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constitute what is known as a set of increments of the Poisson process. It follows that the MGF

of p(t) can be found as the continuum limit of the moment generating function

Mp(s) = Mn(hν0s), (50)

where Mn(s) is the moment generating function of the vector of increments n.

From the earlier discussion, we expect n to depend on the values {a(tn)} of the signal over

the increments, which we represent with the vector a. In the general case where a(t) is a

stochastic signal, we therefore have

Mn(s) =
1

i

∫∫∫
es·n Pr(n|a,a∗) Pr(a,a∗) dNn dNa dNa∗, (51)

where Pr(a,a∗) is the probability density of a (remembering it is complex). We may rewrite

this as

Mn(s) =
1

i

∫∫
es·nMp(s|a,a∗) Pr(a,a∗) dNa dNa∗. (52)

where

Mn(s|a,a∗) =

∫
es·n Pr(n|a,a∗) dNn (53)

is the moment generating function of n given a. We see that calculating Mn(n) comprises two

steps: 1) Calculating Mp(s|a,a∗), which is signal independent. 2) Integrating this with respect

to the probability density of the signal of interest.

The moment generating function of the increments given a can be calculating using the

defining characteristics of a nonhomogenous Poisson process. For N(t) to be a non-homogenous

poisson process with rate λ(t), the following conditions must be satisfied [19]:

1. N(ts) = 0.

2. For all ts ≤ t1 ≤ t2 ≤ t3 · · · ≤ tn, the random variables N(t2)−N(t1), N(t3)−N(t2), . . . ,

N(tn)−N(tn−1), called increments, are independent.

3. For any t satisfying ts < t < ∞, then

Pr(N(t+ δt)−N(t) = 0) = 0) = 1− λ(t)δt+ o(δt)

Pr(N(t+ δt)−N(t) = 0) = 1) = λ(t)δt+ o(δt)

Pr(N(t+ δt)−N(t) = 0) = 2) = o(δt),

(54)

using little-o notation.

Condition 2) implies the overall moment generating function is simply the product of the mo-

ment generating functions of the individual increments. Condition 3) in turn implies the moment

generating function of a single increment is

Mni(si) = 1 + (esi − 1)λ(t)δt+ o(δt)

= e(e
si−1)λ(t)δt + o(δt),

(55)
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Comparing (55) and (15), we see sufficiently small δt each increment is Poisson distributed with

rate λ(t)δt. We could also argue this on the basis that provided δt is sufficiently small that the

rate does not vary significantly over an increment then the arrivals over that increment should

be Poisson distributed. Hence we obtain

Mn(s) =
N∏
i=1

e(e
si−1)λ(ti)δt (56)

Using (45) to substitute for the rate, we therefore find

Mn(s|a) = exp
(

1
2hν0

a† · (eS − I) · a δt
)

(57)

where

Sij = s(ti)δij (58)

and the exponential of a matrix is interpreted in the normal sense.

If a(t) is deterministic, (50) is all that is needed. Taking the continuum limit, we find

Mp[s] = exp

(
1

2hν0

∫ ts

tf

(ehν0s(t) − 1)|a(t)|2 dt
)
. (59)

Although the classical power limit is deterministic, noise still arises from the photon absorption

process.

To illustrate the full calculation when a(t) is a stochastic signal, we will consider the case

where a(t) is a zero mean stationary Gaussian process. This is relevant to the analysis of the

filterbank spectrometer and is representative of the real world noise signals of interest. In this

case

Pr
[
a,a∗] = 1

det(2πΣ)
exp

(
−a† ·Σ−1 · a

)
(60)

where

Σij = Γ(ti − tj) = ⟨a(ti)a∗(tj)⟩ (61)

and Γ(t1 − t2) is the autocorrelation function of the process. A zero mean Gaussian process

is fully characterised by its correlation function. If the input signal is generated by several

independent sources of this nature, then Σ =
∑

nΣn, where Σn is the covariance matrix of the

nth source.

The full moment generating function is calculated by substituting (57) and (60) into (52)

and evaluating the integral. The latter step can be carried out conveniently using the identity

1

det(Σ)

∫
exp

(
z† ·A · z − b† · z − z† · b− (z − µ)† ·Σ−1 · (z − µ)

) ∏
n

dzndz
∗
n

2πi

=
1

det(I −Σ ·A)
exp

(
−µ† ·Σ−1 · µ+ (µ−Σ · b)† ·Σ−1 · (I −Σ ·A)−1 · (µ−Σ · b)

)
.

(62)
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which is proved in Appendix A.1. Doing so yields

Mn(s) =
1

det(I − δtΣ · {exp(S)− I}/(2hν0))
. (63)

Taking the continuum limit, we then find

Mp[s(t)] =
1

det[δ(t1 − t2)− Γ(t1, t2){ehν0s(t2) − 1}/(2hν0)]
. (64)

3.3 Accounting for emission noise

Strictly, (43) should be

p(t) = hν0

{
dN

dt
− dNe

dt

}
(65)

where N is as before and Ne is cumulative number of photons emitted from the detector. This

assumes the detector is also limited to monochromatic emission, which is the case if the input

is filtered. In most cases N ≫ Ne and Ne can be ignored. However, this is not true if the

detector and source are at nearly the same temperature, as might be the case for an axion

cavity haloscope. As such, we should consider how the results obtained so far are modified in

the presence of emission.

Assume the output signal produced by the detector input is b(t). We expect a(t) and b(t) to

be uncorrelated. Repeating the analysis of Section 3.2, we then find (59) and (67) are modified

to

Mp[s] = exp

(
1

2hν0

∫ ts

tf

(ehν0s(t) − 1)|a(t)|2 dt
)

× exp

(
1

2hν0

∫ ts

tf

(e−hν0s(t) − 1)|b(t)|2 dt
) (66)

and

Mp[s(t)] =
1

det[δ(t1 − t2)− Γa(t1, t2){ehν0s(t2) − 1}/(2hν0)]
× 1

det[δ(t1 − t2)− Γb(t1, t2){e−hν0s(t2) − 1}/(2hν0)]

(67)

where Γa(t1, t2) is the correlation function of the input signal and Γb(t1, t2) is the correlation

function of the output signal emitted by the detector. We will not use these modified expressions

in general, however we will revisit them in Section 3.7.1 when we consider the output power

spectral noise density of a single filter-bank channel.

3.4 Moment generating functional for the output of a single detector

We now have all the terms we need to calculate the moment generating functional of the output

of the detector, y(t), in Figure 4. The power signal p(t) and noise signal n(t) are statistically

independent, so using the continuum limit of (20) we have

My[s(t)] = Mn

[∫ ∞

−∞
g(t′, t)s(t′) dt′

]
Mp

[∫ ∞

−∞
g(t′, t)s(t′) dt′

]
. (68)
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Figure 5: Homodyne system noise model.

The moment generating of p(t) is given by (64). We will assume n(t) is a zero mean Gaussian

process, in which case

Mn[s(t)] = exp

(
1

2

∫ ∞

−∞
Γn(t1, t2)s(t1)s(t2) dt1dt2

)
(69)

using (31), where Γn(t1, t2) is the time domain correlation function. Combining these results

we have

My[s(t)] =
1

det[δ(t1 − t2)− Γ(t1, t2){ehν0
∫∞
−∞ g(t3,t2)s(t3) dt3 − 1}/(2hν0)]

exp

(
1

2

∫∫∫ ∞

−∞
Γn(t1, t2)g(t3, t1)g(t4, t2)s(t3)s(t4) dt1dt2dt3dt4

)
.

(70)

This is the appropriate moment generating functional in the case of the filter bank spectrometer.

3.5 Moment generating functional for the homodyne output

The calculation of the moment generating function for the homodyne scheme uses many of the

tools we have already developed, but they need to be applied in a slightly different way. For

simplicity we assume the ideal system, but will discuss how the results can be extended to the

non-ideal case throughout.

Consider Figure 5, which shows the homodyne scheme in the same notation as Figure 4. We

assume the output hybrid is ideal and the detector response functions are identical, in which

case

y(t) =

∫ ∞

−∞
g(t, t′){d(t′) + n1(t

′)− n2(t
′)}. (71)

where we call

d(t) = p1(t)− p2(t). (72)

the difference signal. We could, for example, guarantee this identical behaviour by logging the
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detector outputs directly and then synthesizing the response functions and hybrid in software

during post processing. The difference signal and noise signals from the two detectors must all

be statistically independent as they arise from different physical sources, so the MGF of y(t) is

simply the product of those of the three functions. Since we know the MGF of n1(t) and n2(t)

from previously, the problem is one of calculating the MGF of the difference signal.

We will assume the detection process (i.e. absorption of photons from the signal) in the two

detectors is independent. On this basis, we might expect the MGF of the difference signal to

simply be the appropriate linear combination of the MGFs of p1(t) and p1(t). However, the

inputs of detector 1 and detector 2 both depend on both a1(t) and a2(t), which means the

fluctuations in arrival rates at each detector are not independent and therefore neither are p1(t)

and p2(t). Instead we must calculate the moment generating function of d(t) given a1(t) and

a2(t) assuming detection is independent, then integrate over the probable values of the signals.

Explicitly, we have

Md[s(t)] =

∫∫
Md[s(t)|a1(t), a2(t)] Pr[a1(t), a2(t)]D[a1(t)]D[a2(t)]. (73)

where we will call Md[s(t)|a1(t), a2(t)] the conditional MGF.

The conditional MGF can be calculated using (59) in combination with knowledge of the

input signals to the detectors, which we have denoted by primed a′1(t) and a′2(t) in Figure 5.

Under the assumption of independent detection processes and using the continuum limits of

(20), we have

Md[s(t)|a1(t), a2(t)] = exp

(
1

2hν0

∫ ∞

−∞
(ehν0s(t) − 1)|a′1(t)|2 + (e−hν0s(t) − 1)|a′2(t)|2 dt

)
= exp

(
1

2hν0

∫ ∞

−∞
{cosh(hν0s(t))− 1}{|a′1(t)|2 + |a′2(t)|2} dt

)
× exp

(
1

2hν0

∫ ∞

−∞
sinh(hν0s(t){|a′1(t)|2 − |a′2(t)|2} dt

)
.

(74)

In general,

a′1(t) = S31a1(t) + S32a2(t)

a′2(t) = S41a1(t) + S42a2(t)
(75)

where Smn is the scattering parameter between ports m and n of the hybrid at ν0 and these

results can be carried through the analysis to model the non-ideal case. However, for an ideal

hybrid we may simplify

a′1(t) =
1√
2
{a1(t) + a2(t)}

a′2(t) =
1√
2
{a1(t)− a2(t)}.

(76)
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Hence

Md[s(t)|a1(t), a2(t)] = exp

(
1

2hν0

∫ ∞

−∞
{cosh(hν0s(t))− 1}{|a1(t)|2 + |a2(t)|2} dt

)
× exp

(
1

hν0

∫ ∞

−∞
sinh(hν0s(t)ℜ[a1(t)a∗2(t)] dt

)
.

(77)

Now we carry out the integral over the probable input signals. We will assume the signal

at the first input is zero mean Gaussian noise and that at the second is a deterministic pump

signal. Denoting the pump signal as

a2(t) = ape
2πiνpt, (78)

where ap is the pump amplitude and νp is the pump frequency, we can then simplify the

conditional MGF to

Md[s(t)|a1(t), a2(t)] = Md[s(t)|a1(t)]

= exp

(
1

2hν0

∫ ∞

−∞
{cosh(hν0s(t))− 1}{|a1(t)|2 + |ap|2} dt

)
× exp

(
1

hν0

∫ ∞

−∞
sinh(hν0s(t))ℜ

[
a∗p a1(t)e

−2πiνpt
]
dt

)
.

(79)

Inserting (79) into (73), assuming Pr[a1] is that for a Gaussian process, and then integrating

using the continuum limit of (62), we find the MGF functional can be written as the product

of three functionals

Md[s(t)] = M1[s(t)]M2[s(t)]M3[s(t)], (80)

where

M1[s(t)] = exp

(
1

2hν0
|ap|2

∫ ∞

−∞
{cosh(hν0s(t))− 1} dt

)
, (81)

M2[s(t)] =
1

det
[
k(t1, t2)

] , (82)

M3[s(t)] (83)

= exp

( |ap|2
(2hν0)2

∫∫ ∞

−∞
k−1(t1, t2)Γ(t2, t3) sinh(hν0s(t1)) sinh(hν0s(t3))e

−2πiνp(t1−t3) dt1dt2dt3

)
,

(84)

and

k(t1, t2) = δ(t1 − t2)− Γ(t1, t2){cosh(hν0s(t2))− 1}/(2hν0). (85)

M1 is associated with the shot noise in the detectors due to the pump, M2 with the wave and

shot noise of the input signal and M3 with the mixing action of the detector.

The MGF of the output signal follows by combining the results for d(t) with those for the
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internal noise in the detectors. The final result is

My[s(t)] =
5∏

n=1

Mn[u(t)] (86)

where

u(t1) =

∫ ∞

−∞
g(t2, t1)s(t2) dt2, (87)

M4[s(t)] = exp

(
1

2

∫ ∞

−∞
Γn1(t1, t2)s(t1)s(t2), dt1dt2

)
(88)

M5[s(t)] = exp

(
1

2

∫ ∞

−∞
Γn2(t1, t2)s(t1)s(t2) dt1dt2

)
(89)

and Γn1(t1, t2) and Γn2(t1, t2) are the autocorrelation functions of the internal noise in detector’s

1 and 2.

3.6 Time domain correlation functions

In this section we will use the MGFs just derived to calculate the correlation functions of the

output signal for each receiver architecture. To do so we will make extensive use of the following

functional derivatives, which are derived in Appendix A.2:

δ det
[
f(t2, t3)

]
δs(t1)

= det
[
f(t2, t3)

] ∫∫
f−1(t3, t2)

δf(t2, t3)

δs(t1)
dt2dt3 (90)

δf−1(t2, t3)

δs(t1)
= −

∫∫
f−1(t2, t4)

δf(t4, t5)

δs(t1)
f−1(t5, t2) dt4dt5. (91)

3.6.1 Filterbank spectrometer output correlation functions

In the case of the filterbank spectrometer, to calculate the sensitivity we will need the expec-

ted value ⟨y(t)⟩ of the output signal and the two-time correlation function of the fluctuations

∆y(t) = y(t) − ⟨y(t)⟩ in the output around this value. The latter can be calculated from

moments of y(t) using the relation

⟨∆y(t1)∆y(t2)⟩ = ⟨y(t1)y(t2)⟩ − ⟨y(t1)⟩⟨y(t2)⟩. (92)

It follows from (26) that we can find the expected value of the signal by taking the functional

derivative of the moment generating functional (70) and then setting s(t) = 0. Using (90), the

derivative evaluates to

δM[s(t)]

δs(t1)
=

{
1

2

∫∫ ∞

−∞
h−1(t′2, t

′
1)Γ(t

′
1, t

′
2)g(t1, t

′
2)e

hν0
∫∞
−∞ g(t′3,t

′
2)s(t

′
3) dt

′
3 dt′1dt

′
2

+
1

2

∫∫ ∞

−∞

{
Γn(t

′
1, t

′
2) + Γn(t

′
2, t

′
1)
}
g(t1, t

′
1)g(t

′
3, t

′
2)s(t

′
3) dt

′
1dt

′
2dt

′
3

}
M[s(t)],

(93)
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where

h(t1, t2) = δ(t1 − t2)− Γ(t1, t2){ehν0
∫∞
−∞ g(t3,t2)s(t3) dt3 − 1}/(2hν0) (94)

and we have relabelled some integration variables to obtain the result as presented. The detector

noise signal n(t) is real, so Γn(t1, t2) = Γn(t2, t1) by definition. Hence we may simplify

δM[s(t)]

δs(t1)
=

{
1

2

∫∫ ∞

−∞
h−1(t′2, t

′
1)Γ(t

′
1, t

′
2)g(t1, t

′
2)e

hν0
∫∞
−∞ g(t′3,t

′
2)s(t

′
3) dt

′
3 dt′1dt

′
2

+

∫∫ ∞

−∞
Γn(t

′
1, t

′
2)g(t1, t

′
1)g(t

′
3, t

′
2)s(t

′
3) dt

′
1dt

′
2dt

′
3

}
M[s(t)]

(95)

To obtain ⟨y(t1)⟩ we set s(t) = 0 in (95). h−1(t1, t2) = δ(t1 − t2) when s(t) = 0, so we obtain

⟨y(t)⟩ = 1

2

∫ ∞

−∞
g(t, t′)Γ(t′, t′) dt′. (96)

To find the fluctuation correlation function, we start by calculating ⟨y(t1)y(t2)⟩ and to do

so we need the second functional derivative of (70). This follows by using differentiating (95),

where (91) can be used to differentiate h−1(t1, t2). The result is

δ2M[s(t)]

δs(t1)δs(t2)
=

{
1

2
hν0

∫∫ ∞

−∞
h−1(t′2, t

′
1)Γ(t

′
1, t

′
2)g(t1, t

′
2)g(t2, t

′
2)e

hν0
∫∞
−∞ g(t′3,t

′
2)s(t

′
3) dt

′
3 dt′1dt

′
2

+
1

4

∫∫∫∫ ∞

−∞
h−1(t′2, t

′
4)h

−1(t′5, t
′
1)g(t1, t

′
5)g(t1, t

′
2)Γ(t

′
4, t

′
5)Γ(t

′
1, t

′
2)

× ehν0
∫∞
−∞ g(t′3,t

′
2)s(t

′
3) dt

′
3ehν0

∫∞
−∞ g(t′6,t

′
5)s(t

′
6) dt

′
6 dt′1dt

′
2dt

′
4dt

′
5

+

∫∫ ∞

−∞
g(t1, t

′
1)g(t2, t

′
2)Γn(t

′
1, t

′
2) dt

′
1dt

′
2

}
M[s(t)] +

1

My[s(t)]

δM[s(t)]

δs(t1)

δM[s(t)]

δs(t2)
,

(97)

using (91) to differentiate h−1(t1, t2). Setting s(t) = 0 and using the fact

Γ(t1, t2) = Γ∗(t2, t1) (98)

by definition, gives

⟨y(t1)y(t2)⟩ =∫∫ ∞

−∞
g(t1, t

′
1)g(t2, t

′
2)

{
1

2
hν0Γ(t

′
1, t

′
2)δ(t

′
1 − t′2) +

1

4
|Γ(t′1, t′2)|2 + Γn(t

′
1, t

′
2)

}
dt′1dt

′
2

+ ⟨p(t1)⟩⟨p(t2)⟩.

(99)

Hence

⟨∆y(t1)∆y(t2)⟩ =∫∫ ∞

−∞
g(t1, t

′
1)g(t2, t

′
2)

{
1

2
hν0Γ(t

′
1, t

′
2)δ(t

′
1 − t′2) +

1

4
|Γ(t′1, t′2)|2 + Γn(t

′
1, t

′
2)

}
dt′1dt

′
2.

(100)
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3.6.2 Homodyne scheme output correlation functions

The calculation of the output correlation functions in the homodyne scheme follows exactly the

same procedure as for the filter-bank spectrometer. However, the number of terms increases

rapidly with successive derivatives. The result is the calculations, while straightforward, are

algebraically involved and the results are lengthy to state. Full expressions for the correlation

functions up to fourth-order are given in Appendix D.

For what follows we will focus on what we will call the strong-pump regime, where the

correlation functions simplify. In this regime the amplitude of the pump signal is assumed to

be much stronger than the input signal, such that the nth order correlation function of d(t) is

dominated by the terms that scale as order |ap|n. Define a new function

q(t) = d(t) + n1(t)− n2(t), (101)

such that we can express the correlation functions of y(t) as

⟨y(t1)y(t2) . . . y(tn)⟩

=

∫ ∞

−∞

∫ ∞

−∞
· · ·
∫ ∞

−∞
g(t1, t

′
1)g(t2, t

′
2) . . . g(tn, t

′
n)Γq(t1, t2, . . . , tn) dt1dt2 . . . dtn

(102)

for

Γq(t1, t2, . . . , tn) = ⟨q(t1)q(t2) . . . q(tn)⟩. (103)

Keeping only the highest order terms in |ap| in the results in Appendix D, we find that in the

strong-pump regime we can approximate

⟨q(t1)⟩ = 0 (104)

⟨q(t1)q(t2)⟩ = Γq(t1, t2) (105)

⟨q(t1)q(t2)q(t3)⟩ = 0 (106)

⟨q(t1)q(t2)q(t3)q(t4)⟩ = Γq(t1, t2)Γq(t3, t4) + Γq(t1, t3)Γq(t2, t4) + Γq(t1, t4)Γq(t2, t3) (107)

where

Γq(t1, t2) =
{
hν0δ(t1 − t2) + ℜ

[
Γ(t1, t2)e

2πiνp(t1−t2)
]}
Pp + Γn1(t1, t2) + Γn2(t1, t2) (108)

and

Pp =
1

2
|ap|2 (109)

is the total pump power. The terms that scale as Pp in (108) are those associated with d(t),

while the other two terms are due to the detector noise.

(104)–(107) show that q(t) obeys the Gaussian-moment theorem up to fourth order in the

strong-pump regime. We can therefore treat q(t), and by extension y(t), as a zero-mean Gaussian

process. This will significantly simplify later analyses.
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(104)–(107) can also be obtained by the following argument. It follows from (101) that

Mq[s(t)] = Md[s(t)]M4[s(t)]M5[s(t)] (110)

for Md given by (80), M4 given by (88) and M5 given by (89). If we are only interested in

the terms of highest order in |ap| resulting from the differentiation of Md, it is sufficient to

approximate

Md[s(t)] = exp

(
1

2hν0
|ap|2

∫ ∞

−∞
{cosh(hν0s(t))− 1} dt

)
× exp

( |ap|2
(2hν0)2

∫∫∫ ∞

−∞
k−1(t1, t2)Γ(t2, t3) sinh(hν0s(t1)) sinh(hν0s(t3))e

−2πiνp(t1−t3) dt1dt2dt3

)
.

(111)

We are also only interested in the value of Md and its derivatives around s(t) = 0. Around

s(t) = 0 we can make the expansions

cosh(hν0s(t))− 1 =
1

2
{hν0s(t)}2 + O

(
s(t)4

)
sin(hν0s(t)) = hν0s(t) + O

(
s(t)3

)
k−1(t1, t2) = δ(t1 − t2) + O

(
s(t)2

) (112)

so (111) can be written as

Md[s(t)] = exp

(
1

2
Pp

∫∫ ∞

−∞

{
hν0δ(t1 − t2) + Γ(t1, t2)e

−2πiνp(t1−t2)
}
s(t1)s(t2) dt1dt2

)
× exp

(
Pp

∫∫∫
O(s(t)4) dt

) (113)

At this point it is also useful to note that∫∫ ∞

−∞
Γ(t1, t2)e

−2πiνp(t1−t2)s(t1)s(t2) dt1dt2 =

∫∫ ∞

−∞
ℜ
[
Γ(t1, t2)e

−2πiνp(t1−t2)
]
s(t1)s(t2) dt1dt2,

(114)

as we can show the integral is its own conjugate by switching labels 1 ↔ 2 and then making use

of the fact Γ(t1, t2) = Γ∗(t2, t1). The second term in (113) only produces non-zero derivatives

at s(t) = 0 for when the order of the derivative is a multiple of four. Further, if the order is

4n then the derivative scales as Pn
p as versus P 2n

p for the derivatives of the first term. This

means the terms generated by the second term will, in general, be negligible compared to those

generated and as such can be ignored; this is achieved by setting the second term equal to unity.

Doing so, substituting the result into (110) and making use of (114), (88) and (89), we obtain

the final approximation

Mq[s(t)] ≈ exp

(
1

2

∫ ∞

−∞
Γq(t1, t2)s(t1)s(t2), dt1dt2

)
(115)

where Γq(t1, t2) is as defined by (108). (110) indicates q(t) is a zero-mean Gaussian process
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with correlation function Γq(t1, t2), consistent with the earlier results.

3.7 Output noise power spectral density

It will be helpful for the sensitivity calculations to convert the correlation functions just derived

into the spectral domain. To do this we will need the spectral domain representations of the

correlation functions of the input signal and detector noise. The former is

Γ(t1, t2) = 2

∫ ∞

0
p(ν)e2πiν(t1−t2) dν (116)

where p(ν) is the single sided power spectral density of the input signal. Using our definition

of NEP, as discussed in Appendix C, we can express the latter as

Γn(t1, t2) = ℜ
[∫ ∞

0
NEP2

i (f)e
2πif(t1−t2) df

]
(117)

where NEPi(f) is the internal NEP of the detector system.

In addition, we will make the simplifying assumption that the detector response is time

independent as is usually the case in practice. By this we mean that if the output is y(t) for an

input signal p(t), then the output for an input signal p(t− s) is y(t− s). Mathematically, this

implies

y(t) =

∫ ∞

−∞
g(t, t′)p(t′ − s) dt′ =

∫ ∞

−∞
g(t− s, t′)p(t′) dt′, (118)

for all shifts, which requires

g(t1, t2 + s) = g(t1 − s, t2). (119)

(119) is satisfied if

g(t1, t2) = g(t1 − t2), (120)

in which case

g(t1, t2) =

∫ ∞

−∞
g̃(f)e2πif(t1−t2) df (121)

where

g̃(ν) =

∫ ∞

−∞
g(t)e−2πiνt dt. (122)

Since g(t1 − t2) is real, it can be shown that g̃(ν) = g̃∗(−ν). We will use the notation G(ν) =

|g̃(ν)|2 to denote the gain function of the filter in the spectral domain.

3.7.1 Output noise power spectral density for a single filter bank channel

First we rewrite the expected output signal, (96), in terms of the power spectral density of the

input signal. Substituting (121) and (116) into (96) and reordering the integrals, we obtain

⟨y(t)⟩ =
∫ ∞

f1=−∞

∫ ∞

f2=0
g̃(f1)p(f2)

{∫ ∞

t′=−∞
e2πif1(t−t′) dt′

}
df1df2. (123)
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The integral in parentheses evaluates to δ(f1) and we can also then evaluate the integral with

respect to f2. The final result is

⟨y(t)⟩ = g̃(0)

∫ ∞

0
p(f)df. (124)

The expected output is therefore simply the total incident power scaled by the steady state

responsivity, as expected.

To calculate the spectral decomposition of ⟨∆y(t1)∆y(t2)⟩ it is easiest to first calculate the

spectral representations of each of the terms in parentheses in (100). Doing so for the first and

third term is straightforward and it follows from (116) and (117) that

1

2
hν0Γ(t

′
1, t

′
2)δ(t

′
1 − t′2) = hν0

∫ ∞

0
p(ν) dν

∫ ∞

−∞
e2πif(t1−t2) df (125)

and

Γn(t1, t2) =
1

2

∫ ∞

−∞
NEP2

i (|f |)e2πif(t1−t2) df. (126)

The second term is more challenging and we start by using (116) to write

1

4
|Γ(t′1, t′2)|2 =

∫ ∞

0

∫ ∞

0
p(ν1)p(ν2)e

2πi(ν1−ν2)(t1−t2) dν1dν2. (127)

We then make a change of variables ν1, ν2 → ν, ν + f to give

1

4
|Γ(t′1, t′2)|2 =

∫ ∞

−∞

{∫ ∞

0
p(ν)p(ν + f) dν

}
e2πif(t1−t2) df. (128)

which puts the decomposition in the same form as (125) and (126).

We can now substitute (125), (128) and (126) into (100), then use (122) to evaluate the time

integrals. The final result can be written as

⟨∆y(t1)∆y(t2)⟩ = 2

∫ ∞

0
G(f)S(f) df (129)

where

S(f) =
1

2
NEP2

i (f)︸ ︷︷ ︸
(i)

+hν0

∫ ∞

0
p(ν) dν︸ ︷︷ ︸

(ii)

+

∫ ∞

0
p(ν)p(ν + f) dν︸ ︷︷ ︸

(iii)

(f ≥ 0) (130)

the is the input referenced noise power spectral density of the fluctuations.

It is worth briefly commenting on the different terms in (131). Term (i) is obviously due to

the internal noise of the detector. Terms (ii) and (iii) are due to the input signal. Term (ii)

disappears in the classical limit (hν0 → 0) and is therefore associated with the quantum nature

of the input signal; this term is the photon shot noise discussed in Section 2.3. It can be seen

to correspond to white noise (constant spectral density), as expected for a shot noise process.

Term (iii) persists in the classical noise limit and is the wave noise discussed in Section 2.3. We

see that the wave noise is non-white and has bandwidth of order of that of the input signal.
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Had we carried out the analysis accounting for emission noise using (67), the result would

instead be

S(f) =
1

2
NEP2

i (f) + hν0

∫ ∞

0
pa(ν) dν +

∫ ∞

0
pa(ν)pa(ν + f) dν

+ hν0

∫ ∞

0
pb(ν) dν +

∫ ∞

0
pb(ν)pb(ν + f) dν,

(131)

where pa(ν) and pb(ν) are the noise power spectral density of the input and output signals

respectively. Since the input and output signals are uncorrelated, the noise resulting from them

simply adds incoherently. Use of (131) is only necessary in instances where the emission from

the detector output is similar to the input signal.

3.7.2 Output noise power spectral density in the homodyne scheme

Again we limit ourselves to the strong-pump regime. We begin by calculating the single-sided

noise power spectral density Sq(f) of q(t) as defined by (101). To do so, we first note that (116)

implies

ℜ
[
Γ(t1, t2)e

−2πiνp(t1−t2)
]
= 2

∫ ∞

0
ℜ
[
p(ν)e2πi(ν−νp)(t1−t2)

]
dν. (132)

Making a first change of variable ν = νp + f yields

ℜ
[
Γ(t1, t2)e

−2πiνp(t1−t2)
]
= 2

∫ ∞

0
ℜ
[
p(νp + f)e2πif(t1−t2)

]
df + 2

∫ 0

−νp

ℜ
[
p(νp + f)e2πif(t1−t2)

]
df.

(133)

where we have split the integral on the right-hand-side into two parts based on the sign of

f . Making a second change of variables f → −f in the second term and exploiting the fact

ℜ[z] = ℜ[z∗], we then obtain

ℜ
[
Γ(t1, t2)e

−2πiνp(t1−t2)
]
= 2

∫ ∞

0
ℜ
[
p(νp + f)e2πif(t1−t2)

]
df + 2

∫ νp

0
ℜ
[
p(νp − f)e2πif(t1−t2)

]
df,

(134)

where both integrals are now with respect to positive frequencies. Using (134) and (117) to

substitute for the relevant terms in (108) and replacing the δ-function with its Fourier decom-

position, we obtain:

Γq(t1, t2) =

∫ ∞

0
ℜ
[{

2{hν0 + p(νp + f)}Pp +NEP2
i,1(f) + NEP2

i,2(f)

}
e2πif(t1−t2)

]
dν

+ 2Pp

∫ νp

0
ℜ
[
p(νp − f)e2πif(t1−t2)

]
dν,

(135)

and from this we can identify

Sq(f) = 2{hν0 + p(νp + f)}Pp +NEP2
i,1(f) + NEP2

i,2(f) + 2Pp

p(νp − f) f < νp

0 otherwise.
(136)

It follows from (102) that Sy(f) = G(f)Sq(f). Hence (136) implies that the single-sided
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power spectral density of the noise signal at the output of the homodyne scheme is

Sy(f) =

[
2{hν0︸︷︷︸

(i)

+ p(νp + f)︸ ︷︷ ︸
(ii)

+ p(νp − f)︸ ︷︷ ︸
(iii)

}Pp + 2NEP2
i (f)︸ ︷︷ ︸

(iv)

]
G(f) (137)

under the assumption the internal NEP of the two detectors is the same and f ≪ νp. As

expected from the mixing action described in Section 2.3, the output contains two terms, (ii)

and (iii), arising from the downconversion of the input signal. The first term (ii) corresponds to

the upper sideband response (frequencies above νp) and the (iii) to the lower sideband response

(frequencies below νp). Term (iii) is produced by the noise internal to the detector and term

(iv) is a term of quantum origin.

(137) can also be argued on the basis of simple mixer theory. We start by considering the

mixing action in more detail. Assume we can treat the input to each detector as a resistance

Z0 and that the detector responds to the power dissipated in that resistor; this is the case for

bolometric detectors. In addition, assume the input signal comprises to tones at frequencies

νp + f and νp − f . The input voltages at the two detectors are then

V1(t) =
1√
2
ℜ
[
Vpe

2πiνpt + Vue
2πi(νp+f)t + Vle

2πi(νp−f)t
]

(138)

and

V2(t) =
1√
2
ℜ
[
Vpe

2πiνpt − Vue
2πi(νp+f)t − Vle

2πi(νp−f)t
]

(139)

and the difference d(t) in the power dissipated in the two resistors simplifies to

d(t) =
1

Z0
{V1(t)

2 − V2(t)
2}

=
1

Z0
ℜ
[{
V ∗
p Vu + VpV

∗
l

}
e2πift

]
+ . . .

(140)

where . . . indicates higher frequency terms that will be filtered out by the detector response.

(140) shows the homodyne scheme essentially behaves as a double-sideband mixer.

We can derive an effective ‘conversion-gain’ for the mixer, although we have to be careful

as the dimensions of the signal change in down-conversion and it is perhaps safer to refer to

a power-conversion factor. Letting Vn = |Vn|eiϕn and identifying |Vn|2/2Z0 as the power Pn

incident in signal n, (140) can be rewritten as

d(t) = 2
√

Ppℜ
[{√

Pu e
i(ϕu−ϕp) +

√
Pl e

i(ϕp−ϕl)
}
e2πift

]
, (141)

keeping only the low frequency terms. The corresponding ‘power’ in this difference signal is

d(t)2 = 2(Pu + Pl)Pp + . . . , (142)

where again . . . indicates high-frequency terms that can be ignored when considering steady-

state powers. (142) implies the power conversion factor between the input sidebands and d(t) is
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Figure 6: Minimum effective system noise temperature as a function of background temperature
in the limit of small fractional bandwidth (∆ν/ν0 ≪ 1). This value is achieved in the limit
where the contribution from the intrinsic noise in the detector is made negligible. The dashed
orange line shows the value for the homodyne scheme and the blue line that for the filter-bank
spectrometer channel. The solid grey line is the quantum noise limit for a radiometer, Tbkg. This
plot illustrates the potential sensitivity advantage of a power detector over a coherent radiometer
when the background temperature is below Tq at the frequency ν of interest (or equivalently,
when the frequency is above 2kbTbkg/h). For reference, hν/(2kb)=23mK at 1GHz. The dashed
grey line shows Tsys,min = Tbkg.

2Pp. Accounting for the response functions of the detectors then gives a total power conversion

factor of 2G(f)Pp between each sideband and the final output y(t).

Now we are in a position to calculate the noise using standard results. Following Kerr [3],

the minimum noise power spectral density added by a double-sideband mixer is hν0. This adds

to the power spectral density in each sideband and the total is weighted by the power conversion

factor to give the contribution to y(t), yielding the signal terms in (137). The remaining terms in

(137) are then found by weighting the single-sided power spectral density of the detector noise,

as found by summing the squares of the NEPs, by the detector response power gain. Although

this simple argument reproduces (137), the advantage of the full Poisson-mixture model is that

it can also be used to calculate the behaviour for all pump levels, not just when the pump is

strong.
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Figure 7: Fundamental contributions to the NEP of an ideal TES filter-bank spectrometer
channel as a function of channel frequency ν0 for different background temperatures. It is
assumed the fractional bandwidth of the channel is 10−5 (representative of a cavity haloscope),
the bath temperature is 15mK and that the TES has been designed to saturate at a total input
power equal to twice the background loading from the source (m = 1). Line colour indicates
source temperature: blue=1.5K, orange=150mK and green=15mK. The dashed lines show the
intrinsic NEP of the TES as arising from phonon and Johnson noise, as calculated using (161).
The solid lines show the photon contribution to the NEP from the background alone, while
the dotted lines show the combined photon noise due to the background and emission from the
RF termination on the TES. In the latter case the temperature of the termination is assumed
to be twice that of the bath. For source temperatures above 15mK the solid and dotted lines
are nearly coincident. The grey line shows the equivalent NEP of a quantum noise limited
radiometer with the same fractional bandwidth. The dotted/solid lines are useful generally, as
they indicate an upper limit for the intrinsic NEP of any detector type that might be used in
place of a TES. Where the dotted/solid lines are below the grey line, a power detector can in
principle be made more sensitive than a coherent radiometer.
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4 Sensitivity

4.1 Scenario considered

In this section we will evaluate the sensitivity of the two schemes in an illustrative radiometric

application. We consider an experiment to measure the effective noise temperature of a signal of

interest and in the presence of a much stronger background signal over bandwidth ∆ν centred on

frequency ν0. For simplicity, we will assume ∆ν ≪ ν0 and that the background radiation is from

a black-body source at a physical temperature of Tbkg. To model an axion search experiment,

we set Tbkg equal to the cavity temperature and ∆ν to the bandwidth of the cavity mode.

The appropriate figure of merit for sensitivity in this scenario is the system noise temperature

Tsys as defined by (5). In Sections 4.2 and 4.3 we derive Tsys for the filter-bank spectrometer

and homodyne receiver respectively. In both cases we will show Tsys can be decomposed into

a contributions due to noise in the detector and the background loading. In Section 4.4 we

consider how the detector contribution scales with detector temperature in the case of an ideal

TES.

4.2 Filter-bank spectrometer performance

To model the performance of the filter-bank spectrometer we make two additional assumptions.

The first is that the detector input behaves like a black-body in emission and that its effective

radiometric temperature is equal to the detector’s operating temperature T0. This is the case for

bolometric detectors like a TES, where the input is simply a matched resistive load. The second

is that we consider the limit where the modulation frequency tends to zero. The behaviour of

the photon noise for a chopped signal is more complicated and we defer its discussion to a future

report.

Given these assumptions, it follows from (2) and (130) that the total NEP of single channel

is given by

NEP =
√

NEP2
i (0+) + NEP2

bb(Tbkg) + NEP2
bb(T0) (143)

where

NEP2
bb(T ) = 2

∫ ν0+∆ν/2

ν0−∆ν/2

{
hν0 + p(ν, T )

}
p(ν, T ) dν (144)

and

p(ν, T ) =
hν

ehν/(kbT ) − 1
. (145)

p(ν, T ) is the noise power spectral density p(ν) of a black body at temperature T and NEPbb(T )

is the corresponding contribution to the photon NEP. For calculations it is convenient the

quantum noise limit

Tq =
hν0
2kb

∼ 24[mK/GHz]× ν0 (146)

as a scale temperature and rewrite (144) as

NEP2
bb(T ) = 2k2bT

{
2TqK1(T/Tq) + TK2(T/Tq)

}
∆ν (147)
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where

Kn(t) =
2n

tn∆x

∫ 1+∆x/2

1−∆x/2

xn

(e2x/t − 1)n
dx, (148)

and ∆x = ∆ν/ν0 is the fractional bandwidth.

(6) can be used to convert the total NEP into an equivalent system noise temperature. The

result is

Tsys =
√
T 2
r,d + {Tbb(Tbkg)}2 + {Tbb(T0)}2 (149)

where

Tr,d =
NEPi(0+)

kb
√
2∆ν

(150)

and

Tbb(T ) =
√{

2TqK1(T/Tq) + TK2(T/Tq)
}
T (151)

Tr,d can be interpreted as the ‘receiver’ noise temperature on the filter-bank spectrometer, as it

is present in the absence of any input signal. However, this analogy should not be taken too far

as it does not combine with the other noise contributions in the same way as classical microwave

radiometer (which, as we will see, add). Tbb(T ) is the effective system noise contribution due to

blackbody emission and we end up with two contributions of this kind; one due the background

and the other due to emission from the detector. There would also have been a third contribution

from the signal were not assuming it was negligible.

The sensitivity is maximized when Tr,d and Tbb(T0) are much smaller than Tbb(Tbkg):

Tsys,min = Tbb(Tbkg) (152)

This is normally referred to as the case where the detector is background noise limited. The blue

line in Figure 6 shows Tsys,min as a function of Tbkg in this regime. The horizontal axis is scaled

in units of Tq, so the trend in Tsys,min moving left to right is that seen on increasing Tbkg at fixed

ν0, or on decreasing the frequency ν0 at fixed Tbkg. The solid grey line shows the quantum noise

limit for the system noise temperature of a coherent microwave radiometer, which is simply Tq.

As can be seen, the filter-bank spectrometer can in principle beat the quantum noise limit of a

coherent system provided the background temperature is smaller than this quantum noise limit.

Although it possible to achieve better sensitivity than a coherent system in principle, in

practice a number of challenging requirements must be met to do so. The first and most obvious

is that the background source (e.g. the cavity in an axion experiment) must be cooled below

the quantum noise limit at the frequency of interest. Modern dilution fridges can achieve a base

temperature of 15mK, giving a lower frequency limit of ∼1GHz. The second challenge is that

it must be possible to engineer a detector with lower intrinsic NEP than the photon NEP of the

background; we will consider this problem in more detail shortly. The third challenge, which is

related to the second, is receiver instability. We have assumed the modulation frequency can be

made zero without consequence, whereas in reality, as discussed in Section 2.1, it is likely NEPi

will increase as 1/f . This means modulation will be necessary, which at the very least requires
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the corresponding development of a low-noise, low-temperature, switch to enable chopping.

It is instructive to consider what sort of intrinsic NEP levels would be necessary in order

to beat the quantum noise limit in a cavity haloscope experiment. This is illustrated in Figure

7, which shows the different NEP contributions in (143) as function of frequency, assuming the

fractional bandwidth is fixed at 10−5 by the cavity and the detector operating temperature is

T0=30mK. The solid lines show NEPbb(Tbkg) and the dotted lines
√
NEP2

bb(Tbkg) + NEP2
bb(T0).

Line colour indicates assumed background temperature: green = 15mK (dilution fridge tem-

perature), orange = 150mK (ADR temperature) and blue = 1.5K (cryocooler temperature).

With the exception of Tbkg = 15mK the dotted lines lies on top of the solid lines, i.e. the

contribution from the photon noise from detector emission is negligible. The grey line shows

the quantum noise limit expressed as an equivalent NEP. The intrinsic detector NEP must be

made smaller than the values shown by the solid and dashed lines to achieve background lim-

ited performance, and smaller than the grey line to beat the quantum noise limit. Current TES

detector technology can achieve NEPs of order of 10−21–10−20W/
√
Hz at T0=100mK and it

can be seen that this is compatible with performance better than the quantum noise limit at

frequencies above 100GHz.

4.3 Homodyne scheme performance

In Sections 3.6.2 and 3.7.2 we saw that the output of the homodyne system in the strong-

pump regime is a Gaussian noise signal. The noise power spectral density this signal contains,

amongst other terms, a copy of the noise power spectral density p(ν) of the input signal that

has been shifted down in frequency by the pump frequency. Hence we can recover the input

signal by processing of the homodyne system to recover its power spectral density and removing

the background terms (i) and (iv) in (137).

One way of measuring the power spectral density of the output is to carry out a procedure

similar to microwave radiometry, which is reviewed in Appendix E. At a fundamental level,

a microwave radiometer measures the power spectral density of an input noise signal at a

desired frequency in units of equivalent noise temperature. Hence we can mimic the process

of radiometry (filtering, squaring and integrating the signal in sequence) at low frequencies to

measure the power spectral density of the homodyne receiver output. We can either do this

using a filtering circuit, or by logging the data and using digital signal processing techniques.

The latter is particular attractive, as by using an FFT or polyphase filterbank as a channelizer

it is possible to measure several frequencies simultaneously.

In the case a radiometric approach is used, the equivalent receiver noise temperature at a

particular frequency corresponds to the power spectral density of the output signal, in equivalent

input noise temperature units, at the corresponding down-converted frequency. Hence, if are

we interested in the input power spectral density at ν given pump νp, we to need measure the

power spectral density of the output at either f = ν − νp (ν > νp) or f = νp − ν (ν < νp). It

follows then follows from (137) and the results in Appendix E that the equivalent system noise
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temperature is

Tsys =
Sy(f)

2kbPpG(f)
= 2Tq +

p(ν)

kb
+

p(2νp − ν)

kb
+

NEP2
i (ν − νp)

kbPp
(153)

for ν > νp.

Substituting in (145) and assuming a regime where p(ν) ≈ p(2νp−ν), we may simplify (153)

to

Tsys = Tr,h + Tf,h(Tbkg) (154)

where

Tr,h =
NEP2

i (ν − νp)

kbPp
(155)

and

Tf,h(T ) = 2Tq +
2hν0
kb

1

e2Tq/T − 1
= 2Tq coth

(
Tq

T

)
(156)

for Tq is evaluated at the pump frequency. Tr,h is the equivalent receiver noise due to noise in

the power detectors and Tf,h combines the limiting noise temperature of the receiver and the

noise contribution from the background radiation.

The best sensitivity is achieved in the limit Tr,h ≫ Tf,h, so

Tsys,min = 2Tq coth

(
Tq

Tbkg

)
, (157)

where Tq is evaluated at the pump frequency. The orange line in Figure 6 shows Tsys,min plotted

as a function of Tbkg/Tq. We remind the reader that Tbkg/Tq is not only proportional to Tbkg, but

inversely proportional to ν0. We see that when the limiting noise temperature of the homodyne

scheme is equivalent to that of the filter-bank spectrometer for Tbkg/Tq ≫ 1, so neither has a

sensitivity advantage in this regime. However, the sensitivity of the homodyne scheme tends to

a lower limit as Tbkg/Tq decreases below unity, while the that of the filterbank-scheme continues

to decrease. We can approximate (157) as

Tsys,min ≈

2Tq Tbkg ≪ Tq

2Tbkg Tbkg ≫ Tq

(158)

in the two regimes, giving the ultimate lower limit on the system noise temperature as 2Tq.

(158) is consistent with Kerr’s results for the system noise temperature of a double sideband

mixer receiver when it is used to measure a signal present in only one side band [3]. This further

supports our interpretation of the action of the homodyne receiver as a direct downconversion

receiver. When the signal of interest appears in both sidebands, e.g. a broadband radiometric

signal, then the signal is doubled and this halves the system noise temperature; in this case the

homodyne scheme can achieve the quantum noise limit Tq.

As with the filter-bank spectrometer, a number of requirements must be met for the ho-

modyne scheme to achieve its ultimate sensitivity. The first, shared with the filter-bank spec-
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trometer, is that the background temperature must be below the quantum noise temperature

at the frequency of interest. The second is that we need Tr,h ≪ 2Tq. Using (153) The latter

condition can more conveniently rewritten as

NEPi(ν − νp) ≪
√
hν0Pp. (159)

(159) highlights a number of attractive features of the homodyne scheme. Firstly, it is

possible to increase the range of NEPi at which the ultimate sensitivity can be achieved by

increasing the pump power. In practice other factors, such as saturation power, will limit

the pump that can be applied, however this feature still adds flexibility. The second is that

the homodyne scheme is inherently able to mitigate the effects of detector instability. This

is seen in (159) in the fact we are free to choose the pump frequency to place ν − νp at the

minimum in NEPi. However, it follows more generally from the fact we are able to choose the

pump frequency to place the down-converted signal anywhere in the output bandwidth of the

detector. This avoids the need for a separate modulation technology.

4.4 Achieving ultimate sensitivity with a Transition-Edge-Sensor (TES)

As of yet we have said nothing on what performance is possible with current or near-term de-

tector technology. This is the subject of the companion report [14], which considers a range of

superconducting microwave detector types and their different implementations in detail. The

report identifies TES as particularly promising technology and so we will use it here as illustrat-

ive technology to consider requirements on detector cooling in the filterbank and homodyne-

schemes. The results hear apply to the ideal case and the companion note explores what can

be achieved with current and near-term technology.

An overview of TES technology is given in Appendix F. The key result we will use in this

section is that the limiting intrinsic NEP of a TES is given by

NEP2
i

4kbTbP0
=

n2
(
m+ 1

)(
t2n+1 − 1

)(
2n+ 1

)(
tn − 1

)2 +mt. (160)

where Tb is the bath temperature the device operates from; P0 is the steady-state signal power

loading; mP0 is the additional input power required to saturate the device; t = T0/Tb where

T0 is the operating temperature of the device; and n is a design dependent parameter. For the

types of designs of interest, m ∼ 1 and n ∼ 1. It can the be shown that the minimum value of

the intrinsic NEP is

NEPi ∼
√

25kbTbP0 (161)

and that this achieved for T0 ∼ 2Tb. This analysis assumes the thermal conductance between

the TES and the bath is the dominant source of heat loss in the device and that the phonon

noise is described by the expression given by Mather [20]. An enhanced analysis would also

take into account the radiation conductance of the input signal coupling and modifications to

the phonon noise spectrum at low temperatures, but we avoid these additional complexities for
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now.

In the measurement scenario considered the steady-state loading in the filter-bank spectro-

meter is determined by the background blackbody radiation, so

P0 = kbTbkgK1(Tbkg/Tq)∆ν (162)

for K1 is as defined by (148). Inserting this result into (161) yields

NEPi,fb ∼ 5kb

√
TbkgTbK1(Tbkg/Tq)∆ν. (163)

Hence we see that the only free parameter in determining the TES sensitivity in this instance

is the bath temperature.

Current refrigeration technology puts a lower limit on the bath temperature of 15mK. The

dashed lines in Figure 7 show NEPi,fb as calculated using (161) assuming the same parameters as

for the photon noise calculations, i.e. ∆x=10−5 and Tbkg=15mK (green line), 150mK (orange

line) and 1.5K (blue line). The plot indicates a TES can in principle achieve background-limited

or near-background-limited performance at all frequencies considered for bath temperatures

above 15mK and above 1GHz for a background at 15mK.

In the case of the homodyne scheme, the background is set by the pump power. Each

detector receives half the pump power, so P0 = Pp/2 and

NEPi,h ∼
√
25kbTbPp/2. (164)

For the scheme to realise its ultimate sensitivity requires Tr,h ≪ 2Tq and so using (155) and

(164) we find the corresponding requirement on the TES bath temperature is

Tb ≪ 2hν0
25kb

. (165)

Assuming a minimum bath temperature of 15mK, we find the homodyne receiver can be made

quantum noise limited for ν0 ≫ 4GHz.

It is also useful to put a quantitive limit on the value of NEPi,h at which quantum noise

limited performance can be achieved for a TES-based homodyne receiver. One such limit is

imposed by the fact the steady-state power dissipated in the two TESs cannot exceed the cooling

power Pc of the fridge. In the case considered, the combined steady-state power dissipation is

twice the pump power. This comprises the power dissipated by the pump itself and the reserve

of Joule power that is exchanged for signal power; the latter is equal to the pump power as we

are assuming m = 1. Requiring (155) is much less that 2Tq and setting Pp = Pc/2, we find the

requirement

NEPi,h ≪
√

hν0Pc

2
. (166)

Modern dilution fridges can achieve a cooling power of 15µW at 20mK [21], yielding NEPi,h ≪
10−15W/

√
Hz at ν0=1GHz for a receiver operating in such a system.
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5 Conclusions

In this report we have derived expressions for the sensitivity of a filter bank spectrometer and

direct conversion homodyne receiver both implemented using superconducting microwave power

detectors. We then used these results to explore the potential sensitivity of the two schemes for

a radiometric measurement similar to the case of cavity haloscope readout. In the case of the

homodyne scheme we have concentrated on the strong-pump regime, however our method is

general and the full results can be used to model any combination of signal levels. Our analysis

points to a general strategy for superconducting microwave detector development for cavity

haloscope readout, with near- and long-term phases.

Near-term, efforts should focus on homodyne receiver development. The technology to

implement such systems is straightforward to develop and the potential operational advantages

are significant. For example, the analysis of this report has shown that a TES-based receiver

cooled to at least 15mK can achieve an effective receiver noise temperature less than twice

the quantum limit at frequencies above 5GHz. We believe such a receiver will be easier to

use then competing paramp technologies at these frequencies, having simpler tuning, wider

tuning-range, ‘cleaner’ optics and requiring less cold electronics. The homodyne scheme also

the advantage that it is intrinsically resilient to detector instabilities, which circumvents what

can be a significant operational issue for superconducting microwave detectors.

Longer-term, the focus should move to filter-bank spectrometer development. This scheme

can circumvent the quantum noise limit of a coherent radiometer and as such offers the ultimate

sensitivity performance. However, the technical development challenges in doing so are signi-

ficant. For example, in the case of a cavity-haloscope experiment comprising a 1GHz cavity

cooled to 10mK and having a fractional bandwidth of 10−5, our calculations show the detector

would need to have an internal NEP less than 10−23W/
√
Hz. This increases to 10−20W/

√
Hz

for a 100GHz cavity, but this figure is still at the limits of current technology. In addition,

methods to modulate the cavity signal would need to be developed to mitigate the effect of

detector instabilities. Despite these challenges the potential rewards are significant and more

study is needed to identify suitable technological routes forward.
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Appendices

A Useful mathematical results

A.1 Results for Gaussian integrals

Consider the scalar function

f(z) = exp
(
−z† ·H · z

)
(167)

where z is an element complex vector andH is a positive definite Hermitian matrix. If z = x+iy

for real vectors x and y, then we can integrate over all values of z by integrating over all values

of x and y. With that in mind, let

χ =

∫
xn

∫
yn

f(x+ iy)
∏
n

dxndyn. (168)

Since

dzdz∗ = −2idxndyn, (169)

we could equivalently write

χ =

∫
zn

∫
z∗n

f(x+ iy)
∏
n

dzndz
∗
n

2i
. (170)

where the measure is now expressed only in terms of the zn.

To evaluate the integral, we first note that since H is a positive definite Hermitian matrix

it admits a decomposition

H = U · S · U † (171)

where

Smn = λmδmn (172)

where the {λm} are real and positive and U is a unitary matrix satisfying

U † · U = U · U † = I. (173)

We can therefore make a change of variables k = U †z in (170) to obtain

χ =

∫
zn

∫
z∗n

exp
(
−k† · S · k

) ∏
n

idkndk
∗
n

2
. (174)

Changing the integration variables again to the real and imaginary parts u and v of k, we can
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then evaluate the integral using the normal rules for real Gaussian integrals:

χ =
∏
n

∫
un

∫
vn

e−λn(u2
n+v2n) dundvn =

N∏
n=1

π

λn
. (175)

Making the identification det(H) =
∏N

n=1 λn, we hence obtain the final result

1

det(H)
=

∫
exp

(
−z† ·H · z

) ∏
n

dzndz
∗
n

2πi
. (176)

(176) can be used to obtain an additional result that is of use in this work. Consider the

integral

f(A,b) =

∫
exp

(
z† ·A · z− b† · z− z† · b− (z− µ)† · Σ−1 · (z− µ)

) ∏
n

dzndz
∗
n

2πi
. (177)

where Σ and A are invertible positive-definite Hermitian matrices. The exponent can be refact-

ored as
z† ·A · z+ b† · z+ z† · b− (z− µ)† ·Σ−1 · (z− µ)

= −(z− p)† · (Σ−1 −A) · (z− p)− µ† ·Σ−1 · µ
+ (µ−Σ · b)† ·Σ−1 · (I −Σ ·A)−1 · (µ−Σ · b)

(178)

where

p = (I −Σ ·A)−1 · (µ+Σb). (179)

Therefore, if we make the change of variables z− p → z in (177), we can apply (176) to obtain

1

det(Σ)

∫
exp

(
z† ·A · z− b† · z− z† · b− (z− µ)† ·Σ−1 · (z− µ)

) ∏
n

dzndz
∗
n

2πi

=
1

det(I −Σ ·A)
exp

(
−µ† ·Σ−1 · µ+ (µ−Σ · b)† ·Σ−1 · (I −Σ ·A)−1 · (µ−Σ · b)

)
.

(180)

A.2 Useful functional derivatives

In this section we will derive a general expressions for the functional derivatives of the determ-

inant and inverses of operator functions of the form f(t1, t2). In both cases we will start with

a matrix prototype and take the relevant continuum limit.

In the case of the inverse, we start with the matrix identity

M−1 ·M = I. (181)

for invertible matrix M . Differentiating this expression with respect to a parameter s yields

dM−1

ds
·M +M−1 · dM

ds
= 0, (182)
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which may be rearranged to

dM−1

ds
= −M−1 · dM

ds
·M−1. (183)

The continuum version of this expression is

δg(t1, t2)

δs(t3)
= −

∫∫
g(t1, t4)

δf(t4, t5)

δs(t3)
g(t5, t2) dt4dt5 (184)

where g(t1, t2) is defined by∫∫
g(t1, t2)f(t2, t3)h(t3) dt2dt4 = h(t1). (185)

In the case of the determinant, we can start with Jacobi’s formula:

d

ds
det(M) = det(M) Tr

[
M−1 · dM

ds

]
. (186)

This has a straightforward continuum limit of the form

δ det[f ]

δs(tn)
= det[f ]

∫∫
g(t1, t2)

δf(t2, t1)

δs(tn)
dt1dt2 (187)

where g(t1, t2) is as defined by (185).

A.3 Sinc functions as delta functions

Sinc functions can be treated like delta functions under certain conditions. Consider the integral∫ ∞

−∞
sinc({ν ′ − ν}τ)S(ν ′) dν ′ (188)

where we use the definition

sincx =
sin(πx)

πx
(189)

and τ is a positive constant. As τ is increased, the sinc function in (188) becomes increasingly

sharply peaked in the region |ν − ν ′|τ < π. For sufficiently large τ , will S(ν) no longer vary

significantly over this region and we may approximate∫
sinc({ν ′ − ν}τ)S(ν ′) dν ′ ≈ S(ν)

∫ ∞

−∞
sinc({ν ′ − ν}τ) dν ′ = 1

τ
S(ν). (190)

Hence we see that as τ → ∞, we have

sinc({ν ′ − ν}τ) → δ(ν − ν ′)/τ. (191)

The same reasoning can be applied to the square of a sinc function. Repeating the preceding
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analysis, we have∫ ∞

−∞
sinc2({ν ′ − ν}τ)S(ν ′) dν ′ ≈ S(ν)

∫ ∞

−∞
sinc2({ν ′ − ν}τ) dν ′. (192)

Since ∫ ∞

−∞
sinc2({ν ′ − ν}τ) dν ′ = 1/τ, (193)

we therefore see

sinc2({ν ′ − ν}τ) → δ(ν − ν ′)/τ (194)

as τ → ∞.
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B Power waves

In this section we provide more information about the representation of the input signal that

is used throughout the analysis. It is assumed this signal is supplied to the input ports along

an ideal, lossless, transmission line with characteristic impedance η.

Consider a single input line. Let z denote position along the line as measured from the

input port, so the port itself is at z = 0. It is well known that we can write the current I in the

negative z-direction and voltage V at any point and time on the line in the form

V (z, t) =

∫ ∞

0
ℜ
[{

V+(ν)e
ikz + V−(ν)e

−ikz

}
e2πiνt

]
dν (195)

and

I(z, t) =

∫ ∞

0
ℜ
[{

I+(ν)e
ikz + I−(ν)e

−ikz

}
e2πiνt

]
dν, (196)

where

ηV±(ν) = ±I±(ν) (197)

and

k = 2πc/ν. (198)

V+(ν) and V−(ν) can be interpreted as the complex amplitudes of voltage waves of frequency

ν that travelling in the negative and positive directions respectively. I+(ν) and I−(ν) can be

interpreted similarly.

Now let us define new signals

V+(t) =
1

2

{
V (t) + ηI(t)

}
(199)

V−(t) =
1

2

{
V (t)− ηI(t)

}
. (200)

Using (195)–(197) to substitute, we can alternatively express (199) and (200) in terms of voltage

wave amplitudes as

V+(z, t) =

∫ ∞

0
ℜ
[
V+(ν)e

ikze2πiνt
]
dν (201)

V−(z, t) =

∫ ∞

0
ℜ
[
V−(ν)e

−ikze2πiνt
]
dν. (202)

In this form it is clear that V+(t) corresponds to the component of the signal moving towards

the port and V−(t) to that leaving the port.

(201) and (202) make it possible to define a representation of the input signal at the port.

In the absence of a reflection V−(ν) is zero and V+(ν), the input wave, entirely characterises

the signal. This suggests the input signal can be entirely represented in terms of the complex

analytic signal

a(t) =
1

κ

∫ ∞

0
V+(ν)e

2πiνt dν (203)

47



doe arbitrary normalisation κ, where the port voltage and current are

V (0, t) = κℜ
[
a(t)

]
(204)

and

ηI(0, t) = κℜ
[
a(t)

]
. (205)

All that is left is to specify κ. We are interested in the input power supplied by a quasi-

monochromatic input. The latter requires V+(ν) is non-zero only over frequencies 2|ν−ν0| < ∆ν,

where ∆ν ≪ ν0. In this case, we can use (204), (204) and (203) to write the instantaneous

input power as

P (t) = V (0, t)I(0, t) =
κ2

2η

{
|a(t)|2 + ℜ

[
{a(t)}2

]}
(206)

where

|a(t)|2 = 1

κ2

∫ ν0+∆ν/2

ν0−∆ν/2

∫ ν0+∆ν/2

ν0−∆ν/2
V+(ν1)V+(ν2)e

2πi(ν1−ν2)t dν1dν2

=
1

κ2

∫ ∆ν

−∆ν

{∫ ν0+{∆ν−|f |}/2

ν0−{∆ν−|f |}/2
V+(ν + f/2)V+(ν − f/2) dν

}
e2πift df

(207)

and

ℜ
[
{a(t)}2

]
=

1

κ2
ℜ
[∫ ν0+∆ν/2

ν0−∆ν/2

∫ ν0+∆ν/2

ν0−∆ν/2
V+(ν1)V+(ν2)e

2πi(ν1+ν2)t dν1dν2

]
=

1

2κ2

∫ 2ν0+∆ν

2ν0−∆ν

{∫ ∆ν−|2ν0−f |

|2ν0−f |−∆ν
V+((f + ν)/2)V+((f − ν)/2) dν

}
e2πift df

(208)

(207) shows |a(t)|2 contains only terms with frequencies in the range 0 < ν < ∆ν and is

therefore slowly varying. (208), by contrast, shows ℜ
[
{a(t)}2

]
contains only terms near 2ν0 in

frequency and is rapidly varying. Consequently, we can associate |a(t)|2 with the slowly-varying

power that would be retained on time averaging over multiple cycles. We would also normally

associate |V+(ν)|2/(2η) with this average power flow. Hence if we choose 1/κ =
√
η, i.e.

a(t) =
1√
η

∫ ∞

0
V+(ν)e

2πiνt dν

V+(ν) =
1

2

∫ ∞

−∞

{
V (0, t) + ηI(0, t)

}
e−2πiνt dt,

(209)

then the cycle averaged power flow is

Pav(t) =
1

2
|a(t)|2 (210)

as required in the main note.
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C Noise equivalent power

C.1 Canonical derivation

The noise equivalent power of a detector system is defined as the input power level that gives a

signal to noise ratio of unity in an output bandwidth of 1Hz. In this section we will relate the

NEP to the output noise, responsivity and modulation strategy employed by the system.

Consider a system where the input power level is modulated into a sine wave and the power

detector output is then filtered to define the output bandwidth. In this case we can write the

real-valued output of the detector as

d(t) = p(t) + nd(t)

s(t) =


√
2ηmr(f0)pi cos(2πf0t) f0 ̸= 0

r(0)pi f0 = 0

(211)

Here s(t) is the signal due to the input power and n(t) is the noise at the detector output. In the

case of the signal, pi is the input power level of interest, f0 is the modulation frequency, r(f0) is

the responsivity of the detector for signals modulated at f0 ̸= 0 and 0 < ηm < 1 is an assumed

modulation efficiency when f0 ̸= 0. For example, if input is chopped and the detector only

responds to the fundamental frequency, ηm =
√
2/π. We will assume the noise is a zero-mean,

stationary, signal, in which case can be characterised by the correlation function

Γnd
(t) = ⟨n(t)n(t+ τ)⟩ = 2ℜ

[∫ ∞

0
S(f)e2πifτ df

]
, (212)

where S(f) is the output noise power spectral density. The resulting output at the filter is

y(t) = d(t) + n(t)

s(t) = ηmpi
√

G(f0)R(f0) cos(2πf0t+ ϕ)
(213)

where G(f) is the frequency domain filter gain, ϕ is the phase shift due to the filter and

Γn(t) = ⟨n(t)n(t+ τ)⟩ = 2ℜ
[∫ ∞

0
G(f)S(f)e2πifτ df

]
. (214)

The signal to noise ratio filter output is the ratio of the time-averaged power (i.e. square) of

the useful signal, Psig, to the time-averaged average power in the noise, Pnoise. Here, the former

is

Psig =

η2mp2iG(f0){r(f0)}2 f0 ̸= 0

{r(f0)}2G(0)pi f0 = 0
, (215)

when f0 is non-zero. The latter can be calculated using the fact a sufficiently long time average
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of a random variable is equivalent to the ensemble average, so

Pnoise = ⟨{n(t)}2⟩ = Γn(0) = 2

∫ ∞

0
G(f)S(f) df. (216)

Combining these results, we find

SNR =
{r(f0)}2G(f0)p

2
i

2
∫∞
0 G(f)S(f) df

×

1 f0 = 0

η2m f0 ̸= 0
. (217)

In order to calculate the NEP, we need to define the output bandwidth for the scenario

considered. In practical system, the filter bandwidth is normally centred on and symmetric

about the modulation frequency, as well as being sufficiently narrow that S(f) does not vary

appreciably. We may therefore approximate

Pnoise = 2

∫ ∞

0
S(f)G(f) df ≈ 2S(f0)∆f (218)

where

∆ν =
1

G(f0)

∫ ∞

0
G(f) df (219)

is the effective bandwidth. Now we can write

SNR ≈ {r(f0)}2p2i
2S(f0)∆f

×

1 f = f0

η2m f ̸= f0
. (220)

We can now find the NEP by setting SNR = 1, pi = NEP and ∆ν = 1Hz in (220) and

rearranging, in line with the definition. The result is

NEP(f0) =

√
2S(f0)

{r(f0)}2
×

1 f = f0

1
η2m

f ̸= f0
. (221)

We see that the NEP is the effective single-sided amplitude power spectral density,
√
2S(f0),

divided by the amplitude responsivity, r(f0) as we might expect. Alternatively, we can view

the NEP as the root of the effective input referenced noise power spectral density, as given by

2S(f0)/{r(f0)}2.

C.2 Cramér Rao bound

An alternate way of thinking about the problem is using the Cramér-Rao, which removes the

need to specifically consider a filter. Assume the detector output is of the form

d(t) = pig(t) + n(t) (222)

50



where g(t) is the modulation function and n(t) is a zero-mean Gaussian noise process. Assume

we have access to the signal over an interval |t| < τ/2. The corresponding Cramér-Rao bound

on the RMS error of any estimator of pi is

∆p2i ≥
1∫∫ +τ/2

−τ/2 Γ−1(t1, t2)g(t1)g(t2) dt1dt2
(223)

where Γ−1(t1, t2) is defined by∫∫ τ/2

−τ/2
Γ−1(t1, t2)Γ(t2, t3)f(t3) dt2dt3 = f(t1). (224)

In this section we will show how (223) can be used as a more general basis for the definition of

NEP.

The first step in calculating (224) is evaluating the inverse of the correlation function. To

do, it is useful to introduce a set of basis functions of the form

fn(t) =
1√
τ
e2πint/τ (225)

defined for all positive and negative values of integer n. These basis functions satisfy the

orthonormality relationship ∫ τ/2

−τ/2
f∗
m(t)fn(t) dt = δmn. (226)

We can expand Γ(t1, t2) and Γ−1(t1, t2) in terms of these basis functions as

Γ(t1, t2) =
∑
m,n

Γmnfm(t)f∗
n(t) (227)

and

Γ−1(t1, t2) =
∑
m,n

Γ−1
mnfm(t)f∗

n(t) (228)

where

Γmn =

∫ τ/2

−τ/2

∫ τ/2

−τ/2
Γ(t1, t2)e

−2πi(mt1−nt2)/τ dt1dt2 (229)

and Σ−1 ·Σ = I. Using the Wiener-Khinchin theorem we have

Γmn = τ

∫ ∞

−∞
S(f) sinc((f −m/τ)τ) sinc((f − n/τ)τ) df

=

∫ ∞

−∞
S((x+ n)/τ) sinc(x−m+ n) sinc(x) dx.

(230)

The product of sincs in this integral is sharply peaked at a frequency of (m−n)/τ and provided
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fτ is large enough and S(f) varies sufficiently slowly, we can approximate

Γmn ≈ S(m/τ)

∫ ∞

−∞
sinc(x−m+ n) sinc(x) dx. (231)

The integral evaluates to∫ ∞

−∞
sinc(x−m+ n) sinc(x) dx = sinc(m− n) = δmn. (232)

Hence we can approximate Σmn ≈ S(m/τ)δmn and Σ−1
mn = δmn/S(m/τ), so

Γ−1(t1, t2) =
∑
m

1

τS(m/τ)
e2πim(t1−t2)/τ . (233)

Now we can calculate the Cramér-Rao bound for the modulation scheme considered. In that

case

g(t) =
√
2ηmr(f0)ℜ

[
e2πkt/τ

]
(234)

for integer k. Using (233) and (234), we have∫∫ +τ/2

−τ/2
Γ−1(t1, t2)g(t1)g(t2) dt1dt2

=
τη2m{r(k/τ)}2

2

∑
m

1

S(m/τ)

{
sinc2(m− k) + sinc2(m+ k)

}
+ τη2m{r(k/τ)}2

∑
m

1

S(m/τ)
sinc(m+ k) sinc(m− k)

=
τη2m{r(k/τ)}2

S(k/τ)
.

(235)

Hence the Cramér-Rao bound yields

∆p2i ≥
1

η2m
× 2S(f0)

{r(f0)}2︸ ︷︷ ︸
{NEP(f0)}2

× 1

2τ︸︷︷︸
∆f

. (236)

Here we have identified ∆ν = 1/τ as the effective output bandwidth had we averaged over the

record length τ and the NEP as previously defined. (236) gives the result that is typically used

for bolometer sensitivity calculations,

∆prms ≈
NEP(f0)

ηm
√
2τ

(237)

for integration time τ and provides a statistical motivation for the NEP as defined as a measure

of sensitivity.
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D Full time domain correlation functions in the homodyne scheme

D.1 Strategy

The calculation of the correlation functions of the homodyne receiver output is algebraically

involved as the number of terms increases rapidly with the order of the derivative. It is first

necessary to evaluate the derivatives of the individual Mn[s(t)], then these can be combined to

give the derivatives of the full function.

The results for the functional derivatives of the individual Mn[s(t)] are listed in Section

D.3. These were calculated both by hand and using a computer algebra system and the method

by which the latter was carried out is described in Section D.2. Section D.3 gives both the full

results and the appropriate approximate results in the strong-pump regime described in the

main report.

In this section we will work in terms of q(t) as defined by (101), as the results for y(t) follow

by simple linear transformation and it avoids the extra algebra of dealing with g(t1, t2). The

expected value of q(t) can be written in terms of the derivatives of the Mn as

⟨q(t1)⟩ =
5∑

n=1

(
δMn[s(t)]

δs(t1)

)
s(t)=0

. (238)

Using the results from Section D.3, we then have

⟨q(t1)⟩ = 0 (239)

as all the first order derivatives are zero. For a perfectly balanced system the expected value of

q(t) is zero, as would be expected physically.

The correlation function of q(t) involves taking the second order derivative. Because the

first order derivatives of the Mn are all zero for s(t) = 0, we only need consider terms involving

the second order derivatives of the constituent functionals. Hence we may simplify

⟨q(t1)q(t2)⟩ =
5∑

n=1

(
δ2Mn[s(t)]

δs(t1)δs(t2)

)
s(t)=0

. (240)

Using the results from Section D.3 in the strong pump regime, we find

⟨q(t1)q(t2)⟩ ∼
1

2
hν0 |ap|2 δ(t1 − t2)︸ ︷︷ ︸

(i)

+
1

2
|ap|2ℜ

[
Γ(t1, t2)e

−2πiνp(t1−t2)
]

︸ ︷︷ ︸
(ii)

+ Γn1(t1, t2) + Γn2(t1, t2)︸ ︷︷ ︸
(iii)

.

(241)

The correlation function consists of three terms. Term (i) corresponds to the shot noise associ-

ated with the detection of the pump signal; the shot noise is uncorrelated between the detectors

and does not cancel, unlike the wave noise. Term (ii) is the down-converted signal of interest, as
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described by Γs, weighted by the pump power. Term (iii) is the internal noise in the detectors.

The third order correlation function can be calculated in the same manner. Ignoring terms

involving first order derivatives, we may again simplify

⟨q(t1)q(t2)q(t3)⟩

=

5∑
n=1

(
δ3Mn[s(t)]

δs(t1)δs(t2)δs(t3)

)
s(t)=0

.
(242)

However, all of these derivatives evaluate to zero and we obtain

⟨q(t1)q(t2)q(t3)⟩ = 0. (243)

Finally, we will need the fourth order correlation function to calculate the radiometric sens-

itivity. Using the same approach as previously, we have

⟨q(t1)q(t2)q(t3)q(t4)⟩

=
5∑

n=1

(
δ4Mn

δs(t1)δs(t2)δs(t3)δs(t4)

)
s(t)=0

+
∑
(r,s)

∑
(m,n)

(
δ4Mr

δs(tm)δs(tn)

)
s(t)=0

(
δ4Ms

δs(tp)δs(tq)

)
s(t)=0

,

(244)

Here the first sum in the second term is taken over all combinations (r, s) drawn from {1, 2, 3, 4, 5}
without replacement and without order. The second sum is taken over all combinations (m,n)

drawn from {1, 2, 3, 4} without replacement and order and p and q are the leftover elements in

each choice. This simplifies to

⟨q(t1)q(t2)q(t3)q(t4)⟩

=

{
1

2
hν0δ(t1 − t3) + ℜ

[
Γ(t1, t3)e

−2πiν0(t1−t3)
]
+

2∑
m=1

Γnm(t1, t3)

}

×
{
1

2
hν0δ(t2 − t4) +

1

2
ℜ
[
Γ(t2, t4)e

−2πiν0(t2−t4)
]
+

2∑
m=1

Γnm(t2, t4)

}
|ap|4

+

{
1

2
hν0δ(t1 − t2) +

1

2
ℜ
[
Γ(t1, t2)e

−2πiν0(t1−t2)
]
+

2∑
m=1

Γnm(t1, t2)

}

×
{
1

2
hν0δ(t3 − t4) +

1

2
ℜ
[
Γ(t3, t4)e

−2πiν0(t3−t4)
]
+

2∑
m=1

Γnm(t3, t4)

}
|ap|4

+

{
1

2
hν0δ(t1 − t4) +

1

2
ℜ
[
Γ(t1, t4)e

−2πiν0(t1−t4)
]
+

2∑
m=1

Γnm(t1, t4)

}

×
{
1

2
hν0δ(t2 − t3) +

1

2
ℜ
[
Γ(t2, t3)e

−2πiν0(t2−t3)
]
+

2∑
m=1

Γnm(t2, t3)

}
|ap|4 .

(245)
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in the strong pump limit.

(239), (241), (243) and (245) taken together imply that in the strong pump regime the

difference signal behaves (at least to fourth-order) as a zero mean Gaussian random signal with

characteristic correlation function

Γq(t1, t2) =

{
1

2
hν0δ(t1 − t2) +

1

2
ℜ
[
Γ(t1, t2)e

−2πiν0(t1−t2)
]
+

2∑
m=1

Γnm(t1, t2)

}
|ap|2 . (246)

D.2 Evaluation of Fourier transforms using sympy

The software used to evaluate the higher order moments, sympy, does not handle Fourier trans-

forms well. Instead the following procedure was used, which we will illustrate using the term

h(ν1, ν2, ν3, ν4) =∫∫∫∫
Γ(t1, t1)Γ

∗(t3, t4)a(t3)a
∗(t4)δ(t2 − t1)e

−2πi(ν1t1+ν2t2+ν3t3+ν4t4) dt1dt2dt3dt4,
(247)

where the integrals with respect to {tn} are all taken from −∞ to ∞.

Firstly instances of Γ, a and δ are replaced with their Fourier decompositions:

a(t) = ape
2πiν0t (248)

Γ(t1, t2) =

∫
p(f)e2πif(t1−t2) df (249)

δ(t) =

∫
e2πift df. (250)

The integrals are taken from −∞ to ∞ and p(f) = 0 for f < 0. A consistent set of dummy

variables of the form fn are used for these decompositions and the integrals are restricted to

positive values. Replacement order is a, Γ and then δ, which ensures the fn with the lowest

values of n are used for the arguments of the noise power spectral density p. In the case of the

test term, this yields

h(ν1, ν2, ν3, ν4) = |ap|2
∫∫∫∫ ∫∫∫

p(f1)p(f2)e
2πi(−ν1−f3)t1e2πi(−ν2+f3)t2e2πi(−ν3−f2+ν0)t3e2πi(−ν4+f2−ν0)t4

df1df2df3dt1dt2dt3dt4.

(251)

Next the integrals with respect to time are evaluated. In practice this is most simply achieved

by dropping the integrals with respect to time and making the replacements

e2πixtn → δ(x). (252)

55



In the case of the test term, we obtain

h(ν1, ν2, ν3, ν4) =

|ap|2
∫∫∫

p(f1)p(f2)δ(f3 + ν1)δ(f3 − ν2)δ(−ν3 − f2 + ν0)δ(f2 − ν4 − ν0) df1df2df3.
(253)

Finally, we evaluate the integrals over fn where possible and sympy handles this automat-

ically. In the case of the test term this yields

h(ν1, ν2, ν3, ν4) = |ap|2p(ν4 + ν0)δ(ν1 + ν2)δ(ν3 + ν4)

∫
p(f1) df1. (254)

D.3 Derivatives of the terms in the difference signal moment generating

functionals

The functional derivatives of the Mn[s(t)] are as follows:

Mn[0] = 1 ∀ n (255)

δMn[0]

δs(t1)
= 0 ∀ n (256)

δ2M1[0]

δs(t1)δs(t2)
=

1

2
hν0Γ(t1, t1)δ(t1 − t2) (257)

δ2M2[0]

δs(t1)δs(t2)
=

1

2
hν0|ap|2δ(t1 − t2) (258)

δ2M3[0]

δs(t1)δs(t2)
=

1

2
|ap|2ℜ

[
Γ(t1, t2)e

−2πiνp(t1−t2)
]

(259)

δ2M4[0]

δs(t1)δs(t2)
= Γn1(t1, t2) (260)

δ2M5[0]

δs(t1)δs(t2)
= Γn2(t1, t2) (261)

δ3Mn[0]

δs(t1)δs(t2)δs(t3)
= 0 ∀ n (262)
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δ4M1

[
0
]

δs(t1)δs(t2)δs(t3)δs(t4)
=

1

2
(hν0)

3Γ(t1, t1)δ(t1 − t2)δ(t1 − t3)δ(t1 − t4)

+
1

4
(hν0)

2Γ(t1, t1)Γ(t3, t3)δ(t1 − t2)δ(t3 − t4)

+
1

4
(hν0)

2Γ(t1, t1)Γ(t2, t2)δ(t1 − t3)δ(t2 − t4)

+
1

4
(hν0)

2Γ(t1, t1)Γ(t2, t2)δ(t2 − t3)δ(t1 − t4)

+
1

4
(hν0)

2|Γ(t1, t3)|2δ(t1 − t2)δ(t3 − t4)

+
1

4
(hν0)

2|Γ(t1, t2)|2δ(t1 − t3)δ(t2 − t4)

+
1

4
(hν0)

2|Γ(t1, t2)|2δ(t1 − t4)δ(t2 − t3)

(263)

δ4M2

[
0
]

δs(t1)δs(t2)δs(t3)δs(t4)
=

1

4
(hν0)

2|ap|4δ(t1 − t3)δ(t2 − t4)

+
1

4
(hν0)

2|ap|4δ(t1 − t4)δ(t2 − t3)

+
1

4
(hν0)

2|ap|4δ(t1 − t2)δ(t3 − t4)

+
1

2
(hν0)

3|ap|2δ(t1 − t2)δ(t1 − t3)δ(t1 − t4)

(264)

δ4M3

[
0
]

δs(t1)δs(t2)δs(t3)δs(t4)
=

1

2
(hν0)

2|ap|2ℜ
[
Γ(t1, t2)e

−2πiνp(t1−t2)
]
δ(t1 − t3)δ(t1 − t4)

+
1

2
(hν0)

2|ap|2ℜ
[
Γ(t1, t2)e

−2πiνp(t1−t2)
]
δ(t2 − t3)δ(t2 − t4)

+
1

2
(hν0)

2|ap|2ℜ
[
Γ(t1, t3)e

−2πiνp(t1−t3)
]
δ(t1 − t2)δ(t1 − t4)

+
1

4
(hν0)

2|ap|2ℜ
[
Γ(t1, t4)e

−2πiνp(t1−t4)
]
δ(t1 − t2)δ(t1 − t3)

+
1

4
hν0|ap|2ℜ

[
Γ(t1, t3)e

−2πiνp(t4−t3)
]
δ(t1 − t2)

+
1

4
hν0|ap|2ℜ

[
Γ(t1, t2)e

−2πiνp(t4−t2)
]
δ(t1 − t3)

+
1

4
hν0|ap|2ℜ

[
Γ(t1, t2)e

−2πiνp(t3−t2)
]
δ(t1 − t4)

+
1

4
hν0|ap|2ℜ

[
Γ(t2, t1)e

−2πiνp(t4−t1)
]
δ(t2 − t3)

+
1

4
hν0|ap|2ℜ

[
Γ(t2, t1)e

−2πiνp(t3−t1)
]
δ(t2 − t4)

+
1

4
hν0|ap|2ℜ

[
Γ(t3, t1)e

−2πiνp(t2−t1)
]
δ(t3 − t4)

+
1

4
|ap|4ℜ

[
Γ(t3, t1)e

−2πiνp(t3−t1)
]
ℜ
[
Γ(t4, t2)e

−2πiνp(t4−t2)
]

+
1

4
|ap|4ℜ

[
Γ(t3, t2)e

−2πiνp(t3−t2)
]
ℜ
[
Γ(t4, t1)e

−2πiνp(t4−t1)
]

+
1

4
|ap|4ℜ

[
Γ(t2, t1)e

−2πiνp(t2−t1)
]
ℜ
[
Γ(t4, t3)e

−2πiνp(t4−t3)
]

(265)
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δ4M4

[
0
]

δs(t1)δs(t2)δs(t3)δs(t4)
= Γn1(t1, t2)Γn1(t3, t4) + Γn1(t1, t3)Γn1(t3, t2) + Γn1(t1, t4)Γn1(t2, t3)

(266)
δ4M5

[
0
]

δs(t1)δs(t2)δs(t3)δs(t4)
= Γn2(t1, t2)Γn2(t3, t4) + Γn2(t1, t3)Γn2(t3, t2) + Γn2(t1, t4)Γn2(t2, t3)

(267)

In the strong-pump regime we keep only terms of order |ap|n for the nth correlation function

in the photon noise terms, yielding the approximations:

Mn[0] = 1 ∀ n (268)

δMn[0]

δs(t1)
= 0 ∀ n (269)

δ2M1[0]

δs(t1)δs(t2)
≈ 0 (270)

δ2M2[0]

δs(t1)δs(t2)
=

1

2
hν0|ap|2δ(t1 − t2) (271)

δ2M3[0]

δs(t1)δs(t2)
=

1

2
|ap|2ℜ

[
Γ(t1, t2)e

−2πiνp(t1−t2)
]

(272)

δ2M4[0]

δs(t1)δs(t2)
= Γn1(t1, t2) (273)

δ2M5[0]

δs(t1)δs(t2)
= Γn2(t1, t2) (274)

δ3Mn[0]

δs(t1)δs(t2)δs(t3)
= 0 ∀ n (275)

δ4M1

[
0
]

δs(t1)δs(t2)δs(t3)δs(t4)
≈ 0 (276)

δ4M2

[
0
]

δs(t1)δs(t2)δs(t3)δs(t4)
≈ 1

4
(hν0)

2|ap|4δ(t1 − t3)δ(t2 − t4)

+
1

4
(hν0)

2|ap|4δ(t1 − t4)δ(t2 − t3)

+
1

4
(hν0)

2|ap|4δ(t1 − t2)δ(t3 − t4)

(277)

δ4M3

[
0
]

δs(t1)δs(t2)δs(t3)δs(t4)
≈ 1

4
|ap|4ℜ

[
Γ(t3, t1)e

−2πiνp(t3−t1)
]
ℜ
[
Γ(t4, t2)e

−2πiνp(t4−t2)
]

+
1

4
|ap|4ℜ

[
Γ(t3, t2)e

−2πiνp(t3−t2)
]
ℜ
[
Γ(t4, t1)e

−2πiνp(t4−t1)
]

+
1

4
|ap|4ℜ

[
Γ(t2, t1)e

−2πiνp(t2−t1)
]
ℜ
[
Γ(t4, t3)e

−2πiνp(t4−t3)
] (278)
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δ4M4

[
0
]

δs(t1)δs(t2)δs(t3)δs(t4)
= Γn1(t1, t2)Γn1(t3, t4) + Γn1(t1, t3)Γn1(t3, t2) + Γn1(t1, t4)Γn1(t2, t3)

(279)
δ4M5

[
0
]

δs(t1)δs(t2)δs(t3)δs(t4)
= Γn2(t1, t2)Γn2(t3, t4) + Γn2(t1, t3)Γn2(t3, t2) + Γn2(t1, t4)Γn2(t2, t3)

(280)
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E Microwave radiometer theory

In this section we present a derivation of the radiometer equation.

E.1 Basic operation

The basic function of a microwave radiometer is to measure the power spectral density (PSD)

of a stationary random signal at a desired frequency ν0. This measurement can be treated as

comprising three steps: 1) pre-detection filtering, 2) detection and 3) post-detection filtering.

In step 1 the signal is bandpass-filtered to select the desired frequency component and possibly

amplified. In step 2, the output step 1 is processed by a square-law detector. Finally, in step 3

the output of the detector is filtered to give the final measurement. In heterodyne radiometers

step 1 will also include frequency down-conversion steps, however a single frequency analysis

can still be used by defining an equivalent input PSD that includes image responses.

Denoting the radiometer output as y(t), we can express the operations described mathem-

atically as

y(t) =

∫ ∞

−∞
h(t− t1)

{∫ ∞

−∞
g(t1 − t2)x(t2) dt2

}2

dt1

=

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
h(t− t1)g(t1 − t2)g(t1 − t3)x(t2)x(t3) dt1dt2dt3

(281)

where x(t) is the effective input signal and h(t) and g(t) are the time-domain response functions

associated with the pre- and post-detection filtering respectively. x(t) is the sum of the true

input signal and an equivalent input signal needed to produce any additional noise added in the

pre-detection stages.

We will assume x(t) is stationary and, without any loss of generality, that it is real, in which

case it follows from Wiener-Khinchin theorem that

⟨x(t)x(t+ τ)⟩ = 1

2

∫ ∞

−∞
{ps(ν) + pn(ν)}e2πiνt dν (282)

where the angle brackets denote statistically expected value, ps(ν) is the single-sided PSD of

the input signal and pd(ν) is the input-referenced single-sided PSD of any noise added in the

receiver pre-detection. Both PSDs are even, real-valued, functions of ν. Taking the expectation

value of (281), using (282) to substitute and evaluating the resulting Fourier transforms, we

find the expected value of the output signal under this assumption is

⟨y(t)⟩ = h̃(0)

∫ ∞

0
G(ν){ps(ν) + pn(ν)} dν. (283)

Here we use the same notation for Fourier transforms as in the main note, where f̃(ν) is the

Fourier transform of f(t) and F (ν) = |f̃(ν)|2. To obtain (283) we have also exploited the fact

ps(ν) , pn(ν) and G(ν) are all even functions to restrict the integral to positive frequencies.

In a practical radiometer the pre-detection filter function will be sharply peaked at the
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frequency of interest. We may then further approximate (283) by

⟨y(t)⟩ ≈ h̃(0){ps(ν0) + pn(ν0)}
∫ ∞

0
G(ν) dν. (284)

From (284) we see that we expect to be able to estimate the signal PSD at the desired frequency

from the radiometer output provided that we have calibrated the filter parameters and receiver

noise PSD.

E.2 Sensitivity

The expected variance

σ2
y = ⟨(y(t)− ⟨y(t)⟩)2⟩ (285)

of the output provides a measure of the smallest detectable value of ps(ν0) and therefore of the

sensitivity of the radiometer.

We will make the additional assumption x(t) is a Gaussian random process, in which case

it is possible to obtain an approximate analytic for σy. If x(t) is Gaussian, it follows from the

Gaussian moment theorem that

⟨x(t1)x(t2)x(t3)x(t4)⟩
= ⟨x(t1)x(t2)⟩⟨x(t3)x(t4)⟩+ ⟨x(t1)x(t3)⟩⟨x(t2)x(t4)⟩+ ⟨x(t1)x(t4)⟩⟨x(t2)x(t3)⟩.

(286)

Using (286) and (281), it follows after some algebra that

σ2
y = 2

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

× h(t− t1)g(t1 − t2)g(t1 − t3)h(t− t4)g(t4 − t5)g(t4 − t6)

× ⟨x(t2)x(t5)⟩⟨x(t3)x(t6)⟩ dt1dt2dt3dt4dt5dt6.

(287)

(282) can then be used to substitute for the correlation functions and if we then evaluate the

resulting Fourier transforms, we find we can express the variance in terms of the PSDs as

σ2
y =

1

2

∫ ∞

−∞

∫ ∞

−∞
H(ν1 + ν2)G(ν1)G(ν2){ps(ν1) + pn(ν1)}{ps(ν2) + pn(ν2)} dν1dν2 (288)

In a practical radiometer the post-detection filtering should be sharply peaked around zero-

frequencies to remove noise; an example would be averaging the detector output over a long

time period. We may then approximate

H(ν) ≈ δ(ν)

∫ ∞

−∞
H(ν) dν (289)

and then, remembering that G(ν) is also assumed to be sharply peaked, (288) simplifies to

σ2
y ≈

∫ ∞

0
H(ν) dν × 2

∫ ∞

0
G(ν)2 dν × {ps(ν0) + pn(ν0)}2. (290)
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Our primary interest is in p0 = ps(ν0) + pn(ν0). We can divide (290) by the square of (284)

to give an equivalent variance in the measurement of p0 and we find

σ2
p0 ≈ 2p20∆f

∆νn
, (291)

where ∆f is the baseband bandwidth of the post detection filter as defined by

∆f =

∫∞
0 H(ν) dν

H(0)
(292)

and

∆νn =
(
∫∞
0 G(ν) dν)2∫∞
0 G(ν)2 dν

(293)

is the effective noise bandwidth of the pre-detection filter. In the case G(ν) approximates a

top-hat function, ∆νn is approximately equal to the bandwidth of the filter.

E.3 Radiometer equation

We are now in a position to derive the radiometer equation. The output of a microwave

radiometer is normally scaled in units of equivalent noise temperature T (ν), where p(ν) =

kbT (ν). In addition, the post-detection filtering is usually assumed to be time-integration, in

which case the appropriate filtering function is

h(t) =

1/τ |t| < τ/2

0 otherwise
(294)

for integration time τ . The corresponding baseband bandwidth can be calculated efficiently

using Parseval’s theorem and we obtain

∆f =

∫∞
−∞ h(t)2 dt

2
∫∞
−∞ h(t) dt

=
1

2τ
. (295)

Rescaling (291) and substituting in (295) and then taking the square root to obtain the root-

mean-square error, we obtain the radiometer equation

∆Trms =
Tsys√
τ∆νn

. (296)

for Tsys = (ps(ν0) + pn(ν0))/kb.
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F Transition-Edge Sensors

F.1 Introduction

Transition-Edge Sensors (TESs) are a type of bolometric detector. As such, they detect the

power absorbed from an input signal by the change in temperature it produces in a heat capacity

that has been thermally isolated from its surroundings. In a TES, these changes in temperature

are sensed using the change in resistance of a superconducting film held at the point of its

superconducting transition (the ‘transition-edge’). In modern designs, the absorber and film

are usually suspended together on a micro-machined island. Thermal isolation is then achieved

by patterning the connecting film between the island and its surroundings into a number of

narrow ‘legs’ to restrict heat flow.

The superconducting film must be voltage-biased into the superconducting transition for

stable operation. The bias voltage Vb results in power dissipation V 2
b /R in the film, where R is

the film resistance. In the absence of a signal, this is balanced by heat flow down the legs to the

surrounding thermal bath. When a signal is applied, the additional power input acts to increase

the island temperature. However, this causes the resistance R of the superconducting film to

increase, which decreases the Ohmic power dissipation and so partially negate the temperature

increase. This negative electrothermal feedback mechanism acts to keep the island temperature

within the superconducting transition over wide input power ranges. Since Joule power is being

exchanged for signal power, the TES will saturate at the latter exceeds the value of the former

before a signal is applied.

The ultimate sensitivity of a TES is limited by two intrinsic noise sources that cannot be

eliminated. The first is the intrinsic thermodynamic fluctuations of the energy of the island. This

is usually attributed to fluctuations in the power flow down the legs and called phonon noise.

The second second is Johnson-Nyquist associated with the resistance of the superconducting

film. This fundamental sensitivity can only be achieved if other sources of noise, such as from

the readout electronics, can be made sufficiently small.

In this section we will derive the relationship between the limiting sensitivity of the TES (as

characterised by NEP), saturation power and the bath temperature used in the main text. To

do so, we will first derive expressions for the power flow and phonon noise in the leg structures.

These results will then be used as inputs to coupled large and small-signals models of a TES, from

which we will derive an expression for the NEP as a function of device operating temperature

when the saturation power is fixed. We will then determine the minimal value of the NEP and

the operating temperature at which it is achieved.

F.2 Leg model

Simple models of bolometers usually assume a lumped thermal conductance G between the heat

capacity C and the bath at temperature Tb. The difference in temperature ∆T between the

heat capacity and bath is also usually assumed to be small (∆T ≪ Tb). In this case the heat

flow q from island to bath is simply G∆T and the phonon-limited NEP is
√
4kbGT 2

b , with the
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latter corresponding to an effective noise heat flow in the conductance satisfying ⟨q(t1)q(t2)⟩ =
2kbGT 2

b δ(t1 − t2).

The situation is much more complicated in a TES, as both assumptions are usually violated;

the leg is a distributed conductance with a temperature profile and, for reasons we will see,

the operating temperature is typically around twice the bath temperature. In addition, the

conductivity of the leg material is also usually temperature dependent. This significantly alters

both the heat flow and phonon NEP and the aim of this section will be to derive expressions

for both.

We start by considering heat flow. Consider a leg of uniform cross-sectional area A made

out of a material with temperature dependent thermal conductivity

k(T ) = nκTn−1 (297)

where n and κ are model parameters. Let x denote position along the leg and assume we hold

the temperature at point x = x1 at T1 and x = x2 (x2 > x1) at T2. Conservation of energy

requires that

Ak(T )
dT

dt
= −q21(T2, T1) (298)

at any point x1 < x < x2, where q12(T2, T1) is the equilibrium heat flow along the section of

material in the positive x-direction. Integrating (298) over x1 < x < x2, we find the heat flow

can be written in terms of the temperatures of the ends of the section as

q21(T2, T1) = − A

x2 − x1

∫ T2

T1

k(T ) dT =
κA

l

{
Tn
1 − Tn

2

}
(299)

Hence the total heat flow from bath to the TES island will be

Q(T ) =
κNA

l

{
Tn
b − Tn

}
(300)

if the island temperature is T and the device has N legs of length l.

Now we consider the phonon noise. Consider dividing the leg up into three sections: 1)

0 < x < x′, 2) x′ < x < x′ + δx and 3) x′ + δx < x < l. We start by considering the case where

a small, zero-mean, noise phonon-noise heat flow ∆qN is introduced across section 2. This will

result in changes in temperature ∆T1 at x = x′ and ∆T2 at x = x′ + δx about the equilibrium

values. Similarly, it will result in a change of heat-flow ∆qm in section m, with conservation of

energy requiring

∆q1 = ∆q2 +∆qN (301)

and

∆q2 +∆qN = ∆q3. (302)

If follows from (299) that we can express the change in the heat flow in a section of leg when
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the end temperatures change as

q21(T2 +∆T2, T1 +∆T1) = q12(T2, T1) +G21∆T1 −G22∆T2

G2m =
Ak(Tm)

x2 − x1

(303)

to first order. Hence if the temperatures of the ends of the leg are kept constant, we expect

∆p1 = −G11∆T1 ∆p2 = G21∆T1 −G22∆T2 ∆p3 = Gi2∆T2

G21 =
κAk(T (x′))

δx
G22 =

κAk(T (x′ + δx))

δx
G11 =

δx

x′
G21 Gi2 =

δx

l − x′
G22.

(304)

To determine the resultant noise heat flow into the island, we need to calculate ∆q3 given ∆qN .

Solving (301) and (302) given (304), we find

∆p3 =
δx

(l + δx)
∆qN . (305)

Given the results for a lumped heat capacity, we therefore expect ⟨∆p3(t)⟩ = 0 and

⟨∆p3(t1)∆p3(t2)⟩ ∼
δx2

(l + δx)2
⟨∆qN (t1)∆qN (t2)⟩

∼ 2Akb
l2

k(T (x′))
{
T (x′)

}2
δx δ(t1 − t2)

(306)

where the final result applies in the limit δx → 0.

Now consider dividing each leg up into M such segments. Each section behaves statistically

independently, so the total noise power flow ∆Q(t) into the island will then satisfy

⟨∆Q(t1)∆Q(t2)⟩ =
2AkbN

l2
δ(t1 − t2)

M−1∑
m=0

k(T (mδx))
{
T (mδx)

}2
δx. (307)

Taking the limit δx → 0, we then obtain

⟨∆Q(t1)∆Q(t2)⟩ =
2kbNA

l2
δ(t1 − t2)

∫ l

0
k(T (x))

{
T (x)

}2
dx. (308)

Ideally we would like to make a change of variables in (308) to express the integral with

respect to temperature, so as to avoid having to calculate the temperature profile. We can do

so by noting that (298) and (299) together imply

k(T )
dT

dx
=

1

l

∫ T

Tb

k(T ′) dT ′. (309)
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Hence we may write

⟨∆Q(t1)∆Q(t2)⟩ =
2kbNA

l

∫ l
0

{
T (x)k(T (x))

}2 dT
dx dx∫ T

Tb
k(T ′) dT ′

δ(t1 − t2)

=
2kbNA

l

∫ T
Tb

{
T ′k(T ′)

}2
dT ′∫ T

Tb
k(T ′) dT ′

δ(t1 − t2).

(310)

Finally, using (297) to substitute for k(T ) and evaluating the integral, we find

⟨∆Q(t1)∆Q(t2)⟩ =
2κnkbNATn+1

b

l︸ ︷︷ ︸
(i)

(T 2n+1
b − T 2n+1)n

(2n+ 1)(Tn
b − Tn)Tn+1

b︸ ︷︷ ︸
(ii)

δ(t1 − t2),
(311)

which is the result we will use going forward. Term (i) can be identified as the result that would

be expected if the temperature of the leg was uniform and equal to the bath temperature. Term

(ii) therefore represents a modifying factor that accounts for the non-equilibrium temperature.

F.3 Device model

In this section we will derive a set of equations modelling the behaviour of a TES in response to

input power. We will assume there is some background input power P0 and that the device has

come into equilibrium at temperature T0 (the operating temperature) and operating resistance

R0 = R(T0). If a small amount of additional input power ∆P (t) is applied, we then expect the

island temperature and device current to change by ∆T (t) and ∆R(t) respectively. The aim

will be to derive a state equation linking the operating parameters and dynamical equations for

the changes in these quantities.

We start by considering the behaviour of the device temperature. Conservation of energy

requires in general that

C
dT

dt
= Q(T ) + ∆QN (t) +R(T )I(t)2 + P (t) (312)

where T is the island temperature, C is the heat capacity and I is current in the resistive film

The first and second terms on the right are the heat flow down the legs and the noise in the

latter as given by (300) and (311), respectively. The second term is the Joule power dissipation

in the TES. The third term is the the input signal power. When additional signal power is

applied, we can expand the conductance of the superconducting film at the new temperature as

R(T0 +∆T ) = R0 +
αR0

T0
∆T +O(∆T 2) (313)

to first order, where α = TdR/(R0dT ) is a dimensionless quantity that characterises the gradient

of the transition-edge at the operating point. Expanding the other variables in (312) as the sum

of their time-independent value at the operating point and a time dependent fluctuation term,
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X = X0 +∆X, we find the operating point parameters must satisfy

0 = Q(T0) + P0 + PJ . (314)

where PJ = R0I
2
0 is the quiescent Joule power dissipation. Similarly, the fluctuations are

described, to first order, by the dynamical equation

C
d∆T

dt
= −

{
G− αPJ

T0

}
∆T (t) + 2I0R0∆I(t) + ∆P (t) + ∆QN (t), (315)

where G = nκNATn−1
0 /l.

Now we must consider the readout circuit. As described in the introduction, changes in the

input power in the TES are detected from the corresponding changes in the current I in the

superconducting film. A TES is therefore readout with what is, in effect, an ammeter and the

device of choice is usually a SQUID amplifier. The input impedance of a SQUID is inductive,

so the simplest possible model of the corresponding readout circuit is an inductance L in series

with the resistance R of the film, across which the bias voltage is applied. The behaviour of

such a circuit is described by the differential equation.

L
dI

dt
+R(T )I +∆VN = Vb, (316)

where ∆VN is the Johnson noise voltage across the film resistance. Carrying out the same small

signal expansion as for the island heat flow equation, we find the operating point parameters

satisfy

Vb = R0I0 (317)

and the behaviour of the small signal quantities is described by

L
d∆I

dt
= −R0∆I − αI0R0

T0
∆T −∆VN , (318)

again to first order.

We are now in a position to calculate the small signal frequency domain behaviour of the

device. (315) and (318) can be combined into a single matrix equation

d

dt

(
∆I

∆T

)
=

(
−R0/L −αVb/(LT0)

2Vb/C −(G− αPJ/T0)/C

)(
∆I

∆T

)
+

(
−∆VN/L

∆P/C +∆QN/C

)
. (319)

Now assume each quantity is sinusoidally varying: ∆X(t) = ∆X̃(f)e2πift. (319) can then be

solved for ∆Ĩ(f) in terms of ∆P (f) using matrix inversion and the final result is(
∆Ĩ(f)

∆T̃ (f)

)
=

1

R(f)

(
2πif + (G− αPJ/T0)/C −αVb/(LT0)

2Vb/C 2πif +R0/L

)(
−∆ṼN (f)/L

∆P̃ (f)/C +∆Q̃(f)/C

)
,

(320)
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where

R(f) = {2πif +R0/L}{2πif + (G− αPJ/T0)/C}+ 2αV 2
b /(LCT0) (321)

This relation determines the scaling of the change in device current for given change in input

power.

F.4 Sensitivity

(320) implies that we can form an estimator P̂ of the amplitude of the change in input power

from the change in device current according to

P̂ (f) =
LCR(f)

R0 + 2πifL
∆Ĩ(f). (322)

The expected value of this estimator is

⟨P̂ (f)⟩ = ∆P̃ (f) + ⟨∆Q̃N (f)⟩+ GT0 − αPJ + 2πifCT0

αVb
⟨∆ṼN (f)⟩ = ∆P̃ (f), (323)

as required. The expected variance is

⟨∆P̂ 2⟩(f) = ⟨∆Q̃2
N ⟩(f) + (GT0 − αPJ)

2 + (2πfCT0)
2

α2V 2
b

⟨∆Ṽ 2
N ⟩(f)

=
2nkbG(T 2n+1

b − T 2n+1
0 )

(2n+ 1)(Tn
b − Tn

0 )T
n+1
0

+
2kb{(GT0 − αPJ)

2 + (2πfCT0)
2}T0

α2PJ

(324)

using (311) to substitute for the phonon power and the standard result for Johnson noise in a

resistor to substitute for the variance of the noise voltage. In the case of a steady state change

in signal power, the corresponding NEP is therefore given by

NEP2

4kb
=

nG(T 2n+1
b − T 2n+1

0 )

(2n+ 1)(Tn
b − Tn

0 )T
n−1
0

+
(GT0 − αPJ)

2T0

α2PJ
(325)

(325) can be simplified further by making use of the relationships between operating para-

meters. Using (300) and the definition of G, (314) can be re-expressed as

G(Tn
b − Tn

0 )

nTn−1
0

+ P0 + PJ = 0. (326)

Based on the arguments in Section F.1, we can also identify PJ as the approximate saturation

power Ps of the device. Using (326) to eliminate G and making the identification Ps ∼ PJ ,

(325) becomes

NEP2

4kbP0
=

n2(T 2n+1
0 − T 2n+1

b )(P0 + Ps)

(2n+ 1)(Tn
0 − Tn

b )
2P0

+

{
1 +

nTn
0 (P0 + Ps)

α(Tn
b − Tn

0 )Ps

}2 PsT0

P0
. (327)

(327) can be simplified by making two additional assumptions. Firstly, we assume we are

interested in the maximum possible sensitivity as achieved in the limit α → ∞, i.e. a very
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sharp transition. This is the limit of maximum possible sensitivity. The second is that we are

interested in making the saturation power some factor m of the background loading. We will

refer to m as the saturation margin of the detector. In this case the NEP simplifies to

NEP2

4kbTbP0
=

n2
(
m+ 1

)(
t2n+1 − 1

)(
2n+ 1

)(
tn − 1

)2 +mt. (328)

where t = T0/Tb.

(328) is the final result of this section. It is useful in the context of this report because it

shows how the ultimate NEP of a TES scales with the experimentally determined parameters Tb,

P0 and m. In practice Tb is set by the cooling technology, P0 the background loading (haloscope

or pump power) and m by the expected variation in this background. We can optimize for t via

the design of the TES. Since the device must be biased into the transition, the achievable values

of t are set by the range over which the superconducting critical temperature of the film can

be varied and what thermal conductances are needed. (328) does not guarantee this ultimate

sensitivity can be achieved and this will likely be determined by other issues such as whether

a device with the necessary parameters can be engineered, stability of the readout circuit and

whether other noise sources (e.g. the SQUID) can be minimized. These implementation issues

are discussed in more detail in the companion report.
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