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Optimal non-gaussian Dvoretzky-Milman embeddings
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Abstract

We construct the first non-gaussian ensemble that yields the optimal estimate in the
Dvoretzky-Milman Theorem: the ensemble exhibits almost Euclidean sections in arbitrary
normed spaces of the same dimension as the gaussian embedding—despite being very far
from gaussian (in fact, it happens to be heavy-tailed).

1 Introduction

The Dvoretzky-Milman Theorem is one of most remarkable results in Asymptotic Geometric
Analysis. Dvoretzky proved in [8] that ℓ2 is finitely represented in any infinite dimensional
normed space: that any infinite dimensional normed space has subspaces of arbitrarily high
(finite) dimension that are almost Euclidean in the Banach-Mazur sense (for the definition of
that distance see, e.g., [2]). Dvoretzky’s proof was finite dimensional: he showed that there
is d = d(n, ε) that tends to infinity with n for any fixed ε > 0, such that every n-dimensional
normed space has a subspace of dimension d that is 1 + ε close to Euclidean. As it happens,
his estimate on d(n, ε) was suboptimal, and was dramatically improved by Milman in his
seminal work [19].

Milman showed that any finite dimensional normed space (Rn, ‖·‖) has a critical dimension
d∗, and a typical subspace of dimension c(ε)d∗—with respect to the Haar measure on the
Grassmann manifold of that dimension—is almost Euclidean. Moreover, every normed space
is isometric to a space for which d∗ ≥ c1 log n.

The idea behind Milman’s proof is based on the fact that Lipschitz functions are almost
constant on the sphere. More accurately and in the gaussian version of the theorem, set
d ≤ d∗ and let G1, . . . , Gd be independent copies of the standard gaussian random vector G
in R

n. One can show that a typical realization of the function x 7→ ‖∑d
i=1 xiGi‖ is almost

constant on Sd−1. As a result, there is Λ > 0 such that for every x ∈ R
d,

(1− ε)‖x‖2 ≤ Λ−1

∥

∥

∥

∥

∥

d
∑

i=1

xiGi

∥

∥

∥

∥

∥

≤ (1 + ε)‖x‖2. (1.1)

Equation 1.1 follows from two features of the gaussian vector: firstly, rotation invariance, in
particular that for any x ∈ R

d, E‖∑d
i=1 xiGi‖ = ‖x‖2 ·E‖G‖; and secondly, that each random

variable ‖∑d
i=1 xiGi‖ concentrates sharply around its mean.
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Since Milman’s proof—some 50 years ago—the only random ensembles known to exhibit
Euclidean subspaces of the optimal (critical) dimension in arbitrary normed spaces were the
gaussian ensemble x → ∑d

i=1 xiGi; and a d-dimensional subspace selected according to the
Haar measure on the right Grassmann manifold. Those were the only examples of random
ensembles that satisfied both rotation invariance and suitable concentration. Our goal in what
follows is to construct more general ensembles (in fact, ensembles that can be heavy-tailed)
that exhibit Euclidean subspaces of the optimal dimension in arbitrary normed spaces.

To formulate Milman’s result, consider a normed space F = (Rn, ‖ · ‖) and denote its unit
ball by K. Thus, K is a convex body : it is a convex, compact, centrally-symmetric subset of
R
n with a nonempty interior. Denote by 〈·, ·〉 the standard Euclidean inner product, and set

K◦ = {y ∈ R
n : 〈x, y〉 ≤ 1 for every x ∈ K}

to be the polar body of K. Consider the standard gaussian random vector G in R
n, and

define the critical dimension of K by

d∗(K) =

(

E‖G‖
supt∈K◦ ‖t‖2

)2

.

Milman’s result (in its gaussian version) is the following.

Theorem 1.1. For every ε > 0 there is a constant c1 depending on ε and absolute con-
stants c2, c3 such that the following holds. Let d ≤ c1(ε)d

∗(K) and set G1, . . . , Gd to be
independent copies of G. If A =

∑d
i=1 〈ei, ·〉Gi : R

d → R
n then with probability at least

1− 2 exp(−c2ε
2d∗(K)),

(1− ε)E‖G‖ ·
(

K ∩ARd
)

⊂ ABd
2 ⊂ (1 + ε)E‖G‖ ·

(

K ∩ARd
)

.

Moreover, for any convex body K there is T ∈ GLn such that d∗(TK) ≥ c3 log n.

Remark 1.2. Clearly, for any T ∈ GLn the normed spaces whose unit balls are K and TK
are isometric. Hence, for the purpose of finding almost Euclidean sections of K we may and
do assume without loss of generality that d∗(K) ≥ c log n.

The proof of Theorem 1.1 with the optimal c1(ε) ∼ ε2 is due to Gordon [9] (see also
Schechtman’s proof [23]). A simpler argument that follows Milman’s original proof can be

found in [21], leading to the slightly suboptimal estimate of c1(ε) ∼ ε2

log(1/ε) . A detailed survey

on the Dvoretzky-Milman Theorem can be found in [2].
The key features of the gaussian ensemble A that lead to the proof of Theorem 1.1,

namely, “gaussian concentration” and rotation invariance are rather special. At least one of
the two fails when it comes to other natural choices of random vectors. For example, if A is
generated by the Bernoulli random vector (εi)

n
i=1—uniformly distributed in {−1, 1}n—, and

‖ · ‖ = ‖ · ‖∞, then x 7→ E‖Ax‖ is not even equivalent to a constant on Sd−1. The reason
for the gap between infx∈Sd−1 ‖Ax‖∞ and supx∈Sd−1 ‖Ax‖∞ is straightforward: if x = ei,
‖Ax‖∞ = ‖(ε1, ..., εn)‖∞ = 1, but if x is in a ‘diagonal direction’, ‖Ax‖∞ is close to ‖G‖∞,
and for a typical realization the latter behaves like

√
log n (see, e.g., [15] for a detailed proof).

Also, it is standard to verify that ‖Ax‖ does not exhibit gaussian concentration around its
mean for every fixed x ∈ Sd−1 (see [12]).
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Given the difficulty in finding ensembles that satisfy the two features, it is natural to
ask whether the gaussian ensemble is really the only optimal Dvoretzky-Milman ensemble.
That is, are there other families of random operators that exhibit, for an arbitrary normed
space and with nontrivial probability, the same behaviour as the gaussian operator: exposing
Euclidean sections of the space’s critical dimension. There are examples of optimal ensembles
for restricted classes of normed spaces (e.g. spaces with cotype 2, see [18]), but none of them
preforms well in an arbitrary normed space.

The key to our construction of general Dvoretzky-Milman ensembles is factoring through
an intermediate space: first use the random operator Γ: Rd → R

m (with m = poly(d)) that
has iid rows (Xi)

m
i=1 generated by a random vector X,

Γ =
1√
m

m
∑

i=1

〈Xi, ·〉 ei;

and then apply the random operator

D =

m
∑

i=1

〈ei, ·〉Zi : R
m → R

n,

where (Zi)
m
i=1 are independent copies of a random vector Z in R

n that has iid coordinates; in
particular, D has iid entries. We will always assume that (Xi)

m
i=1 and (Zi)

m
i=1 are independent.

As a preliminary test case to this idea’s validity, let Z be the standard gaussian random
vector in R

n. Clearly DΓ has a chance of being an optimal Dvoretzky-Milman ensemble only
if Γ is an almost isometric Euclidean embedding of Rd in R

m; otherwise, the embedding would
fail even if ‖ · ‖ were the Euclidean norm. At the same time, even if Γ is an isometry, DΓ
need not be an optimal Dvoretzky-Milman ensemble for an arbitrary subgaussian1, isotropic
random vector Z: as noted previously, if Γ = Id, Z is the Bernoulli vector and ‖ · ‖ = ‖ · ‖∞,
there is a logarithmic gap between infx∈Sm−1 ‖DΓx‖ and supx∈Sm−1 ‖DΓx‖, and the resulting
embedding is not even isomorphic with an absolute constant.

In a nutshell, we show that these are the only two restrictions. Essentially, if the matrix
Γ has iid rows distributed according to a random vector that is rotation invariant,
and is an almost isometric embedding of ℓd2 in ℓm2 , and D : Rm → R

n has iid entries
and isotropic subgaussian columns, then with high probability, (DΓRd) ∩K is almost
Euclidean.

Before we list the assumptions that we require and specify the choices of d and m, let us
recall some well-known definitions and facts.

Definition 1.3. A centred random vector X in R
d satisfies Lp − L2 norm equivalence with

constant constant L if for any u ∈ R
d,

‖ 〈X,u〉 ‖Lp ≤ L‖ 〈X,u〉 ‖L2
. (1.2)

Note that if, in addition, X is isotropic (that is, X is centred and its covariance is the identity),
then (1.2) is equivalent to supu∈Sd−1 ‖ 〈X,u〉 ‖Lp ≤ L.

1A random vector Z is called (L−)subgaussian if ‖ 〈Z, x〉 ‖Lp
≤ L

√
p‖ 〈Z, x〉 ‖L2

for every x ∈ R
n and p ≥ 2.
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Next, given X1, ...,Xm that are independent, selected according to the isotropic random
vector X, set

ρd,m = sup
u∈Sd−1

∣

∣

∣

∣

∣

1

m

m
∑

i=1

〈Xi, u〉2 − 1

∣

∣

∣

∣

∣

.

Observe that the singular values of the random matrix Γ = m−1/2
∑m

i=1 〈Xi, ·〉 ei satisfy that

1− ρd,m ≤ λ2
min(Γ) ≤ λ2

max(Γ) ≤ 1 + ρd,m.

The behaviour of ρd,m is well-understood in rather general situations (see, e.g., [1, 11, 17,
25]). It turns out that under minimal assumptions on X and with high probability, the
random matrix Γ satisfies the quantitative Bai-Yin asymptotics (see [4]), namely that ρd,m ≤
c(d/m)1/2 for an absolute constant c.

The assumptions we require on the random vectors X and Z are as follows:

(A1) X is an isotropic, rotation invariant random vector in R
d that satisfies L4 − L2

norm equivalence with constant L ≥ 1.

Moreover, with probability at least 1 − η, ρd,m ≤ B(d/m)2/α for some constants
B ≥ 1 and α ≥ 4.

(A2) Z is an isotropic, symmetric, L-subgaussian random vector in R
n that has iid

coordinates.

A key component in our construction relies on the recent results of [5]. In a nutshell, the
random set ΓSd−1 has a rather specific structure: the coordinates of each vector (〈Xi, u〉)mi=1

concentrate around a well-determined set of values, endowed by the probability distribution
of X. More accurately, denote by a♯ the monotone non-decreasing rearrangement of a vector
a ∈ R

m and set, for 1 ≤ s ≤ m,

Hs,m = sup
u∈Sd−1

sup
|I|≤s

(

1

m

∑

i∈I
〈Xi, u〉2

)1/2

.

Let F−1
〈X,u〉 be the (right-)inverse distribution function of 〈X,u〉 and put, for i = 1, . . . ,m,

λu
i = m

∫

( i−1

m
, i
m
]
F−1
〈X,u〉(p) dp.

Proposition 1.4 ([5]). Then there are constants c1, c2, c3 that depend on L,B, α such that
the following holds. Suppose that Assumption (A1) is satisfied with the values L,B, α. Then,
for every d ≥ 1 and m ≥ c1d, with probability at least 1− η − exp(−d),

sup
u∈Sd−1

(

1

m

m
∑

i=1

∣

∣

∣
〈Xi, u〉♯ − λu

i

∣

∣

∣

2
)1/2

≤ c2

(

d

m

)1/α

log
(m

d

)

,

and for every 1 ≤ s ≤ m,

Hs,m ≤ c3

(

( s

m

)1/4
+

(

d

m

)1/α

log
(m

d

)

)

.
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Denote by Ω(X) the event in which both the assertion of Proposition 1.4 holds and ρd,m ≤
B(d/m)2/α.

Note that if X is rotation invariant then λu = λv for every u, v ∈ Sd−1. Thus, Proposition
1.4 implies that after replacing the vectors in ΓSd−1 by their monotone non-decreasing order-
ing, the resulting set has a small Euclidean diameter. This is the key feature that ‘generates’
sufficient invariance. As a result there is no need to assume that the random vector Z is
rotation invariant.

We are now ready to formulate our main result. Recall that Γ: Rd → R
m is the random

operator whose rows are (Xi)
m
i=1 and D : Rm → R

n is the random operator whose columns
are (Zi)

m
i=1. And, assume (as we may—see Remark 1.2) that d∗(K) ≥ C0 log n for an absolute

constant C0.

Theorem 1.5. There are constants c1 ≤ 1
2 , c2, . . . , c8 that depend on L,B, α,C0 such

that the following holds. Suppose that Assumptions (A1) and (A2) are satisfied with
the values L,B, α. Let ε ≤ c1, n ≥ c2,

m = c3(d
∗(K))α and d ≤ c4

ε2

log(1/ε)
d∗(K).

Then there is some Λ ∈ [c5E‖G‖, c6E‖G‖] such that for any realization (Xi)
m
i=1 ∈ Ω(X),

with PZ-probability at least 1− 2 exp(−c7ε
2d∗(K)),

sup
u∈Sd−1

∣

∣

∣

∣

‖DΓu‖
Λ

− 1

∣

∣

∣

∣

≤ c8ε.

Remark 1.6. The assumption that X satisfies L4 − L2 norm equivalence is necessary: by
[3], if X has iid coordinates distributed according to a mean zero, variance 1 random variable
that is not bounded in L4, then ρd,m → ∞ as d and m tend to infinity while keeping their
ratio constant. Hence, without the norm equivalence assumption ρd,m is not well-behaved and
Γ cannot even be an isomorphic embedding of ℓd2 in ℓm2 . At the same time, if Γ satisfies the
quantitative Bai-Yin asymptotics (and as noted previously, that is the case under minimal
assumptions on X) then (A1) holds for α = 4.

Remark 1.7. The idea of factoring through a higher dimensional space was used in [15] to
prove the existence of isomorphic non-gaussian Dvoretzky-Milman ensembles. The argument
was based on establishing lower bounds on the expected suprema of certain Bernoulli pro-
cesses. Such bounds are possible only up to a multiplicative constant, and thus cannot be
used to prove that an ensemble yields an almost isometric embedding — regardless of the
choice of X.

The rest of the article is devoted to the proof of Theorem 1.5. Before we dive into
technical details, let us give an example of such an ensemble, for a heavy-tailed choice of X
and Z = (ε1, ..., εn) — the Bernoulli vector.

Example 1.8. Let K be the unit ball of (Rn, ‖ · ‖) and set d ≤ c0
ε2

log(1/ε)d
∗(K). Let W be

distributed uniformly in Sd−1 and consider a symmetric random variable v for which Ev2 = 1
and ‖v‖L7

≤ L (but potentially v /∈ Lq for q > 7).
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Setting X =
√
dWv, it is straightforward to verify that X is a centred, isotropic random

vector that is rotation invariant and satisfies L7−L2 norm equivalence with a constant L′ ∼ L.
By [25], with probability at least 1− 1

d ,

ρd,m ≤ c2(L)

(

max
1≤i≤m

‖Xi‖22
m

+

√

d

m

)

.

Moreover, for m ≥ d4, by Markov’s inequality,

P

(

max
1≤i≤m

‖Xi‖22 ≤ L2
√
dm

)

≥ 1−mP

(

|v| ≥ L
(m

d

)1/4
)

≥ 1−m
dq/4

mq/4
≥ 1− 1

d
(1.3)

where we used that q ≥ 7 in the last inequality. Hence, with probability at least 1 − 2
d ,

ρd,m ≤ c3(L)
√

d/m, and Assumption (A1) is satisfied with η = 2
d , α = 4 and a constant B

depending only on L.
Now put m ∼ (d∗(K))4 and consider a realization of Γ for which the assertion of Propo-

sition 1.4 holds and ρd,m ≤ c3
√

d/m, i.e. (Xi)
m
i=1 ∈ Ω(X). By Theorem 1.5, for every such

realization of Γ and with high PZ-probability, the section DΓRd ∩ K is (1 ± cε)-Euclidean.
In particular, DΓ is an optimal Dvoretzky-Milman ensemble despite being ‘very far’ from
gaussian.

Remark 1.9. Let us note that the set of Euclidean subspaces generated by our operator
DΓ significantly differs from those generated by the standard approach. Have, for example,
the setting in Example 1.8. We claim that the Haar measure of all d-dimensional subspaces
generated by DΓ is zero.

Indeed, each subspace we generate is d-dimensional and contained in the span ofm vertices
of the combinatorial cube in R

n. Since there are
(2n

m

)

such m-dimensional subspaces, it is
enough to show that the probability (with respect to the Haar measure on the Grassmann
manifold Gd,m) that a d-dimensional subspace of Rn is contained in a fixed m-dimensional
subspace of Rn is 0. By rotation invariance, we may assume that the m-dimensional subspace
is span(e1, ...em). Moreover,

PGd,m
(E ∈ span(e1, ...em)) = POn (Oei ∈ span(e1, ...em) for 1 ≤ i ≤ d)

where POn is the Haar measure on the orthonormal group On. But Oei is distributed as
G/‖G‖2, and almost surely all coordinate of the standard gaussian are nonzero.

Recall that the operator D in Example 1.8, generated by the Bernoulli vector, does not
‘act well’ on the entire sphere Sm−1: if ‖ · ‖ = ‖ · ‖∞, there is a logarithmic gap between
infx∈Sm−1 ‖Dx‖ and supx∈Sm−1 ‖Dx‖. However, D acts well on the d-dimensional section
of Sm−1 endowed by ΓSd−1. Thus, the meaning of ΓSd−1 being in a good position is that,
regardless of the choice of Z or of the normed space (Rn, ‖ · ‖), with high probability the
oscillation of x → ‖Dx‖ on ΓSd−1 is minimal.

The proof that a typical realization of ΓSd−1 is indeed in a good position relies heavily
on Proposition 1.4. Obviously, the random operator DΓ is far from being gaussian, but
we shall show that thanks to Proposition 1.4, DΓ still exhibits some key gaussian features.
Specifically, because vectors in ΓSd−1 inherit X’s rotation invariance in the sense described
in Proposition 1.4, the function x 7→ EZ‖Dx‖ is almost constant on ΓSd−1. And, in addition,
Proposition 1.4 is the crucial ingredient in establishing that for each x ∈ ΓSd−1 the random
variable ‖Dx‖ exhibits ‘gaussian’ concentration around its mean (a behaviour that does not
hold for an arbitrary y ∈ Sm−1).
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2 Preliminaries and a reduction step

We start with a word about notation. ‖·‖2 is the Euclidean norm and 〈·, ·〉 is the standard inner
product—though in what follows we do not specify the (finite) dimension of the underlying
space. Throughout, c, c0, c1, C,C0, C1, . . . are absolute constants whose values may change
from line to line. If a constant c depends on a parameter a, we write c = c(a); and if cA ≤
B ≤ CA for absolute constants c and C, that is denoted by A ∼ B. The cardinality of finite
sets is denoted by | · |. For two independent random vectors X and Y , EX is the expectation
with respect to X; i.e., if X is distributed according to µ then EXf(X,Y ) =

∫

f(x, Y )µ(dx).

2.1 Preliminaries

Let us consider some implications of the assumptions made in Theorem 1.5. We can and do
assume that ε2d∗(K) ≥ 1—otherwise, the claim is trivially true.

Let ε ≤ c0 for a constant c0 = c0(L) ≤ 1/2. The choice of c0 is specified in Lemma 5.3.
Let c1 and c2 be well-chosen constants that depend only on L, and set

s = c1
d∗(K)

log(em/d∗(K))
, d ≤ c2

ε2

log(1/ε)
d∗(K). (2.1)

The choice of c1 and c2 is specified in Theorem 4.1.
Recall that Ω(X) is the event in which the assertion of Proposition 1.4 holds and ρd,m ≤

B(d/m)2/α. Consider (Xi)
m
i=1 ∈ Ω(X). Since X is rotation invariant it follows that for every

u, v ∈ Sd−1, λu = λv = λ; hence

sup
u∈Sd−1

(

1

m

m
∑

i=1

∣

∣

∣〈Xi, u〉♯ − λi

∣

∣

∣

2
)1/2

≤ c(L,B)

(

d

m

)1/α

log
(m

d

)

and

Hs,m ≤ c′(L,B)

(

( s

m

)1/4
+

(

d

m

)1/α

log
(m

d

)

)

.

Thus, for any given constant β > 0, if

m = c3(c1, c2, L,B, α, β) · (d∗(K))α, (2.2)

then

Hs,m√
s

≤ β

d∗(K)
, sup

u∈Sd−1

(

1

m

m
∑

i=1

∣

∣

∣〈Xi, u〉♯ − λi

∣

∣

∣

2
)1/2

≤ 1√
d∗

≤ ε, (2.3)

and

sup
u∈Sd−1

(

1

m

m
∑

i=1

∣

∣

∣
〈Xi, u〉♯ − 〈Xi, v〉♯

∣

∣

∣

2
)1/2

≤ 2ε. (2.4)

The choice of β is specified in Theorem 4.1. Moreover, since ρd,m ≤ B(d/m)2/α, we may also
assume that ρd,m ≤ 1. Thus,

sup
u∈Sd−1

1

m

m
∑

i=1

〈Xi, u〉2 ≤ 2. (2.5)

Finally, d∗(K) ≥ C0 log n for an absolute constant C0. We only consider n sufficiently
large, specifically, n ≥ c4(L,α) for a suitable constant c4 that is specified in Theorem 5.1.
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2.2 A reduction step

Let W ⊂ Sd−1 be a maximal ε-separated subset with respect to the Euclidean norm. Recall
that Z is an isotropic, symmetric, L-subgaussian random vector taking values in R

n and has
iid entries2, let (Zi)

m
i=1 be independent copies of Z and define Ψ: Rd → R by

Ψ(u) =

∥

∥

∥

∥

∥

1√
m

m
∑

i=1

〈Xi, u〉Zi

∥

∥

∥

∥

∥

.

Lemma 2.1. Let ε ≤ 1/2 and assume that there are v ∈ Sd−1, η ∈ [0, 1], constants c1, c2, c3,
and an event A such that for (Xi)

m
i=1 ∈ A the following holds.

(1) Uniform concentration on the net: with PZ-probability at least 1− η,

max
w∈W

|Ψ(w)− EZΨ(w)| ≤ c1εE‖G‖. (2.6)

(2) A lower bound on the conditional expectation: setting Λ = EZΨ(v),

Λ ≥ c2E‖G‖. (2.7)

(3) Almost constant conditional expectation on the net:

max
w∈W

|EZΨ(w) − Λ| ≤ c3εE‖G‖. (2.8)

Then, there is a constant c = c(c1, c2, c3) such that for (Xi)
m
i=1 ∈ A, with PZ-probability at

least 1− η,
sup

u∈Sd−1

|Ψ(u)− Λ| ≤ cεΛ.

We show that (1)-(3) are satisfied with A = Ω(X). Specifically, (3) is established in
Theorem 3.3; (1) is verified in Theorem 4.1; and (2) is proved in Theorem 5.1.

Proof of Lemma 2.1. Since W is an ε-net in Sd−1, by a standard successive approximation
argument, for every u ∈ Sd−1 there is a sequence (wu

j )j≥0 in W such that

u =
∞
∑

j=0

γjw
u
j , (2.9)

where γ0 = 1 and |γj| ≤ εj for j ≥ 1. Using the linearity of 1√
m

∑m
i=1 〈·,Xi〉Zi it follows that

|Ψ(u)−Ψ(wu
0 )| ≤ 2ε sup

w∈W
Ψ(w).

Let us show that supw∈W Ψ(w) ≤ cΛ for a constant c = c(c1, c2, c3), and in particular

sup
u∈Sd−1

|Ψ(u)−Ψ(wu
0 )| ≤ 2cεΛ. (2.10)

2The fact that Z has iid coordinates is used only in Section 5 where we prove condition (2.7) below.
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To that end, for w ∈ W

Ψ(w) ≤ |Ψ(w) − EZΨ(w)|+ |EZΨ(w)− Λ|+ Λ = (∗) + (∗∗) + Λ.

By combining (2.6) and (2.7), (∗) ≤ c1
c2
εΛ; and by invoking (2.7) and (2.8), (∗∗) ≤ c3

c2
εΛ.

Finally, set u ∈ Sd−1 and consider (wu
j )j≥0 as in (2.9). Using the estimates on (∗) and

(∗∗) again,

|Ψ(u)− Λ| ≤ |Ψ(u)−Ψ(wu
0 )|+ |Ψ(wu

0 )− EZΨ(wu
0 )|+ |EZΨ(wu

0 )− Λ|
≤ c′(c1, c2, c3)εΛ.

3 The conditional expectation is almost constant—proof of

(2.8)

Let us show that for every realization (Xi)
m
i=1 that satisfies (2.4), the oscillation of u 7→

EZΨ(u) is at most of order εE‖G‖. To that end, define the distance w2 on R
m by

w2(x, y) = min
σ

(

m
∑

i=1

(

xi − yσ(i)
)2

)1/2

, (3.1)

where the minimum is taken over all permutations σ of {1, . . . ,m}.
Remark 3.1. The reason for the name w2 is the obvious connection (3.1) has with W2—the
second order Wasserstein distance (see Remark 3.4), namely

w2(x, y) = W2

(

1

m

m
∑

i=1

δxi
,
1

m

m
∑

i=1

δyi

)

.

Lemma 3.2. There is an absolute constant c such that for every x, y ∈ R
m,

∣

∣

∣

∣

∣

E

∥

∥

∥

∥

∥

m
∑

i=1

xiZi

∥

∥

∥

∥

∥

− E

∥

∥

∥

∥

∥

m
∑

i=1

yiZi

∥

∥

∥

∥

∥

∣

∣

∣

∣

∣

≤ cLE‖G‖ · w2(x, y).

Proof. Fix x, y ∈ R
m and let σ be a permutation of {1, . . . ,m}. Note that

∑m
i=1 yiZi has

the same distribution as
∑m

i=1 yσ(i)Zi, and by gaussian domination (which is an immediate
consequence of Talagrand’s majorizing measure theorem, see, e.g., [24, Theorem 2.10.11]), if
G1, . . . , Gm are independent copies of G then for any (wi)

m
i=1 ∈ R

m,

E

∥

∥

∥

∥

∥

m
∑

i=1

wiZi

∥

∥

∥

∥

∥

≤ cLE

∥

∥

∥

∥

∥

m
∑

i=1

wiGi

∥

∥

∥

∥

∥

= cL‖w‖2E ‖G‖ .

Therefore,

E

∥

∥

∥

∥

∥

m
∑

i=1

xiZi

∥

∥

∥

∥

∥

≤ E

∥

∥

∥

∥

∥

m
∑

i=1

(xi − yσ(i))Zi

∥

∥

∥

∥

∥

+ E

∥

∥

∥

∥

∥

m
∑

i=1

yσ(i)Zi

∥

∥

∥

∥

∥

≤ cL

(

m
∑

i=1

(

xi − yσ(i)
)2

)1/2

E‖G‖+ E

∥

∥

∥

∥

∥

m
∑

i=1

yiZi

∥

∥

∥

∥

∥

,

and the claim follows.
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In view of Lemma 3.2, to ensure that u 7→ EZ‖DΓu‖ is almost constant on Sd−1 it suffices
to show that the set

(

ΓSd−1
)

=

{(〈Xi, u〉√
m

)m

i=1

: u ∈ Sd−1

}

has a small diameter with respect to the distance w2. That follows immediately from (2.4):
indeed, for every x, y ∈ ΓSd, w2(x, y) ≤ 2ε.

In particular, we have the following.

Theorem 3.3. There is a constant c that depends on L such that for every (Xi)
m
i=1 ∈ Ω(X),

sup
u,v∈Sd−1

|EZΨ(u)− EZΨ(v)| ≤ cεE‖G‖.

Remark 3.4. The condition in Theorem 1.5 that X is rotation invariant can be relaxed in
the following sense: For u ∈ Sd−1, let µu be the law of 〈X,u〉. The (second order) Wasserstein
distance between two probability measures α, β on R with finite second moment is

W2(α, β) = inf
π

(∫

R×R

(x− y)2 π(dx, dy)

)1/2

,

where the infimum is taken over all probability measures π on R×R with first marginal α and
second marginal β. Using this notation, the assertion of Theorem 1.5 remains valid under the
assumption that supu,v∈Sd−1 W2(µ

u, µv) ≤ ε (clearly, if X is rotation invariant then for any

u, v ∈ Sd−1, W2(µ
u, µv) = 0). However, as optimising the choice of X in this sense is not the

focus of the article, we shall not pursue this point further.

4 Uniform concentration on the net—proof of (2.6)

The second component needed in the proof of Theorem 1.5 is concentration on the net. Recall
that W ⊂ Sd−1 is a maximal ε-separated subset with respect to the Euclidean norm, and we
need to show that there is a number Λ (that happens to be proportional to E‖G‖), such that
for every realization (Xi)

m
i=1 ∈ Ω(X), with high probability with respect (Zi)

m
i=1,

sup
u∈W

|Ψ(u)− Λ| ≤ c(L)εΛ. (4.1)

Theorem 4.1. There are constants c1, . . . , c6, β depending only on L such that the following
holds. Let ε ≤ 1/2 and assume that

d ≤ c1
ε2

log(1/ε)
d∗(K) and m ∈ [c2d

∗(K), c3 exp(d
∗(K))]. (4.2)

Consider s = c4
d∗(K)

log(em/d∗(K)) and with that choice of s, fix a realization (Xi)
m
i=1 satisfying that

sup
u∈Bd

2

1

m

m
∑

i=1

〈Xi, u〉2 ≤ 2 and

Hs,m = sup
u∈Bd

2

max
|I|=s

(

1

m

∑

i∈I
〈Xi, u〉2

)1/2

≤ β

√
s

d∗(K)
.

(4.3)

Then with PZ-probability at least 1− 2 exp(−c5ε
2d∗(K)),

max
u∈W

|Ψ(u)− EZΨ(u)| ≤ c6εE‖G‖.
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On the assumptions in Theorem 4.1: Observe that all of its assumptions are satisfied by the
choices made in Theorem 1.5 and for (Xi)

m
i=1 ∈ Ω(X). Indeed,

1. (4.3) follows from (2.3) and (2.5).

2. The condition on m holds because d∗(K) ≥ C(L) for a large constant C that we are
free to choose. And since m is proportional to (d∗(K))α for α ≥ 4 (see (2.2)), it follows
that (4.2) is satisfied as well.

The proof of Theorem 4.1 is somewhat involved. We first present its ‘road map’ and only
then turn to the technical details.

4.1 Highlights of the proof of Theorem 4.1

It is worth stressing once again that the proof of Theorem 4.1 does not simply follow from
gaussian concentration even though Z is subgaussian. In fact, it was recently shown that
gaussian-like concentration in a subgaussian setup is false in general, see [12]. As we explain
in what follows, what saves the day is the particular structure of the vectors (〈Xi, u〉)mi=1.

The idea is to write for u ∈ W ,

1√
m

m
∑

i=1

〈Xi, u〉Zi = ♣u +♦u +♥u,

where ‖♣u‖ and ‖♦u‖ are “small”, while ‖♥u‖ concentrates sharply around its mean. The
vectors ♣u are obtained by truncating the vectors (〈Xi, u〉)mi=1, and ♦u is obtained from a
truncation of (‖Z‖i)mi=1.

The wanted decomposition is achieved in three steps. Recall that K is the unit ball
of the norm ‖ · ‖ and K◦ its polar body; in particular ‖ · ‖ = supt∈K◦〈·, t〉, and for every
I ⊂ {1, . . . ,m},

∥

∥

∥

∥

∥

1√
m

∑

i∈I
〈Xi, u〉Zi

∥

∥

∥

∥

∥

= sup
t∈K◦

1√
m

∑

i∈I
〈Xi, u〉 〈Zi, t〉 .

Step 1 — ♣u: Removing the large coordinates of (〈Xi, u〉)mi=1.
Let Iu,s ⊂ {1, . . . ,m} be the set of indices corresponding to the s largest coordinates of

(| 〈Xi, u〉 |)mi=1, and put

♣u =
1√
m

∑

i∈Iu,s
〈Xi, u〉Zi.

By the assumption on (Xi)
m
i=1, the term ‖( 1√

m
〈Xi, u〉)i∈Iu,s‖2 ≤ Hs,m is small. We will

show that as a result, ‖♣u‖ must be small as well.

Following Step 1, one is left with 1√
m

∑

i∈Icu,s 〈Xi, u〉Zi to deal with. Set

ξu =
1√
m

max
i∈Icu,s

| 〈Xi, u〉 |,

11



and note that

ξu ≤ Hs,m√
s

.

Thus, a bound on Hs,m leads to a uniform bound on ξu, a fact that will prove to be useful in
Step 2 and Step 3.

Step 2 — ♦u: Truncation of ‖Zi‖.
Fix r to be named in what follows. For a well-chosen function φ(r), denote by Ju,r ⊂

{1, . . . ,m} the (random!) set of indices i such that ‖ 1√
m
〈Xi, u〉Zi‖ ≥ ξuφ(r). We will show

that with high probability with respect to Z, the sets Icu,s∩Ju,r consist of at most r elements.
Put

♦u =
1√
m

∑

i∈Icu,s∩Ju,r
〈Xi, u〉Zi.

The choice of ♦u is useful in two important aspects:

(1) Control in ℓ∞: For every i ∈ Icu,s ∩ Ju,r, we have 1√
m
| 〈Xi, u〉 | ≤ ξu.

(2) “Short support”: since |Icu,s ∩ Ju,r| ≤ r, ♦u is the sum of a few terms of the form
1√
m
〈Xi, u〉Zi.

It turns out that (1) and (2) are enough to ensure that ‖♦u‖ is sufficiently small.

Step 3 — ♥u: Concentration.
Finally, one has to show that the norm of

♥u =
1√
m

∑

i∈Icu,s∩Jc
u,r

〈Xi, u〉Zi

concentrates sharply around its mean. Note that here there is sufficient control on

max
i∈Icu,s∩Jc

u,r

‖ 〈Xi, u〉Zi‖ :

thanks to the choice of Iu,s and Ju,r, both | 〈Xi, u〉 | and ‖Zi‖ are well bounded for i ∈ Icu,s∩Jc
u,r.

That will be enough to show that ‖♥u‖ (as a function of (Zi)
m
i=1) concentrates around

EZ‖♥u‖. Moreover, thanks to the estimates in Step 1 and Step 2, EZ‖♥u‖ is close to
Λ = EZΨ(u).

4.2 Preliminary structural estimates for Theorem 4.1

The following lemma contains well-known facts on subgaussian processes.

Lemma 4.2. There are absolute constants C0, C
′
0, C1, C

′
1 such that for every 1 ≤ r ≤ m the

following hold. Let Z be an isotropic, L-subgaussian random variable in R
n, let Z1, . . . , Zm

be independent copies of Z and set R(K◦) = supt∈K◦ ‖t‖2. Then:

12



(1) With probability at least 1− 2 exp(−C ′
0r log(em/r)),

sup
t∈K◦

max
|J |=r





∑

j∈J
〈Zj, t〉2





1/2

≤ C0L
(

E‖G‖+R(K◦)
√

r log(em/r)
)

. (4.4)

(2) We have that



E sup
t∈K◦

max
|J |=r

∑

j∈J
〈Zj , t〉2





1/2

≤ C0L
(

E‖G‖ +R(K◦)
√

r log(em/r)
)

. (4.5)

(3) With probability at least 1− 2 exp(−C ′
1r log(em/r)),

∣

∣

∣

{

i ∈ {1, . . . ,m} : ‖Zi‖ ≥ C1L
(

E‖G‖+R(K◦)
√

log (em/r)
)}∣

∣

∣
≤ r. (4.6)

The proof of Lemma 4.2 is standard, and it is outlined for the sake of completeness.

Sketch of the proof of Lemma 4.2. Let Σr ⊂ Sm−1 be the set of r-sparse unit vectors, that
is, Σr = {x ∈ Sm−1 : |{i : xi 6= 0}| ≤ r}. Set Σ′

r ⊂ Σr to be a minimal 1/10-cover of Σr with
respect to the Euclidean norm. Because Σr is the union of

(

m
r

)

Euclidean spheres, a standard
volumetric estimate shows that |Σ′

r| ≤ exp(c0r log
em
r ) for an absolute constant c0 (see, e.g.,

[2, Corollary 4.1.15]). A convexity argument (just as in the proof of Lemma 2.1) implies that

sup
t∈K◦

max
|J |=r





∑

j∈J
〈Zj , t〉2





1/2

= sup
x∈Σr

∥

∥

∥

∥

∥

∥

m
∑

j=1

xjZj

∥

∥

∥

∥

∥

∥

≤ 2max
x∈Σ′

r

∥

∥

∥

∥

∥

∥

m
∑

j=1

xjZj

∥

∥

∥

∥

∥

∥

.

It is straightforward to verify that each random vector
∑m

j=1 xjZj is cL‖x‖2-subgaussian and
isotropic; thus, by gaussian domination, there is an absolute constant c1 such that for every
x ∈ Σ′

r and p ≥ 1,



E

∥

∥

∥

∥

∥

∥

m
∑

j=1

xjZj

∥

∥

∥

∥

∥

∥

p



1/p

≤ c1L(E‖G‖p)1/p. (4.7)

Moreover, by the strong-weak inequality for the gaussian measure (which follows directly from
the gaussian concentration inequality, see, e.g., [14, Lemma 3.1]),

(E‖G‖p)1/p ≤ c2(E‖G‖ +√
pR(K◦)).

When applied to p = 2c0r log
em
r , it follows from Chebyshev’s inequality that for every x ∈ Σ′

r,
with probability at least 1− exp(−2c0r log

em
r ),

∥

∥

∥

∥

∥

∥

m
∑

j=1

xjZj

∥

∥

∥

∥

∥

∥

≤ c3L
(

E‖G‖+R(K◦)
√

r log(em/r)
)

,

and (1) is evident by the union bound.
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The proof of (2) follows a similar path to (1), combined with tail-integration.
As for (3), by an identical argument to the one used previously, there are absolute constants

c4 and c5 ≥ 2, such that

P

(

‖Z‖ ≥ c4L
(

E‖G‖+
√

log (em/r)R(K◦)
))

≤ exp (−c5 log (em/r)) ≤
( r

em

)2
.

Consider m independent selectors (that is, {0, 1}-valued random variables), defined by

δi = 1 if ‖Zi‖ ≥ c4L
(

E‖G‖ +
√

log (em/r)R(K◦)
)

.

Then P(δi = 1) ≤ (r/em)2, and by Bennett’s inequality (see, e.g., [6, Theorem 2.9]), with
probability at least 1−2 exp(−c6r log(em/r)), we have that |{i : δi = 1}| ≤ r, as claimed.

Let Z be the random variable as in Theorem 1.5. For 1 ≤ r ≤ m, denote by Ωr(Z) the
set of all (Zi)

m
i=1 such that both (4.4) and (4.6) hold.

4.3 Proof of Theorem 4.1—part 1

Throughout this section, denote by C0, C1 the absolute constants from Lemma 4.2. The
constants c, c0, c1, c2 etc. depend on L, C0 and C1. For 1 ≤ r ≤ m set

φ(r) = C1L
(

E‖G‖+R(K◦)
√

log(em/r)
)

, (4.8)

i.e., φ is the function appearing in (4.6).

Rather than specifying the required values of r, s,m, d andHs,m, we shall collect conditions
on those values, and show in Section 4.4 that the conditions are satisfied under the assumptions
of Theorem 4.1.

Finally, fix a realization (Xi)
m
i=1 for which supu∈Bd

2

1
m

∑m
i=1 〈Xi, u〉2 ≤ 2.

Step 1 — ♣u: Let s be specified in what follows, set (Zi)
m
i=1 ∈ Ωs(Z) and recall that Iu,s

is the set of indices corresponding to the s largest coordinates of (| 〈Xi, u〉 |)mi=1. By the
Cauchy-Schwartz inequality,

‖♣u‖ = sup
t∈K◦

1√
m

∑

i∈Iu,s
〈Xi, u〉 〈Zi, t〉

≤





1

m

∑

i∈Iu,s
〈Xi, u〉2





1/2

· sup
t∈K◦





∑

i∈Iu,s
〈Zi, t〉2





1/2

.

Since |Iu,s| = s, it follows from the choice of s and the definitions of Hs,m and Ωs(Z) that

‖♣u‖ ≤ Hs,m · C0L
(

E‖G‖+R(K◦)
√

s log(em/s)
)

.
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Moreover, since

d∗(K) =

(

E‖G‖
R(K◦)

)2

,

it is evident that for suitable constants c1 and c′1 the following holds:

If
Hs,m ≤ c1ε and s log(em/s) ≤ c′1d

∗(K), (4.9)

then for (Zi)
m
i=1 ∈ Ωs(Z),

sup
u∈Bd

2

‖♣u‖ ≤ εE‖G‖.

Using (4.5) and an identical argument, the conditions in (4.9) also imply that

sup
u∈Bd

2

EZ‖♣u‖ ≤ εE‖G‖. (4.10)

Step 2 — ♦u: Let r be named in what follows and set (Zi)
m
i=1 ∈ Ωr(Z). Recall that

ξu =
1√
m

max
i∈Icu,s

| 〈Xi, u〉 |

and thus ξu ≤ Hs,m/
√
s. Consider the function φ defined in (4.8) and set

Ju,r =
{

j ∈ {1, . . . ,m} :
∥

∥

∥

1√
m
〈Xj , u〉Zj

∥

∥

∥ ≥ ξuφ(r)
}

.

Clearly | 1√
m
〈Xi, u〉 | ≤ ξu for every i ∈ Icu,s; hence,

Icu,s ∩ Ju,r ⊂ {j ∈ {1, . . . ,m} : ‖Zj‖ ≥ φ(r)} . (4.11)

Moreover, by the definition of Ωr(Z), |{j : ‖Zj‖ ≥ φ(r)}| ≤ r. Therefore,

‖♦u‖ = sup
t∈K◦

1√
m

∑

i∈Icu,s∩Ju,r
〈Xi, u〉 〈Zi, t〉

≤ ξu · sup
t∈K◦

max
|J |=r

∑

j∈J
| 〈Zj, t〉 |

≤ Hs,m√
s

· √r sup
t∈K◦

max
|J |=r





∑

j∈J
〈Zj, t〉2





1/2

,

where the last inequality is evident by comparing the ℓr1 and ℓr2 norms. Since (Zi)
m
i=1 ∈ Ωr(Z),

‖♦u‖ ≤ Hs,m ·
√

r

s
C0L

(

E‖G‖+R(K◦)
√

r log (em/r)
)

,

and in particular, for suitable constants c2 and c′2, we have the following:
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If

Hs,m

√

r

s
≤ c2ε and r log (em/r) ≤ c′2d

∗(K), (4.12)

then
sup
u∈Bd

2

‖♦u‖ ≤ εE‖G‖.

Next, let us estimate EZ‖♦u‖.

Lemma 4.3. If (4.12) holds, then supu∈Bd
2
EZ‖♦u‖ ≤ εE‖G‖.

Proof. Fix u ∈ Bd
2 and set Q = |{i ∈ Icu,s : ‖Zi‖ ≥ φ(r)}|. For q ≥ 1, let

S(q) =



 sup
t∈K◦

max
|J |≤q

∑

j∈J
〈Zj , t〉2





1/2

,

with the convention that max ∅ = 0. Therefore, by (4.11),

‖♦u‖ ≤ max
i∈Icu,s

∣

∣

∣

∣

1√
m

〈Xi, u〉
∣

∣

∣

∣

· sup
t∈K◦

∑

j∈Icu,s∩Ju,r
| 〈Zj , t〉 |

≤ Hs,m√
s

·
√

QS(Q).

Since Hs,m is independent of (Zi)
m
i=1, all that is left is to show that EZ

√
QS(Q) ≤ c

√
rE‖G‖

for a suitable constant c. And indeed, observe that

√

QS(Q) ≤ 1[0,2r](Q)
√
2rS(2r) +

∑

r<2s<m

1(2s,2s+1](Q)
√
2s+1S(2s+1)

= (∗) + (∗∗).

By (4.5), for 1 ≤ q ≤ m,

(

EZS
2(q)

)1/2 ≤ C0L
(

E‖G‖+R(K◦)
√

q log (em/q)
)

,

and for r as in (4.12) and the choice of d∗(K), EZ(∗) ≤ c1
√
rE‖G‖.

To estimate EZ(∗∗), apply the Cauchy-Schwartz inequality to each term
EZ1(2s,2s+1](Q)S(2s+1):

EZ(∗∗) ≤
∑

r<2s<m

√

P(Q ≥ 2s) ·
√
2s+1C0L

(

E‖G‖+R(K◦)
√

2s+1 log (em/2s+1)
)

.

Finally, just as in the proof of the third part of Lemma 4.2, P(Q ≥ 2s) ≤ 2 exp(−c22
s) for

2s ≥ 2r; hence, by comparing the sum to a geometric progression, EZ(∗∗) ≤ c3
√
rE‖G‖, as

claimed.
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Step 3 — ♥u: By definition of Ju,r,

♥u =
1√
m

∑

i∈Icu,s∩Jc
u,r

〈Xi, u〉Zi

=
1√
m

∑

i∈Icu,s

〈Xi, u〉1{∥∥
∥

1√
m
〈Xi,u〉Zi

∥

∥

∥
≤ξuφ(r)

}Zi.

In particular, if we set

Fu =
{

ft(·) = 〈t, ·〉1{‖·‖≤ξuφ(r)} : t ∈ K◦} and

Yi =
1√
m

〈Xi, u〉Zi ∈ R
n,

then
‖♥u‖ = sup

t∈K◦

∑

i∈Icu,s

ft(Yi). (4.13)

Remark 4.4. Note that the sets Iu,s depend on (Xi)
m
i=1 but not on (Zi)

m
i=1.

Let us show that conditionally on (Xi)
m
i=1, each random variable ‖♥u‖ concentrates around

its mean. Equation (4.13) means that ‖♥u‖ is a supremum of an empirical process and
one may invoke the following version of Talagrand’s concentration inequality for bounded
empirical processes due to Klein and Rio [13].

Theorem 4.5. Let Y1, . . . , Yk be independent, set F to be a class of functions into [−a, a]
such that Ef(Yi) = 0 for every i ∈ {1, . . . , k} and f ∈ F . Let σ2 = supf∈F

∑k
i=1 Ef

2(Yi) and
consider

U = sup
f∈F

k
∑

i=1

f(Yi).

Then for x > 0,

P (|U − EU | ≤ x) ≥ 1− 2 exp

(

− −x2

2(σ2 + 2aEU) + 3ax

)

. (4.14)

In the case that interests us, k = |Icu,s| = m − s and F = Fu. We start by verifying the
assumptions of Theorem 4.5 for the empirical process from (4.13).

Lemma 4.6. The set Fu satisfies the assumptions in Theorem 4.5 with a =
Hs,m√

s
φ(r). More-

over, σ2 ≤ 4R2(K◦) and EU ≤ cLE‖G‖ for an absolute constant c.

Proof. First note that Ef(Yi) = 0 for every f = ft ∈ Fu and 1 ≤ i ≤ k. Indeed, since
‖t‖ = ‖ − t‖ and Yi is symmetric,

Eft(Yi) = EZ 〈t, Yi〉1{‖Yi‖≤ξuφ(r)} = 0.

Turning to the estimate on a, let f = ft for t ∈ K◦. Then for every y ∈ R
n,

|ft(y)| = | 〈t, y〉 | 1{‖y‖≤ξuφ(r)}

≤ ‖y‖1{‖y‖≤ξuφ(r)} ≤ ξuφ(r) ≤ φ(r)
Hs,m√

s

17



by the (uniform) upper estimate on ξu.
As for σ2, recall that 1

m

∑m
i=1 〈Xi, u〉2 ≤ 2 and that Z is isotropic. Hence

σ2 ≤ sup
t∈K◦

∑

i∈Icu,s

1

m
〈Xi, u〉2 E 〈Zi, t〉2

≤ 2 sup
t∈K◦

‖t‖22 = 2R2(K◦).

Finally, since (Zi)
m
i=1 and (εiZi)

m
i=1 have the same distribution by the symmetry of Z, a

standard Bernoulli contraction argument (see, e.g., [14, Theorem 4.4]) applied conditionally
on (Xi)

m
i=1 and (Zi)

m
i=1 shows that

EU = EZEε sup
t∈K◦

1√
m

∑

i∈Icu,s

〈Xi, u〉1{‖Yi‖≤ξuφ(r)}εi 〈Zi, t〉

≤ EZ

∥

∥

∥

∥

∥

∥

1√
m

∑

i∈Icu,s

〈Xi, u〉Zi

∥

∥

∥

∥

∥

∥

= (∗).

Since (Zi)
m
i=1 are independent and L-subgaussian, gaussian domination and the assumption

that 1
m

∑m
i=1 〈Xi, u〉2 ≤ 2 imply that (∗) ≤ cLE‖G‖ for an absolute constant c.

The next step is to control the denominator in the probability estimate in (4.14). Consider
0 < x < E‖G‖, and note that by Lemma 4.6,

2(σ2 + 2aEU) + 3ax ≤ c3

(

R2(K◦) +
Hs,m√

s
φ(r)E‖G‖

)

.

It follows from the definition of φ that if

m ≤ c4r exp(d
∗(K))

then φ(r) ≤ c5E‖G‖, and therefore

2(σ2 + 2aEU) + 3ax ≤ c6

(

R2(K◦) +
Hs,m√

s
(E‖G‖)2

)

.

Setting x = εE‖G‖ and since U = ‖♥u‖ (see (4.13)), it follows from Theorem 4.5 that for
suitable constants c7, c

′
7 and c′′7 we have that:

If
Hs,m√

s
≤ c7

d∗(K)
and m ≤ c′7r exp(d

∗(K)), (4.15)

then for every u ∈ Bd
2 , with PZ-probability at least 1− 2 exp(−c′′7ε

2d∗(K)),

|‖♥u‖ − EZ‖♥u‖| ≤ εE‖G‖.

Remark 4.7. It is worth stressing that in contrast to Step 1 and Step 2, the probability
estimate here does not hold uniformly for u ∈ Bd

2 , but only for a single (arbitrary) u.
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4.4 Proof of Theorem 4.1

First, let us show that for well-chosen s, r,m, and d, all the requirements collected in (4.9),
(4.12), and (4.15) are indeed satisfied. Let c1, . . . , c4 be suitable constants that turn out to
depend only on L, C0, and C1. Set

s = c1
d∗(K)

log (em/d∗(K))
and r = c2 min{ε2d∗(K), s},

and let m ∈ [c3d
∗(K), c4 exp(d

∗(K))]. Then (4.9) and (4.12) are satisfied for suitable choices
of c1, c2. Moreover, as noted previously, one may assume without loss of generality that
ε2d∗(K) ≥ 1—otherwise the claim in Theorem 4.1 is trivially true; thus, m satisfies (4.15) for
suitable choice of c4.

Next, collecting the requirements on Hs,m from (4.9), (4.12), and (4.15), one has to verify
that

Hs,m ≤ c5 min

{

ε, ε

√

s

r
,

√
s

d∗(K)

}

. (4.16)

To that end, recall that r ≤ c2s and that ε ≥ 1/
√

d∗(K); in particular, the third term in
(4.16) is the dominant one, and (4.16) is equivalent to having Hs,m ≤ c6

√
s/d∗(K), which was

assumed to hold.
Therefore, if

(Zi)
m
i=1 ∈ Ωs(Z) ∩ Ωr(Z),

then
max {‖♣u‖, ‖♦u‖,EZ‖♣u‖,EZ‖♦u‖} ≤ εE‖G‖.

To estimate the probability of the event Ωs(Z) ∩ Ωr(Z), note that s log(em/s) ≥ c7d
∗(K) by

the choice of s and since m ≥ c3d
∗(K). In particular, as ε ≤ 1, we have that s log(em/s) ≥

c7ε
2d∗(K). Repeating the argument for r, it is evident from Lemma 4.2 that

PZ (Ωr(Z) ∩ Ωs(Z)) ≥ 1− 2 exp
(

−C2s log
(em

s

))

− 2 exp
(

−C2r log
(em

r

))

≥ 1− 2 exp(−C3ε
2d∗(K))

for constants C2 and C3 that depend on c7 and on the absolute constants C ′
0 and C ′

1 from
Lemma 4.2.

Finally, one has to show that ‖♥u‖ concentrates around its mean, and that the required
concentration holds uniformly in u ∈ W . As was noted previously, for any u ∈ W , with
PZ-probability at least 1− 2 exp(−c8ε

2d∗(K))

| ‖♥u‖ − EZ‖♥u‖ | ≤ εE‖G‖,
and log |W | ≤ d log(5/ε). If

d ≤ c9
ε2d∗(K)

log(5/ε)

for a suitable constant c9, then by the union bound, with PZ -probability at least
1− 2 exp(−c10ε

2d∗(K)),
max
u∈W

| ‖♥u‖ − EZ‖♥u‖ | ≤ εE‖G‖. (4.17)

Taking the intersection of Ωr(Z) ∩ Ωs(Z) and the high-probability event on which (4.17)
holds completes the proof.
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5 A lower bound on the conditional expectation—proof of

(2.7)

Let us turn to verifying (2.7) from Lemma 2.1. Once again, recall that Z is a symmetric,
isotropic, L-subgaussian random vector in R

n that has iid coordinates.

Theorem 5.1. Let δ, η > 0. There are constants c1 and c2 that depend on δ and η such that
the following holds. Let m ≥ c1 log n and fix v ∈ Sd−1. If

|{i ∈ {1, . . . ,m} : | 〈Xi, v〉 | ≥ η}| ≥ δm, (5.1)

then
EZΨ(v) ≥ c2E‖G‖.

Remark 5.2. A version of Theorem 5.1 was established in [15] under different conditions
(most notably that m ≥ cn instead of m ≥ c log n and without the assumption that the
coordinates of Z are iid). The idea was to find a lower bound on the Bernoulli processes

Eε sup
t∈K◦

1√
m

m
∑

i=1

εi 〈Xi, v〉 〈Zi, t〉 ,

conditioned on a typical realization of (Xi)
m
i=1 and (Zi)

m
i=1, and the proof relied on the con-

struction of an approximation of K◦ ⊂ R
n consisting of exp(cm) points. Unfortunately, in

the worst case it forced m to be proportional to n. Since the aim here is for m to be as small
as possible—specifically a low-degree polynomial function of the critical dimension d∗(K)—a
different argument is called for.

Note that the condition m ≥ c1 log n in Theorem 5.1 is satisfied in the setting of Theorem
1.5. Indeed, m is proportional to (d∗(K))α for α ≥ 4 (see (2.2)), d∗(K) ≥ C0 log n for an
absolute constant C0, and n ≥ C(L,α) for a constant C that we are free to choose as large
as needed.

We will verify in Lemma 5.3 that there are constants δ, η > 0 depending only on L such
that (5.1) is satisfied.

Finally, by gaussian domination, if 1
m

∑m
i=1 〈Xi, v〉2 ≤ 2 then EZΨ(v) ≤ C2LE‖G‖ for an

absolute constant C2. Thus, in the setting of Theorem 1.5,

EZΨ(v) ∈ [C3E‖G‖, C4E‖G‖]

for constants C3 and C4 that depend only on L.

Recall that for 1 ≤ i ≤ m, λv
i = m

∫

( i−1

m
, i
m
] F

−1
〈X,v〉(p) dp.

Lemma 5.3. Let X satisfy L4 − L2 norm equivalence with constant L. There are constants
δ, η > 0 that depend only on L such that the following holds. If m ≥ 2/δ and

(

1

m

m
∑

i=1

∣

∣

∣
〈Xi, v〉♯ − λv

i

∣

∣

∣

2
)1/2

≤ η
√
δ, (5.2)

then
|{i ∈ {1, . . . ,m} : | 〈Xi, v〉 | ≥ η}| ≥ δm.
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Note that (5.2) holds for (Xi)
m
i=1 ∈ Ω(X). Indeed, by (2.3), the left hand side in (5.2) is

smaller than 2ε, and we may assume that ε ≤ C for an arbitrarily small constant C = C(L),
e.g., for C = η

√
δ.

Proof. By the L4 − L2 norm equivalence and the Paley-Zygmund inequality (see, e.g., [7,
Corollary 3.3.2]), there are constants η and δ that depend only on L such that

µv ((−2η, 2η)c) = P (| 〈X, v〉 | ≥ 2η) ≥ 4δ.

In particular P(〈X, v〉 ≥ 2η) ≥ 2δ or P(〈X, v〉 ≤ −2η) ≥ 2δ, and we focus without loss of
generality on the latter case. Then clearly

λv
i ≤ −2η for i = 1, . . . , 2δm.

It is straightforward to verify that if 〈Xδm, v〉♯ > −η, then (5.2) cannot be true. In particular,
(5.2) implies that |{i : 〈Xi, v〉 ≤ −η}| ≥ δm and (5.1) holds.

5.1 Proof of Theorem 5.1

The proof of Theorem 5.1 is based on two facts. To formulate them, let (x∗i )
m
i=1 be the

non-increasing rearrangement of (|xi|)mi=1.

Lemma 5.4. Let w be a symmetric random variable, set (wi)
n
i=1 to be independent copies of

w and put W = (wi)
n
i=1. Let ε = (εi)

n
i=1 be the Bernoulli vector and set π to be the uniform

distribution on the permutations of {1, . . . , n}. If W , ε and π are independent, then

EW sup
t∈K◦

n
∑

i=1

witi = EW,π,ε sup
t∈K◦

n
∑

i=1

w∗
i επ(i)tπ(i).

Proof. The key is the (rather obvious) observation that (w1, . . . , wn) has the same distribution
as (ε1w

∗
π(1), . . . , εnw

∗
π(n)). Therefore,

EW sup
t∈K◦

n
∑

i=1

witi = EW,π,ε sup
t∈K◦

n
∑

i=1

εiw
∗
π(i)ti

= EW,π,ε sup
t∈K◦

n
∑

i=1

w∗
i επ(i)tπ(i),

where the last equality holds because π−1 and π have the same distribution.

Lemma 5.5. Let δ > 0. There are constants c1, . . . , c4 that depend only on δ and L such
that the following holds. Let m ≥ c1 log n, consider I ⊂ {1, . . . ,m}, |I| ≥ δm and set for
j = 1, . . . , n,

Yj =
1√
m

∑

i∈I
〈Zi, ej〉 . (5.3)

Then for any 1 ≤ k ≤ n, E|Yk| ≥ c2. Also, for any 1 ≤ k ≤ c3n,

EY ∗
k ≥ c4

√

log
(n

k

)

. (5.4)
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The proof of Lemma 5.5 relies on the an estimate due to Montgomery-Smith [20]. To
formulate it, denote by ⌊u⌋ the largest integer that is smaller than u.

Lemma 5.6. There are absolute constants c1, c2 and c3 such that the following holds. Let
ε = (εi)

m
i=1 be the Bernoulli vector and set 0 < u ≤ m − 2. Then, for every x ∈ R

m, with
probability at least c1 exp(−c2u),

m
∑

i=1

xiεi ≥ c3







⌊u⌋
∑

i=1

x∗i +
√
u





m
∑

i=⌊u⌋+1

(x∗i )
2





1/2





. (5.5)

Proof of Lemma 5.5. We only present a proof of (5.4). The proof that min1≤k≤n E|Yk| ≥ c
follows a similar (but simpler) path.

Since Z has iid coordinates, the random variables (Yj)
n
j=1 are independent and each Yj

has the same distribution as Y = Y1. It is straightforward to verify that if u satisfies that
P(|Y | ≥ u) ≥ c1k/n, then P(Y ∗

k ≥ u) ≥ 1/2 as long as c1 is a well-chosen absolute constant;
in particular, EY ∗

k ≥ u/2. The rest of the proof is devoted to establishing that u of the order
√

log n
k is a valid choice.

Since Z is L-subgaussian and isotropic, by the Paley–Zygmund inequality, there are con-
stants c2 and c3 depending only on L such that P(| 〈Z, e1〉 | ≥ c2) ≥ 2c3. Let ε = (εi)

m
i=1 be

the Bernoulli vector, independent of (Zi)
m
i=1. Setting

I ′ = {i ∈ I : | 〈Zi, e1〉 | ≥ c2},

then clearly P (|I ′| ≥ c3|I|) ≥ 1/2. By the contraction inequality for Bernoulli processes and
the symmetry of Z,

P(|Y | ≥ u) = EZPε

(∣

∣

∣

∣

∣

1√
m

∑

i∈I
εi 〈Zi, e1〉

∣

∣

∣

∣

∣

≥ u

)

≥ EZ1{|I′|≥c3|I|}
1

2
Pε

(∣

∣

∣

∣

∣

1√
m

∑

i∈I′
c2εi

∣

∣

∣

∣

∣

≥ u

)

.

Fix a realization (Zi)
n
i=1 satisfying |I ′| ≥ c3|I|. It suffices to show that

Pε

(∣

∣

∣

∣

∣

1√
m

∑

i∈I′
c2εi

∣

∣

∣

∣

∣

≥ c4

√

log
(n

k

)

)

≥ 4c1k

n
(5.6)

for a suitable constant c4. To that end, by Lemma 5.6 there are absolute constants c5, c6, c7
such that for 0 ≤ u2 ≤ |I ′| − 2, with probability at least c5 exp(−c6u

2),

∣

∣

∣

∣

∣

∑

i∈I′

c2√
m
εi

∣

∣

∣

∣

∣

≥ c7







⌊u2⌋
∑

i=1

c2√
m

+ u





|I′|
∑

i=⌊u2⌋+1

c22
m





1/2





= A(u).

Let u = c8
√

log n
k for a (small) constant c8 = c8(δ) and observe that for that choice of u,

A(u) ≥ c9(δ)u. Indeed, as was assumed,

|I ′| ≥ c3|I| ≥ c3δm ≥ c3δ log n;
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in particular |I ′| − (⌊u2⌋+1) ≥ c3δm
2 and thus A(u) ≥ c7u(

∑|I′|
i=⌊u2⌋+1

c22
m )1/2 ≥ c9(δ)u. There-

fore

Pε

(∣

∣

∣

∣

∣

1√
m

∑

i∈I′
c2εi

∣

∣

∣

∣

∣

≥ c9 · u
)

≥ c5 exp
(

−c6c
2
8 log

(n

k

))

, (5.7)

and if c8 is sufficiently small and k ≤ c10n, then the right hand side in (5.7) is at least c1
k
n .

This completes the proof.

Proof of Theorem 5.1. Set

I = {i ∈ {1, . . . ,m} : | 〈Xi, v〉 | ≥ η}

and thus |I| ≥ δm. Let ε = (εi)
m
i=1 be the Bernoulli vector, independent of (Zi)

m
i=1. By the

symmetry of Z and the contraction principle for Bernoulli processes,

EZ sup
t∈K◦

m
∑

i=1

1√
m

〈Xi, v〉 〈Zi, t〉 = EZEε sup
t∈K◦

m
∑

i=1

εi
1√
m

〈Xi, v〉 〈Zi, t〉

≥ EZEε sup
t∈K◦

∑

i∈I
εi

1√
m
η 〈Zi, t〉 .

(5.8)

Also, for every t ∈ K◦, using the symmetry of Z once again,

∑

i∈I
εi

1√
m

〈Zi, t〉 =
∑

i∈I

n
∑

j=1

1√
m
εi 〈Zi, ej〉 tj

=

n
∑

j=1

(

∑

i∈I

1√
m
εi 〈Zi, ej〉

)

tj =

n
∑

j=1

Yjtj.

In particular, it follows from (5.8) that

EZ sup
t∈K◦

m
∑

i=1

〈Xi, v〉 〈Zi, t〉 ≥ ηEZ sup
t∈K◦

n
∑

j=1

Yjtj. (5.9)

To complete the proof one has to “replace” (Yj)
m
j=1 by independent gaussian random variables

(gj)
m
j=1. To that end, observe that by Lemma 5.5 there is a constant c1 = c1(L, δ) such that

for every 1 ≤ k ≤ n, E|Yk| ≥ c1. And, by Lemma 5.4,

EG sup
t∈K◦

m
∑

j=1

gjtj = EG,π,ε sup
t∈K◦

n
∑

j=1

g∗j επ(j)tπ(j)

= EGEε,π sup
t∈K◦

n
∑

j=1

(

g∗j
EY Y ∗

j + c1

)

(EY Y
∗
j + c1)επ(j)tπ(j)

≤
(

EG max
1≤j≤n

g∗j
EY Y ∗

j + c1

)

·



Eε,π sup
t∈K◦

n
∑

j=1

(EY Y
∗
j + c1)επ(j)tπ(j)



 = (∗) · (∗∗),
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where the last inequality follows from the contraction principle for Bernoulli processes (applied
conditionally with respect to G).

All that remains is to show that (∗) ≤ c(c1, L, δ) and that (∗∗) ≤ 2EY supt∈K◦

∑n
j=1 Yjtj .

To estimate the first term in (∗∗), note that by Jensen’s inequality followed by Lemma
5.4,

Eε,π sup
t∈K◦

n
∑

j=1

(EY Y
∗
j )επ(j)tπ(j) ≤ Eε,π,Y sup

t∈K◦

n
∑

j=1

Y ∗
j επ(j)tπ(j)

= EY sup
t∈K◦

n
∑

j=1

Yjtj.

As for the second term in (∗∗), invoking Lemma 5.5, EY |Yj | ≥ c1 for 1 ≤ j ≤ n. Hence, by
contraction

Eε,π sup
t∈K◦

n
∑

j=1

c1επ(j)tπ(j) ≤ Eε,π sup
t∈K◦

n
∑

j=1

EY |Yπ(j)|επ(j)tπ(j)

≤ EY sup
t∈K◦

n
∑

j=1

Yjtj,

as required.

To control (∗), a standard binomial estimate shows that there are absolute constants c2
and c3 such that for u ≥ c3,

P

(

g∗j ≥ u
√

log(en/j)
)

≤ 2 exp
(

−c4u
2j log(en/j)

)

. (5.10)

By Lemma 5.5 there is c5 = c5(L, δ) such that EY Y
∗
j +c1 ≥ c5

√

log(en/j) for every 1 ≤ j ≤ n.
Thus, (5.10) and the union bound imply that

PG

(

max
1≤j≤n

g∗j
EY Y

∗
j + c1

≥ u

c5

)

≤
n
∑

j=1

2 exp

(

−c4u
2j log

(

en

j

))

≤ 2 exp
(

−c6u
2
)

,

and the claim follows from tail-integration.
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[7] V. De la Pena and E. Giné. Decoupling: from dependence to independence. Springer
Science & Business Media, 2012.

[8] A. Dvoretzky. Some results on convex bodies and Banach spaces. Proc. Internat. Sympos.
Linear Spaces (Jerusalem, 1960).

[9] Y. Gordon. Some inequalities for Gaussian processes and applications. Israel Journal of
Mathematics, 50(4):265–289, 1985.

[10] Y. Gordon, M. Meyer, and A. Pajor. Ratios of volumes and factorization through l∞.
Illinois Journal of Mathematics, 40(1):91–107, 1996.
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