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On the Fundamental Tradeoff of Joint

Communication and Quickest Change Detection
Daewon Seo, Member, IEEE, and Sung Hoon Lim, Senior Member, IEEE

Abstract—In this work, we take the initiative in studying
the fundamental tradeoff between communication and quickest
change detection (QCD) under an integrated sensing and com-
munication setting. We formally establish a joint communication
and sensing problem for quickest change detection. Then, by
utilizing constant subblock-composition codes and a modified
QuSum detection rule, which we call subblock QuSum (SQS),
we provide an inner bound on the fundamental tradeoff between
communication rate and change point detection delay in the
asymptotic regime of vanishing false alarm rate. We further
provide a partial converse that matches our inner bound for a
certain class of codes. This implies that the SQS detection strategy
is asymptotically optimal for our codes as the false alarm rate
constraint vanishes. We also present some canonical examples
of the tradeoff region for a binary channel, a scalar Gaussian
channel, and a MIMO Gaussian channel.

Index Terms—Integrated sensing and communication, Quick-
est change detection, CuSum test, Constant subblock-composition
codes

I. INTRODUCTION

The capability to simultaneously perform communication

and sensing tasks efficiently within limited resources is one

of the key features envisioned for next-generation wireless

networks [1], [2]. In contrast to conventional systems typically

designed with separately dedicated resources and hardware,

integrated sensing and communication (ISAC) systems aim

to cohesively design both sensing and communication func-

tionalities. This design approach enables the system to share

common resources, such as frequency bands and hardware,

in order to enhance efficiency and reduce costs [3], [4].

Henceforth, it is expected that ISAC will become a key tech-

nology in future wireless systems, supporting many important

application scenarios such as device localization, autonomous

vehicles, surveillance, and healthcare [3], [5], [6].

In ISAC, the primary focus of research is on simultaneous

communication of information and target sensing. Conse-

quently, it is natural to explore the tradeoff between two key

metrics; one related to data transmission and the other to

sensing accuracy. For instance, the tradeoff between informa-

tion rate for transmitting data reliably and mean-squared error

(MSE) for estimating an unknown real-valued channel state

is characterized in [7], [8]. In another instance, the tradeoff

between information rate and error probability of detecting a
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discrete target, e.g., obstacle detection, is investigated in [9]–

[12]. In addition to these intrinsic ISAC metrics, the metric

of secrecy is also considered in [13], [14]. Some surveys and

overviews on the topic of ISAC are given in [6], [15]–[17].

Building upon such previous studies, we study a new

metric of ISAC in which the goal is to detect changes or

anomalies in the channel as soon as possible subject to some

false alarm constraint. We note that the sole problem of

detecting the change point in distribution from a sequence

of observations (i.e., without a communication requirement)

is alone an active field of research in the context of quickest

change detection (QCD) [18]–[22]. In this work, our goal is

to perform communication and QCD with a common signal

and provide fundamental tradeoffs and design perspectives for

joint communication and QCD.

One possible motivating scenario for this requirement could

arise from a situation in which a mobile device equipped

with wireless communication capabilities, such as an un-

manned aerial vehicle (UAV), an autonomous vehicle, or a

robot arm, must identify sudden obstacles in its trajectory. In

another scenario, base stations scattered in a wireless network

can be utilized as a surveillance sensor network to detect

abnormalities with minimum delay. In these instances, the

transmitted signal for communication simultaneously serves

as an active sensing signal for detecting anomalies. Thus,

the policy for jointly designing communication and quickest

change detection must be jointly designed to provide the best

tradeoff between communication rate and detection delay.

However, there are some inherent fundamental challenges

to achieving such goals. On the one hand, results on capacity-

achieving codes for communication over a noisy channel sug-

gest that the signals should be designed in units of long blocks

that are distinguishable from other competing codewords when

decoded over observation sequences. On the other hand, the

codewords should also act as potent active sensing signals that

produce the most distinctive observations that allow detection

of the change point with minimum delay. To put the problem

into perspective, we consider a broadcast channel as shown

in Fig. 1 that consists of one encoder and two receivers. The

encoder transmits an n length codeword xn through a state-

dependent memoryless broadcast channel p(yn, ỹn|xn, sn) =
∏n

i=1 p(yi|xi, si)p(ỹi|xi), where sn is a state sequence that

remains constant at the beginning, but at some unknown

change point, transitions to another state. Further, ỹn, yn are

the sequences of observations for the information decoder and

QCD detector, respectively. The decoder recovers a message

sent from the encoder, M̂ , and the QCD detector detects the

change point with minimum delay, N , in an online manner.

http://arxiv.org/abs/2401.12499v1
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Fig. 1: Problem model of joint communication and QCD.
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Fig. 2: The distribution of the QCD channel changes at some

turning point ν from the baseline distribution p(0) to the

abnormal distribution p(1).

This is known as a bistatic ISAC model in the literature [8],

[10].

We also assume that the message is known at the QCD de-

tector as side information. This setup can serve as a canonical

model, such as in a scenario where two base stations with a

wireline link perform QCD in a wireless network, in which the

message is sent through the wirelink link as side information.

The state sequence represents when the change occurs in

the distribution of the QCD channel. For example, consider

a binary state channel shown in Fig. 2 where p(0)(y|x) =
p(y|x, s = 0) and p(1)(y|x) = p(y|x, s = 1). We assume that

the QCD channel stays in its base state s = 0 until (just before)

a change point ν, and from point ν and after, the channel stays

in state s = 1. The goal of the QCD detector is to provide a

change point estimate N with a minimum delay compared to

the true change point ν under a false alarm constraint.

This joint communication and QCD setting has several dis-

tinct features that should be noted. In the context of QCD, this

problem is related to the active sensing QCD problem studied

in [23], [24], where the main objective is to design a control

signal so that observations include as much information as pos-

sible for quickly detecting the change. The major distinction

in our case is that the control signal must be simultaneously

useful for communication. In the other perspective, relating

to the field of communications and information theory, our

work is also related to state amplification and state estimation

in a state-dependent communication channel [25]–[27]. The

major distinction in our case is that, first of all, we specialize

our attention to a particular distortion criteria, namely, change

point detection delay. Furthermore, we follow the minimax

approach commonly used in the QCD literature and analyze

the worst-case delay over all codewords.

This is in contrast to most ISAC scenarios which consider

average distortion measures over all codewords. As the name

suggests, QCD applications are more likely to exhibit some

degree of urgency in anomaly detection, which makes worst-

case delay the proper criteria. However, to match the worst-

case delay criteria, all codewords must be good for sensing

since the codewords are randomly chosen by the message. This

disqualifies most standard random i.i.d. generated codebooks

since even with vanishing probability, the existence of “bad”

codewords for sensing will completely dominate the worst-

case performance metric. Finally, another distinction comes

from the criteria of minimizing delay, which suggests that

one should design an online detector since performing an

estimation after receiving the whole block would simply give

the worst change point estimation delay.

In this work, we contribute to the problem of joint commu-

nication and QCD as follows. Firstly, we take the initializing

steps towards addressing the problem and provide a canonical

formulation that integrates two heterogeneous criteria which

can be readily extended to various scenarios. Most impor-

tantly, we provide an inner bound on the fundamental tradeoff

between communication and QCD.

The precise result is summarized in Thm. 1, where the

achievable communication rate and the asymptotic delay slope

(with respect to the false alarm rate) are expressed in the

form of mutual information and Kullback–Leibler (KL) diver-

gence, respectively. The achievable region can be efficiently

computed using the Blahut–Arimoto algorithm [28], [29].

For the achievability proof, we utilize constant subblock-

composition codes (CSCCs) originally developed in [30],

where the composition of transmitted symbols in every sub-

block is identical, and our proposed subblock QuSum (SQS)

test, a modified version of the standard QuSum test. As a result

of CSCCs, almost every subblock of observations can be made

independent and identically distributed by proper processing,

which enables us to extend standard QCD analysis techniques.

Moreover, all the codewords in the CSCC codebook have

exactly the same empirical distribution on a subblock level,

enabling each codeword to be equally good for detection

even in the worst-case scenario. We also provide a partial

converse that matches our inner bound, demonstrating that

our achievable codes are optimal within a certain class of

typical codes. While our converse is limited to a certain class

of codes, the main implication of the converse result is that

our SQS detection strategy, detailed in Sec. IV, is indeed the

asymptotically optimal detection rule for our codes. Finally,

we present some example tradeoff regions for binary, scalar

Gaussian, and multiple-input multiple-output (MIMO) Gaus-

sian channels and discuss their implications. Particularly in the

MIMO case, we demonstrate an intriguing tradeoff between

diversity gains and multiplexing gains that add another degree

of freedom in the tradeoff between information rate and QCD.

The remainder of the paper is organized as follows. In the

next section, we provide some preliminaries for QCD. Then,

in Sec. III, we formally give the problem statement. In Sec. IV,

we state our main results regarding the fundamental tradeoff

for communication and QCD. In Sec. V, we address some

selective examples. Finally, in Sec. VI, we conclude the paper

with discussions.
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Notation: We closely follow the notation in [31]. Calli-

graphic letters denote alphabet spaces, and uppercase and low-

ercase letters respectively denote random variables and their

realizations. For a sequence xn on Xn, the type or composition

of xn is defined to be π(x|xn) :=
∣

∣{i : xi = x}
∣

∣/n for x ∈ X .

Then, Pn(X ) denotes the set of all types of xn, and T n
pX

with pX ∈ Pn(X ) denotes the set of xn of type pX . We

also define [1:n] = {1, . . . , n} and (x)+ = max(0, x). The

notation for mutual information I(X ;Y ) can also be written

as I(pX , pY |X) to clarify its dependency. All logarithms are

natural logarithms; hence, the unit of all information-theoretic

quantities is nats.

II. PRELIMINARY ON QCD

In this section, we briefly summarize the standalone QCD

problem. We refer to [21] for a more detailed introduction to

the topic.

Consider a sequence of observations Y1, Y2, . . . where the

observations are initially i.i.d. with some distribution p(0)(y) =
p(y|s = 0), but at some unknown change point ν, the

distribution changes to p(1)(y) = p(y|s = 1) 6= p(0)(y). In

other words,

Yi
i.i.d.∼ p(0) if i < ν,

Yi
i.i.d.∼ p(1) if i ≥ ν.

The goal is to detect the change time ν as quickly as possible

in an online manner but also to minimize the event of declaring

the change before ν, i.e., false alarm.

Before formally discussing the QCD, let us define the

stopping rule as follows.

Definition 1 (stopping rule). A random variable N ∈ N is said

to be a stopping rule with respect to a sequence of random

variables Y1, Y2, . . . if {N = i} ∈ σ(Y1, . . . , Yi), where

σ(Y1, . . . , Yi) is the σ-algebra generated by (Y1, . . . , Yi).

In words, the stopping rule N is a random variable such

that the event {N = i} is measurable with respect to the

given information up to that time, i.e., the event {N = i} is

only a (possibly stochastic) function of Y1, . . . , Yi.

Let N be a stopping rule with respect to a sequence of

observations Y1, Y2, . . .. If we only consider detection delay,

the problem becomes degenerate since to minimize detection

delay (N − ν)+, it is best to declare the change point as early

as possible, i.e., N = 1 always, which will result in a false

alarm event unless ν = 1. To penalize this, we measure the

false alarm performance in terms of the mean time to a false

alarm, or equivalently, its reciprocal called the false alarm rate

(FAR) given by

FAR(N) =
1

E∞(N)
, (1)

where E∞ assumes the probability distribution when the

change occurs at ν = ∞. For the objective function on

detection delay, Lorden [18] considered the worst case (over

all possible change point ν ≥ 1) average detection delay

conditioned on the worst realization yν−1 (WADD) as

WADD(N) = sup
ν≥1

ess sup
Y ν−1

Eν((N − ν)+|Y ν−1), (2)

where Eν assumes the probability distribution when the change

occurs at ν ≥ 1. With both measures at hand, Lorden’s

formulation characterizes the smallest WADD(N) subject to

a FAR constraint α > 0, i.e.,

inf
N :FAR(N)≤α

WADD(N). (3)

For QCD problems, the widely used stopping rules are

based on the QuSum statistic, originated by Page [32], and

its variations. The QuSum stopping rule with threshold b is

defined by

NQS = inf{i ≥ 1 : Wi ≥ b}, (4)

where Wi is the QuSum statistic defined by

Wi = max
1≤k≤i+1

i
∑

j=k

log
p(1)(Yj)

p(0)(Yj)
,

where the right side is 0 by convention if k = i + 1. It can

also be written in a computationally efficient recursive form

W0 = 0, Wi =

(

Wi−1 + log
p(1)(Yi)

p(0)(Yi)

)+

. (5)

Page’s QuSum stopping rule NQS was later shown by Lor-

den [18] that it is indeed asymptotically optimal for Lorden’s

formulation (3) as α → 0. Specifically, when α → 0,

inf
N :FAR(N)≤α

WADD(N) ∼ WADD(NQS) ∼
| logα|

D(p(1)‖p(0)) ,

where f ∼ g denotes that f/g → 1 as α → 0. Later,

Moustakides [33] further showed that the QuSum algorithm

is exactly optimal under Lorden’s formulation for all α > 0.

III. PROBLEM STATEMENT

In this section, we give a formal definition of our problem

statement.

Consider a state-dependent memoryless broadcast channel

pY,Ỹ |X,S(y, ỹ|x, s), shown in Fig. 1, which can be decom-

posed into two conditionally independent components given

by

p(yn, ỹn|xn, sn) =

n
∏

i=1

p(yi|xi, si)p(ỹi|xi) (6)

where S is the state, X is the channel input, and Y, Ỹ are the

outputs of the quickest change detection (QCD) channel and

the communication channel, respectively.

Let s ∈ S = {0, 1} where we note a base symbol by 0. The

sequence sn is a deterministic sequence

sn = s1, . . . , sν−1, sν , . . . , sn (7)

where ν is a predetermined unknown change point from s = 0
to s = 1, i.e.,

si =

{

0 for i < ν,

1 for i ≥ ν.

In our problem setup, a code serves two distinct roles.

First, it functions as a conventional channel code, used to
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communicate messages reliably over the noisy channel pỸ |X .

Additionally, the transmitted code also acts as a sensing signal,

through which we wish to detect the unknown change point ν
over pY |X,S . Overall, a code for the problem setup is required

to simultaneously transmit information and produce distinctive

observations for QCD over the broadcast channel.

Formally, a code for joint communication and QCD has the

following components. For a given block length n, an (2nR, n)
code consists of

• a message set m ∈ [1 : 2nR],
• an encoder that assigns a codeword xn(m) to each

message m ∈ [1 : 2nR],
• a decoder that assigns a message estimate m̂(ỹn) to each

observation sequence ỹn, and

• a stopping rule N such that the event {N = i} is

measurable with respect to Y i and xn(m). If the stopping

rule is not activated until the end of the codeword, we

define N = ∞.

A codebook is defined as C(n) = {xn(m) : m ∈ [1 : 2nR]}.

We emphasize that N is dependent on xn(m), however, we

omit this dependency in our notation for visual clarity.

The performance metrics for the problem are given as

follows. For the communication component, the performance

metric is the maximum probability of error denoted by

P (n)
e = max

m∈[1:2nR]
P(M̂ 6= m|M = m).

We say that a rate R ∈ R+ is achievable if there exists a

sequence of codes such that P
(n)
e → 0 as n → ∞.

Next, for the QCD metrics, we extend Lorden’s formu-

lation [18] to our setting. To this end, fix a sequence of

codebooks C(n). We first define the false alarm rate (FAR)

for the codebooks as

FAR(N) = lim sup
n→∞

max
xn∈C(n)

1

E∞(N |xn)
. (8)

Similar to (2), we define the WADD objective for our setting,

i.e., worst-case average detection delay over the worst possible

realizations as

WADD(N)

= sup
ν≥1

lim sup
n→∞

max
xn∈C(n)

ess sup
Y ν−1

Eν((N − ν + 1)+|xn, Y ν−1).

(9)

Then, we say that WADD ‘D’ at FAR constraint ‘α’ is

achievable if there exists a sequence of codebooks C(n) and

stopping rule N such that

inf
N,{C(n)}:FAR(N)≤α

WADD(N) ≤ D.

The ultimate goal of the joint communication and QCD

problem is to understand the fundamental tradeoff between R
and D for some fixed FAR constraint α, i.e., we aim to answer

“What is the maximum information rate R and minimum delay

D that a code can simultaneously achieve?”. In particular to

this work, we are interested in an asymptotic regime of QCD

where α → 0. To better characterize the tradeoff in this regime,

we define

∆ := lim
α→0

| logα|
D

(10)

and say that ∆ is achievable if there exists a pair (α,D)
that asymptotically attains ∆ as α → 0. The reason for an

additional definition ∆ will be apparent when we introduce

our achievable region in Thm. 1, in which ∆ is simply

characterized in the form of a KL divergence formulation.

Moreover, ∆ represents the asymptotic “slope” of D as a

function of α. Then, the goal of this work can be condensed

to characterizing the set of achievable (R,∆) pairs, namely,

the R-∆ region

R = closure{(R,∆) : R and ∆ are achievable}. (11)

Equivalently, we can express R using the R-∆ function

R(∆) := sup{R : (R,∆′) is achievable for some ∆′ ≤ ∆}
(12)

and the ∆-R function

∆(R) := sup{∆ : (R′,∆) is achievable for some R′ ≤ R}
(13)

as

R = {(R,∆) : R ≤ R(∆),∆ ∈ R+},
= {(R,∆) : R ∈ R+,∆ ≤ ∆(R)}.

To give some perspective to the problem, we can imme-

diately identify two extreme operating points. On one ex-

treme, we can design codes that maximize the communication

rate while neglecting QCD. By Shannon’s capacity-achieving

codes, the operating point (C, 0) where C = maxpX
I(X ; Ỹ )

is an achievable pair. On the other extreme, we can design

codes for pure QCD detection which results in the operation

point (0,∆⋆) [21], where

∆⋆ := max
x∈X

D(p(1)‖p(0)|x), (14)

that is, the optimal ∆ when only QCD is considered. Extend-

ing on the two extreme points, we can alternate transmission

between capacity-achieving codes and the optimal QCD input

symbol via timesharing. This results in half of the time sending

information and half of the time sending a QCD signal in an

alternating fashion. Since we are communicating information

only half of the time, C/2 is achieved for communication, and

since it takes twice as long for QCD, ∆⋆/2 is achieved for

detection. Generalizing the time sharing strategy for a time

sharing fraction λ ∈ [0, 1], (λC, (1 − λ)∆⋆) is achievable. In

addition, the point (C,∆⋆) will serve as a trivial outer bound

of R.

IV. MAIN RESULTS

In this section, we state our main results and discuss some

implications.

Theorem 1. Let Rin be the set of rate-delay pairs (R,∆) ∈
R

2
+ such that

R < I(X ;Y ), (15)

∆ < D(p(1)‖p(0)|pX), (16)

for some pX , where p(s) := pY |X,s. Then, Rin ⊂ R. In other

words, any point in Rin is achievable.
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In the following, after some remarks, we provide an

overview of the achievability strategy. The detailed proof of

Thm. 1 is deferred to App. A.

Remark 1. The region Rin is convex since the mutual

information and the KL divergence are concave and linear in

pX , respectively. Thus, including timesharing does not expand

the Rin region.

Remark 2. The region Rin includes two extreme points,

(C, 0) and (0,∆⋆), where

C = max
pX

I(X ; Ỹ ), ∆⋆ = max
x∈X

D(p(1)‖p(0)|x).

Remark 3. By the concavity of the mutual information and

viewing (16) as a constraint on the distribution, i.e.,

max
pX :E(c(X))>∆

I(X ;Y ) (17)

where c(x) = D(p(1)‖p(0)|X = x), we can easily apply the

Blahut–Arimoto algorithm [28], [29] with input constraints

given in [28, Sec. IV] to evaluate the tradeoff region. The

algorithm for our case is summarized in App. D.

For the achievability proof, we use the constant subblock-

composition codes (CSCCs) originally developed in [30]. Fix

an input type pX of length L, i.e., pX ∈ PL(X ), and let R be

the rate of the CSCC. Further, let n be the codeword length

that is composed of k subblocks of length L, i.e., n = kL.

Then,

xn = xk = (x1, . . . ,xk), (18)

where xj = xjL

(j−1)L+1, j ∈ [1 : k]. Thus, we can view xn as a

k-length sequence with L-length vector symbols. Let PL(X )
denote the set of all compositions of xL and let T L

pX
be the set

of sequences in XL with composition pX . Then, the codebook

is generated as follows.

Codebook generation: Fix pX , and randomly and indepen-

dently generate 2nR sequences xk(m) such that each vector of

length L is i.i.d. uniformly distributed over T L
pX

. The codebook

is defined as C(n) = {xk(m) : m ∈ [1 : 2nR]}.

As shown in [30], [34], by letting k → ∞, the following

rate is achievable using CSCC:

I(pX , pỸ |X)− r(L, pX) ≤ R ≤ I(pX , pỸ |X), (19)

where the term r(L, pX) vanishes with L, which will be spec-

ified in App. A. Then, by letting L → ∞, rate R < I(X ; Ỹ )
is achievable. Incorporating a deliberate detour using CSCC to

show that R < I(pX , pỸ |X) = I(X ; Ỹ ) is achievable serves

as a crucial component in our QCD analysis, which follows

below.

For the QCD analysis, aligning with the vector-symbol

interpretation of xn, let us view the QCD channel as a

discrete memoryless channel over x, i.e., p(s)(yk|xk) =
∏k

j=1 p
(s)(yj |xj), where yj = yjL(j−1)L+1 and p(s)(yj |xj) =

∏L

i=1 p
(s)
Y |X(y(j−1)L+i)|x(j−1)L+i), s = 0, 1. Note that the

observations y1,y2, . . . ,yk are produced from subblocks of

the same composition and can be made i.i.d. within the pre-

change and post-change regimes by proper permutation.

Next, we propose to use an adapted QuSum test, which we

call a subblock-QuSum (SQS) test. Instead of the standard

QuSum statistic that updates the statistic whenever it sees a

new observation, the subblock-QuSum test updates it only at

the end of subblocks. Formally, letting W0 = 0, we construct

the SQS statistic as follows:

Wi =











(

Wi−1 + log
p
(1)

Y |X
(Y j |Xj)

p
(0)

Y |X
(Y j |Xj)

)+

if i = jL, j ∈ N

Wi−1 otherwise.

(20)

When Wi ≥ b, we stop updating and declare that a change

occurred, i.e.,

NSQS := inf{i ≥ 1 : Wi ≥ b}. (21)

With the combination of CSCCs and SQS, for some α > 0,

we formally show in App. A that as α → 0, it asymptotically

holds that

E∞(NSQS) ≥
1

α

and

WADD(NSQS) ≤
| logα|

D(p(1)‖p(0)|pX)
(1 + o(1)) =: D.

Then, our CSCC code achieves ∆ such that

∆ = lim
α→0

| logα|
D

= D(p(1)‖p(0)|pX).

There are some extensions of Thm. 1 that are due. First,

consider the case where the state alphabet is |S| > 2. The

definition of WADD for this case is given by,

WADD(N) := Ēν,s((N − ν + 1)+|xn, Y ν−1). (22)

where

Ēν,s(·) := max
s∈S\{0}

sup
ν≥1

lim sup
n→∞

max
xn∈C(n)

ess sup
Y ν−1

Eν,s(·).

Then, we can perform |S|−1 SQS tests in parallel and pick the

quickest change point estimate among the tests. This extension

leads to the following corollary.

Corollary 1. For the case |S| > 2, the set of rate-delay pairs

(R,∆) ∈ R
2
+ such that

R < I(X ;Y ), (23)

∆ < min
s∈S\{0}

D(pY |X,s‖p(0)|pX), (24)

for some pX is achievable.

Remark 4. By the standard quantization argument, e.g., [31,

Chap. 3.4.1], constant subblock-composition codes can be

extended for Gaussian channels, which then allows the rate

region Rin to be applied to the Gaussian case. We provide

some discussions on some Gaussian settings in Sec. V.

Next, we discuss some applications to the monostatic model

given in Fig. 3 where p(y, ỹ|x, s) = p(y|x, s)p(ỹ|x). The

only difference from the problem statement of the bistatic

case is that the encoder is defined by a mapping that assigns

a codeword xi(m, yi−1), i ∈ [1 : n] to each message
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Encoder

Detector

pY,Ỹ |X,S Decoder

Transmitter

Xi

Yi−1

M

N

Ỹi

M̂

Fig. 3: Monostatic model for ISAC. The encoder and QCD

detector are the same entity which has access to some feed-

back.

m ∈ [1 : 2nR] as well as a causal observation sequence yi−1.

For this case, Thm. 1 remains an inner bound since we can

disregard the observation yi−1 in the codebook design and use

the same codebook and QCD detector defined for the bistatic

case. In general, the encoder structure for the bistatic case

could be improved by incorporating the feedback information

yi−1 at the encoder. Some discussions on extensions to the

bistatic case are given in Sec. VI.

In the following, we show that Thm. 1 is indeed a tight

evaluation of CSCCs for our joint communication and QCD

setting, i.e., no other QCD detectors can be asymptotically

better than the SQS detector. The converse result is shown on

a slightly wider class of codes defined below.

Definition 2 (sliding-window typical codes). A code C(n) is

sliding-window typical with pX if for any ǫ > 0, there exists

a window size L0(ǫ) such that for every xn ∈ C(n) and i ∈ N

with i ≤ n− L0 + 1, it holds that
∣

∣

∣π(a|xi+L0−1
i )− pX(a)

∣

∣

∣ ≤ ǫpX(a) for all a ∈ X , (25)

where π(a|xi+L0−1
i ) is the type of the length L0 sequence

xi+L0−1
i . Also, a sequence of codes C(n) is sliding-window

typical with pX if every C(n) is sliding-window typical with

pX .

Then, we have the following lower bound on WADD for

the class of sliding-window typical codebooks.

Theorem 2. For a sequence of codebooks C(n) that is sliding-

window typical with pX and any stopping time N , the QCD

delay WADD with FAR(N) ≤ α constraint is bounded by

WADD(N) ≥ | logα|
(

1

D(p(1)‖p(0)|pX)
+ o(1)

)

as α → 0.

Proof: The proof is deferred to App. B.

The above theorem states that no matter what stopping

rule is used, WADD cannot be asymptotically smaller than
| logα|

D(p(1)‖p(0)|pX )
. As the lower bound coincides with the delay

characterization in Thm. 1, our SQS stopping rule is asymp-

totically optimal for CSCCs, or more generally, the class of

sliding-window typical codes.

Theorem 3. For the class of sliding-window typical codes,

Rin in Thm. 1 is tight, i.e., on the space of sliding-window

typical codes Rin = Rπ, where Rπ is the rate-delay region

for sliding-window typical codes.

0

1

0

1
1− ǫs

ǫs

(a) p
(s)

Y |X(y|x)

0

1

0

1

1− ǫ

1− ǫ

ǫ
ǫ

(b) pỸ |X(ỹ|x)

Fig. 4: Channels considered in the binary example.
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Fig. 5: Plot for the binary channel example where ǫ = 0.3,

ǫ0 = 0.1, ǫ1 = 0.5.

Proof: The proof is deferred to App. C.

Unlike standard converse proofs that consider any codes,

the above converse is limited to the class of sliding-window

typical codes. However, the above converse has an important

implication; in particular, it shows that our SQS detection

algorithm is in fact asymptotically optimal for the CSCC

codes. This is in a similar spirit to the results in [35] where it

shows a converse only for the class of i.i.d. randomly generated

codes and proves that the proposed decoder is optimal, i.e.,

equivalent to maximum likelihood (ML) decoders. In our

setting, showing the optimality of the detector is even more

prominent since we do not have an evident optimal detector

(c.f. ML for decoding), and defining a sequential detector is

an essential part of the problem for QCD.

V. EVALUATION EXAMPLES

In this section, we demonstrate how our results can be

applied through some selection of example cases.

A. Binary channels

Consider the case in which the communication channel

pỸ |X is the standard binary symmetric channel with crossover

probability ǫ and the QCD channel p
(s)
Y |X = pY |X,S(y|x, s) is

a binary Z-channel given by

p(0)(0|0) = 1, p(0)(0|1) = ǫ0 (26)

p(1)(0|0) = 1, p(1)(0|1) = ǫ1. (27)

The example is contrived so that sending the symbol x = 0
is useless for the QCD as it always outputs Y = 0 symbol

in pre- and post-change regimes. However, sending x = 0
and x = 1 equally likely maximizes the capacity of the
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communication channel, which implies there will be a tradeoff

between communication and QCD.

Figure 5 depicts the tradeoff for our proposed strategy at

ǫ = 0.3, ǫ0 = 0.1, ǫ1 = 0.5. The linear line is a baseline

tradeoff given by timesharing between pure communication

and QCD. The capacity of the communication channel is given

by H2(pX) − H2(ǫ) with H2(·) being the binary entropy

function, which is attained by a uniform distribution pX .

On the other hand, the optimal QCD-only point is ∆⋆ =
D(p(1)‖p(0)|X = 1), i.e., QCD with a constant input symbol

x = 1. The overall achievable region is given by the tradeoff

(H2(pX)−H2(ǫ), D(p(1)‖p(0)|pX)) where

D(p(1)‖p(0)|pX)

= pX(0)D(p(1)‖p(0)|X = 0) + pX(1)D(p(1)‖p(0)|X = 1)

= pX(1)

(

ǫ1 log
ǫ1
ǫ0

+ (1 − ǫ1) log
(1− ǫ1)

(1− ǫ0)

)

.

The circle dot point is the joint communication and QCD

achievable point attained while maintaining capacity-achieving

communication (C,∆(C)), i.e., when pX is uniform.

B. Scalar Gaussian channels

Consider the following Gaussian channels for QCD

Yi = Xi + Zi for i < ν,

Yi = hXi + Zi for i ≥ ν,

and the communication channel given by Ỹi = Xi+Z̃i, where

Zi, Z̃i are independent standard Gaussian noise. The channel

input is subject to an average power constraint 1
n

∑n

i=1 x
2
i ≤

P . This setting represents the case, for example, when a user

is jointly communicating and sensing for some disruption in

its path, which will alter the channel gain.

The capacity of the communication channel is C =
1
2 log(1 + P ), attained by Gaussian input with N (0, P ). For

the delay of QCD, note that when X = x, D(p(1)‖p(0)|X =

x) = (h−1)2

2 x2. It in turn implies that ∆⋆ in (14) is

∆⋆ = max
x:x2≤P

D(p(1)‖p(0)|x) = (h− 1)2

2
P.

On the other hand, due to the power constraint,

∆ = D(p(1)‖p(0)|pX) =

∫

(h− 1)2

2
x2p(x)dx ≤ (h− 1)2

2
P,

where the equality holds if the input is Gaussian distributed

with N (0, P ). Thus, by choosing X ∼ N (0, P ), the optimal

communication rate and QCD delay are attained simultane-

ously, i.e., (C,∆⋆) is achievable where

(C,∆⋆) =

(

1

2
log(1 + P ),

(h− 1)2

2
P

)

.

Since the optimal QCD and the channel capacity are simulta-

neously achieved, Rin = R for this case.

Next, consider the following Gaussian channels, where the

sensing channel is given by

Yi = Xi + Z
(0)
i for i ≤ ν,

Yi = Xi + Z
(1)
i for i > ν,

where Z
(s)
i ∼ N (0, σ2

s ), s = 0, 1, and the communication

channel is the same as the previous example. This setting

represents the case, for example, when a user is jointly com-

municating and sensing the existence of interference signals.

In this case, we can show that ∆⋆ in (14) is given by

D(p1‖p0|pX) =
1

2
log

σ2
0

σ2
1

+
σ2
1

2σ2
0

− 1

2
= ∆⋆,

which is independent of pX . Thus,

(C,∆⋆) =

(

1

2
log(1 + P ),

1

2
log

σ2
0

σ2
1

+
σ2
1

2σ2
0

− 1

2

)

is attainable, which means that the operating point by the

Gaussian input with power P is optimal for both commu-

nication and QCD, i.e., Rin = R.

For both cases, no tradeoff between rate and delay is

observed. Interestingly, it coincides with a prior conclusion

for binary state detection under Gaussian noise [10].

C. MIMO Gaussian channels

Consider the MIMO Gaussian sensing channels

Y i = G0xi +Zi for i < ν,

Y i = G1xi +Zi for i ≥ ν,

and the communication channel Ỹ i = G̃xi + Z̃i, where

Gs, s = 0, 1 and G̃ are the channel gain matrices for the

sensing channels with state and the communication channel,

respectively. Here, Zi, Z̃i are independent vector Gaussian

noise with distribution N (0, I), where I is the identity

matrix. Channel inputs are subject to a power constraint
1
n

∑n

i=1 ‖xi‖2 ≤ P .

We will first explore the pure QCD and pure communication

cases. We begin by identifying ∆⋆ for this case. When X = x,

D(p(1)‖p(0)|X = x) =
1

2
xT ḠT Ḡx =

1

2
xTΓx.

where Γ := ḠT Ḡ and Ḡ = G1 −G0. Letting Γ = UΛUT be

the singular value decomposition (SVD) of Γ and x̄ = UTx,

D(p(1)‖p(0)|X = x) =
1

2
xTΓx =

1

2
x̄TΛx̄.

Hence, the optimal QCD symbol for ∆⋆ in (14) is x̄ =
[
√
P , 0, . . . , 0] which leads to

∆⋆ = max
x:‖x‖2≤P

D(p(1)‖p(0)|X = x) =
1

2
λ1P, (28)

where λ1 is the largest singular value of Γ. In the following,

we show that a Gaussian distribution can also achieve ∆⋆,

which will allow a positive communication rate. Note that

since ‖Ux‖ = ‖x‖ for any unitary matrix U ,

D(p(1)‖p(0)|pX) = E(D(p(1)‖p(0)|X))

=
1

2
E

(

XTUΛUTX
)

=
1

2
E

(

X̄
T
ΛX̄

)

≤ 1

2
λ1P,

where the equality is attained when X̄ ∼ N (0, Σ̄X) with

Σ̄X = diag([P, 0, . . . , 0]). It means that for QCD, an alterna-

tive optimal strategy is to send a vector Gaussian random code

by allocating all the power to the sub-channel with maximum
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Fig. 6: Plot for the MIMO Gaussian example with P = 10.

singular value. In a sense, the strategy translates to achieving

maximum diversity gain for detection.

On the other hand, the communication rate for a given

covariance matrix ΣX is given by

I(X; Ỹ ) =
1

2
log
∣

∣

∣I + G̃ΣXG̃T
∣

∣

∣ .

The optimal input distribution for the communication-only

case is attained by beamforming with respect to SVD and

waterfilling over the singular values of G̃ [36].

This example entails several interesting observations in the

tradeoff between communication and QCD. On the one hand,

to achieve the best QCD detection delay, the transmitter should

allocate all its power to the best subchannel with respect to

the channel gain difference matrix Ḡ. On the other hand, the

best communication strategy is to multiplex over subchannels

of G̃, i.e., distribute power across the subchannels of G̃ with

a waterfilling policy. Compared to the single antenna case,

the MIMO scenario has a more complicated tradeoff in that

the mismatch in beamforming and power allocation due to

the difference in Ḡ and G̃ results in a more delicate tradeoff

involving diversity vs. multiplexing gains.

We plot an example case for the MIMO setup in Fig. 6

where we assume power constraint P = 10 and

Ḡ =

[

2 0
0 1

]

, G̃ =
1√
2

[

1 1
1 −1

]

. (29)

Note that Ḡ has a strictly maximal singular value while G̃
has two equal singular values. For optimal QCD, the optimal

strategy is to allocate all power to the maximum singular

value of Ḡ which achieves ∆⋆, while the best strategy for

communication is to allocate equal power to both antennas

which achieves the capacity C. The plot in Fig. 6 shows Rin

for the MIMO example. The red dots are the points (C,∆(C))
and (R(∆⋆),∆⋆).

VI. DISCUSSIONS

This paper studies the fundamental tradeoff between com-

munication rate and quickest change detection delay in the

context of ISAC. Our goal in this work was to establish

some firm foundations by taking essential initial steps towards

determining the fundamental tradeoff. Nonetheless, several

important open problems are still due, for instance, a tighter

inner bound and a generic outer bound for all possible codes

on the region R. Since the QCD formulation requires good

control over the empirical distribution of codewords, devel-

oping a generic outer bound seems to involve analysis of the

optimal code statistics with constraints, which is itself a widely

active field of study, e.g., [37]–[39]. A step in this direction

would help us better understand the fundamental limits of

joint communication and QCD. Another interesting direction

is to develop a strategy specifically tailored for the monostatic

model in Fig. 3. Here, the main challenge is that the encoder

can be interactive, which opens the possibility to encode with

the knowledge of feedback, i.e., xi(m, yi−1). While Thm. 1

provides a valid inner bound for the monostatic case, whether

an interactive encoder can improve the tradeoff performance

is yet another interesting direction for future work.

APPENDIX A

PROOF OF THEOREM 1

In this section, we begin with the analysis on the

achievable rate of constant subblock-composition codes

(CSCCs) and then provide the analysis of the delay per-

formance. Notice that it is sufficient to show that a pair

(I(pX , pỸ |X), D(p(1)‖p(0)|pX)) is achievable for an arbitrary

input distribution pX . To this end, we fix an arbitrary ǫ > 0
and show that (I(pX , pỸ |X)− 2ǫ,D(p(1)‖p(0)|pX)(1 + ǫ)) is

achievable. Let L be a fixed integer that is large enough so

that p
(L)
X ∈ PL(X ) is “close” to pX . Additional conditions

will be stated throughout the proof.

A. Coding Rate Analysis

Let CSCC(L, p
(L)
X ) be the constant subblock-composition

code of subblock length L and composition type p
(L)
X ∈

PL(X ). Note that the entire blocklength n = kL, where k
is the number of subblocks, and the blocklength will first be

scaled with k to obtain infinitely long codewords.

Let r(L, p
(L)
X ) be a positive number defined by

r(L, p
(L)
X ) =

(s(p
(L)
X )− 1) log(2πL)

2L

+
1

2L

∑

a:p
(L)
X

(a)>0

log p
(L)
X (a) +

u(L, p
(L)
X )s(p

(L)
X )

12L ln 2
,

where s(p
(L)
X ) is the number of elements x ∈ X such that

p
(L)
X (x) > 0 and 0 ≤ u(L, p

(L)
X ) ≤ 1 is some bounded function

[34, p. 26]. Then, the coding rate of CSCC(L, p
(L)
X ) is given

as follows.

Lemma 1 (Thm. 7 in [30]). The code rate R of the

CSCC(L, p
(L)
X ) with vanishing maximal block error probability

as n → ∞ is bounded by

I(p
(L)
X , pỸ |X)− r(L, p

(L)
X ) ≤ R ≤ I(p

(L)
X , pỸ |X).

As L is large and the mutual information is continuous

in its input distribution, p
(L)
X can be chosen close to pX so

that I(pX , pỸ |X) − ǫ < I(p
(L)
X , pỸ |X). Also, the rate penalty

term r(L, p
(L)
X ) diminishes with L since r(L, p

(L)
X ) = O( logL

L
)
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and p
(L)
X stays around pX . Therefore, r(L, p

(L)
X ) < ǫ, which

implies that R > I(pX , pỸ |X)− 2ǫ is achievable.

B. QCD Delay Analysis

For the delay analysis, we require the following lemma.

Notice that when Z1, Z2, . . . are all i.i.d., this lemma reduces

to the original Wald’s identity [40, Thm. 4.8.6].

Lemma 2 (Modified Wald’s identity). Let Z1, Z2, . . . be

independent and Z2, Z3, . . . be identically distributed with

finite mean. Then, for any stopping time N that is finite with

probability 1,

E

(

N
∑

i=1

Zi

)

= E(Z2)E(N) + (E(Z1)− E(Z2))P(1 ≤ N).

Further, suppose that |Zi| < c for all i with probability 1.

Then,

E

(

N
∑

i=1

Zi

)

≥ E(Z2)E(N)− 2c.

Proof of Lemma 2: Note that 1{N ≥ i} = 1 − 1{N ≤
i− 1}. Then, the right side only depends on Z1, Z2, . . . , Zi−1

by the definition of the stopping time, which also implies that

the left side is independent of Zi. Therefore,

E

(

N
∑

i=1

Zi

)

= E

(

∞
∑

i=1

Zi1{i ≤ N}
)

=
∞
∑

i=1

E(Zi1{i ≤ N})

(a)
=

∞
∑

i=1

E(Zi)E(1{i ≤ N}) =
∞
∑

i=1

E(Zi)P(i ≤ N)

=

(

∞
∑

i=1

E(Z2)P(i ≤ N)

)

+ (E(Z1)− E(Z2))P(1 ≤ N)

(b)
= E(Z2)E(N) + (E(Z1)− E(Z2))P(1 ≤ N),

where (a) follows from the independence, and (b) follows

from E(N) =
∑∞

i=1 P(i ≤ N). The first claim is proved.

The second claim is proved as follows:

E

(

N
∑

i=1

Zi

)

= E(Z2)E(N) + (E(Z1)− E(Z2))P(1 ≤ N)

≥ E(Z2)E(N)− E(|Z1|)− E(|Z2|)
≥ E(Z2)E(N)− 2c.

We are now ready to analyze the delay asymptotics. Con-

sider a sequence of CSCCs C(n), n = kL, with k → ∞ and L
being fixed. For QCD, we use the subblock-QuSum (SQS) test

defined in (20) and (21). By its construction, Wi only changes

at i = jL, and therefore, NSQS ∈ {jL}j∈N.

A key idea that connects our CSCC-based QCD and the

standard QCD for i.i.d. observations is from the fact that

by properly permuting transmission symbols of any code-

word, each subblock of codewords can be thought of as a

repetition of x1(1), the first subblock of xn(1). Hence, for

any xn(m), the permuted observation vectors are i.i.d. ob-

servations from x1(1). To be precise, for the j-th subblock

of the m-th codeword, let σj,m be the permutation such

that σj,m(xj(m)) = x1(1), which always exists since all

subblocks in codewords are of the same composition. For

observations, let yj
′(m) := σj,m(yj(m)) be a vector obtained

from observations in the j-th subblock under permutation

σj,m. Then, the distributions of subblocks of observations can

be categorized into three classes: If the j-th subblock is in the

prechange period, the j-th random vector after permutation,

Y ′
j(m), is identically distributed to the unpermuted observa-

tion vector Y 1(1) obtained from x1(1), i.e.,

p
(0)
Y 1|x1

(y′
j) =

L
∏

i=1

p
(0)
Y |X(y′(j−1)L+i|xi(1)).

Similarly, if the subblock is strictly after the change point,

then the permuted observation vectors are distributed by

p
(1)
Y 1|x1

(y′
j) =

L
∏

i=1

p
(1)
Y |X(y′(j−1)L+i|xi(1)).

However, if the change is in the middle of the subblock, the

permuted observations’ distribution is not p
(1)
Y 1|x1

nor p
(0)
Y 1|x1

.

Let N ′
SQS

:= NSQS/L = inf{j ≥ 1 : WjL ≥ b} be

the equivalent stopping time, which sees the following QCD

problem after proper permutations:

Y
′
j ∼ p

(0)
Y 1|x1

if jL < ν

Y ′
j ∼ p̃Y 1|x1

if (j − 1)L+ 1 < ν ≤ jL

Y
′
j ∼ p

(1)
Y 1|x1

if ν ≤ (j − 1)L+ 1

where x1 = x1(1) is the reference transmission vector and

p̃Y 1|x1
is some distribution that depends on the location of

ν and x1. The first and last intervals are for the vectors

that are completely within the pre-change and post-change

periods, respectively. The second interval is for the vector that

contains the change point ν. Note that vectors Y ′
1,Y

′
2, . . . are

independent conditioned on a transmitted codeword since the

channel is memoryless.

The QCD setup described above differs from standard cases

if the change occurs in between a subblock, i.e., ν is in the

middle of a subblock. The precise distribution of p̃Y 1|x1
will

be irrelevant in the proof steps, however, what is relevant is

the fact the it is not necessarily distributed by the alternative

hypothesis p
(1)
Y 1|x1

. Fortunately, even in this scenario, one can

extend Lorden’s analysis to obtain bounds on the performance

in terms of sequential probability ratio tests (SPRTs) [18,

Thm. 2].

To be precise, consider the following one-sided SPRT

with stopping time N ′
SPRT

. Let Y ′
1,Y

′
2, . . . be independent

observations conditioned on the transmitted codeword such

that

if H0 : Y
′
j ∼ p

(0)
Y 1|x1

for all j,

if H1 : Y ′
1 ∼ p̃Y 1|x1

, Y ′
j ∼ p

(1)
Y 1|x1

for j ≥ 2,

N ′
SPRT := inf







j ≥ 1 : log
p̃Y 1|x1

p
(0)
Y 1|x1

(Y ′
1)

+

j
∑

k=2

log
p
(1)
Y 1|x1

p
(0)
Y 1|x1

(Y ′
k) ≥ b







,
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where H0 and H1 are the null and alternative hypotheses,

respectively. As above, it is slightly different from the standard

SPRT in that the first observation under the alternative hypoth-

esis does not follow p
(1)
Y 1|x1

. Further, note that p
(0)
Y 1|x1

, p
(1)
Y 1|x1

remain unchanged regardless of the choice of codewords if

proper permutations are available.

Note that our N ′
SQS

can be interpreted as a set of

SPRTs where N ′
SPRT,j denotes the SPRT applied to subblocks

Y
′
j ,Y

′
j+1, . . ., by

N ′
SQS = min{N ′

SPRT,j + j − 1, j = 1, 2, . . .}. (30)

Let ν′ ∈ [1 : k] be the subblock index that contains ν. Then,

the analysis for the standard i.i.d. QCD/SPRT problem where

p̃ = p(1) [18, Thm. 2] can be extended to our vector-symbol

QCD/SPRT problem that has p̃ 6= p(1), by which we have the

following lemma.

Lemma 3. Consider a sequence of CSCC codebooks C(n). If

lim sup
n→∞

max
xn∈C(n)

P(N ′
SPRT < ∞|xn, H0) ≤ α′,

then for our QCD problem,

lim sup
n→∞

max
xn∈C(n)

E∞(N ′
SQS|xn) ≥ 1

α′
(31)

and

sup
ν′≥1

lim sup
n→∞

max
xn∈Cn

ess sup
Y ν′−1

Eν((N
′
SQS − ν′ + 1)+|xn,Y ν′−1)

≤ max{lim sup
n→∞

max
xn∈C(n)

E1(N
′
SPRT,1|xn),E2(N

′
SPRT,2)}.

(32)

Proof of Lemma 3: The proof of (31) follows exactly the

same steps as in the proof of [18, Thm. 2] since the vectors of

observations with proper permutation are i.i.d. under H = 0.

For the proof of (32), by (30), if ν′ = 1, for every xn,

E1(N
′
SQS|xn) ≤ E1(N

′
SPRT,1|xn),

and if ν′ ≥ 2,

Eν′((N ′
SQS − ν′ + 1)+|xn,Y ν′−1) ≤ Eν′(N ′

SPRT,ν′ |xn,Y ν′−1)

= Eν′(N ′
SPRT,ν′)

= E2(N
′
SPRT,2),

where the first equality holds since permuted vectors are

i.i.d. if ν′ ≥ 2 and are independent of the past ones. Hence,

the claim is proved.

Now, the problem reduces to bounding E1(N
′
SPRT,1|xn)

and E2(N
′
SPRT,2). Following Wald’s SPRT analysis [41], [42,

Chap. 9], the false alarm probability is P(false alarm) :=
lim supn→∞ maxxn∈C(n) P(N ′

SPRT
< ∞|xn, H0) ≤ e−b,

where b is the threshold in N ′
SPRT

. Also, note that since

|X |, |Y| are finite,

max
x,y

∣

∣

∣

∣

log
p(1)(y|x)
p(0)(y|x)

∣

∣

∣

∣

=: γ < ∞. (33)

Let

Sj := log
p̃Y 1|x1

p
(0)
Y 1|x1

(Y ′
1) +

j
∑

k=2

log
p
(1)
Y 1|x1

p
(0)
Y 1|x1

(Y ′
k).

Then, E1(N
′
SPRT,1|xn) can be bounded by the modified Wald’s

identity in Lem. 2 as follows: for a large enough n and xn ∈
C(n),

b(1 + o(1))

(a)
= E1(SN ′

SPRT,1
|xn)

(b)
= E1(N

′
SPRT,1|xn)E1



log
p
(1)
Y 1|x1

p
(0)
Y 1|x1

(Y ′
2)





+ E1



log
p̃Y 1|x1

p
(0)
Y 1|x1

(Y ′
1)

∣

∣

∣

∣

∣

xn



P(1 ≤ N ′
SPRT,1|xn)

− E1



log
p
(1)
Y 1|x1

p
(0)
Y 1|x1

(Y ′
2)



P(1 ≤ N ′
SPRT,1|xn)

(c)

≥ E1(N
′
SPRT,1|xn)E1



log
p
(1)
Y 1|x1

p
(0)
Y 1|x1

(Y ′
2)



− 2γL

= E1(N
′
SPRT,1|xn)D

(

p
(1)
Y 1x1

∥

∥p
(0)
Y 1|x1

)

− 2γL, (34)

where (a) follows since the overshoot is negligible if b is

large, and (b), (c) follow from the modified Wald’s identity

with (33). Then, (34) implies that for large enough n,

E1(N
′
SPRT,1|xn) ≤ b(1 + o(1)) + 2γL

D
(

p
(1)
Y 1|x1

∥

∥p
(0)
Y 1|x1

) , (35)

which is independent of what xn was transmitted. Also, Wald’s

original identity [40, Thm. 4.8.6] computes E2(N
′
SPRT,2) as

follows:

E2(N
′
SPRT,2) ≤

b(1 + o(1))

D
(

p
(1)
Y 1|x1

∥

∥p
(0)
Y 1|x1

) .

Letting α′ = e−b, we have b = | logα′|; in other words,

E∞(N ′
SQS

|xn) ≥ 1
α′ for large enough n and

sup
ν′≥1

lim sup
n→∞

max
xn∈Cn

ess sup
Y ν′−1

Eν′((N ′
SQS − ν′ + 1)+|xn,Y ν′−1)

≤ | logα′|(1 + o(1)) + 2γL

D
(

p
(1)
Y 1|x1

∥

∥p
(0)
Y 1|x1

) .

Finally, using two facts that NSQS = L · N ′
SQS

and

D
(

p
(1)
Y 1|x1

∥

∥p
(0)
Y 1|x1

)

= L ·D(p(1)‖p(0)|p(L)
X ) by the property

of the KL divergence for product distributions, one can convert

it back to the original QCD bounds given by E∞(NSQS|xn) ≥
L
α′ and

sup
ν≥1

lim sup
n→∞

max
xn∈Cn

ess sup
Y ν−1

Eν((NSQS − ν + 1)+|xn, Y ν−1)

≤ L · | logα′|(1 + o(1)) + 2γL2

L ·D(p(1)‖p(0)|p(L)
X )

=
| logα′|(1 + o(1)) + 2γL

D(p(1)‖p(0)|p(L)
X )

.

By taking α := α′

L
⇔ logα′ = logα+ logL,

E∞(NSQS|xn) ≥ 1

α
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and

WADD(NSQS) ≤
| logα|(1 + o(1)) + logL+ 2γL

D(p(1)‖p(0)|p(L)
X )

.

As L is fixed but large, one can express the KL divergence

as D(p(1)‖p(0)|p(L)
X ) < D(p(1)‖p(0)|pX)/(1 + ǫ). Then, for

small enough α, we have E∞(NSQS|xn) ≥ 1
α

and

WADD(NSQS) ≤
| logα|(1 + o(1))(1 + ǫ)

D(p(1)‖p(0)|pX)
=: D.

It proves the claim that

∆ = lim
α→0

| logα|
D

= D(p(1)‖p(0)|pX)(1 + ǫ).

As ǫ is arbitrary, we proved the claim.

APPENDIX B

PROOF OF THEOREM 2

Before discussing the proof of Thm. 2, we state the fol-

lowing result by Lai [20], where observations are generic

sequences that are not necessarily independent nor identically

distributed. Here, P (ν) denotes the probability measure when

the change occurs at ν.

Lemma 4 ( [20, Thm. 1]). Suppose that a QCD receiver has

observations Y1, Y2, . . . that satisfy

P̃ (ν)

(

max
t≤T

1

T

ν+t−1
∑

i=ν

log
p(1)(Yi)

p(0)(Yi)
≥ (1 + δ)c

∣

∣

∣

∣

Y ν−1

)

= 0

(36)

for any δ > 0 with some positive constant c > 0, where

P̃ (ν)(·) = limT→∞ supν≥1 ess supY ν−1 P (ν)(·). Then, for any

stopping rule N such that 1
E∞(N) ≤ α,

sup
ν≥1

ess sup
Y ν−1

Eν((N − ν + 1)+|Y ν−1)

≥ | logα|
(

1

c
+ o(1)

)

as α → 0.

Since Lai’s result states a lower bound on the QCD delay for

more general observations beyond the i.i.d. case, it is sufficient

to show that a sliding-window typical sequence of codes yields

QCD observations that satisfy the condition (36). Let c =
D(p(1)‖p(0)|pX) and L0 be the interval length satisfying (25)

for some ǫ > 0. To give some preparation for what follows,

we note that L0 serves as an interval length such that xL0 is

typical, i.e., it plays the same role as L in CSCCs. Also, K0L0

will serve as an interval length such that Y K0L0 is typical. To

be clear, intervals of length K0L0 and L0 are denoted by

subintervals and microintervals, respectively.

Suppose that T in (36) grows as a multiple of K0L0, i.e.,

T = k(K0L0), k ∈ N, where K0 is an integer that will be

specified later. Then, for a sequence of C(n), the condition to

show for our setting is that for any δ > 0,

P̄ (ν)

(

max
t≤kK0L0

1

kK0L0

ν+t−1
∑

i=ν

Zi ≥ (1 + δ)c

∣

∣

∣

∣

xν

)

= 0,

(37)

where Zi := log p(1)(Yi|xi)
p(0)(Yi|xi)

, xν = xν+kK0L0−1
ν ,

P̄ (ν)(·) = lim
k→∞

sup
ν≥1

lim sup
n→∞

max
xn∈Cn

P (ν)(·).

Here, Y ν−1 is dropped since observations from a memoryless

channel are independent of the past observations conditioned

on xν , and thus, Zi, i ≥ ν is independent of the past.
Note that [ν : ν + t− 1] consists of ⌊t/K0L0⌋ subintervals

of length K0L0 and residuals of length less than K0L0, the
effect of which becomes negligible as ⌊t/K0L0⌋ grows, i.e.,

1

kK0L0

ν+t−1
∑

i=ν

Zi

=
1

k
·

1

K0L0





⌊t/K0L0⌋
∑

j=1

ν+jK0L0−1
∑

i=ν+(j−1)K0L0

Zi +
ν+t−1
∑

i=ν+⌊t/K0L0⌋L0

Zi





=
1

k
·

1

K0L0

⌊t/K0L0⌋
∑

j=1

ν+jK0L0−1
∑

i=ν+(j−1)K0L0

Zi + o(1) as k → ∞.

Fix an arbitrary δ > 0 and consider the first subinterval of

length K0L0, i.e., i ∈ [ν : ν + K0L0 − 1], that consists of

K0 micro-intervals. Then, the sum over this subinterval can

be rewritten by dividing it into |X | partial sums according to

x and then further dividing it into |Y| sums,

1

K0L0

ν+K0L0−1
∑

i=ν

log
p(1)(yi|xi)

p(0)(yi|xi)

=
∑

x∈X

nx

K0L0

(

1

nx

∑

i:xi=x

log
p(1)(yi|x)
p(0)(yi|x)

)

=
∑

x∈X

nx

K0L0





∑

y∈Y

ny|x

nx

log
p(1)(y|x)
p(0)(y|x)



 ,

where nx := |{i ∈ [ν : ν + K0L0 − 1] : xi = x}| and

ny|x := |{i ∈ [ν : ν + K0L0 − 1] : xi = x, yi = y}|. Since

xn is sliding-window typical, | na

K0L0
− p(a)| ≤ ǫp(a) for all

a ∈ X by the definition of L0. Furthermore, by the conditional

typicality lemma [31], if K0 is sufficiently large, yν+K0L0−1
ν is

conditionally ǫ′-typical with high probability. In other words,

for any x ∈ X , y ∈ Y , it holds that |ny|x

nx
− p(1)(y|x)| ≤

ǫ′p(1)(y|x) with probability greater than 1− δ′(ǫ′).
Combining the above for jointly typical sequences, i.e., with

probability greater than 1− δ′(ǫ′),

1

K0L0

ν+K0L0−1
∑

i=ν

log
p(1)(yi|xi)

p(0)(yi|xi)

≤
∑

x∈X

(1 + ǫ)pX(x)





∑

y∈Y

(1 + ǫ′)p(1)(y|x) log p(1)(y|x)
p(0)(y|x)





= (1 + ǫ)(1 + ǫ′)D(p(1)‖p(0)|pX).

On the other hand, for atypical observation sequences, i.e.,

with probability less than δ′(ǫ′),

1

K0L0

ν+K0L0−1
∑

i=ν

log
p(1)(yi|xi)

p(0)(yi|xi)
≤ γ,
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where γ is defined in (33). Then, one can verify that by taking

K0 appropriately so that

µ1 := E

(

1

K0L0

ν+K0L0−1
∑

i=ν

log
p(1)(Yi|xi)

p(0)(Yi|xi)

)

≤ (1 + ǫ′′)D(p(1)‖p(0)|pX)

< (1 + δ)D(p(1)‖p(0)|pX). (38)

Next, noting that other subintervals are independent condi-

tioned on xn, we apply the same argument to other subinter-

vals. To simplify notation, define Aj , j ∈ [1 : k], such that

Aj :=
1

K0L0

ν+jK0L0−1
∑

i=ν+(j−1)K0L0

log
p(1)(Yi|xi)

p(0)(Yi|xi)
− µj ,

where µj are positive values defined in a similar way to µ1.

Note that Aj has zero mean and finite variance. Then, the

probability in (37) can be rewritten as

P (ν)



max
t′≤k

t′
∑

j=1

(Aj + µj) ≥ k(1 + δ)D + o(k)

∣

∣

∣

∣

xν



 ,

where D = D(p(1)‖p(0)|pX). Then,

P (ν)



max
t′≤k

t′
∑

j=1

(Ai + µj) ≥ k(1 + δ)D + o(k)

∣

∣

∣

∣

xν





≤ P (ν)



max
t′≤k

t′
∑

j=1

Ai ≥ k(1 + δ)D −
t′
∑

j=1

µj + o(k)

∣

∣

∣

∣

xν





(a)

≤ P (ν)



max
t′≤k

t′
∑

j=1

Ai ≥ k(δ − ǫ′′)D + o(k)

∣

∣

∣

∣

xν





≤ P (ν)



max
t′≤k

∣

∣

∣

∣

∣

∣

t′
∑

j=1

Ai

∣

∣

∣

∣

∣

∣

≥ k(δ − ǫ′′)D + o(k)

∣

∣

∣

∣

xν





(b)

≤ kmaxj Var(Aj)

k2(δ − ǫ′′)2D2(p(1)‖p(0)|pX) + o(k2)
= O(1/k) → 0,

where (a) follows from (38) and (b) follows from Kol-

mogorov’s maximal inequality [40, Thm. 2.5.5]. Since the

bounds do not depend on ν nor a specific choice of xn ∈
C(n), we have proved (37) for T = kK0L0. The proof for

T 6= kK0L0 is immediate since the effect of residuals is

negligible.

APPENDIX C

PROOF OF THEOREM 3

Suppose that (R,∆) such that R > 0 and ∆ > 0 is

achievable by a sequence of sliding-window typical codes.

Then, by the relation of ∆ and WADD, for any ǫ > 0, there

exists a stopping rule N⋆ such that for sufficiently small α
and sufficiently large n,

∆ ≤ | logα|
WADD(N⋆)

(1 + ǫ) ⇒ WADD(N⋆) ≤ | logα|
∆

(1 + ǫ).

(39)

Also, from Thm. 2, if the sliding-window typical codes is with

pX , then for any stopping rule N ,

WADD(N) ≥ | logα|
(

1

D(p(1)‖p(0)|pX)
+ o(1)

)

. (40)

Combining (39) and (40), we can conclude that pX sliding-

window typical codes can achieve ∆ only if

∆ ≤ D(p(1)‖p(0)|pX). (41)

Viewing the KL divergence for each input symbol as

an input cost, i.e., c(x) := D(p(1)‖p(0)|x), x ∈ X ,

(41) can be treated as input cost constraint on the code:

D(p(1)‖p(0)|pX) = EpX
[c(X)] ≥ ∆. Hence, finding an upper

bound on the coding rate with the cost constraint gives an

upper bound on Rπ(∆), where

Rπ(∆) := sup{R : (R,∆′) is achievable using a

sliding-window typical code for some ∆′ ≤ ∆}.

To this end, define C(∆) := maxpX :E(c(X))≥∆ I(X ; Ỹ ). Note

that C(∆) is nonincreasing, concave, and continuous in ∆.

Since our sequence of codes is sliding-window typical, for

any δ > 0, there exists a large enough n0(δ) such that

1

n0

n0
∑

i=1

D(p(1)‖p(0)|xi) ≥ D(p(1)‖p(0)|pX)− δ

= EpX
[c(X)]− δ

≥ ∆− δ for all xn0 ∈ C(n0).

By standard converse proof steps using Fano’s inequality

and the data processing inequality, if n ≥ n0,

nRπ ≤ I(Xn; Ỹ n) + nǫn

≤
n
∑

i=1

I(Xi; Ỹi) + nǫn

(a)

≤
n
∑

i=1

C(E(c(Xi))) + nǫn

(b)

≤ nC

(

1

n

n
∑

i=1

E(c(Xi))

)

+ nǫn

(c)

≤ nC(∆− δ) + nǫn
(d)

≤ nC(∆) + nǫn + ǫ′(δ)

= n max
pX :D(p(1)‖p(0)|pX)≥∆

I(X ; Ỹ ) + nǫn + ǫ′(δ),

where step (a) follows from the definition of C(·) and steps

(b)–(d) follow since C(·) is concave, nonincreasing, and

continuous. Here, ǫ′ is a quantity that depends on δ and

vanishes if δ → 0. We have derived the upper bound that

coincides with Rin, which completes the proof.

APPENDIX D

BLAHUT–ARIMOTO ALGORITHM

We present the Blahut–Arimoto algorithm for the achievable

rate region in Thm. 1, i.e., numerical evaluation of Rin

in (17). The key idea of the original Blahut–Arimoto algorithm
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[28], [29] is that the maximum mutual information can be

found by an iterative optimization between input and posterior

distributions, r(x), q(x|ỹ), respectively.

For our setting, the objective function to maximize is written

as

J(r, q) =
∑

x

∑

ỹ

r(x)p(ỹ|x) log q(x|ỹ)
r(x)

+ λ
∑

x

r(x)c(x),

where λ ∈ [0,∞) and c(x) = D(p(1)‖p(0)|X = x). Then,

the optimal input distribution r⋆(x) for each λ can be found

by iterating the following two equations alternately with r(x)
being randomly initialized.

1) For a fixed r(x), J(r, q) is maximized by

q(x|ỹ) = r(x)p(ỹ|x)
∑

x′ r(x′)p(ỹ|x′)
.

2) For a fixed q(ỹ|x), J(r, q) is maximized by

r(x) =
exp

(

∑

ỹ p(ỹ|x) log q(x|ỹ) + λc(x)
)

∑

x′ exp
(

∑

ỹ p(ỹ|x′) log q(x′|ỹ) + λc(x′)
) .
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