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ABSTRACT

Robust PCA is a standard tool for learning a linear subspace in

the presence of sparse corruption or rare outliers. What about

robustly learning manifolds that are more realistic models for

natural data, such as images? There have been several re-

cent attempts to generalize robust PCA to manifold settings.

In this paper, we propose ℓ1- and scaling-invariant ℓ1/ℓ2-

robust autoencoders based on a surprisingly compact formu-

lation built on the intuition that deep autoencoders perform

manifold learning. We demonstrate on several standard im-

age datasets that the proposed formulation significantly out-

performs all previous methods in collectively removing sparse

corruption, without clean images for training. Moreover, we

also show that the learned manifold structures can be gener-

alized to unseen data samples effectively.

Index Terms— Robust Autoencoders, Manifold Learn-

ing, Sparse Corruption, Image Reconstruction, Denoising

1. INTRODUCTION

Principal component analysis (PCA) is a widely used sta-

tistical method for dimensionality reduction. However, it

is known to be sensitive to data corruption and outliers [1].

Over the last decade, several robust formulations of PCA have

been proposed, and they are guaranteed to be robust against

sparse additive corruption or rare outliers (e.g., [2, 3]). These

methods take a common geometric view of the problem:

robust PCA (RPCA) tries to find a best-fit subspace for a

point cloud contaminated by gross errors. They differ by how

to encode the prior knowledge that the desired subspace is

low-dimensional and that the gross errors are sparse.

Consider the sparse-additive-corruptionmodel: let x1, . . . ,
xm ∈ R

n be a set of data points lying in a low-dimensional

subspace and write X = [x1, . . . ,xm] ∈ R
n×m. We hope to

recover X from the sparsely corrupted version

X̂ = X +C, (data model) (1)

where C is a sparse matrix containing very few nonzero en-

tries with potential large magnitude. To solve this problem, a
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seminal convex formulation is [2]:

min
X,C

‖X‖∗ + λ‖C‖1

s.t. X̂ = X +C

. (convex RPCA) (2)

Here ‖·‖∗ is the nuclear norm, i.e., the sum of singular values,

serving as a surrogate for matrix rank, and ‖·‖1 is a surrogate

for sparsity. So intuitively, if λ is chosen appropriately, solv-

ing Eq. (2) can recover X and C simultaneously.

What about when the dataX lie on low-dimensional man-

ifolds, natural generalization of subspaces? For example,

in computer vision, a collection of images of the same ob-

ject/scene under varying illumination, deformation, and view-

point is typically assumed to lie on a low-dimensional man-

ifold [4, 5]. However, shadows, occlusions, and sensory de-

fects that are frequently present in practical vision datasets

often do not correspond to any explanatory factors of inter-

est and so can be treated as corruption, gross errors, and out-

liers to the data manifolds. Therefore, representation learning

for vision data, which is essential for virtually all high-level

vision tasks, can be regarded as robust learning of manifold

structures in the presence of corruption, errors, and outliers.

We focus on robust manifold learning against sparse cor-

ruption as a first step. Sparse corruption is common in appli-

cations and can model useful signals (e.g., moving objects in

video surveillance [2]) or simply noise (e.g., salt-and-pepper

noise [6, 7] due to sensor failure in image acquisition or er-

rors during transmission [8, 9, 10]). Our main idea is to

find a nonlinear mapping (forward mapping) that maps the

high-dimensional noisy data X̂ near an unknown manifold to

low-dimensional representations, and an “inverse” mapping

(backward mapping) that maps the low-dimensional represen-

tations back to the origin space which hopefully recovers the

clean data X . Through this forward-backward mapping pro-

cess, we hope to mitigate the sparse corruptionC and recover

the clean data X .

2. PRIOR WORK

In this section, we review three recent methods on robust

manifold learning and highlight their limitations.

Nonlinear robust PCA (NRPCA) [11] performs localized

RPCA for sparsely corrupted data points from a manifold. It

http://arxiv.org/abs/2303.02828v1


relies on a basic geometric fact: for any point on a manifold,

it neighboring set of the manifold can be well approximated

by a low-dimensional subspace (i.e., the tangent space in dif-

ferential geometry). So each noisy data point and its neigh-

boring data points can be thought of sparsely corrupted data

points from a low-dimensional subspace, i.e., the RPCA prob-

lem. [11] performs repeated RPCA around all the data points

based on a modified form of Eq. (2). The main limitation of

this method is that it does not perform manifold learning, but

only restricts itself to corruption removal.

Robust autoencoder (RAE-CHA) [12] draws inspiration

from both shallow autoencoders and a nonconvex formulation

of RPCA to arrive at

min
A,B,C

∥∥∥X̂ −Bσ(A(X̂))−C

∥∥∥
2

F
+

λ1

(
‖A‖

2

F + ‖B‖
2

F

)
+ λ2‖C‖1.

(RAE-CHA) (3)

Here, Bσ(A(·)) is a nonlinear autoencoder with a one-layer

encoder and a one-layer decoder, and C accounts for the

sparse corruption. The regularization term ‖A‖
2

F + ‖B‖
2

F

encourages low-complexity A and B, and has a direct con-

nection to the nuclear norm1. A major problem is that

the shallow autoencoder Bσ(A(·)) cannot capture high-

complexity structures in practical data, and it is not clear how

to generalize the regularization term ‖A‖
2

F + ‖B‖
2

F when

replacing it with a deep autoencoder.

Robust deep autoencoder (RDA) Zhou and Paffen-

roth [15] takes advantage of deep autoencoders for mani-

fold learning and proposes a formulation for robust manifold

learning:

min
X,C,W ,V

‖X − gV ◦ fW (X)‖F + λ‖C‖1

s.t. X̂ = X +C

(RDA). (4)

Here, X and C account for the clean manifold data and the

sparse corruption, respectively. gV ◦ fW (·) is a deep au-

toencoder. They propose a variant of the alternating-direction

method of multipliers (ADMM) [16] to solve the constrained

problem. But in order to deal with unseen data, one needs to

freeze V and W and solve for X and C based on Eq. (4),

which entails nontrivial numerical optimization.

3. OUR FORMULATION

3.1. Autoencoders for Manifold Learning

For a data matrix X ∈ R
n×m, where each column is a data

point, linear autoencoder learns linear mappings A ∈ R
p×n

and B ∈ R
n×p so that

min
A,B

‖X −BAX‖2F . (linear autoencoder) (5)

1The variational identity holds: for any matrix M , ‖M‖
∗
= minU ,V

1

2
(‖U‖2F + ‖V ‖2F ) [13]. This form of regularization has been popular in

nonconvex formulations of RPCA, see, e.g., [14].

Typically p < n, and so A maps each data point in X to a

low-dimensional representation (or “code”) and B maps the

representation back to the original space. It is well under-

stood that under mild conditions on X , solving the formu-

lation in Eq. (5) finds a B spanning the p-dimensional sub-

space that best approximates the column space of X [17]. In

other words, an optimal B spans the p-dimensional principal

subspace of X . In this sense, linear autoencoder effectively

performs PCA or subspace learning, which was recognized in

the early days since its invention [17].

The geometric view of linear autoencoder has inspired

people to generalize it for learning nonlinear (manifold) struc-

tures in practical data. The idea is simple: generalizing the

linear mappings A and B into nonlinear mappings, which

are often represented by deep neural networks (DNNs):

min
W ,V

‖X − gV ◦ fW (X)‖
2

F (deep autoencoder). (6)

Here fW generalizes A and gV generalizes B. fW and gV
are DNNs parameterized by W and V , respectively.

3.2. Robust Manifold Learning: the Natural Way

Deep autoencoders perform manifold learning in a good

sense, as discussed above. But how to achieve robustness

against sparse corruption? A natural way is again to gen-

eralize formulations for the linear case, i.e., RPCA, to the

manifold setting. If we were to generalize Eq. (2), the only

change we need to make is to encode the information that

the clean data lies on manifolds, instead of being low-rank.

So the nuclear norm term ‖X‖∗ can be replaced with an

autoencoder-like objective, e.g.,

‖X − gV ◦ fW (X)‖F , (7)

which leads exactly to the RDA formulation in Eq. (4). But

as we alluded to above, the ADMM-based numerical method

proposed in [15] seems suboptimal, its generalization to un-

seen data entails nontrivial computation, and its empirical per-

formance is off the simpler method that we propose below.

3.3. Robust Manifold Learning: Our Simple Way

Our formulation is stunningly simple:

min
W ,V

∥∥∥X̂ − gV ◦ fW (X̂)
∥∥∥
1
. (ℓ1-RAE) (8)

Here we hope that gV ◦ fW (X̂) recovers the clean data X ,

hence X̂ − gV ◦ fW (X̂) is the sparse corruption regularized

by the sparse regularizer ‖·‖1.

One might think that this is simply a matter of simply

changing the loss in the deep autoencoder objective from ‖·‖
2

F

to ‖·‖1. But that this formulation can work is not intuitive at



Table 1. The collective corruption removal performance of Baseline, RDA [15], NRPCA [11], RAE-CHA [12], ℓ1-RAE (ours),

ℓ1/ℓ2-RAE (ours). The best PSNRs are colored as red; the best SSIMs are colored as blue.

PSNR ↑ SSIM ↑

Dataset Corr. Baseline RDA NRPCA RAE-CHA ℓ1-RAE ℓ1/ℓ2-RAE Baseline RDA NRPCA RAE-CHA ℓ1-RAE ℓ1/ℓ2-RAE

M
N

IS
T

10% 13.23 18.55 17.42 21.57 24.38 24.46 0.60 0.76 0.61 0.89 0.96 0.96

20% 10.19 15.85 15.77 19.58 23.04 23.18 0.46 0.57 0.60 0.80 0.94 0.95

30% 8.42 12.78 13.85 17.09 20.57 20.40 0.37 0.41 0.53 0.64 0.91 0.91

40% 7.16 10.86 11.93 14.12 16.47 15.25 0.30 0.32 0.44 0.49 0.80 0.75

C
IF

A
R

1
0

10% 15.06 22.41 25.38 21.67 36.36 38.20 0.47 0.74 0.87 0.75 0.98 0.99

20% 12.05 19.47 23.24 20.86 31.23 36.33 0.31 0.62 0.79 0.71 0.96 0.98

30% 10.28 16.72 22.71 20.34 27.38 31.88 0.22 0.49 0.77 0.69 0.90 0.96

40% 9.03 14.66 19.25 19.97 22.74 25.46 0.16 0.37 0.63 0.68 0.77 0.88

C
IF

A
R

1
0
0 10% 14.96 22.45 24.94 21.83 34.76 36.38 0.46 0.73 0.86 0.75 0.98 0.99

20% 11.94 19.71 22.91 20.81 30.83 35.89 0.29 0.62 0.77 0.71 0.96 0.99

30% 10.18 17.28 22.65 20.17 26.93 31.26 0.21 0.50 0.75 0.69 0.92 0.97

40% 8.93 15.23 19.01 19.53 22.93 25.42 0.15 0.39 0.59 0.64 0.82 0.90

all. We can think of a corresponding formulation for the linear

case, i.e., RPCA:

min
B∈Rn×p,A∈Rp×n

∥∥∥X̂ −BAX̂

∥∥∥
1
. (9)

Assume X is exactly rank-p. Now if BAX̂ were to recover

the clean data X , B must be column full-rank and A must

be row full-rank. Let row(·) denote the row space. Then,

row(X) = row(BAX̂) = row(AX̂) ⊂ row(X̂). Since

typically sparse corruption can substantially alter the row

space, it is very unlikely that row(X) ⊂ row(X̂). There-

fore, the formulation in Eq. (9) in general cannot solve the

RPCA problem. Here, the possibility that ℓ1-RAE might

work for nonlinear data relies on the nonlinear mappings fW
and gV —these defy the linear algebraic argument we made

for the linear case.

Furthermore, to promote sparsity, ℓ1 norm is a standard

choice, but not necessarily the best in practice. An obvious

drawback of the ℓ1 norm is that it is scale-sensitive, i.e., scal-

ing up or down the input matrix will correspondingly scale

up or down the output value—this is not a desired property

when approximating the ℓ0 norm, which is scale-invariant. To

achieve invariance, one can use ratios of norms to remove the

effect of scaling. For example, ℓ1/ℓ2 has been a popular soft

measure of sparsity (vs. the hard measure ℓ0 which directly

counts the number of nonzeros) [18]. Its advantage over ℓ1
in terms of sparse recovery in the compressive sensing setting

and image deblurring has recently been established [19, 20].

So we also propose an ℓ1/ℓ2 variant of Eq. (8):

min
W ,V

∥∥∥X̂ − gV ◦ fW (X̂)
∥∥∥
1∥∥∥X̂ − gV ◦ fW (X̂)

∥∥∥
F

. (ℓ1/ℓ2-RAE) (10)

Empirically, this ℓ1/ℓ2-RAE consistently outperforms the ℓ1-

RAE in several aspects, as we show in our experiments.

4. EXPERIMENTS

Table 2. The generalization performance of ℓ1-RAE (ours)

and ℓ1/ℓ2-RAE (ours). The best PSNRs are colored as red;

the best SSIMs are colored as blue.

PSNR ↑ SSIM ↑

Dataset Corr. Baseline ℓ1-RAE ℓ1/ℓ2-RAE Baseline ℓ1-RAE ℓ1/ℓ2-RAE

M
N

IS
T

10% 13.22 24.40 24.32 0.59 0.96 0.96

20% 10.19 22.92 23.01 0.46 0.94 0.94

30% 8.42 20.51 20.27 0.38 0.91 0.91

40% 7.17 16.47 15.28 0.30 0.80 0.75

C
IF

A
R

1
0

10% 15.07 36.33 38.15 0.47 0.98 0.99

20% 12.05 31.20 36.27 0.31 0.95 0.98

30% 10.29 27.36 31.84 0.22 0.90 0.96

40% 9.04 22.69 24.43 0.16 0.77 0.88

C
IF

A
R

1
0
0 10% 14.95 34.66 36.26 0.46 0.98 0.98

20% 11.93 30.74 35.78 0.29 0.95 0.98

30% 10.17 26.84 31.19 0.21 0.89 0.95

40% 8.92 22.80 25.28 0.15 0.76 0.87

4.1. Datasets, Sparse Corruption, and Implementation

We choose three standard image datasets: MNIST, CIFAR-

10, and CIFAR-100, reflecting increasing levels of vari-

ability and, hence, complexity of the underlying image

manifolds. To simulate sparsely corrupted images, we add

salt-and-pepper noise to clean images with corruption ratio

p = {10%, 20%, 30%, 40%} to cover both benign and severe

scenarios. To assess the quality of image recovery, we use



Table 3. Results on the impact of the level of sample size on the performance. The “g.” inside the parenthesis means “given”;

the “u.” inside the parenthesis represents “unseen”.
ℓ1-RAE ℓ1/ℓ2-RAE

Corr. Exp. PSNR (g.)↑ PSNR (u.)↑ ∆-PSNR↓ SSIM (g.)↑ SSIM (u.)↑ ∆-SSIM↓ PSNR (g.)↑ PSNR (u.)↑ ∆-PSNR↓ SSIM (g.)↑ SSIM (u.)↑ ∆-SSIM↓

1
0
%

Lexp 36.41 36.38 0.03 0.98 0.98 0.00 38.36 38.31 0.05 0.99 0.99 0.00

Mexp 35.77 35.74 0.03 0.98 0.98 0.00 36.75 36.68 0.07 0.99 0.99 0.00

Sexp 26.18 21.88 4.30 0.87 0.71 0.16 23.26 19.58 3.68 0.81 0.63 0.18

3
0
%

Lexp 27.23 27.21 0.02 0.90 0.90 0.00 31.60 31.57 0.03 0.96 0.96 0.00

Mexp 27.02 26.99 0.03 0.90 0.90 0.00 31.48 31.44 0.04 0.96 0.96 0.00

Sexp 24.00 18.93 5.07 0.81 0.54 0.27 22.21 17.45 4.76 0.76 0.45 0.31

PSNR [21] and SSIM [22]. Our encoder consists of layers

of strided convolution, and our decoder consists of layers of

upsampling and convolution. We organize the layers into

residual blocks [23] for both the encoder and decoder. For

all models, we use the Adam optimizer with the learning rate

0.0001.

4.2. Collective Corruption Removal

We take 60, 000, 50, 000, 50, 000 images from MNIST,

CIFAR-10, and CIFAR-100, respectively, and then add sparse

corruption to them with the aforementioned protocol. We

stress that the corrupted images X̂ are the only data available

and our goal is to restore the underlying clean images X . We

compare both ℓ1-RAE and ℓ1/ℓ2-RAE with RDA [15], NR-

PCA [11], and RAE-CHA [12]. For these compared methods,

we use their official implementations.

We calculate the average PSNR and SSIM of restorations

by each method and also calculate these metrics on the cor-

rupted images themselves to serve as our “baseline”. These

numbers are presented in Table 1. We can make three ob-

servations: 1) on all datasets and across all corruption ratios,

our ℓ1-RAE and ℓ1/ℓ2-RAE perform consistently better than

the other methods, sometimes by a large margin; 2) ℓ1/ℓ2-

RAE performs roughly comparably with ℓ1-RAE on MNIST,

and it performs consistently better than ℓ1-RAE on CIFAR-10

and CIFAR-100, this might be due to the better approximation

of ℓ1/ℓ2 to the ℓ0 norm; 3) the performance of each method

drops as the corruption ratio grows, which is expected as the

problem becomes harder.

4.3. Generalizability to Unseen Noisy Images

In this experiment, we test if the learned manifold structures

can be generalized to unseen noisy images effectively. We

take 10, 000 images from each dataset to construct unseen

corrupted images. We note that there is no overlap between

the images we used here and the images in Section 4.2. We

only test the generalization performance of ℓ1-RAE (ours)

and ℓ1/ℓ2-RAE (ours), as 1) ℓ1-RAE and ℓ1/ℓ2-RAE outper-

form RDA, NRPCA, and RAE-CHA by a considerable mar-

gin in the previous experiment, and 2) both RDA and NRPCA

involve intensive iterative computation on new corrupted im-

ages. Table 2 summarizes the results. The remarkable thing

to observe is that the performance on unseen data is on par

with the performance as reported in Table 1, implying strong

generalization and validity of the learned manifold structures.

4.4. Impact of Sample Size

Intuitively, we need sufficient samples to cover the manifolds

reasonably densely in order to learn the manifold structures,

especially when there is sparse corruption in the samples. In

this section, we quantitatively study how the varying sam-

pling levels affect corruption-removal and generalization.

We take CIFAR-10 and vary the level of the given samples

from the training set: small (Sexp) with 10, 000 samples,

medium (Mexp) with 30, 000 samples, and large (Lexp) with

50, 000 samples. Collective manifold learning and corruption

removal is performed on these samples. Then, generalization

of the learned model is tested on the 10, 000 unseen corrupted

samples from Section 4.3. To measure the impact of the sam-

ple size on generalization, we also define the generalization

gap, which measures the difference between the performance

on given and unseen noisy images.

The results are summarized in Table 3. The overall trend

is consistent with our intuition: for a fixed corruption ratio, as

the level of samples decreases, the corruption removal perfor-

mance drops and the generalization gap is enlarged; with the

same level of samples, both corruption removal and general-

ization performances drop as the corruption ratio increases.

5. CONCLUSION

In this work, we have proposed arguably the simplest model

for robust manifold learning against sparse corruption: ℓ1-

RAE. To better handle sparsity, we have also proposed a

variant ℓ1/ℓ2-RAE that empirically outperforms ℓ1-RAE.

We have demonstrated that both perform effective manifold

learning and corruption removal on given data and win com-

peting methods by a considerable margin. The performance

also generalizes almost perfectly to unseen samples with light

computation.
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