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Abstract: To cluster, classify and represent are three fundamental objectives of learning from high-dimensional
data with intrinsic structure. To this end, this paper introduces three interpretable approaches, i.e., segmentation
(clustering) via the Minimum Lossy Coding Length criterion, classification via the Minimum Incremental Coding
Length criterion and representation via the Maximal Coding Rate Reduction criterion. These are derived based on
the lossy data coding and compression framework from the principle of rate distortion in information theory. These
algorithms are particularly suitable for dealing with finite-sample data (allowed to be sparse or almost degenerate)
of mixed Gaussian distributions or subspaces. The theoretical value and attractive features of these methods are
summarized by comparison with other learning methods or evaluation criteria. This summary note aims to provide
a theoretical guide to researchers (also engineers) interested in understanding “white-box” machine (deep) learning
methods.

Key words: Multi-subspace data; Lossy coding and compression; Rate distortion; Interpretable machine (deep)
learning; Criterion

https://doi.org/10.1631/FITEE.1000000 CLC number: TP

1 Introduction

Complicated multi-modal, multivariate distri-
butions are ubiquitous in engineering, appearing in
fields as diverse as bio-informatics, computer vi-
sion, image/signal processing and pattern recogni-
tion. This data often has an intrinsic structure that
spans multiple subspaces or includes multiple sub-
structures.

It is the goal of this essay to summarize the
latest progress on dealing with such data through
the use of a family of techniques revolving around
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the Minimum Coding Length of the data. This essay
will show how to apply the Minimum Coding Length
to achieve three common objectives:

• Interpolation: Identify which samples belong
to the same subspace, i.e., segmentation or clus-
tering.

• Extrapolation: Determine to which subspace
a new sample belongs, i.e., classification.

• Representation: Find the most compact and
discriminative representations for sample data.

1.1 Lossy Coding and Coding Length

A coding scheme is designed to map data into a
series of binary bits, with the idea that the original
data can later be reconstructed from those binary
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bits. For discrete data types, such as integers, this
can be done exactly. However, for non-discrete data
it is necessary to establish a cut-off to the degree of
encoding precision.

Take a set of vectors V = (v1, v2, v3, . . . , vm) ∈
Rn×m. A lossy encoding scheme can be defined to
map V to a series of bits with a maximum recon-
struction error of E[‖vi − v̂i‖] ≤ ε2. The length of
those encoded bits could then be described with the
function L(V ) : Rn×m → Z+.

This concept of encoding length is the corner-
stone of the many techniques discussed in this essay
and will be expanded upon in Section 2.

1.2 Segmentation as a Clustering Problem

Segmentation, or similarly clustering, is an im-
portant step in analyzing, compressing, interpret-
ing and representing multi-subspace data. In simple
terms, it refers to the process of sorting data to-
gether into useful groupings based on some measure
of similarity. However, when creating a meaningful
segmentation algorithm one must answer the ques-
tion of how to define segmentation mathematically?
One must define a useful criterion for the segmenta-
tion process. One must also have a way of measuring
the quality of the segmentation – the “gain” or “loss”.

The literature proposes a wide variety of ap-
proaches and solutions to the questions above from
the statistical domain Hastie et al. (2001) and the
traditional machine learning space Bishop (2006).

1.2.1 Defining segmentation as a model estimation
problem

One traditional method of defining segmenta-
tion is to cast the problem as a model estimation
problem. To do so, one must select a class of models
that will hopefully fit each substructure or subspace
– the simpler, the better. Probabilistic distribution,
such as the Gaussian distribution, or geometric or
algebraic sets, such as linear subspaces, are com-
mon choices as models. If one thinks of the mixed
data being segmented as being drawn from a mix-
ture of these modelling distributions or sets, one can
then attempt to estimate the necessary mixture of
the models and assign each datum to its most likely
model.

Viewed as a model estimation problem, seg-
menting the data and estimating the models are

strongly coupled tasks. Many approaches to decou-
pling the two tasks have been proposed. They can
broadly be split into two camps:

• Iteratively address data segmentation and
model estimation. Examples of this type of
method include the K-means algorithm Lloyd
(1982); Forgy (1965); Jancey (1966); Mac-
queen (1967) and its variants Rose (1998);
Xing et al. (2002); Ho et al. (2003) as well as
the Expectation-Maximization (EM) algorithm
Moon (1996). These are basically greedy de-
scent algorithms that attempt to find the max-
imum likelihood (ML) estimate of a mixture of
probabilistic distributions.

• First estimate a mixture model that has no de-
pendency on the segmentation of the sample
data. Next, decompose the model into indi-
vidual components. An example of this ap-
proach would be Generalized Principal Compo-
nent Analysis (GPCA) Vidal et al. (2005, 2016),
which assumes the mixture model to be an ar-
rangement of subspaces.

What all of these methods have in common is
that they assume a good estimate of the data’s un-
derlying mixture model. This is critical to their suc-
cess at segmenting the data. For example, one could
assume that sample data W = (w1, w2, . . . , wm) was
drawn from a combination of probability distribu-
tions p(x|θ, π) .

=
∑k
j=1 πjpj(x|θj). 1 In order to

discover the optimal estimate for the mixture model,
one must choose from any of the model estimation
criteria. An example would be the maximum likeli-
hood (ML) estimate:

(θ̂, π̂)ML = argmax
θ,π

m∑
i=1

log p(wi|θ, π). (1)

Here, θ refers to the parameters of distribution of
interest. The likelihood function of this sort of mix-
ture model can be optimized through the use of the
EM algorithm Dempster et al. (1977) or one of its
variants. Criterion (1) can be seen as minimizing
the negated log-likelihood

∑
i− log p(wi|θ, π). Cover

and Thomas (2006) pointed out that this approx-
imates the expected coding length L(W |θ, π̂) – the

1For clarity, the exact same notations as the original pa-
pers Ma et al. (2007); Wright et al. (2007); Yu et al. (2020)
are used.
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bit count needed to store the data if it were produced
using the optimal coding scheme for the distribution
p(x|θ̂, π̂).

Estimation of the mixture model is further com-
plicated by the fact that the number of component
models is not often known a priori. In such cases,
one must estimate the number from the data. This
estimation can be made all the more difficult in the
face of data corruption due to label noise or other
sources of outliers. To varying degrees, any crite-
rion used for selecting representative models can be
seen as attempting to minimize the minimum cod-
ing length needed for describing both the data and
generating model. This has been described as the
Minimum Description Length (MDL) criterion in the
literature Figueiredo and Jain (2002); Barron et al.
(1998); Rissanen (1978); Hansen and Yu (2001):

(θ̂, π̂)MDL = argmin
θ,π

L(W, θ, π)

= L(W |θ, π) + L(θ, π). (2)

Here, the two parameters θ and π are assumed to
be drawn from the distribution p(θ, π). L(·), the
length function, would provide the optimal Shannon-
coding for each parameter. According to Cover and
Thomas (2006), this would be − log p(W |θ, π) forW
and − log p(θ, π) for θ and π. This objective func-
tion is equivalent to maximum a posteriori (MAP)
estimate, which makes the EM algorithm the best
method for the job.

1.2.2 Adapting ML and MDL to the messy reality of
real-valued data

ML and MDL as discussed above are all well and
good with discrete numbers, or even with continuous
random variables when the quantization error is near
zero. In those cases, the data can be encoded loss-
lessly and the ML and MDL criteria correspond to
the minimum coding lengths for that data.

However, for real-valued data a lossless encoding
would require an infinite encoding length. To encode
in a finite length, one would have to accept a certain
degree of reconstruction error, ε > 0. It would be
necessary to encode the parameters of the model(s)
that could generate the data along with the model
mixtures for each datum, quantized to ε.

To address this situation, Madiman et al. (2005)
conducted a study of the properties of both the lossy

ML (LML) and the lossy MDL (LMDL) criteria:

(θ̂, π̂)LML = argmin
θ,π

R(p̂(W ), θ, π, ε), and (3)

(θ̂, π̂)LMDL = argmin
θ,π

R(p̂(W ), θ, π, ε) + L(θ, π).

(4)

In Eq. (3) and (4), p̂(W ) refers to an empirical esti-
mate of the probabilistic distribution that generated
the data W . Madiman et al. (2005) showed that
to minimize the coding rate of the data with maxi-
mum distortion ε would be mathematically the same
as computing the LML or LMDL estimates. This
makes it a useful estimator, exhibiting strong consis-
tency, and a natural way to measure the quality of
the segmentation of real-valued mixed data.

Although a huge number of types of data mix-
tures are possible, this discussion is restricted to a
discussion of data that consist of a mixture of multi-
pleGaussian-like groups (other types of data are dis-
cussed later). However, a wide variety of Gaussian-
like distributions are compatible, including differing
anisotropic covariances and even nearly degenerate
data. In all cases, the goal would be to fit the data
to multiple subspaces, not necessarily all of the same
dimension.

Segmentation on data can be performed by min-
imizing the overall coding length of each data seg-
ment, subject to the aforementioned maximum ac-
ceptable distortion ε. After an analysis of the coding
length of mixed data, Ma et al. (2007) were able
to make a compelling case for a connection between
data segmentation and many fundamental concepts
from the lossy data compression and rate-distortion
theory domains. They showed that it was possible
to approximate the asymptotically optimal solution
for how to compress data with a deterministic seg-
mentation algorithm. The algorithm they posited
required only a single parameter, the allowable dis-
tortion. Without any parameter estimation, the al-
gorithm could take a given distortion and determine
the corresponding number of data segments and di-
mensionality of each group.

This is explored further in Section 3.

1.3 Minimum Incremental Coding Length
and Classification

At the forefront of every textbook on statisti-
cal learning is the problem of classification Vapnik
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(1995); Bishop (2006). The problem is usually posed
as an attempt to create a classifier for labelled i.i.d.
data drawn from an unknown probability distribu-
tion: (xi, yi) ∼ PX,Y (x, y), where xi ∈ Rn is the ith
observation and yi ∈ {1, . . . ,K} is xi’s associated
class label. The problem is solved by constructing
a classifier g : Rn → {1, . . . ,K} that minimizes the
expected risk:

g∗ = argminE[Ig(X)6=Y ]. (5)

This is with respect to the underlying proba-
bilty distribution PX,Y . In plain English, the clas-
sifier must correctly output the associated label for
every input datum. When one knows both the class
priors pY (y) and the conditional class distributions
PX,Y (x|y), the maximum a posterior (MAP) value

ŷ(x) = arg max
y∈{1,...,K}

pX|Y (x|y) pY (y) (6)

represents the optimal classifier.

1.3.1 Issues with learning the singular distributions
from finite training samples

In a standard classification scenario, one would
set out to learn the distributions PX,Y (x|y) and
pY (y) from a set of training data samples and their
associated class labels. Traditional approaches work
on the assumption that the distributions are non-
singular and that are sufficient samples. However,
in many challenging classification problems in com-
puter vision, this assumption does not hold up Holub
et al. (2005); Lecun et al. (1998); Lee et al. (2005);
Wang and Tang (2004). An example would be from
the realm of facial recognition, whereby there are
training sets of images of a single person’s face which
are taken from many angles and under many light-
ing conditions. This data would often reside in a
low-dimensional manifold of the overall embedding
space Ho et al. (2003). In such cases, the associated
distributions are singular or nearly singular. An ad-
ditional problem lies in the high dimensionality of
computer vision problems’ input data, which tends
to make the set of training images sparse.

Vapnik (1995) showed that trying to take a
sparse set of samples and infer a generating prob-
ability distribution is an inherently ill-conditioned
problem. In regard to singular distributions, he fur-
ther showed that Eq. (6) does not have a well-defined

maximum. This means that it is important to reg-
ularize the distribution or its likelihood function in
order to be able to use it to classify new observations
or even to infer it from training data. Regulariza-
tion can be done in an explicit fashion through the
use of smoothness constraints. It’s also possible to
use parametric assumptions about the distribution
for a kind of implicit regularization. Even when the
underlying assumption is assumed to be Gaussian, it
remains necessary to have regularization when there
are not many samples available to learn from Vidal
et al. (2016). This is a huge issue in computer vision
and bio-informatics, since these areas typically deal
with very high-dimensional data spaces. When the
number of samples available is on the same order as
the dimensionality of the data, naive covariance es-
timators can produce bad results Bickel and Levina
(2008) – higher dimensionality requires a correspond-
ingly higher number of training samples for them to
work. This problem is also present with estimators
of subspace structure, including principal component
analysis Zou et al. (2004).

In the world of computer vision, different classes
of data often have very different intrinsic complexi-
ties, resulting in them lying in subspaces or manifolds
of differing dimensionality. For example, with facial
detection, the features corresponding to the face of-
ten form a low-dimensional structure “embedded” as
a sub-manifold amongst many other random features
that comprise the rest of the image.

Model selection criteria such as MDL (described
in Section 1.2.1) are major improvements over MAP
for exactly this reason. They can estimate a model
when there are many classes of widely differing com-
plexity. Recall that MDL works by attempting to se-
lect a model that minimizes the overall coding length
for a given set of training data. What MDL does not
do, however, is to specify the best way to account
for the model complexity when considering new test
data and models with differing dimensions. Unlike
model estimation as discussed above, which is fo-
cused on estimating a model from a set of training
data, this is instead focused on assigning a new test
sample to an already existing model.

1.3.2 Minimum coding length and MAP’s encoding
interpretation

After the process of estimating the distributions
of pX|Y and pY is complete, it is then possible to de-
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rive a classifier. Consider the estimates of the distri-
butions to be p̂X|Y and p̂Y . It possible to substitute
those into the MAP classifier (6). The MAP classifier
can thus be expressed as

ŷ(x) = arg max
y∈{1,...,K}

− log pX|Y (x|y)− log pY (y).

(7)

Where,− log pX|Y (x|y) calculates the number of bits
needed to code sample x with respect to the distribu-
tion of class y. − log pY (y) calculates the number of
bits needed to code the label y associated with sam-
ple x. Expressing the MAP classifier in this manner
allows us to use an encoding interpretation for the
process. The optimal classifier would ideally mini-
mize Shannon’s optimal (lossless) coding length for
the test data x with respect to the distribution of
x’s true class. In this essay, Minimum Description
Length (MDL) criterion is followed for classification.

However, as has been described above, learning
the (potentially singular) distributions pX|Y and pY
from just a few samples in a high-dimensional space
can be very difficult. It therefore behooves us to seek
out alternative methods for implementing the above
criterion.

1.3.3 The minimum incremental coding length
(MICL) criterion for classification

Wright et al. (2007) proposed a method for im-
plementing the MDL criterion descried above. They
set out to calculate how efficiently a new observa-
tion could be encoded by each class in the training
data. They proposed to find the class that encoded
the new data in the fewest possible bits and to as-
sign the new data a class label matching that class.
They dubbed this the “minimum incremental cod-
ing length” (MICL) criterion for classification. MICL
serves as a counterpart to theMDLmethod for model
estimation and makes a good surrogate for the MDL
classification.

This MICL criterion smoothly addresses the
aforementioned issues of model complexity and regu-
larization. The fact that the coding is lossy (the test
data x is encoded up to an allowable reconstruction
distortion) serves as a form of natural regularization.
This stands in contrast with Shannon’s optimal cod-
ing length, which pre-requires precise data on the
true distributions. Instead, MICL is more like lossy
MDL Madiman et al. (2005).

Section 4 describes MICL in more detail. It
describes howMICLmeasures the difference between
the total volume of the training data both with and
without a new observation.

1.4 To LearnDiverse andDiscriminative Rep-
resentations

Learning classification or clustering as described
above often leads to the problem of overfitting. That
is, trends and structures in the training data are se-
lected and relied upon, even when those trends do
not exist in the more general population. Indeed,
when attempting to solve a classification problem,
only the features that are useful for that classifica-
tion problem tend to get selected for inclusion in
representations.

Take a random vector x ∈ RD, being drawn
from one or more of k distributions D = {Dj}kj=1. It
is necessary to be able to learn the distribution from
a set of i.i.d. samplesX = [x1,x2, . . . ,xm] ∈ RD×m.
To avoid the overfitting problem, one would want to
find a good general-purpose representation via a con-
tinuous mapping, f(x, θ) : RD → Rd, that includes
all intrinsic structures of x. If the representation is
inclusive enough, it can support a wide variety of
downstream tasks, such as classification or cluster-
ing.

1.4.1 Supervised learning

In the case of supervised learning, the task
of learning a discriminative representation is often
posited as finding a mapping f(x, θ) : x 7→ y, pa-
rameterized by θ ∈ Θ, for all elements of a training
set {(xi,yi)}mi=1. This has been shown to be feasibly
modelled by a deep neural network in areas as di-
verse as vision, audio and natural language process-
ing Goodfellow et al. (2016). The true label yi ∈ Rk

is represented as a one-hot vector of dimension k.
The model is trained through backpropagation to
train the network parameters θ to try and eliminate
the difference between the model’s output and the
true label:

min
θ∈Θ

CE(θ,x,y) .= −E[〈y, log[f(x, θ)]〉]

≈ − 1

m

m∑
i=1

〈yi, log[f(xi, θ)]〉. (8)

This has the downside that it exclusively aims to
predict the labels y, which can be a problem if the la-
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bels are incorrect. Zhang et al. (2017) showed that a
sufficiently large model can memorize even randomly
selected labels, regardless of any latent structures in
the input data. This leads to the geometric and sta-
tistical properties of the data being at best obscured
and at worst removed from the feature representa-
tion vectors. As a consequence, the feature represen-
tation vectors would be useless for any other down-
stream tasks, lacking semantic meaning and failing
to generalize to other domains and applications. The
end goal would be to reformulate the objective above
to one that explicitly learns meaningful representa-
tions for the data x.
Minimal discriminative features via informa-
tion bottleneck: It is popular in recent literature
to divide networks into feature extractors and down-
stream modules. In this conception, the feature ex-
tractor is trained to select a vector of representative
latent features z = f(x, θ) ∈ Rd that describe the
input data well enough to be discriminative amongst
multiple classes. These feature vectors z are then
used as inputs to train downstream classification
tasks, g(z), for predicting the class label y.

x
f(x,θ)−−−−−−→ z(θ)

g(z)−−−−−→ y.

According to the information bottleneck (IB)
formulation of Tishby and Zaslavsky (2015), the net-
work f(x, θ) will learn z to the minimum level of
statistics needed to support the prediction of y. Put
formally, the model tries to maximize the mutual
information I(z, y)2 while minimizing I(x, z).

max
θ∈Θ

IB(x,y, z(θ)) .= I(z(θ),y)−βI(x, z(θ)), β > 0.

(9)
Because this formulation is task dependent (e.g. ex-
isting to support the prediction of label y), the in-
formation extracted will be the minimum necessary
toward that goal. This leads to an inability to gener-
alize, a lack of robustness to incorrect labelling and
an inability to transfer knowledge to new tasks.
Contractive learning of generative representa-
tions: Unlike the ground-truth requiring supervised
technique above, some other techniques do not re-
quire access to labels. One family of unsupervised
techniques is called auto-encoding. This method

2Mutual information is defined to be I(z,y) .
= H(z) −

H(z | y) where H(z) is the entropy of z Cover and Thomas
(2006).

learns a good latent representation z ∈ Rd that con-
tains enough data to recreate the original input x
to within a certain tolerance. This is often done
through training a decoder f(x, θ) and a generator
g(z, η)3.

x
f(x,θ)−−−−−−→ z(θ)

g(z,η)−−−−−−→ x̂(θ, η). (10)

Here, z(θ) is usually obtained by training f(x, θ) and
g(z, η) in an end-to-end fashion. A certain definition
of “compactness” is specified (geometrical, statisti-
cal, etc.) and imposed on the representations ob-
tained. These can include such measures as dimen-
sion, energy and volume. An example would be the
contractive auto-encoder Rifai et al. (2011), which
penalizes local volume expansion of the learned fea-
ture vectors. This is approximated by the Jacobian
‖∂z∂θ ‖.

In addition to requiring some form of compact-
ness for the latent representation, it is also important
to choose a metric for determining the degree of sim-
ilarity between the decoded x̂ and the original input
x4. Alternatively, one can measure the similarity
between two distributions Dx and Dx̂, for example
using KL divergence KL(Dx||Dx̂)5. An appropriate
metric should maintain the most important informa-
tion in the reconstruction, whilst allowing unimpor-
tant elements to be lost. The can prove very tricky.

It would seem that representations learned
through this sort of approach should be rich enough
to be able to recreate the original data. However,
if the wrong regularizing heuristics on z or similar-
ity measures on x (or Dx) are chosen, the represen-
tations may be grossly approximated and only rich
enough to handle the task they were trained with
Rifai et al. (2011); Goodfellow et al. (2014). Naive
heuristics or inappropriate measurements can fail to
capture all internal subclass structures of compli-
cated multi-modal data 6. This can lead to down-
stream failure to discriminate between amongst them

3Auto-encoding can thus be viewed as a nonlinear exten-
sion to classical PCA Jolliffe (2002).

4In tasks like denoising, the `p-norm is often used, that is
minθ,η E[‖x− x̂‖p], typically with p = 1 or 2.

5When the distributions of x and x̂ are discrete and
degenerate this is very difficult. In reality, this is often
instead achieved using an additional disriminative network,
known as a GAN Goodfellow et al. (2014); Hong et al. (2019);
Wang et al. (2021).

6One consequence of this is mode collapse, whereby the
variation in the outputs from a model collapse to zero; see Li
et al. (2020) and references therein.
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during classification and clustering.
Recognising this problem, Yu et al. (2020) pro-

posed Maximal Coding Rate Reduction (MCR2).
This is a measure on z that can learn feature rep-
resentations that can promote multi-class discrimi-
native properties from mixed-structure data. This
approach works in both a supervised and unsuper-
vised setting.

1.4.2 Learning diverse and discriminative represen-
tations

Consider a set of data X of a mixed distribu-
tion D. D consists of component distributions Dj .
The greater the separability of the various Dj , the
more effectively X can be classified. It is thus very
important that Dj be easily separable or made easily
separable.

A common assumption in the literature is that
each class’ inherent distribution has a relatively low-
dimensional structureDj 7. This allows us to assume
that each class’ distribution lies on a low-dimensional
submanifold Mj , with dimension dj � D. This
would mean that the overall distribution D would
lie on the union of all per-class submanifolds M =

∪kj=1Mj , itself embedded in a much higher dimen-
sional ambient space RD. This is illustrated in Fig-
ure 1.

Fig. 1 A distribution D with x ∈ RD, which lies on
a manifold M. Individual classes lie on lower dimen-
sional submanifolds Mj . MCR2 can learn a mapping
f(x, θ) such that zi = f(xi, θ) are on a union of max-
imally uncorrelated subspaces {Sj} (Right) Yu et al.
(2020).

Given this assumption about the submanifolds,
it would make sense to find a mapping z = f(x, θ)

between each submanifoldMj ⊂ RD to an indepen-
dent linear subspace Sj ⊂ Rd. Figure 1 (middle)
illustrates this. In order for that to be possible, the

7This is a realistic assumption since there is a lot of re-
dundancy in high-dimensional data. Moreover, data from the
same class should be very similar and thus highly correlated.

representations must exhibit the following proper-
ties:

1. Discriminative Between-Classes: Features vec-
tors from different classes or clusters should ex-
hibit very low correlation and belong to distinct
low-dimensional linear subspaces.

2. Within-Class Compressibility : Features vectors
from the same class or cluster should exhibit
very high correlation in the sense that they be-
long to the same low-dimensional linear sub-
space.

3. Maximum Representation Diversity : Dimen-
sionality (or variance) of feature vectors within
each class or cluster should be as large as pos-
sible, subject to the constraint that they stay
uncorrelated from the other classes.

Bear in mind that, while the intrinsic structures
of each class or cluster are low-dimensional, they
are usually not linear in their original representa-
tion x. Instead, the subspaces {Sj} can be treated
as nonlinear generalized principal components for x
Vidal et al. (2016). Furthermore, equivalency be-
tween samples is task-specific. Even as samples may
vary, their low-dimensional structures can still be
seen as equivalent if they are invariant to domain
deformations or augmentations T = {τ}8. These
deformations can have sophisticated geometric and
topological structures that can be difficult to learn,
even for convolutional neural networks (CNNs) Co-
hen and Welling (2016); Cohen et al. (2019).

This is explored further in Section 4.

2 LossyCoding andCoding LengthRe-
visited

Consider a random vector v which contains i.i.d.
samples vi ∈ Rn with a probabilistic distribution
p(v). The optimal coding scheme and the optimal
coding rate of said random vector have an estab-
lished basis in information theory Cover and Thomas
(2006). However, a more realistic and less theoreti-
cal situation would be W = (w1, w2, . . . , wm), which
is a finite set of vectors. This dataset can be seen as
a non-parametric distribution – each vector wi inW
occurs with the same probability (1/m). This means

8So x ∈M iff τ(x) ∈M for all τ ∈ T .
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that the optimal coding scheme described in the liter-
ature is not optimal forW , nor is the formula for the
coding length appropriate in this setting. However,
there are still lessons to be learned from information
theory that can be applied to this non-parametric
setting. This wisdom can be used to form a tight
bound on the coding length/rate for the given data
W , which will be described in the following section9.

2.1 Calculating Rate-Distortion

In order to measure the quality of any proposed
coding scheme, it is necessary to find ways to describe
the level of compression and segmentation for that
scheme. This subsection describes a Rate-Distortion
function, proposed by Ma et al. (2007) that should
do the trick.

Consider a set of dataW = {(wi)}mi=1 with each
wi ∈ Rn and a zero mean, thus µ .

= 1
m

∑
i wi =

010. If ε is the allowable encoding and reconstruction
error for wi, then ŵi is an approximation of wi with
error E[‖wi−ŵi‖] ≤ ε2. This means that the average
allowable squared error per entry wi would be ε2/n.

Sphere packing can be introduced as a concept
that helps to illuminate the nature of the problem of
coding the vectors inW , subject to the mean squared
error ε2. Indeed, this is commonly cited in works on
information theory Cover and Thomas (2006). Each
vector wi ∈W can be perturbed by up to ε, allowing
it to exist anywhere within a sphere of radius ε in Rn.
This error can be generally modelled as independent
Gaussian noise:

ŵi = wi + zi, with zi ∼ N
(
0,
ε2

n
I
)
. (11)

This makes the covariance matrix of the vectors
ŵi:

Σ̂
.
=

[
1

m

m∑
i=1

ŵiŵ
T
i

]
=
ε2

n
I +

1

m
WWT ∈ Rn×n.

(12)

The volume of the region spanned by all vec-
tors in W is proportional to the square root of the

9In Appendix A of Ma et al. (2007), they give an al-
ternative way to derive the upper bound. Both this and
the alternative have much in common. They arrive at the
same estimate, they both are good approximations for the
asymptotically optimal rate-distortion function for Gaussian
sources and they both utilize lossy coding of subspace-like
data.

10Refer to Appendix B in Ma et al. (2007) for the more
complex case where the dataset’s mean is not zero.

Fig. 2 Diagram of possible coding of a set of vec-
tors that span a region Rn. Their accuracy is ε2,
which defines the size of the spheres. To refer-
ence a vector wi, one simply needs to have the
label of the sphere corresponding to the vector.
e1 and e2 in the diagram are the singular vectors
for the matrix Ŵ , with σ1 and σ2 representing the
singular values Ma et al. (2007).

determinant of this covariance matrix:

vol(Ŵ ) ∝
√
det
(ε2
n
I +

1

m
WWT

)
. (13)

Similarly, the volume spanned by each random
vector zi is proportional to

vol(z) ∝
√
det
(ε2
n
I
)
. (14)

If one partitions the region spanned by all vec-
tors in W into non-overlapping spheres of radius ε,
they can then assign each of the vectors to a sphere.
Assuming the use of binary numbers to label the
spheres, the number of bits needed to perform the
encoding can be expressed as:

R(W )
.
= log2(# of spheres) = log2(vol(Ŵ )/vol(z))

=
1

2
log2 det

(
I +

n

mε2
WWT

)
(15)

Consider what would happen if the samples in
W were drawn from aGaussian distributionN (0, Σ).
This would mean that 1

mWWT converges to the co-
variance of the Gaussian distribution, Σ. It follows
that R(W ) → 1

2 log2 det(I + n
ε2Σ) as m → ∞. If

ε2

n ≤ λmin(Σ), Eq. (15) becomes a very good ap-
proximation for the optimal rate distortion.

A very accurate optimal rate distortion calcu-
lation would generally require a complicated for-
mula using a reverse water-filling algorithm on the
eigenvalues of Σ (see Theorem 13.3.3 in Cover and
Thomas (2006)). However, Eq. (15) stands as a good
upper bound that holds for all ε. It is fairly accurate
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when ε is small, as compared with the eigenvalues of
the covariance matrix.

Another way to look at Eq. (15) would be a
calculation of the rate distortion for source W after
being regularized with a noise of variance ε2

n (see
Eq. (11)). The covariance (Σ̂) of the set of thus-
perturbed vectors (ŵi) would satisfy the condition
ε2

n ≤ λmin(Σ̂). This provides a handy expression of
the rate distortion for all values of ε.

It should be noted again that Eq. (15) is only ac-
curate as the number of samples becomes very large
and the error ε becomes very small. This means that
Eq. (15) is not an actual coding scheme. However it is
only necessary to show that such an encoding scheme
can in principle attain the optimal rate R(W ).

2.2 The Coding Length Function

Recall that the coding rate was introduced in the
previous section asR(W ). UsingR(W ), it is possible
to calculate the bit count that would be necessary to
encode the m vectors that comprise W :

mR(W ) =
m

2
log2 det

(
I +

n

mε2
WWT

)
. (16)

In addition, one would need even more bits to
represent the coding method used. This can be
done by specifying the singular values or vectors of
W , which make up the principal axes of the region
spanned by the data. See Figure 2 for intuition.
Since there are n principal axes, it would be neces-
sary to use a further nR(W ) bits to encode them.
Thus, encoding the m vectors W ⊂ Rn, subject to
the squared error ε2, would require11

L(W ) : Rn×m → Z+
.
= (m+ n)R(W )

=
m+ n

2
log2 det

(
I +

n

mε2
WWT

)
. (17)

The properties of this coding length function are
described in detail in Section 3.3 of Ma et al. (2007)
or Appendix A of Yu et al. (2020).

To recapitulate, a lossy coding scheme is
designed to map a set of vectors W =

(w1, w2, . . . , wm) ∈ Rn×m into a sequence of bits
and to do it in a manner which allows for the origi-
nal vectors to be recoverable, subject to a maximum

11Consider the MDL criterion (2). It stands to reason
that if the term mR(W ) varies with the coding length for
the data, it will also vary with to the coding length for the
model parameters θ.

allowable distortion E[‖wi − ŵi‖] ≤ ε2. The length
of the encoded sequence is denoted as the function
L(W ) : Rn×m → Z+ (Eq. (17) above).

3 Segmentation via Minimizing the
Coding Length

3.1 Segmentation via Data Compression

As described in the previous section, a set of
samples W = (w1, w2, . . . , wm) ∈ Rn×m can be
viewed as being drawn from a single Gaussian source.
W can then be encoded subject to distortion ε2 us-
ing L(W ) bits. However, if instead the samples were
drawn from a mixture of Gaussian distributions or
subspaces, it would be better to separate W into
subsets corresponding to each generating distribu-
tion, such as W = W1 ∪W2 ∪ · · · ∪Wk. One could
then code them each separately. In this case, this
would make the total number of bits

Ls(W1 ∪W2 ∪ · · · ∪Wk)
.
=

k∑
i=1

L(Wi) + |Wi|(− log2 |Wi|/m). (18)

In Eq. (18), |Wi| refers to the size of each
subset of W associated with generating distribu-
tion i. The bit count necessary to losslessly en-
code the mapping between elements of W and
which subset they belong to can be expressed with∑k
i=1 |Wi|(− log2 |Wi|/m)12.
If one uses a fixed coding scheme with cod-

ing length function L(·), the most optimal segmen-
tation would have to be the one that minimizes
the segmented coding length Ls(·) over all possi-
ble partitions of W . Given the nature of the rate-
distortion function (Eq. (15)) when used with Gaus-
sian data, it is possible to soften the objective func-
tion (Eq. (18)) by allowing probabilistic or fuzzy seg-
mentation. However, this would not drive the ex-
pected overall coding length any shorter. A proof of
this can be found in Section 4.2 of Ma et al. (2007).

Eq. (18) takes the distortion ε as an input. It is
possible to modify the equation by adding a penalty

12This operates under the assumption that the order of the
samples is random, making entropy coding the best case for
coding membership. On the other hand, if the samples are
ordered in a way that has predictive value when considering
the similarity of pairs of vectors (for example, neighbouring
pixels in an image), the second term can be replaced with a
tighter estimate.
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term, for examplemn log ε, to the total coding length
Ls in order to give the optimal distortion ε∗13. The
updated objective function, minε L

s +mn log ε, rep-
resents a variation on the original, except now it
solely depends on the data (and not the distortion)
as an input.

That said, it is very common to keep ε a free
parameter that can be set by the user. This allows
users to create different segmentations of the data
corresponding to different quantization scales.

3.2 Minimizing the Coding Length

Ideally, one would want to find a minimization of
the overall coding length across all partitions of the
dataset. However, this can be an intractable com-
binatorial optimization problem when working with
large datasets. However, Ma et al. (2007) proposed
a method for minimizing coding length via steepest
descent (see Algorithm 1).

Algorithm 1 Pairwise Steepest Descent of Cod-
ing Length
input : the data W = (w1, w2, . . . , wm) ∈ Rn×m

and a distortion ε2 > 0

initialize S := {S = {w}|w ∈W}
while |S| > 1 do

choose distince sets S1,S2 ∈ S such that
Ls(S1 ∪ S2)− Ls(S1,S2) is minimal
if Ls(S1 ∪ S2)− Ls(S1,S2) ≥ 0 then

break
else
S := {S \ {S1,S2}} ∪ {S1 ∪ S2}

end
end
output: S

Taking a bottom-up approach, Ma et al. (2007)
proposed to start with every sample being treated as
its own group. They would then repeatedly choose
two groups, S1 and S2, such that merging them re-
sulted in the maximum decrease in the coding length.
Their algorithm would terminate when it is no longer
possible to reduce the coding length by merging
groups.

This algorithm could be performed in O(m3 +

m2n3) time, in the simple case where it creates and
13This particular penalty term is justified by noticing that

mn log ε is (within an additive constant) the bit count neces-
sary to code the residual w−ŵ up to a (very small) distortion
δ � ε.

updates a table containing Ls(Si∪Sj) groups, for all
i and j. In this case, m is the sample count, and n is
the dimension of the space.

Ma et al. (2007) showed this algorithm to be
very effective when segmenting data that consist of a
mixture of Gaussians or subspaces. It could tolerate
a significant amount of outliers and could automat-
ically determine the number of groups for any level
of distortion.

Since this is a greedy descent method, it is not
guaranteed to always find the global optimal so-
lution to the segmentation problem for any given
(W, ε). Ueda et al. (2000) suggest that it may be
possible to improve the algorithm’s convergence by
using more complicated split-and-merge strategies.
It is also possible to derive the globally (asymptoti-
cally) optimal segmentation using concave optimiza-
tion. However, this would have the downside that
the computation time would increase exponentially
with data size. At any rate, Ma et al. (2007) found
that the most important factor affecting the algo-
rithm’s global convergence is the relation between
the sample density size and the distortion ε2.

Readers may have noticed that the greedy merg-
ing process described in Algorithm 1 has some simi-
larities toWard’s method and other classical agglom-
erative clustering methods. A big difference is that
Ward’s method assumes the use of isotropic Gaus-
sians. On the other hand, Algorithm 1 can segment
Gaussians with arbitrary covariances. This includes
nearly degenerate distributions. Ma et al. (2007)
showed that these classical agglomerative approaches
are inappropriate in that setting. This means that
the change in coding length can actually be treated
as a means of measuring the similarity amongst ar-
bitrary Gaussians.

3.3 Summary

This section has endeavoured to describe why
minimization of the coding length is an effective
technique for segmenting multi-substructured mixed
data drawn from from a mixture of (potentially al-
most degenerate) Gaussian distributions.

In many ways similar to LML and LMDL (see
Section 1.2.2), which also attempt to find the opti-
mal segmentation of mixed data, this approach offers
significant theoretical improvements:

• The other estimates discussed (ML, MDL, LML
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and LMDL) are asymptotically optimal – they
apply best to an infinite sequence of i.i.d. sam-
ples. This of course is not very helpful in prac-
tice, where one tends to have fewer than infinite
samples. In fact, usually there are not even
enough to reliably estimate the covariance. On
the other hand, this coding length minimization
technique can closely approximate the most op-
timal rate-distortion function, given a Gaussian
source Cover and Thomas (2006) and a tight up-
per bound. This remains true even when applied
to realistic data samples.

• This method of deterministic segmentation is
approximately asymptotically optimal. This
makes it a very practical alternative in real life
and can be used secure in the knowledge that it
will roughly match the most optimal theoretical
solution.

• This method provides an explicit formula for
the coding length/rate function, which makes
it possible to evaluate the quality of segmen-
tation14. This method provides a practical al-
gorithm (Algorithm 1) that scales polynomially
with both data size and dimension. Moreover,
this technique effectively solves the model se-
lection problem in the face of unknown group
counts and significant outliers.

4 Classification via MICL

In Section 1.3.3, the concept of minimum incre-
mental coding length (MICL) was introduced briefly.
This section aims to go into much more detail.

In Section 4.1 below, the general criterion of
MICL is discussed, along with a description of how
it can be applied to unimodal and Gaussian distri-
butions. Section 4.2 will then go on to analyse the
asymptotic behavior of MICL as the sample count
tends toward infinity. Finally, Section 4.3 will dis-
cuss a kernel implementation that works for arbitrary
data distributions.

14This applies to Gaussian sources. If one wants to com-
pute a rate distortion function with arbitrary distributions,
it is a far more difficult problem. Rose (1994) suggest many
possible techniques in the arbitrary case.

4.1 Minimum Incremental Coding Length

4.1.1 Basic ideas

As discussed above, if one has access to a lossy
coding scheme with the coding length function Lε(·),
one could create an encoding of each sample’s data
class Xj

.
= {xi : yi = j} using Lε(Xj) bits. The

length of the full dataset could thus be represented
using the two-part function

Length(X ,Y) =
K∑
j=1

Lε(Xj)− |Xj | log2 pY (j). (19)

Here, the first term is the length of the encoded data,
while the second term counts the bits needed to op-
timally and losslessly encode the class labels yi for
the empirical distribution of y.

Consider what would happen when encounter-
ing a new test sample x ∈ Rn with an associated
label y(x) = j. If one adds x to the encoding of the
existing training data Xj , corresponding to the jth
class, one could count the additional bits needed to
code the pair (x, y) with:

δLε(x, j) = Lε(Xj ∪ {x})− Lε(Xj) + L(j). (20)

The first and second terms in Eq. (20) count the
number of extra bits needed to code (x,Xj) with
a maximum distortion ε2. The final term, L(j),
counts the bits needed to losslessly code the label
y(x) = j. This can be seen as a “finite-sample lossy”
surrogate for the Shannon coding length in the ideal
classifier (7). With this in mind, one can derive the
following classification criterion:
Criterion 1 (Minimum Incremental Coding Length)
Assign new sample x to the class for which the fewest
additional bits are need to code (x, ŷ) up to a maxi-
mum distortion ε:

ŷ(x)
.
= arg min

y=1,...,K
δLε(x, j). (21)

Criterion 1 represents a general principle for
classification. It is agnostic to both the choice of
lossy coding scheme and the associated coding length
function. However, the classification will only be ef-
fective when the shortest possible associated coding
length for the given data is used.

4.1.2 Gaussian data with non-zero mean

Consider the coding length function Lε, derived
in Section 2. Recall that it is roughly asymptotically
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optimal when implicitly assuming Gaussian distri-
butions and a coding scheme optimal for Gaussian
sources. This is also requires the implicit assump-
tion that the conditional class distributions pX|Y
are unimodal, and can thus be well-approximated
by Gaussians. Wright et al. (2007) performed a rig-
orous analysis of the performance of MICL in this
scenario. They demonstrated MICL’s relationship
with classical classifiers such as ML and MAP. They
went on to show how using the same Lε function,
MICL could be extended to arbitrary, multimodal
distributions via kernel technique implementation.

Consider a sample dataset X = (x1, . . . ,xm).
The mean of X would be µ̂ = 1

m

∑
i xi. It is possible

to represent the samples’ deviations about that mean
up to a maximum distortion ε2 using Rε(Σ̂) bits
on average. The covariance could be expressed as
Σ̂(X ) = 1

m

∑
i(xi − µ̂)(xi − µ̂)T . With m samples

in the dataset, it is necessary to encodem differences
from the mean (e.g x1−µ̂, . . . ,xm−µ̂). This requires
mRε(Σ̂) bits.

The optimal encoder/decoder pair as currently
discussed requires a priori knowledge of the Σ̂. If
this is no longer known, it must be encoded, which
adds an additional nRε(Σ̂) bits to the encoding
length. However, the expected bit count needed to
encode the mean µ̂ of the samples can be bounded by
n
2 log2(1+

µ̂T µ̂
ε2 ). Ma et al. (2007) derived this bound

based on the assumption that they can calculate the
average number of bits required to encode t ∈ R with
maximum distortion ε2 using 1

2 log2(1 + t2/ε2)15.
This represents an upper bound on the scalar Gaus-
sian rate-distortion. This means that the bound on
bit-count for the mean is at its tightest when µ̂ is
Gaussian. However, it remains valid even for general
µ̂.

Combining the quantities above into a single for-
mula, the bits required to encodeX can be calculated
with:

Lε(X )
.
=
m+ n

2
log2 det

(
I +

n

ε2
Σ̂(X )

)
+
n

2
log2(1 +

µ̂T µ̂

ε2
). (22)

This equation is divided into two terms. The fore-
most term counts the bits needed to encode the vec-
tors xi’s distributions about their means µ̂. The
latter term counts the bits needed to code the means
themselves.

15Refer to Appendix B in Ma et al. (2007).

4.1.3 Encoding the associated class label

The label Y associated with each sample is dis-
crete and can therefore by encoded without loss. The
form of the final term L(j) in Eq. (20) depends on
one’s prior assumptions about the distribution of the
test data. If the test data’s class labels Y are known
to have the marginal distribution P (Y = j) = πj ,
then the optimal coding lengths are (within one bit):

L(j) = − log2 πj . (23)

Should the test data consist of i.i.d. samples
drawn from the same distribution as the training
data, then it is possible to estimate π̂j =

|Xj |
m . On

the other hand, if there is no prior information about
the distribution of the class labels, it would be better
to estimate πj ≡ 1

K . In this latter case, the excess
coding length is solely dependent on the extra bit
count needed to encode x. In the same manner as
the MAP classifier (6), the choice of πj effectively
creates an implicit prior on the class labels.

4.1.4 Putting it all together

On the one hand, there exists a coding length
function (22) for the samples in the dataset. On the
other hand, there also exists a coding length func-
tion (23) for the labels associated with the samples
in the dataset. The MICL criterion (21) can there-
fore be summarized into Algorithm 2 Wright et al.
(2007) below.

Algorithm 2 The MICL Classifier
input : m training samples partitioned into K

classes X1,X2, . . . ,XK , and
a test sample x

Prior distribution of class labels πj = |X |/m.
Compute incremental coding length of x for each
class:

δLε(x, j) = Lε(Xj ∪ {x})− Lε(Xj)− log2 πj ,

where

Lε(X )
.
=
m+ n

2
log2 det

(
I +

n

ε2
Σ̂(X )

)
+
n

2
log2(1 +

µ̂T µ̂

ε2
).

Let ŷ(x) = argminj=1,...,K δLε(x, j).
output: ŷ(x)
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Relationship to ML/MAP: It is possible to use
a fully Bayesian approach to model estimation, es-
timating the posterior distributions over the model
parameters. This even has some performance gains
over ML and MAP in the finite sample realm. How-
ever, it falls short if the sample count is smaller than
the count of free parameters in the model – which is
quite common in high-dimensional data. In that sit-
uation, the result depends very much on the choice
of prior. On the other hand, MICL does not re-
quire that the sample count be larger than the di-
mensionality. This makes it a far superior approach
when in the few-sample domain. In fact, the sec-
tions below will show that MICL is equivalent to
the Bayesian approach in the asymptotic case. This
leads to the question of what precise relationship
MICL and MAP have with each other. Moreover,
in exactly what circumstances is MICL the superior
option?

4.2 Asymptotic Convergence of MICL and its
Advantages

This subsection delves more deeply into the
asymptotic behaviour of MICL as the sample count,
m, tends toward infinity. Moreover, the situations
under whichMICL is the superior technique are iden-
tified.

4.2.1 Asymptotic behavior and convergence rate

Asymptotically, classification using the incre-
mental coding length is equivalent to using a reg-
ularized version of MAP (or ML) with the addition
of a reward on the dimensionality of the classes. The
following theorem describes the precise correspon-
dence16.
Theorem 1 (Asymptotic MICL Wright et al.
(2007)) Let some training samples {(xi, yi)}mi=1 ∼
pX,Y (x, y) be i.i.d. with µ .

= E[X|Y = j], Σj
.
=

Cov(X|Y = j)17. As m → ∞, the MICL crite-
rion coincides (asymptotically, with probability ap-

16For detailed proof, refer to Appendix A of Wright et al.
(2007).

17Assume that the first and second moments of the condi-
tional distributions exist.

proaching certainty) with the decision rule

ŷ(x)
.
= arg max

y=1,...,K
LG
(
x|µj , Σj +

ε2

n
I
)

+ lnπj +
1

2
Dε(Σj), (24)

where LG(·|µ, Σ) is the log-likelihood function for a
N (µ, Σ) distribution18 and Dε(Σj)

.
= tr

(
Σj(Σj +

ε2

n I)
−1
)
is the effective dimension of the j-th model,

subject to a maximum distortion ε2.
This theorem shows that as the sample count

tends to infinity, MICL generates a family of map-
like classifiers, each parameterized by the distortion
ε2. Moreover, it should be noted that when all distri-
butions are non-singular (e.g. their covariance ma-
tricesΣj are non-singular) then limε→0

(
Σj+

ε2

n I
)
=

Σj , and limε→0Dε(Σj) = N , which is constant for
all classes. Thus, in the case of non-singular data
with ε = 0, asymptotic decision boundaries created
by MICL will include the conventional MAP clas-
sifier (6). This means that if a rule for choosing
the distortion ε2 given a finite number of samples
has the behaviour that ε → 0 as m → 0 and ε(m)

does not decrease too quickly, then the useful lim-
iting behaviour described in Eq. (24) will dominate.
Thus ŷ(x) will converge to the asymptotically opti-
mal MAP criterion.

Theorem 1 is only strictly valid as m → ∞. It
does not make it clear whether one should expect
to observe such behavior in real life. The following
result 19 shows that the MICL discriminant func-
tions, δLε(x, j) converge quickly to their limiting
form, δL∞ε (x, j):
Theorem 2 (MICL Convergence Rate Wright et al.
(2007)) As the number of samples m → ∞, the
MICL criterion (21) converges to its asymptotic
form, Eq. (24). The rate of convergence is m−1/2.
Assuming that the fourth moments E[‖x − µ‖4] of
the conditional distributions exist, the probability is
at least 1−α, |δLε(x, j)− δL∞ε (x, j)| ≤ c(α) ·m−1/2
for some constant c(α) > 0.

18This criterion’s form has a Gaussian log-likelihood. How-
ever, it works for any second-order pX,Y , making no assump-
tion of Gaussian properties. Nonetheless, it is not a good
idea to directly apply MICL with coding length (Eq. (22))
to complicated multi-modal distributions, since this will of-
ten lead to poor classification performance. In Section 4.3,
the reader can find a discussion about how MICL could be
modified for arbitrary data distributions.

19Proven in Appendix B of Wright et al. (2007).
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This theorem also shows that as the covari-
ance becomes more singular, the constant c becomes
smaller. This suggests that the highest convergence
speed would occur when the distributions are nearly
singular.

4.2.2 Improving on MAP

The sections above show that, in its asymptotic
form, the MICL criterion (24) is equivalent to the
MAP criterion. However, in the case where the
sample count is finite or the distributions are singu-
lar, the MICL criterion behaves differently from the
MAP criterion, resulting in significantly improved
performance.
Regularization and Finite-Sample Behavior:
Consider the asymptotic MICL criterion (24). Re-
call that its first two terms share a similar form with
the MAP criterion, having a N (µj , Σj +

ε2

n I) dis-
tribution and prior πj . This can be thought of as
having a regularizing or softening effect on the dis-
tribution, to the extant of ε2

n on each dimension.
This has an important flow-on effect. The associated
MAP decision rule becomes well-defined, even with
a true data distribution which is almost singular. In
fact, Wright et al. (2007) showed empirical evidence
that even with non-singular distributions an appro-
priately chosen ε could lead to Σ̂+ ε2

n I giving a more
stable finite-sample estimate of the covariance. The
happy result of this of course is a reduction in classi-
fication errors.
Dimension Reward: The asymptotic MICL cri-
terion (24) contains an effective dimension term
Dε(Σj). This can be rewritten as Dε(Σj) =∑n
i=1 λi/(

ε2

n + λi), where λi is the ith eigenvalue
of Σj . An important feature of this is that the data
distribution inhabits a perfect subspace of dimen-
sion d, e.g. λ1, . . . , λd � ε2

n and λd+1, . . . , λn � ε2

n .
This means that D⊥ will lie very close to d. In
fact, D can be thought of as a “softened” estimate
of the dimension, relative to the distortion ε2. Writ-
ing from the perspective of ridge regression, Hastie
et al. (2001) refer to this as the “effective number of
parameters”. This means that the MICL criterion
yields greater reward for distributions of a relatively
higher dimension. However, one should note that
the regularization induced by ε has a strong “reward”
for lower-dimensional distributions. This somewhat
counteracts the high-dimensional “reward” from the
asymptotic MICL criterion.

4.3 Kernel Implementation for Arbitrarily
Distribution

The previous section considered the MICL crite-
rion in the context of a Gaussian distribution or dis-
tributions. The analysis showed many useful prop-
erties in that case. However, a Gaussian distribu-
tion is often not the case in the real world. In fact,
it is pretty rare to even know the general shape of
the underlying distribution. If one knew beforehand,
one could always carry out another analysis, similar
to the one above with Gaussians, to reveal how the
MICL criterion behaves in that case. But since this
is also not realistic, this subsection will introduce a
practical method for modifying the MICL criterion
to work with arbitrary distributions. Moreover, the
modified method continues to preserve the desirable
properties introduced above.

Given that XX T and X TX contain the same
non-zero eigenvalues, one can derive the following
identity:

log2 det
(
I +

n

ε2m
XX T

)
=

log2 det
(
I +

n

ε2m
X TX

)
. (25)

It is therefore possible to execute the coding
length function (22) using only the inner products
between the samples. If the samples x for each class
are not drawn from a Gaussian distribution, but it
is possible to obtain a nonlinear map ψ : Rn → H
that can create transformed sample data ψ(x) that
is roughly Gaussian, it is then possible to swap out
the inner product xT1 x2 with a new one k(x1,x2)

.
=

ψ(x1)
Tψ(x2). This function k(x1,x2) is symmetric

positive definite and is referred to in the statistical
learning literature as a “kernel function”20. If one
chooses an appropriate kernel function, is is possible
to achieve superior classification accuracy with some
classes of non-Gaussian distribution. The two most
popular kernels in practice are the polynomial kernel
(k(x1,x2) = (xT1 x2 +1)d) and the radial basic func-
tion (RBF) kernel (k(x1,x2) = exp(−γ‖x1−x2‖2)),
as well as many variants thereof. By swapping xT1 x2

with k(x1,x2), the classification operation on the
test sample x now works by assigning x to the
class that will incur the smallest possible number
of additional bits needed to code ψ(x) jointly with

20Refer to Mercer’s theorem to discover the conditions
under which k(·, ·) would be considered a kernel function.
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ψ(x1) . . . ψ(xm)21.
Comparison to SVM: In many ways, the trans-
formation described above can be seen as similar to
SVM, when generalized to nonlinear decision bound-
aries Bishop (2006); Hastie et al. (2001). If one con-
siders SVM’s reliance on “support vectors” (nearby
samples used to define the shape of the classifica-
tion hypersurface), the similarity can be found in
the other direction as well, with SVM being consid-
ered as another lossy compression approach to clas-
sification. However, this comparison reveals SVM’s
shortcomings when dealing with degenerate data on
low-dimensional subspaces or submanifolds. In this
case, the set of support vectors used to define the de-
cision hypersurface must comprise all or almost all
of the training data. This is often less efficient than
using MICL to go directly to the low-dimensional
structures for classification. Moreover, the kernel-
ized version of MICL is a much simpler approach
than SVM. While SVM constructs a linear classi-
fication hyperplane in the kernel space, MICL can
often directly exploit details of the embedded data
structures.

4.4 Summary

• This section described a new classification crite-
rion based on lossy data compression, called the
minimum incremental coding length (MICL) cri-
terion. It established the asymptotic optimality
of MICL for Gaussian data. MICL generates a
family of classifiers, which can be likened to clas-
sical techniques such as MAP and SVM. These
classifiers extend usefulness of these more classic
techniques into the realm of sparse or singular
high-dimensional data.

• In Section 3, lossy coding length was introduced
as a suitable objective function when clustering
or segmenting data. Moreover, Algorithm 1 de-
scribed a simple but surprisingly efficient greedy
method for segmenting data drawn from a series
of Gaussian generating models or linear sub-
spaces.

21Furthermore, Appendix C in Wright et al. (2007)
describes “Efficient Implementation in High Dimensional
Spaces”. Appendix D in the same paper considers the mean
and dimensionality of the transformed data and accounts for
it to ensure that the discriminant functions are well-defined,
and still correspond to a proper coding length.

• Wright et al. (2007) showed that the MICL cri-
terion and its kernelized version performed com-
petitively in the practical area of computer vi-
sion problems. In fact, it was nearly optimal in
the face recognition area. These results were ob-
tained without any domain-specific engineering.
They further suggest that MICL’s performance
is due to its ability to automatically exploit low-
dimensional structures in high-dimensional (im-
agery) data for classification purposes.

5 Learning Useful Representations via
MCR2

5.1 Measure of Compactness for a Represen-
tation

Recall that Section 1.4.2 described three de-
sirable properties for a latent representation z:
Discriminative Between-Classes,Within-Class Com-
pressibility and Maximally Diverse Representation.

These may be highly desirable, but are not easy
to obtain. It is not even clear that the properties
are mutually compatible and can all be achieved si-
multaneously. Even if they are, is it possible to find
a simple object that be used to measure the qual-
ity of candidate representations against these three
properties? To do so, it would be necessary to find a
way to measure the compactness of a distribution of
a random variable z from a finite set of samples Z:

• The measure would need to be able to accurately
characterize the intrinsic statistical and geomet-
ric properties of the distribution, with reference
to its intrinsic dimension and volume.

• The measure would need to not explicitly de-
pend on the class labels associated with the
data. This would allow it to be useful in all
settings, including supervised, self-supervised,
semi-supervised and unsupervised settings.

5.1.1 Low-dimensional degenerate distributions

Information theory provides entropy H(z) as a
candidate measure. However, entropy does not fit
the bill, since it is not well-defined for continuous
random variables with degenerate distributions22.

22The same difficulty applies to the use of mutual informa-
tion I(x,z) for degenerate distributions.
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Fortunately, Cover and Thomas (2006) already
proposed rate distortion, which was covered in more
detail back in Section 2.1 about lossy data compres-
sion. This can be used to measure “compactness”.
Recall that rate distortion R(z, ε) is the minimum
number of bits needed to encode the random vari-
able z with an expected decoding error less than ε.
MacDonald et al. (2019) have shown how rate distor-
tion can be used to explain feature selection within
deep networks. However, the computation of the rate
distortion for a random variable is computationally
intractable, except in the case of simple distributions
such as Gaussian or discrete.

5.1.2 Rate distortion with finite samples

In the practical domain where there are only a
finite number of samples, it often not possible to
know the distribution of z. This makes evaluat-
ing the coding rate R very difficult. What is avail-
able is a finite number of samples X = [x1, . . . ,xm]

with learned representations zi = f(xi, θ) ∈ Rd, i =
1, . . . ,m. Fortunately, Ma et al. (2007) described
a way to precisely estimate the bit count required
to encode a finite number of samples drawn from a
subspace-like distribution. The number of bits re-
quired to encode the learned representations Z =

[z1, . . . ,zm] to a maximum distortion of ε can be
calculated with the following formula23: L(Z, ε) .

=(
m+d
2

)
log det

(
I + d

mε2ZZ
>). This shows that it is

possible to measure the compactness of the learned
features on the whole in terms of the average cod-
ing length for each sample, since the samples size m
is large. Thus, the coding rate subject to the max
distortion ε:

R(Z, ε)
.
=

1

2
log det

(
I +

d

mε2
ZZ>

)
. (26)

5.1.3 Rate distortion of mixed distribution data

One common property of multi-class data fea-
tures Z is that they tend to belong to multiple
low-dimensional subspaces. Thus, it is often more
easy to first partition the data into multiple subsets
Z = Z1 ∪ · · · ∪ Zk, each corresponding to a low-
dimensional subspace, making sure that the coding

23One can obtain this formula by packing ε-balls into the
space spanned by Z or by computing the bit count necessary
to quantize the SVD of Z to that degree of precision. See
the work by Ma et al. (2007) for proofs.

rate (26) is accurate for each subset. After that, it
becomes much easier to evaluate the rate distortion
of the overall dataset.

Consider a set of diagonal matrices whose en-
tries encode the membership of m samples into k

classes Π = {Πj ∈ Rm×m}kj=1
24. Ma et al. (2007)

showed that the average bit count per sample (the
coding rate) would be

Rc(Z, ε |Π)
.
=

k∑
j=1

tr(Πj)

2m
log det

(
I +

d

tr(Πj)ε2
ZΠjZ

>
)
. (27)

Take note that given Z, Rc(Z, ε | Π) is a con-
cave function of Π. Fazel et al. (2003) showed that
this makes the function log det(·) an effective heuris-
tic for use in rank minimization problems, providing
guaranteed convergence to a local minimum. Since
log det(·) characterizes the rate distortion of Gaus-
sian or subspace-like distributions very well, it can be
most effective in clustering or classification of mixed
data Ma et al. (2007); Wright et al. (2007); Kang
et al. (2015).

5.2 Criterion ofMaximal CodingRateReduc-
tion

When considering learned features and their
utility in discriminating during classification tasks,
one would look for two properties. On the one hand,
features of different classes or clusters should be max-
imally incoherent relative to each other. Taken to-
gether, they should span the largest possible volume.
Thus the coding rate for the entire set Z should be
tend to be very large.

Contrariwise, the learned features from within
the same class or cluster should enjoy a high degree
of correlation and be mutually coherent. This means
that each class or cluster should only span a space
or subspace of the smallest possible volume, making
the coding rate of the the subset for that class tend
to be as small as possible.

This means that a good representation Z of X
should satisfy both conditions. A partition Π of Z
should have the largest possible difference between
the coding rate for Z and the coding rate for all the

24Each diagonal entry Πj(i, i) in Πj corresponds to the
probability of sample i being part of to subset j. This means
thatΠ lies in a simplex: Ω .

= {Π |Πj ≥ 0, Π1+· · ·+Πk =

I}.
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subsets:

∆R(Z,Π, ε)
.
= R(Z, ε)−Rc(Z, ε |Π). (28)

Consider the case where the feature mapping
z = f(x, θ) is implemented with a deep neural net-
work. In that case, the relation between the learned
representations and the rate reduction with respect
to a given partitionΠ is shown in the following dia-
gram:

X
f(x,θ)−−−−−−→ Z(θ)

Π,ε−−−−→ ∆R(Z(θ),Π, ε). (29)

Note that ∆R is monotonic when taken on the
scale of the features Z. This means that to make
the reduction amount comparable between different
representations25, it is necessary to normalize the
scale of the learned features. One way to do this
is to apply the Frobenius norm of each class Zj to
scale with the number of features in Zj ∈ Rd×mj :
‖Zj‖2F = mj . Another very common method is to
normalize each feature to the unit sphere: zi ∈ Sd−1.
This formulation neatly explains the need for batch
normalization Ioffe and Szegedy (2015) when train-
ing deep neural networks. A further method for nor-
malizing the scale of the learned representations is to
ensure that the mapping of each layer of the network
is approximately isometric Qi et al. (2020).

Having made the representations mutually com-
parable, the next goal would be to learn a set of
features Z(θ) = f(X, θ) and their partition Π (if
not given in advance) that maximize the difference
between the coding rate overall and the sum of the
coding rates for each class:

max
θ,Π

∆R
(
Z(θ),Π, ε

)
= R(Z(θ), ε)−Rc(Z(θ), ε |Π),

s.t. ‖Zj(θ)‖2F = mj , Π ∈ Ω. (30)

This will be referred to hereafter as the Maxi-
mal Coding Rate Reduction (MCR2) criterion. An
interesting aside is that when it comes to clustering,
only the sign of ∆R is needed to decide whether to
partition the data. This fact is taken advantage of
in the greedy Pairwise Steepest Descent Algorithm 1
in Section 3.226.

25A “different representation” of the same original sample
might be obtained from a separate network or from another
layer of the same network.

26When clustering a finite number of samples, it is impor-
tant to use the more precise measurement for coding length
that was mentioned earlier. Ma et al. (2007) provide more
details.

Relationship to information gain: MCR2 can be
seen as a generalized form of Information Gain (IG).
IG aims to maximize the reduction of entropy of a
random variable, for example z, w.r.t. an observed
attribute, say π: maxπ IG(z,π)

.
= H(z)−H(z | π),

This is a measurement of the mutual information
between z and π Cover and Thomas (2006).

This maximal information gain technique is
widely applied with decision trees and other areas.
However, MCR2 is used differently in several ways:

1. When the class labels Π are known, MCR2

focuses on learning representations z(θ) rather
than fitting labels.

2. In traditional settings of IG, the number of at-
tributes in z cannot be so large and their val-
ues are discrete (typically binary). In this case,
the “attributes” Π represent the probability of
a multi-class partition for all samples. Their
values can even be continuous.

3. As mentioned above, entropy H(z) and mutual
information I(z,π) Hjelm et al. (2018) are not
well-defined for degenerate continuous distribu-
tions. On the other hand, the rate distortion
R(z, ε) can be accurately and efficiently com-
puted for (mixed) subspaces.

5.3 Properties of MCR2

The MCR2 criterion (30) is theoretically very
generalizable. It should be applicable to representa-
tions Z of any distribution with any attributes Π,
providing the rates R and Rc for the distributions
can be evaluated accurately and efficiently. The op-
timal representation Z∗ and partitionΠ∗ have some
interesting properties. Yu et al. (2020) describe sev-
eral useful properties of Z∗ in the special case of sub-
spaces – a case very important to machine learning.
When the desired representation for Z is multiple
subspaces, the rates R and Rc in Eq. (30) are given
by (26) and (27), respectively.

At the maximal rate reduction, MCR2 achieves
optimal representation, denoted as Z∗ = Z∗1 ∪ · · · ∪
Z∗k ⊂ Rd with rank(Z∗j ) ≤ dj . Z∗ has the following
desired properties27.
Theorem 3 (Informal Statement Yu et al. (2020))
Suppose Z∗ = Z∗1 ∪ · · · ∪ Z∗k is the optimal solu-

27See Appendix A (especially A.5) in Yu et al. (2020) for
a formal statement and detailed proofs.
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tion that maximizes the rate reduction, as described
in (30). The following properties hold:

• Discriminative Between Classes: If the ambient
space is large enough (d ≥

∑k
j=1 dj), the sub-

spaces will all be orthogonal to each other, i.e.
(Z∗i )

>Z∗j = 0 for i 6= j.

• Maximally Diverse Representations: As long
as the coding precision is high enough (ε4 <

minj

{
mj

m
d2

d2j

}
), each subspace achieves its max-

imal dimension, i.e. rank(Z∗j ) = dj . In addi-
tion, the largest dj − 1 singular values of Z∗j are
equal.

Put another way, the MCR2 criterion encour-
ages the data to become embedded into indepen-
dent subspaces. The features of the data tend to be
isotropic within the subspace. Moreover, the MCR2

criterion is eager to use any dimensional space avail-
able to it, with embeddings tending to use the highest
number dimensions as possible within the ambient
space. This is marked difference from the IB objec-
tive (9).

Fig. 3 Two representations learned via reduced rates
Z and Z′. R is the total number of ε-balls packed
into the joint distributions. Rc is the number of ε-
balls (green) in the subspaces. ∆R is the difference -
the blue balls. The MCR2 criterion Yu et al. (2020)
encourages Z.

Comparison to the geometric OLE loss: The
Orthogonal Low-rank Embedding (OLE) loss was pro-
posed by Lezama et al. (2018) as a way of encourag-
ing the de-correlation of the class features of different
classes. Their idea was to try and maximize the max-
imum ∆R, the difference between the nuclear norm
of the whole distribution, Z, and its subsets, Zj .
Formally put,

max
θ

OLE(Z(θ),Π)
.
= ‖Z(θ)‖∗ −

k∑
j=1

‖Zj(θ)‖∗.

(31)

They proposed that this loss could be a regularizer to
be used alongside the cross-entropy loss, see Eq. (8).

In Eq. (31), ‖ · ‖∗ refers to the nuclear norm, a
non-smooth convex surrogate for low-rankness. Of
course, the non-smoothness poses difficulties when
trying to use gradient descent to learn features.
log det(·), on the other hand, is smoothly concave.

OLE is always negative, achieving a maximum
value of 0 in the case where all subspaces are orthog-
onal. It pays no attention to dimensions. Comparing
with ∆R, the OLE loss serves as a geometric heuris-
tic and does not promote diverse representations.
Quite the opposite, in fact. OLE usually promotes
the learning of single-dimensional representations for
each class. This is in stark contrast to MCR2, which
encourages the learning of subspaces with maximal
dimensions.
Relation to contrastive learning: Contrastive
Learning is a technique aimed at building good fea-
ture representations by ensuring that representations
of samples from different classes are very different
from each other, while representations of samples
from the same classes are very similar Hadsell et al.
(2006); Oord et al. (2018); He et al. (2020). More-
over, this technique can be used even in the absence
of class labels. Consider drawing a randomly chosen
pair of samples (xi,xj) from a dataset X with K

classes. The probability that the samples are from
the same class is 1/K. Thus, as the number of classes
increases, the chance that two randomly drawn sam-
ples are from separate classes approaches certainty.

However, for contrastive learning to work, a use-
ful metric of “distance” between learned representa-
tions must be found. Using rate reduction one could
say that, given a pair of sample representations Zi
andZj ,∆Rij = R(Zi∪Zj , ε)− 1

2 (R(Zi, ε)+R(Zj , ε))

is just such a distance metric. It is then just a matter
of increasing the distance between pairs (since they
likely belong to different classes). Theorem 3 states
that the averaged rate reduction ∆Rij is maximized
when features from different samples are uncorre-
lated Z>i Zj = 0 (see Figure 3). Moreover, when
comparing two different representations of the same
underlying sample28, the features should be highly
correlated, thus reducing the distance between them.

Thus, MCR2 proves itself to a be a very natural
fit for contrastive learning. Moreover, MCR2 can be

28This can be done by using multiple random augmenta-
tions.
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used with more than a pair of samples. In fact, it
can be scaled to increase or decrease the distance
between an arbitrary number of representations, as
long as they are likely from different (or the same)
class.

5.4 Summary

• This section introduced Maximal Coding Rate
Reduction (MCR2), an information-theoretic
measure that can maximize the coding rage dif-
ference between an entire dataset and the sum
of its individual classes.

• This section described MCR2’s relationship
with a host of similar concepts, including Con-
trastive Learning, Information Gain, Cross-
Entropy and OLE. It further discussed the theo-
retical guarantees (Theorem 3) that it will learn
diverse and discriminative features.

• This section showed how the coding rate can
be calculated from practical data consisting
of finite datasets with potentially degenerate
subspace-like distributions. It can learn intrin-
sic representations in a host of settings including
supervised, semi-supervised, unsupervised and
self-supervised.

6 Conclusion Remarks

6.1 Segmentation viaMinimum Lossy Coding
Length

Section 1.2 introduced the concept of segment-
ing or clustering multi-subspace data using the rate-
distortion principle and the measurement of mini-
mum lossy coding length. This technique sought to
find the shortest encoding length for data, subject to
a certain acceptable level of distortion. This was to
allow for the optimal segmentation of mixed Gaus-
sian and subspace-like data.

Other estimates, including LMDL, LML, MDL
and ML were also discussed in comparison to the
minimum lossy coding length. These were shown to
be optimal only in the theoretical case where there
was an infinite number of i.i.d. samples from a given
class distribution – the asymptotic case.

Minimum lossy coding length was shown to
be more suitable to real-world situations, with fi-
nite (and often quite small) numbers of data sam-

ples available, approximating an (often degenerate)
Gaussian source. The technique was shown to be
able to give a tight upper bound in both determinis-
tic and probabilistic segmentation settings29.

In Section 3.2, this technique was further de-
veloped with the introduction of an efficient data-
driven bottom-up algorithm (Algorithm 1), which
was shown to have the following features:

• A physically meaningful quantity, e.g. binary
bits, can be measured to evaluate the gain or loss
of segmentation. Moreover, an explicit formula
exists for evaluating the coding rate or coding
length, which allows one to judge the suitability
of a segmentation. Given that ability, it then
possible to investigate the effect of varying the
distortion.

• The algorithm requires no initialization or previ-
ous knowledge of the underlying Gaussian mod-
els or subspaces. Instead, it is a greedy algorithm
that operates by iteratively merging small sub-
sets into larger ones, each time attempting to
improve its score.

• The algorithm exhibits polynomial scaling in
both number of samples and data dimension. So
long as the distortion is reasonable in compari-
son to the sample density, it is likely to converge
on the optimal solution. And it is very robust
to both distortions, noise and outliers.

This technique has great potential for further
extension into other ares, such as detection, classifi-
cation and recognition. Moreover, its segmentation
ability may be further applicable with other types of
structures, such as non-Gaussian probabilistic dis-
tributions and non-linear manifolds. Extending the
efficiency and speed of the greedy algorithm is ex-
pected to be a fruitful direction of future research.

6.2 Classification via Minimum Incremental
Coding Length

Section 1.3 introduced the concept of the Mini-
mum Incremental Coding Length (MICL), described
in Criterion 1. This attempts to assign new test sam-
ples to whichever class can be shown to require the

29Ma et al. (2007) proved that deterministic segmentation
is approximately asymptotically optimal. See Section 4.2 of
their paper.
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smallest increase in bit count to code the sample,
subject to an allowable distortion level.

Section 4.2 showed the asymptotic optimality
of the MICL criterion with Gaussian distributions.
MICL was also compared to MAP (4.2.2) and SVM
(Section 4.3) and the relationships analysed. MICL
was shown to extend the working conditions of these
other more classic approaches and apply them to sit-
uations where the distribution is singular in a high-
dimensional space or the sample set is sparse. When
applied to a classifier (Algorithm 2), there were sev-
eral positive traits:

• MICL shows a regularization effect on the den-
sity estimate when dealing with a small number
of samples. Theorem 1 showed that MICL is
equivalent to the regularization version of MAP
or ML in the asymptotic case. However, MICL
has a rewards effect on relatively higher dimen-
sional distributions. Theorem 2 showed that
MICL’s convergence becomes even better when
the distribution is closer to singular.

• MICL can be applied in practice with very lit-
tle pre-processing or engineering of the data to
be classified. This is because MICL has been
shown to be able to automatically exploit low-
dimensional data structures lurking within high-
dimensional data.

6.3 Representation via Maximal Coding Rate
Reduction

Section 1.4.2 introduced the the criterion of
Maximal Coding Rate Reduction (MCR2). This is an
information-theoretic measure that sought to maxi-
mize coding rate difference between encoding an en-
tire dataset versus the sum of encoding each class-
specific subset of the dataset. This was shown to be
able to identify the intrinsic low-dimensional struc-
tures existing within high-dimensional data that
can best be used to discriminate between different
classes, this being very useful as part of clustering
and classification of data. The following points were
covered:

• Existing frameworks, including Constrastive
Learning, Cross-Entropy, Information Gain and
OLE loss, were examined and their relationship
with MCR2 explored. Theorem 3 was intro-
duced, which provided theoretical guarantees

about the learning of diverse and discriminative
features.

• MCR2 was shown to useful in a large number of
settings, including supervised, semi-supervised,
unsupervised and self-supervised contexts.

• MCR2 was shown to be able to accurately com-
pute the coding rate with finite samples from
degenerate subspace-like distributions. The cri-
terion was demonstrated with mixed subspaces
and shown to be extendable to any arbitrary
mixed distributions or structures.

• MCR2 provides good explanations for the utility
of many existing frameworks and heuristics used
throughout the deep learning literature.

• There is still a lot of room for future research,
including questions such as: (i) Why is it ro-
bust to label noises in the supervised setting?
(ii) Why are features self-learned with MCR2

alone are effective for clustering? Much work
has been done recently Zhang et al. (2021); Li
et al. (2022); Tong et al. (2022), including at-
tempts to make MCR2 more computationally
efficient Baek et al. (2022).

MCR2 has great potential to provide a princi-
pled and practical objective for many deep learning
tasks. It may lead to better deep learning architec-
tures and new understanding of the theory behind
training tasks. It even provides the chance to anal-
yse a deep learning stack as a “white-box”, for exam-
ple by monitoring the amount of rate reduction ∆R
gained in each layer of a deep network Chan et al.
(2021).
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