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Abstract

Federated Learning (FL) aims to foster collaboration among a population of clients to
improve the accuracy of machine learning without directly sharing local data. Although
there has been rich literature on designing federated learning algorithms, most prior works
implicitly assume that all clients are willing to participate in a FL scheme. In practice,
clients may not benefit from joining in FL, especially in light of potential costs related
to issues such as privacy and computation. In this work, we study the clients’ incentives
in federated learning to help the service provider design better solutions and ensure clients
make better decisions. We are the first to model clients’ behaviors in FL as a network effects
game, where each client’s benefit depends on other clients who also join the network. Using
this setup we analyze the dynamics of clients’ participation and characterize the equilibrium,
where no client has incentives to alter their decision. Specifically, we show that dynamics
in the population naturally converge to equilibrium without needing explicit interventions.
Finally, we provide a cost-efficient payment scheme that incentivizes clients to reach a desired
equilibrium when the initial network is empty.

1 Introduction

Federated Learning (FL) is a distributed learning paradigm that enables a network of clients
(e.g., mobile devices, hospitals) to jointly learn a model without sharing their private local
data McMahan et al.|[2017], Kairouz et al. [2021]. In real-world applications, the performance
of the model on a particular client may not be improved through federation due to heterogeneity
in the data generated by federated networks |Li et al., [2021]. Moreover, even if a particular
client has improved model utility on their local data by joining FL training, they may suffer from
costs induced by joining the federated network. For example, the communication or latency in
FL may affect the quality of clients’ user experience and the clients may suffer some privacy
costs for sharing sensitive information. Understanding client incentives in FL is crucial for the
service provider to design better solutions and for each client to make better decisions.

There is growing literature on incentive mechanisms in federated learning. Most of these
works aim to study how to combine the data from all the clients to achieve a low error rate and
ensure fairness for participating clients. However, these works are often based on a common
assumption that all clients are willing participants who will join the federated network in order
to achieve different learning goals (e.g., minimize the sample complexity [Blum et al. 2021],
learn coalition structures [Donahue and Kleinberg), |2021c], etc.) In practice, rational clients can
decide to either opt-in or opt-out of federated training based on their utility gain and cost as
the network grows over time. The formal study of such a dynamic has not been captured in
prior works studying incentives in federated learning.



Understanding how incentives change in response to varying client participation is essential
for the successful development of incentive mechanisms in federated learning. In this work, we
propose to model the clients’ behaviors in FL through the lens of network effects games [Katz
and Shapiro, 1985, [Shapiro and Varian, 2008]. A network effects game models the benefit of
each individual after aligning their behavior with the behaviors of other people in a coalition.
This participation game closely relates to the client’s behavior in FL where joining the federated
training improves the utility compared to only training a model on local data. Traditionally,
network effects games have not been looked at in the context of FL or more broadly, data
sharing. Existing work in FL typically models client participation as a one-time game where
the clients arrive and make decisions once before leaving. We instead focus on modeling the
dynamic of client participation in a setting where (1) each client incurs a cost while joining
the network, and (2) each client is willing to join the network if and only if their utility gain
outweighs the cost. The goal of our network effects analysis is to find an equilibrium where no
client has an incentive to alter their decision.

Based on such a formulation, we consider two settings: (1) a simple and stylized mean
estimation problem (Section [4]) and (2) a general setting that requires an oracle reporting the
true utility of being in a coalition to all clients (Section. For each setting, we fully characterize
the dynamics of the client participation game under the network effects model. A key feature of
FL is that clients’ utility of joining depends on the number of participants/data points. Since
different clients may have different utilities and costs, it may be easier to gradually incentivize
participation over time. For example, we may first target the clients who have lower costs and
are more willing to join, and their participation will increase other participants’ willingness to
join, and so on. Based on this characterization, we design a cost-effective payment scheme that
gradually targets a subset of clients over time to reach a desirable equilibrium in Section [} We
summarize our contributions below:

e We propose to model the clients’ behaviors in a dynamic federated learning setting as a
network effects game, in which clients’ utilities depend on the number of participants. We
want to find the self-fulfilling expectation equilibrium in FL, when the outcome of the clients’
best-response strategy matches the shared expectation.

o We characterize all self-fulfilling expectation equilibria of the federated network effects game
in a mean estimation problem and when there exists an oracle broadcasting the true utility
of joining the coalition to all clients.

e We show that as clients continually best respond to public information, their dynamics nat-
urally converge to an equilibrium where no clients have incentives to alter their decision.

e Finally, we provide a cost-efficient payment scheme that incentivizes clients to reach a desired
equilibrium. Our result shows that for the dynamic to converge to a higher point, the server
only needs to give payment until the coalition has reached a tipping point.

2 Related work

Incentives in federated learning. Prior works that study incentive mechanisms in the
context of federated learning typically aim to encourage clients to join in training in a one-time
setting. Here we list the most relevant works, and defer readers to [Tu et al., 2022] for a more
comprehensive discussion of work in the area. Works on collaborative learning such as [Blum
et al.|[2017], [Haghtalab et al. [2022] describe the approach of handling heterogeneous data to
learn a common concept by iteratively gathering more data. For the application of federated
learning, Donahue and Kleinberg [2021cia,b| analyzes the coalition structure for federated mean
estimation and linear regression problems using hedonic game theory, and (Cho et al. [2022]
proposes a new FL objective that aims at increasing the number of incentivized clients. Our



method differs from the above works in that apart from utility gain, our work considers the cost
of joining the federated network as a factor that can dynamically affect client behavior.

More related are the works of Blum et al.| [2021], which analyzes a framework for incentive-
aware data sharing in FL under the notion of envy, and Karimireddy et al.| [2022], which
introduces an accuracy-based algorithm to maximize the amount of data contributed by each
client to learn their local mean parameter. While these two works share some similarities
with ours in that they encode some form of joining cost, our method focuses on studying the
dynamics of the population and analyzing the equilibrium when clients best respond to public
information.

Finally, we note that the use of financial incentives as a means of motivating clients has been
a topic of extensive research. Various economic approaches have been proposed to monetarily
incentivize participation, e.g., via auctions/reversed auctions [Kim, 2020, 'Thi Le et al [2021],
contract theory approaches Saputra et al.| [2020], public good approaches Tang and Wong| [2021].
Our work adds a new perspective to this area by studying how participation changes over time
and considering payments only at tipping points of the dynamic.

Network effects. Our work draws inspiration from literature on network effects games [e.g.,
Katz and Shapirol 1985, [Shapiro and Varian), 2008, Easley and Kleinberg, 2010], where the
utility of a client using a service depends on the number of other clients participating in the
same service. This effect is often positive, as clients gain more utility from others joining the
network. In our model, we consider accuracy improvement from having more data in a coalition
as a natural incentive mechanism: As clients join the FL process, they expect to obtain a more
accurate estimator from the combined data of all clients in the coalition. To the best of our
knowledge, we are the first to model network effects in FL in this manner, and our work is
the first to study the behavior of rational clients in FL. under the network effects model. In
formulating and analyzing this dynamic perspective on client incentives, we hope that our work
can lead to future study and development of FL incentive mechanisms that more closely mirror
practical FL applications.

3 Problem Formulation and Preliminaries

In this section, we first introduce the setup of our federated learning problem. We then charac-
terize the incentive and utility gain for each client from joining the federated learning process
and their interaction with the server. Finally, we propose a general framework of federated
learning as a dynamic network effects game.

3.1 Learning Problem Formulation

We consider a federated learning setup where there are M clients in the population who want
to solve a common learning problem. For each client i € [M], we assume that they want
to minimize their loss function given by f;(w) = E¢op,[6(w,§)], where D; is the target data
distribution of client ¢, and ¢(w,¢) is the loss function for a model w for data sample . There
are two possibilities: all clients share a target distribution D; = D, e.g., global mean estimation,
and when clients have different target distribution D;, e.g., personalized local mean estimation.
In practice, each client only has access to its local training dataset with n; data point sampled
i.i.d from data distribution D;.

Client Incentive and Utility Gain. The goal of each client 7 is to find a model w; that
minimize its true loss function, i.e., wi = argminy f;(w). We assume that each client will
perform local training on their own dataset to obtain a local model w;. Since the local dataset
has a small size, the local model w; might not generalize well to the target distribution D;.



Hence, a client would consider participating in the federated learning process if the federated
model gives a better generalization performance compared to its local model. We define the
expected utility gain of joining a coalition S for a client 7 as the difference between the true loss
using the local model w; and the federated model wg on the target distribution D;:

Ui = Ep,[fi(ws) — fi(W;)]

Bayesian priors. We assume each client ¢ has a Bayesian belief about a model’s true loss as
a function of the number of samples used in the model. That is, given the local sample size
and the coalition size, each client ¢ can infer the losses f;(W;) and f;(wg). Hence, given the
shared expectation K, the clients have some belief about their expected utility gain for joining
the coalition. When the clients’ belief exactly matches the actual utility gain of joining, this
belief is equivalent to the clients observing the true utility from an oracle.

Personal cost. If a client 7 in the population decides to join the coalition, they will incur some
fixed cost ¢; > 0. This cost ¢; contains the enrollment and communication cost of joining the
coalition. The cost may also represent the privacy loss for the client 7 from revealing information
about their local data to the server. For example, a server can charge each participating hospital
a fixed fee for using the shared model. At each time step, each hospital needs to communicate
with the server to update its knowledge base and decide to either opt-in or opt-out. Finally, due
to the sensitive nature of medical data and how each individual model is trained, the hospitals
will also incur some privacy loss for sharing their model with the server.

Interaction between clients and server. Given a coalition S, a client has to decide whether
to join the coalition or use only their local data. We assume that if the utility gain from joining
the coalition is less than the personal costs for a client ¢ € [M], then client ¢ would not join the
coalition. That is, given a coalition S and a client i € [M] with cost ¢; where U; > ¢;, then
client ¢ would opt in the federated learning process. Otherwise, if the utility gain is less than
that of the personal cost ¢;, then client ¢ would opt out of the federated learning process.

3.2 FL as Dynamic Network Effects Game

We model the dynamic of the population in federated learning as a network effects game.
Whenever all clients in the population share an expectation that K samples are in the coalition,
each client ¢ € [M] can calculate their expected utility gain as a function of K, i.e., U; = U;(K)
and compare it to their cost ¢;. After a coalition is formed, all clients in the population can
observe the actual number of samples h(K) in the coalition and update their shared expectations
for the next time step. Formally, we describe the participation decision of the clients at each
time step in Algorithm [I We define the realization mapping between the shared expectation
K and the actual outcome in the coalition as h : Z* — Z™, i.e., if the shared expectation is K,
then the actual outcome in the coalition is h(K).

As a result, clients can compute their utility gain according to the new expectation and
decide to either stay/join the coalition or leave. For example, if there are more samples in
the coalition than expected, i.e., h(K) > K then the utility gain from joining increases. As
a result, some new clients now have positive expected utility gains and are willing to join the
coalition. On the other hand, if there are fewer samples in the coalition than expected, the
expected utility gain would decrease. Some clients who were previously in the coalition would
leave as their utility gain is lower than their cost, while other clients have no incentives to join.
We aim to study the dynamic of the population and characterize a suitable equilibrium under
these behaviors.

If the clients’ shared expectation is perfect, we can define an equilibrium notion. If all clients
form a shared expectation that there are K samples in the coalition, and if each of them decides



Equilibrium under Linear Cost
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Figure 1: If the shared expectation is K, then K= h(K) samples will be in the coalition. When
the curve K = h(K) crosses the line K = K, we have self-fulfilling expectation equilibria. In
our analysis, we only consider integer value equilibria.

to either join or leave the coalition based on this expectation, then the actual number of samples
in the coalition is K. We call this a self-fulfilling expectation for the number of samples K:

Definition 1 (Self-Fulfilling Expectation Equilibrium). Consider a population where all clients
share an expectation that there are K samples in the coalition. If the actual number of samples
in the coalition is h(K) = K, then K 1is called a self-fulfilling expectation equilibrium.

By its definition, if we know function h(K), we can find the self-fulfilling equilibria by
locating the integral crossing points of h(K) and the identity function f(K) = K. But the
question is: do they always cross at integer points? We show by the following theorem that
whenever we have h(K) > K, we are guaranteed to find an integral equilibrium h(K*) = K* to
the right of K.

As we will show in our analysis, we can identify self-fulfilling expectation equilibria in the dy-
namic as long as the realization mapping h(+) is monotonically non-decreasing for some stylized
learning problems.

Theorem 2 (Existence of Self-Fulfilling Expectation Equilibrium). In FL under the dynamic
network effects game model, if the realization mapping h(.) is monotonically non-decreasing, for
any positive K with h(K) > K, we can find a self-fulfilling expectation equilibrium h(K*) = K*
to the right of K, i.e., K* > K. For any point in between K' € (K, K*), we have h(K') > K'.

Characterizing self-fulfilling expectation equilibria is crucial to the server and policymakers
who wish to understand and influence where the dynamic converges. In Section [ and [5 we
show that Theorem [2]is true for two stylized settings of mean estimation and utility oracle. In
Section [6] we show that the server use properties of the equilibria to guarantee that the final
coalition reaches the maximum size equilibrium by paying a subset of clients.

Stable equilibrium. When the population is at equilibrium, it could still be susceptible to
small perturbations when a client decides to join or leave the coalition. Consider an extreme
instance where the highest cost of joining for a client is the same as the utility gain at every
value K, i.e. VK € [M] : cxk = Ug. Then, by definition, every value K is a self-fulfilling



Algorithm 1 Dynamic of client participation

Input: Clients 1,---,M with personal cost c¢i,---,cpy and number of local samples
ni,- -, Ny, respectively; coalition S.
At t = 0, all clients form a shared expectation K on how many samples will be in the coalition
S.
for time stept=1,--- ,7T do
for client i =1,--- , M do
Client compute expected utility gain U;(K) based on shared expectation K.
if UZ(K) > C; then
Client 4 will join coalition S
else
Client ¢ will leave coalition S
end if
end for
Update K = ZjeS n; to be the new shared expectation for the next time step.
end for

expectation equilibrium. Hence, at each value K € [M — 1], new clients still have incentives
to join the coalition as their cost of joining is exactly the same as the utility gain. In this
instance, subject to small perturbation, the dynamic will converge to either 0, where no client
is in the coalition, or M, where every client is in the coalition. These equilibrium values where
no client has incentives to join or leave are called stable equilibrium. Formally, we define stable
equilibrium as:

Definition 3 (Stable Equilibrium [Jackson and Yariv, 2007]). An equilibrium K* is stable if
there exists € > 0 such that h(K* —€) > K* — e and h(K* +¢€) < K* 4+ € for alle > € > 0. An
equilibrium K is unstable (tipping point) if there exists € > 0 such that h(K —¢) < K — € and
hK +¢€)>K +¢€ foralle >e>0.

In the example above, all values K € [1, K — 1] are the tipping points. With this definition,
we can analyze the dynamics of the population. Informally, if the initial expectation is not
a stable equilibrium, then the clients can continually update their shared expectations and
decide to either join or leave the coalition. This decision-making process ends when the shared
expectation is at a stable equilibrium, where with a small perturbation to the coalition, there
is no incentive for any client to change their decision.

Theorem 4 (Convergence to stable equilibrium). In FL under the dynamic network effects
game model, if clients share an expectation K with h(K) > K then the coalition size will grow
in the next time step. Otherwise, if h(K) < K, then the coalition size will shrink in the next
time step. If the shared expectation is between a tipping point K' and a stable equilibrium K*,
then the dynamic will converge to the stable equilibrium K*.

In our analysis, we assume that there always exists one trivial self-fulfilling expectation at
0, i.e., if all clients expect that no one would join then there are no samples in the coalition and
Ui(0) = 0. Since the cost of joining for a client i is ¢; > 0, no client would join the coalition.
In our analysis, we always assume the initial expectation is positive unless specified otherwise.
We write equilibrium as shorthand for self-fulfilling expectation equilibrium.

Remark 5 (Stable equilibrium is a Nash equilibrium). First, we observe that not every self-
fulfilling equilibrium is a Nash equilibrium. Consider the example where the cost of joining is
equal to the utility gain at every value of K. Then at some tipping point K, given the decision
of every other client, a client K + 1 who is not in the coalition can potentially join and increase
their utility. Hence, the tipping point K is not a Nash equilibrium.



On the other hand, a stable equilibrium K* is a Nash equilibrium. By definition, when
the shared expectation is K*, no client in the population has incentives to change their deci-
sion. Hence, the set of stable equilibrium is an intersection of Nash equilibria and self-fulfilling
equilibria.

4 Network Effects game in a Mean Estimation Problem

In this section, we investigate how the dynamic behaves in a stylized global mean estimation
problem. First, we formally describe the setup when there all clients in the population have
the same number of local samples. Then, we show that Theorem [2|is true in this setting with
some simple cost functions. Finally, we show that the dynamic naturally converges to a stable
equilibrium where no clients have further incentive to change their decisions.

Mean Estimation Problem Setup. There are M clients in the population who want to
solve a common mean estimation problem. Each client ¢ has a fixed number of samples n; and
a cost ¢;. First, each client ¢ draws their mean parameter y; i.i.d from a common prior with
mean 0: p; ~ /\/’(9,03). W.L.O.G, we assume that client ¢ draws their samples i.i.d from a
unit variant Gaussian with local mean pu;: X; ~ N (u;,1). Formally, the clients want to find an
estimator w such that the mean squared error (MSE) E[( — w)?] is minimized. We first focus
our analysis on the case where all clients in the population have the same number of local data
to highlight the dynamic behavior. We defer the discussion of the general case where clients
have different numbers of local samples to the appendix.

For a client 4, if they do not join the coalition, their estimator is simply the empirical
average over their local data samples w; = 1/n; Z?’zl x;j. Otherwise, if the client decides to
join a coalition S, we assume they will send their local estimator w; to the server for aggregation.
The server then computes a coalition estimator, which we assume is a weighted average over
the local estimators of participating clients in S: wg = 1/Ns > . _qwj - n; where Ng is the total
number of samples in the coalition.

Since all clients have the same number of local samples n; = n and the expected number of
clients in the coalition is K, the utility gain function for a client 7 is:

JjES
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Ui =U(K,n) = —— e 5 (1)

When all clients have the same number of local samples, we slightly abuse the notation and
write K as the expected number of clients in the coalition instead of the expected number of
samples. Similarly, h(K) represents the actual number of clients in the coalition in this setting.
Since all clients have the same number of local samples, the equilibrium only needs to
consider the number of clients in the coalition. Our first result here is a sufficient condition
for such an equilibrium to exist. Next, we explore some desirable properties of self-fulfilling
expectation equilibrium, id.e., characterizing a subset of equilibrium that is stable where no
clients in the population have incentives to change their decision. We formally show that
under the network effect model, all dynamics will converge to a stable self-fulfilling expectation
equilibrium. Finally, we provide sufficient conditions for such a stable equilibrium to exist.

4.1 Existence of a Self-fulfilling Expectation Equilibrium

Realization mapping h(:). Since all clients have the same number of local samples, W.L.O.G,
we can order them according to their personal cost in ascending order. Moreover, we assume
that the cost of joining for a client ¢ is a continuous positive monotonically non-decreasing
function of their index i, i.e., ¢; = ¢(i). In our analysis, we only look at the cost function for
integer value 4. If all clients share a common belief that K clients will join the coalition, then



client ¢ would join only if U(K,n) > ¢(i). Hence, if any client would join at all, then the set of
clients joining would be between 1 and K, where

hK)=inf{z e R: U(K,n) > c(i)}

Hence, we can find the equilibrium by solving U(K,n) = ¢(h(K)). Fixing the number of local
samples n, this equation is equivalent to solving

h(K)=c Y (U(K,n))

Formally, we deﬁAne the mapping between the expectation K and the actual number of clients
in the coalition K as h : [M]| — [M], where

h(z) = ¢ (U(x))

Hence, if we exactly know the cost function ¢(-) and the expected utility gain U(K,n), we
can find an equilibrium in the population. Since ¢(i) is monotone non-decreasing, its inverse
function A(-) is also monotone non-decreasing.

Moreover, we prove that there always exists an equilibrium under some mild assumption
on shared expectation K and the actual number of clients in the coalition h(K). Informally,
if the shared expectation K is pessimistic compared to the actual outcome h(K), then we can
always find an equilibrium. The clients would update their expectations and join the coalition
due to a new higher utility gain. However, as the h(-) function is non-decreasing, there exist
some clients whose utility gain is less than the cost of joining and they do not have incentives
to join the coalition.

Corollary 6. In the mean estimation problem where all clients have the same number of local
samples, for any positive K > 0 with h(K) > K, we can find a self-fulfilling expectation equilib-
rium h(K*) = K* to the right of K with K* > K; and for any point in between K' € (K, K*),
we have h(K') > K'.

This result can also be interpreted as every time the actual number of clients in the coalition
K equals or exceeds the expectation K, we must have an equilibrium. Under this assumption,
we can derive a sufficient condition on the cost function ¢(+) so there exists an equilibrium. Note
that h(K) is a composition of the cost function ¢(i) and the utility function U(K,n). Since
the cost function ¢(-) is monotonically non-decreasing, we can apply c¢(-) to both sides of the
sufficient condition in Corollary [6] and obtain an equivalent condition: an equilibrium exists as
long as there exists an expectation K such that U(K,n) > c¢(K).

4.2 Convergence to Stable Equilibrium

We derive a sufficient condition for a population to have a stable equilibrium. Informally, a
stable equilibrium exists when all clients are in the coalition or if the cost of joining for client
K* + 1 is larger than the utility gain from joining.

Corollary 7. In the mean estimation problem when all clients have the same number of local
samples, a stable equilibrium h(K*) = K* exists as long as there exists an equilibrium K* with
hM(K*+1)<K*+1or K*=M.

Finally, we show that Theorem [4| applies and the dynamic would naturally converge to the
stable equilibrium.

Corollary 8 (Convergence to stable equilibrium in mean estimation setting). In the mean
estimation problem when all clients have the same number of local samples, if an expectation K

is between a tipping point K' and a stable equilibrium K*, then the dynamic will converge to
K.



4.3 Extension: when clients have different numbers of local samples

In the previous analysis, we studied a stylized setting where all clients have the same number
of local samples. When clients have a different number of samples, this analysis does not easily
generalize since we cannot directly infer the utility gain from the expected number of samples
K. Notably, in Equation , the cross term Zfif nj2 requires the clients to have knowledge of
the coalition composition to calculate the expected utility gain. Hence, we need an additional
step where the clients form a shared expectation of the utility gain before making their decision.
Our first result here is a sufficient condition for an equilibrium to exist. Then, we proceed to

show that the dynamic would converge to a stable equilibrium.

Inferring Coalition from Shared Expectation First, we investigate how the clients infer
the coalition composition based on the expected number of samples K in the coalition. Assuming
that the number of local samples n; and the personal cost ¢; for each client i € [M] are public
information, the server can separate the utility gain function into two parts: a fixed gain using
data from other clients in the coalition and the additional gain by having their personal data
in the coalition. That is, for a client ¢ with n; local samples, the utility gain for joining the
coalition is

1 >icgns 1 2?2  4n;
U: L1 — _ J J 3 2 - i *h 2 9

fixed gain additional gain

Let z; = n% + (3\7; . ‘}(,‘;) 03 — ¢; be the difference between the additional gain from joining
the coalition and thescost for client . Since the first part of the utility gain function is fixed for
all clients, we can index the clients in descending order of z;. Then, the population can infer a
set of clients who will join the coalition according to this ordering. Formally, this inferred set
of clients contains the first ¢ clients in the population whose total number of samples is larger
or equal to K, d.e., t = argmin, > 7 n; > K. Then, we can define S;(K) = {1,...,t} to be
the inferred coalition with the clients indexed in descending order of z;.

In the definition of ¢, the expected number of samples K may not exactly match the inferred
number of samples in the coalition. We make the following tie-breaking assumption: even if the
expectation K does not exactly matches the inferred number of samples in the coalition, the
population can still infer that the coalition contains clients with an index from 1 to ¢ as these
clients have the most incentives to join the coalition. These clients can compute their utility
Ui(K) = Ui({n;}jes, (k)) and decide to join or not by comparing it with their cost c;. We define
the realization mapping h(K') as the sum over samples of clients in the inferred coalition whose
utility gain is larger or equal to their cost, i.e.,

WE) = nj- HU;(K) > ¢}
j=1

t t 2
-1 Z.:ln.
=>» n;-1 - = o2 — 2 >c (3)
; ’ {NSI(K) (NSI<K>)2) ’

where Ng, (g) = ZEE s; 1 is the total number of samples in the inferred coalition. With this
inferred coalition, we can analyze the self-fulfilling expectation equilibrium in this setting. The
rest of the analysis in this section follows the same proof technique as the previous setting
where all clients have the same number of local samples. The first result here is that we can
prove Theorem [2/in the mean estimation problem when clients have different numbers of local
samples:




Corollary 9. In the mean estimation problem where clients have different numbers of local
samples, the realization mapping is h(K) = 22:1 n; - 1{U; > ¢;} where U;(K) is defined in
Equation . For any positive K > 0 with h(K) > K, we can find a self-fulfilling expectation
equilibrium h(K*) = K* to the right of K with K* > K; and for any point in between K' €
(K,K*), we have h(K') > K'.

Finally, we also show that Theorem [4|also apply to this setting and the dynamic will converge
to a stable equilibrium:

Corollary 10 (Convergence to stable equilibrium). In the mean estimation problem where
clients have different numbers of local samples, if an expectation K is initialized between a
tipping point K' and a stable equilibrium K*, then the dynamic will converge to K*.

5 Network Effects in FL with Utility Oracle

In the previous analysis, we rely on the assumption that all clients are trying to solve a common
global mean estimation problem to derive the exact utility gain function. The clients then make
their opt-in/opt-out decisions based on this expected utility gain value. How would the clients’
behavior change if the server and the clients do not know how to calculate the utility gain,
but instead observe it from some oracle for some general learning problem? In this section,
we will study this question assuming the underlying utility gain function is monotonically non-
decreasing with regard to the total number of samples in the coalition. Since the utility gain
function Equation in the homogeneous setting satisfies our monotonicity assumption and we
are considering a more general learning problem, the utility oracle setting is strictly more general
than the mean estimation setting. First, we formalize our definition of self-fulfilling expectation
equilibrium with utility oracle. Then, we show that the dynamic will always converge to a
self-fulfilling expectation equilibrium with proof by induction.

5.1 Client/Server Interaction with a Utility Oracle

Consider a population of M clients who want to solve a common learning problem over a time
horizon T' > 0. At t = 0, there exists a non-empty arbitrary coalition S©) consisting of some
clients in the population. Suppose at each time step t, there is an oracle that broadcast a
message to all the clients about the true utility of joining the coalition based on the previous
time step t—1 regardless of their current participation status. That is, given the coalition S ®) on
time step ¢, a client i € [M] knows U ()

i =u({n;};csm, i) if client i is currently in the coalition.

Otherwise, if ¢ is not in the coalition, then client 7 can know Ui(t) = U({”j}jes<t>u{i}v i). With

this observed utility, at the next time step t + 1, clients ¢ € [M] would opt-in the coalition if
Ui(t) > ¢; and leave the coalition otherwise.

In our analysis, we assume that this observed oracle utility only depends on the size of the
coalition and the opt-in/opt-out decisions of other clients in the coalition. This assumption
aligns with how the utility gain function was defined for the homogeneous setting in Equa-
tion . With this interaction protocol, we note that there is no longer a need for the population
to form an expectation over the size of the coalition at each time step. Instead, clients i € [M]
would use the oracle utility of the previous time step ¢t — 1 as the expected utility for time step
t, i.e., E[Ui(t)} = UV, We rewrite the definition of self-fulfilling expectation equilibrium for

(2
the oracle utility setting as:

Definition 11 (Self-fulfilling expectation equilibrium with oracle utility). Consider a population
in which all clients observe oracle utility at time step t with K samples in the coalition. If the
actual number of samples in the coalition at time step t + 1 is also K, then K is called a
self-fulfilling expectation equilibrium.

10



That is, at every time step, the clients can best respond to the observed oracle utility and
change their participation status. Since clients are behaving in a myopic way with limited
information, if the coalition stays the same in two consecutive time steps, then it would also
stay the same for the rest of the time horizon. With our assumption that the utility gain only
depends on the number of samples in the coalition, this condition is equivalent to the coalition
having the same size in two consecutive time steps.

5.2 Existence of Self-fulfilling Expectation Equilibrium

We prove that there always exists an equilibrium if the observed utility gain for all clients in the
population satisfies the monotonicity assumption. Informally, if the coalition grows in size in
the first few time steps, all clients in the population would observe an increased utility gain from
participating in the federated learning process. Hence, new clients j ¢ S with Ui(t) > ¢; would
join the coalition while opted-in clients ¢ € S do not have the incentive to leave. Since the size
of the coalition does not decrease at each time step, this effect would cascade until the coalition
has reached an equilibrium, where the extra utility from having more clients is not sufficient
for new clients to join the coalition. On the other hand, if the initial coalition contains some
clients with very high costs who would leave in the first few time steps, then all clients would
observe a decreased utility gain in future time steps. Hence, clients who have not already joined
the coalition would no longer want to participate in the federated learning process. Moreover,
clients who joined in previous time steps might leave once their decreased utility from a smaller
coalition becomes lower than their personal cost. Therefore, the total number of samples in the
coalition would shrink until we have reached a self-fulfilling expectation equilibrium.

Theorem 12. Given a population where all clients observe the utility oracle regardless of their
participation status, the dynamic will converge to a self-fulfilling expectation equilibrium. More
specifically, there exists a time step t, where S® is a self-fulfilling expectation equilibrium and
St = SO thereafter.

This result highlights the dynamic behavior of the population under the network effects
model where clients are behaving in a myopic way with limited information. Under a mild
assumption of monotonically increasing utility w.r.t the number of samples in the coalition and
with any non-empty initial coalition, the dynamic always converges to a self-fulfilling expec-
tation equilibrium. The monotonicity assumption is often justifiable—since all local samples
are drawn i.i.d, having more samples in the coalition would intuitively produce a model with
better accuracy in the mean estimation task. While the assumption of utility oracle is often not
realistic, its inclusion removes the need for a closed-form expression for the utility gain function,
which was previously needed in our analysis. As a result, our analysis here can also be applied
to other learning problems that are not mean estimation as long as the utility gain for each
client satisfies the monotonicity assumption.

6 Network Effects in FL with Payment

In the previous analysis, we implicitly assumed that the initial shared expectation and the initial
coalition are non-empty. This assumption is made to prevent the dynamic from getting stuck
at the trivial stable self-fulfilling expectation equilibrium of 0. Without any intervention from
the server, no client would voluntarily join the coalition. In this section, we look at a possible
solution to this problem as the server can start the dynamic from 0 by offering external incentives
to a subset of clients. We begin with modeling a mechanism design problem where at every time
step, the server wants to find the smallest payment that can kick start a dynamic convergence to
the largest equilibrium. We then provide a characterization of the optimal payment mechanism
for the server that relies on the number of tipping points and stable equilibria in the dynamic.

11



6.1 Payment Mechanism as an Optimization Problem

First, we consider the same setting where a population of clients wants to learn a common
learning problem but the server can offer to subsidize the personal cost of some clients by
waiving their enrollment fee for using the server’s aggregated model. Moreover, the server also
provides extra payment to offset the privacy loss from sharing the client’s personal model trained
on their own data samples. That is, a client ¢ € [M] with personal cost ¢; can have their entire
cost subsidized by the server such that they can join the coalition for ’free’. We assume that
at every time step, the server can broadcast a take-it-or-leave-it payment message to a subset
of clients. For the server, if it pays K clients to join the coalition, then the total amount of
payment P is the sum of the personal cost for these K clients.

The mechanism design problem for the server can be seen as an optimization problem. Given
the personal costs of all clients, we want to find the smallest payment such that the dynamic
converges to the largest equilibrium. That is, for some small perturbation € > 0, all clients j
not in the coalition at the time horizon T will not join the coalition even if there are ¢ more
samples in the coalition, and no clients in S have incentives to leave. Formally, we have:

min P

o Jvigs. U (Ns +¢) < ¢
T WVie S, U (Ng) > e

Alternatively, if the server has a payment budget B > 0, then the optimization problem
becomes finding the highest equilibrium point that the dynamic can possibly reach with a total
payment of less than B. Due to the stability property of some equilibria in the dynamic, the
server would approach these two optimization problems with unlimited and limited budgets
with the same strategy. In intuition, the optimal strategy involves paying a specific subset of
clients at each time step to move the dynamic to a higher self-fulfilling expectation equilibrium.
Since the number of paid clients is fixed at each time step, the server’s payment strategy is the
same for both scenarios. From this point, we focus our analysis on the unlimited budget setting.

6.2 Payment in Mean Estimation Setting

First, we look at the mean estimation problem where all clients have the same number of local
samples. If the initial shared expectation is 0, then we know that the expected utility of joining
the coalition is also 0. Hence, no client would voluntarily join the coalition. From our analysis
in Section {4l if the expectation is between a tipping point and a stable equilibrium then the
dynamic would converge to the stable equilibrium. Hence, the server can minimize their total
payment by first broadcasting a payment message to the first K clients with the lowest personal
cost, where K is the smallest tipping point. If the initial coalition has fewer than K clients,
then it would quickly collapse back to the trivial stable equilibrium of 0. Once the coalition has
reached a tipping point, the server can help move the dynamic toward a higher tipping point
simply by getting one new client to join. This new client would increase the expected utility
gain of being in the coalition enough that other clients would also consider joining the coalition.
This payment process would stop once the coalition has reached the highest equilibrium. We
formalize the optimal payment strategy for the homogeneous setting as:

Theorem 13 (Incentive with payment in the mean estimation setting). Consider a population
wn which all clients have the same number of local samples n and a server that can repeatedly
send payments to incentivize new clients at every round. The server would move the dynamic
toward the highest equilibrium with the minimum total payment by sending a payment message
to one new client with the smallest personal cost at every tipping point or to Ky new clients at
every stable equilibrium, where Ky is the difference in the number of clients between the h-th
stable equilibrium and its closest Tight tipping point.

12



We observe that the server can only save on their payment by relying on the stability
property of some self-fulfilling expectation equilibrium. Hence, if a dynamic has an equilibrium
near 0 and few tipping points, then a server following the strategy in Theorem [13] would have
to spend much less than the naive strategy of fully paying every client to be in the coalition.
On the other hand, if the dynamic has a lot of tipping points or if the coalition requires a
lot of new clients to move from a stable equilibrium to a higher tipping point, then following
the payment strategy above does not vastly improve upon the naive strategy of paying every
client. Specifically, we revisit the example where every value K is a self-fulfilling expectation
equilibrium.

Example: equilibrium at every point. Revisit the example where the cost of joining is
the same as the utility gain at every value K, i.e., VK € [M] : ¢(K) = U(K,n). By definition,
every value K is a self-fulfilling expectation equilibrium. If the initial expectation is 0, the
server has to first pay the client with the lowest cost. At this point, the coalition has one client
and has reached a tipping point. To move the dynamic towards a higher equilibrium, the server
sends out another payment to the next client with the second lowest cost. This process stops
when all clients have joined the coalition. Since the server has to pay for a new client every
time, the total payment is P = Zi\il .

Remark 14. Since the clients who join the coalition also receive some utility from the joint
model, we can also consider a more efficient payment scheme where the server only pays for
the difference between a client’s cost and their expected utility gain. When all clients have the
same number of local samples, they also have the same expected utility gain so the server would
minimize their total payment by selecting clients with smaller costs first. This payment strategy
18 similar to our original strategy when the server has to pay for a client’s entire cost.

6.3 Payment in Utility Oracle Setting

We can generalize the payment structure above in the more general utility oracle setting when
the initial coalition is empty. Similar to the mean estimation setting, at each time step, the
server needs to rely on the stability property of self-fulfilling expectation equilibrium to reduce
their total payment amount. That is, at each time step, the server wants to incentivize enough
new clients to move the dynamic towards a higher self-fulfilling expectation equilibrium. Let
client ¢’s utility function be U;(n) when the number of samples in the coalition is n. Then, we
can define the mapping A(-) for this setting as the total number of samples from clients with
higher expected utility gain than personal cost, i.e.,

h(n) = Z ng.
:Ui(n)>c¢;

Suppose the initial coalition is empty, i.e., N éo) = 0 and let npexe be the next tipping point
with A(Npext) = Mnest, that is
o t . .
Nnext = argmln{] 1] > Né‘)vh(]) > ]}'

Then, our goal in the current time step is to move to nper; with the minimum payment. Let
C = {i : U}(Ng) < ¢;} be the set of clients who are not already in the coalition at the current
time step t. Then, we can solve an optimization problem to move to 1y, as

min Z xi - (¢ — Ui(t) (Ng))

i:ieC
t
S.t Z Ti N > Npext — Né).
i:ieC

where x; € {0,1}. This is a knapsack problem that can be solved by dynamic programming.
This process is repeated until we have reached the highest self-fulfilling expectation equilibrium.
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7 Discussion

We have initiated the study of clients’ behaviors in FL. under a network effects game model,
where each client’s participation decision changes as the network grows over time. We showed
that whenever the entire population shares an expectation on the coalition size, we can char-
acterize the dynamics of the client’s participation game for the mean estimation problem and
a more general setting with a utility oracle. We identified self-fulfilling expectation equilib-
rium points, where the coalition after all clients have computed the best-response strategy
matches the shared expectation. Moreover, we showed that without explicit intervention from
the server, the client’s participation dynamic naturally converges to self-fulfilling expectation
equilibria. Based on this characterization, we proposed a cost-efficient payment scheme that
incentivizes clients so that the final coalition reaches a desirable equilibrium.

Our framework offers insights into clients’ participation dynamics in FL. A limitation of our
work is that we did not consider more realistic learning problems, and also assumed assumed
that all clients are trying to solve a global problem instead of a personalized approach. Despite
these limitations, we believe that our work provides a meaningful contribution to the study of
incentives in FL, and hope that continuing to understand client participation dynamics can lead
to the design of explicit incentive mechanisms that induce desirable final outcomes in practical
FL applications.
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A Appendix: Utility Gain in Mean Estimation Problem

To derive the utility gain from joining a coalition, we first need to derive the expected error

(MSE) for any client ¢. Here, the expectation in MSE is taken over random draw of p; ~

N0, 03), random draw of local data from its distribution, and random draw of test points.
First, we derive the local MSE for client 4 if they do not join the coalition:

Lemma 15 (Local MSE). The local expected MSE for a client with n; samples is:

MSE(w;) = i + 02 (4)

n;

Proof. By definition of MSE, we have:

M SE(w;) (5)

=E A0 (Wi — 0)°] (6)
XN (p4,1)

=E . n0.02) [[(wi = pi) + (i — 0)1°] (7)
XiNN(:u'ivl)

=E, .o (Wi = 1)°) + By ono.02) (15 — )] + 2B, .02 [(wi — i) (s — 0)] (8)
XiNN(,LLi,l) XiNN(/Jial)
1

= — + 05+ 2B, (.0 [(wi — i) (s = 0)] (9)
t Xi~N (pi,1)

where the bound on first term comes from |Donahue and Kleinberg) [2021c| and the second bound
comes from definition of variance. For the third term, since the expectation is taken over Xj;
and p;, we have:

2E 0,02y [(wi = pi) (i — 0)] (10)
XN (pi,1)
=B, (0.02) [Eximr (e, (Wi — 1) (i = 0) |pai]] (11)
= Epn0,02) (15 = OBX n(us 1y [wi — pil o] (12)
=K, n0,02) [(1i — 0) (i — pa)] (13)
=0 (14)
Hence, the local MSE for client i is:
1
MSE(w;) = — + op (15)
]

If client ¢ join the coalition .S, instead of using their own local model, they will use the shared
model as an estimate for the global parameter 8. Note that we do not consider any form of
personalization in this section as everyone in the coalition S share the same estimator. Hence,
the global MSE for client ¢ € S is:

Lemma 16 (Coalition MSE). The global expected MSE for a client with n; samples in coalition

S is:
1 >izi 5+ (Ns —ni)®  2p,
MSE(wg) = — L “—1]0p 16
(ws) = 5 + ( w + 1) o (16)
where Ng = Zjes n; is the total number of samples in the coalition.
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Proof. By definition of MSE, we have:

MSE(wg) (17)
=E L neo2) [(ws— 0)°] (18)
XjNN(}Lj,l),VjES
=E veen  (ws =)+ (ui — 6))°] (19)
XjNN(/J]',l),VjGS
=E Lneed) [(ws — 1)’ + By o030 — 0)%) (20)
XjNN(/.L]',l),VjGS
+2E N0z [(ws — pi)(pi —0)] (21)
XjNN(/Jj,l),VjGS
=E neen) [(ws =)’ +05 +2E ez [(ws— pi)(pi —0)] (22)
Xj~N(pj,1),Vi€S Xj~N(pj,1),¥j€S
L (St + (N = mi)?
= Ni + 757 2 +1 O'g + QEMNN(G,Ug) [(ws - MZ)(/LZ — 0)] (23)
o s Xy (1i,1)

where the first term comes from Donahue and Kleinberg [2021c]. Note that the expectation is
taken over random draws of mean parameter ;; and local samples for all clients j in coalition
S. Hence, for the third and final term, we have:

2B n0,02)  [(ws — pi)(pi — 0)] (24)
XjNN(uj,l),VjES
=2E,. N0.02) [EX-NN(W, ywiesl(ws — i) (pi — 9)|Mz’]} (25)
=2E,. N6,02) [ (i = OEx ;A (u;,1) vjes[ws — Milui]] (26)
= 2K, N (0,02 [ i — O (Ex; (1) viesws|pi] — Mz’)} (27)
=2E, Nb,02 —0) | Ex;~n(u;,1) vi€s N Z wing| i | — i (28)
jeSs
jes HiTbj
- 2E,ul~/\/' 6,03 [ < N - /’LZ>:| (29)
5.5 i (K5 — 1)
= 2K, N (0,02) [ < i€5.07 ~ >] (30)
2
= N Eun002) | (i =) > miuy — i) (31)

JES,jFi
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Take expectation over all p;

2
BN o gesiz [ =0 [ Y nilu — ) (32)
JES,j#i
2
=N D B N 002) s (1 — 0) (1t — )] (33)
JES,j#
2
=N Z 5B, m N (0.02) €S g (i (g — )] (34)
JES,j#i
2
= > n(0* - 6% - op) (35)
JES,jF
2(N —n,;
_ ANV =) - ni) 2 (36)
Substituting this expression into the M SE(wg) calculation, we obtain:
1 Zi;ﬁ'nz + (N —ni)*  2nm,
MSE(wg) = — 1 ~1) o} 37
O

Finally, we can derive the utility gain of client ¢ from joining the coalition. Formally, the
utility gain u; for client 7 is the difference in mean squared error between not joining the coalition
(local MSE) and joining the coalition (coalition MSE):

Lemma 17 (Utility gain). The utility gain of client i from joining the coalition and using the
shared model wg 1s:

N2 Ns

n2 — —n; 2 —n
ulnghyes.i) =~ + o - (z“ﬁf i M o) ANNCD

where Ng =} ;o nj-

Homogeneous setting When every client in the population has the same number of samples
n = n;Vi € [M], we can simplify the utility gain formulation above to be a function of the number
of clients in the coalition K and the number of local samples n.

Lemma 18 (Utility gain under fixed n;). Assume that n; = n for all i. The utility gain of
client 1 from joining the coalition with K clients and using the shared model wg is:

K—-1 3K?-5K+2 ,
+ o

Proof. Substitute n = n;,Vi and Ng = Kn in the utility gain expression in Equation , we
have:
. 1 1 D it n3 — (Ns —n;)* 2(Ng —n;)
K - = ) J o 3 2 40
U( 7n77'> NS + n; < Ng NS 09 ( )
-1 1 (K —1)n?— (Kn—-n)? 2(Kn-n)\ ,
- - 41
Kn ' h ( (Kn)? Kn 7 (41)
K-1 (K —1)n? — K?n?2 +2Kn? —n? 2K —2\ ,
= - - oy (42)
Kn K?n? K
K-1 (K-1-K*42K-1 2K-2\ ,
_ _ — 4
Kn ( K? K >‘79 (43)
K—-1 3K?2-5K+2 ,
= kn T K2 0 (44)
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Figure 2: Utility gain with equal contribution

B Appendix: FL in Mean Estimation Problem

In this example, suppose different clients have different costs of joining the coalition and the
same number of local samples. W.L.O.G, we order the clients by their cost in ascending order.
We also assume the cost of joining the coalition for the i-th client is cpin + ¢(7), where cpip is a
fixed positive cost for communication and ¢(7) is a positive increasing function.

Since all clients joining the coalition will share the same model, we have u = wu; for all
i € [M]. Let the equilibrium cost ¢y, > 0 and the expected number of clients in coalition K
form a self-fulfilling expectation equilibrium, such that cyin + ¢(K) = u(K, n).

We can write the new utility gain function for the ¢-th client as:

f(K,n,i) =u(K,n) —c(i) (45)

If all clients share a common belief that K clients will join the coalition, then client ¢ would
join the coalition if f(K,n,i) > cymin. Hence, if any client at all would join, the set of clients
joining will be between 0 and K, where K = inf{z € R : f(K,n,i) > cmin}. Hence, to find the
equilibrium client K, we proceed to solve the following equation:

f(K,n, K) = ¢min (46)
Fixing the number of local data n, this is equivalent to

K = fYemin) = ¢ (w(K, 1) — cmin) (47)

B.1 Existence of an equilibrium
Let h be the mapping from K to K , meaning that when all clients share a common belief K

clients will join the coalition, then the number of clients willing to join will be K = h(K).

Proof of Corollary |§| Suppose there exists K with h(K) > K, we prove that there must
exist K* > K with h(K*) = K*. First if h(K) = K, we have found K* = K. So we only need
to consider the case h(K) > K. When h(K) > K, we prove the following claim: we can find
K' > K with

h(K') > K’ and h(h(K")) < h(K"). (48)

We first set K’ = K and check whether K’ satisfies the condition (48). If the condition is
not satisfied, we set K’ to be its function value h(K’) and iterate until the condition is satisfied.
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We can prove that K’ must strictly increase at each iteration. This is because at the beginning
we have h(K’') > K’ and we only continue the iteration when h(h(K')) > h(K'). Therefore,
the iteration must end because K’ must strictly increase at each iteration and the value of
K’ cannot exceed the number of clients M. And when the iteration ends, we either find K’
with (48), or we find an equilibrium K’ = h(K’) = M.
Finally, we prove that for K’ with (48), we have h(h(K')) = h(K’) so we find an equilibrium
* = h(K’'). We use the fact that h(-) must be a non-decreasing function. So we have
h(h(K")) > h(K') for h(K') > K'. Together with h(h(K')) < h(K') in (48), h(h(K')) = h(K").
This result can also be interpreted as, every time K goes above K, we must have an equi-
librium.

Equivalent Sufficient Condition In our formulation, the function h(K) is a composition of
the cost function c(i) and the utility function u(K,n). Formally, we have h(K) = ¢! (u(K,n)).

Note that we assume the cost function ¢(4) is monotonically increasing with regard to the client
index i. Hence, we can apply ¢(.) to both side of the sufficient condition in Corollary |§| and get:

h(K)

n))
= C(c H(u(K,n)))

<— u(K,n)

| \/

= (K,

| \/

()
c(K)

Hence, the sufficient condition for an equilibrium to happen can be rewritten as: a self-fulfilling
expectation equilibrium exists as long as there exists some K with u(K,n) > ¢(K).

Then, in the special case above, there exists only one non-trivial stable equilibrium at
K=M.

I\/ I\/

Proof of Corollary [7] We follow the same analysis as in the proof of Corollary [6] and apply
the definition of stable equilibrium in Definition

Proof of Corollary Suppose that the initial expectation K is a self-fulfilling expectation
equilibrium. We want to look at what happens when there is a slight perturbation in the actual
number of people joining the coalition K = K. There are two cases:

o If K is a stable equilibrium: By definition, any slight perturbation to K will make the
expectation converges back to K.

e If K is not a stable equilibrium: When the actual outcome K changes slightly and the
shared expectation K stays the same, the utility gain u(K,n) does not changes. We look
at how the cost of joining c(K ) changes when a client leaves or when a new client joins
the coalition.

— If the K + 1-th client joins the coalition: the cost of joining for the K + 1-th client is
(K +1) < u(K,n). Since we assume the cost function is monotonically increasing
(non-decreasing), the fact that the K + 1-th client joining does not change the opt-
in/opt-out decision of all previous clients. Also, since the utility function u(K,n) is
non-decreasing, then u(K+1,n) > u(K,n) > ¢(K+1). Hence, the shared expectation
will become K + 1. When the next client K + 2 decides whether to join the coalition,
they will compare their personal cost ¢(K + 2) to the new shared expectation K + 1.
This process continues until we reach a new equilibrium K'.

— If the K-th client leaves the coalition: the K-th client leaves the coalition when
¢(K) > u(K,n). Since the cost function is monotonically increasing, we have c(K +
1) > ¢(K) > u(K,n). Hence, all clients from K + 1 to M will not join the coalition.
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Then, the maximum number of clients in a coalition is less than K and there is
downward pressure on the expectation. Suppose the expectation is now reduced by
1, i.e. the utility gain is u(K — 1,n). There are two cases. If the personal cost of
client K — 1 is less than the utility, i.e. ¢(K — 1) < u(K — 1,n), then we arrive at a
self-fulfilling expectation equilibrium and no other clients would leave the coalition.
Otherwise, if we have ¢(K — 1) > u(K — 1,n), then the K — 1-th client would also
leave the coalition. The expectation goes into a downward spiral until we reach some
equilibrium K’ such that ¢(K’) < u(K’,n) and ¢(K' 4+ 1) > u(K'+ 1,n).

Behavior of tipping points From the previous analysis, we observe that a slight perturba-
tion to the actual outcome at the tipping point (unstable equilibrium) will lead the expectation
to move toward either a higher or lower equilibrium. If the coalition settles at a new equilib-
rium that is also a tipping point, then additional perturbations to the actual outcome will move
the expectation to another equilibrium. This behavior only stops when the shared expectation
reaches a stable equilibrium.

Proof of Corollary [9] Suppose there exists a number of samples in the coalition h(K) > K,
we prove that there must exist some equilibrium K* > K with h(K*) = K*. If h(K) = K,
then K* = K is the equilibrium. Else, if h(K) > K, we can find some K’ > K with

h(K') > K' and h(h(K")) < h(K') (49)

First, we set K’ = K and check whether K’ satisfies the condition eq. (49). If the condition
is not satisfied, we set K’ = h(K') and repeat the process to find h(h(K’)). Initially, we have
h(K') > K'. By design, the inferred number of samples in the coalition ¢’ is always larger than
or equal to the expectation K’. For each client in the inferred coalition, they can check if their
utility gain is larger than the cost of joining. The clients with a higher cost than utility gain
will not be in the coalition. There are two cases:

o If h(h(K')) > h(K'): then we continue for another iteration.

e Otherwise, if h(h(K)) < h(K'): then we have found the K’ that satisfy condition Equa-

tion .

Since there are M clients in the population, we know that there are at most Nj; samples in
the coalition (where Ny is the total number of samples for every client in the population).
Since we only continue the iterations when we have h(z) > x for some number of samples x,
we know that the iteration is guaranteed to end when every client join the coalition. Hence, we
can always find some K’ that satisfy Equation .

To complete the proof, we prove that for a number of samples K’ that satisfy Equation ,
we have h(h(K')) = h(K’) so we have found an equilibrium K* = h(K’). Since the h(-)
function is a non-decreasing function by assumption, we have h(h(K')) > h(K') for h(K') > K'.
Combine this fact with Equation (49), we have h(h(K')) = h(K’).

Necessary condition: non-decreasing h(-) Let K and K’ be two expected number of
samples in the coalition such that K > K’. Also, let S and S’ denote the coalition with
expectation K and K’, respectively. Observe that since K > K’, if a client 7 is in the inferred
coalition with expectation K’, they would also be in the inferred coalition with expectation K
since their utility gain in S is larger than utility gain in S’ (which is larger than their personal
cost). For some clients ¢ in the inferred coalition S} ; .4 With expectation K’, there are two
cases to consider:

e If u; > ¢;, then client ¢+ would be in the coalition S’. Since the ordering is maintained,
client ¢ would also be in coalition S with expectation K.
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o If u; < ¢;, then client ¢ would not be in the coalition S’. Since we order the clients in
descending order of z, all other clients j € [i, M| would also not join the coalition S’.
However, since K > K, the expected utility gain for joining with expectation K is greater
than the expected utility gain for joining with expectation K’. Hence, there is still a
possibility that client ¢ would join coalition S with expectation K.

Therefore, the number of clients in coalition S is always greater than or equal to the number
of clients in coalition S’. Similarly, the number of samples in S is greater than or equal to the
number of samples in S’. Hence, h(K) is a non-decreasing function in K.

Proof of Corollary Suppose that the expected number of samples in the coalition K is
a self-fulfilling expectation equilibrium. In the following paragraph, we describe the network
dynamic when there is a slight perturbation to the actual number of samples in the coalition.
Note that by definition of self-fulfilling expectation equilibrium, initially we have K = K. There
are two cases to consider:

e If K is a stable equilibrium: by definition of stable equilibrium, any slight perturbation
to the actual number of samples K will lead the expectation converges back to K.

e If K is a tipping point: When the actual number of samples K changes, the client can
update their shared belief and observe that the utility gain is also changed. According
to our assumption, the cost of each client is a random variable independent of how many
clients are actually in the coalition. Hence, there could be some clients that change their
decision based on the updated utility gain.

Specifically, we can take a look at the dynamic at the tipping point when there are ¢ additional
samples or fewer samples in the coalition:

o If there are ¢ > 0 more samples in the coalition from some client j joining: the cost of
being in the coalition for a client i € S is ¢; < u(K,i). By assumption, the utility gain
function is monotonically non-decreasing. Hence, having more samples in the coalition
would increase the utility gain for all clients ¢ € S. Consider a client j who was not
previously in coalition S has index j > ¢ : Vi € S, their overall gain from joining the
coalition z; < z; : Vi € S. Hence, if client j join the coalition S, then all other clients
1 € S would still stay in coalition S. Then, the shared expectation would now be K + ¢,
and the expected utility gain for all clients is increased. A new client £ who is not in
S would compare this new utility gain u(K + €,¢) with their personal cost ¢, and join
if u(K + €,¢) > ¢;. This process will continue until the population reaches a stable
equilibrium, where having slightly more data does not change the number of clients and
samples in the coalition.

e If there are ¢ > 0 more samples in the coalition from some client j joining and some other
client ¢ € S leaving: since we rank the clients by their personal gain z; with arbitrary
tie-breaking, there could be a case where a client £ € S and client j ¢ S have zy = z; and
ng < n;. Then, we can replace client £ by client j in the coalition and gain € = n; — ny
samples. The expected utility gain from joining the coalition increases since there are
samples in S. Since the expected number of samples changes, the ordering of clients in
the population also changes. However, similar to our previous argument in the necessary
condition, the clients who are already in the coalition should still be in the coalition after
having more samples. The clients who are not in the clients can recompute their expected
utility gain and decide whether to join the coalition or not. Since K is a tipping point,
there is at least one client who is now willing to join the coalition. This process only end
when the population converges to a stable equilibrium, where having more samples does
not change the composition of the coalition.
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o If there are e¢ fewer samples in the coalition from some client j leaving: since we order
clients by their personal gain z;, all other clients ¢ € [j, M] will not join the coalition.
Then, the number of samples in the coalition is fewer than K, and the expected utility
gain is reduced. All clients in the population can recompute their utility gain according
to the updated number of samples. Clients will keep leaving the coalition if their utility
gain is less than their personal cost until the population is at a stable equilibrium.

C Utility Oracle Appendix
0 _

In the following analysis, we assume a more general form of the utility function. Let U,

u(Ng)) be the utility gain for a client 7 at round ¢ if client 4 is in the coalition with Nét)
samples. This formulation of utility only depends on the size of the coalition and the opt-
in/opt-out decisions of other clients in the coalition. Since all clients know the true utility
regardless of whether or not they join the coalition, there is no longer a need for the population

to form an expectation over the size of the coalition. In this setting, the expected utility for
U(t_l).

time step t is the oracle utility of the previous time step ¢t — 1, i.e., ]E[Ui(t)] =U;
Example: Participation Dynamic with Utility Oracle Suppose there are four clients
in the population whose local sample sizes follow a uniform distribution. That is, if the total
number of samples in the coalition is N, then client 1 has 1/N samples, client 2 has 2/N samples,
client 3 has 3/N samples, and client 4 has 4/N samples. Furthermore, assume that each client
i has a fixed cost ¢; and 0 = ¢; < ¢ < c3 < ¢4.

e First coalition is S = {1,4}: In the beginning, assume that client 1 and 4 are in the
coalition: S = {1,4} with 5/N samples. The oracle utility at time step 1 is UM (5/N).
Suppose at the start of the time step 2, client 4 observes that U1 (5/N) < ¢4 and decides
to leave. We have three events that can happen at this step:

1. Both client 2 and 3 join If client 2 and 3 observe that the expected utility from
previous time step U1 (5/N > c3 > co, then they will join the coahtlon Then,
at the end of time step 2, the coalition is S = {1,2,3} with utility U (6/N). At
time step 3, if client 4 observes that U (2)(6/]\7 ) < ¢4, then they would still opt-out
of the coalition. Otherwise, if we have U®)(6/N) > ¢4, then client 4 would join
the coalition 1nstead For clients 1,2 and 3, they do not leave the coalition since

@ (6/N) > UD(B/N) > ¢3 > ¢z > c. Hence at the end of the time step 3, the
coaht10n is S = {1,2,3,4} and utility is U®)(N/N). In either case, we arrive at an
equilibrium where no clients have the incentive to change their decisions.

2. Only client 2 joins: If we have ¢3 > UM (5/N) > ¢y, then only client 2 would join the
coalition at time step 2. At the end of time step 2, the coalition is S = {1,2} with
utility U®)(3/N). At time step 3, we have U (3/N) < UMD(5/N) < ¢3 < ¢4, 50
client 3 and 4 would not join the coalition. If client 2 observes that U < ¢y < co,
then client 2 would also leave the coalition. At the end of time step 3, the coalition
is S = {1} with utility U®)(1/N). Otherwise, if we have U®) > ¢y, then client 2
would still stay in the coalition. In this case, the coalition utility at the end of time
step 3is UG (3/N) = UP(3/N) and we have arrived at an equilibrium.

3. No other client joins: If we have c3 > ¢ > UM (5/N), then no client Would join the
coalition. The coalition at the end of day 2 is S = {1} with utility U (1/N). Due
to the monotonicity assumption, we have U®) (1/N) < UM(5/N) < ¢3 < ¢3 < ¢4,
and no other clients would join the coalition. Regardless of the client 1’s decision,
we will arrive at an equilibrium.
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Therefore, in any of the aforementioned events, we will arrive at an equilibrium.

In our prior analysis, we use h(K) to denote the actual size of the coalition when the shared
size is K. When the clients can observe the oracle utility, they adjust the shared expectation
for time step ¢ to be the oracle utility from time step ¢ — 1. Hence, if K is the coalition’s size
at round ¢, then we use h(K) to denote the size of the coalition at round ¢ + 1.

Proof of Theorem Suppose there exists an arbitrary coalition containing K; samples
formed by some clients at time step ¢ = 1. In the following analysis, we show the iterative
process for the dynamic to converge to a self-fulfilling expectation equilibrium.

At time step 2: Suppose there exist some clients ¢ € S with U.(l)(Kl) < ¢1. Then, at the

7
start of time step 2, these clients would leave the coalition with NV f) > 0 samples. If no clients

leave the coalition at this point, then N éz) = 0, otherwise N £2) > (0. At the same time, some

other clients j € Js : U;l)(Kl) > ¢; would join the coalition with N}Q) > 0 samples. Then, at

the end of time step 2, the total size of coalition S is Ky = K — Ng) + N}l).

At time step 3: At the beginning of time step 3, clients ¢ € S first re-evaluate their opt-in
decision by comparing their cost with the expected utility.

e If we have Ky > K7, then by monotonicity assumption, we have Vi € S : U,L-(Q)(KQ) >

Ui(l)(Kl) > ¢;. That is, all clients who are already in the coalition gain more utility
by staying and not changing their decision. Hence, the size of the coalition would not

decrease at time step 3.

o If we have Ky < K1, then by monotonicity assumption, there are some clients ¢ who will
leave the coalition due to insufficient utility gain: 3i € S : U,L-(Q)(KQ) < ¢ < UZ-(I)(Kl).
Note that for other clients j ¢ S, they observe UJ@) (K2) < U](l)(Kl) < ¢; so they would
still not join the coalition at this time step. Hence, the size of the coalition would decrease
at time step 3.

Observe that if we have K9 > K7, then the size of the coalition does not decrease at time step
3, i.e., K3 > Ks. On the other hand, if Ky < K7, then we will have K3 < Ks.

Induction hypothesis: If Ky < K;_1, then Kyy1 < K. Otherwise, if K; > K;_1, then
K > K.

Show that the induction hypothesis holds for time step t + 1:

e If the number of samples in the coalition decreases at time step ¢, then we have K; < K;_1.

By monotonicity assumption, for all clients i € [M], we have Ui(t)(Kt) < Ui(tfl)(Kt,l).

Then at the start of time step ¢ + 1, the clients who have not joined the coalition in the
previous time step would also not join at time step ¢ + 1 due to insufficient utility gain.

On the other hand, clients j € S who are in the coalition at time step ¢ might leave
the coalition if U ;t_l)(Kt,l) >c; >U ](t). Hence, the size of the coalition would either

decrease at time step ¢+ 1 or stay the same (where we have found an equilibrium).

e If the number of samples in the coalition does not decrease at time step ¢, then we have
K; > K;_1. By monotonicity assumption, for all clients ¢ € [M], we have U, (t)(Kt) >

%

U»(tfl)(Kt_l). Hence, at the start of time step ¢ + 1, all clients j € S who are already

7
in the coalition gain more utility by staying and not changing their decision. Also, there
could be some clients ¢ previously not in the coalition with Ug(t) (Ky) > cp > Ug(t_l)(Kt,l)
who will join at time step ¢ + 1. Thus, the size of the coalition would either stay the same

(where we have found an equilibrium) or increase at time step ¢ + 1.
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This iterated process will continue until either we have the same coalition size in two consecutive
rounds (which is a self-fulfilling expectation equilibrium) or we have all clients (or no clients)
in the coalition. Therefore, the dynamic with utility oracle will converge to a self-fulfilling
expectation equilibrium.

Remark 19. Compared to our previous analysis of the heterogeneous setting in a network effect
game, we no longer need to form an inferred coalition to form an expectation over the utility
gain from joining. Since all clients, regardless of being in the coalition or not, know the true
utility, we can instead start the dynamic with any arbitrary coalition of clients. Then, other
clients in the population can start making decisions based on the oracle utility.

D Appendix: Incentive with Payment

Proof of Theorem Initially, the shared expectation is there are no clients in the coalition.
If the server does not send any payment message, then there is no client willing to join the
coalition and the dynamic is stuck at the trivial stable equilibrium of 0. On the other hand,
if the server sends payments to Ky clients, where Ky is between 0 and the first tipping point,
then the dynamic would converge back to the trivial equilibrium of 0. Hence, to move the
dynamic toward a higher equilibrium, the server needs to first send payments to Ky clients,
where S = {z}szol is the first tipping point. To minimize the total payment needed, the server
can order the population by their cost in ascending order and send payment to the first Ky
clients with the smallest costs.

By definition, once the population has reached the first tipping point, the expected number
of clients is equal to the actual number of clients in the coalition. Hence, no new client would
join the coalition without external incentives. At a tipping point, if there is an extra client
joining the coalition then the dynamic would move toward a higher equilibrium. Thus, the
server would send a payment message to the client with the smallest cost who is not in §. With
this new client joining, the expected utility gain for the next round is increased, and new clients
would keep joining the coalition until the dynamic has reached a new equilibrium. If this new
equilibrium is also a tipping point, then the server only needs to pay for one new client to join
the coalition. On the other hand, if the new equilibrium is a stable equilibrium, then the server
needs to either pay Kj new clients, where K is the difference between this stable equilibrium
and the next tipping point, or 0 if the coalition has reached the largest stable equilibrium. The
number of paid clients at this step cannot be less than K7 as the dynamic would converge back
to the stable equilibrium. This payment schedule would continue until the dynamic converges
to the largest equilibrium. The total amount of payment is the sum of payments sent by the
server at each step. In the case where there are only two stable equilibria (the trivial equilibria
at 0 and at M), the total amount of payment scales linearly with the number of tipping points
in the dynamic.

Incentive with payment when there exists a utility oracle: Note that we assume the
expected utility when there exists an oracle only depends on the number of samples in the
coalition. Let client ¢’s utility function be U;(n) when the number of samples is n. Then we
can define A(-) function as

:Ui(n)>c¢;
Suppose we start with 7 = 0, let n,¢,+ be the next tipping point with A(npezt) > Nnest, that is

Npext = argmin{j : j > n, h(j) > j}.
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then our goal in the current step is to move to n,ey¢ With a minimum payment. Let C = {i :
Ui(n) < ¢;} be the clients who are not in the coalition yet. Then we can solve an optimization
problem to move to Nyeq et as

S.t g Ti*Ni > Npegt — N
ieC

where x; € {0,1}. This is a knapsack problem and it can be solved by dynamic programming.
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