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SPIN GLASS TO PARAMAGNETIC TRANSITION IN SPHERICAL
SHERRINGTON-KIRKPATRICK MODEL WITH FERROMAGNETIC
INTERACTION

IAIN M. JOHNSTONE, YEGOR KLOCHKOV, ALEXEI ONATSKI, AND DAMIAN PAVLYSHYN

ABSTRACT. This paper studies spin glass to paramagnetic transition in the Spherical Sherrington-
Kirkpatrick model with ferromagnetic Curie-Weiss interaction with coupling constant J € [0,1) and
inverse temperature 5. The disorder of the system is represented by a general Wigner matrix. We
confirm a conjecture of M] and M] that the critical window of temperatures for this transition
is 8=14bN"1/3/log N with b € R. For b < 0, we derive a Gaussian limiting distribution of the free
energy. As b increases from 0 to co, we describe the transition of the limiting distribution from Gaussian
to Tracy-Widom.

1. INTRODUCTION

1.1. Set-up. We study the large-N behavior of the spherical integrals

NpB
(1.1) Zo,gN = /sg)” eXP{T -u* Wy nul(du),
with
(12) WJ)N :J-ww*—i—WN,

where J is a constant from [0, 1); w is an arbitrary unit-length vector from FY (with F = R or C if a = 2
or 1, respectively); and Wy is a random Wigner matrix from FN*N. In (1), S¥~! denotes the unit
sphere in FV | (du) denotes the normalized uniform measure over S ~!, and symbol * denotes combined
transposition and complex conjugation. We investigate the limiting distributions of the quantities

«
1.3 Fon=—
(13) N

for B in the so-called “critical regime” of 3 = 14+ O(N~'/3\/logN). As follows from our results, these
limiting distributions do not depend on J € [0,1). Therefore, we omit J from the subscript of F, .

Our original motivation stems from the fact that integrals (II)) appear in the likelihood ratio in
statistical tests of spiked models in multivariate statistics. In such models, J and [ play the roles of the
size of the spike under the null and under alternative hypotheses, respectively. We discuss this in more
detail at the end of this introduction.

As we studied the statistical problem, we learned that (IL3]) has an important physical interpretation.
For o = 2 and all entries of w equal N~/2 it is the free energy in the Spherical Sherrington-Kirkpatrick
(SSK) model with inverse temperature 8 and ferromagnetic Curie-Weiss interaction with coupling con-
stant J. The model is characterized by Hamiltonian

1OgIaz,J,N

1 & J <
(1.4) HN(O') = 5( Wijoi05 + N E O’ﬂTj),
1 t,J=1

i,j= 1,j=

where o € VNSY ™! corresponds to a scaled version of u in (LI)), J > 0 is known as the coupling
constant, and W is a real symmetric N x N matrix with zeroes on the diagonal and independent upper
triangular entries W;; with mean zero and variance 1/N. It was introduced in m as a tractable
variant of the original Sherrington-Kirkpatrick model that has discrete spins o € {4-1}%.
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FIGURE 1. Phase diagram showing the Spin glass, Paramagnetic, and Ferromagnetic
regimes. Red arrows indicate the transition between Spin glass and Paramagnetic
regimes, which is the focus of this paper.

IKTJ76] show that Fy y exhibits three distinct asymptotic regimes illustrated in fig. [l These regimes
are defined by the value of max{1, 37!, J}: 1 for the spin glass, 3! for the paramagnetic, and J for the
ferromagnetic. They correspond to distinct behavior of complex magnetic media, and were extensively
studied (see the recent works [BL16; [BL17; BLW1&] and references therein).

Transitions between the spin glass and ferromagetic regimes, and between para- and ferro-magnetic
regimes have been established, see [BL17] and [BLW18] respectively. However the transition between the
spin glass and paramagnetic regimes has not been fully described. As it is also of statistical interest, its
description is the goal of this paper.

In the rest of this introduction, we first provide brief background on the three regimes in the SSK
model. Then, we describe the main result of this paper. Finally, we return to our original statistical
motivation and discuss connections to this paper.

1.2. The three regimes. The papers [BL16; BL17; BLW1&] make a thorough study of the fluctuations
of the free energy F5 n in the spin glass, para- and ferro-magnetic regimes|] The fluctuations of the free
energy in the three regimes are shown to be

(1) (Spin glass) If 8> 1 and J < 1, then

(2) (Paramagnetic) If 5 <1 and 8 < 1/J, then

N(Fon — F(B)) S N(f1,a1),

where a; depends on 3 but not on J, while f; depends on both 5 and J.
(3) (Ferromagnetic) If J > 1 and 8 > 1/J, then

NY2(Fyn — F(B)) % N(0,a2),

where as depends on f3.

In these papers, the parameterization is slightly different from ours, so that in their case, the critical threshold is
B =1/2 instead of 8 = 1.
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The leading order term F(3) differs across the regimes:

1 3
B—5logB—~— for spin glass
2 4
1
(1.5) F(B) = 152 for paramagnetic
B

1 1 1
§(J +1/J) - 3 log(BJ) — ZJ_Q —5 for ferromagnetic.
These results characterize the fluctuations of F5 n in models lying strictly within the thee regimes.
The results for the transitions studied in |[BL17] and [BLW18&] can be summarized as follows.
(1 <+ 3) (Spin glass <+ Ferromagnetic) For 8 > 1 and J =1 +wN /3 with w € R

-1
N> (Fyn — F(B)) 3 ﬂTTWLw,

where TW; , denotes a one-parameter family of distributions described in theorems 1.5 and 1.7

of [BV13].

(2 ¢+ 3) (Paramagnetic ¢+ Ferromagnetic) For J > 1 and 8 = 1/J + BN~Y/? with B € R

d
N(Fo,n = F(B)) = G1 + Qp(Ga),
where (G1,G2) has a bivariate Gaussian distribution that depends on J but not on B, and Qpg
is a non-linear function that depends both on J and B.

Concerning the remaining transition between the spin glass and the paramagnetic regimes, [BL16] and
[BL17] conjecture that the critical window of temperatures for this transition is # = 1+O(N~/3/log N)
for any J < 1. They arrive at this conjecture by matching the orders of the variance of F y as 8 — 1 from
above and below. In this paper we confirm that the conjecture is correct, and describe the asymptotic
behavior of Fi, n in the critical temperature window.

1.3. Our contributions. We show that if
B=1+bN"13/logN, 0<J<1, beR,

then F,, ny has fluctuations of order v/log N/N. Moreover, as b increases from —oo to oo, we describe the
transition of the limiting distribution of Fi, y from Gaussian to the Tracy-Widom.
Precisely, our main result is as follows.

Theorem 1.1. Consider F, n with « =1 or a =2 as defined in (LI) — (L3). Let Wi from ([L2) be a
Wigner matriz whose off-diagonal moments match scaled GOE (o = 2) or GUE (o = 1) up to third order.
Further, let 3 =1 +bN—/3\/log N with a constant b € R and let 0 < J < 1. Finally let b, = max{0,b}
be the positive part of b. Then

N
\/ 15 log N
where TWo and TW1 are the complex and real Tracy- Widom distributions, respectively, independent from
the N'(0,1), and where F(B) is as in (L), that is

1 3
— — — = >
B 210gﬂ 1 for b>0

(Fa.,N ~ F(8) + 1"”) 5 N(0,1) + \/gluTWz/a,

(1.6) TN

FB) =94
152 for b <0.

For definitions of Wigner matrices, scaled GUE/GOE, and the matching moment condition see sec-
tion 21l As can be seen from the theorem, the fluctuations of F, y remain Gaussian for negative b.
However, as b changes sign and enters the spin glass domain from the paramagnetic domain, the fluctu-
ations acquire an independent Tracy-Widom component, which eventually dominates the Gaussian as b
diverges to +o0.

To prove the independence of TWy/, and N(0,1) components of the limit in (L) we establish the
asymptotic independence of the largest eigenvalue of Wy and the log determinant log|det(Wx — 2)|.
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When obtaining such a result initially for GUE/GOE, we use techniques similar to those developed in
[JKOP22]. Specifically, we first consider the tri-diagonal form of N x N GUE/GOE and prove that,
asymptotically, the largest eigenvalue depends only on the lower-right corner of dimension N/3log® N,
while the log determinant asymptotically depends only on the complementary upper-left corner.

We believe that the latter result has some independent interest, as it gives theoretical grounding to
the computational technique (described, for example, in [EW13]), wherein the largest eigenvalue of an
N-dimensional tri-diagonal matrix with huge N is computed from its order 10N'/3 minor.

When the initial version of this paper [JKOP21|| was close to completion, we learned about the related
study |Lan20], later published |[Lan22]. That paper considers Wy from GOE, and establishes the Gaussian
fluctuation limit for Fy n in the case b < 0 as in theorem [[Tl It obtains the same Gaussian limit for
b — 0 from above, and shows that the limit becomes Tracy-Widom for b — oo at any rate. For fixed
b > 0, it establishes only the tightness of the left hand side of (@), and conjectures that the limiting
distribution exists and equals a sum of independent normal and Tracy-Widom distributions. Our result
confirms that conjecture not only for GOE, but for general symmetric or Hermitian Wigner matrices Wy
whose moments match GOE/GUE up to third order.

In determining the limiting fluctuations, [Lan22] uses recent results of [LP20], who deal exclusively
with Gaussian beta ensembles, in the case of interest here it is GOE and GUE without a spike (i.e. J = 0).
Instead, we rely on central limit theorems for logarithmic spectral statistics established in another paper
of ours |[JKOP22], and recalled here in theorems and These results hold for general Wigner
matrices with a spike in sub-critical region J € [0,1). In addition, our results allow arbitrary variance
profile on the diagonal. This is motivated by the fact that the formulation of the SSK model often
considers zero diagonal interactions, see e.g. [KTJ76],[Tal06].

1.4. Statistics background. Random matrices of the form eq. (IL2)), and in particular matrices that
differ from a white Gaussian or Wishart random matrix by a low-rank deviation have been extensively
studied in the statistics literature, where their distributions are known as spiked ensembles. In this
context, the parameter J is known as the spike.

Our interest in the free energy F,, y stems from its appearance in problems of statistical testing for
spiked random matrix models. As discussed in [Onal4] and cataloged for a much larger family of spiked
models in [JO20], the joint density of the eigenvalues A of both spiked Gaussian and spiked Wishart
ensembles with a spike of size h are of the form

px(Aih) = e(A)d(h) |

sy-1

exp{ gh . u*Au} (du)

for some functions c and d. This demonstrates the close relationship between F, x and the log-likelihood
ratio for testing simple hypotheses about h, as well as the close relationship between spiked Gaussian
and Wishart models.

Indeed, when J = 0, F, y is distributed as the scaled log-likelihood ratio for testing

Hy: h=0 Vs. Hiy:h=p
in the spiked Gaussian model, under the null hypothesis. Specifically, for § <1

pn(A;B) 2N
Theorem [T1] therefore gives the limiting behavior of the null distribution of the likelihood ratio. The
mean shift and variance, both growing of order log N, verify (as is expected from discussion in [JO20],
which focuses on sub-critical cases with 5 < 1 fixed) that the null and alternative distributions fail to be
contiguous, and so we cannot (as there) directly obtain the limiting distribution of the likelihood ratio

under alternative hypotheses 5 near 1.

2. DEFINITIONS, PRELIMINARY RESULTS, AND PROOF STRATEGY
2.1. Definitions.

Definition 2.1. An N x N Wigner matrix is an Hermitian matrix Wy = (&;/VN) satisfying
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(i) the upper-triangular components {Re&;;,Im¢;; }i<; and {&;;} are independent random variables
with mean zero,
(ii) E|&; > =1 for i # j and E¢Z < B for some absolute constant B;
(ili) a moment bound uniform in N: for all p € Z, there is a constant C), such that

E[Re&;|”, E[Im ;[P < C).

This definition is standard, e.g. [BK18, Def 2.2], except that we also require independence of Re¢;; and
Im¢;; to simplify our arguments. Condition (ii) allows for zero variances on the diagonal, as in the SSK
model of [KTJ76].

In what follows, we will consider Hermitian complex-valued Wy when o = 1 and symmetric real-
valued W when o = 2. An important example of a Hermitian/symmetric Wigner matrix is a matrix
from scaled GUE/GOE. For the reader’s convenience, we recall here the definitions of these classical
ensembles.

Definition 2.2 (GUE and GOE). For 1 < i < j < N, let &j, n;; be independent A/(0,1) random
variables. Then define a Hermitian matrix Z; with entries

&ij ifi=j,
Zvij =14 75(&; +imy) i<,
Zl,ji if 4 > 7
Similarly, define a symmetric matrix Zs by
V2&; ifi =4,
Zgyij = &j if 1 < ]
ZQJ‘Z' if ¢ > J-

We call the distribution of Z; the Gaussian Unitary Ensemble (GUE), and that of Zy the Gaussian
Orthogonal Ensemble (GOE).

If Z, is an N x N GUE/GOE matrix, then we call Z,/vN a scaled GUE/GOE matrix. After the
scaling, matrices from GUE/GOE become special cases of Wigner matrices as defined above.

Definition 2.3 (Spiked Wigner Matrix). We call matrix Wy = Jww* + Wy (see ([L2))) a J-spiked
Wigner matrix. We call it sub-critically spiked if J < 1. Sometimes, we refer to W ny as a spiked Wy or
a spiked version of Wy .

Definition 2.4 (Moment matching). The off-diagonal moments of two Wigner matrices Wy, W), match
to order m if for integer 0 < a < m

E(Re¢;;)" = E(Re{;)", E(Im¢;)* = E(Im¢j;)”
forall1 <i<j < N.
Some notations. The notation ay < by means that ay < Cby for some C and N large. The notation
an = by means that ay < by and by < an. We say that ay is a Op(1) variable if ay is a.s. positive

and ay,ay’ are Op(1). We say that events Ex hold asymptotically almost surely (a.a.s.) if P(Ex) — 1
as N — oco. We say that Ey hold with overwhelming probability (w.o.p.) if P(éy) =1 — O(N~°) for

any ¢ > 0. The term “with high probability” means P(Ex) = 1 — O(N~¢) for some ¢ > 0. Notation 4
indicates convergence in distribution.

2.2. Preliminary results. Our analysis is based on the now well known contour integral representation
of Z, 5N, cf. appendix [AT}

N
(2.1) Lo, N = C;‘—;iv/lcexp{(N/a)G(z)}dz, G(z) =Bz — % Zlog(z - ),
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where for now the integration contour C is the vertical line from v — ico to v + ico for any constant
¥ > A1, A1 > -+ > Ay are the eigenvalues of W y, and

L(N/a)
(BN/a)N/a=1-

Notice that the integrand is an analytic function in C\ (—oo, \1] and that the integral along the circular
arc

Ca,N =

Crx ={2z€C:|z] = R,Re(z) < K}
satisfies, for large enough R,

oNBE/a

/CR,K exp{(N/a)G(z)}dz| < 27 R - TG Ros o

In particular, Cauchy’s theorem implies that K can be deformed without affecting the value of the integral
as long as A; are never intersected and as long as the resulting contour has real part bounded above.

Many of our technical arguments involve properties of the logarithmic statistic entering G(z) and its
derivatives at various points z. In this subsection, we collect important preliminary results that concern
such properties. We will make the following assumption.

Assumption W. Suppose Wy is a Wigner matrix whose off-diagonal moments match scaled GUE
(o = 1) or GOE (a = 2) up to third order. Let W n be a sub-critically spiked version of Wy, and let
A1 > -+ > AN be the eigenvalues of Wy n.

We will need the following two central limit theorems, which are established in |[JKOP22].

Theorem 2.5. Lety = 24+CN~2/3log N, where C' > 0 is an arbitrary constant, and suppose Assumption
W holds. Then

SN log(v—A) = N/2 = NY3Clog N + (2/3) (Clog N)*? + 5L log N N
— .
V3 log N ’

Theorem 2.6. Let v = 2+ CN~2/3, where C € R is an arbitrary constant, and suppose Assumption W
holds. Then

N o
Zj:110g|’7—)‘j|—N/2—N1/30+ 2llogN 4

— = N(0,1).
V53 log N
All the remaining preliminary results described in this section are established in sections [l and [l
First, they are proved for the special case of Wiy being a scaled GUE/GOE and J = 0 in section

Then, section [0 extends the proof to sub-critically spiked Wigner matrices W  satisfying Assumption
W using the Lindeberg swapping technique.

2.2.1. Convergence at the edge. We will rely on the properties of the top eigenvalues of sub-critically
spiked Wigner matrices. For the special cases of scaled GUE/GOE and J = 0, the celebrated papers
[TW94; ITW96; IDie05] showed that, for each fixed j, the scaled eigenvalues N2/3(\; — 2) converge in law
to the j-th Tracy-Widom distribution, TWy/, ;. We need some further consequences of this convergence,
along with the extension of these consequences to sub-crtically spiked Wigner matrices. The particular
results are summarized in the following lemma.

Lemma 2.7. Under Assumption W, we have
(i) For any k € Zxo, let (TW2 ;)1<j<k be the joint limiting distribution of the k largest eigenvalues
for a scaled GUE (a« =1) or GOE (aw=2). Then,

(N3(A1 —2),.. ., N5 (A —2)) S (TWz p,..., TW2 ).

1) For any € > 0, there are C., N. such that for N > N, with probability at least 1 — ¢,
1) F Y 0, th Ce, N, h th N > N, ith bability at | 1
M > 24+ C.N"3,
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(iii) For any fized x € R, there exists a constant Cy, such that
E#{j: A 22-aN"2*} <,
(iv) For some cc, N and any N > N, with probability at least 1 — ¢
AL — Ay > e N2/

In other words, \y — Ay = Op(N~2/3),
(v) There exists k > 0 such that if by — 0o so that by = O(N¢) for any € > 0, then we have a.a.s.
that

#{j N > 2 - byN"2/3} > w32,
2.2.2. Derivatives of logarithmic statistics. The next two lemmas describe asymptotic behavior of deriva-
tives of G at 4 = 2+ b2N~2/31og N, and of the closely related statistics
N

1 1
sz7 fOI'k—172.

j=2

Lemma 2.8. Suppose Assumption W holds. Let G(z) = Bz — &+ Zjvzl log(z — A\j) with 8 =
bN"/3\/logN, and 4 = 2 + b N~2/3log N. Denote the I-th derivative of G(z) as GV (2), and let
by = max{0,b}. Then, for b0,

2. N~/310g'/2 N + op (N*l/?’ log /4 N) forl=1,

_ GO (4) = 20—
22) ) (= 1) 2= ( N/ ) l 3(1+0p(1)) for1>2,

2" \20llog 7 N

Lemma 2.9. Let C € R be fized. Then, under Assumption W, we have

2.3 E —2:1+0 N3, § = Op (N3,
22 P e : ! P 2+CN“—MJ) R
and

1L 1 1 & 1
2.4 — =1+4+0p (N"V3), —N = —0p(NY3).

2.2.3. Independence of the largest eigenvalue from the linear statistic. Our last preliminary result shows
the asymptotic independence of A\; and N ! Zjvzl log |2 — Xj|. As discussed in the introduction, it may
have an independent interest.

Proposition 2.10. Suppose Assumption W holds. Then the random variables
N/2 - 2=Llog N — N log|2 — Ay

v = o

are asymptotically independent with limiting distribution given by

and Eon = N¥3(\; —2)

(6in, &on) 4 N(0,1) x TWy 4.

2.3. Proof strategy. Many derivations in this paper revolve around the analysis of the integral

/ exp {(N/a)G(2)} dz.
K

The fluctuations of this term differ qualitatively for b < 0 and b > 0, and are considered in sections [3]
and @] respectively. In both cases the proofs involve Laplace approximation, but on different contours.
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2.3.1. Section[3: Negative critical case. We use the vertical contour of (Z1I), and a deterministic choice
for 7y suffices. Indeed, use the Stieltjes transform of the semicircle law to make the approximation

z—Vz22 -4
R

When b < 0, the critical point of the approximation is v = 4 + o( N =€) for 4 = 2 + b*N—2/3log N and
any small positive . Laplace approximation of the integral

/K exp {(N/a)[G(2) — G(3)]} dz

requires bounds on derivatives G l)( ), for I =1, 2,3, provided by lemma[Z8 Having established that the
fluctuations of F, n depend asymptotically only on G(%), it remains only to apply theorem 2.5 conclude
that F,, n is asymptotically Gaussian, and compute the correct centering and scaling constants.

2.3.2. Section[g]: Positive critical case. When b > 0, the deterministic approximation to G no longer has
a critical point along the real axis, and the approximation 4 fails. Indeed, lemma 2.8 shows that G’ (%) is
of greater order than when b < 0, so G(z) oscillates too rapidly along the vertical contour through 4

We consider first b > 0, and instead use the contour of fig. Bl which has a vertical part K3 through
1= (A1 + A2)/2 and a keyhole part K1 U Ky extending horizontally from g and surrounding A;. The
integral turns out to be dominated by the keyhole part, with

(2.5) % e {(N/)G()} ds = exp{(N/a)é(Al) S N op(log1ogzv)},
where

. 1 Y
(2.6) GO = B = 5 > log(h = Ay).

The proof requires bounds on the derivatives G(l)(/\l),l = 1,2 given in lemma 2.9

In the boundary case b = 0, the contributions of 3 and K7 U Ko are of the same order of magnitude,
so we consider instead the contour of the steepest descent. We establish upper and lower bounds on the
integral and recover the right hand side of (Z3]) in this case also.

The analysis of G(\;) is based on the approximation

N N
(2.7) > log(h = Aj) =Y log[2— Aj| + N(\ — 2) + Op(1).

j=1

The right side sum can be handled by theorem The A1 terms in (Z0) and (7)) both contribute to
Tracy-Widom fluctuations. The last part of the argument hinges on the asymptotic independence of A\;
and N~} Zjvzl log |2 — A, which is established in proposition 210l

3. NEGATIVE-CRITICAL REGIME

For the case b < 0, we deform IC so that it is the vertical line passing through 4, a point in R that
approximates the critical point v of the function G(z). Note that

1L 1
:ﬁ+NZ)\j—Z7
=1

where % Zjvzl ﬁ is the Stieltjes transform of the spectral distribution of W . For z > 2, it must

converge to the Stieltjes transform of the semi-circle law, that is to

—z+ V22 —4

msc(z) = 5
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Such a convergence follows e.g. from [BK18, thm 2.4], the interlacing inequalities linking the eigenvalues of
Wy and W v, and the convergence of A1 to 2 implied e.g. by part (i) of lemmal27l Solving S+ms.(z) =0
for z, we obtain z = 1/8 + . Therefore, for

(3.1) B=1+bN"13/logN,
we have z = 4 + o( N~17¢) for any € > 0, where
4 =2+b’N"%/3logN.
Lemma 3.1. Suppose that Assumption W holds and b < 0. Then
KZO exp{%[G( e }dz - 2\/—1k’]§;//43 (1+op(1)).
Proof. As follows from part (i) of lemma 7, A\; — 2 = Op(N~%/3). Hence, \; < 4 a.a.s., so we will

logl/4 N

assume without loss of generality that the latter inequality holds. Changing variables z — 4 + it =375,

we represent the integral as
i logl/ ‘N
N / exp G(t) p dt,

01/
G(t) :_G<~7+1t1 g )-G(ﬁy).

Using the Lagrange form of the remainder in the Taylor expansions of the real and imaginary parts of
G(z) — G (%), we arrive at the inequality

where

- |z - 4)°

sup |G" (Q)].
CEA+IR

(3.2) \G@) ~GH) - () (z—4) ~ 50" 3) (=~ )

On the event A\; < 4, the latter supremum is no larger than |G”’ (¥)| because, for any z € (§ — ioo, 4 + io0) ,
2= ;| 7? < (5 —A;)"". Hence, we have

1/2 |t| 1Og3/4

=3 N2

5log

(3.3) B

1 N A
o+ 5G ) " @)l

Lemma 2.8 and inequality (3.3) yield, for any fixed C' > 0 and b < 0,

(3.4) /Ccexp{gé(t)}dt—(l-l-ola (1))/Ccexp{—%jb|}dt

Further, for any ¢t € R, by definition,
N . 1/4
1 t1 N
= —§ 2108 | L+ sy
N o N2/3(F = Xj)
N 1/2
1 t?log'/?* N
:_ﬁg ].Og(l-i-ﬁ)
j=1 N ('7 - )‘j)

We will use the elementary inequality log(1+0) > §/2 for § € [0, 1]. Note that the event & = {§ — A\ >
b N~=2/3]og N} holds a.a.s. Conditionally on &, for all [t| < ty := & 2 log®* N, we have

t210g1/2N N 9
v 2m 0T =

Using lemma 2.8 we conclude that for all |t| < ¢y and b# 0,
2

8l

NReG(t) <

NReG(t) < (1+op(1)).
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Therefore, by Chernoff’s inequality,

(3.5) /: exp{%é(t)}‘dt—l—/cm

Since C' can be chosen arbitrarily large, equations (34) and (BH) yield

Stitn N=2/3 log!/4 N ilo 1/4
(3.6) / © e {E[G(z) - G(@)]} dz = 2/malt 28— N (1 4 on1)).

_itNN—2/310g1/4N « N2/3

exp {%é(t)}} dt < (14 op(1))2y/8malb| exp {—%} :

It remains to show that the contribution of the remaining parts of the integral is negligible. Clearly,
it is sufficient to prove that

(3.7) /t :O

for arbitrarily large fixed k. Note that Re G(t) is a strictly decreasing function of ¢ € [t 00). Therefore,

N2
/tN

exp{gc?(t)}’dt — op(N7F)

exp {g@(t)}‘dt < N%exp {g Re G(tN)}

b|?log®® N
< N2exp{—||§2+(l +op(1))

=op(N7F)

for arbitrarily large fixed k. For t > N?, on the event (¥ — Ay)* < C that holds a.a.s. for some positive
constant C, we have

~ 1 N t2 10g1/2N
NReG(t)=-5), _ log (1 T NG 2

2 1/2
L Ny, (t log N)l

2 N4/3C
Therefore,
— 35 (1+op (1))
o N - © ({21log'/? N\ *
/ expq —G(t) pldt < / - dt = op(N~F)
N2 Q N2 N4/3C
for arbitrarily large fixed k as well. Hence, (371) indeed holds. O

Now we are ready to prove the following theorem. Recall that F,, y = s log Lo N, where Z, v is as

defined in (21)).

Theorem 3.2 (Negative-critical regime). Suppose Assumption W holds and f = 1 + bN~1/3 logl/2 N

with b < 0. Then,
N 1 log N
(Fa,N e - b ) 4 N(0,1).

JETog N 1 12N

Proof. After rearranging (2.1]), we have

1 e N
2NF, N =alogCyn +NGH) + alog%/ exp{g [G(z) -G (@)]} dz.
o

—ioco
For the first term, using Stirling’s formula,

\/%(N/Q)N/afl/QefN/a
(NBJa)N/o=t

(3.8) alog Cy v = alog +o(l)=—-N(1+logp) + %logN +0(1).
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For the second term we have
N
NG(y) = NBy—» log(¥ - A))
j=1
= 28N 4+ b2N3log N + b*log®/? N — Z log(¥ — Aj).
For the third term, using lemma [3.1]
alog % ﬁ—::O exp {% [G(z) — G(ﬁ)]} dz = —2; log N + Op(loglog N).

Combining the three terms, we obtain

ONF, n = N(—1—log B+ 28) + b2N/3log N + b3log®/> N — % log N

N
- Zlog(‘y — ;) + Op (loglog N) .
j=1
Let
-1
Néy = ng A =Xj)— = —b*NY3log N + = |b|310g3/2 N+2 " logN.
j=1
Combining the last two displays and noting that
log?’/2 N
¥—=—— =(B3-1)>
N (/8 ) )

we get (for b < 0)

log N
6N

1
QNFQ7N=N<2ﬁ logﬂ——-i-g(ﬂ—l)?’—
Using the Taylor expansion

log = (6~ 1) = 58~ 1)+ 5(5 = 1)° +o(N ")

in the previous display, we obtain
N log N

3.9 OINF, n = =32 —
(3.9) N 25 5

NgN/./%logNiN(o,n.

This yields Theorem and hence the negative critical part of Theorem [[.1]

— Nén + Op (loglog N) .
On the other hand, by theorem 23]

4. POSITIVE-CRITICAL REGIME

The vertical contour passing through 4 does not work when b > 0 because G’'(%) becomes non-
negligible. As a result, the function G(z) oscillates quickly along the vertical contour near 4. Instead we

) — N&n + Op (loglog N) .

11

use contours crossing the real axis closer to A\;. To this end, we consider the nonsingular part of G at A;

and define
. 1 Y
G(M) =M — j;log()\l —\)).

Proposition 4.1. Suppose Assumption W holds. If b > 0, then for both a = 1,2,

% /’Cexp{(N/a)G(Z)}dz = exp {(N/Oé)é(/h) (e ; 1)

logN+Op(loglogN)}.
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JIm(2)

)\'N )\'2 /ﬁlj R,(;(/z)

Fi1GURE 2. Contour of integration for positive b

For b > 0, we consider the vertical “keyhole contour” K, fig. Bl which is symmetric around the real
axis and has the following form above the axis:

Kt =Kfuky uks

with le being a semi-circle with center at A\; and small radius ¢, IC;r being a horizontal segment connecting

= % and A\; — ¢, and K3 being a vertical ray starting from p.

In the @ = 1 case, the integrand is analytic away from Aj,..., Ay, and so the contributions of ICéIr
and K5 cancel. On the other hand, for a = 2, exp {(N/a)G(z)} has a square-root-type singularity at
z = A1. Hence, the contribution of K; to the integral [, exp {(N/a)G(z)} dz converges to zero as € — 0.
To summarize, let

1 1
Iy = 2—/ exp{(N/a)G(2)} dz, Ing, = — exp{(N/a)G(2)} dz,
1 K 27T1 K
Thus, as € — 0 we have for both a« = 1,2
In = Ino + Ins.

Let
a—1

Ana = exp{(N/a)G(\) — log N'}.

When b > 0, we establish proposition [4.1] in section L1l by showing that
INa = ANa GXP{OP(IOgIOgN)}, IN3 ZOP(INQ).

The b = 0 case is more delicate. The keyhole contour yields both Ina, In3 = Ana exp{Op(1)} which
suffices for the upper bound for I . Since the Op(1) terms are in general complex, some cancellation
between Iy, and Iys cannot be excluded, so further argument is needed for the lower bound. In
section a separate argument using the steepest descent contour yields the required lower bound.

Section completes the proof of the positive-critical regime of theorem [T11

4.1. Proof of proposition 1] for b > 0.

Lemma 4.2. Suppose Assumption W holds and b > 0. Then for « = 1,2 we have

Ing = ANa eXp{Op(IOgIOg N)}
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Proof. In the complex case, Cauchy’s integral formula yields In; = exp{Né(Al)} =: Apn1, since Ky
encircles only A;. The rest of this proof is devoted to the real case. First, consider

! exp{(N/2G(2)}dz = o= [ Akl Zlogy A) by
1 ) Npy 1
2mi Jxcroky A V/\ -

1 M NBy 1
+ — ————exXpy{ —— — = log(y — A;) p dy.
2 S, VA -y 2 2; ( )

Changing variables y — x = A\ — y, we obtain

A1—A2

1 1 1 NBA —2) 1o
5 K;U’Czexp{(N/Q)G(z)}dZ—w/o ﬁexp 5 2;10g(/\1 Aj—z) pde
= exp { (N/2)G(W)} T,
where
1 7= N 1 x
T=-= — 2 8 —=Slog(1- d

W/o \/Eexp 2[33: 2;og< /\1_)\]> x

Since 0 < —log(l1—y) —y <y*for 0 <y <1, Wehaveforsomefe[o,l],
—Npfx — log | 1-— = —Npfz +
. §g< o) = le §ZA1

= N2/3x (—=by/log N + win) +§N4/3x2w2N,

with random variables wiy and wjy > 0 both being Op(1) from lemma Setting y = N?/3z and
On = N?/3(\; — X\2)/2 = ©p(1) (by lemma Eiii)) and noting also that wyyy + wyyy? is uniformly
Op(1) for 0 <y < Oy, we arrive at

eOr(1) 1 b0
eOr (1) On 1 dy N1/3 1/2 >
_&c _: Q@ _ b1/2log /* N
7 N1/ /0 exp{ 2by\/logN}\/y Op () O

In what follows, we define G(u) = lim;—, o G(p +it), i.e., as a continuation from the upper-half plane,
so that we have log(A — p) = log |\ — p| + 7i.

Lemma 4.3. Suppose Assumption W holds. For b > 0, we have

by/log N
|Ins| < Ana exp {—9NTg + OP(l)} )

where Oy = N?/3(\; — \2)/2 is a non-negative Op (1) variable.

Proof. Tt suffices to bound
L =5m | epl(N/)G() 4z = 3 | el i}
as the analysis for 3 is analogous using G(2) = G(z). Let G(t) = G (u + it) — G(u). We have
1
(4.1) INs] < 5 exp{(V/ )& (AN KN,

with

In = exp{~(N/a)[G(\) = G(u)]}, Ky = /OOO exp{(N/a) Re[G(t)]} dt.

First we compare G(\;) and G(u). Since log(p +i0 — A1) = log[(A1 — A2)/2] + im, we have
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R M- L 1A — Ao
N[G(\) — G(p)] = NB(A — ) + log +ir+ ) log (1- = .
=~ 20 — A

For 0 < ¢ <1 we have that |log(1 — ¢/2) + t/2| < t?. From lemma [Z9] we then have

N
1 N\ —
§ log (1 _1h- A2) = —M[l + O0p (N3] + N\ — \2)20p(NY/?).
— 201 — A 2

In addition, by lemma Z7(iv) 6 is a ©p(1) variable, and so log(A1 — A2) = —2log N + Op(1), and

N N 2 N
N[G(A1) = G(p)] = B()‘l A2) — zlog IV — 5()\1 —A2) +Op(1)
N(A1 — A2) by/logN 2
5 N1/ —glogN—FOp(l)
(4.2) = —%10gN+9NbvlogN+Op(1).
Thus
by/log N
(4.3) | Tn| = exp{(2/3a) log N — 9N% +0p(1)}.

We turn to Ky in @I). Fix k > « and let ¢ = max;j<x N?/3|\; — u|. Neglecting negative terms, we
have

k t2
NReG(t =——Zlog(1+ TR ) < - log (1+W> .
Since ( is a non-negative ©p (1) variable from lemma 277 (iv), we have
o —k/2a
(4.4) Kx g/ (1+§’2N4/3t2) at
0

= gN—2/3/ (14 s%)7F/22ds = exp {‘% log N + 0p(1)} .
0

Combining [@3)) and [{@4l), for each case a = 1,2 we arrive at

by/log N
|Jn|Kn < exp{— la-1) 3 D log N — Oy Vo8t +Op(1)}.
a
Together with (@II), this yields the lemma. O

4.2. The case b = 0. In this section we use the steepest descent contour to show that
In > Ana exp{Op(loglog N)}.

When combined with the upper bound already established, this yields proposition 1] for b = 0.

Let T' denote the contour of steepest descent of G(z) crossing the real line above A;. Such a contour
exists because, as is easy to verify, there exists a unique saddle point of G(z) on z € (A1, +00). Since
Im G(z) must remain constant along such a contour, we have

0 = Im[G( —y——zarg ) +1y),

for any z = x + iy € I'. From this equation, we observe that T" is symmetric around the real axis.

Next, observe that for a fixed imaginary part y > 0, arg((x — A;) + iy) is strictly decreasing with .
Hence, equation 0 = Im G(z + iy) can have at most one solution for any positive y. By symmetry around
the real axis, this also holds for y < 0. This means that it is possible to parameterise

r={r@):0<t<1}

so that ImI'(¢) is increasing in t.



SPIN GLASS TO PARAMAGNETIC TRANSITION 15

FIGURE 3. Curve of steepest descent of G(z) near A;.

Moreover, since as y T ™ we must have x — —oo, we see that I'(0T) = —oo —im and T'(17) = —oco +ir.
Therefore, I' must have upper-bounded real part, and so

/exp{(N/a)G(z)}dz:/exp{(N/a)G(z)}dz.
K r

To continue, we need one last result about I'; which formalizes the notion that I passes above \; at a
distance of roughly N—2/3:

Lemma 4.4. Under Assumption W, the function

fly) =Im[GM +iy)]| =y — ﬁ -5 Zarctan( )\j)

has a unique positive root yo. If any — 00 such that ay = O(N¥) for any e > 0, then a.a.s.
N—2/3

an

(4.5) <yo < N"*3ay.

Proof. Notice that, over [0,00), f is convex with f(0) = —7/(2N) and lim,_,» f(y) = oo. In particular,
this means that it has a unique positive root, which we will call yo.

We will show that f( ~28a") <0 < f(N~2/3ay) a.a.s., which implies ({@3).

Let y- =N~ 2/3 . Using arctan(z) > x — 22 /4 for z > 0 and then lemma Z9, we have

1 Y 1 y? = 1 "
Ny (1oL J= —_— —
fly-) <y (1 N;)\l_)\j>+4]\];(z\1—)\j)2 2N

1
= NP0 0p(N V%) + ZN~Y2a20p(NV/?) - -
1 2N
7T -
=gy Tor(N )

Thus f(y—) <0 a.a.s.

Next, set y. = N~2/3ay. Now some 4 /(A1 = ;) terms will diverge to co and so the linear approxi-
mation to arctan is not helpful. To handle these cases, we define

j* = max{j 'Aly Y > 145}

_#{ A > A — (1+ g)ilaNN_Qm}.
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The significance of the 1 + /2 term is that x — arctanz > 1 for x exceeding 1 + 7/2, and hence

Y+ Y+
arcta ( )< —1icix.
retatt A1 —)\j A\ —)\j =

We observe that, since \; —2 ~ N~2/3 < ayN~2/3, we have a.a.s.

1
J*>jo= #{j A >2— gaNNfz/g},

Using part (v) of lemma 27 we have a.a.s. that j* > jo > Cas’/Q for some C' > 0. Consequently

N
1 Yt ) T
= — t _
fys) =y+ N;arc an(}\l Y 5N
1 o
>, — — + Lo T
=Yt NZ2/\1—)\J-+N 2N

Since, a.a.s., j* > Ca%z, this means that f(y4) > 0 a.a.s. O

Having established necessary results about I', we also define zp = A1 + iyp and
To={z€eT:|Im(z)| <yo}-

Since I" can be parameterized with increasing imaginary part, this curve is connected.
Using the fact that G(z) is purely real on I' together with the parameterisation of I" with increasing
imaginary part, we have that

1 / (/G -GOW] gy > L / Y N/ RelG ()-GO g
27 Jp T 27y,

(4.6) > Y0, (N/a)Re[G(20) -G ()]
o

since the integrand is minimized on I'g at the endpoints zg, Zp = A1 £ iyo.
Appealing again to lemma 2.9, we obtain for o = 1,2

N
A 1 1 v6
log yo + (N/a) Re[G(20) — G(A1)] = logyo — > log yo — 5 ;log(l + = )\j)2>

N
1 y2 1

RN TS S

a 2« = (A1 — Aj)?

a—1 yg 4/3
( o )10gy0—%OP(N )-

(4.7)

> —(QT_1> log N + Op(loglog N),

since N=2/3/log N < yo < N~%/3\/loglog N a.a.s. according to lemma A4l
Inserting this bound into (), we obtain

i, / eWNV/@GG) 47 > exp{(N/a)é()\l) - (a_—l) log N + Op(loglog N)},
2mi T 3

which is the lower bound required to complete the proof of proposition 4.1] for b = 0.
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4.3. Limiting law in positive-critical regime.

Theorem 4.5. Suppose Assumption W holds and f =1+ bN—1/3 logl/2 N with b > 0. Then

N 3 logN\ 4 3
=~ _(F. 1 2 0,1 2 TW, .
\/W( NPty Og6+4+12N>—>N( )+ b TW

with independent N'(0,1) and TWy /.
Proof. From (1)) and Proposition 4.1l we have

A -1
(4.8) 2NF, n = alogCyn + NG(A1) — % log N + Op(loglog N).
The behavior of NG(\;) is governed by the approximation
N N
(4.9) > log(h = Aj) =Y log|2 = Aj| + N(\ —2) + Op(1).
: =

To verify its validity, let Axn denote the difference between right and left sides, without the error term.
We set

AN—SN+N2—)\1|: Z)\ :|
1=

2\
PR

N
Sn = Xnj, Xnj =log|2 = Aj| —log(A1 — Aj) —

The second term of Ay is Op(1l) from lemma 27 (i) and lemma 2.9 For each fixed j, Xn; = Op(1)
since both |2 — ;| and A\; — \; are Op(N~2/3), the latter by Lemma 27 part (iv).

To show that Sy is Op (1), we use the following convergence criterion: if for each e small there exist
events En . of probability at least 1 — e for N > N(e) such that on Ey, we have Sy = Sny1(e) + Sna(e)
with SNJC(E) = Op(l), then SN = Op(l)

First, we argue that for each € > 0, there exist k = k(¢),C = C(e) > 0 such that the event

Ene={M <24+ CN23 )\, <2-CN~%3}

has P(En ) > 1 — ¢ for large enough N. Indeed, lemma 27 (i) provides C. such that \; < 2+ C.N—2/3
with probability at least 1—¢/2. Lemma[Z7(iii) and Markov’s inequality show that P()\;, > 2—zN~2/3) <
Cy/k. With « = C., this can be made at most £/2 by choosing k(¢) = [2C;/e|. Hence P(En) > 1 —¢.

Let Sni(g), Sn2(g) denote the sum in Sy restricted to j < k(e) and j > k(e) respectively. On En e,
the sum Syi(e) has a ﬁnite number of Op(1) terms and so is itself Op(1). Also on En e, observe that
(2= X1)/(\M = Aj) > —3 for all j > k. Since |log(1 + ) — z| < Cyz? for z > —5 and some C; > 0, we
have the bound N

1
2
|Sn2(e)] < C1(M —2) Jz:: TYESWE Op(1),

from lemma [27] (i) and lemma This completes the proof of ([@J]).
Returning to NG()\;), using @J) and 8 — 1 = bN~1/31og!/2 N, we obtain the key decomposition
NG(A) =2NB+ NB(M\ —2) Zlog A —
=2NB — ng 12 = \j| 4 by/log NN?/3(\; — 2) + Op(1)
j=2

N
2
=2NB - log|2— | — S log N + by/log Néay + Op (1),

J=1
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after adding and subtracting log|2 — A1| = —2log N + Op(1) and setting &y = N/3 (A — 2).
Combining this with [£J]) and (B.8)), we obtain

N
2NF, n =N(-1—-1log+28) — %logN— Zlog|2 — Aj| + by/log Néan + Op (loglog V),
j=1

where we note that the coefficient of log IV, namely %a -2

_1 a
373
Let

a(a — 1), reduces to —g when a =1 or 2.

o —

1
log N.
6 08

al N
Nény = ;1og|2— Ajl = 5t
Combining the two previous displays we obtain (compare (3.9))

logN .
98 Néy + by/log Néaw + Op(loglog N).

2NF,Nn=N (—g —10g6+2ﬂ) -

Now rewrite this as
3 1 log N > b
NF,nNy=N _1_510g5+ﬂ_ 19N +,/ﬁlogN&N—l—5\/logN§2N+Op(loglogN),

where we set & 1§y = —N{vN/w/%logN.

By proposition 210, (&1, &) S N(0,1) x TWyq, 50 E1n + cbon 4 N(0,1) 4+ cT'Wy, with inde-
pendent (0, 1) and TWy/,. This completes the proof of theorem and thus the non-negative critical
part of theorem [L11 O

5. PROOF OF THE KEY LEMMAS FOR GUE/GOE CASES AND J =0

In this section, we prove lemmas and proposition [ZI0 for the special cases where Wy is
represented by scaled GUE/GOE (Gaussian case), and J = 0 (there is no spike). To contrast this case
with the general Wigner cases, we will denote eigenvalues of such special Wy as g > - -+ > pn. In section
[6l we will extend the proof to general sub-critically spiked Wigner matrices W n satisfying Assumption
W (Wigner case) by using the Lindeberg swapping technique. The eigenvalues of such Wy will be
denoted as A1 > --- > A\pn.

5.1. Some useful tools. Let us first describe two important background results that we are going to
use in the Gaussian part of the proof.

One-point correlation function. Let py be the level density or one-point function of scaled GUE.
Then the expectation of a linear spectral statistic is given by

N
(5.1) E[N Y f(w)] = [ fwon ) dn
=1

A key tool in approximating such expectations will be a uniform bound, due to Gétze and Tikhomirov,
for the deviation of the one-point function in GUE from the semicircle density psc(z) = (27) "' v4 — 2215 <2.
Indeed, |[GT05, Theorem 1.2] show the existence of absolute constants v,C > 0 such that for all
|ZE| < 2- ’YN72/37
< e

- NA4-2?)°
In addition, the one-point function decays at least exponentially at the edge: for all s > —~, for large
enough N (see appendix [A.2]),
(5.3) pN(2+sN72/3) < O(y)N~1/Be728

A similar bound holds at the negative edge, by symmetry. Corresponding bounds also hold for pgc.

(5.2) lpn (%) — psc(z)

Comparing GOE with GUE. Forrester and Rains [FR01] found a relation between the eigenvalues
of GOE and GUE that can be used to compare linear statistics from the two ensembles. Let Z, denote
scaled N x N GUE and GOE for a = 1,2 respectively. Given f : R — R, let f(Z,) = Efil f(pai)s
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where f1,,; are the eigenvalues of Zeo, and let TV(f) denote the total variation of f. In [JKOP22 Lemma
33 and Corollary 34] it is shown that

(5.4) [Ef(Z1) — Ef(Z2)| < O(TV(/))

(5.5) Var f(Zy) < 2Var f(Z1) + 2TV?(f)
Also, if fx is a series of functions such that

(5.6) Iy (Z1) = an + Op(by),

for some sequences ay and by, then,

(5.7) fn (Z2) = an + Op(by + TV (fn)).

5.2. Proof of lemma [2.7] for GUE/GOE. Part (i) is trivial in the GUE/GOE cases with J = 0.

Part (i) follows e.g. from the convergence of N%/3(py — 2) to TWo/q.

For GUE, part (iii) follows from the one-point function decay bound (&3] and (Gl applied to the
counting function statistic built from fy(u) = 1{u > 2 — xN~/3}. The extension to GOE follows from
the comparison bound (G.4]).

To see that part (iv) holds, consider the operator

d2
a = @ —$+ \/20[Bé,
where B! is the “derivative” of the Brownian motion on (0,00), and the operator acts on some Hilbert

space L, which consists of continuous functions supported on (0, 00), see p. 308 in [AGZ09]. The following
result is theorem 4.5.42 in [AGZ09)] for the special case of just the two top eigenvalues,

(5.8) (N3 (1 = 2), N1 = 2)) 5 (A1, M),

H

where A1, Ay are the top two eigenvalues of random operator H,,. In addition, in lemma 4.5.47 of [AGZ09]
it is shown that the operator has simple spectrum with probability one. This implies (iv).

For part (v), Let Nyy = #{j : u; > 2 — by N~2/3} with by — o0, so that by = O(N®) for all £ > 0.
Lemmas 2.2 and 2.3 of |Gus05] yield that, in the GUE case,

2
EN;, = 3—7Tbiv/2 +0(1)
3
Var Ny, = H(log by —log2)(1 4 0(1)) < logby.

Since the function fn(u) = 1[u > 2 — byN~2/3] has TV(f) = 1, eqs. (54) and (5H) yield mean and
variance bounds of the same order in the GOE case. From Chebychev’s inequality, if k < ko = 2/(3),

then in both cases
log by

—_— . O
Ko — K)2b3 =0
( )20%

P{Ny, < bY%} S

5.3. Proof of lemma 2.8 for GUE/GOE. First, recall that for [ > 1,
N

A — Cl N _
(5.9) GOE) = (1+sgnB)by N~ on + 23— )7,

j=1
where by = |b|y/Iog N, 6;; = 1 if [ = 1 and 0 otherwise, and ¢; = (—1)/(I — 1)!. Henceforth, we write
4Y=2+¢epn, withey = b%VN_Q/?’. We also set 7 = ny = £5/2 and consider truncated functionsE

N
swl)= = SR m) e = gy
j=1

Since by lemma [Z7] (ii) P(u1 > 2+ ¢en/2) — 0 as N — oo, we have a.a.s.
GO ) = (1 +sgn(O)bw N )dn + asn (D).

2The expression f7(z) is short for (f(z))", while f()(z) denotes rth order derivative.
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Recall that if Xy = ey + op(dy) and Yy = Xy a.a.s., then Yy = ey + op(dy) also. With these
preparations, the proof of lemma 2.8 reduces to showing that
1—byN=Y3 4 op(N-Y/3p,1%) 1=1
SN(Z) =

(5.10) QN3 by )220 +op(1)) 132,

We consider first GUE, and begin with the case [ > 2, for which it will be enough to use
sn(l) =Esy(l) + Op(+/ Var(sn(1))).

Let pn(p) denote the normalized one-point correlation function. As in (E1I), we have

(5.11) Esw(l) = [ £33~ o) di

To bound the error in replacing py by psc in integrals such as ([G.IT), set oy = yN~2/3 with v > 0,
decompose R into Iy = [-2 + dn,2 — dn] along with Jy = (2 — dn,00) and Jy = (—o0,—2 + dn) and

write
/gpN — gpsc =/ g(pn — psc) +/ 9PN —/ gpsc.
In JNUJ]; JNUJ];

Integrals over Jn may be bounded using (B.3)):
(5.12) / lg(m)lpn () dp < CoNTH sup g(u),
JN pn>2—0N

since f;jéN pn(p)du < N71C(y) ffy e ?%ds = N~!'C,. The integral over Jy is dealt with similarly, and
so are the integrals with respect to psc.
The integrals over Iy require the Gotze-Tikhomirov bound (&.2). For later use, we bring in a bounded

function ¢ and set ay = sup_; <, <o [¢(y)| and by = sup,<_; [¥(y)|. Let
A (=2
In= / (7= n) 1/)(
In

Then, for C' = C(y) and any r > 0, we have

— ) [on (1) — psc(w)] dp.
EN

C EN
5.13 In| < — log — +b
(5.13) 0] < g (astor 52+ 0 )
for all sufficiently large N.

Indeed, on the interval [—2+d, 0] the absolute value of the integrand is bounded by 27"b, CN ~1271(2+
w)~ ! and so the absolute value of the corresponding integral is at most by, CN ! log 5;,1, for all sufficiently
large N. Writing 7}, for the integral over [0,2 — dx], setting # = 2 — p1, and noting that 6 = dy < en =¢,
we have

c (> 1 —z ayC [*dz  2b,C [ dx
<2 [ = (—) dw < & / @,
|N|_N/5 (:v—i—s)TxW} € | = Ner s : TN . (z+e)rtt’
which yields the claimed bound.
Returning to the approximation of ([G.I1]) and setting g(u) = ffl(ﬁ — ), we have g(u) = O(n~!) =

O(ey) in (BI2), and ¢ := 1,7 = | in (5IJ), so that with ex/dn = b%/7,

(5.14) Esn(l) = /(ﬁ — ) ~'psc(w) dp+ O (?ﬁj) :

To approximate the latter integral we use derivatives of msc(z) = 3 (—z+V2% — 4), the Stieltjes transform
of the semi-circle distribution (extended to real z > 2). Recalling that 4 = 2 4+ ey, we write

msc(2+e) =—1+e/2(1+e/4)1/% —¢/2,
miL 2 +e) =mie 1+ 0@) - Lon,  1>1,
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where m; = (;211):1 ((le:f))!!. We then have

1— e+ 0(en) 1=1
a1+ 06T 1>,

where dj = my_1/¢ = % for I > 2 as claimed above. The error term O(%) in (5I4)
: ° N

dominates the term O(en) for I = 1 and all but the leading term for [ > 2. Consequently

_ —~1/3 —-1/3 2 _
ESN(Z)_{1 by N=1/3 4+ O(N=/3(logby)/b3) I=1

(515) d[(N/b%[)Ql/S_l +O ((N/b?v)Ql/g_l(long)/bi)’v) l Z 2.

To bound the variances of sy (l) we use the following inequality (see |[JKOP22], lemma 16)

(5.16) var (5 ifom) <5 [ Pt i,

which holds for GUE for arbitrary f and IV, as long as the integrals involved exist. In particular,
~ | fi G=wpn (w)du=O(N3 )

using (I0). This establishes (BI0) for [ > 2.

For I = 1, however, this bound yields only error control at Op(N~1/ 3b;\,1/ *) in (5.10). To improve
on the bound near the edge, we use the mesoscopic CLT of Basor and Widom [BW99]. Let ¢ > 1 and
consider a C*° partition of unity ¥; + 12 = 1 with 0 < ¢; <1 and

{1 —c<z<1/4

Var [sy(1)] <

Vi) = 0 x < —2cand x > 1/2.

We then have the decomposition sy (1) = 51(c) + $2(c), where

N 2/3(,, _
So= 50 = Dy - ) An (), An() = TP,
N

Jj=1

To show that sy (1) — Esy(1) = op (Nfl/Bb;,lm), we use the following convergence criterion: if for
each ¢ large, Xy = Yni(c) + Yaa(c) with Yai(c) = op(1) and Var Yya(c) < ¢71/2 for N > N(c), then
XN = Op(l).

First, our previous tools suffice to bound fluctuations of the 5o term. Indeed, from (G.I6) we have

Var(sa(c / F2(5 = iR (A () (1) s

We approximate the integral by Jy = [ g(u)psc(p)dp, using bounds (BI2) with g(p) = fg(@ -
w3 (An (1)) = O(n~2) and (EI3) with ay, = 0,by = 1, so that the error is bounded in order by

N7t +ep?] = N7ley® < NYSuA
On the interval [—2,2], we have g(u) = (¥ — p) =23 (An (), which vanishes if Ay (u) > —c, so that

1 2—cen A B 1 4 B 9 -
(5.17) jNS%/Q (¥ —n) 2\/4—,u2d,u§;/ T 3/2d$§—(C€N) 172,
- CEN

o
Consequently for N > N(c),
(5.18) Var 82(c) < N1 {2{1(1/21\71/%; + O(Nl/?’b;v‘*)} < dple VAN

Turning now to 51(c), since 11 (An(p)) =0 for p > 2+ en/2 =4 — nn, we have

5 127 1) 1 (AN (1))
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Let us rewrite

(3 = 1)1 (An(n) = e ¢(An (1))
where ¢ (z) = 1 (x)/(1 — z) is a Schwartz function because supp 1 = [—2¢, 1]. By [BW9Y],

N
Tn =) ¢(An(1)) = an +op(1),
j=1
with b%, oo Nl/gb%v 2 P
ay = 7/0 Vro(—z)dr = - /700(2 —wY ey P(AN(n)) dp.
Hence

_ Tn S _1 V2—1p 1
S1= NIBR, :Lm(v—ﬂ) Y1(An (1)) - dp +op NIBR, )
We also have )
Bo= [ (- 1) or(An(upscln) du+ OV bR ogby),

-2
where again we approximate the first integral by Jn2 = [ g2(p)psc(p) dp, using bound (5.I12) with
92(1) = (5 — )" Y1 (An (1)) = O(ey') and bound (FI3) with ay = by, = 1, so that the error is bounded
in order by N~le! + N~ley! log(en/dn) = O(N~/3b* logby).

Since, 91 (An (1)) =0 for u < 2 — 2cey and 4 > 2, the leading term of $; — E3; is bounded by

? VZ—p VA= p2\ dp
L ( )

T 27 2—pu

—2CEN

Therefore, combining the error terms, we obtain for all ¢ > 1
51(c) — E51(c) = Op(N Y302 logby).
Together with (5I8) and the convergence criterion described above, we conclude that sy (1) — Esy(1) =
op(N~1/3p512).
For the GOE case we use GUE/GOE comparison for linear statistics, cf (G.6)— (51). We apply this to
fn(@) = N1 (5 — x), for which TV(fy) = 4N~Iny' = 21F2N2/3-1 /b3 Since this is of smaller order
than the error terms in (5.10), (5.I0) remains valid in the GOE case. O

5.4. Proof of lemma for GUE/GOE. The validity of (Z3) is established in proposition 3 of
[JKOP22]. We will prove (24)) later, directly for the general case of spiked Wigner Wy without making
the GUE/GOE step. O

5.5. Proof of proposition 2.10 for GUE/GOE. The marginal convergences follow from theorem [2.6]
and lemma 27 (i). Hence, we only need to prove the asymptotic independence. Our proof is based on
the tridiagonal representation of GUE and GOE. Recall that the eigenvalues of the matrix

ar b
bl a9 b2
(5.19) VNMy = bo ,

with independent a; ~ N (0, @) and b; ~ x(2i/a)/+/2/c, are distributed as eigenvalues of GUE matrices
for @« = 1 and as eigenvalues of GOE matrices for &« = 2. Therefore, in our proof, we may and will
reinterpret the eigenvalues of Wy, entering the definitions of {;, as the eigenvalues of My. For a proof
of the tridiagonal representation for general Gaussian -ensembles, we refer the reader to Chapter 4 of
[AGZ09]. See also a simple proof in [TV12] that works only for GOE and GUE.
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In what follows, we establish the representations
@
fiv = Xn/\[SlogN +op(1),  €aw = N3(¥x —2) + op(1),

where X depends only on a;,b;—1 with ¢ < N — QN1L/3 log3 N, and Yy depends only on a;,b;—1 with
i>N—2N"31log® N. Since Xy and Yy are independent, such representations yield proposition 210l
Representation for &1 (log-determinant). In [JKOP22], the derivation of the CLT for &; y (theorem 2.6
here) is based on the tridiagonal representation. Let us recall some of the steps of that proof. Equation
(18) of [JKOP22] shows that
N N
(520) Z].Og |2 - /J,jl = Zlog |2 + N_2/36'N - /Lj| - N1/35'N + OP(6]2V),
Jj=1 Jj=1
where o = (loglog N)3. Further, the sum on the right hand side of the above display can be well
approximated by a deterministic shift of a linear combination of the independent variables a;, b?.
To be precise, consider ¢; = (b? — i) /V/i, so that E¢; = 0 and Var(¢;) = . For Oy = 1+ N~2/355/2,
define recursively
L =& +viLi—a for i > 1,

Q; Yi Ci—1
i = Qi+ P, Q= —F/——), P = A e
¢ b VNONT; p VN Onri—q

where

with 1 := 0, and

i—1 1—1
(5.21) r, =1+ 92 , =1- 92 ,
Then, equations (49), , and the last equation of section 4.1.6 of [JKOP22] show that

N
N 1

Zlog|2+N gy — /147,|— + NY3qy logN—ZLi—i-Op(&]QV).

i=1 i=1

Combining this with (E20)and recalling the definition of &; x5, we obtain

(5.22) &y = ZLZ/ S 10g N +op(1).

Now we are ready to prove the following.

Lemma 5.1. We have that &y = XN/W/% N + op(1), where Xn depends only on a;,b;—1 for
i< N—2NY3log® N.
Proof. Let us rewrite the sum from (522) in the following form:

N

N
ZL =Y GG+ v m6) =D g
i=1

=1

where g; = 147+ +7i...7n. Set m = [N —2N'/3log® N| and consider Xy = 31" | gi41&i, so that
it only depends on (&;)i<m, and hence on (a;)i<m, (b;)i<m—1. Since &; are independent and centred,

N 2 2
E <Z L; - XN) =E (Z 9i+1§z‘> < (m?XEff) DG =0T gh
=1

i>m >m >m
By Lemma 6 in [JKOP22] we have, for N large enough,

T 2 )
<2 =1,
1

P <
gi Ti—l
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Further, since (r; — 1)~! is an increasing sequence, we have
N+1 N+1 N Ntz
2 —2_y-1
>m i=m +1 1=m-+1 N

where we use the inequality 2320 < 1, which holds for large enough N. Since m+1 > N—2N'/31log® N
and Oy = 1+ N—2/355/2,

N2 142Nt
/ (1—03%z) tda < / (1-603°2) tdw
m 1

1 —2N-2/3log® N

1-0°(1-2N"211og® N
= 9?\, log it — o N)
1—0%(1+2N-1)
2log® N + an(1 +o(1))
on(1+o0(1))
= O (loglogN) .

= 6% log

Collecting all together, we get that

N 2
E'/? <ZL1 —XN> =0 (vloglogN) .

i=1

Combining this with ([5.22]) yields the lemma. O

Representation for & (the largest eigenvalue). Since the entries of the tridiagonal matrix (G.I9)
become larger towards the bottom right corner, we expect that the largest eigenvalue 1 does not depend
too much on the upper values. [ER05] use a heuristic argument and numerical evidence to suggest that
the bottom 10N1/3 x 10N'/3 minor’s largest eigenvalue is a good approximation of x;. For our purpose,
it is sufficient to multiply N/3 by 21log® N instead of 10. We prove the following lemma.

Lemma 5.2. Let Yy be the largest eigenvalue of the bottom-right minor of My of size | > 2N/31og® N.
Then for any K > 0,

1 = Y| = Op(N~K).

Proof. Let Yy := i1 be the largest eigenvalue of ]\A/[/l ~, where

.0 0
VNM, y = 0 anv—iy1 bn—it1

bn—i41

by—1
by—1  an

Then w1 > 11 and it is sufficient to bound the difference 1 — fi; from above.
Let v be the normalized principal eigenvector of the original matrix My, so that v Myv = puy, and

we also have fi; > vTMlﬁNv. We then have
p1 —fir < py —v' Myyv=n0v'(My — M y)v
N -1

2bn—
(5.23) = TUN MN_v.N—1 + \/]\;leN—H-lUN—la
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where v.ny_j) = (vi, .. '7UN—l)T and

aq bl
bi az by

VN —IMy_; = bo

bn—1—1
by—i—1 an—y

Note that [|[My_|| = Op(1) and by_;/vN = Op(1).
A proof of the following auxiliary lemma is given in appendix [A.3] The lemma controls the initial
N — 2N/310g® N components of the principal eigenvector v.

Lemma 5.3. Let v be a principal eigenvector of My, standardized to have unit Euclidean norm. Then
for any D >0
max lv;] = Op(N~P).
i<N—2N1/3log3 N
Since | > 2N31log® N, we have max;<n_;+1 [v;| = Op(N~P). Therefore, ||v.y_||> < NOp(N—2P)
and max{|vy_i|, [un_13+1|} < Op(N~P). Hence, from (5.23),

M1 — YN < Op(l) X OP(N_2D+1) + Op(l) X OP(N_D) < OP(N_D+1) R
where taking D = K + 5/3 yields lemma O

This completes the proof of proposition 210 for GUE/GOE with J = 0.

6. EXTENSION TO WIGNER CASES

In this section we extend the results that were proven in section [l for the GUE/GOE cases to sub-
critically spiked Wigner cases.

6.1. Proof strategy and preliminary results. Proving that a Wigner matrix W}, satisfies a certain
property as long as a matrix Wy from scaled GUE/GOE satisfies this property is often based on the
Lindeberg swapping process, where elements of Wy are replaced by the elements of W}, one by one
without losing the property. Typically, one needs to show that any individual swap does not change the
expectation EQ(M) of some smooth function Q(-) of the matrix M participating in the swapping process
too much.

In more detail, let v index an ordering of the independent components {Re&;;,Im¢&;;}ic; and {&;}
of VNWy. Thus v runs over N2 and N(N + 1)/2 elements in the Hermitian and symmetric cases
respectively. Let W7 refer to a matrix in which the elements prior to v come from W}, while those at ~y
or later come from Wiy.

At stage 7 in the swapping process, we can write W(©) = W, W) = W7+l and

(0) 1)
(6.1) wO =wy + f/—ﬁvv, wh =wy) + f/—N
and W is independent of both & ) and €M), In the symmetric case, V,, is one of the elementary matrix
eqe, or eqep +epe. In the Hermitian case, we add matrices ie,e; —iepel;. Here e; denotes the j-th column
of the identity matrix Iy, and a,b correspond to the row and column of the components of Wy and W},
being swapped at stage v. These components are denoted as 5(0)/ VN and ¢ (1)/ VN respectively. All
matrices W7 are Wigner matrices.

We consider W(© and W) as perturbations of W. Thus, set W, = W +tN~1/2V,, and introduce
Q~(t) = QW) for some smooth function Q(-). We first summarize the properties of such a Q(-) that
are sufficient to carry out the swapping process.

Vi,

Definition 6.1. Fix ¢y > 0 and set ||F||, = sup{|F(¢)|,|t| < N°}. Let oy — 0 in such a way that
dn = N~ for some ¢; > 0. Let @ be a function on N x N Hermitian/symmetric matrices taking values
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n [0,1]. Let Wigner matrices Wy, W} be given and define Q. (t) = Q(W,) as above. We say that Q
satisfies condition F or F(dy) if for all v and 1 < k < 4 we have w.o.p. that

_k
(F) Q5 ey S N7 24

Next, we present proposition 20 of [JKOP22], which details how condition F is used to control differ-
ences in the distributions of Wigner matrices:

Proposition 6.2. Let Wy, W}, be Wigner matrices whose moments match to third order. Let co,c1 > 0
be fived and for each j = 1,...,m, let Q;: CN*N — [0,1] satisfy condition F(§; ). If Q = H;nzl Qj,
then,

(6.2) EQWn) ~EQWy) § max §jn.

Let )
swy (2) == N tr (Wy —2)""

be the Stieltjes transform of the empirical spectral distribution of Wy . The following result is proposition
24 of |[JKOP22], which is the main tool that we will use to show that a function satisfies condition F.

Proposition 6.3. Let Wy be a Wigner matriz. Fiz e > 0 small and 0 < ¢y < 1/2. Let E,Ey,Es € R
be such that |E —2| < N=3+2% gnd |E; — 2| S N-3+105 4 =12,

For each of the following statistics, define functions g: CN*N — R, G: R — R and a sequence Sy
according to the following specifications, in each case for 1 < j < 4:

(1) Log-determinant: with vy = N~2/37¢

NlUU
g(Wn) =N Imswy (E+in)dn,  [G9]e < (logN) /%, 6y = (log N)~/*.
YN
(2) Eigenvalue counting: with n = N—2/379
N E; ) ) o _1iog)
gWy)=— | Tmsw(y+in)dy, |GV < (logN)¥, oy = N75+06.
Eq

(8) Inverse moments: withn = N~2/3"¢ and | € Z,
g(Wy) = N8 Resiy V(E+1m), 9o < (log M), oy = N7570C),
In each of the cases listed above, the corresponding function @ = G o g satisfies condition F(0n).

Our main tool for establishing distributional results about joint convergence is proposition 21 of
[JKOP22:
Proposition 6.4. Let Wy, W}, be Wigner matrices whose off-diagonal moments match up to third order.

Let En = En(Wn) and &y = En(WQ) both be R™ valued random vectors. Suppose that €n N £, and
that each component &; of the limit has a continuous distribution function.

Let ny — 0 be given, and suppose that for each 1 < j <m and s € R there exists a function Q;(-, s)
satisfying condition F(0; n) such that for W = Wy, W}, w.o.p.

(6.3) Hen;(W) < s —nn} < Qi(W,s) < 1{En; (W) < s +nn}-
Then we also have (joint) convergence &)y N £.

Throughout the remaining of this section we denote by Wy a matrix from scaled GUE (o = 1) or
scaled GOE (o = 2) and by W}, the corresponding real (a« = 1) or complex (o = 2) Wigner matrix,
whose off-diagonal moments match scaled GUE/GOE up to third order. In order to complete the proofs
we also need to add a sub-critical spike. For fixed J € [0,1), consider the matrix

(6.4) Win =Wy +Jvv',

where v is arbitrary unit vector from CV (from RY if a = 2).
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Consistent with notation used in section B, we denote by p; > --- > un the eigenvalues of Wy, by
py > -+ > py the eigenvalues of Wy, and by Ay > --- > Ax the eigenvalues of W . We transfer the
properties of Wy to W y using the Cauchy interlacing theorem

My =X >py> > Ay > ply-
In addition, we will rely on the stickiness of the top eigenvalues of W}, to its deformed counterpart
Wi -

Proposition 6.5 (Stickiness of top eigenvalues). Suppose W}, is a Wigner matriz whose off-diagonal
moments match GUE/GOE up to third order and fiz arbitrary e € (0,1/6). Let J € (0,1) and W} =
Wi + Jvv* for a unit vector v. Then, w.o.p.,

] = —1+42¢
max |A; — | = O(N )-

A proof of this proposition is given in appendix [A-4l We remark that [KY13] state the above bound
for a constant number of top eigenvalues and a somewhat different definition of Wigner matrices. Our
proof reproduces their arguments for up to N¢ eigenvalues under definition 2.1] of a Wigner matrix.

6.2. Proof of lemma [2.7] for Wigner case. Part (i): Let {n;(W) = N2/3(\;(W) — 2), where \;(W)
denotes the j-th largest eigenvalue of matrix W. The convergence in distribution of {xy = {(n(Wy) to
¢(=(TW24,...,TWz ;) holds by definition, as discussed in section 5.2l We use proposition 6.4 to carry
this over to convergeilce of {iy = (n(W}): the key step is approximation by the Stieltjes functional
g(W, E) below, and then use of the derivative bounds in proposition
Introducing the rescaling E(s) = 2 + N~2/3s, we may write

(6.5) H{(n;(W) < s} = H{Nw(E(s),0) < j},

where Ny (E, 00) denotes the number of eigenvalues of W that fall into the interval [E, 00). Fix a small
positive €. Let Fog = 2+ 2N ~2/3%¢ = N—2/3-9¢ and

N [P
gW,E) = ;/ Im sy (y + in) dy.
E

Corollary 17.3 of [EY17] says that for Wigner matrices W, |E — 2| < N=2/3+¢ and ¢ = AN~%/37¢ and
with overwhelming probability, we have inequalities

(6.6) Nw(E+1€,00) — N <gW,E) <Nw(E —{,0)+ N"°.

[EY17) use a somewhat different definition of Wigner matrices, but we show that (6.6]) still holds with
definition 2] in appendix Let G; be a smooth decreasing function such that

0 z>5—-1/3
Gj(z) = -y
1 z<j—2/3.
From (G.6) we have w.o.p. for W = Wy and Wy, that
HNw(E +{,00) < j} 2 Gi(g(W, E)) = H{Nw (E — £,00) < j}.
Applying this with E = E(s) + ¢ along with (G.3]), we obtain
Hni(W) < s+ N7} = Gi(g(W, E(s) +£)) = 1{(n; (W) < s},
which implies
(6.7) Hvj(W) <s = N7} < Gi(g(W, E(s) +£)) < H{Cw; (W) < s+ N7}
Setting Q, (W, s) = G;(g(W, E(s) + £)), we obtain bounds (G.3)).
The functions Q;(-, s) satisfy Proposition 63| (2) with §; y = N~1/3+9(®) and hence also condition F.
Consequently the joint convergence for &£y = &n (W} ) follows from Proposition [6.41

The result follows for subcritically-spiked Wigner matrix W", N = Wy + Jvv* applying proposition [6.5]
so that

(N3O0 = 2),0 N O = 2)) = (VF (= 2),0, N3 (uy = 2)) + op (NTH/2429),
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Part (ii) and part (iv): The statement of part (ii) is implied by N?/3(\; — 2) = Op(1), which follows
from the fact that N2/3(\; — 2) 4 TWi /- Similarly, we have that

N3\ = X) 4 TWi2/a = TW22/a;

and the latter is ©p (1), since we already know that N2/3(u; — pg) S TWi2/a —TWs2/q, and py — pio =
O©p(N~2/3) from the proof for the Gaussian ensembles.

Part (iii) and part (v): We first derive the corresponding bounds for Wy, i.e. for the eigenvalues 1.
We use the counting function approximation and it’s universality, similar to how we did in the proof of
part (i). It follows from eq. (6.6) that w.o.p. for both Wy, W} in place of W,

(6.8) gW,E+ 1) = N™° < Nw(E,00) < g(W,E —£) + N™*.

For part (iii), first take the expectation of the above inequalities. Notice that My (E,o0) < N a.s.
Similarly, using Im(A — y — in)~" < n~!, it holds a.s. that g(E, W) < &yn~!(E> — E), which can be

bounded as O(NHO(E)). Since the complement to a w.o.p. event happens with probability at most N~
for any D > 0 and large N, we conclude that

EgW,E+ () — N ¢ <ENw(E,0) <EgW,E—{)+ N~*.
Using Propositions and [6.3] part(2) applied with G(z) = x, we have that
[Eg(Wn, E) - Eg(Wy, E)| S N7V/396),
Take B, =2 —aN~2/3 and E, 41 =2 — (z + 1)N~%/3 so that E, — 20 > E,; for large N. Then,
ENw; (Ey,00) < EgWy,E, —€)+ N~ ¢
<Eg(Wy,E, — ) + N5 + O(N /3100
< ENwy (Epi1,00) + 2N 75 4 O(N~1/3+06))
<o),
where we used that ENy (E,41,00) = O(1) for the Gaussian case, which is shown in Section To
extend part (iii) to the spiked case, observe that the values #{j : \; > 2 — zN~2/3} and #{j : Wy >
2 — 2N ~2/3} differ by at most one thanks to the Cauchy interlacing theorem.
For part (v), let us show that there exists £’ such that if by — oo so that by = O(N¢) for all € > 0,
then a.a.s.
Ny (EbN , OO) > Klb?\f/g,
where Ep,, =2 —byN~2/3. From (6.8) we have for by = O(N®), w.0.p.
(6.9) Nw (Epy—n-<,00) = N7 < g(W, By _n-=2) < Nw(Epy,00) + N7,
where we note that Fp, +2¢ = E,,_ny-- and Epy +{ = Ey,_n-</2. Below we denote for short

gW) = g(W, Eyy _n—</2)-
Let p = 5k'/4 and H be a smooth decreasing function on [0, c0) such that

Hz)={' =
xr) =
0 z2>2pu,

and define G(z) = H(xz/b%/%), so that |GW]||» < by = o(1).

We apply Proposition and Proposition part (2), from where it follows that EG(g(Wy)) <
EG(g(Wy)) + O(N—H/3+06),

Using ([6.9) in the first and fourth lines below, and setting u = 5x’/4, we obtain

P{Niwy, (Epy,00) < 6B} < P{g(Wh)/bY* < u} + O(N~P)
< EG(g(Wy)) + O(N~P) <EG(9(Wn)) + O(6n)
< P{g(Wn)/by® < 2u} + O(N~V/3+0())
< P{Nwy (Eyyy -, 00) < kb3 } + O(N~1/3+0()
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if we set 2 = 3r/4 say. The final bound is o(1), according to the Gaussian case applied to by < by—N "¢,
and so if we take k' = 4p/5 = 3k/10, we obtain the claimed result.
Finally, part (v) extends trivially to the spiked case using Cauchy interlacing theorem, since

i N >2-byN"23y > 45« pf > 2 - byN"2/3}. O

6.3. Proof of lemma and eq. 2.3 of lemma for Wigner case. Let us first extend lemma
28 and eq. 23 of lemma to the non-spiked Wigner case, with Wy, in place of Wx and p in place of

-
First we rewrite ([2.2)) and (Z3)) in terms of Stieltjes transforms. For [ > 1, we have
GO(z)=p101=1) +s% "(2)
for Wy and W/ in place of W. Suppose that |E — 2| < 5y N—2/3, where
SN = (].OgN)O(IOgIOgN),

and define
N
9o(W) = go(W, E) :=N"2/31{70(B) = (1 - )N 3" (0 (W) - B) ™
j=1

Here A\;(W) denotes the j-th largest eigenvalue of W. Then (2.2) and [23) take the simpler form
(610) go(W,E) =any +0oNZnN, ZN :Op(l) or Op(l)

with the following an, oy and Zy.
In the case of ([Z2]), we take F = 4. Further, in (610) we have Zy = op(1),

14  1=1

— _NY31(1=1 B>~ log® 27" N, =log™"N, L=
an (I =1)+clb]" " log on =08 [—-3/2 1>2

with ¢; = 1, co = 1/2 and with the general form of ¢; visible in (22)).
In the case of ([Z3), we take E =2+ CN~2/3 and for | = 1,2 in ([6I0) we have

aN:—Nl/Bl(lzl), UN=1, ZN:OP(l).

Thus the validity of (GI0) for W = Wy drawn from Gaussian ensembles has been already established
in sections and 5.4 We wish to carry this over to Zy = (go(W})) — an)/on for a Wigner matrix
WJ;. To do this, we approximate go(W) by the Stieltjes functional

g(W) = N72/3+1 Re s%ﬁl)(E +in).

Lemma 6.6. (Approzimation step) Let W be an N x N Wigner matriz satisfying Assumption W and
let E € R be such that |E —2| < N~3&x. Let ¢ > 0 and define n = N~373¢.
Then, for alll € Z, we have with high probability that

(6.11) N30 gy = N2/ Re s (B + i) + O(N9).

Proof. Let eg = ¢/(l +1). By eigenvalue non-concentration (see proposition 25 of |[JKOP22]), there then
exists a constant d > 0 such that the event
2
— i . _ > N3 €0

Ex {@glNMJ(W) E| > N~# }

holds with probability at least 1 — N~¢. The rest of the argument occurs on the event Ey.
Now the function Zjvzl W is holomorphic in the open disk {z : |z — E| < N-3¢}. Since

J
gp < €, the vertical segment « connecting F to E + in lies entirely within this disk, so the fundamental
theorem of calculus applies, rendering

N

it ! I R R SN N d
R E e 2 E || e/W;Yz—Aj(W))lH ’

j=1 j=1
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<ZWZ|E )\ W)

By lemma 26 of [JKOP23], this is O(N 3 3. N(G+e)(+)+e) — O(N3-¢) w.0.p. on Ey, from which
the result follows. O

Lemma [6.6] implies that g(W) satisfies (610) exactly when go(W) does. So we carry out the Lindeberg
swapping with g(1W).
Let k > 0 and H : R — [0, 1] be a smooth cutoff function satisfying

Hiz) = {O %f lz] < K

1 if |z| > 2k.

Let G(z) = H((x — an)/on), so that |GD)|| < a;,j. Propositions [6.3 (3) and 6.2 yield EG(g(W},)) =
EG(g(Wx)) + O(6x) with 6y = N=1/3+0E) Write Zy = (9(Wx) — an)/on and similarly for Zj,. We
conclude that

P(|Zy| > 28) = P(lg(W}) — un| > 260n)
< EG(9(Wy)) < EG(9(Wn)) +O(0n)
< P(|ZN| > H) +O(5N)

A similar bound holds reversing the roles of Wy and Wj. Consequently Z4 is op(1) or Op(1) exactly
when Zy is. From Lemma 6.6, both Zy — Zx and Z}V — Z}y are O(N~¢) with high probability. Thus
(6.10) carries over to W}, and so the validity of (Z.2)) and ([23) are established for Wigner matrices without
a spike.

We conclude the proof by extending the bounds from non-spiked Wigner matrix Wy to the spiked
one W)y as in ([64). Let us show that (Z2) and (2.3)) still hold in this case. Recall that \; denote the
eigenvalues of Wj  in the descending order, and p; are the eigenvalues of Wy;.

Let v equals to either 4 from Z2) or 24+ CN~2/3 from ([23). In addition, let i* denotes the index of
the nearest to v among the eigenvalues pf, such that p; < . Due to the interlacing theorem, we have

that 0 <~y — X\ <y —pffori>i*and vy — N <~ —p <0 for i <i*.
Then,

Mz

N
Zv p) = (=) T (= he)
=1 1

It follows from rigidity (see theorem 2. 9 of [BK1§]), that for any € > 0 w.o.p.

N 2/3
O(N~*/31og N) = (%) +0 (N2 ),

which implies i* = O(N€). Therefore, using proposition we have that w.o.p. | A\ — pls
Furthermore, by the non-concentration result from proposition 25 of [JKOP22] we have, with high prob-
ability, |y — /.| ~! < N2/3+e Hence we obtain that with high probability

AV
(6.12) (v=pi) ™ = (r =) = (=)™ [1 - (1 + ”7,) ]
Y e
—1
_ O(N2l/3+la) [1 _ (1 +O(N—1/3+Ca)> }
_ O(N(2l—1)/3+Ca)

Taking e sufficiently small, we obtain that for any L > 0,

N
(6.13) Z Z v — )+ op (N3 1og™E N).
i=1 i1
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To obtain the inequality in the opposite direction, note that with high probability, there exists C' > 0
such that for all ¢ < i** := [N¢]

(6.14) (v = ) = (v = N) L = O(N @D /3+Ce),
This fact can be established similarly to ([G.I12). Furthermore, by eigenvalue rigidity w.o.p.

N = e =y = Yiee A Yier = fhee >y = Yiee — O(N Y3713,

where v+« is the typical location of the i**-th eigenvalue, satisfying

Px* 2/3
= (%)

Since v = 2+ O(N~?/31og N), we obtain w.o.p

(6.15) N = e > NT3FE/2,
Therefore, by the interlacing theorem, w.o.p.

(6.16) (v = Air) " < (=)~

for all 7 > 7**.
Using (6.14)-(@.16]), we have with high probability

ok

N i

N
D= =) =Y [ =) T = (= AT A (v = ) T = (= )
=1

i=1 =1

(,Y_u;)fl_|_O(N(2l71)/3+(0+1)s)+O(N2l/37sl/2)+0(1)

WE

(2

Il
-

Choosing ¢ sufficiently small, we obtain that for any L > 0,

N N
Z(V — )\i)_l < 2(7 _ M/i)_l + 0p(N2l/3 log*L N),
i=1 i=1

Combining this with (G.I3]), we conclude that
N N
Z(Fy —A)7 = 2(7 — 1)+ op (N2 1og™F N).
=1 i=1

Taking L > max {3,1 — 3}, we see that the difference of op(N?!/3 log™ % N) between the spiked sta-
tistics and non-spiked one is sufficient for [22)) and ([Z3]) to hold in the spiked case as well. O

6.4. Proof of eq. [2.4] of lemma [2.91 We rely on ([23)): for any fixed C € R,

N N
1 1
(6.17) NZ(z-Aj)*l =14+0p(N"3)  and Nz:(z_mv*/?’_xj)*2 = Op(N'/3).
=1 j=1
By the Cauchy-Schwarz inequality,

1 N 1 1 N 1
T e~ ¥ L 1o,

1 N 2— )\
N 'Nzﬂ 2 \) 0 — )

1 <N 1 12 /1 _n 1 1/2
<2-M| (= L - )
= 2=l (N Zi:Q (2- )\j)z) (N ZJ:Q (A1 = )\j)2>

The bounds in eq. [EI7) with C = 0, along with Tracy-Widom convergence |\; — 2| = Op(N~2/3)

(lemma 27 part (i)) show that to establish (24, it is sufficient to show that %Z;V: ) ﬁ =
Op(N1/3).
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For this, note that by lemma 27 (ii), for each € > 0 there exists a constant C' such that event
En.e={A\ >2— CN~?/3} has probability at least 1 — ¢ for large N. On this event,

2-CN~2/3 )\ if)\;<2-CN~2/3
M=\ >
A — A if \; >2—-CN~2/3

We have xn(C) :=#{j : A1 >2—-CN~2/3} = Op(1) and \; — Ay = Op(N~2/3) by Lemma 27 parts
(iii) and (iv) respectively. Using also (6.17) we obtain, on &y,

1 N 1 1 N 1 xn (C) 1
— — - <= = Op(N3).
N Zj:2 (/\1 — )\j)2 - N ijl (2 —CN—2/3 — )\j)2 + N()\l — /\2)2 P( )
This completes the proof of eq. 24 of lemma a

6.5. Proof of proposition [2.10] for Wigner case. First we consider the case with no spike, i.e. J =0
and eigenvalues i; of W in place of eigenvalues A; of W . In this case, this is an immediate consequence
of proposition[G4land previous arguments for the log-determinant in [JKOP22] and the largest eigenvalue
in lemma [Z7] (i). Indeed, in the proof of Proposition 27 of [JKOP22] we show that

Gn(Wh) = 75" (v — go(WR)) + op (1),

where for vy = N~2/372¢ with £ > 0 small

Nl()()
-1
go(W) = / Im sy (2 + in) dn, iy =Nj2-2 5 log NV + N log(N1%).
Y

N

It is enough to consider joint convergence of
(W) =73 (v = go(Wy))  and  &n(Wy),

since (§1nv (WR), Ean (W) = (§v (W), &on (Wi ) + op(1).

In Proposition [64 let us set Q1 (W, s) and Q2(W, s) as follows. We start from Q2(W, s). Using (6.7)),
take Q2(W, s) := G1(g(W, E(s) £ ¢). Then, as explained immediately after (61), such Q2(W, s) satisfies
condition F(da ) with do y = N~1/3+0E) | Furthermore, [6.7) says that

(618) l{ng(W) <s-— Nﬁs} < QQ(W, 8) < 1{§N2(W) <s+ Nﬁs}.

Turning to Q1(W, s), let H : R — [0,1] be a smooth decreasing function such that

H(z) = 1 if 2 < —ny
0 if z>nn.

Define Q1 (W, s) = G5(go(W)) := H(ty"(ii — go(W)) — s). Then clearly
(6.19) H{Eni(W) <s—nn} < QW s) < 1{Em(W) < s +nn}

Observe that if we choose ny = (log N)~4, then |G ||ls < (rann) ™7 < (log N)=3/4. Then proposi-
tion (1) implies that Q;(, s) satisfy condition F with &,y = (log N)~/4,

Convergence of the Gaussian versions (£1n,&2n) 4N (0,1) x TWy, has been established in sec-
tion Hence, the conclusion for (& x5 (W} ), &an (Wy)) follows now from equations (G.I8), (619) and
proposition

As for the spiked case, eq. (95) of [JKOP22] shows that {1 (W) ) = &inv (W) + op(1) for a fixed
J € (0,1). Moreover, thanks to the stickiness property of Proposition [63] we also have {an (W) i) =
§an(Wy) + op(1). Therefore, the limiting distribution of (&5 (W x),&an (W) x)) does not change as
long as the spike is sub-critical. g
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APPENDIX A. TECHNICAL APPENDIX

A.1. Remarks on contour representation ([2I). We refer to the proof given in [BL16, Lemma 1.3].
The two cases @ = 1,2 may be obtained together by a suitable rephrasing. Indeed, write normalized
measure on S"! = {x € R" : ||z|| = 1} as dQ/|S""!|. By diagonalizing W, x and changing variables,
the real and complex partition functions are respectively

N
1 1 2
Tox = e /SN1 exp {51\]5; Az } a9,

1

N
ThgnN = [N GXP{NBZ/\i(Igifl +‘T§i)}d9'
i=1

§2N—1
Replacing 8, N, A in [BL16] Lemma 1.3 by placeholders B,n, 1, and noting their equations (4.2), (4.7),

we have

y+ioco

1 55, n
e"’BZl w40y = Cn/ SIQNS v > 1
5

[ ez
1577 Jgn—a —ioo

S 1 T(n/2)
G(z)_Qﬁ’z—ﬁ;log(z—ul), On—%W.
To recover our (2.1]), set B = (/2. In the real case, put n = N so that nB = N3/2. In the complex
case, set n = 2N (so that nB = Npj) and pg;—1 = pg; = A; fori=1,...,N.
Remark: from this it seems that the exponent in the right side of the display before [BL16, (4.11)]
should read NGp(z) and not §Gp(z).

A.2. Check of (&3). This follows from results of Tracy and Widom on representation and scaling of
the GUE kernel. In the notation of [TW96], Sy (xz,y) denotes the kernel of the GUE scaled to have bulk

[—V2N, V2N]. The kernel is expressed in terms of Hermite functions ¢ (z) = (/728K ~Le==" /2 Hy, (z),
with Hy(z) being the Hermite polynomials w.r.t. to the weight e=* . Let 7y = 27/2N~1/6. [TW9g]
note that in the scaling

d-(s) = (N/2)Y4on (V2N +7n8)  -(s) = (N/2)Y4on_1(V2N + Ty3s),

the classical Plancherel-Rotach asymptotics for Hermite polynomials, e.g. [Sze67, eq. (8.22.14)], yields
convergence of N~/6¢_(s) and N~=1/6¢_(s) to the Airy function Ai(s), and of most relevance here, with
estimates

(A1) N=Y6¢ (5), N=YSyp_(s)=0(e™®),

uniformly in N and for s bounded below, see also [Olv74, p. 403]. [TW96] also give an integral repre-
sentation of Sy, which in the scaling S;(s,t) = v SN (V2N + 7n8, V2N + 7nt) becomes

Sr(s,s) = N_1/3/ b (s 4+ u)thr (s +u)du < C(y)e 2
0
for s > 7 in view of (AJ]). In our notation, with x = 24+ N~2/3s, we have \/N/2x = v/2N + 7y and so

1 1
pn(z) = ﬁsN(\/N/QI, VN/2x) = -

S-(s,s).
Noting that 7xv2N = N'/3, we recover (5.3).

A.3. Proof of lemma Recall the tridiagonal form of the matrix My (5I9). Denote a;/v/'N and
bi/ V/N as @; and b;, respectively. Since the main eigenvector v satisfies Myv = Ajv, we have

vi(@r — A1) + biva =0, vi_1bi1 + vi(@; — A1) + vip1b; = 0,
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for all i = 2,...,N — 1. On the event {l;Z > 0,i =1,..., N — 1}, which happens with probability 1, we
have vy # 0, since otherwise all v; = 0. Hence, we can consider a re-normalization with v; = 1 (so that
the statement of lemma [5.3] should be re-formulated with v;/||v|| replacing v;). We have then

A —a M o— @ bi_
Vo = 1~ 1, Vi+1 = 1~ Zvi—l~—1vi,1, 122
bl bi bi
It will be convenient to reformulate the recursion in terms of new variables. Set,
V; - j -1
ui:ﬁ, Tj:1+ 1—=—.
H;‘:l ijj N

Notice that 7; can be thought of as a special case of r; (see definition (5.21])) with x5 = 1. Since 7 = 2,
we have

)\17(11

M ar —1/2
h Mg op(NTV2Y,
lefl 2 2 P( )

ulzl, Ug =

and fori=2,...,N — 1,

(A2) Uij+1 = = Uy — Ui—1 -
7.

In the next lemma we control the fluctuations of ratios w;41/u;. Denote, R; = wit1/u; — 1.

Lemma A.1. We have
max |R;| = op(N~Y/3),
i<N—N1/3log3 N
The proof of this bound repeats one step in the proof of the log-determinant CLT from [JKOP22|. For
the sake of completeness, we reproduce it in section [A.3.1] below. We are now ready to finish the proof
of lemma [5.31
We will show our bound on the following event,

- log N
5—{ max |Ri|:0(N71/3), maxbi§1+21/&}_
i<N—N1/31og3 N i<N N

where the bound on max b; holds a.a.s. due to the concentration of chi-squared variables [BLM13, theo-
rem 2.3]. Namely, we show that on the event &£ for any D > 0,

Vi

=O(N"P), k=[N,

max
i<N—2N1/31og3 N

Vitk
which immediately yields the statement of lemma 53] by noting that [v;|/|[v]| < |v;/viskl.
First, we have that - = T 1a +Rj)"' =140(1) foralli < N —2N'3log® N. Then, we have

Jj=i
a bound
_ L itk—1 ith—11 49 log N
V; i b
(A.3) == 2 <(1+o1) [ ——.
Vitk Uitk | 55 Ts =i Ty

Each j in the range [i,i + k — 1] satisfies j < N — N'/31og® N, where we have a lower-bound

) — 1
Ty =1+ 1—jTZ1+\/N_2/310g3N=1+N71/310g3/2N,

It remains to plug this bound into eq. (A3]), so we obtain

k
i 1+2y/N-1llog N k
Ul < @o(n) [ Y8 ) (14 0(1)) (1 N2 10g%2 N 4 o(N1/%))
Vitk 14+ N-1/310g*2 N

_ 3/2 _ 1/2
—e log®/* N+o(1) _ N log N+o(1)7

which is smaller than any N~ for large enough N. This completes the proof of lemma g
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A.3.1. Proof of LemmalAl Let & = c;/v/N = (b? —i)/v/Ni. We rewrite the recurrence ([A.2) as follows,

i1
P VR TS S SRS SN e - S U
7o 7 N7 1+ R 7y 1+ R

Denoting m; =1 — /1 — (i — 1)/N we have m; = 2 — 7; and m;7; = % Using ﬁ =1—-R;+ 1f}:,

we have a linear expansion

i—1

A @ Ty m; R? N~ G
Ri:_1+~_1_~_z_~z(1_Ri71)_~l 1—1 —2 _ 1—1
e T Tiol Fao1 14+ Ry Tiaf 14+ Ry
~ ] - 1—1 ~
-7+ A — wm; i a; ~ Ci—1
= = +—Ri1+ | —— -
T Ti—1 T Ti—17T%

- i—1x.
mi  RI, +\/ N G-l Ry

i1 1+ Riy Tio1Ti 1+ Riq

We can simplify the above expression as follows
(A4) Ry =0; +%iRi—1 + & + Rgi)l,

where we introduce the notation

. m; s M =2 =T o a; t—1 ¢
Vi = < ) 612 ~ - ~ ~ mg, 51:_..__ AT =~ ~
Ti1 Ty FiTi—1 5 N 717y

RO T S () WS O
L R 1+ R N Fiafi 1+ Riq

We iteratively unpack the recurrence equation (A4) to get

R; =6; + %iRio1 + & + Rﬁ)l
=0; + Fibdio1 + &+ Aibio1 + REZ + %RZ@Q

(A.5) =0; 4+ i1 + -+ Fi ... 302

+ &+ i1+ + i s
+ RO+ 3R, + -+ 7 A5 RV
47 ... AR .

Since 4; < 1 is an increasing sequence, we have

1 Vi 2
= i1 <

I+9+--+%...73< ~ = — — .
=% rfica—my  1-7

Similarly to lemma 10 in [JKOP22], we sce that & 4+ %:&_1 + --- 4+ Fi ... 732 are sub-gamma random
variables, which implies that for some constant K7 > 0, with probability at least 1 —1/N, uniformly over
i=2,...,N,

- - . s log N log N
(A.6) |§i+%€i1+~-~+”Yi---73§2|§K1< s & )

Nm-D N

= 1—2 1—1 1—1
| < — — — — — —
15:1 < |\ 2|+(\/1 \/1 )(1 1 )

We also have
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1 izl
< -2+ T

The function \/1””7—1 has the derivative ﬁ and therefore is increasing on (0,1). Thus, we have for
alli < N — N3,
(A7) |Sz|§ |2—)\1|+N72/3

In addition, since & is a centered and scaled x? random variable, we have for some constant Ky > 0 with
probability at least 1 — 1/N

log N
A8 max |¢;| < K. .
Further, Ry = ’\12_2 — ‘Z—l, hence for some K3 > 0 with probability at least 1 — 1/N, we have for all i,
lo N
(A.9) i yaRy| < K32

Finally, by the Tracy-Widom law (e.g., theorem 4.5.42 in [AGZ09]) we have that for any & > 0 there is
C¢ such that for large enough N,
P(\ —2| > C.N"23) <¢

Now, consider the event

) = {|/\1 — 2| < C.pyN~2/3 and (K0), (AF), (K9) hold},

so that for large enough N, P(E(¢)) > 1 —e. We will show by induction that on this event, for all
i <N —NY3log® N,
N—1/3
|Bil < o5 P N

-1/

The base holds due to (A9). Suppose that maxj<;,—1 |R;| < og N ~

enough N. Then, by (Ag) we have for j <i—1

which is at most 1/2 for large

- N=%/3  2K;logN _ N~Y3  N7%/3 log®® N
|R§‘1)|§2 5 v T o x /5 nv  1-02/5 2+2Kzogﬁ
1og/N VN 1og/N log/N NY/
5 N—2/3
~ log?5 N’
for large enough N. Further, for all i < N — N'/31log® N, we have
1 Nl/S
— <
Fi—1 7 log®? N
Therefore,
A 4~ p) o~ D 2 —2/31,~2/5
IR, + 3R,y + -+ i ... 3Ry |§7:._1X3N log N

6 N—1/3
<
log3/2N10g1/5N
By (A7) and |\, — 2| < N~2/310g*? N we have for all i = 3,..., N

4 N—1/3
N=2/310g*3 N < :
=1 %= 1og P N log s N

Finally, from (A.6) we get for alli =1,...,N — NV/31log® N,

-1/3
l(igN log N < 9K, N
N(7 —1) N logl/4 N

Si +”Yz5z 1+ +7 352

|§z +’71§z 1+ + '7362' < Kl (
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From decomposition (A.]), we therefore obtain for large enough N,

N-1/3 4 2K 6 logb/® N
|Ri| < + + + K3————
10g° N \1og! N ' 10gV/20 N ' 10g*2 N N1/6
N—1/3
~ log/° N’
which proves the induction step, and the lemma follows. O

A.4. Proof of proposition The proof is a direct consequence of the following isotropic local law
and isotropic delocalization results due to Knowles and Yin |[KY13]:

Proposition A.2. Let W} be a Wigner matriz satisfying assumption W. Let R(z) = (W — 2I)™! and,
for any 7 >0, let
S(r)={z:=E+in:|E| <7 ', N <p<s7'}.

We have:
(i) (isotropic local law) Fiz 7 > 0. Then for each € > 0, we have w.o.p.
(A.10) V' R(z)w = mgc(z)viw + O(N®U(2)) U(z) = Immsc(z) + 1
: =msc ) = N N7

uniformly for z € S(1) and for any two deterministic vectors v,w of unit Euclidean length in CV.
(i) (isotropic delocalization) Let ul) be the j-th principal normalized eigenvector of WJ,. Then, for each
e >0, we have w.o.p.

(A.11) max [vul? 2 = O(N*1)
J

uniformly for normalized deterministic vectors v € CN.

Knowles and Yin’s isotropic local law and isotropic delocalization results require matching second
moments on the diagonal of WJ,. They also use a slightly different definition of Wigner matrices from
ours. A modification of their proof, accommodating our setting, is given in section B.3 of [JKOP22].

As explained in [KY13], the isotropic local law can be strengthened “outside the spectrum” as follows
(a proof is almost identical to the proof of theorem 2.3 of [KY13], so we omit it):

Proposition A.3. Fiz ¥ > 3 and let z = E +in. Then for any € > 0, any
Ee[-%,—2— N72/3*t|y 24+ N~2/3%¢ 3,

any n € (0,%)], and any deterministic vectors v,w of unit Euclidean length in CV we have w.o.p.

(A.12) V' R(2)w = msc(2)v'w + O <N5 \/@) '

To prove proposition [6.5] we copy part of the argument of [KY13, theorem 6.3], with tweaks in order
to replace ¢-high probability statements by stochastic domination, and to extend the method to the top
k eigenvalues {)\;}} in place of ;. Recall that X is the eigenvalue of W)y iff det(W) y — A) = 0. For

Ag{ur )
det(W) x — A) = det(Wy — A+ Jvv™) = det(Wy — A)(1+ Jv*(Wy — A)"'v).
Hence A € {A1,...,An} is equivalent to v R(\)v = —1/J.
Fix e > 0 and let = 2+ N~2/3%¢. By [KY13, lemma 3.2,
Immge(x 4 in)
n
Therefore, from the isotropic law outside the spectrum (A12), we have w.o.p. that

(A.13) V*R(2)v = mgc(x) + O(N~V/3+3</4)

= (N—2/3+€ + 77)_1/2'
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while from semicircle law estimates [KY13, (3.3)] we find

(A.14) 14+ mgo(x) < N~V/3+e/2,

which together yield 1+ v*R(z)v > 1 —1/J for sufficiently large N. Since y — v*R(y)v is increasing in

(1y,00) and p} <z w.o.p., it follows that pj < A\ < z.
Suppose that j < N€ and let ¢ = 2N°¢, and let us split the projected resolvent into ‘edge’ and ‘bulk’

components:
(S

alqg a>q

) + Ry, ().

We first show that the bulk part satisfies RY,(\;) ~ —1. To do so, we compare it to v* R(z)v ~ —1 and
show that the bulk components R, ()\;) and RY,(z) are close. Indeed, w.o.p.

2
_ Vo
R Oy) ~ Rey (o) < o230 el
a>q Mo J

2/3+2 2N

— €

< ON S+
k>1

(A.15) < ONT3+2E

In the first inequality, we used \; — u!, < o — p!, and |\; — 2| < N=2/3%¢ w.0.p., where the latter fact
follows from the eigenvalue rigidity (theorem 2.9 of [BK1§]) and the interlacing theorem. In the second
we estimated the contribution of the eigenvalues o < N/2 using the dyadic decomposition into the sets

Up :={a € g, N/2] : 2F <o <2k},

combined with eigenvalue rigidity and the delocalization estimate (AT).
From eigenvalue rigidity and the estimate of the typical eigenvalue location

2 — o =< (a/N)¥3 for a < N/2,

we have for a < ¢ that z — u/, < N=2/3(N¢ +a?/3 +a~1/3) < N=2/3t¢ and so using also delocalization,
we have w.o.p.

|va|? N¢ q _ —1/3+¢
|_;|x_ﬂa|NNN 2are — 2N '
a<lq

Combining (AT5) with the previous display and then with (AI3) and (AJ4), we get
RV, () = RY, () + O(NTV342%) = v*R(z)v + O(N~1/3+2%) = —1 4 O(N~1/312¢),
Consequently,
RS, (\;) = —1/J = Rb,(\;) =1—1/J + O(N~Y/3+2),
Since pf; < \j < p;_y (With Ay = +o00),

Vg . 1 B
Z|Ua|2 Z )\| | _va()‘j) = j _1+O(N 1/3+25),

— W = Mo —
Since delocalization implies Y 1 [va[* < gN~'+* < 2N 7142 we find that w.o.p.

J
ANl S EN%HE,

from which the result follows. O
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A.5. Proof of equation (G.6). Equation (6.6) follows from lemma 17.3 of |[EY17] under a somewhat
different definition of Wigner matrices used in that book. Here we prove (6.6), along the lines of the
proof of lemma 17.3 (that, in turn, is based on the proof of lemma 6.1 in [EYY12]), accommodating our
definition 2.1

Recall that Eo, = 2+ 2N~2/3%¢. Define xp(z) := 1;p,p._j(z) and note that Ny (E, Ex) = trxg(W),
where the left hand side denotes the number of eigenvalues of W in [E, E5]. Now, our definition of
Wigner matrices coincides with that of [BK18]. By theorem 2.9 (rigidity of eigenvalues) of that paper,
we have w.o.p.

(A.16) Nw (E,00) = Nw (E, Ex) = tr xg(W)

for a Wigner matrix W.
Next, let us approximate tr xg(W) by its smoothed version tr[xg * 6,](W), where 0, (x) = %12—1772
Notice

Ex
(A7) s« V) = = [ sy -+ i) dy = g (V. )

Let d = d(z) := |x — E| + 1, doo = doo(2) := | — Eso| + 1, £1 := N72/373¢ and n = N=2/379¢_ Then
elementary calculations yield (see discussion in |[EYY12] between equations (6.9) and (6.11)), for any F
such that |E — 2| < 3N~2/3+¢

(A.18)

|tr xg(W) — tr[xg * 0,](W)| < C (trf(W) + éﬁN(E,EOO) +N(E -4, E+0)+ N(Ex — 41, oo))
1
for some constant C' > 0, where
n(Eoo - E)

)= )

Now note that if y is such that

2
N/ psc(z)da = N2,
Yy

then 2 —y > N—2/3+4¢/3 5~ 9 _ E. Therefore, the eigenvalue rigidity (theorem 2.9 of [BK18]) yields
N(E,E) < N* w.o.p.
The same rigidity result implies that
N(Ey — £1,00) = 0 w.0.p.
Using the latter two displays in (A.I8]), we obtain w.o.p.
(A.19) [tr xg(W) — trlxg * 0,)(W)| < C (tr f(W) + N(E — €1, E+ £1) + N~%),

when W is a Wigner matrix.
Next, the arguments of [EYY12] which lead them to their equation (6.17) yield in our case

1
1
On the other hand, by the local law for Wigner matrices (theorem 2.6 of |[BK18]),
N¢/2
Nty
w.0.p. uniformly for |E — y| bounded by any large constant. Since w.o.p.

sup [sw(E —y+il1)|=0(1)  and sup |msc(E —y+il1)] = O(1),
ly|>10 ly|>10

while Nn(Eo — E) < N~'/3 for sufficiently large N, we have

Imsw(E —y+il) <Immge(F —y+il)+

e/2

N
[ImmSC(E —y+4il) + —— | dy + CN~/3,

(A.20) tr f(W) < CNn(Ex — E) / Nt

v +04
W.0.p.
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Clearly,
/ 1 1 dy < C

Cren e

Using this in (A20), we obtain
1
tr f(W) < CNn(Ey — E) / e Immgsc(E —y +ily) dy + CN—3/2,
1
The arguments of the proof of lemma 6.1 in [EYY12] imply that the first term on the right hand side of
the latter inequality is bounded by C N ~2¢. Hence overall,
tr f(W) < CN~3/2

w.o0.p. Recalling (A19), we obtain, w.o.p.
[t xp(W) = trlxe *6,](W)] < C (N2 4 V(B - 01, B+ ).

Next, let £ = %N’Q/g’s. Similarly to the proof of corollary 6.2 in [EYY12], we obtain, for any E such
that |E — 2| < N~2/3+¢ w.o.p.

trxe(W) < trxp_g*0,(W) + CN~3/2 ¢ C%N(E —20,E+0).

From the semicircle law on small scales (theorem 2.8 in [BK18§]), we obtain, w.o.p.

E+4L
N(E-20,E4+0) <N psc(x) dz + N</2,
E—-2¢

Directly evaluating the integral (recalling that E' is in the vicinity of 2), we obtain

E+4
/ psc(z)dr < Cf\/]m < ON-1-¢/2,

E-2¢
This taken with ¢ /¢ = 2N ~2¢ yield
% (E—20,E+() < CN™3/2,
and hence, w.o.p.
trxg(W) <trxg—e*x0,(W)+ CN_3€/2,
which, for sufficiently large N, implies a cruder inequality
tr xp(W) <trxp—¢*x0,(W)+ N,

A lower bound can be established similarly. The bounds and equations (A16]), (AI7) yield equation
GE). O
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