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Abstract—Linear hybrid beamformer designs are conceived for
the decentralized estimation of a vector parameter in a millimeter
wave (mmWave) multiple-input multiple-output (MIMO) Inter-
net of Things network (Io0TNe). The proposed designs incorporate
both total IoTNe and individual IoTNo power constraints, while
also eliminating the need for a baseband receiver combiner at the
fusion center (FC). To circumvent the non-convexity of the hybrid
beamformer design problem, the proposed approach initially
determines the minimum mean square error (MMSE) digital
transmit precoder (TPC) weights followed by a simultaneous
orthogonal matching pursuit (SOMP)-based framework for ob-
taining the analog RF and digital baseband TPCs. Robust hybrid
beamformers are also derived for the realistic imperfect channel
state information (CSI) scenario, utilizing both the stochastic and
norm-ball CSI uncertainty frameworks. The centralized MMSE
bound derived in this work serves as a lower bound for the
estimation performance of the proposed hybrid TPC designs.
Finally, our simulation results quantify the benefits of the various
designs developed.

Index Terms—Coherent MAC, CSI uncertainty, linear de-
centralized estimation, hybrid beamforming design, mmWave
communication, Internet of Things.

I. INTRODUCTION

The Internet of Things (IoT) technology has compelling
applications pertaining to health care [1]], [2], smart cities
[3]], surveillance [4]], smart farming [S]], amongst many others
[6]. IoT networks (IoTNes), wherein several miniature IoT
nodes (IoTNos) monitor multiple phenomena of interest and
relay suitably processed observations to a fusion center (FC),
play a key role in the IoTNe [7]. The challenging task of
an IoTNe is to reliably estimate the underlying unknown
parameter/ parameters from the noisy measurements collected
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from a large number of IoTNo deployed in the area of interest.
However, it must be noted that each IoTNo has different con-
straints like finite battery life and limited computational power,
which makes an IoTNe different from the cellular network.
Therefore, one must aim to develop low-complexity algorithms
for the design of the TPC at each IoTNe in the face of both
power as well as MSE constraints, which forms a key focus of
this work [[8]]. Furthermore, the soaring data rates necessitated
by the ever increasing gamut of data-hungry applications,
such as virtual/ augmented reality, V2X communication and
massive machine type communication (mMTC), are beginning
to clog up the spectrum available in the sub-6 GHz frequency
band. As a remedy, millimeter wave (mmWave) has abundant
bandwidth resources. However, it must be noted that com-
munications at mmWave frequencies add new challenges to
those in the sub-6 GHz bands, such as higher propagation
losses and severe signal blockage [9]-[11] arising due to
the extremely low wavelength in the mmWave regime. Large
antenna arrays alleviate the above problem via the transmission
of focussed signal beams using beamforming. Thus, multiple-
input multiple-output (MIMO) beamforming technology is
an invaluable tool in the practical realization of mmWave
communication. In such systems, the conventional transceiver
design scheme that employs an individual RF chain for each
antenna is infeasible due to its excessive power consumption,
cost and complexity. Therefore the hybrid MIMO transceiver
architecture combining analogue phase-shifting based beam-
forming and a digital baseband beamformer [12]-[15] was
proposed to overcome this problem. This paves the way for
the practical realization of mmWave MIMO systems. In this
context, there is an acute need to develop hybrid beamforming
strategies for efficient signal processing in mmWave MIMO
IoTNes. A comprehensive literature survey of the existing
contributions on such systems is presented next.

A. Review of existing literature

In a typical linear decentralized estimation setup, a large
number of IoTNos are deployed in an area of interest which
one wants to monitor. The IoTNos transmit their precoded
observations over a coherent multiple access channel (MAC)
to the FC for receiver combining (RC) and final estimation
[16]. Coherent MAC requires that all the IoTNos in the
network are synchronized and their individual transmitted
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signals arrive as a coherent sum at the FC. The FC determines
the transmit precoders (TPCs) for all IoTNos in the [oTNe and
subsequently, feeds back to each IoTNo its own TPC weights
through a feedback link. The pioneering paper by Xiao et
al. [17] proposed an optimal linear transceiver design for the
efficient decentralized estimation of a vector parameter for a
coherent MAC-based MIMO IoTNe. However, the analysis
of [[17] assumed a simplistic diagonal model for the MIMO
channel between each IoTNo and the FC, which restricts the
applicability of their results. By extending this framework,
Behbahani er al. [|18] proposed a ground-breaking iterative
procedure for a joint transceiver design relying on mean square
error (MSE) minimization for vector parameter estimation at
the FC. Along similar lines, Liu et al. [19] developed decen-
tralized and distributed schemes for the efficient estimation of
a parameter vector. However, the algorithms developed in [[18]]
and [19] are based on the iterative block coordinate descent
(BCD) framework, which results in a high computational
complexity, especially in a MIMO IoTNe associated with a
large number of IoTNos. The authors of [20]-[22] proposed
an optimal IoTNo collaboration strategy, wherein each loTNo
shares its observations with its neighbouring IoTNos and only
a subset of the IoTNos transmit their observations to the FC
for the final estimation of the unknown parameter, which
leads to an improved estimation performance. However, the
inter-IoTNo communication required for supporting this can
potentially impose high overheads.

Another major drawback of all the above contributions
is their reliance on perfect channel state information (CSI),
which can be a significant stumbling block in the practical
implementation of such systems. Given the stringent band-
width constraints, it is also desirable that each node transmits
very few pilot symbols to the FC, which often leads to a
very coarse estimate of the channel state information (CSI).
Therefore, this forms the motivation to develop robust hybrid
TPC designs incorporating the uncertainty in the available
estimate of the CSI. To address this limitation of the existing
literature, Venkategowda et al. [23]] developed robust TPC
designs by considering both the so-called norm ball and the
ellipsoidal CSI uncertainty models. By further extending this
idea, Liu et al. [24] developed centralized and distributed
robust transceiver designs by relying on MSE minimization
subject to per IoTNo power constraints, and total power
minimization under a specific MSE constraint. However, their
work considered only the ellipsoidal CSI uncertainty model.
Iterative schemes were also conceived for robust transceiver

design for vector parameter estimation in [25] by considering
the norm ball CSI uncertainty model. At this juncture, it is
important to note that while the above treatises have com-
prehensively addressed the problem of TPC/ RC design for
IoTNes, they cannot be directly extended to a 5G mmWave-
based MIMO IoTNe relying on hybrid beamforming. Hence,
the contributions specifically related to mmWave MIMO
beamforming are reviewed in detail next.

Hybrid TPC/ RC designs have been proposed in [12]]—
[15[, [26], [27] for cellular mmWave MIMO systems. The
authors of [28] developed a novel signal processing strategy
for the reconfigurable intelligent surface (RIS)-aided MIMO
uplink for energy and spectral efficiency maximization. An
interesting analysis has been carried out therein to study the
trade off between the energy and spectral efficiency. Further-
more, Huang et al. [29] have proposed an interesting deep
reinforcement learning-based hybrid beamforming design for
an RIS-aided Terahertz system. Recently, the authors of [30]]
have proposed both the centralized (C)- and the asynchronous
distributed (AD)-alternating direction method of multipliers
(ADMM)-based schemes for linear minimum MSE (LMMSE)
hybrid transceivers employed in coherent MAC-based IoTNe.
Furthermore, Liu et al. [[7] proposed a sophisticated technique
for hybrid transceiver designs relying on perfect CSI in the
context of an orthogonal MAC-based IoTNe. Briefly, hybrid
transceiver designs were developed relying on the ADMM
and steepest descent (SD) techniques. Since, the designs
proposed in [30] and [7] are iterative, they potentially lead
to a high complexity. Additionally, it must also be borne in
mind that the orthogonal MAC employed in [7] for IoTNo
communication has a low bandwidth efficiency in comparison
to the coherent MAC [17]], [30], especially in modern IoTNes
having a large number of nodes. Similar to sub-6 GHz systems,
the availability of perfect CSI is also a serious limiting factor
in the design of mmWave MIMO systems, which has only
been addressed by a few studies [31]-[33]]. Luo et al. [31]
conceived a hybrid transceiver for a scenario having a single
source and multiple relays. The proposed designs target the
maximization of the average signal-to-noise (SNR) power ratio
at the destination using realistic imperfect CSI of the source-
relay and relay-destination links. The cutting-edge paper of
Jiang and Jafarkhani [32] designed a low complexity robust
hybrid transceiver for a single-relay cooperative communica-
tion system, leveraging the principle of mutual information
maximization. As a further advance, Zhao et al. [33] proposed
a scheme for robust joint hybrid transceiver design in a full-



duplex (FD) multi-cell mmWave network to maximize the
sum-rate. However, the majority of these solutions cannot be
incorporated in a [oTNe framework, since they do not address
the associated stringent bandwidth and power limitations. Fur-
thermore, the authors of [31]—[33] consider only the stochastic
CSI uncertainty model, which can lead to a poor worst-case
performance. To the best of our knowledge, none of the
existing treatises derived the hybrid beamforming techniques
for vector parameter estimation in a coherent MAC- based
mmWave MIMO IoTNe, accounting also for the imperfect
nature of the CSI in a realistic implementation. Hence we are
inspired to fill this knowledge gap in the existing literature.
The main contributions of this study are itemized next and
they are also boldly contrasted to the literature in Table-I.

B. Contributions of this Treatise

« Non-iterative hybrid linear beamforming techniques are
proposed for minimizing the MSE of vector parameter
estimation at the FC in a mmWave MIMO IoTNe,
initially assuming perfect CSI availability. Sophisticated
optimization paradigms are employed for incorporating
both total and per-loTNo power constraints into our TPC
design.

o A two-step procedure is proposed for overcoming the
non-convexity associated with the MSE optimization
problem, arising due to the constant gain constraint for
the elements of the RF TPC and RC. The optimality of
this procedure is rigorously justified via a mathematical
proof of the proposition. Closed-form expressions are
derived for the fully digital minimum MSE (MMSE)
TPCs, employing a suitable setting for the RF combiner.

o Subsequently, a low-complexity simultaneous orthogonal
matching pursuit (SOMP)-based technique is proposed
for designing the RF and baseband components of the
fully-digital MMSE precoder.

« In contrast to the existing works [7]], [30], we consider the
realistic scenario of practical CSI uncertainty, and subse-
quently develop robust linear hybrid TPCs by modelling
the CSI uncertainty using both the stochastic and the
norm ball CSI uncertainty models for the above system.
This reduces the pilot overhead and allows the IoTNe to
work well even when the channel estimate is not very
accurate.

¢ The centralized MMSE bound is derived, which acts as a
benchmark for characterizing the estimation performance
of the proposed designs.

« Finally, our simulation results illustrate the performance
of the various analytical solutions derived in this paper.

C. Organization of the paper

The remainder of the paper is organized as follows. Section-
presents the mmWave MIMO IoTNe system model and
formulates the MSE minimization problem for parameter
estimation. Section-III describes the detailed procedure of
obtaining the fully digital MMSE TPCs and the algorithm
of determining the RF/ baseband TPC weights. Section{[V]
describes a pair of novel robust hybrid pre-processing designs

accounting for the CSI uncertainty using both the stochastic
and the norm ball CSI uncertainty models. Our simulation
results are provided in Section{V] while our conclusions are
given in Section{VI| The proofs of the various propositions
are provided in the Appendices.

Notation: Small and capital boldface letters d and D
denote vectors and matrices, respectively. The transpose and
Hermitian transpose operations are denoted by (.)” and (.)¥,
respectively. Furthermore, [D]; ; denotes the (i, j)th element
of a matrix D. The operator E{.} denotes the statistical
expectation operator, while diag(D1,Ds,...,Dy,) denotes a
block diagonal matrix constituted by the matrices D1, D5 upto
D; on its principal diagonal. The I, and Frobenius norms
of vectors and matrices, respectively, are represented by ||.|
and ||.||r, respectively, whereas [y norm is represented by
[|-|lo- The symbol ® denotes the matrix Kronecker product and
Amax (D) represents the maximum eigenvalue of the matrix D.
The operator vec(D) stacks the columns of a matrix D into a
vector, while the operator vec,,!(d) converts a vector d into
a matrix of m rows and the appropriate number of columns.
X = D (;,K) represents a sub-matrix X consisting of those
columns of the matrix D whose information is provided by
the set /C.

II. MMWAVE IOTNE SYSTEM MODEL AND PROBLEM
FORMULATION

Similar to [7]], [30]], [34], we consider the mmWave-based
MIMO IoTNe depicted in Fig. [[} where M multi-antenna
aided IoTNos are deployed to observe/ sense an unknown
vector parameter of interest denoted by @ € CP*! that is
assumed to be distributed with mean of zero and covariance
matrix of Ry € CP*P. For instance, in an environmental
monitoring application, the elements of the p dimensional
parameter @ can represent various physical quantities, like
pressure, temperature, moisture content etc.. The observation
vector corresponding to IoTNo m, denoted by x,, € CI*1,
and can be modeled as [[17], [18]], [35]

Xm = Ap0 + v, (D

where A,, € C9%P denotes the observation matrix, while
V., € C2%! represents the circularly symmetric complex
Gaussian observation noise with mean zero and covariance
matrix R,, € C9%%, The quantity ¢ represents the number
of measurements taken by the mth IoTNo. Subsequently,
the observation vector x,, is precoded using the baseband
TPC Fgp,, € CN&r >4, followed by an RF TPC Fgg,, €
CNT*Nwr | where the quantities N7 and Ng: denote the
number of antennas and RF chains employed at the mth
sensor, respectively. The pre-processed observation vectors
corresponding to each IoTNo m are subsequently transmitted
over a coherent MAC to the FC. Hence, the signal y € CNrx1
received by the FC can be mathematically expressed as
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Fig. 1: System model depicting hybrid signal processing for the mmWave MIMO IoT network.
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where H,,, € CNaXNT denotes the mmWave MIMO channel
between the mth IoTNo and the FC, which is equipped
with Ny antennas. The vector u € CNEX! denotes the
circularly symmetric complex Gaussian noise vector at the
FC, distributed with mean O and variance R, € CNrxNr,
Subsequently, an RF RC Wgp € CV rXNRE g employed at
the FC. The resultant signal y € CV& X1 at the output of the

RF RC is given by

M
¥ =Wiky = > WHH, FrpmFopmAn0
m=1
M
+ Z Wit Ho FremFB.mvm + Wipu, (3)
m=1

where NEF denotes the number of RF chains employed at
the FC. Using the spatial channel model depicted in Fig[2}
the mmWave MIMO channel can be modeled as follows. As
described in [9]], [36], [37]], the channel matrix H,, between
the FC and the mth IoTNo is given by

H'IYL -

Np N
- Zak age(pr)al “)

Ncl (0k m)
where the 3-tuple (af, ¢k, 0k,m ) represents the complex path
gain «j', angle of arrival (AoA) ¢ at the FC, and angle
of departure (AoD) 6y ., corresponding to the mth IoTNo
associated with the kth cluster, and N, denotes the total
number of clusters. The vectors ag(¢y) € CNRX! and
ay(0r.m) € CNT*! denote the array response vectors at the
FC and the mth sensor, respectively, corresponding to the kth
cluster, which are defined as

1 .7 . A
af0(¢k):\/N7R|:17€7j¢k;"' aeij(NR71)¢k:| y (5)

1 s ) - T
ay(Op.m) = = {176*19k,m’ . 767J(NT71)9,€,W} . ®

where qgk = 27’7dR cos(¢y) and éhm = 27”dT cos(0.m ). The
quantities A, dg, and dp denote the carrier’s wavelength, as
well as the inter-antenna spacings at the FC and each sensor,



respectively. The mmWave MIMO channel H,,, in can be
equivalently represented in the compact form

H,, = AiD,,AZ (7)

s,m?

where Ay = [afc(¢1)a Tty afc(¢Ncl)] S (CNRXNCl; As,m =
[as(01,m), ,as(On,,.m)] € CNT*Net are termed the array
response matrices corresponding to the FC and the mth sensor,
respectively, and the diagonal matrix D, € CNe*Ne jg

defined as D,, = Nﬁii\l“*diag(ain,--- ,af ). The next
section proposes hybrid linear beamforming designs for min-

imizing the MSE of parameter estimation at the FC.

III. LINEAR HYBRID BEAMFORMING DESIGNS WITH
PERFECT CSI

Note that the signal y in represents the estimate of the
unknown parameter vector 6 if the following condition holds:

IP
, (8
lo( NEE—p) XJ ®)

where D € CVxi XP. Due to the above estimation constraint,
the number of RF chains NEE at the FC must be greater than or
equal to the number of parameters p, i.e., N > p. However,
to limit the number of RF chains, we set NES = p, ie.,, D =
I,. The resultant MSE expression can be derived as

M
> WH,, FremFopmAn =D =

m=1

M
MSE = Z Tr [W%HWLFRF,WLFBB,mRmFé{B,mF}IQIF’m

m=1

x HgWRF} +Tr [WER, W] . ©)

The general optimization problem of minimizing the MSE in
(9) obeying the zero-forcing constraint in is given by

minimize MSE
FRrE,m FBB,m, WrF
M
subject t0 Y~ WrtH, FremFrp mAm = I,

m=1 , (10)
F ml; | — 71§m§Ma

‘[ RF,m); NS

1

W L= .

‘[ RFL,] m

The optimization problem in (I0) is non-convex since
both the objective function and the first constraint
are non-convex in terms of the optimization variables
{{FRFJ,L},I\,ZL[:17 {FBB,m}%zl, WRF}, which are coupled with
each other. In addition, the constant magnitude constraints
on the elements of the RF TPCs {FRp’m}nj\f:1 and combiner
Whgr are also non-convex. Hence, the optimization problem
in is intractable. Our novel procedure to be described
next overcomes this obstacle of designing the optimal TPCs
and RC. To begin with, an appropriate choice of the RF RC
‘Wre is obtained as follows.

Let the quantity oy = Ei\le |a*| denote the sum of the
magnitudes of complex path-gains of each IoTNo correspond-
ing to the kth cluster. One can now arrange the quantities
in decreasing order of their magnitudes as |ag,| > |ag,| >

-+ > |agy_ |. The RF combiner Wgr can now be designed

as
WRF = Afc( sy K ) - [afc(¢k1),afC(¢k2)7 s ’afc(¢kN£E):| ’

(1)
where K = {k‘l, ko, ..., kNgg } Upon employing this setting

of the RF RC Wgg, the optimal fully digital TPC F,,, for each
IoTNo m can be designed as described next.
To this end, employing the following identity [38]

Tr [LYNPQ]| = vec(L)” (Q" @ N) vec(P),  (12)

and further defining the fully-digital TPC matrix and vector
corresponding to the TPC vector of the mth IoTNo as F,,, =
Frr.mFBB m, and f,, = vec(F,,) € CINT*1 regpectively, the
MSE expression in () can be rewritten as
M
MSE = Z £, £, + Tr [WER, W]
m=1

= f7Uf + Tr [WER, Wk (13)

where the matrix ¥,, € CINTX4NT is defined as ¥,, =
(RT ® HgWRFWg;Hm). Furthermore, the quantities f €

™m
CMaNTx1 and & € CMaNTxMaNT are defined as

£=[£7 €7 £ (14)

\Il:diag(\Ill,\IIQ,...,\IlM). (15)
Upon applying the vectorization and identity vec (NPQ) =
(Q” ® N) vec(P), on both sides of the constraint in (8), the
ZF constraint can be written as

M
Z Zomfm = Zf = b, (16)
m=1

where the matrices obey Z,,, = [AZ, ® WEH,,] € CP*xaNr
and Z = [Z1,Zs,...,Zy] € CP**MaNT  and we have
b = vec(I,) € CP* 1. Hence, the pertinent optimization
problem of minimizing the resultant MSE in (I3 subject to
the estimation constraint in (I6) is given by

fHwf

minimize
f

subject to Zf = b, 17)

where the constant term Tr [W{LR, Wge| in (T3) is not
considered in the above optimization objective, since it is
independent of the optimization variable f. Upon invoking the
various Karush-Kuhn-Tucker (KKT) conditions, the closed-
form expression of the optimal TPC vector f°P' can be
determined as [39]]

fort — w1z (Zw'Z") b, (18)

Subsequently, the optimal digital TPC vector for the mth
sensor, denoted by foP' can be obtained by extracting the
sub-vector corresponding to the elements [(m — 1)gNr + 1]
to [mgN7] from f°P'. Finally, the optimal TPC matrix
corresponding to the mth IoTNo is obtained as FoP' =
VeC(;l (£°PY). The next subsection extends the above design
paradigm to include both total and individual IoTNo power
constraints.



A. Precoder design under power constraints

The average transmit power of the mth IoTNo can be
expressed as

E {HFRF,mFBB,meHQ}

=Tr |:E {(FRF,mFBB,m,Xm) (FRF,mFBB,mxm)H}]
= Tr [FremFe,m (AmReAL + R, FlG  Fik ] -
(19)
Therefore, the expression for the total average transmit power
of the IoTNe is given by
M

Z E {||FRF,mFBB,me| \2}

m=1
M

= > Tr [Fre.mFoem (AmRoAL + Ry ) Pl Fle ]
m=1

(20)

Exploiting now the identity in (I2), the average transmit power
expression of the mth IoTNo in (I9) can be recast as

£H [(A,,LRgAﬁ +R,) ® INT] £, = £0T,f,,  (21)

where we have T, = [(AngAﬁ—i-Rm)T@INT] S

CaNT*aNT Hence, the compact expression for the total power
of the IoTNe can be formulated as

M
> £0T,.f, = £7Tf,

m=1

(22)

where we define the matrix I' = diag (T'1,Ts,...,Ty) €
CMaNrxMaNt Therefore, the optimization problem that min-
imizes the resultant MSE at the FC constrained by the zero-
forcing and total network power constraints in (I6) and (22),
respectively, is given by

mini}nize fHpf
subject to  Zf = b,
fATf < pr, (23)

where the quantity pr denotes the total IoTNe transmit power
level, which can be utilized for transmitting observations to
the FC. Once again, upon applying the KKT framework [39],
the optimal TPC vector f°P! is obtained as
_ _ -1
£ = [+ APT] T 27 (27 [w 4T Z) b,
(24)

where A\°P* denotes the optimal dual variable corresponding to
the inequality constraint. One can follow the procedure given
after Eq. to determine the optimal TPC matrix for every
IoTNo in the network from the optimal TPC vector f°P*. The
MSE of parameter estimation in (I3)) can also be minimized
by taking each sensor’s transmit power level into account. The
corresponding optimization paradigm can be formulated as

fHwf
Zf = b,
£, < pm, 1 <m < M,

minignize
subject to
(25)

where the quantity p,, denotes the transmit power constraint
of the mth IoTNo. Upon exploiting the convex nature of
the above optimization problem, standard convex optimization
solvers, such as CVX [40]], can be employed for finding the
solution. The corresponding optimal TPC matrix FoP* can
be obtained, once again, using a procedure similar to the
one described after Eq.(I8). The next subsection describes
the procedure of decomposing each TPC matrix F,, into the
corresponding RF and baseband TPC matrices Fgrg,, and
Fgg,m. respectively, for each IoTNo m in the IoTNe.

B. SOMP based RF and baseband precoder design

The optimal TPC vector in (I8) can be rewritten as,
fort — g 1p, (26)

where b = ZH (Z\Ilfle)flb € CMaNT <1 Fyrthermore,
the MMSE digital TPC vector f°P* can be rearranged as

£7P" vtoo0 .0

£5P" 0 w;' .. 0 |
frr= " 1= . N . |bo@D

Pt 0 0 vt

It can be readily deduced from the above equation that the
MMSE digital TPC vector corresponding to the mth IoTNo
can be derived as foP' = vec (FoP') = W -1b,,. The quantity
b, can be obtained by extracting the [(m —1)¢Ny]th element
to the [mgNr]th elements of the column vector b. Further-
more, the optimal TPC matrix for the mth IoTNo can be
determined as FOP' = vec ' (f,,). Subsequently, the problem
of decomposing FPt into its baseband and RF components
Fgp,m and Fgrg,,, respectively, can be formulated as the

following best linear approximation problem:

HFf,?t — FRF,mFBB,mHi
1 (28)

VNr'
Note that the constant magnitude constraint for the elements
of the RF TPC Fgg,, makes the above problem non-convex
and intractable. One can overcome this problem by exploiting
the following interesting relationship between the MMSE TPC
matrix FoP* and the corresponding transmit array response
matrix A .

Lemma 1. The column space of the fully digital MMSE TPC
matrix F,, lies in the row space of the mmWave MIMO
channel matrix H,,, i.e.,

minimize
Fre,m,FBB,m

subject to ‘ [FRrE,m]; ;

C(Fy) € R(Hy), (29)

where the row and column spaces of the matrices H,,, and F,,
corresponding to the mth sensor, are denoted by R(H,,) and
C(F,,), respectively.

Proof. The detailed proof is given in Appendix{A] O

Thus, one can choose the columns of Fgg ,,, as the columns
of the transmit array response matrix A ,,. The resultant



optimization problem can be formulated as

~ 2
opt
e A

minimize
Fgp,m (30)
subject to | diag(Fyn,mFth )| = N
" lo
where the constraint |\diag(f‘BB7mf‘§lB o = NEE results

from the fact that only Ny out of Ny rows must be non-
zero, since there are only Ngp RF chains at the mth IoTNo
in the hybrid mmWave MIMO IoTNe. Thus, the matrix
Fpp . € CNetX4 is block sparse in nature. The sparse signal
recovery TPC design problem in can be readily solved
by employing the popular SOMP algorithm. The algorithm
terminates after a finite number of iterations, i.e. it requires
Ngp iterations to choose the Ngp dominant transmit array
response vectors ag(6x,,) from the matrix A, ,,. A brief
summary of the algorithm follows.

The algorithm begins with step (5) that evaluates the pro-
jection of each column of A, ,, on every column of the
residual matrix F. Step (6) selects the specific column of
A, ,, that is maximally correlated with the columns of Fi.
In step (7), the selected dominant vector is appended to the RF
TPC matrix Frpm. Upon employing this updated Frgp, the
classic least squares procedure is exploited for calculating the
updated baseband TPC Fgg p,, in step (8). The residual matrix
F\.s is updated in step (9). The above steps are repeated Ngg
times, followed by step (11) that scales the baseband TPC
Fgg,nm to meet the transmit power constraint, to obtain the
hybrid TPCs Fgg,,, and Fgg,,, corresponding to IoTNo m.
Finally, the block diagonal M Nt x M Nrg RF TPC Fgg and
the M Ngrg X M q baseband TPC Fpgp are obtained using steps
(13) and (14), respectively.

Algorithm 1 Hybrid TPC design procedure for the mmWave
MIMO IoTNe
Require: {F2"'} and Ngt, V m

1: for 1 <m < M do

2: FRF,m = [ ]
3: Fres = Fin
4 for ¢ < NRF do
5 ® = As meeq
H

6: n=arg maxX;_q . N, [@® ]kvk
7 FRF,m = [FRF,m | Ag%]

8 Fe.m = (Fif o FrEm) " Fie nFm
9 F _ F.. —Fre,m FBB,m

: res HF —Fre,mFeB,m || F
10: end for . -
1:  Fppy = el

[[FRE,m FBB m|| o
12: return Fre ., , Fggm

13: Frr = diag (Fre, Frem)
14: FBB = dlag (FBB7 FBB,'m)
15: end for

C. Complexity Analysis

The computational complexities of the various steps of
Algorithm 1 are shown in Table [l The complexity of
Algorithm 1 given the fully-digital transmit precoder matrix

F,, is of the order of O (NftNrNuq+ (NFE)2NZ).
As shown in Table the SOMP algorithm has a
(MqNr)* + M(Ng)?NZ ) in

contrast to the manifold optimization [14] or ADMM-
based [30] iterative design frameworks, which have a

complexity order of O ((MqNT)3 + MN}’{;N%qumnNom)
and O (M (NgL)?q* Nt + M (NgE)3 N3 Ny), respectively.

low complexity, ie., O

TABLE II: Computational Complexity of Algorithm 1

Expression Computational complexity
P @ (NRFN lNTq
®o7 O (NgpNea)
FrE,m O (NFENaNrg + N N2 .q)
Fgp,m o ((Nﬁ?:) N + (Ni)? Q)
Fro O (NgiNzq)

TABLE III: Computational Complexity Comparison

Algorithm Computational complexity
Proposed o ( (MgN7) + M(ng’g)QN%>

MO-AltMin [15] | © ((MqNT)3 + MNIQ}:N%qQNmNOm)

TADMM [30] O (M(Ng)?q* Ny + M(Ng2)’N3 )

D. Centralized MMSE Bound

The centralized MMSE bound can be derived as described
next in order to benchmark the performance of the proposed
hybrid beamforming designs. This is based on the principle
that the best MSE performance is obtained, when the observa-
tions taken by every IoTNo in the [oTNe are available directly
at the FC without any degradation. For such a hypothetical
system, the MMSE estimator at the FC results in the best
MSE performance of parameter estimation. The observations

x for the centralized scenario can be expressed as
x=A0+v, 31D

where the observation vector x € CM2*1 and noise vector
v € CMax1 are defined as

X: [X{{’Xgl)"'7xﬁ]H7 (32)
v=[vi,vi .. v (33)

Note that the noise vector v is distributed as v ~ CA/ (0, R,),
where the covariance matrix R, € CM7*Ma and the overall
observation matrix A € CM9%P are defined as

R, :diag[Rl7R2,"'aRM]7
A=A, A ..., Aul.

(34)
(35)

The MSE of this centralized MMSE estimate is given as [41]]

MSEnuse = Tr [(R;' + APR;1A) |, G6)
which is the centralized MMSE bound for the system under
consideration. The next section develops robust hybrid beam-
former design techniques in the presence of imperfect CSI.



IV. ROBUST HYBRID PRECODER DESIGNS RELYING ON
IMPERFECT CSI

Due to various factors such as a limited pilot overhead,
quantization error etc., uncertainty in the available CSI is
inevitable in practice. Therefore, for the practical viability of
the designs developed, it is important to conceive robust hybrid
pre-processing schemes that take the CSI uncertainty into ac-
count. The robust designs thus developed lead to an improved
performance in comparison to their CSI uncertainty-agnostic
counterparts. Since the uncertainty-agnostic design procedure
does not account for the CSI uncertainty, and designs the TPC/
RCs utilizing purely the available channel estimate, it results
in an unacceptable performance degradation. The pertinent
models characterizing the CSI error and the corresponding
robust design procedures are described next.

A. Robust Precoder Design under Stochastic CSI Uncertainty
Employing the stochastic/ Gaussian CSI uncertainty model

[32], 142], [43]], the channel matrix H,,, can be modelled as

(37

s,m>

H,, = H,, + R}.’S, RT/2
—_——
AH,,

where the matrix f—im € CNrXNT denotes the available
channel estimate, whereas AH,, € CN#*N7 represents the
estimation error. The matrices Rpc € CV2XNR and Ry, €
CNr XNt ' represent the receive and transmit correlation ma-
trices corresponding to the FC and the mth sensor, repectively
[42], [43]. These can be modelled as Ryc(i,j) = o2l
and R, (4,7) = B,lffj |, where o and f3,,, represent the receive
and transmit correlation, and U%I denotes the uncertainty vari-
ance of the CSI. Each element of the matrix S,, € CVNr*Nt
is assumed to be independent and identically (i.i.d.) distributed
with mean 0 and variance one. Substituting H,,, according to
the channel model in , the equivalent received vector y
obtained after RF combining at the FC can be rewritten as

v = i Wik (f, + AH,, ) FruA,0

m=1

M
+ > wik (ﬁm + AHm) Foovi + Wiu,  (38)
m=1

The estimation constraint under imperfect CSI availability can
be reformulated as

M
> WEH,FLA, =1,

m=1

(39)

Applying the vec operation at both sides and using the identity
vec (NPQ) = (Q” ® N) vec(P), the above constraint can be
rewritten as

M M
3 [Aﬁ ® Wgﬁm} vee[Fr = > Wof, = WE =c,
m=1 m=1

(40)

where we have W, = {A% ®W]I§:ﬁm} c CP°xaNT gnd

W= [W;, Wy, ..., Wyl € CP**MaNt The resultant MSE
of parameter estimation is given by

M
MSE = Y Tr [WﬁIFAHmFmAngAZFﬁAHgWRF]
m=1
o Te [ WL HL By Ry FAHE Wi | + T [WHER, W
(41)

The following lemma can now be used to derive the average-
MSE defined as MSE = E [MSE]:

Lemma 2. For a matrix X € C"™*%, which obey the dis-
tribution X ~ CN (X,Rt ®RT), where R, € C™" and
R; € C'! represent the receive and transmit correlation

matrices, respectively, and a compatible matrix Z, it follows
that [44]]
E[XZX"] = XZX" + Tr[ZR,] R
E[X"ZX] = X"ZX + Tr [ZR]] R,.. 42)

Employing the above lemma, one can simplify the MSE
expression in to determine the average MSE as

M
MSE = »  Tr [F,,AnReAZFART, | Tr [WELRE W]
m=1

S Tr {WgﬁmFmRmFgﬁ{iWR}:} +Tr [Fp R FART, ]
43)

[WEREWre] + Tr [WER, W] -
By exploiting the property in (I2), the above expression can

be further simplified to:

M
MSE = Y aff! [(AmReA{g)T ® Rgm} £,

m=1
+£H [Rﬁ ® ﬁfgWRngFﬁm} £,
+ofll R}, @ RE, ] £ + Tr [WEER, Wee] . (44)

The above expression can be recast as

M
MSE = Z £72,, £, + Tr [WEER, Wre]
m=1

= f7Of + Tr [WEER, Wre], (45)

wherein J,,, = (AngAffL)T ® Rgm € CaNtxaNr '  —
R? @R7,, € CaVrxaNt L, = RT @ HI WrpWHLH,, €
CaNrxaNr Q) = L, +a (I, + T,,) € CINTX4NT and the
scalar quantity o = Tr [WIQIFR]?CWRF]. The block diagonal
matrix € CMaNtxMaNz jg defined as

.,Q]u].

Hence, the optimization problem of minimizing the MSE in
(43) subject to the modified estimation constraint in (40) is
given by

Q = diag [, s, .. (46)

fHOf
subject to Wf =c.

minimize
3

47



Similar to (T7), the above average MSE minimization problem
can also be solved using the popular KKT framework. The
corresponding closed-form solution of the robust TPC vector
can be attained by replacing the matrices W, Z and the
vector b in (I8) by the matrix £, W and c, respectively.
Subsequently, one can follow the procedure mentioned after
to determine the TPC matrices F,,, corresponding to each
IoTNo m. Furthermore, the SOMP algorithm can once again
be employed for decomposing the robust TPC matrix F,,
to obtain the RF and baseband TPC matrices corresponding
to each IoTNo m. The next subsection models the CSI
uncertainty using the popular norm ball model [45], followed
by the robust TPC design to mitigate the resultant performance
loss.

B. Robust Precoder Design under Norm Ball CSI Uncertainty

The popular norm ball/ bounded CSI uncertainty model [45]]
for the channel between each IoTNo m and the FC is given
by

H,, = H,, + AH,,, (48)

where ||AH,, || < em. The quantity ey represents the
uncertainty radius. Interestingly, the norm ball CSI uncertainty
model enables the minimization of the worst-case MSE, thus
ensuring robustness. Toward this end, once again exploiting
the property in (14), the MSE expression in (@) can be recast
as
M
MSE = Z £7D, £, + £2S,.£,, + Tr [WER, Wre] ,

m=1
(49)
where the matrices S,, € CINT*XaNT apnd D,,, € CINTxaNT
are defined as
D,, = [(AmReAg)T ® AHgWRFWg:AHm} ,
S, = [R], @ HIWreWELH,, ] . (50)

By exploiting the property (AB ® CD) = (A ® C) (B® D)
[38], the matrices D,, and S,,, can be decomposed as

Dm = G'ZGma

S,, = LZL,,,

(51

(52)
where the matrices G,, = {(Ré/zAfi ®W£{;AHm} €

CaNrxaNt and L,, = |RL/% @ WELH,, | € C7¥r*aNr The
MSE expression in can be further simplified as

M
MSE = Y " t1GI Gk + £ LI L, £ + Tr [WER, Wer]

m=1
M
Z HGmme2 + HmemH2 +Tr [WllzqFRuWRF]
m=1

= ||GF||* + [ILF||* + Tr [WieR, Wie] , (53)
where the block-diagonal matrices G € CMaNT*xMgNr
and L € CMaNtxMqNt  are defined as G =
diag [G1,Ga,...,Gy| and L = diag[Ly,Lo,..., Ly,

respectively. By exploiting the property ||Ax||, < ||A| g|x|l5

[38], the first term of the MSE expression in can be
further bounded as

IGE| < Gl lIE]l (54)

where IGl, = [m[c7G]]"?

[Ef\le Tr [GﬂGmH 1/2. Furthermore, exploiting the prop-
erty Tr[A ® B] = Tr [A] Tr [B], one can simplify the quan-
tity ||G|[% as

M
IGIZ =3 Tr [[AngAg]T} Tr [AHE Wiy WEH AH,,]

m=1

the quantity = =

M
<& |3 T [AnRoAE] Mo (Wre W) | = 72,
m=1
(55)
where the above inequality follows from Tr[AB] <

Amax (A) Tr [B] and Tr [AH,, AHZ] < €2 [38]. Hence, one
2
can upper-bound || Gf||; as

IGE]7 < n?|If])3. (56)

Substituting H,,, = ﬁm + AH,, into the expression of matrix
L,,, one obtains L,, = L,,, + AL,,,, where

Lo = [R}f ® Wl{;ﬁm] ,AL,, = [R}f ® W{QIFAHm] .
The term ||Lf||* can be upper-bounded as

= 5 ) = (] )
< (|[et]| + nanieen) 67

where the first inequality follows from the triangle inequality
and the second inequality follows from ||Ax|, < ||A||z[|x]5.
The quantity ||AL||§7 can be further upper bounded as

|AL|3 = Tr [ALAL]
M
= Z Tr [Rg; ® AHanWRFWRFAHm] < C27
m=1

(58)

where the constant ( is defined as

M 1/2
C=en | Y Tr[Rp| Amx [WRFWQ{:]] . (59)
m=1

Hence, the upper bound in reduces to

) ~ 2
el < [| |2 + clen] (60)
Finally, the MSE in (53) can be upper-bounded as
N 2
MSE < [|[Te|| +clitl] + el 6D

Using the deductions above, the optimization problem of
minimizing the MSE in obeying the modified constraint
in (39) is formulated as

minimize [|[£¢]| + 1] + o201,

subject to Wf =c. (62)
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Fig. 3: (a) MSE versus SNRgc (b) MSE performance with varying number of IoTNos (M) for the scenario with perfect CSL

The convexity of the above optimization problem renders its
solution easy to determine using a suitable convex solver. Once
again, one can follow the procedure mentioned after (I8) to
determine the TPC matrices F,,, corresponding to each IoTNo
m. Furthermore, the SOMP algorithm can once again be em-
ployed for factorizing the robust TPC matrix F,,, to obtain the
RF and baseband TPC matrices corresponding to each [oTNo
m. The overall procedure of linear decentralized estimation in
an IoTNe can be summarized as follows. Since, the IoTNos
are small, battery-powered devices with a finite battery life and
limited processing power. The FC, by contrast, does not face
such power constraints and typically has higher processing
and communication capacities to meet the demands of the IoT
setup. The precise steps for obtaining the instantaneous CSI
and parameter estimates are as follows.

o Each ToTNo begins by transmitting pilot symbols to
the FC during each coherence time period for channel
estimation.

¢ On reception of the pilots from each IoTNo m, the FC
estimates the channels {H,,,}}/_, corresponding to each
IoTNo.

o Following this step, the FC designs the hybrid TPC
matrices for each IoTNo and feeds back to each IoTNo
its hybrid TPC.

In addition, it is also important to note that the FC is only
required to have access only to the statistical CSI, such as
the observation noise covariance matrix R,,, and the vector
parameter covariance matrix Ry, which may be obtained
by averaging over an appropriately long interval of time.
Additionally, since a quasi-static mmWave MIMO channel is
considered in this work, the CSI obtained at the FC remains
constant over a period of time. Hence, the hybrid TPCs
FgB,m, Frr,m does not have to be computed and fed-back
frequently. To further reduce the overhead of CSI feedback,
robust hybrid TPC designs have been proposed that use either
imperfect or a rough estimate of the CSI. The robust model

SOMP for Eq. (23) with N =3
SOMP for Eq. (23) with N =2

—©— SOMP for Eq. (23) with Np_ = 1
Centralized Benchmark

10 15 20 25 30 35 40
SNR_, (in dB)

Fig. 4: MSE versus SNRgc for different values of RF chains
Ngp at each IoTNo.

captures the relationship between the overhead in the number
of pilot symbols required and the channel estimation error.
For example, in the stochastic CSI uncertainty model, the
channel estimation error decreases upon increasing the number
of pilot symbols. The next section discusses the numerical
results characterizing the performance of the various designs
proposed in this work.

V. SIMULATION RESULTS

In our simulations a mmWave MIMO IoTNe associated with
M = 24 sensors is considered, where each IoTNo is assumed
to be equipped with N7 = 5 antennas, and the FC employs
Ni = 16 antennas with NZi = 3 and NES = 4. Monte-
Carlo simulations are performed for averaging the effects of
the random channel realizations and other quantities. The
mmWave MIMO channel H,,, between each IoTNo m and the
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Fig. 5: (a) MSE versus SNRgc (b) MSE performance with varying uncertainty variance (c%;) of the hybrid beamforming
design with stochastic CSI uncertainty.

FC is assumed to have N, = 10 clusters and each path-gain
element cvg, ., is generated as i.i.d. CA (0,1) for 1 < k < N,
and 1 < m < M. The dimension of the unknown parameter
vector is set as p = 4 and the number of observations at each
IoTNo is considered to be ¢ = 5. The correlation coefficient
at each IoTNo m is set as 3,, = 0.6, 1 < m < M, while the
correlation coefficient at the FC is set to o = 0.6. The elements
of the observation matrix A, are generated as CA (0, 1). The
observation noise covariance matrix R,,, for each IoTNo m
is set as U?an, and the channel noise covariance matrix R,
is assumed to be 021 y,,. The observation SNR is defined as
SNRog = J% Furthermore, the SNR at the FC is defined as

SNRgc = U%, which is set separately for each experiment.

Fig. El (a) shows the estimation performance of the
three SOMP-based hybrid beamforming designs proposed in
Section-IIT as a function of SNRpc for M € {20,30}. The
three schemes are 1) MSE minimization considering only the
estimation constraint in , 2) estimation and total power
constraint in @, and finally 3) considering the estimation
constraint and M individual IoTNo power constraints as
described in (23). Additionally, the corresponding optimal
fully digital precoder’s MSE performance is also plotted for
benchmarking the performance of the SOMP-based hybrid
designs. It can be readily observed from the figure that the
SOMP based hybrid beamforming designs yield a performance
close to the fully digital MMSE TPC designs, which bears
testimony to the efficacy of the proposed designs. It also
approaches to the centralized MMSE benchmark derived in
(36) at high SNRgc. A theoretical proof for this is given in
Appendix{B] Also, the MSE performance further improves
as the number of sensors increases, since more observations
become available at the FC which results in an improved
parameter estimation performance.

Fig. 3] (b) shows the MSE performance of the proposed
hybrid TPC schemes as a function of the number of sensors

M in the IoTNe for different values of SNRog € {—7,1.25}
dB, with SNRgc set to 30 dB. The MSE of the optimal fully
digital TPC as well as the centralized MMSE benchmark are
also plotted therein. Observe again that the MSE decreases as
the number of sensors increases. Furthermore, increasing the
values of SNRgp leads to a corresponding improvement in the
estimation accuracy, thanks to the reduced observation noise
variance.

Fig. ] depicts the MSE performance of the SOMP-based
total-power-constrained design in Eq. (23) for the scenario
having NZ} € {1,2,3} RF chains at each IoTNe. It can be
readily observed from the figure that the proposed design is
general in nature and can operate even with a single RF chain
and multiple antennas at each IoTNe without significantly
affecting the overall MSE performance of the system.

Fig. E] (a) characterizes the MSE performance of the robust
hybrid beamforming design proposed in Section{[V-A] for the
stochastic CSI uncertainty model against varying SNRgc for
the uncertainty variance 0% € {0.1,0.4}. The performance
of the corresponding average MMSE fully digital TPC is
also plotted. Furthermore, in addition to the proposed robust
design, the corresponding perfect and imperfect CSI-based
designs are also included for illustrating the efficacy of the
proposed robust design. The significant MSE performance
gain achieved by the scheme presented over the uncertainty-
agnostic counterpart that ignores the CSI uncertainty is clearly
evidenced by the figure. Moreover, the MSE performance
difference between the proposed robust and the uncertainty-
agnostic design increases upon increasing the uncertainty
variance o%. Fig. [3] (b) explicitly shows the performance of
the proposed robust hybrid beamforming design as a function
of channel uncertainty variance o%. As expected, it can once
again be observed that the MSE performance degrades as 0%
increases.

Fig.[6] (a) describes the worst-case MSE performance of the
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robust hybrid beamforming design proposed in Section{[V-B]
for the norm ball CSI uncertainty model, and for different
channel uncertainty radii ey € {0.1,0.4}. The benefits of
the presented robust design are once again evidenced by its
performance, which is close to that of the TPCs/ RC designed
with perfect CSI and also by the significant performance
gain over the uncertainty-agnostic design. Reassuringly, the
SOMP-based robust TPCs perform very close to their digital
counterparts as well. This reinforces our claim that the robust
designs formulated are capable of successfully overcoming
the degradation arising due to the realistic imperfect CSI
knowledge. Fig. [f] (b) portrays the MSE performance as a
function of the channel uncertainty radius ey for the perfect,

robust and the agnostic designs as well as for the corre-
sponding fully digital baseband system for different values
of SNRgc € {15,20} dB. Similar to the previous figure, the
robust design conceived for the norm ball CSI model once
again outperforms the agnostic design with a fair margin, with
the gap widening as SNRgc decreases.

Fig. [7] (a) characterizes the MSE performance of the pro-
posed SOMP-based robust hybrid TPC/ RC design along with
the C-ADMM-based hybrid TPC/ RC design of relying
on both the perfect and with the CSI-uncertainty agnostic ar-
rangements in the face of stochastic CSI uncertainty. The MSE
is plotted as a function of the channel uncertainty variance 0%

for different number of ToTNos, i.e., M € {20,30} subject



to per IoTNo power constraints. It can be readily deduced
from the figure that the proposed robust design offers a
significant MSE performance improvement over the C-ADMM
based uncertainty agnostic hybrid design. Furthermore, the
MSE performance gap between both the robust and the CSI
uncertainty agnostic design is seen to increase upon increasing
o?;. This illustrates the efficacy of our proposed robust design.
Moreover, the MSE performance of the robust design improves
upon increasing the number of IoTNos in mmWave MIMO
IoTNe, reinforcing the trend seen earlier.

Fig. [7| (b) depicts the MSE performance of the proposed
robust hybrid TPC/ RC design against the C-ADMM-based
hybrid TPC/ RC design described in [30]] for the scenario
associated with norm ball CSI uncertainty. Once again, our
proposed robust design is observed to achieve a significant
MSE performance improvement over the C-ADMM based
uncertainty agnostic design. Furthermore, with the increase in
€, the MSE performance gap between the robust and agnostic
designs is seen to increase. This illustrates that the proposed
robust design is also efficient for the norm-ball CSI uncertainty
model.

VI. CONCLUSION

Linear hybrid beamforming techniques were developed
for vector parameter estimation in a coherent MAC-based
mmWave MIMO IoTNe. Since the general MSE optimization
is non-convex due to the constant gain constraint pertaining
to the RF phase-shifters that form the RF TPC and RC,
the optimal minimum MSE digital TPC is initially obtained
under the zero-forcing and total/ per [oTNo power constraints.
Subsequently, the popular SOMP algorithm was employed
for decomposing the fully digital TPC into its RF and base-
band components. Next, novel average and worst-case MSE
analyses were derived for designing the robust TPCs for
the stochastic and norm ball models, respectively, in scenar-
ios associated with CSI uncertainty. The centralized MMSE
that acts as a lower bound was determined for the system,
which yields exceptional insights into the MSE performance.
Detailed simulation results demonstrated the efficacy of the
proposed algorithms and a performance close to the MMSE
bound.

APPENDIX A
PROOF OF LEMMA 1

Since the matrix ¥, is defined as ¥,,, = (Rm ® HgHm) s
this implies that

vl = {anl ® (Hﬁfme)_l}, which can be further ex-
pressed as
11 (HTHnHm)71 T1im (HgHm)il
oot |™ (HAH,,) rim (HEH,,) ™

Poum (HEH,,) ™
(63)

ro1 (HEH,,) ™

where 7;; = [R;Hij. From the expression in (63)), it can be
seen that any column of the matrix F,,, can be written as a

13

linear combination of the columns of the matrix (HZH,,,) -
Let the singular value decomposition (SVD) of H,,, be defined
as H,, = U,,2,,VZ. Thus, we have (HﬁHm)f1 =
- ~ _ t
VSV where S, = diag{[Em(z',i)] 1" which
implies that the column space of the TPC F,, fies in the

column space of the matrix V,,. Finally, one can conclude
that

C(Fn) C R(Hy), (64)
since, the column space of V,,, constitutes the row space of
the channel matrix H,,.

APPENDIX B
ASYMPTOTIC MSE ANALYSIS FOR THE MSE
MINIMIZATION PROPOSED IN (17))

Theorem 1. Asymptotically, i.e., at very high SNRpc, the MSE
of the linear hybrid TPC design developed in approaches
the centralized MMSE benchmark derived in (36), i.e.,
SNRrc—00

(65)

Proof. Exploiting the expression of MSEysg derived in
(36), and substituting the eigenvalue decomposition of the
matrix given by APR 1A = QAQ¥, one obtains

P
1
MSE = E
MMSE A= 1+ Ay (AHFR;'A)

(66)

where without loss of generality Ry = I, and \,,,(X) denotes
the mth eigenvalue of the matrix X. Substituting the optimal
TPC vector expression derived in (I8) into the MSE expression
of (13), one obtains

MSE = 7 (Z®&'Z") f + Tr [W{ER, Wge] . (67)
The quantity ZW~'Z¥ can be further simplified as
VA Al

(AT @ WEH,,] [RT, @ HI Wy WEH,,] '

[
NE

3
l

(A}, @ H}} W]

1

[
NE

[[ATR,TAL] © [WHH,, (B W WHH,)

m=1
H W |
P
= [ATR.TA;, @1,], (68)
m=1
where the simplification above exploits the
properties (X®Y)(Z@W) = (XZ®YW) and

X;1®Y,Xo0Y] = [X;,Xs] ® Y. Now, substituting
the above expression for ZW 1 Z# together with the property
in (I2), the first term of the MSE expression in can be



simplified as

7 (ze 27 f =

7 [ATR,TA* @ 1,)  f

vec [I1] [[ATR;TA*} g Ip} vec 1]

Tr [[AHRglA]’l}

>

m:l

_ 69
m (AERGTA) (©9)

At high SNRgc, Tr [W{{;RUWR}:} = 0, and with high
SNR IoTNo observations, we have A, (AYR;1A) >> 1.
Therefore, one can conclude that

[1
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[4

[5

[6

[7

[9

[10
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]

]

1

=

1

1

]

lim

MSE — MSEMMsE
SNRpc—+00

- 1 - 1
2 Am (AHR 'A) mZ::lHAm (AHR;lA)
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