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We study distributionally robust optimization (DRO) with Sinkhorn distance—a variant of Wasserstein distance
based on entropic regularization. We provide convex programming dual reformulation for a general nominal
distribution. Compared with Wasserstein DRO, it is computationally tractable for a larger class of loss functions,
and its worst-case distribution is more reasonable. We propose an efficient first-order algorithm with bisection
search to solve the dual reformulation. We demonstrate that our proposed algorithm finds δ-optimal solution of the
new DRO formulation with computation cost Õ(δ−3) and memory cost Õ(δ−2), and the computation cost further
improves to Õ(δ−2) when the loss function is smooth. Finally, we provide various numerical examples using both
synthetic and real data to demonstrate its competitive performance and light computational speed.
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1. Introduction

Decision-making problems under uncertainty have broad applications in operations research, machine
learning, engineering, and economics. When the data involves uncertainty due to measurement error,
insufficient sample size, contamination, and anomalies, or model misspecification, distributionally
robust optimization (DRO) is a promising approach to data-driven optimization, by seeking aminimax
robust optimal decision that minimizes the expected loss under the most adverse distribution within
a given set of relevant distributions, called ambiguity set. It provides a principled framework to
produce a solution with more promising out-of-sample performance than the traditional sample
average approximation (SAA) method for stochastic programming [88]. We refer to [81] for a recent
survey on DRO.
At the core of DRO is the choice of the ambiguity set. Ideally, a good ambiguity set should take

account of the properties of practical applications while maintaining the computational tractability
of resulted DRO formulation; and it should be rich enough to contain all distributions relevant to the
decision-making but, at the same time, should not include unnecessary distributions that lead to overly
conservative decisions. Various DRO formulations have been proposed in literature. Among them, the
ambiguity set based on Wasserstein distance has recently received much attention [108, 67, 19, 46].
The Wasserstein distance incorporates the geometry of sample space, and thereby is suitable for
comparing distributions with non-overlapping supports and hedging against data perturbations [46].
Nice statistical performance guarantees have been established for Wasserstein DRO both asymptot-
ically [18, 21, 20], non-asymptotically [44, 24, 86], and empirically in a variety of applications in
operations research [15, 29, 93, 73, 92, 105], machine learning [87, 25, 66, 16, 72, 98], stochastic
control [110, 1, 96, 38, 111, 104], etc; see [60] and references therein for more discussions. We also
provide a more detailed literature survey by the end of this section.
On the other hand, the current Wasserstein DRO framework is not without limitations. First,

from the computational efficiency perspective, the tractability of Wasserstein DRO is usually available
only under somewhat stringent conditions on the loss function, as its dual formulation involves a
subproblem that requires the global supremum of some regularized loss function over the sample
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space. In particular, for 1-Wasserstein DRO, a convex reformulation is only known when the loss
function can be expressed as a pointwise maximum of finitely many concave functions [67] and
efficient first-order algorithms are proposed only for special loss functions such as logistic loss [62];
and for 2-Wasserstein DRO, efficient first-order algorithms have been developed only for smooth loss
functions and sufficiently small radius (or equivalently, sufficiently large Lagrangianmultiplier) so that
the involved subproblem becomes strongly convex [94, 22]. Second, from the modeling perspective,
for data-driven Wasserstein DRO in which the nominal distribution is finitely supported (usually the
empirical distribution), the worst-case distribution is shown to be a discrete distribution [46], despite
that the underlying true distribution in many practical applications may well be continuous. This
raises the concern of whether Wasserstein DRO hedges the right family of distribution and whether it
causes potentially over-conservative performance.
To address these potential issues while maintaining the advantages of Wasserstein DRO, in this

paper, we propose Sinkhorn DRO, which hedges against distributions that are close to some nominal
distribution in Sinkhorn distance [35]. The Sinkhorn distance can be viewed as a smoothed Wasser-
stein distance, defined as the cheapest transport cost between two distributions associated with an
optimal transport problem with entropic regularization (see Definition 1 in Section 2). As far as we
know, this paper is the first to study the DRO formulation using the Sinkhorn distance. Our main
contributions are summarized as follows.

(I) We derive a strong duality reformulation for Sinkhorn DRO (Theorem 1) when the nominal
distribution is any arbitrary distribution. The Sinkhorn dual objective smooths themaximization
subproblem in the Wasserstein dual objective, and converges to Wasserstein dual objective as
the entropic regularization parameter goes to zero (Remark 4). Moreover, the dual objective of
Sinkhorn DRO is upper bounded by that of the KL-divergence DROwith the nominal distribution
being a kernel density estimator (Remark 5).

(II) As a byproduct of our duality proof, we characterize the worst-case distribution of the Sinkhorn
DRO (Remark 3), which is absolutely continuous with respect to some reference measure such
as Lebesgue or counting measure. Compared with Wasserstein DRO, the worst-case distribution
of Sinkhorn DRO is not necessarily finitely supported even when the nominal distribution is a
finitely supported distribution. This indicates that Sinkhorn DRO is a more flexible modeling
choice for many applications.

(III) On the algorithmic aspect, we propose and analyze a computationally efficient stochastic mirror
descent method using biased gradient oracles with bisection search for solving the Sinkhorn
DRO problem (Section 4). By adequately balancing the trade-off between bias and variance
of stochastic gradient estimators with low computation cost, we show the proposed algorithm
achieves computation cost Õ(δ−3) and memory cost Õ(δ−2) for finding δ-optimal solution for
convex loss, and the computation cost improves to Õ(δ−2) for convex and smooth loss.1 Com-
paredwithWasserstein DRO, the dual problem of Sinkhorn DRO is computationally tractable for
broader class of loss functions, cost functions, nominal distributions, and probability support.
See Table 1 for detailed comparison.

(IV) We provide experiments (Section 5) to validate the performance of the proposed Sinkhorn
DROmodel in the context of newsvendor problem, mean-risk portfolio optimization, and multi-
class classification, using both synthetic and real data sets. Numerical results demonstrate its
superior out-of-sample performances and light computational speed compared with several
benchmarks including SAA, Wasserstein DRO, and KL-divergence DRO.

Finally, we remark that Blanchet and Kang [17, Section 3.2] solves the Wasserstein DRO formulation
based on its log-sum-exp smooth approximation. This smoothed approximation can be viewed as a
special case of the dual reformulation of our Sinkhorn DRO model. The main differences between

1 In this paper, we say that f(δ) =O(g(δ)) if there exists a real constant c > 0 (which is independent of δ) and there exists
δ0 > 0 such that f(δ)≤ cg(δ) for every δ≤ δ0. When f(δ) =O

(
g(δ) · polylog 1

δ

)
, we write f(δ) = Õ(g(δ)) for simplicity.
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Table 1 Summarization on the tractability result of distributionally robust learning models. Here we aim to solve the
minimax learning problem minθ∈Θ maxP∈P Ez∼P[fθ(z)], where the set Θ is closed and convex, the loss function fθ(z) is
convex in θ, and the ambiguity set P is a probability ball centered around the nominal distribution P̂ with respect to

Wasserstein distance or Sinkhorn distance with support Z.
(a) Wasserstein DRO

Reference(s) Loss function fθ(z) Cost function Nominal distribution P̂ Support Z

[114, 26, 64] General General General Discrete and finite set

[94] z 7→ fθ(z)−λ∗c(x, z)
is strongly concavei General General General

[42, 46] Piecewise
concave in z

Norm
function Empirical distribution Polytope

[87, 62, 112,
85]

Generalized linear
model in (z, θ)

Norm
function Empirical distribution Whole Euclidean spaceii

[22] Generalized linear
model in (z, θ)

Squared norm
function General Whole Euclidean spaceii

i Sinha et al. [94] approximately solves the Wasserstein DRO by penalizing the Wasserstein ball constraint
with fixed Lagrangian multiplier λ∗. Here the assumption of loss function holds for P̂-almost every x.
ii Here references therein essentially assume the numerical part of the probability vector is supported on
the whole Euclidean space, such as the numerical features in logistic regression setup.

(b) Sinkhorn DRO

Reference(s) Loss function fθ(z) Cost function Nominal distribution P̂ Support Z

This paper General General General General

their formulation and ours are that: (i) we start with the primal form of the Sinkhorn DRO model
and uncover it coincides with the smoothed approximation of the Wasserstein DRO dual formulation,
while they focus on the dual formulation only. (ii) they focus on the data-driven DRO training for semi-
supervised learning tasks only, while our DRO result applies to the general loss function, cost function,
and nominal distribution. (iii) they optimize the smoothed objective function by simulating unbiased
gradient estimators but with unbounded variance, and no convergence results are established.
Azizian et al. [6] (which is a contribution made public 234 days after we posted the first version

of this paper in arXiv) present a very similar duality result shown in this paper. The main differences
include the following: (i) their theoretical results rely on a Slater-like assumption which is more
restrictive. (ii) they do not provide numerical algorithm to solve the Sinkhorn DRO formulation.

Related Literature

On DRO Models Construction of ambiguity sets plays a key role in the performance of DRO
models. Generally, there are two ways to construct ambiguity sets in literature. First, ambiguity
sets can be defined using descriptive statistics, such as the support information [12], moment condi-
tions [84, 36, 52, 116, 107, 28, 13], shape constraints [79, 99], marginal distributions [43, 69, 2, 39].
Second, a more recently popular approach that makes full use of the available data is to consider
distributions within a pre-specified statistical distance from a nominal distribution, usually chosen as
the empirical distribution of samples. Commonly used statistical distances used in literature include
φ-divergence [57, 10, 106, 9, 40], Wasserstein distance [77, 108, 67, 114, 19, 46, 27, 109], and maximum
mean discrepancy [97, 115]. Our proposed Sinkhorn DRO can be viewed as a variant of Wasserstein
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DRO. In the literature on Wasserstein DRO, besides the computational tractability, its regularization
effects and statistical inference have also be investigated. In particular, it has been shown that Wasser-
stein DRO is asymptotically equivalent to a statistical learning problem with variation regularization
[45, 18, 86], and when the radius is chosen properly, the worst-case loss of Wasserstein DRO serves
as an upper confidence bound on the true loss [18, 21, 44, 20] . Other variants of Wasserstein DRO
have been explored, by combining with other information such as moment information [48, 101] and
marginal distributions [47, 41].

On Sinkhorn Distance Sinkhorn distance [35] is proposed to improve the computational com-
plexity of Wasserstein distance by regularizing the original mass transportation problem with relative
entropy penalty on the transport mapping. In particular, this distance can be computed from its dual
form by optimizing two blocks of decision variables alternatively, which only requires simple matrix-
vector products and therefore significantly improves the computation speed [76]. Such an approach
first aroused in the areas of economics and survey statistics [59, 113, 37, 7], and its convergence
analysis is attributed to the mathematician Sinkhorn [95], which gives the name of Sinkhorn dis-
tance. Altschuler et al. [3] further design an accelerated algorithm to compute Sinkhorn distance in
near-linear time. Using Sinkhorn distance other than Wasserstein distance has been demonstrated to
be beneficial because of lower computational cost in various applications, including domain adapta-
tions [32, 33, 31], generative modeling [50, 75, 65, 74], dimensionality reduction [63, 102, 103, 58], etc.
To the best of our knowledge, the study of Sinkhorn distance for distributionally robust optimization
is new in literature.

Solving DRO Models In the introduction, we have elaborated on the literature that propose
efficient optimization algorithms for solving the Wasserstein DRO formulation [114, 26, 64, 94, 42,
46, 87, 62, 112, 85, 22]. Unfortunately, the tractability of these literature is limited to the special
loss function, cost function, nominal distribution, or probability support. In addition, the algorithmic
framework for φ-divergence DRO model is also exploited in recent literature. A natural optimization
idea is to generate sample estimates of the dual formulation of φ-divergence DRO and then optimize
the approximated objective function [89, Section 7.5.4], called the sample average approximation (SAA)
technique. It is worth noting that the SAA technique is not a computation- and storage- efficient choice,
since it requires storing the input data for the approximated problem first, and then solving the new
problem numerically. Recent literature [61, 68, 80] propose first-order methods to solve φ-divergence
DRO formulations. In comparison with the SAA technique, the complexity of first-order methods is
usually independent of the sample size of the nominal distribution to obtain a near-optimal solution.
Motivated by these literature, we propose to solve the Sinkhorn DRO model by simulating stochastic
gradient estimators and then establish sample-size independent convergence results.

The rest of the paper is organized as follows. In Section 2, we describe the main formulation for
the Sinkhorn DRO model. In Section 3, we develop its strong dual reformulation. In Section 4, we
propose a first-order optimization algorithm that solves the reformulation efficiently. We report several
numerical results in Section 5, and conclude the paper in Section 6. All omitted proofs can be found
in Appendix.

2. Model Setup

Notation. Assume that the logarithm function log is taken with base e. For a positive integer N ,
we write [N ] for {1,2, . . . ,N}. For a measurable set Z, denote by M(Z) the set of measures (not
necessarily probability measures) on Z, and P(Z) the set of probability measures on Z. Given a
probability distribution P and a measure µ, we denote supp(P) the support of P, and write P� µ
if P is absolutely continuous with respect to µ. For a given element x, denote by δx the one-point
probability distribution supported on {x}. Denote P⊗Q as the product measure of two probability
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distributions P andQ. Denote by Proj1#γ and Proj2#γ the first and the second marginal distributions
of γ, respectively. For a given set A, define the characteristic function 1A(x) such that 1A(x) = 1 when
x ∈ A and otherwise 1A(x) = 0, and define the indicator function τA(x) such that τA(x) = 0 when
x ∈ A and otherwise τA(x) =∞. Define the distance between two sets A and B in the Euclidean
space as Dist(A,B) = supx∈A infy∈B ‖x− y‖2. Define the sign function sign(·) such that sign(x) = 1
if x > 0 and otherwise sign(x) =−1. For a given function ω : Θ→R, we say it is κ-strongly convex
with respect to norm ‖ · ‖ if 〈θ′− θ,∇ω(θ′)−∇ω(θ)〉 ≥ κ‖θ′− θ‖2,∀θ, θ′ ∈Θ.
We first review the definition of Sinkhorn distance.

Definition 1 (Sinkhorn Distance). Let Z be a measurable set. Consider distributions P,Q∈P(Z),
and let µ,ν ∈M(Z) be two reference measures such that P� µ,Q� ν. For regularization parameter
ε≥ 0, the Sinkhorn distance between two distributions P and Q is defined as

Wε(P,Q) = inf
γ∈Γ(P,Q)

{
E(X,Y )∼γ [c(X,Y )] + εH(γ | µ⊗ ν)

}
,

where Γ(P,Q) denotes the set of joint distributions whose first and second marginal distributions are
P and Q respectively, c(x, y) denotes the cost function, and H(γ | µ⊗ ν) denotes the relative entropy
of γ with respect to the product measure µ⊗ ν:

H(γ | µ⊗ ν) =

∫
log

(
dγ(x, y)

dµ(x)dν(y)

)
dγ(x, y),

where dγ(x,y)

dµ(x) dν(y)
stands for the density ratio of γ with respect to µ⊗ ν evaluated at (x, y). ♦

Remark 1 (Variants of Sinkhorn Distance). Sinkhorn distance in Definition 1 is based on general
reference measures µ and ν. Special forms of the distance has been investigated in literature, for
instance, when the reference measures µ and ν were chosen to be P,Q, i.e., marginal distributions
of γ, respectively [49, Section 2]. The relative entropy regularization term can also be considered
as a hard-constrained variant for the optimal transport problem, which has been discussed in [35,
Definition 1] and [8]:

WInfo
R (P,Q) = inf

γ∈Γ(P,Q)

{
E(X,Y )∼γ [c(X,Y )] : H(γ | P⊗Q)≤R

}
,

where R≥ 0 quantifies the upper bound for the relative entropy between distributions γ and P⊗Q.
Another variant of the optimal transport problem is to consider the negative entropy for regulariza-
tion [35, Equation (2)]:

WEnt
ε (P,Q) = inf

γ∈Γ(P,Q)

{
E(X,Y )∼γ [c(X,Y )] + εH(γ)

}
,

where H(γ) =
∫

log
(

dγ(x,y)

dxdy

)
dγ(x, y) and dx, dy are Lebesgue measures if the corresponding

marginal distributions are continuous, or counting measures if the marginal distributions are discrete.
For given P andQ, one can check the two regularized optimal transport distances above are equivalent
up to a constant:

WEnt
ε (P,Q) =Wε(P,Q) +

∫
log

(
dµ(x)dν(y)

dxdy

)
dγ(x, y)

=Wε(P,Q) +

∫
log

(
dµ(x)

dx

)
dP(x) +

∫
log

(
dν(y)

dy

)
dQ(y).

♣



6

In this paper, we study the Sinkhorn DRO model. Given a loss function f , a nominal distribution P̂
and the Sinkhorn radius ρ, the primal form of the worst-case expectation problem of Sinkhorn DRO
is given by

V := sup
P∈Bρ,ε(P̂)

Ez∼P[f(z)],

where Bρ,ε(P̂) =
{
P : Wε(P̂,P)≤ ρ

}
,

(Sinkhorn DRO)

where Bρ,ε(P̂) is the Sinkhorn ball of the radius ρ centered at the nominal distribution P̂. Due to the
convex entropic regularizer [34]Wε(P̂,P) with respect to P, the Sinkhorn distanceWε(P̂,P) is convex
in P, i.e., when P1 and P2 are two probability distributions, it holds that

Wε(P̂, λP1 + (1−λ)P2)≤ λWε(P̂,P1) + (1−λ)Wε(P̂,P2)

for all 0 ≤ λ ≤ 1. Therefore, the Sinkhorn ball is a convex set, and the problem (Sinkhorn DRO) is
an (infinite-dimensional) convex program. We refer to Remark 3 on the discussion of the existence of
worst-case distribution.

Remark 2 (Choice of Reference Measures). We discuss below the choices of the two references
measures µ and ν in Definition 1.
For the reference measure µ, observe from the definition of relative entropy and the law of proba-

bility, we can see that the regularization term inWε(P̂,P) can be written as

H(γ | µ⊗ ν) =

∫
log

(
dγ(x, y)

dP̂(x)dν(y)

)
+ log

(
P̂(x)

dµ(x)

)
dγ(x, y)

=

∫
log

(
dγ(x, y)

dP̂(x)dν(y)

)
dγ(x, y) +

∫
log

(
P̂(x)

dµ(x)

)
dP̂(x).

Therefore, any choice of the reference measure µ satisfying P̂� µ is equivalent up to a constant. For
simplicity, in the sequel we will take µ= P̂.
For the referencemeasure ν, observe that theworst-case solutionP in (Sinkhorn DRO) should satisfy

that P� ν since otherwise the entropic regularization in Definition 1 is undefined. As a consequence,
we can choose ν such that the underlying true distribution is absolutely continuous with respect to it.
Typical choices include the Lebesgue measure or Gaussian measure for continuous random variables,
and counting measure for discrete measures. See [78, Section 3.6] for the construction of a general
reference measure. ♣

In the following sections, we first derive the tractable formulation of the Sinkhorn DRO model and
then develop an efficient first-order method to solve it. Finally, we examine its performance by several
numerical examples.

3. Strong Duality Reformulation

Problem (Sinkhorn DRO) is an infinite-dimensional optimization problem over probability distri-
butions. To obtain a more tractable form, in this section, we derive a strong duality result for
(Sinkhorn DRO). Our main goal is to derive the strong dual problem

VD := inf
λ≥0

{
λρ+λε

∫
log
(
EQx,ε

[
ef(z)/(λε)

])
dP̂(x)

}
, (Dual)

where the dual decision variable λ corresponds to the Sinkhorn ball constraint in (Sinkhorn DRO),
and by convention we define the dual objective evaluated at λ= 0 as the limit of the objective values
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with λ ↓ 0, which equals the essential supremum of the objective function with respect to the measure
ν; and we define the constant

ρ := ρ+ ε

∫
log

(∫
e−c(x,z)/ε dν(z)

)
dP̂(x), (1)

and the kernel probability distribution

dQx,ε(z) :=
e−c(x,z)/ε∫

e−c(x,u)/ε dν(u)
dν(z). (2)

The rest of this section is organized as follows. In Section 3.1, we summarize our main results on the
strong duality reformulation of Sinkhorn DRO. Next, we provide detailed discussions in Section 3.2.
In Section 3.3, we provide a proof sketch of our main results.

3.1. Main Results

To make the above primal (Sinkhorn DRO) and dual (Dual) problems well-defined, we introduce the
following assumptions on the cost function c, the reference measure ν, and the loss function f .

Assumption 1. (I) ν{z : 0≤ c(x, z)<∞}= 1 for P̂-almost every x;
(II)

∫
e−c(x,z)/ε dν(z)<∞ for P̂-almost every x;

(III) Z is a measurable space, and the function f : Z →R∪{∞} is measurable.

By reference [76, Proposition 4.1], the Sinkhorn distance has the equivalent formulation:

Wε(P̂,P) = min
γ∈Γ(P̂,P)

∫
log

(
dγ

dK
(x, y)

)
dγ(x, y), where dK(x, y) = e−c(x,y)/ε dP̂(x)dν(y).

Assumption 1(I) implies that 0≤ c(x, y)<∞ for P̂⊗ν-almost every (x, y), and therefore the reference
measure K is well-defined. Assumption 1(II) ensures the optimal transport mapping γ∗ for Sinkhorn
distance Wε(P̂,P) exists with density value dγ∗(x,y)

dP̂(x) dν(y)
∝ e−c(x,y)/ε. Hence, Assumption 1(I) and 1(II)

together ensure the Sinkhorn distance is well-defined. Assumption 1(III) ensures the expected loss
Ez∼P[f(z)] to be well-defined and lower bounded for any distribution P.
To distinguish the cases VD < ∞ and VD = ∞, we introduce the light-tail condition on f in

Condition 1. In Appendix A, we present sufficient conditions for Condition 1 that are easy to verify.

Condition 1. There exists λ> 0 such that EQx,ε [e
f(z)/(λε)]<∞ for P̂-almost every x.

In the following, we provide main results on the strong duality reformulation.

Theorem 1 (Strong Duality). Let P̂∈P(Z), and assume Assumption 1 holds. Then the following holds:
(I) The primal problem (Sinkhorn DRO) is feasible if and only if ρ≥ 0;
(II) Whenever ρ≥ 0, it holds that V = VD.
(III) If, in addition, Condition 1 holds, then V = VD <∞; otherwise V = VD =∞.

We remark that if ρ < 0, by convention, V =−∞ and VD =−∞ as well by Lemma 3 in Section 3.3
below. Therefore, we have V = VD as long as Assumption 1 holds. Along the proof we also obtain the
dual reformulation on the soft distributionally robust formulation of (Sinkhorn DRO).

Corollary 1. Let P̂∈P(Z) and λ> 0, and assume Assumption 1 holds. Then the primal problem

Vλ = sup
P

{
Ez∼P[f(z)]−λWε(P̂,P)

}
. (SDRO(λ))
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has the equivalent dual reformulation:

V Dual
λ = λε

∫
log
(
EQx,ε [e

f(z)/(λε)]
)

dP̂(x) +C, (SDRO(λ)-Dual)

where the constant
C = λε

∫
log

(∫
e−c(x,u)/ε dν(u)

)
dP̂(x).

3.2. Discussions

In the following, we make several remarks regarding the strong duality result.
Remark 3 (Worst-case Distribution). Assume the optimal Lagrangianmultiplier in (Dual) λ∗ > 0.
As we will demonstrate in the proof of Theorem 1, the worst-case distribution for (Sinkhorn DRO)
maps every x∈ supp P̂ to a (conditional) distribution whose density function (with respect to ν) at z
is

αx · exp
((
f(z)−λ∗c(x, z)

)
/(λ∗ε)

)
,

where αx :=
[∫

exp
((
f(z)−λ∗c(x, z)

)
/(λ∗ε)

)
dν(z)

]−1

is a normalizing constant to ensure the con-
ditional distribution well-defined. As such, the density of the worst-case distribution can be expressed
as

dP∗(z) =

∫
αx · exp

((
f(z)−λ∗c(x, z)

)
/(λ∗ε)

)
dP̂(x),

from which we can see that the worst-case distribution shares the same support as the measure ν. For
the case where λ∗ = 0, the worst-case distribution will ensure the corresponding objective function
equal the essential supremum of the loss function f . Particularly, when P̂ is the empirical distribution
1
n

∑n

i=1 δx̂i and ν is any continuous distribution on Rd, the worst-case distribution P∗ is supported on
the entire Rd. In contrast, the worst-case distribution for Wasserstein DRO is supported on at most
n+ 1 points [46]. This is another difference, or advantage possibly, of Sinkhorn DRO compared with
Wasserstein DRO. Indeed, for many practical problems, the underlying distribution can be modeled as
a continuous distribution. The worst-case distribution for Wasserstein DRO is often finitely supported,
raising the concern of whether it hedges against the wrong family of distributions and thus results in
suboptimal solutions. The numerical results in Section 5 demonstrate some empirical advantages of
Sinkhorn DRO. ♣
Remark 4 (Connection with Wasserstein DRO). As the regularization parameter ε→ 0, the dual
objective of the Sinkhorn DRO converges to

λρ+

∫
ess sup

ν

{
f(·)−λc(x, ·)

}
dP̂(x).

The proof is provided in Appendix EC.3, which essentially follows from the fact that the log-sum-
exp function is a smooth approximation of the supremum. Particularly, when supp(ν) =Z, the dual
objective of the Sinkhorn DRO converges to the dual formulation of the Wasserstein DRO problem [46,
Theorem 1]. There are several advantages of Sinkhorn DRO.

(I) As wewill demonstrate in Section 4, Sinkhorn DRO is tractable for a large class of loss functions.
For the empirical nominal distribution, the worst-case loss can be evaluated efficiently for any
measurable loss function f . In contrast, the main computational difficulty in Wasserstein DRO
is to solve the maximization problem inside the integration above. In fact, 1-Wasserstein DRO
is shown to be tractable only when the loss function can be expressed as a pointwise maximum
of finitely many concave functions [67, Theorem 4.2], and 2-Wasserstein DRO is shown to be
tractable only when the loss function is smooth and the radius of the ambiguity set is sufficiently
small [22, Theorem 3].
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(II) The strong duality of Sinkhorn DRO holds in an even more general setting. Essentially, the only
requirements on the space Z and the nominal distribution P̂ are measurability. In contrast, the
strong duality for Wasserstein DRO ([46, Theorem 1], [19, Theorem 1]) requires the nominal
distribution P̂ to be a Borel probability measure and the set Z to be a Polish space.

We remark that Sinkorn DRO and Wasserstein DRO result in different conditions for finite worst-case
values. From Condition 1 we see that the Sinkhorn DRO is finite if and only if under a light-tail
condition on f , while based on [46, Theorem 1 and Proposition 2], the Wasserstein DRO is finite if and
only if the loss function satisfies a growth condition f(z)≤Lfc(z, z0) +M,∀z ∈Z for some constants
Lf ,M > 0 and some z0 ∈Z. ♣
Remark 5 (Connection with KL-DRO). Using Jensen’s inequality, we can see that the dual objective
function of the Sinkhorn DRO model can be upper bounded as

λρ+λε log

(∫
EQx,ε

[
ef(z)/(λε)

]
dP̂(x)

)
,

which corresponds to the dual objective function [57] for the following KL-divergence DRO

sup
P

{
Ez∼P[f(z)] : DKL(P‖P0)≤ ρ/ε

}
,

whereP0 satisfies dP0(z) =
∫
x

dQx,ε(z)dP̂(x), which can be viewed as a non-parametric kernel density
estimation constructed from P̂. Particularly, when P̂ = 1

n

∑n

i=1 δx̂i ,Z = Rd and c(x, y) = ‖x− y‖22, P0

is kernel density estimator with Gaussian kernel and bandwidth ε:

dP0(z)

dz
=

1

n

n∑
i=1

Kε (z−xi) , z ∈Rd,

where Kε(x)∝ exp(−‖x‖22/ε) represents the Gaussian kernel. By Lemma 1 and divergence inequal-
ity [34, Theorem 2.6.3], we can see the Sinkhorn DRO with ρ = 0 is reduced to the following SAA
model based on the distribution P0:

V =EP0 [f(z)] =

∫
EQx,ε [f(z)] dP̂(x). (3)

In non-parameteric statistics, the optimal bandwidth tominimize themean-squared-error between the
estimated distribution P0 and the underlying true one is at rate ε=O(n−1/(d+4)) [53, Theorem 4.2.1].
However, such an optimal choice for the kernel density estimator may not be the optimal choice for
optimizing the out-of-sample performance of the Sinkhorn DRO. In our numerical experiments in
Section 5, we select ε based on cross-validation. ♣

Remark 6 (Connection with Bayesian DRO). Recently, the Bayesian DRO [90] framework pro-
posed to solve

R(Z) :=Ex∼P̂

[
sup
P

{
Ez∼P[f(z)] : P∈Px

}]
,

where P̂ is a special posterior distribution constructed from collected observations, and the ambiguity
set Px is typically constructed as a KL-divergence ball, i.e., Px := {P : DKL(P‖Qx)≤ η}, with Qx being
the parametric distribution conditioned on x. According to [90, Section 2.1.3], a relaxation of the
Bayesian DRO dual formulation given by

inf
λ≥0

{
λη+λ

∫
log
(
EQx

[
ef(z)/λ

])
dP̂(x)

}
.
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When specifying the parametric distribution Qx as the kernel probability distribution in (2) and
applying the change-of-variable technique such that λ is replaced with λε, this relaxed formulation
becomes

inf
λ≥0

{
λ(ηε) +λε

∫
log
(
EQx,ε

[
ef(z)/(λε)

])
dP̂(x)

}
.

In comparison with (Dual), we find the Sinkhorn DRO model can be viewed as a special relaxation
formulation of the Bayesian DRO model. ♣

Let us illustrate our result for a linear or quadratic loss function f , which turns out to be equivalent
to a simple optimization problem.

Example 1 (Distributionally robust optimization with linear loss). Suppose that the loss
function f(z) = aTz, support Z =Rd, ν is the corresponding Lebesgue measure, and the cost function
is the Mahalanobis distance, i.e., c(x, y) = 1

2
(x− y)TΩ(x− y), where Ω is a positive definite matrix.

In this case, we have the reference measure

Qx,ε ∼N (x, εΩ−1).

As a consequence, the dual problem can be written as

VD = inf
λ>0

{
λρ+λε

∫
Λx(λ)dP̂(x)

}
,

where
Λx(λ) = log

(
Ez∼N (x,εΩ−1)

[
ea
>z/(λε)

])
=
aTx

λε
+
aTΩ−1a

2λ2ε2
.

Therefore
VD = aTEP̂[x] +

√
2ρ
√
aTΩ−1a :=EP̂[aTx] +

√
2ρ · ‖a‖Ω−1 .

This indicates that the Sinkhorn DRO is equivalent to an empirical risk minimization with norm
regularization, and can be solved using efficiently using algorithms for the second-order cone program.

♣

Example 2 (Distributionally robust optimization with quadratic loss). Consider the exam-
ple of performing linear regression with quadratic loss f(z) = (aTθ− b)2, where z := (a, b) denotes
the predictor-response pair, θ ∈ Rd denotes the fixed parameter choice, and Z = Rd+1. Taking ν as
the Lebesgue measure and the cost function as c((a, b), (a′, b′)) = ‖a− a′‖22 +∞|b− b′|. In this case,
the dual problem becomes

VD =EP̂[(aTθ− b)2] + inf
λ>2‖θ‖22

{
λρ+

EP̂[(aTθ− b)2]
1
2
λ‖θ‖−2

2 − 1
− λε

2
log det

(
I − θθ

T

1
2
λ

)}
.

In comparison with the corresponding Wasserstein DRO formulation with radius ρ (see, e.g., [20,
Example 4])

V Wasserstein
D =EP̂[(aTθ− b)2] + inf

λ>2‖θ‖22

{
λρ+

EP̂[(aTθ− b)2]
1
2
λ‖θ‖−2

2 − 1

}
,

one can check in this case the Sinkhorn DRO formulation is equivalent to the Wasserstein DRO
formulation with log-determinant regularization. ♣

When the support Z is finite, the following result presents a conic programming reformulation.
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Corollary 2 (Conic Reformulation for Finite Support). Suppose that the support contains L ele-
ments, i.e., Z = {z`}L`=1, and the nominal distribution P̂ = 1

n

∑n

i=1 δx̂i . If Condition 1 holds and ρ≥ 0,
the dual problem (Dual) can be formulated as the following conic optimization:

VD = min
λ≥0,s∈Rn,
a∈Rn×L

λρ+
1

n

n∑
i=1

si

s.t. λε≥
L∑
`=1

qi,`ai,`, i∈ [n],

(λε, ai,`, f(z`)− si)∈Kexp, i∈ [n], `∈ [L].

(4)

where qi,` := Prz∼Qx̂i,ε{z = z`}, with the distribution Qx̂i,ε defined in (2), and Kexp denotes the exponen-
tial cone Kexp = {(ν,λ, δ)∈R+×R+×R : exp(δ/ν)≤ λ/ν}.

Problem (4) is a convex program that minimizes a linear function with respect to linear and conic
constraints, which can be solved using interior point algorithms [71, 100]. We will develop an efficient
first-order optimization algorithm in Section 4 that is able to solve a more general problem (without
a finite support).

3.3. Proof of Theorem 1

In this subsection, we present a sketch of the proof for Theorem 1. We first show the feasibility result
in Theorem 1(I). The key is based on the observation that the primal problem (Sinkhorn DRO) can
be reformulated as a generalized KL-divergence DRO problem.

Lemma 1 (Reformulation of (Sinkhorn DRO)). Under Assumption 1, it holds that

V = sup
γx∈P(Z),x∈supp(P̂)

{∫
Eγx [f(z)] dP̂(x) : ε

∫
Eγx

[
log

(
dγx(z)

dQx,ε(z)

)]
dP̂(x)≤ ρ

}
.

Due to Lemma 1, Theorem 1(I) holds based on the non-negativity of KL-divergence.
Next, we develop the duality result for the primal problem V. We begin with the weak duality result

in Lemma 2, which can be shown by the application of Lagrangian weak duality theorem.

Lemma 2 (Weak Duality). Assume Assumption 1 holds. Then V ≤ VD.

When Condition 1 holds, we prove the strong duality by constructing the worst-case distribution. We
first show the existence of the dual minimizer (Lemma 3), and then build the corresponding first-order
optimality condition (Lemma 4 and Lemma 5). Those results help us to construct a primal optimal
solution for (Sinkhorn DRO) that shares the same optimal value as VD, which completes the first part
of Theorem 1(III). When Condition 1 does not hold, we construct a sequence of DRO problems with
finite optimal values converging into V and consequently V = VD =∞, which completes the second
part of Theorem 1(III). Putting these two parts together imply Theorem 1(II).
Below we provide the proof of the first part of Theorem 1(III) for the case ρ > 0 under Condition

1, and defer proofs of other degenerate cases to Appendix EC.4. To prove the strong duality, we will
construct a feasible solution of (Sinkhorn DRO) whose loss coincides with VD. To this end, we first
show that the dual minimizer exists.

Lemma 3 (Existence of Dual Minimizer). Suppose ρ > 0 and Condition 1 is satisfied, then the dual
minimizer λ∗ exists, which either equals to 0 or satisfies Condition 1.
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We separate two cases: λ∗ > 0 and λ∗ = 0, corresponding to whether the Sinkhorn distance con-
straint in (Sinkhorn DRO) is binding or not.
Lemma 4 below presents a necessary and sufficient condition for the dual minimizer λ∗ = 0,

corresponding to the case where the Sinkhorn distance constraint in (Sinkhorn DRO) is not binding.

Lemma 4 (Necessary and Sufficient Condition for λ∗ = 0). Suppose ρ > 0 and Condition 1 is satis-
fied, then the dual minimizer λ∗ = 0 if and only if all the following conditions hold:

(I) ess sup
ν

f , inf{t : ν{f(z)> t}= 0}<∞.

(II) ρ′ = ρ+ ε
∫

log
(
EQx,ε [1A]

)
dP̂(x)≥ 0, where A := {z : f(z) = ess sup

ν
f}.

Recall that we have the convention that the dual objective evaluated at λ= 0 equals ess sup
ν

f . Thus

Condition (I) ensures that the dual objective function evaluated at the minimizer is finite. When the
minimizer λ∗ = 0, the Sinkhorn ball should be large enough to contain at least one distribution with
objective value ess sup

ν
f , and Condition (II) characterizes the lower bound of ρ.

Lemma 5 below considers the optimality condition when the dual minimizer λ∗ > 0, obtained by
simply setting the derivative of the dual objective function to be zero.

Lemma 5 (First-order Optimality Condition when λ∗ > 0). Suppose ρ > 0 and Condition 1 is satis-
fied, and assume further that the dual minimizer λ∗ > 0, then λ∗ satisfies

λ∗
[
ρ+ ε

∫
log
(
EQx,ε

[
ef(z)/(λ∗ε)

])
dP̂(x)

]
=

∫ EQx,ε
[
ef(z)/(λ∗ε)f(z)

]
EQx,ε [ef(z)/(λ∗ε)]

dP̂(x). (5)

Now we are ready to prove Theorem 1.
Proof of Theorem 1(III) under Condition 1 with ρ> 0. The proof is separated for two cases: λ∗ > 0

or λ∗ = 0. For each case we prove by constructing a primal (approximate) optimal solution.
When λ∗ > 0, we take the transport mapping γ∗ such that

dγ∗(x, z)

dP̂(x)dν(z)
= αx exp

(
1

λ∗ε
φ(λ∗;x, z)

)
, where φ(λ;x, z) = f(z)−λc(x, z),

and αx :=
[∫

exp
(

1
λ∗εφ(λ∗;x, z)

)
dν(z)

]−1 is a normalizing constant such that Proj1#γ∗ = P̂. Also
define the primal (approximate) optimal distribution P∗ := Proj2#γ∗. Recall the expression of the
Sinkhorn distance in Definition 1, one can verify that

Wε(P̂,P∗)

= inf
γ∈Γ(P̂,P∗)

{
Eγ

[
c(x, z) + ε log

(
dγ(x, z)

dP̂(x)dν(z)

)]}

≤Eγ∗

[
c(x, z) + ε log

(
dγ∗(x, z)

dP̂(x)dν(z)

)]

=Eγ∗

c(x, z) + ε log

 exp
(
φ(λ∗;x,z)
λ∗ε

)
∫

exp
(
φ(λ∗;x,u)

λ∗ε

)
dν(u)


=

1

λ∗


∫∫ f(z) exp

(
φ(λ∗;x,z)
λ∗ε

)
∫

exp
(
φ(λ∗;x,z)
λ∗ε

)
dν(z)

dν(z)dP̂(x)−λ∗ε
∫

log

(∫
exp

(
φ(λ∗;x,u)

λ∗ε

)
dν(u)

)
dP̂(x)

 ,



13

where the second relation is because γ∗ is a feasible solution in Γ(P̂,P∗), the third and the fourth
relation is by substituting the expression of γ∗. Since ρ > 0 and the dual minimizer λ∗ > 0, the
optimality condition in (5) holds, which implies thatWε(P̂,P∗)≤ ρ, i.e., the distribution P∗ is primal
feasible for the problem (Sinkhorn DRO). Moreover, we can see that the primal optimal value is lower
bounded by the dual optimal value:

V ≥ EP∗ [f(z)] =

∫
f(z)dγ∗(x, z)

=

∫∫
f(z)

(
dγ∗(x, z)

dP̂(x)dν(z)

)
dν(z)dP̂(x)

=

∫∫
f(z)

exp
(
φ(λ∗;x,z)
λ∗ε

)
∫

exp
(
φ(λ∗;x,u)

λ∗ε

)
dν(u)

dν(z)dP̂(x)

=λ∗
[
ρ+ ε

∫
log

(∫
exp

[
φ(λ∗;x, z)

λ∗ε

]
dν(z)

)
dP̂(x)

]
=VD,

where the third equality is based on the optimality condition in Lemma 5. This, together with the
weak duality result, completes the proof for λ∗ > 0.
When λ∗ = 0, the optimality condition in Lemma 4 holds. We construct the primal (approximate)

solution P∗ = Proj2#γ∗, where γ∗ satisfies

dγ∗(x, z) = dγx∗ (z)dP̂(x), where dγx∗ (y) =

{
0, if z /∈A,
e−c(x,z)/ε dν(z)∫
e−c(x,u)/ε1A dν(u)

, if z ∈A.

We can verify easily that the primal solution is feasible based on the optimality condition ρ′ ≥ 0 in
Lemma 4. Moreover, we can check that the primal optimal value is lower bounded by the dual optimal
value:

V ≥
∫
f(z)dγ∗(x, z) =

∫∫
f(z)dγx∗ (z)dP̂(x) =

∫∫
ess sup

ν
f dγx∗ (z)dP̂(x) = ess sup

ν
f = VD,

where the second equality is because that z ∈A so that f(z) = ess sup
ν

f . This, together with the weak

duality result, completes the proof for λ∗ = 0. �

4. Efficient First-order Algorithm for Sinkhorn Robust Optimization
In this section, we consider the Sinkhorn robust optimization problem, where we seek an optimal
decision to minimize the worst-case risk

inf
θ∈Θ

sup
P∈Bρ,ε(P̂)

Ez∼P[fθ(z)]. (6)

Here the feasible set Θ⊆Rdθ is closed and convex containing all possible candidates of decision vector
θ, and the Sinkhorn uncertainty set is centered around a given nominal distribution P̂, e.g., it can be
an empirical distribution from samples. Based on our strong dual (Dual) expression, we reformulate
(6) as

inf
λ≥0

{
λρ+ inf

θ∈Θ
Ex∼P̂

[
λε log

(
EQx,ε

[
efθ(z)/(λε)

])]}
, (7)

where the constant ρ and the distributionQx,ε are defined in (1) and (2), respectively. In Example 1 and
2, we have seen instances of (7) where we can get closed-form expressions for the above integration.
Generally, we present a stochastic mirror descent with bisection search algorithm to solve this problem
when a closed-form expression is not available. Throughout this section, we assume the loss function
fθ(z) is convex in θ.



14

Algorithm 1 Bisection search algorithm for finding optimal multiplier of (7)
Require: Interval [λ`, λu], maximum outer iterations Tout, inexact objective oracle of (7) (denoted as

F̂ ∗(·), constructed from Algorithm 2).
1: λ(0)← λ`, y

(0)
` ← λ`, y

(0)
u ← λu.

2: for t= 1, . . . , Tout do
3: Update z(t)

` ← 1
3

[
2y

(t−1)
` + y(t−1)

u

]
and z(t)

u ← 1
3

[
y

(t−1)
` + 2y(t−1)

u

]
.

4: if F̂ (z
(t)
` )≤ F̂ (z(t)

u ) then
5: Update (y

(t)
` , y

(t)
u )← (y

(t−1)
` , z(t)

u ).
6: If F̂ (z

(t)
` )≤ F̂ (λ(t−1)), update λ(t)← z

(t)
` .

7: else if F̂ (z
(t)
` )> F̂ (z(t)

u ) then
8: Update (y

(t)
` , y

(t)
u )← (z

(t)
` , y

(t−1)
u ).

9: If F̂ (z(t)
u )≤ F̂ (λ(t−1)), update λ(t)← z(t)

u .
10: end if
11: end for

Output λ(Last).

Algorithm 2 BSMD with Sampling for finding the inexact objective oracle of (7)
Require: Batch size m, maximum inner iterations Tin, constant step size γ, initial guess θ1, fixed

multiplier λ.
1: for i= 1, . . . ,m do
2: for t= 0,1, . . . , Tin− 1 do # Step 2-6: BSMD Step
3: Formulate (biased) gradient estimate of F (θt;λ), denoted as v(θt;λ).
4: Update θt+1 = Proxθt

(
γv(θt;λ)

)
.

5: end for
6: Obtain estimate of optimal solution θ̂i = 1

Tin

∑Tin
t=1 θt.

7: Formulate objective estimate of F (θ̂i;λ), denoted as V (θ̂i;λ). # Sampling Step
8: end for

Output the estimator mini∈[m] V (θ̂i;λ).

4.1. Algorithm Description
We present several notations before outlining the main algorithm. Define the objective value of (7)

as
F ∗(λ) := λρ+ inf

θ∈Θ

{
F (θ;λ) :=Ex∼P̂

[
λε log

(
EQx,ε

[
efθ(z)/(λε)

])]}
. (8)

Let ω : Θ→ R be a distance generating function that is continuously differentiable and κ-strongly
convex on Θ with respect to norm ‖ · ‖, where the norm function ‖ · ‖ satisfies that the dual norm
‖ · ‖∗ ≤ c‖ · ‖2. This induces the Bregman divergence Dω(θ, θ′) : Θ×Θ→R+:

Dω(θ, θ′) = ω(θ′)−
[
ω(θ) + 〈∇ω(θ), θ′− θ〉

]
.

Next. we define the prox-mapping Prox : Rdθ →Θ as

Proxθ(y) = arg min
θ′∈Θ

{
〈y, θ′− θ〉+Dω(θ, θ′)

}
.

With those notations in hand, we present our algorithm, which consists of outer and inner iterations.
At the outer iterations, we apply the bisection search algorithm to seek a near-optimal multiplier in
(7) provided that an inexact objective oracle of (7) is given. The inner iterations find such an oracle
based on the following steps:
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BSMD Step: First, we propose a Stochastic Mirror Descent algorithm with Biased gradient estima-
tors (BSMD) to obtain a near-optimal decision of (8) for a given multiplier λ.
Sampling Step: Next, we present a sampling-based algorithm to estimate the objective value of (8)
for a given decision θ and multiplier λ.
Combining these two steps gives us an inexact objective oracle of (7). We summarize the algorithm
at outer and inner iterations in Algorithm 1 and 2, respectively. In the following, we elaborate how to
formulate gradient estimators in BSMD step and how to formulate objective estimators in sampling
step.

4.1.1. Configuration of Gradient Simulation in BSMD Step Observe that the objective function
of (8) involves a nonlinear transformation of the expectation, thus an unbiased gradient estimate
could be challenging to obtain when Qx,ε is a general probability distribution. Based on a batch of
simulated samples from Qx,ε, we provide stochastic gradient estimators that are possibly biased. As
we will elaborate in Section 4.2.1, by properly tuning the hyper-parameters of these estimators to
balance their bias and variance trade-off, the BSMD step can efficiently finds a near-optimal decision
of (8). Since the multiplier λ is fixed in (8), we omit the dependence of λ when defining objective or
gradient terms in the remaining of this section.

Remark 7 (Sampling from Qx,ε). In many cases, generating samples from Qx,ε is easy. When the
cost function c(·, ·) = 1

2
‖ · − · ‖22 and Z = Rd, then the distribution Qx,ε becomes a Gaussian distribu-

tion N (x, εId). When the cost function c(·, ·) is decomposable in each coordinate, we can apply the
acceptance-rejection method [5] to generate samples in each coordinate independently, the complex-
ity of which only increases linearly in the data dimension. When the cost function c(x, y) = 1

q
‖x−y‖qp,

the complexity of sampling based on Lagenvin Monte Carlo method for obtaining a τ -close sample
point is of O(d/τ). See the detailed algorithm of sampling in Appendix EC.6.3.

We follow the idea of multi-level Monte-Carlo (MLMC) simulation in [55] to to tackle the difficulty of
simulating gradient estimate. First, we construct a sequence of approximation functions {F `(θ)}`≥0

instead, where

F `(θ) =Ex` E{z`j}j∈[2`]
|x`

λε log

 1

2`

∑
j∈[2`]

exp

(
fθ(z

`
j)

λε

) . (9)

Here the random variable x` follows distribution P̂, and for fixed value of x`, {z`j}j∈[2`] are independent
and identically distributed samples from Qx`,ε. Unlike the original objective F (θ), unbiased gradient
estimators of its approximation F `(θ) can be easily obtained. Denote by ζ` = (x`,{z`j}j∈[2`]) the
collection of random sampling parameters, and

Un1:n2
(θ, ζ`) = λε log

 1

n2−n1 + 1

∑
j∈[n1:n2]

exp

(
fθ(z

`
j)

λε

) .

For fixed parameter θ, we define

g`(θ, ζ`) =∇θU1:2`(θ, ζ
`), (10)

G`(θ, ζ`) =∇θ
[
U1:2`(θ, ζ

`)− 1

2
U1:2`−1(θ, ζ`)− 1

2
U2`−1+1:2`(θ, ζ

`)

]
. (11)

The random vector g`(θ, ζ`) is an unbiased estimator of ∇F `(θ), while the vector G`(θ, ζ`) is an
unbiased estimator of ∇F `(θ)−∇F `−1(θ). Since ∇F `(θ) and ∇F `−1(θ) are close to each other for
large `, stochastic estimators of them using the same random sampling parameters ζ` will be highly
correlated. Consequently, the gradient estimatorG`(θ, ζ`) will have small variance for large `, making
it a suitable recipe for stochastic optimization. We list the following choices of MLMC-based gradient
estimator in Step 3 of Algorithm 2 using g`(θ, ζ`) and G`(θ, ζ`):



16

Vanilla Stochastic Gradient Descent (V-SGD) Estimator: at point θ, query oracle for no
L times to

obtain {gL(θ, ζLi )}n
o
L
i=1 and construct

vV-SGD(θ) =
1

no
L

no
L∑

i=1

gL(θ, ζLi ). (12a)

Vanilla MLMC Estimator (V-MLMC): at point θ, for each ` we query oracle for n` := d2−`Ne times
to obtain {G`(θ, ζ`i )}

n`
i=1 and construct

vV-MLMC(θ) =
L∑
`=0

1

n`

n∑̀
i=1

G`(θ, ζ`i ). (12b)

Randomized Truncation MLMC (RT-MLMC) Estimator: at point θ, we sample random levels for
no
L times, denoted as ι1, . . . , ιno

L
, following distribution QRT = {q`}L`=0 with P(ι = `) = q`, where the

probability mass value q` ∝ 2−`. Then construct

vRT-MLMC(θ) =
1

no
L

no
L∑

i=1

1

qιi
Gιi(θ, ζιi). (12c)

In the convergence analysis part in Section 4.2.1, we demonstrate V-MLMC and RT-MLMC estimators
are more computationally efficient than V-SGD estimator provided that the loss function fθ(z) is
smooth in θ. Once gradient recipes Gιi(θ, ζιi) are fixed, the V-MLMC estimator is a deterministic way
for gradient simulation while the RT-MLMC estimator is a randomized approach.
4.1.2. Configuration of Objective Simulation in Sampling Step Similar to the gradient simula-

tion part, we list MLMC-based sampling methods for estimating the objective value in (8) for fixed θ.
For notation simplicity, define

A`(θ, ζ`) =U1:2`(θ, ζ
`)− 1

2
U1:2`−1(θ, ζ`)− 1

2
U2`−1+1:2`(θ, ζ

`). (13)

V-MLMC Estimator: at point θ, for each ` we query oracle for n` := d2−`Ne times to obtain
{A`(θ, ζ`i )}

n`
i=1 and construct

V V-MLMC(θ) =
L∑
`=0

1

n`

n∑̀
i=1

A`(θ, ζ`i ). (14a)

RT-MLMC Estimator: at point θ, we sample random levels for no
L times, denoted as ι1, . . . , ιno

L
,

following distribution QRT = {q`}L`=0 with P(ι = `) = q`, where the probability mass value q` ∝ 2−`.
Then construct

V RT-MLMC(θ) =
1

no
L

no
L∑

i=1

1

qιi
Aιi(θ, ζιi). (14b)

4.2. Convergence Properties
With our algorithm described, we now describe its convergence properties. We begin with the follow-
ing assumptions regarding the loss function fθ:
Assumption 2. (I) (Convexity): The loss function fθ(z) is convex in θ.
(II) (Boundedness): The loss function fθ(z) satisfies 0≤ fθ(z)≤B for any θ ∈Θ and z ∈Z.
(III) (Lipschitz Continuity): For fixed z and θ1, θ2, it holds that |fθ1(z)− fθ2(z)| ≤Lf‖θ1− θ2‖2.
(IV) (Lipschitz Smoothness): The loss function fθ(z) is continuously differentiable and for fixed z and

θ1, θ2, it holds that ‖∇fθ1(z)−∇fθ2(z)‖2 ≤ Sf‖θ1− θ2‖2.
From Section 4.1.1 and 4.1.2, we can see the computational and storage bottleneck of our algorithm
is on the random sampling parameter ζ` = (x`,{z`j}j∈[2`]). To this end, we quantify the computation
cost of our algorithm as the (expected) number of queries for generating the random sampling parameter,
and the memory cost as the stored (expected) number of random sampling parameter in data buffer .
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Table 2 Configuration of optimization hyper-parameters together with the computational/memory cost for obtaining
δ-optimal solution of (8) in Theorem 2. Here "Comp." and "Memo." are the abbreviations of "Computation" and "Memory",

respectively.

Smooth? V-SGD V-MLMC RT-MLMC

Parameter Comp./Memo. Parameter Comp./Memo. Parameter Comp./Memo.

No

L=O(log 1
δ

) Comp. =O(Tn
o
L2
L

)

=O(1/δ
3
)

Memo. =O(n
o
L2
L

)

=O(1/δ)

N/A N/A N/A N/ATin =O(1/δ2)

no
L =O(1)

γ =O(δ)

Yes

L=O(log 1
δ

) Comp. =O(Tn
o
L2
L

)

=O(1/δ
3
)

Memo. =O(n
o
L2
L

)

=O(1/δ)

L=O(log 1
δ

) Comp. =O(T (NL+ 2
L

))

= Õ(1/δ
2
)

Memo. =O(NL+ 2
L

)

= Õ(1/δ)

L=O(log 1
δ

) Comp. =O(T (n
o
LL))

= Õ(1/δ
2
)

Memo. =O(n
o
LL)

= Õ(1)

Tin =O(1/δ2) Tin =O(1/δ) Tin = Õ(1/δ2)

no
L =O(1) N =O(1/δ) no

L =O(1)

γ =O(δ) γ =O(1) γ =O(δ)

4.2.1. BSMD Step at Inner Iterations In this part, we discuss the BSMD step (see Step 2-
6 in Algorithm 2) for estimating an optimal solution of (8). By Corollary 1, the formulation (8)
corresponds to the Sinkhorn robust learning problem with a softened Sinkhorn ball constraint. To
quantify the quality of the obtained solution, we say a given random vector θ is a δ-optimal solution
if E[F (θ)]−F (θ∗)≤ δ, where θ∗ is the optimal solution of (8).
The BSMD step iteratively obtains a stochastic gradient estimate (not necessarily unbiased) of

the objective function and then performs a proximal gradient update. By properly tuning hyper-
parameters to balance the trade-off between bias and variance of gradient estimate, we establish
performance guarantees for our proposed BSMD step in Theorem 2. A detailed proof and formal
statement can be found in Appendix EC.6.

Theorem 2 (Complexity Analysis of BSMD Step). Under Assumption 2(I), 2(II), and 2(III), with
properly chosen hyper-parameters of gradient estimators in (12), the following results hold:

(I) When the loss function fθ(z) is nonsmooth in θ, the computation cost of V-SGD scheme for finding
δ-optimal solution is of O(δ−3), with memory cost O(1/δ).

(II) Additionally assume Assumption 2(IV) holds, then the computation cost of V-SGD scheme for
finding δ-optimal solution is of O(δ−3), with memory cost O(1/δ); the computation cost of V-
MLMC scheme is of O(δ−2), with memory cost Õ(1/δ); and the computation cost of RT-MLMC
scheme is of O(δ−2), with memory cost Õ(1).

The configuration of optimization hyper-parameters is provided in Table 2.

Theorem 2 indicates that the computation cost of BSDM algorithm for solving (8) is ofO(δ−3). When
the additional smoothness assumption of loss function holds, the computation cost further reduces to
Õ(δ−2) using V-MLMC or RT-MLMC gradient estimators. This complexity is near-optimal for solving
general convex and smooth optimization problems [14]. It is an open question whether the BSMD step
with V-SGD gradient estimator is optimal for solving (8) with convex and nonsmooth loss functions.
In comparison with V-MLMC scheme, the RT-MLMC scheme has the same order of computation cost
but achieves cheaper memory cost Õ(1), which is nearly error tolerance-independent.
Moreover, we note that the problem (8) can be viewed as a special case of the conditional stochastic

optimization (CSO) studied in [54, 56, 55]. As far as we have known, the stochastic approximation-
based idea proposed in [55] is the most efficient algorithm to solve the generic CSO problem. Although
we follow the similar idea to design BSMD step, the difference is that we consider a more practical
constrained optimization scenario, while Hu et al. [55] focused on unconstrained optimization only.

Remark 8 (Comparison with Biased Sample Average Approximation Approach). Another way
for solving the formulation (8) is to formulate sample estimates of the inner expectation and then
optimize the biased sample estimate of the objective function instead, called the biased sample aver-
age approximation (BSAA) technique. Applying [54, Corollary 4.2], it can be shown that the total
computation cost and memory cost for BSAA formulation of achieving δ-optimal solution are both
of Õ(δ−3) for Lipschitz continuous loss functions (See formal statement in Appendix EC.6.4). The
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Table 3 Configuration of optimization hyper-parameters together with the computational/memory cost for estimating
optimal value in (8) in Theorem 2. Here the "cost in Step 7" refers to both the computation and memory cost when

implementing V-MLMC or RT-MLMC sampling method.

V-MLMC RT-MLMC

Parameter Cost in Step 7 Parameter Cost in Step 7

L=O(log 1
δ
) O(NL+ 2L)

=Õ(δ−2)

L=O(log 1
δ
) O(no

LL)

=Õ(δ−2)N = Õ
(

1
δ2

log 1
α

)
no
L = Õ

(
1
δ2

log 1
α

)
storage complexity for BSAA is always worse compared with the proposed BSMD approach which is
at most in the order of δ−1. The computation complexity for BSAA formulation is worse compared
with the proposed BSMD approach when the loss functions are also Lipschitz smooth. Also, the
BSAA method still requires a solution of the approximated optimization problem. Hence, it typically
takes considerably less time and memory to run the BSMD step rather than solving for the BSAA
formulation. ♣

4.2.2. Sampling Step at Inner Iterations After a near-optimal solution of (8) is obtained, we
estimate its objective value in sampling step. With properly chosen hyper-parameters, the output of
Algorithm 2 gives an estimation of the optimal value in (8) with negligible error with high probability.
The complexity analysis of Algorithm 2 is provided in Theorem 3.

Theorem 3 (Complexity for Estimating Optimal Value in (8)). Fix an error probability η ∈ (0,1)
and specifym= dlog2

2
η
e. Assume that Assumption 2(I), 2(II), and 2(III) hold, then with properly chosen

hyper-parameters, the output in Algorithm 2 satisfies

Pr
{∣∣∣∣min

i∈[m]
V (θ̂i)−F (θ∗)

∣∣∣∣≤ 3δ

}
≥ 1− η.

In addition,
(I) The computation cost of Algorithm 2with V-SGD scheme for BSMD step and V-MLMC (or RT-MLMC)

objective estimator is of O
(
δ−3 · polylog 1

η

)
, with memory cost Õ

(
δ−2 · polylog 1

η

)
.

(II) Additionally assume Assumption 2(IV) holds, then the computation cost of Algorithm 2 with V-
MLMC (or RT-MLMC) scheme for BSMD step and V-MLMC (or RT-MLMC) objective estimator is of
Õ
(
δ−2 · polylog 1

η

)
, with memory cost Õ

(
δ−2 · polylog 1

η

)
.

Optimization hyper-parameters in BSMD step in Algorithm 2 follow the discussion in Section 4.2.1. The
configuration of optimization hyper-parameters in sampling step is provided in Table 3.

Hu et al. [54, Theorem 4.1] proposed and analyzed the V-SGD estimator for estimating the objective
value of generic CSO problem. Specially, the complexity of this estimator for estimating the optimal
value in (8) with accuracy error δ is of O(δ−3), while our proposed V-MLMC and RT-MLMC estimators
have improved sample complexity Õ(δ−2).

4.2.3. Bisection Search at Outer Iterations In Algorithm 1, we propose a bisection search
algorithm for solving (7) by iteratively querying the oracle for estimating the optimal value of (8).
It can be shown that under mild assumptions, we can solve the constrained DRO formulation (7) to
accuracy δ by computing O(δ)-accurate optimal values of (8) for O(log 1

δ
) times.

Theorem 4 (Complexity of Bisection Search). Fix an error probability η ∈ (0,1). Assume that
Assumption 2(I) and 2(II) hold, and one can pick λ`, λu such that the Lagrangian multiplier λ∗ in (7)
satisfies 0<λ` ≤ λ∗ ≤ λu <∞. Specify hyper-parameters in Algorithm 1 as

Tout =

⌈
log3/2

4Lλ(λu−λ`)
δ

⌉
, η′ =

η

1 + 2Tout
, Lλ = ρ+

B

λ`

[
1 + eB/(λ`ε)

]
.
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Suppose there exists an oracle F̂ such that for any λ > 0, it gives estimation of the optimal value in (8)
up to accuracy δ/4 with probability at least 1−η′, then with probability at least 1−η, Algorithm 1 finds
the optimal multiplier up to accuracy δ by calling the inexact oracle F̂ for O(log 1

δ
) times.

In particular, Algorithm 2 presents a way for constructing the oracle required by Algorithm 1.
Combining Theorem 3 and 4, the overall computation cost for obtaining a δ-optimal solution of
(7) with probability at least 1 − η is of Õ

(
δ−3 · polylog 1

η

)
, with memory cost Õ

(
δ−2 · polylog 1

η

)
.

Additionally, when the smoothness condition Assumption 2(IV) holds, the computation cost reduces
to Õ

(
δ−2 · polylog 1

η

)
.

Remark 9 (Comparison with Wasserestein DRO). In comparison with our proposed algorithm for
Sinkhorn DRO, one should note that Wasserstein DRO is not always tractable. Especially, the Wasser-
stein robust optimization problem with nominal distribution P̂= 1

n

∑n

i=1 δx̂i corresponding to (7) can
be formulated as the minimax problem

min
θ∈Θ,λ≥0

max
zi∈Rd,i∈[n]

λρ+
1

n

n∑
i=1

[
fθ(zi)−λc(x̂i, zi)

]
.

However, when fθ(z) is not concave in z, the above problem generally reduces to the convex-non-
concave minimax learning problem and it is difficult to obtain the global optimum. See Table 1a
for detailed summary on the tractability of Wasserstein DRO formulation under some special cases.
Even when the Wasserstein DRO formulation is tractable, its complexity usually has non-negligible
dependence on the sample size n (see [46, Remark 9] and references therein for more discussions).
In contrast, the complexity for solving the Sinkhorn DRO formulation is sample size independent. ♣
Also, in many scenarios one need to tune the Sinkhorn radius ρ for problem (7) to achieve satisfac-

tory out-of-sample performance. It will often make sense to directly tune the Lagrangian multiplier λ
in (8) rather than a target radius ρ. In other words, it is more computationally efficient to solve the
subproblem (8) with a tuned Lagrangian multiplier λ directly instead of problem (7) with a tuned
Sinkhorn radius ρ.

5. Applications
In this section, we apply our methodology on three applications: the newsvendor model, mean-
risk portfolio optimization, and multi-class classification. We examine the performance of the
(Sinkhorn DRO)model by comparing it with four benchmarks: (i) the classical sample average approx-
imation (SAA) model; (ii) the Wasserstein DRO model; and (iii) the KL-divergence DRO model. We
choose the cost function c(·, ·) = ‖ · − · ‖11 for 1-Wasserstein or 1-Sinkhorn DRO model, and c(·, ·) =
1
2
‖ ·− · ‖2 for 2-Wasserstein or 2-Sinkhorn DRO model. Unless otherwise specified, we take the refer-

ence measure ν for the Sinkhorn distance is chosen to be the Lebesgue measure. For each of the three
applications, with n training samples, we select hyper-parameters of DRO models using the K-fold
cross-validation method with K = 5. We run the repeated experiments for 200 independent trials.
In Section 5.1 and Section 5.2, we measure the out-of-sample performance of a solution θ based on

training dataset D using the coefficient of prescriptiveness in [11]:

Prescriptiveness(θ) = 1− J(θ)−J∗

J(θSAAD )−J∗
,

where J∗ denotes the true optimal value when the true distribution is known exactly, θSAAD denotes
the decision from SAA approach with dataset D, and J(θ) denotes the expected loss of the solution θ
under the true distribution, estimated through an SAA objective value with 105 testing samples. Thus,
the higher this coefficient is, the better out-of-sample performance the solution has. Further details
and additional experiments are included in Appendix EC.1 and EC.2, respectively.
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5.1. Newsvendor Model
We consider the following distributionally robust newsvendor model:

min
θ

max
P∈Bρ,ε(P̂)

EP
[
kθ−umin(θ, z)

]
,

where the random variable z stands for the random demand; its empirical distribution P̂ consists of n
independent samples from the data distribution P∗; the decision variable θ represents the inventory
level; and k= 5, u= 7 are constants corresponding to overage and underage costs, respectively. In this
experiment, we examine the performance of DROmodels for various sample size n∈ {10,30,100} and
under three different types of data distribution: (i) the exponential distribution with rate parameter
1, (ii) the gamma distribution with shape parameter 2 and scale parameter 1.5, (iii) the equiprobable
mixture of two truncated normal distributions N (µ= 1, σ = 1, a= 0, b= 10) and N (µ= 6, σ = 1, a=
0, b = 10). In particular, we do not report the performance for 1-Wasserstein DRO model in this
example, because this model shares the same formulation as the SAA approach [67, Remark 6.7].
Since 2-Wasserstein DRO is computationally intractable in this example, we solve the corresponding
formulation by approximating the support of distribution using discrete grid points.

Table 4 Average computational time (in seconds) per problem instance for the newsvendor problem.

Model
Exponential Gamma Gaussian Mixture

n= 10 n= 30 n= 100 n= 10 n= 30 n= 100 n= 10 n= 30 n= 100

SAA 0.017 0.017 0.018 0.019 0.019 0.019 0.023 0.024 0.024
KL-DRO 0.027 0.029 0.040 0.027 0.028 0.039 0.027 0.028 0.038
1-SDRO 0.118 0.131 0.185 0.119 0.133 0.187 0.122 0.132 0.181
2-WDRO 0.123 0.358 1.307 0.128 0.354 1.337 0.134 0.402 1.428
2-SDRO 0.070 0.077 0.120 0.117 0.132 0.177 0.108 0.127 0.178
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Figure 1 Out-of-sample performances for the newsvendor model with parameters s ∈ {0.25,0.5,0.75,1,2,4} and the
fixed sample size n = 20. For figures from left to right, we specify the data distribution as exponential dis-
tribution, gamma distribution, and equiprobable mixture of two truncated normal distributions, respectively.

We report the box plots for the percentage of improvement across different DRO approaches in
Fig. 1. We find that Sinkhorn DRO has the best out-of-sample performance in all figures. We report
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Figure 2 Plots for the density of worst-case distributions generated by the 1-SDRO or 2-SDRO model. In all figures we
fix the sample size n = 100. For figures from left to right, we specify the data distribution as exponential
distribution, gamma distribution, and equiprobable mixture of two truncated normal distributions, respectively.

the computational time for various approaches in Table 4. We observe that the training time of 2-
Wasserstein DRO model increases quickly as the sample size increases, while the training time of
other DRO models increases mildly in the training sample size. Finally, we plot the density of worst-
case distributions for 1-SDRO or 2-SDRO model in Fig. 2. When specifying the data distribution as
exponential, gamma, or Gaussian mixture, one can check the corresponding worst-case distributions
capture the shape of the ground truth distribution reasonably well. Since the worst-case distributions
from Sinkhorn DRO models are more reasonable, the corresponding decisions are less conservative
compared to those from Wasserstein DRO models.

5.2. Mean-risk Portfolio Optimization
We consider the following distributionally robust mean-risk portfolio optimization problem

min
θ

max
P∈Bρ,ε(P̂)

EP∗ [−θTz] + % ·P-CVaRα(−θTz)

s.t. θ ∈Θ = {θ ∈Rd+ : θT1 = 1},

where the random vector z ∈Rd stands for the returns of assets; the decision variable θ ∈Θ represents
the portfolio strategy that invests a certain percentage θi of the available capital in the i-th asset; and
the term P-CVaRα(−θTz) quantifies conditional value-at-risk [83], i.e., the average of the α× 100%
worst portfolio losses under the distribution P. We follow a similar setup as in [67]. Specifically, we
set α= 0.2, %= 10. The random asset z ∼ P∗ can be decomposed into a systematic risk factor ψ ∈R
and idiosyncratic risk factors ε∈Rd:

zi =ψ+ εi, i= 1,2, . . . , d,

where ψ ∼N (0,0.02) and εi ∼N (i× 0.03, i× 0.025). We solve this problem by taking the Bregman
divergence Dω as the KL-divergence, so that the proximal gradient update can be implemented
efficiently. Fig. 3a) reports the scenario where the data dimension d = 30 is fixed and sample size
n ∈ {30,50,100,150,200,400}, and Fig. 3b) reports the scenario where the sample size n = 100 is
fixed and the number of assets d ∈ {5,10,20,40,80,100}. Those box plots are generated from 200
independent trials, from which we can see that for all problem instances, the 1-SDRO or 2-SDRO
model outperforms other DRO baselines.
Table 5 reports the average computational time for various DROmodels. We observe that when data

dimension is fixed and sample size varies from 30 to 400, the computational time for all approaches
does not differ too much. When the data dimension increases and sample size is fixed, the computa-
tional time for 1-SDRO or 2-SDRO model increases linearly while other DRO models increases mildly.



22

0%

25%

50%

75%

100%

30 50 100 150 200 400
Sample size n

%
 o

f I
m

pr
ov

em
en

t
Method

KL−DRO
1−WDRO
1−SDRO
2−WDRO
2−SDRO

0%

25%

50%

75%

100%

5 10 20 40 80 100
Dimension d

%
 o

f I
m

pr
ov

em
en

t

Method

KL−DRO
1−WDRO
1−SDRO
2−WDRO
2−SDRO

Figure 3 Box plot for the the portfolio optimization problem, where we try 200 independent trials for each prob-
lem instance. The x-axis indicates the number of observed samples n or the data dimension d, and the
y-axis indicates the percentage of improvement in comparison with the SAA baseline. Upper: d = 30 and
n∈ {30,50,100,150,200,400}. Bottom: n= 100 and d∈ {5,10,20,40,80,100}.

One possible explaination is that in this example, other DRO models have tractable finite-dimensional
conic programming formulations so that off-the-shelf softwares can solve them efficiently. In contrast,
Sinkhorn DRO models do not have special reformulation, but they can still be solved in reasonable
amount of time.

5.3. Linear Classification Incorporating Structural Information
Finally, we investigate the multi-class logistic classification to illustrate the computational benefits
of Sinkhorn DRO. Given a feature vector x ∈ Rd and its label y ∈ [C], we denote ~y ∈ {0,1}C as the
corresponding one-hot label vector, and define the following negative likelihood loss:

hB(x,~y) =−~yTBTx+ log
(
1TeB

Tx
)
,

where B := [w1, . . . ,wK ] stands for the linear classifier. Then the DRO model aims to solve the
following formulation:

min
B

max
P∈Bρ,ε(P̂)

EP
[
hB(x,~y)

]
Assume only the feature vector x has uncertainty but not the label y. Also, assume the feature vector
x lie in a subset of Euclidean space Ξ so that its infinity norm is bounded by 1. We specify the measure
ν as Lebesgue measure supported on Ξ.
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Table 5 Average computational time (in seconds) per problem instance for portfolio optimization problem.

(n,d) Values SAA KL-DRO 1-WDRO 1-SDRO 2-WDRO 2-SDRO

(30,30) 0.013 0.038 0.018 0.161 0.015 0.148
(50,30) 0.014 0.042 0.020 0.209 0.016 0.175
(100,30) 0.017 0.065 0.024 0.204 0.021 0.261
(150,30) 0.019 0.084 0.029 0.203 0.027 0.258
(200,30) 0.023 0.115 0.035 0.201 0.032 0.263
(400,30) 0.045 0.136 0.061 0.205 0.056 0.257
(100,5) 0.014 0.043 0.017 0.108 0.015 0.175
(100,10) 0.014 0.045 0.018 0.133 0.015 0.229
(100,20) 0.014 0.048 0.021 0.169 0.017 0.295
(100,40) 0.017 0.068 0.027 0.233 0.022 0.432
(100,80) 0.021 0.103 0.052 0.420 0.044 0.758
(100,100) 0.023 0.116 0.070 0.500 0.059 0.836

This experiment is conducted using 6 real datasets from LIBSVMwebsite. For the data preprocessing
step, we learn the linear embedding of feature vectors using neural networks such that feature vectors
have bounded infinity norm and the mis-classification risk for SAA approach is controlled within 50%.
Detailed statistics on pre-processed datasets can be found in Table EC.1 in Appendix EC.1. We use the
testing error for new observations to quantify the performance for the obtained classifers.
Classification results for these different approaches are reported in Table 6, where the first number

of each entry represents the average classification error, and the second number of entry represents
the half-length of the 95% confidence interval. We can see that in all problem instances SDRO models
outperform the corresponding WDRO models, and either 1-SDRO or 2-SDRO model has the best clas-
sification performance. The average computational time for various approaches is reported in Table 7,
from which we can see that Sinkhorn DRO models has shorter computational time than Wasserstein
DRO models. In this example, Wasserstein DRO models can be reformulated as convex non-concave
minimax problems. We try gradient descent ascent heuristics (see Algorithm 3 in Appendix EC.1) to
approximately solve those formulations, but they are not computationally efficient to obtain satisfac-
tory classifiers. For small boxes highlighted in Table 6, we find the Wasserstein DRO models in some
cases even have worse performance than the traditional SAA model.

Table 6 Classification results on real datasets. Each experiment is repeated for 200 independent trials, and 95%
confidence intervals of classification errors for worse-case subgroup are reported for different approaches.

Dataset SAA KL-DRO 1-WDRO 1-SDRO 2-WDRO 2-SDRO

MNIST .075± .002 .067± .002 .037± .003 .035± .002.035± .002.035± .002 .047± .003 .041± .002.041± .002.041± .002

IRIS .396± .024 .351± .015 .321± .021 .308± .021.308± .021.308± .021 .378± .023 .342± .022.342± .022.342± .022

wine .089± .010 .086± .010 .082± .005 .077± .005.077± .005.077± .005 .078± .005 .076± .005.076± .005.076± .005

vowel .481± .012 .478± .011 .492± .012 .456± .011.456± .011.456± .011 .476± .012 .443± .012.443± .012.443± .012

vehicle .379± .007 .368± .007 .481± .014 .343± .006.343± .006.343± .006 .434± .009 .349± .007.349± .007.349± .007

svmguide4 .427± .009 .418± .009 .430± .010 .417± .009.417± .009.417± .009 .425± .009 .393± .011.393± .011.393± .011
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Table 7 Average computational time (in seconds) per problem instance for multi-class classification problem

Dataset SAA KL-DRO 1-WDRO 1-SDRO 2-WDRO 2-SDRO

MNIST 2.423 5.245 5.826 4.810 4.920 2.606

IRIS 0.986 1.612 1.803 1.243 1.226 1.033

wine 1.669 2.331 2.104 1.813 1.905 1.826

vowel 19.507 23.438 26.826 25.343 29.447 26.123

vehicle 3.620 7.177 17.789 14.337 18.837 18.146

svmguide4 27.189 29.988 39.635 31.576 37.132 31.361

6. Concluding Remarks
In this paper, we investigated a new distributionally robust optimization framework based on the
Sinkhorn distance. By developing a strong dual reformulation and a customized batch gradient
descent with bisection search algorithm, we have shown that the resulting DRO problem is tractable
under mild assumptions, greatly spans the tractability of Wasserstein DRO. Analysis on the worst-
case distribution indicates that Sinkhorn DRO hedges a more reasonable set of adverse scenarios and
thus less conservative compared with Wasserstein DRO, which is then demonstrated via extensive
numerical experiments. Based on theoretical and numerical findings, we conclude that the Sinkhorn
distance is a promising candidate for modeling distributional ambiguities in decision-making under
uncertainty from the perspective of computational tractability, modeling rationality and out-of-sample
performance.
In the meantime, several topics worth in-depth investigating are left for future works. A meaningful

research question is the choice of the optimal hyper-parameters in Sinkhorn DRO, such as the radius
of the ambiguity set ρ, the entropic regularization parameters ε, and reference measures ν. This paper
focuses on regularizing Wasserstein distance with the entropic regularization – the Sinkhorn distance,
but extensions to other types of regularization are possible. Exploring and discovering the benefits of
Sinkhorn DRO in other types of applications may lead to future research directions.

Appendix A: Sufficient condition for Condition 1
Proposition 1. Condition 1 holds if there exists p≥ 1 so that the following conditions are satisfied:

(I) For any x, y, z ∈Z, c(x, y)≥ 0, and

(c(x, y))1/p ≤ (c(x, z))1/p + (c(z, y))1/p.

(II) The nominal distribution P̂ has a finite mean, denoted as x. Moreover, ν{z : 0≤ c(x, z)<∞}= 1
and

Pr x∼P̂{c(x,x)<∞}= 1.

(III) Assumption 1(III) holds, and there exists λ> 0 such that∫
ef(z)/(λε)e−21−pc(x,z)/ε dν(z)<∞.

Wemake some remarks for the sufficient conditions listed above. The first condition can be satisfied
by taking the cost function as the p-th power of the metric defined on Z for any p≥ 1. The second
condition requires the nominal distribution P̂ is finite almost surely, e.g., it can be a subguassian
distribution with respect to the cost function c. Combining three conditions together and levering
concentration arguments completes the proof of Proposition 1.
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Supplementary for “Sinkhorn Distributionally Robust Optimization”

Appendix EC.1: Detailed Experiment Setup
All the experiments are preformed on a MacBook Pro laptop with 32GB of memory running python
3.7. Unless otherwise specified, the SAA, Wasserstein DRO, and KL-divergence DRO baseline models
are solved exactly based on the interior point method-based solver Mosek [4]. Optimization hyper-
parameters (including step size, maximum iterations, number of levels, etc.) are tuned such that the
training error after 100 iterations is decreased the fastest. To solve the Sinkhorn DRO model, we
use V-SGD gradient estimator for newsvendor and portfolio optimization problems, and use V-MLMC
estimator for multi-class classification problem. When solving the subproblem (8), the iteration is
terminated when ‖obj`+1−obj`‖

1+‖obj`‖
≤ 1e-2, where obj` denotes the objective function obtained at the `-th

iteration. We also use the warm starting strategy during the iterative procedure: we set the initial
guess of parameter θ at the beginning of outer iteration as the one obtained from the SAA approach.
At other outer iterations, the initial guess of parameter θ is set to be the final obtained solution θ at
the last outer iteration. The following subsections outline some special reformulations or optimization
algorithms for solving baseline models.

EC.1.1. Setup for Newsvendor Problem
To solve the 2-Wasserstein DRO model with radius ρ, we approximate the support of worst-case
distribution using discrete grid points. Denote by Dn = {x1, . . . , xn} the set of observed n samples
and G200−n the set of 200− n points evenly supported on the interval [0,10]. Then the support of
worst-case distribution is restricted to Dn ∪G200−n := {ẑ1, . . . , ẑ200}. The corresponding 2-Wasserstein
DRO problem has the following linear programming reformulation:

min
θ,λ,s

λρ+
1

n

n∑
i=1

si

s.t. kθ−umin(θ, ẑj)−λ(xi− ẑj)2 ≤ si, ∀i∈ [n],∀j ∈ [200].

EC.1.2. Setup for Mean-risk Portfolio Optimization
From [67, Eq. (27)] we can see that the 1-Wasserstein DRO formulation with radius ρ for the portfolio
optimization problem becomes

min
θ,τ,λ,s

λρ+
1

n

n∑
i=1

si

s.t. θ ∈Θ,

bjτ + aj〈θ, ẑi〉 ≤ si, i∈ [n], j ∈ [H],

‖ajθ‖2 ≤ λ, j ∈ [H].

Also, we argue that the 2-Wasserstein DRO formulation with radius ρ for the portfolio optimization
problem has a finite convex reformulation:

inf
θ∈Θ,τ

sup
P: W2(P,P̂n)≤ρ

EP
[

max
j∈[H]

aj〈θ, z〉+ bjτ
]

= inf
θ∈Θ,τ,λ≥0

{
λρ2 +

1

n

n∑
i=1

sup
si

{
max
j∈[H]

aj〈θ, si〉+ bjτ −λ‖si− ẑi‖22
}}

.
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Table EC.1 Basic statistics of classification datasets

Dataset # of Features # of Classes Training Size Testing Size

MNIST 50 10 345 69655

IRIS 10 3 37 133

wine 13 3 44 134

vowel 30 11 594 396

vehicle 20 4 507 339

svmguide4 50 6 367 245

In particular, the inner subproblem has the following reformulation:

sup
si

{
max
j∈[H]

aj〈θ, si〉+ bjτ −λ‖si− ẑi‖22
}

= max
j∈[H]

bjτ + sup
si

{
aj〈θ, si〉−λ‖si− ẑi‖22

}
= max
j∈[H]

bjτ +
a2
j

4λ
‖θ‖22 + aj〈θ, ẑi〉.

Hence, the 2-Wasserstein DRO can be reformulated as

min
θ,τ,λ,s

λρ2 +
1

n

n∑
i=1

si

s.t. θ ∈Θ,

bjτ + aj〈θ, ẑi〉+
a2
j

4λ
‖θ‖22 ≤ si, i∈ [n], j ∈ [H].

EC.1.3. Setup for Linear Classification Incorportating Structural Information
In this example, we solve the SAA, KL-divergence DRO problem using stochastic gradient descent.
Also, Wasserstein DRO models can be reformulated as

min
B,λ≥0

max
‖zi‖∞≤1,i∈[n]

λρ+
1

N

n∑
i=1

[
hB(zi)−λc(x̂i, zi)

]
. (EC.1)

To approximately solve such a convex-non-concave problem, we implement a gradient descent ascent
heuristic outlined in Algorithm 3. Finally, we report basic statistics of classification datasets in this
example in Table EC.1.
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Algorithm 3 Heuristic Gradient Descent Ascent algorithm for solving (EC.1). We use default values

α= 5e-6,m= 64, ncritic = 5.
Require: Learning rate α, batch size m, number of inner iterations ncritic, initial guess (θ,λ).
1: while (θ,λ) not converged do
2: for t= 0,1, . . . , ncritic do
3: Sample a subset of indices {ni}mi=1 from [n].
4: Compute gni←

1
N
∇zni

[
hB(zni)−λc(ẑni , zni)

]
for i∈ [m].

5: Update zni← ProjZ
[
zni +αRMSProp(zni , gni)

]
.

6: end for
7: Sample a subset of indices {ni}mi=1 from [n].

8: Compute gλ←∇λ
{
λρ+ 1

m

∑m

i=1

[
hB(zni)−λc(ẑni , zni)

]}
.

9: Compute gB←∇B
{

1
m

∑m

i=1 hB(zni)
}
.

10: Update λ← (λ−αRMSProp(λ, gλ))+.
11: Update B←B−αRMSProp(B,gB).
12: end while

Output (λ,B).
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Appendix EC.2: Additional Validation Experiments
EC.2.1. Comparison of Optimization Algorithms
To examine the performance of different gradient estimators, we study the problem of distributionally
robust linear regression (see the setup in Example 2). We take the nominal distribution P̂ as the
empirical one based on samples {(ai, bi)}ni=1. As a consequence, the inner objective function in (8)
has the closed form expression:

F (θ) =
1

n

n∑
i=1

(aT
i θ− bi)2 +

1
n

∑n

i=1(aT
i θ− bi)2

1
2
λ‖θ‖−2

2 − 1
− λε

2
log det

(
I − θθ

T

1
2
λ

)
, if ‖θ‖22 <

λ

2
,

and otherwiseF (θ) =∞. We take the constraint setΘ = {θ : ‖θ‖22 ≤ 0.999 · λ
2
}. For the data generation

procedure, we first generate a ground truth predictor θ∗ ∼ N (0,100 · Id). We then generate inputs
ai ∼ N (0, Id) and bi = 〈ai, θ∗〉+ ζi, where the noise ζi follows the Gaussian distribution such that
the response bi has the signal-to-noise ratio 0.2. In this experiment, we take the training sample size
n= 500 and data dimension d= 50.

Figure EC.1 Comparison results of V-SGD, V-MLMC, RT-MLMC, RU-MLMC, and RR-MLMC on robust linear regression in
terms of relative objective residual (left plot) and relative prediction error (right plot).

The quality of proposed gradient estimators is examined in a single BSMD step with specified
hyper-parameters (λ, ε) = (5 · 103,10−2). For baseline comparison, we also study the performance of
two unbiased gradient estimators in literature [55]. However, the variance of them are unbounded,
so that there is no convergence analysis for those two methods.
RU-MLMC Estimator: at point θ, first sample a random level ι following distribution QRU = {q`}∞`=0

with P(ι= `) = q`, then construct

vRU-MLMC(θ) :=
1

qι
Gι(θ, ζι). (EC.2)

RR-MLMC Estimator: at point θ, first sample a random level L following distribution QRR = {q`}∞`=0

with P(L= `) = q`, then construct

vRR-MLMC(θ) :=
L∑
`=0

p`G
`(x, ζ`), (EC.3)

where p` := 1
1−

∑
`′=0:`−1 q`′

and
∑−1

`′=0 q`′ = 0.
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To quantify the performance of a given solution θ, we denote the relative objective residual as
F (θ)−F (θ∗)
1+|F (θ∗)| , where θ

∗ is the optimal solution of F . We compute this optimal solution by optimizing
the closed-form expression of F directly via OSMM software [91]. We also denote the relative error
of θ as ‖θ−θ

∗‖
1+‖θ∗‖ , where θ

∗ is the ground truth optimal solution when the data distribution is known.
Fig. EC.1 reports the relative objective residual and relative error in terms of the number of generated
samples. From the plot, we can see the V-SGD scheme does not have competitive performance, which
is consistent with our theoretical analysis that V-SGD has the worst complexity order. In contrast,
using other MLMC methods, we can obtain optimal solutions with small sample complexity. Although
the RU-MLMC and RR-MLMC schemes have competitive performance, we can see there exist some
oscillations during the optimization procedure. One possible explanation is that the variance values
of those gradient estimators are unbounded, making those two approaches unstable.
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EC.2.2. Sensitivity of Regularization Parameters

In this subsection, we validate the impact of regularization parameter ε on the performance of the
Sinkhorn DRO model in two numerical examples: newsvendor and portfolio optimization problem.
We examine the performance of 1-SDRO or 2-SDRO models for different regularization parameters
chosen from the candidate set A:

A=

{10−3,5 · 10−3,10−2,5 · 10−2,10−1,5 · 10−1,100}, for newsvendor problem,

{5 · 10−2,10−1,5 · 10−1,100,3 · 100,5 · 100,101}, for portfolio optimization.

For each fixed regularization parameter ε, we tune the corresponding Sinkhorn DRO radius ρ by
cross validation. We quantify the performance of a given solution θ obtained from DRO models using
the performance gap metric J(θ)−J∗

1+|J∗| , where notations J∗ and J(θ) are defined at the beginning of
Section 5. Hence, the smaller the metric is, the better the given decision has.
Fig. EC.2 shows box plots on the performance of Sinkhorn DRO models across different choices of

regularization values with different data distributions on the newsvendor problem. We can see as the
regularization value increases, the performance of Sinkhorn DRO models generally improves first and
then degrades.
Fig. EC.3 shows performance on the portfolio optimization problem with different choices of prob-

lem parameters (n,d), where n denotes the sample size and d denotes the data dimension. Compared
with the newsvendor problem, we find a more clear trend that the model performance improves and
then degrades as the regularization value increases. In this special example, we also find 2-SDRO
model has more stable and satisfactory performance compared with 1-SDRO model.

0.00

0.05

0.10

0.15

0.001 0.005 0.01 0.05 0.1 0.5 1
Regularization Value ε

P
er

fo
rm

an
ce

 G
ap

1−SDRO 2−SDRO

0.00

0.01

0.02

0.03

0.04

0.05

0.001 0.005 0.01 0.05 0.1 0.5 1
Regularization Value ε

P
er

fo
rm

an
ce

 G
ap

1−SDRO 2−SDRO

0.000

0.025

0.050

0.075

0.100

0.001 0.005 0.01 0.05 0.1 0.5 1
Regularization Value ε

P
er

fo
rm

an
ce

 G
ap

1−SDRO 2−SDRO

Figure EC.2 Performance of Sinkhorn DRO models for newsvendor problem versus different choices of regularization
values ε. For figures from left to right, we specify the data distribution as exponential distribution, gamma
distribution, and equiprobable mixture of two truncated normal distributions, respectively.
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Figure EC.3 Performance of Sinkhorn DRO models for portfolio problem versus different choices of regularization values
ε. For those fix figures from left to right, from top to bottom, we specify the problem parameters (sample
size n and data dimension d) as (30,30), (100,30), (400,30), (100,5), (100,20), (100,100), respectively.
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Appendix EC.3: Proofs of Technical Results in Section 3.2
Proof of Remark 4 We can reformulate the dual objective function as

v(λ; ε) = λρ+λε

∫
log

(∫
exp

(
f(z)−λc(x, z)

λε

)
dν(z)

)
dP̂(x).

We take limit for the second term in v(λ; ε) to obtain:

lim
ε→0

λε

∫
log

(∫
exp

(
f(z)−λc(x, z)

λε

)
dν(z)

)
dP̂(x)

=

∫
lim
β→∞

λ

β
log

(∫
exp

([
f(z)−λc(x, z)

]
β

λ

)
dν(z)

)
dP̂(x)

=

∫
lim
β→∞

λ∇ log

(∫
exp

([
f(z)−λc(x, z)

]
β

λ

)
dν(z)

)
dP̂(x)

=

∫  lim
β→∞

∫
exp

([
f(z)−λc(x,z)

]
β

λ

)[
f(z)−λc(x, z)

]
dν(y)

∫
exp

([
f(z)−λc(x,z)

]
β

λ

)
dν(y)

 dP̂(x)

=

∫
ess sup

ν

[
f(·)−λc(x, ·)

]
dP̂(x).

Particularly, when supp(ν) =Z, it holds that

ess sup
ν

[
f(·)−λc(x, ·)

]
= sup

z

[
f(z)−λc(x, z)

]
,

and in this case the dual objective function of the Sinkhorn DRO problem converges into that of the
Wasserstein DRO problem. �

Proof of Example 2 In this example, the dual objective becomes

VD = inf
λ≥0

{
λρ+E(a,b)∼P̂

[
λε log

(
Ea′∼N (a,ηId) exp

(
(θTa′− b)2

λε

))]}
. (EC.4)

Specially, for any a∈Rd, b∈R, θ ∈Rd, it holds that

λε log

(
Ea′∼N (a,ηId) exp

(
(θTa′− b)2

λε

))
=λε log

(
E∆a∼N (0,Id) exp

([
(θTa− b) + (

√
ηθ)T∆a

]2
λε

))

=(θTa− b)2 +λε log

E∆a∼N (0,Id) exp

(
η(θT∆a)

2− 2(b− θTa)
√
ηθT∆a

λε

)
︸ ︷︷ ︸

(I)

 .

Note that the term (I) can be simplified using integral of exponential functions:

(I)= (2π)−d/2
∫
Rd

exp

(
−1

2
∆T
a∆a +

(θT∆a)
2

λ
− 2

(b− θTa)θT

λ
√
ε

∆a

)
d∆a

= (2π)−d/2
∫
Rd

exp

(
−1

2
∆T
aA∆a +JT∆a

)
d∆a,
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where the matrix A= I − 2θθT

λ
and vector J = 2 (θTa−b)θ

λ
√
ε

. As a consequence, when ‖θ‖22 < λ
2
, it holds

that

(I)= det(A)−1/2 exp

(
1

2
JTA−1J

)
= det

(
I − 2θθT

λ

)−1/2

exp

(
2

(θTa− b)2

λ2ε
θTA−1θ

)
.

Finally, we arrive at

λε log

(
Ea′∼N (a,ηId) exp

(
(θTa′− b)2

λε

))
=(θTa− b)2 +

(θTa− b)2

1
2
λ‖θ‖−2

2 − 1
− λε

2
log det

(
I − 2θθT

λ

)
, if ‖θ‖22 <

λ

2
.

Substituting this expression into (EC.4) gives the desired result.
�

Proof of Corollary 2 We now introduce the epi-graphical variables si, i = 1, . . . , n to reformulate
VD as

VD =


inf

λ≥0,si
λρ+

1

n

n∑
i=1

si

s.t. λε log
(
EQi,ε

[
ef(z)/(λε)

])
≤ si,∀i

For fixed i, the i-th constraint can be reformulated as{
exp

( si
λε

)
≥EQi,ε

[
ef(z)/(λε)

]}
=

{
1≥EQi,ε

[
e

[
f(z)−si

]
/(λε)

]}
=

{
λε≥EQi,ε

[
λεe

[
f(z)−si

]
/(λε)

]}
=

{
λε≥

L∑
`=1

Qi,ε(z`)ai,`

}⋂{
ai,` ≥ λε exp

(
f(z`)− si

λε

)
,∀`
}
,

where the second constraint set can be formulated as

(λε, ai,`, f(z`)− si)∈Kexp.

Substituting this expression into VD completes the proof. �
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Appendix EC.4: Proofs of Technical Results in Section 3.3
We rely on the following technical lemma to derive our strong duality result.

Lemma EC.1. For fixed τ and a reference probability distribution Q ∈ P(Z), consider the optimization
problem

v(τ) = sup
P∈P(Z)

{
EP

[
f(z)− τ log

(
dP
dQ

(z)

)]}
. (EC.5)

(I) When τ = 0,
v(0) = ess sup

Q
(f), inf{t∈R : Pr z∼Q{f(z)> t}= 0}.

(II) When τ > 0 and
EQ
[
ef(z)/τ

]
<∞,

it holds that
v(τ) = τ log

(
EQ
[
ef(z)/τ

])
,

and limτ↓0 v(τ) = v(0). The optimal solution in (EC.5) has the expression

dP(z) =
ef(z)/τ∫

ef(u)/τ dQ(u)
dQ(z).

(III) When τ > 0 and
EQ
[
ef(z)/τ

]
=∞,

we have that v(τ) =∞.

Proof of Lemma EC.1 We reformulate v(τ) based on the importance sampling trick:

v(τ) = sup
L: L≥0

{∫ [
f(z)L(z)− τL(z) logL(z)

]
dQ(z) :

∫
L(z)dQ(z) = 1

}
.

Then the remaining part follows the discussion in [57, Section 2.1]. �

Proof of Lemma 1 Based on Definition 1 of Sinkhorn distance, we reformulate V as

V = sup
γ∈P(Z×Z):Proj1#γ=P̂

{
EP[f(z)] :Eγ

[
c(x, z) + ε log

(
dγ(x, z)

dP̂(x)dν(z)

)]
≤ ρ

}
.

By the disintegration theorem [23] we represent the joint distribution γ such that dγ(x, z) =
dP̂(x)dγx(z) holds for any (x, z), where γx is the conditional distribution of γ given the first marginal
of γ equals x. Thereby the constraint is equivalent to∫

Eγx
[
c(x, z) + ε log

(
dγx(z)

dν(z)

)]
dP̂(x)≤ ρ, γx ∈P(Z), x∈ supp(P̂).

We remark that any feasible solution γ satisfies that γ � P̂ ⊗ ν and hence γx � ν. Consequently
the term log

(
dγx(z)

dν(z)

)
is well-defined. Based on the change-of-measure identity log

(
dγx(z)

dν(z)

)
=

log
(

dQx,ε(z)
dν(z)

)
+ log

(
dγx(z)

dQx,ε(z)

)
and the expression of Qx,ε, the constraint can be reformulated as

∫
Eγx

[
c(x, z) + ε log

(
e−c(x,z)/ε∫

e−c(x,u)/ε dν(u)

)
+ ε log

(
dγx(z)

dQx,ε(z)

)]
dP̂(x)≤ ρ,

γx ∈P(Z), x∈ supp(P̂).
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Combining the first two terms within the expectation term and substituting the expression of ρ, it is
equivalent to

ε

∫
Eγx

[
log

(
dγx(z)

dQx,ε(z)

)]
dP̂(x)≤ ρ, γx ∈P(Z), x∈ supp(P̂).

Similarly, the objective function of (Sinkhorn DRO) can be written as
∫
Eγx [f(z)] dP̂(x). Consequently,

the primal problem (Sinkhorn DRO) can be reformulated as a generalized KL-divergence DRO problem

V = sup
γx∈P(Z),x∈supp(P̂)

{∫
Eγx [f(z)] dP̂(x) : ε

∫
Eγx

[
log

(
dγx(z)

dQx,ε(z)

)]
dP̂(x)≤ ρ

}
.

�

Proof of Lemma 2 Recall from Remark 5 that the primal problem V can be reformulated as

V = sup
γx∈P(Z),∀x∈Z

{∫
Eγx [f(z)] dP̂(x) : ε

∫
Eγx

[
log

(
dγx(z)

dQi(z)

)]
dP̂(x)≤ ρ

}
.

Introducing the Lagrange multiplier λ associated to the constraint, we reformulate V as

V = sup
γx∈P(Z),∀x∈Z

{
inf
λ≥0

{
λρ+

∫
Eγx

[
f(z)−λε log

(
dγx(z)

dQx,ε(z)

)]
dP̂(x)

}}
.

Interchanging the order of the supremum and infimum operators, we have that

V ≤ inf
λ≥0

{
λρ+ sup

γx∈P(Z),∀x∈Z

{∫
Eγx

[
f(z)−λε log

(
dγx(z)

dQx,ε(z)

)]
dP̂(x)

}}
.

Since the optimization over γx,∀x is separable for each x, by defining

vx(λ) = sup
γx∈P(Z)

{
Eγx

[
f(z)−λε log

(
dγx(z)

dQx,ε(z)

)]}
, ∀x,

and swap the supremum and the integration, we obtain

V ≤ inf
λ≥0

{
λρ+

∫
vx(λ)dP̂(x)

}
. (EC.6)

When there exists λ > 0 such that Condition 1 holds, by leveraging a well-known reformulation on
entropy regularized linear optimization in Lemma EC.1, we can see that almost surely,

vx(λ) = λε log
(
EQx,ε

[
ef(z)/(λε)

])
<∞.

Substituting this expression into (EC.6) implies that V ≤ VD <∞. Suppose on the contrary that for
any λ> 0,

Pr x∼P
{
x : EQx,ε

[
ef(z)/(λε)

]
=∞

}
> 0,

then intermediately we obtain V ≤ VD =∞, and the weak duality still holds.
�

Proof of Lemma 3 We first show that λ∗ <∞. Denote by v(λ) the objective function for the dual
problem, then

v(λ) = λρ+λε

∫
log
(
EQx,ε

[
ef(z)/(λε)

])
dP̂(x).
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The integrability condition for the dominated convergence theorem is satisfied, which implies

lim
λ→∞

λε

∫
log
(
EQx,ε

[
ef(z)/(λε)

])
dP̂(x)

=

∫
lim
β→0

ε

β
log
(
EQx,ε

[
eβf(z)/ε

])
dP̂(x)

=

∫
lim
β→0

ε∇β log
(
EQx,ε

[
eβf(z)/ε

])
dP̂(x)

=

∫
lim
β→0

ε
1

EQx,ε [eβf(z)/ε]

(
EQx,ε

[
f(z)

ε
e(βf(z))/ε

])
dP̂(x)

=

∫
EQx,ε [f(z)] dP̂(x),

where the first equality follows from the change-of-variable technique with β = 1/λ, the second
equality follows from the definition of derivative, the third and the last equality follows from the
dominated convergence theorem. As a consequence, as long as ρ> 0, we have

lim
λ→∞

v(λ) =∞.

We can take λ satisfying Condition 1 and then v(λ)<∞, which guarantees the existence of the dual
minimizer. Hence λ∗ <∞, which implies that either λ∗ = 0 or λ∗ satisfies Condition 1. �

Proof of Lemma 4 Suppose the dual minimizer λ∗ = 0, then taking the limit of the dual objective
function gives

lim
λ→0

v(λ) =

∫
Hu(x)dP̂(x)<∞,

where
Hu(x) := inf{t : Qx,ε{f(z)> t}= 0}, ess sup

Qx,ε
f.

For notational simplicity we takeHu = ess sup
ν

f . One can check thatHu(x)≡Hu for any x∈ supp(P̂):

for any t so that Qx,ε{f(z)> t}= 0, we have that∫
1{f(z)> t}e−c(x,z)/ε dν(z) = 0,

which, together with the fact that ν{c(x, z)<∞}= 1 for fixed x, implies∫
1{f(z)> t}dν(z) = 0.

On the contrary, for any t so that ν{f(z)> t}= 0, we have that

0≤
∫

1{f(z)> t}e−c(x,z)/ε dν(z)≤
∫

1{f(z)> t}dν(z) = 0,

where the second inequality is because that ν{c(x, z)≥ 0}= 1. As a consequence, Qx,ε{f(z)> t}= 0.
Hence we can assert that Hu(x) =Hu for all x∈ supp(P̂), which implies

lim
λ→0

v(λ) =Hu <∞.

Then we show that almost surely for all x,

EQx,ε [1A]> 0, where A= {z : f(z) =Hu}.
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Denote by D the collection of samples x so that EQx,ε [1A] = 0. Assume the condition above does not
hold, which means that P̂{D}> 0. For any τ > 0 and x∈D, there exists H l(x)<Hu such that

0< hx :=EQx,ε [1B(x)]≤ τ, where B(x) = {z : H l(x)≤ f(z)≤Hu}.

Define Hgap(x) =Hu−H l(x), hcx = 1− hx. Then we find that for x∈D,

vx(λ) = λε log
(
EQx,ε

[
ef(z)/(λε)1B(x)

]
+EQx,ε

[
ef(z)/(λε)1B(x)c

])
≤Hu +λε log

(
hx + e−H

gap(x)/(λε)hcx

)
.

Since P̂{D}> 0, the dual objective function for λ> 0 is upper bounded as

v(λ) = λρ+

∫
vx(λ)dP̂(x)

≤Hu +λρ+λε

∫
D

log
(
hx + e−H

gap(x)/(λε)hcx

)
dP̂(x).

We can see that
lim
λ→0

λρ+λε

∫
D

log
(
hx + e−H

gap(x)/(λε)hcx

)
dP̂(x) = 0,

and

lim
λ→0
∇
[
λρ+λε

∫
D

log
(
hx + e−H

gap(x)/(λε)hcx

)
dP̂(x)

]
=ρ+ ε

∫
D

log (hx) dP̂(x)

≤ρ+ ε log(τ)P̂{D} ≤−ρ< 0,

where the second inequality is by taking the constant τ = exp
(
− 2ρ

εP̂{D}

)
. Hence, there exists λ > 0

such that

v(λ)≤Hu +λρ+λε

∫
D

log
(
hx + e−H

gap(x)/(λε)hcx

)
dP̂(x)< v(0),

which contradicts to the optimality of λ∗ = 0. As a result, almost surely for all x, we have that

EQx,ε [1A]> 0.

To show the second condition, we re-write the dual objective function for λ> 0 as

v(λ) = λρ+λε

∫ [
log
(
EQx,ε [1A] +EQx,ε

[
e[f(z)−Hu]/(λε)1Ac

])]
dP̂(x) +Hu.

The gradient of v(λ) becomes

∇v(λ) = ρ+ ε

∫ [
log
(
EQx,ε [1A] +EQx,ε

[
e[f(z)−Hu]/(λε)1Ac

])]
dP̂(x)

+

∫ EQx,ε
[
e[f(z)−Hu]/(λε)1Ac(H

u− f(z))/(λ)
]

EQx,ε [1A] +EQx,ε [e[f(z)−Hu]/(λε)1Ac ]
dP̂(x).

We can see that limλ→∞∇v(λ) = ρ. Take

v1,x(λ) =EQx,ε

[
e[f(z)−Hu]/(λε)1Ac

]
.
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Then limλ→0 v1,x(λ) = 0 and v1,x(λ)≥ 0. Take

v2,x(λ) =
EQx,ε

[
e[f(z)−Hu]/(λε)1Ac(H

u− f(z))/(λ)
]

EQx,ε [1A] +EQx,ε [e[f(z)−Hu]/(λε)1Ac ]
.

Then limλ→0 v2,x(λ) = 0 and v2,x(λ)≥ 0. It follows that

lim
λ→0
∇v(λ) = ρ+ ε

∫
log
(
EQx,ε [1A]

)
dP̂(x) = ρ′.

Hence, if the last condition is violated, based on the mean value theorem, we can find λ > 0 so that
∇v(λ) = 0, which contradicts to the optimality of λ∗ = 0.
Now we show the converse direction. For any λ> 0, we find that

∇v(λ) = ρ+ ε

∫ [
log
(
EQx,ε [1A] + v1,x(λ)

)]
dP̂(x) +

∫
v2,x(λ)dP̂(x).

For fixed x, when EQx,ε [1A] = 1, we can see that v1,x(λ) = v2,x(λ) = 0, then

ρ+ ε
[
log
(
EQx,ε [1A] + v1,x(λ)

)]
+ v2,x(λ) = ρ> 0.

When EQx,ε [1A]∈ (0,1), we can see that v1,x(λ)> 0, v2,x(λ)> 0. Then

ρ+ ε
[
log
(
EQx,ε [1A] + v1,x(λ)

)]
+ v2,x(λ)>ρ+ ε log(EQx,ε [1A]) = ρ′ ≥ 0.

Therefore, ∇v(λ)> 0 for any λ > 0. By the convexity of v(λ), we conclude that the dual minimizer
λ∗ = 0.

�

Proof of Lemma 5. Since λ∗ > 0, based on the optimality condition of the dual problem, we have
that

0 =∇λ
[
λρ+λε

∫
log
(
EQx,ε

[
ef(z)/(λε)

])
dP̂(x)

] ∣∣∣∣
λ=λ∗

.

Or equivalently, we have that

ρ+ε

∫
log
(
EQx,ε

[
ef(z)/(λ∗ε)

])
dP̂(x)−

∫ EQx,ε
[
ef(z)/(λ∗ε)f(z)

]
λ∗EQx,ε [ef(z)/(λ∗ε)]

dP̂(x) = 0.

Re-arranging the term completes the proof.
�

Proof of Theorem 1. The feasibility result in Theorem 1(I) can be easily shown by considering the
reformulation of V in Lemma 1 and the non-negativity of KL-divergence. When ρ= 0, one can see that

VD ≤ lim
λ→∞

λε

∫
log
(
EQx,ε

[
ef(z)/(λε)

])
dP̂(x) =Ez∼P0 [f(z)] = V.

Therefore, the strong duality result holds in this case. The proof for ρ > 0 can be found in the
main context. It remains to show the second part of Theorem 1(III). We consider a sequence of real
numbers {Rj}j such thatRj→∞ and take the objective function fj(z) = f(z)1{z ≤Rj}. Hence, there
exists λ> 0 satisfying Pr x∼P̂

{
x : EQx,ε

[
ef(z)/(λε)

]
=∞

}
= 0. According to the necessary condition in

Lemma 4, the corresponding dual minimizer λ∗j > 0 for sufficiently large index j. Then we can apply
the duality result in the first part of Theorem 1(III) to show that for sufficiently large j, it holds that

sup
P∈Bρ,ε(P̂)

{Ez∼P[fj(z)]} ≥ λ∗jρ+λ∗jε

∫
log
(
EQx,ε

[
efj(z)/(λε)

])
dP̂(x).

Taking j→∞ both sides implies that V =∞, which completes the proof.
�
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Proof of Corollary 1 According to the definition of Sinkhorn distance, we first reformulate Vλ as

Vλ = sup
P,γ∈Γ(P̂,P)

{
Ez∼P[f(z)]−λEγ

[
c(x, z) + ε log

(
dγ(x, z)

dP̂(x)dν(z)

)]}

= sup
γx∈P(Ω),x∈Z

{∫
Eγx

[
f(z)−λε log

(
dγx(z)

dQx,ε(z)

)]
dP̂(x)

}
+λε

∫
log

(∫
e−c(x,u)/ε dν(u)

)
dP̂(x),

where the second relation is by decomposing γ with γ(x, z) = P̂(x) ⊗ γx(z). By the principal of
interchangability [89], it holds that

Vλ =

∫
sup

γx∈P(Ω)

Eγx
[
f(z)−λε log

(
dγx(z)

dQx,ε(z)

)]
dP̂(x) +C

= λε

∫
log
(
EQx,ε [e

f(z)/(λε)]
)

dP̂(x) +C,

where the last relation holds by applying Lemma EC.1. �
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Appendix EC.5: Preliminaries on Stochastic Mirror Descent (SMD)
In this section, we provide some preliminaries on SMD that can be useful for proving Theorem 2.
Consider the minimization of the objective function F (θ) = E[fθ(z)] with θ ∈Θ⊆Rdθ . In particular,
we assume the constraint set Θ is non-empty, closed and convex. We also impose the following
assumption regarding the (sub-)gradient oracles when using the SMD algorithm:

Assumption EC.1 (Stochastic Oracles of Gradient Estimate). (I) The objective function F (θ) is
convex in θ, and we have the stochastic oracle such that for given θ we can generate a stochastic
vector G(θ, ξ) such that E[G(θ, ξ)] ∈ ∂F (θ), where ∂F (θ) is the subdifferential set of F (·) at θ.
Also, suppose there exists a constantM∗ > 0 so that

E
[
‖G(θ, ξ)‖2∗

]
≤M 2

∗ , ∀θ ∈Θ.

(II) Assume the objective function F (θ) is S-smooth, and we have the stochastic oracle such that for
given θ we can generate a stochastic vector G(θ, ξ) such that E[G(θ, ξ)] =∇F (θ). Also, suppose
there exists σ > 0 so that

Var
[
G(θ, ξ)

]
≤ σ2, ∀θ ∈Θ.

Under the above assumption, the SMD algorithm generates the following iteration:

θt+1 = Proxθt
(
γtG(θt, ξ

t)
)
, θ1 ∈Θ, t= 1, . . . , T − 1.

For simplicity of discussion, we employ constant step size policy γt := γ for t = 1, . . . , T − 1. The
following presents convergence results of the SMD algorithm. Similar results can be found in [89, 51,
70, 82]. For the sake of completeness, we provide the proof for the case where the loss function F (θ)
is smooth in θ.

Lemma EC.2 (SMD for Nonsmooth Convex Optimization). Under Assumption EC.1(I), let the estima-
tion of optimal solution at the iteration j be

θ̃1:j =
1

j

j∑
t=1

θt.

When taking constant step size

γ =

√
2κV (θ1, θ∗)

TM 2
∗

,

it holds that

E
[
F (θ̃1:T )−F (θ∗)

]
≤M∗

√
2V (θ1, θ∗)

κT
.

Proof of Lemma EC.2 The proof follows from [89, Section 8.2.3]. �

Lemma EC.3 (SMD for Smooth Convex Optimization). Assume the loss function F (θ) is convex in θ
and Assumption EC.1(II) holds. Let the estimation of optimal solution at the iteration j be θ̃1:j = 1

j

∑j

t=1 θt.
Also, suppose the norm function ‖ · ‖ satisfies that the dual norm ‖ · ‖∗ ≤ c‖ · ‖2. When taking constant
step size γ ∈ (0, κ/(2Sc2)], it holds that

E
[
F (θ̃1:T )−F (θ∗)

]
≤ γSc2σ2

κ
+

2V (θ1, θ
∗)

γT
.

Proof of Lemma EC.3 For each u ∈Θ and θ ∈Θ∗, and y ∈Rd, based on [89, Lemma 8.3], one has
that

V
(
Pθ(y), u

)
≤ V (θ,u) + 〈y,u− θ〉+ 1

2κ
‖y‖2∗. (EC.7)
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Based on this identity with θ := θt, y := γG(θt, ξ
t), and u := θ∗, we obtain

V
(
θt+1, θ

∗)≤ V (θt, θ
∗) + γ〈G(θt, ξ

t), θ∗− θt〉+
γ2

2κ
‖G(θt, ξ

t)‖2∗. (EC.8)

As a consequence, we have the relation

E〈G(θt, ξ
t), θt− θ∗〉 ≤

EV
(
θt, θ

∗
)
−EV (θt+1, θ

∗)

γ
+

γ

2κ
E‖G(θt, ξ

t)‖2∗.

On the other hand, conditioned on xt, we have that

−E〈G(θt, ξ
t), θt− θ∗〉=−〈∇F (θt), θt− θ∗〉 ≤ F (θ∗)−F (θt).

Based on those two relations above, we obtain that conditioned on xt,

F (θt)−F (θ∗)≤
EV
(
θt, θ

∗
)
−EV (θt+1, θ

∗)

γ
+

γ

2κ
E‖G(θt, ξ

t)‖2∗

≤
EV
(
θt, θ

∗
)
−EV (θt+1, θ

∗)

γ
+
γc2

2κ
Var

(
G(θt, ξ

t)
)

+
γc2

2κ
‖∇F (θt)−∇F (θ∗)‖22

≤
EV
(
θt, θ

∗
)
−EV (θt+1, θ

∗)

γ
+
γc2

2κ
Var

(
G(θt, ξ

t)
)

+
γSc2

κ

[
F (θt)−F (θ∗)

]
.

This implies that

E
[
F (θt)−F (θ∗)

]
≤ 1

1− γSc2/κ

[
EV
(
θt, θ

∗
)
−EV (θt+1, θ

∗)

γ
+
γSc2

2κ
Var

(
G(θt, ξ

t)
)]
.

When taking the step size γ ∈ (0, κ/(2Sc2)], it holds that for any t,

E
[
F (θt)−F (θ∗)

]
≤

2
{
EV
(
θt, θ

∗
)
−EV (θt+1, θ

∗)
}

γ
+
γSc2σ2

κ
. (EC.9)

Finally, the estimate of optimal solution θ̃1:T satisfies that

E
[
F (θ̃1:T )−F (θ∗)

]
=E

[
F

(
1

T

T∑
t=1

θt

)
−F (θ∗)

]

≤E

[
1

T

T∑
t=1

F (θt)−F (θ∗)

]
=

1

T

T∑
t=1

E
[
F (θt)−F (θ∗)

]
≤ γSc2σ2

κ
+

2V (θ1, θ
∗)

γT
,

where the first inequality is based on the Jensen’s inequality and the convexity of F (θ), and the
second inequality is by the relation (EC.9). �
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Appendix EC.6: Proofs of Technical Results in Section 4.2.1
Remark EC.1 (Computation Costs of Gradient Estimators). The cost for generating V-SGD gra-
dient estimator vV-SGD(θ) is ofO(no

L2L). For V-MLMC scheme,we set the number of inner approximation
level n` = d2−`Ne. The cost for generating V-MLMC gradient estimator vV-MLMC(θ) is of O(NL+ 2L).
For RT-MLMC scheme, we take the probability q` ∝ 2−`. The cost for generating RT-MLMC gradient
estimator vRT-MLMC(θ) is of O(no

LL).

Proof of Remark EC.1 Since V-SGD estimator requires generating gL(θ, ζLi ) for no
L times, and gen-

erating a single gL(θ, ζLi ) requires generating the random sampling parameters {z`j}j∈[2L] of size 2L,
we imply the cost of V-SGD estimator is of O(no

L2L).
Since for fixed `, the cost of generating a single G`(θ, ζ`i ) requires generating the random sampling

parameters {z`j}j∈[2L] of size 2`, the cost of V-MLMC estimator can be bounded as

O

(
L∑
`=0

no
`2
`

)
=O

(
L∑
`=0

d2−`Ne2`
)

=O

(
L∑
`=0

(2−`N + 1)2`

)
=O

(
NL+ 2L

)
.

The cost of RT-MLMC estimator can be bounded as

O

(
no
L

L∑
`=0

q`2
`

)
=O

(
no
L

L∑
`=0

2−`

C
2`

)
=O(no

LL/C) =O(no
LL),

where the constant C =
∑L

`=0 2−` =O(1).
�

EC.6.1. Proof of Theorem 2(I)
We first discuss sample complexity for nonsmooth convex optimization. Suppose for a given θ, the
gradient estimate of F (θ), denoted as v(θ), satisfies

E[v(θ)] =∇F (θ), E
[
‖v(θ)‖2∗

]
≤M 2

∗ .

Assume the bias of objective satisfies

∆F := sup
θ∈Θ

|F (θ)−F (θ)|.

Denote by θ
∗
an global optimum of F . Then we have the following result.

Proposition EC.1 (BSMD for Nonsmooth Convex Optimization). When taking the step size γ =√
2κV (θ1,θ

∗
)

TM2
∗

, it holds that

E
[
F (θ̃1:T )−F (θ∗)

]
≤ 2∆F +M∗

√
2V (θ1, θ

∗
)

κT
.

Proof of Proposition EC.1 Note that we can establish the following error bound:

E
[
F (θ̃1:T )−F (θ∗)

]
=E

[
F (θ̃1:T )−F (θ̃1:T )

]
+E

[
F (θ̃1:T )−F (θ∗)

]
+E

[
F (θ∗)−F (θ∗)

]
≤ 2∆F +E

[
F (θ̃1:T )−F (θ∗)

]
≤ 2∆F +E

[
F (θ̃1:T )−F (θ

∗
)
]
,
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where the first inequality is due to the bias approximation error bound, and the second inequality is
due to the sub-optimality of θ∗ for the objective F . According to Lemma EC.2, if we take the step size
γ =

√
2κV (θ1,θ

∗
)

TM2
∗

, then it holds that

E
[
F (θ̃1:T )−F (θ

∗
)
]
≤M∗

√
2V (θ1, θ

∗
)

κT
.

�

Now we show complexity result for the V-SGD scheme. Without loss of generality, we take the batch
size no

L = 1. According to Proposition EC.1, parameters for V-SGD scheme satisfy

∆F := λε exp (2B/(λε)) · 2−(L+1), M 2
∗ := c2L2

f .

To obtain δ-optimal solution, we set

2∆F ≤
δ

2
, M∗

√
2V (θ1, θ

∗
)

κTin

≤ δ

2
.

As a consequence, we specify the following hyper-parameters to meet the above requirements:

L=

⌈
1

log 2

[
log

2λε exp(2B/(λε))

δ

]⌉
, Tin =

⌈
8c2L2

fV (θ1, θ
∗
)

κδ2

⌉
, γ =

√
2κV (θ1, θ

∗
)

c2TinL2
f

.

EC.6.2. Proof of Theorem 2(II)
Next, we discuss sample complexity for smooth convex optimization. Suppose for a given θ, the
gradient estimate of F (θ), denoted as v(θ), satisfies

E[v(θ)] =∇F (θ), Var [v(θ)]≤ σ2.

Assume the bias of objective satisfies

∆F := sup
θ∈Θ

|F (θ)−F (θ)|.

Denote by θ
∗
an global optimum of F . Then we have the following result.

Proposition EC.2 (BSMD for Smooth Convex Optimization). Assume that the approximation func-
tion F is S-smooth. When taking constant step size γ =

√
2κV (θ1,θ

∗
)

Sc2σ2T
, it holds that

E
[
F (θ̃1:T )−F (θ∗)

]
≤ 2∆F +

√
2Sc2σ2V (θ1, θ

∗
)

κT
.

Specially, we can show the approximation function F `(θ) defined in (9) is indeed smooth, and
therefore Proposition EC.2 can be used to prove Theorem 2(II).

Lemma EC.4. Under Assumption 2(II), 2(III), and 2(IV), the functions F and F ` are SF -smooth with

SF := (Sf +L2
f/(λε)) exp(B/(λε)) +L2

f/(λε) exp(2B/(λε)).

The proof of Lemma EC.4 follows the similar argument as in [55, Proposition 4.1]. We provide a full
proof here for the sake of completeness.
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Proof of Lemma EC.4 Observe that

‖∇F (θ1)−∇F (θ2)‖2

≤(λε)−1EP̂

∥∥∥∥φ′ (EQx,εe
fθ1

(z)/(λε)
)
EQx,εe

fθ1
(z)/(λε)∇fθ1(z)

−φ′
(
EQx,εe

fθ2
(z)/(λε)

)
EQx,εe

fθ2
(z)/(λε)∇fθ2(z)

∥∥∥∥
2

≤(λε)−1EP̂

∥∥φ′ (EQx,εe
fθ1

(z)/(λε)
) [

EQx,εe
fθ1

(z)/(λε)∇fθ1(z)−EQx,εe
fθ2

(z)/(λε)∇fθ2(z)
]∥∥

2

+ (λε)−1EP̂

∥∥[φ′ (EQx,εe
fθ1

(z)/(λε)
)
−φ′

(
EQx,εe

fθ2
(z)/(λε)

)]
EQx,εe

fθ2
(z)/(λε)∇fθ2(z)

∥∥
2

The first term on the RHS can be bounded as

EP̂

∥∥EQx,εe
fθ1

(z)/(λε)∇fθ1(z)−EQx,εe
fθ2

(z)/(λε)∇fθ2(z)
∥∥

2

≤EP̂

∥∥∥∥EQx,εe
fθ1

(z)/(λε)

[
∇fθ1(z)−∇fθ2(z)

]∥∥∥∥
2

+EP̂

∥∥∥∥[EQx,εe
fθ1

(z)/(λε)−EQx,εe
fθ2

(z)/(λε)

]
∇fθ2(z)

∥∥∥∥
2

≤eB/(λε)Sf‖θ1− θ2‖+L2
f/(λε)e

B/(λε)‖θ1− θ2‖2,

where the last inequality is because fθ(z) is bounded by B, Lf -Lipschitz, and Sf -smooth. The second
term on the RHS can be bounded as

Lf/(λε)e
B/(λε)EP̂

∥∥φ′ (EQx,εe
fθ1

(z)/(λε)
)
−φ′

(
EQx,εe

fθ2
(z)/(λε)

)∥∥
2

≤LfeB/(λε)EP̂

∥∥EQx,εe
fθ1

(z)/(λε)−EQx,εe
fθ2

(z)/(λε)
∥∥

2

≤L2
f/(λε)e

2B/(λε)‖θ1− θ2‖2.

Hence, we conclude that the function F is SF -smooth, where

SF =L2
f/(λε)e

2B/(λε) + eB/(λε)Sf +L2
f/(λε)e

B/(λε).

The smoothness of the function F ` can be finished in a similar manner. �

Now we are ready to show complexity results for V-SGD, V-MLMC, and RT-MLMC schemes.
V-SGD Without loss of generality, we take the batch size no

L = 1. According to Proposition EC.2,
parameters for V-SGD scheme satisfy

∆F := λε exp (2B/(λε)) · 2−(L+1), σ2 :=L2
f .

To obtain δ-optimal solution, we set

2∆F ≤
δ

2
,

√
2SF c2σ2V (θ1, θ

∗
)

κT
≤ δ

2
.

As a consequence, we specify the following hyper-parameters to meet the above requirements:

L=

⌈
1

log 2

[
log

2λε exp(2B/(λε))

δ

]⌉
, Tin =

⌈
8SF c

2L2
fV (θ1, θ

∗
)

κδ2

⌉
, γ =

√
2κV (θ1, θ

∗
)

SF c2L2
fTin

.
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V-MLMCWhen taking the inner approximation sample size n` = d2−`Ne for someN > 0, it holds that

∆F := λε exp (2B/(λε)) · 2−(L+1), σ2 :=L2
f exp (4B/(λε)) (L+ 1)N−1.

To obtain δ-optimal solution, we set

2∆F ≤
δ

2
,

2SF c
2V (θ1, θ

∗
)

κTin

≤ δ

2
, σ2 ≤ δ

2
.

As a consequence, we specify the following hyper-parameters to meet the above requirements:

L=

⌈
1

log 2

[
log

2λε exp(2B/(λε))

δ

]⌉
, Tin =

⌈
4SF c

2V (θ1, θ
∗
)

κδ

⌉
, N =

2L2
f (L+ 1)e4B/(λε)

δ
.

RT-MLMC Without loss of generality, we take the batch size no
L = 1. When taking the probability

q` ∝ 2−`, it holds that

∆F := λε exp (2B/(λε)) · 2−(L+1), σ2 := 2L2
f exp (4B/(λε)) (L+ 1),

To obtain δ-optimal solution, we set

2∆F ≤
δ

2
,

2SF c
2σ2V (θ1, θ

∗
)

κTin

≤ δ2

4
.

As a consequence, we specify the following hyper-parameters to meet the above requirements:

L=

⌈
1

log 2

[
log

2λε exp(2B/(λε))

δ

]⌉
, Tin =

⌈
16SF c

2V (θ1, θ
∗
)L2

f exp (4B/(λε))

κδ2
· (L+ 1)

⌉
.

EC.6.3. Sampling Algorithm in Remark 7
In this subsection, we present an algorithm that generates samples from Qε, where the density
function

dQε(z)

dz
∝ exp

(
−Vε(z)

)
, Vε(z) := ‖z‖2p

One can use the unadjusted Langevin algorithm for sampling:

dXt =−∇Vε(Xt)dt+
√

2dBt,

where {Bt} is a multi-dimensional Brownian motion. As the time index t→∞, the distribution Xt

will converges to a stationary distribution Qε exponentially fast. Also, for practical implementation
we use the discreterized version of SDE for sampling:

Xk+1 =Xk− γ∇Vε(Xk) +
√

2γZk+1, where Zk+1 ∼N (0, Id). (EC.10)

In particular, the function Vε(z) is continuously differentiable with

∇Vε(z) = 2‖v‖2−pp sign(v)|v|p−1.

Hence, the iteration (EC.10) returns a distribution that is τ -close to Qε in terms of KL-divergence
distance within O(1/τ) iterations.
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EC.6.4. Proof of Remark 8
If employing the BSAA technique, the estimation of optimal solution of (8) is given by the optimal
value of the following problem, where the objective function is a biased estimate of the objective in
(8):

min
θ∈Θ

{
F̂n,m(θ) :=

λε

n

n∑
i=1

log

(
1

m

m∑
j=1

efθ(zi,j)/(λε)

)}
. (EC.11)

Here {xi}ni=1 are samples i.i.d. generated from P̂, and for fixed xi, samples {zi,j}mj=1 are i.i.d. gener-
ated from Qxi,ε. Leveraging existing results in [54, Corollary 4.2], we present the following sample
complexity analysis of BSAA problem.
Proposition EC.3 (Sample Complexity for BSAA Problem). Assume the following conditions hold:

(I) The constraint set Θ is bounded with diameter DΘ <∞
(II) For fixed z and θ1, θ2, it holds that |fθ1(z)− fθ2(z)| ≤Lf‖θ1− θ2‖2.
(III) The loss function f satisfies 0≤ fθ(z)≤B for any θ ∈Θ and z ∈Z.

Suppose we specify parameters for (EC.11) as

m=

⌈
2λεe2B/(λε)

δ

⌉
, n=O(1)

B2 + 4Bλεe2B/(λε)

δ2

[
d log

(
8eB/(λε)LfDΘ

ε

)
+ log

(
1

α

)]
,

then with probability at least 1−α, the solution to the SAA problem (EC.11) is an δ-optimal solution of
(8).
The sample complexity of BSAA problem is of Õ(δ−3), which is much worse than Õ(δ−2), i.e., the
complexity of first-order method used in our paper. Hence, we conclude that it takes considerably less
time to implement the BSMD step directly rather than solving the SAA problem.
Proof of Proposition EC.3 We first verify the technical assumption imposed in [54, Corollary 4.2].

Specifically, one can show that
(a) The mapping φ : [1, eB/(λε)]→ R such that φ(x) = λε log(x) is λε-Lipscthiz continuous and

λε-smooth, and the mapping gz(·, x) : Θ→R such that gz(θ,x) = efθ(z)/(λε) is eB/(λε)Lf/(λε)-
Lipschitz continuous.

(b) The variance

max
θ∈Θ

Varx∼P̂

(
λε log

(
EQx,ε

[
efθ(z)/(λε)

]))
≤max

θ∈Θ
Ex∼P̂

(
λε log

(
EQx,ε

[
efθ(z)/(λε)

]))2

≤B2.

(c) The variance

max
θ∈Θ,x∈supp(P̂)

EQx,ε
(
efθ(z)/(λε)−EQx,εe

fθ(z)/(λε)
)2

≤ max
θ∈Θ,x∈supp(P̂)

EQx,εe
2fθ(z)/(λε)

≤e2B/(λε).

(d) The mapping φ satisfies |φ(·)| ≤B, and the mapping gz(·, x) satisfies |gz(·, x)| ≤ eB/(λε).
Therefore, from [54, Corollary 4.2], we know that to obtain δ-optimal solution with probability at
least 1−α, sample sizes m,n need to satisfy

n≥O(1)
B2 + 4Bλεe2B/(λε)

δ2

[
d log

(
8eB/(λε)LfDΘ

ε

)
+ log

(
1

α

)]
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and
m≥ 2λεe2B/(λε)

δ
.

�
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Appendix EC.7: Proofs of Technical Results in Section 4.2.2
Here we provide bounds for two basic statistics: Var (a`(θ, ζ`)) and Var (A`(θ, ζ`)). First,

Var
(
a`(θ, ζ`)

)
≤E

[
a`(θ, ζ`)

]2
=E

λε log

 1

2`

∑
j∈[2`]

exp

(
fθ(z

`
j)

λε

)2

≤B2,

where the last inequality is because 0≤ fθ(z`j)≤B. Next, we find

Var
(
A`(θ, ζ`)

)
≤E

[
A`(θ, ζ`)

]2
=E

∣∣∣∣12
(
U1:2`(θ, ζ

`)−U1:2`−1(θ, ζ`)

)
+

1

2

(
U1:2`(θ, ζ

`)−U2`−1+1:2`(θ, ζ
`)

)∣∣∣∣2
≤ 1

2
E
∣∣∣∣U1:2`(θ, ζ

`)−U1:2`−1(θ, ζ`)

∣∣∣∣2 +
1

2
E
∣∣∣∣U1:2`(θ, ζ

`)−U2`−1+1:2`(θ, ζ
`)

∣∣∣∣2
≤ λ2ε2

2
E
∣∣∣∣ 1

2`

∑
j∈[2`]

exp

(
fθ(z

`
j)

λε

)
− 1

2`−1

∑
j∈[2`−1]

exp

(
fθ(z

`
j)

λε

)∣∣∣∣2

+
λ2ε2

2
E
∣∣∣∣ 1

2`

∑
j∈[2`]

exp

(
fθ(z

`
j)

λε

)
− 1

2`−1

∑
j∈[2`−1+1:2`]

exp

(
fθ(z

`
j)

λε

)∣∣∣∣2

=
λ2ε2

4
E
∣∣∣∣ 1

2`−1

∑
j∈[2`−1]

exp

(
fθ(z

`
j)

λε

)
− 1

2`−1

∑
j∈[2`−1+1:2`]

exp

(
fθ(z

`
j)

λε

)∣∣∣∣2
≤ λ2ε2

4
· 2exp (2B/(λε))

2`−1

= λ2ε2e2B/(λε) · 2−`.

Lemma EC.5 (Cramer’s Large Deviation Theorem). Let X1, . . . ,Xn be i.i.d. samples of zero-mean
random variableX with finite variance σ2. For any δ > 0, there exists ε1 > 0 such that for any ε∈ (0, ε1),
it holds that

Pr

(∣∣∣∣∣ 1n
n∑
i=1

Xi

∣∣∣∣∣≥ ε
)
≤ 2exp

(
− nε2

(2 + δ)σ2

)
.

We first present the complexity of estimating objective value of a feasible solution θ based on MLMC
estimators.

Proposition EC.4 (Complexity of MLMC Objective Estimators). Assume that Assumption 2(II)
holds, then with properly chosen hyper-parameters of objective estimators in (14), the following results
hold:

(I) The total cost of V-SGD scheme for estimating objective value for fixed θ up to accuracy error δ,
with probability at least 1−α, is of O

(
log 1

α
· δ−3

)
;

(II) The total cost of V-MLMC or RT-MLMC scheme for estimating objective value for fixed θ up to
accuracy error δ, with probability at least 1−α, is of Õ

(
log 1

α
· δ−2

)
.

The configuration of optimization hyper-parameters is provided in the following:

V-SGD : L=O

(
log

1

δ

)
, no

L =O

(
1

δ2
· log

1

α

)
;
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V-MLMC : L=O

(
log

1

δ

)
,N = Õ

(
1

δ2
· log

1

α

)
;

RT-MLMC : L=O

(
log

1

δ

)
, no

L = Õ

(
1

δ2
· log

1

α

)
.

Proof of Proposition EC.4 First, we pick L such that |FL(θ)−F (θ)| ≤ δ
4
, i,e.,

L=

⌈
1

log 2

[
log

2λε exp(2B/(λε))

δ

]⌉
.

Assume we have the estimator V (θ) such that E[V (θ)] = FL(θ) and Var(V (θ))<∞.{
|F (θ)−V (θ)|> δ

2

}
⊆
{
|FL(θ)−V (θ)|> δ

4

}
. (EC.12)

Then by the relation (EC.12) and Lemma EC.5, it holds that

Pr
{
|F (θ)−V (θ)|> δ

2

}
≤ Pr

{
|FL(θ)−V (θ)|> δ

4

}
≤ 2exp

(
− δ2

16(δ′+ 2)Var(V (θ))

)
. (EC.13)

Specially, we find V V-SGD(θ), V V-MLMC(θ), V RT-MLMC(θ) are all unbiased estimators of FL(θ) with

Var
(
V V-SGD(θ)

)
≤ 1

no
L

Var
(
aL(θ, ζLi )

)
≤ B2

no
L

,

Var
(
V V-MLMC(θ)

)
≤

L∑
`=0

1

n`
Var

(
A`(θ, ζLi )

)
≤ λ2ε2e2B/(λε) · (L+ 1)N−1,

Var
(
V RT-MLMC(θ)

)
≤ 1

no
L

L∑
`=0

1

q`
Var

(
A`(θ, ζLi )

)
≤ λ2ε2e2B/(λε) · (L+ 1) · (no

L)−1.

The concentration for V-SGD scheme becomes

Pr
{
|F (θ)−V V-SGD(θ)|> δ

2

}
≤ 2exp

(
− δ2no

L

16(δ′+ 2)B2

)
.

To make the desired coverage probability, we take

no
L =

16(δ′+ 2)B2

δ2
· log

2

α
.

The concentration for V-MLMC scheme becomes

Pr
{
|F (θ)−V V-MLMC(θ)|> δ

2

}
≤ exp

(
− Nδ2

16(δ′+ 2)λ2ε2e2B/(λε)(L+ 1)

)
.

To make the desired coverage probability, we take

N =
16(δ′+ 2)λ2ε2e2B/(λε)(L+ 1)

δ2
· log

2

α
.

Similar to the analysis of V-MLMC scheme, we specify the following parameter to make RT-MLMC
scheme satisfies the desired coverage probability:

no
L =

16(δ′+ 2)λ2ε2e2B/(λε)(L+ 1)

δ2
· log

2

α
.
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Finally, we provide the proof for Theorem 3.
Proof of Theorem 3 When running the BSMD step, we obtain θ̂ such that

E
[
F (θ̂)−F (θ∗)

]
≤ δ.

Based on Markov’s inequality, it holds that

Pr
{
F (θ̂)−F (θ∗)≤ 2δ

}
≥ 1

2
.

When running the BSMD step for m := dlog2
2
η
e times, it holds that

Pr
{

min
i∈[m]

F (θ̂i)−F (θ∗)≤ 2δ

}
≥ 1− 1

2m
≥ 1− η

2
.

We specify the error probability α= η
2m

in Proposition EC.4 when running the sampling step. Then
with probability at least 1−mα= 1− η

2
, it holds that

max
i∈[m]

∣∣∣∣F (θ̂i)−V (θ̂i)

∣∣∣∣≤ δ.
Combining those two relations, it holds that

Pr
{∣∣∣∣min

i∈[m]
V (θ̂i)−F (θ∗)

∣∣∣∣≤ 3δ

}
≥ 1− η

2
−mα= 1− η.

The overall computation cost in Algorithm 2 is

m ∗
{
Cost(estimating optimal solution of (8) once) +Cost(estimating objective value of (8) once)

}
.

The memory cost is

max

{
Cost(estimating optimal solution of (8) once),Cost(estimating objective value of (8) once)

}
.

(I) When running the BSMD step with V-SGD scheme and estimating the objective values using
V-MLMC or RT-MLMC scheme, the computation cost becomes

m ∗O(δ−3) +m ∗ Õ
(
δ−2 · log

m

η

)
=O

(
δ−3 · polylog1

η

)
.

The memory cost becomes

max

{
O(δ−1), Õ

(
δ−2 · log

m

η

)}
= Õ

(
δ−2 · polylog1

η

)
.

(II) When additionally the smoothness assumption holds, if running the BSMD step and estimating
the objective values using V-MLMC or RT-MLMC scheme, the complexity becomes

m ∗ Õ(δ−2) +m ∗ Õ
(
δ−2 · log

m

η

)
= Õ

(
δ−2 · polylog1

η

)
.

The memory cost becomes

max

{
Õ(δ−1), Õ

(
δ−2 · log

m

η

)}
= Õ

(
δ−2 · polylog1

η

)
.



ec27

Appendix EC.8: Proofs of Technical Results in Section 4.2.3
A key technique to show Theorem 4 is the following complexity result on bisection search with inexact
oracles.

Lemma EC.6 (Complexity for Noisy Bisection [30, Lemma 33]). Let f : R→R be aB-Lipschitz and
convex function defined on the interval [`, u], and G : R→R be an oracle so that |G(y)− f(y)| ≤ δ̃ for
all y. With at most

1 + 2

⌈
log3/2

B(u− `)
δ̃

⌉
calls to G, the algorithm OneDimMinimier [30, Algorithm 8] outputs y′ so that

f(y′)−min
y

f(y)≤ 4δ̃.

Proof of Theorem 4 Since fθ(z) is convex in θ, one can check that the objective F (θ;λ) is jointly
convex in (θ,λ), and therefore the objective F ∗(λ) is convex in λ. Also, by danskin’s theorem, we find

∂

∂λ
F ∗(λ) = ρ+EP̂

[
ε log

(
EQx,εe

fθ∗ (z)/(λε)

)]
−EP̂

[
EQx,εe

fθ∗ (z)/(λε)fθ∗(z)

λEQx,εe
fθ∗ (z)/(λε)

]
.

Since 0≤ fθ(z)≤B, we find

0≤EP̂

[
ε log

(
EQx,εe

fθ∗ (z)/(λε)

)]
≤ B

λ
≤ B

λ`

and
0≤EP̂

[
EQx,εe

fθ∗ (z)/(λε)fθ∗(z)

λEQx,εe
fθ∗ (z)/(λε)

]
≤ eB/(λε)B

λ
≤ eB/(λ`ε)B

λ`

Therefore, the subgradient of F ∗(λ) is bounded:∣∣∣∣ ∂∂λF ∗(λ)

∣∣∣∣≤Lλ , ρ+
B

λ`

[
1 + eB/(λ`ε)

]
.

In summary, F ∗(λ) is a Lλ-Lipschitz and convex function defined on [λ`, λu]. Applying Lemma EC.6
with δ̃ := δ/4 together with the union bound, we are able to find the optimal multiplier up to accuracy
δ with probability at least 1− η by calling the oracle F̂ for

1 + 2

⌈
log3/2

4Lλ(λu−λ`)
δ

⌉
times.
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Appendix EC.9: Proof of the Technical Result in Appendix A
We first present an useful technical lemma before showing Proposition 1.

Lemma EC.7. Under the first condition of Proposition 1, for any x∈Z, it holds that∫
e−c(x,z)/ε dν(z)≥ e−2p−1c(x,x)/ε

∫
e−2p−1c(x,z)/ε dν(z).

Proof of Lemma EC.7 Based on the inequality (a+ b)p ≤ 2p−1(ap + bp), we can see that

c(x, z)≤ (c(y, z)1/p + c(z, y)1/p)p ≤ 2p−1(c(y, z) + c(z, y)), ∀x, y, z ∈Z.

Since c(x, z)≤ 2p−1(c(x, z) + c(x,x)), we can see that∫
e−c(x,z)/ε dν(z)≥ exp

(
−2p−1c(x,x)/ε

)∫
e−2p−1c(x,z)/ε dν(z).

The proof is completed.
�

Proof of Proposition 1 One can see that for any x∈ supp(P̂), it holds that

EQx,ε
[
ef(z)/(λε)

]
=

∫
ef(z)/(λε) e−c(x,z)/ε∫

e−c(x,u)/ε dν(u)
dν(z)

≤
∫
ef(z)/(λε) e−c(x,z)/ε∫

e−2p−1c(x,z)/ε dν(z).
dν(z)

≤
∫
ef(z)/(λε) e

−21−pc(x,z)/εec(x,x)/ε∫
e−2p−1c(x,z)/ε dν(z)

dν(z)

=
ec(x,x)(1+2p−1)/ε∫
e−2p−1c(x,z)/ε dν(z)

∫
ef(z)/(λε)e−21−pc(x,z)/ε dν(z),

where the first inequality is based on the lower bound in Lemma EC.7, the second inequality is based
on the triangular inequality c(x, z)≥ 21−pc(x, z)− c(x,x). Note that almost surely for all x∈ supp(P̂),
c(x,x)<∞. Moreover,

0<

∫
e−2p−1c(x,z)/ε dν(z)≤

∫
e−c(x,z)/ε dν(z)<∞,

where the lower bound is because c(x, z) <∞ almost surely for all z, the upper bound is because
c(x, z)≥ 0 almost surely for all z. Based on these observations, we have that

EQx,ε
[
ef(z)/(λε)

]
≤ ec(x,x)(1+2p−1)/ε∫

e−2p−1c(x,z)/ε dν(z)

∫
ef(z)/(λε)e−21−pc(x,z)/ε dν(z)<∞

almost surely for all x∼ P̂.
�
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