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In this paper, the problem of exponential synchronization of semi-Markov jump stochastic complex dynamical networks using
nonuniform sampled-data control with random delayed information exchanges among dynamical nodes are discussed. In
particular, it is considered that random delayed information exchanges follow a Bernoulli distribution, in which stochastic
variables are used to model randomness. To achieve exponential synchronization, we designed a nonuniform sampled-data
control approach. By constructing an appropriate Lyapunov-Krasovskii functional and using the Wirtinger inequality, sufficient
criteria were obtained in terms of linear matrix inequalities. Finally, numerical examples were implemented to demonstrate the
effectiveness and superiority of the proposed design techniques.

1. Introduction

In the past few decades, complex dynamical networks
(CDNs) have attracted increasing attention in many real-
world applications such as power grids, the World Wide
Web, cellular networks disease, transmission networks,
traffic networks on roads, electricity distribution, neural
networks, linguistic networks, and aviation networks. In
general, a CDN consists of a vast set of associated nodes,
which constitute the basic elementary units with definite
dynamics. The complexity of these networks results in
significant practical problems. Therefore, analyses of the
topological properties and dynamical behaviors of the
network nodes have been extensively conducted by many
researchers [1-3]. Additionally, they have made significant
efforts to examine and implement large-scale dynamical
systems in fields of science and engineering. It is worth
mentioning that CDNs can be expressed by differential

equations demonstrating various dynamical behaviors such
as self-organization, spatial-temporal chaos, synchroniza-
tion, and spiral waves. Among these, synchronization is a
key issue that has been extensively investigated [4-6]; it finds
applications through synchronous communication and
signals synchronization in geostationary satellites, syn-
chronous motors, and databases. It is well known that the
process of synchronization between two or more nodes aims
to attain common trajectories by tuning a set of prescribed
properties. In [7], global cluster synchronization via ape-
riodic intermittent control was proposed. Zhao et al. [8]
studied the exponential synchronization of delayed CDNs
under nonfragile sample data control, and Dai et al. [9]
proposed an event-triggered mechanism with the objective
of obtaining exponential synchronization for time-varying
inner-coupling CDNs. In addition, in [10], a sampled data
control scheme was adopted for exponential synchroniza-
tion of CDNs with Markov jump, whereas in [11] a
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nonfragile sampled-data controller for exponential H,
synchronization of CDNs was examined. Therefore, it is
more general and relevant to consider the exponential
synchronization of CDNG.

Besides, it should be noted that CDNs are often subject
to noisy environments and perturbations. In real-life sce-
narios, unpredicted modifications of the external environ-
ment or uncertainties lead to random fluctuations, which
results in a noisy environment during signal transmission.
Hence, stochastic modeling has become more significant for
handling random fluctuations in realistic dynamical be-
haviors of complex networks. Recently, many researchers
have focused on investigating synchronization problems in
stochastic complex dynamical networks. However, time
delays occurring in such systems can degrade the perfor-
mance or damage the synchronization process. It is essential
to consider time delays in the synchronization problem of
CDNess. In practical situations, during information exchange
between the nodes, a time delay may occur, and in some
cases, randomness may also emerge in delayed information
exchanges, which is a more tedious problem to address.
These random delayed information exchanges are handled
using a stochastic variable that satisfies the Bernoulli dis-
tribution. Therefore, it is necessary and practical to consider
random delayed information exchanges between nodes in
the study of CDNs [12].

Nowadays, more attention has been concentrated on
the study of semi-Markov jumps in CDNs. In general, the
abrupt variation occurring in communication topologies
may lead to repairs and failures of components owing to
sudden environmental changes, unstable systems, and
interdependence among various points of a nonlinear
plant. To overcome these practical problems, this class of
systems is modeled using transitions according to the
Markov chain methodology. Ye et al. [13] and Ma et al. [14]
studied the synchronization of a class of semi-Markov
jump CDNs. In Markov jump CDNs, the transition rates
are constant, whereas, in semi-Markov jump CDNs,
varying transition rates are exploited [15, 16]. Moreover,
Markov-jump systems have limitations in their application
because the time duration between two jumps is considered
as a sojourn time that follows an exponential distribution in
which the jump speed stochastic process is independent of
the history, whereas in a semi-Markov jump process, the
sojourn time obeys a nonexponential distribution, which
not only depends on the present time but also on the
sojourn time. Therefore, semi-Markov jump CDNs are
more generic than Markov-jump CDNs and can deal with
the highly complex factors occurring in systems [16, 17].
The authors, in [18], discussed about stochastic complex
dynamical networks with the semi-Markov process. Also,
the authors of [19, 20] and [21] have studied about semi-
Markov jump systems. In addition, most real-time systems
are affected by external noise factors and stochastic dis-
turbances. Hence, it should be noted that stochastic dis-
turbances are inevitable in the study of the synchronization
of CDNs. Therefore, it is important to investigate stochastic
CDNs subject to a semi-Markov jump topology and sto-
chastic disturbances.
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In general, all the dynamic behaviors of the nodes in
CDNss are not synchronized. Several control schemes have
been applied for the synchronization of CDNs. With the
rapid development of high-speed computers, digital con-
trollers are being used to control modern communication
systems. Hence, only at the discrete-time, instants will the
samples of the control input signals be employed; that is,
only at sampling instants will the information be sent to the
controller, which helps in reducing the amount of trans-
mitted information. In addition, communication bandwidth
is saved by implementing sampled-data control systems
[22, 23]. However, for the sake of greater use of modern
computer techniques, communication technology, and
digital hardware systems, sampled-data feedback control is
applied. This control plays a significant role in attaining low
consumption, high reliability, and simple system deploy-
ment [24-27]. At certain instants, the introduction of
suitable irregularities provides more benefits than classical
sampling methods. In addition, the main aim of using
different sampling schemes is to reduce the data size and
data loss and ensure higher accuracy. Therefore, it is im-
portant to consider nonuniform sample techniques that take
samples according to unequal time intervals [28]. These
techniques are applied in chemical engineering, network
control systems, nuclear magnetic resonance, automotive
applications, and sensing devices. Based on this idea, many
researchers focused on using nonuniform sampled-data
controllers [29-32].

The problem of synchronization of stochastic CDNs
constitutes a new challenge subjected to random time-
varying delays and stochastic disturbances within a semi-
Markov process. To handle stochastic disturbances, the
Wiener process plays an important role, and to overcome
these difficulties, a nonuniform sampled-data controller was
investigated to achieve higher accuracy. To the best of our
knowledge, no results have been reported concerning the
exponential synchronization of semi-Markovian stochastic
CDNs based on nonuniform sampled-data control subject to
random delayed information exchanges and stochastic
disturbance. Motivated by the above discussions, we derive a
new set of criteria for exponential synchronization of semi-
Markov stochastic CDNs with a Wiener process based on
nonuniform sampled-data control in terms of linear matrix
inequalities (LMIs). The main contributions of this study are
summarized as follows:

(1) In our work, as the first attempt, studies on the
synchronization problem for a class of stochastic
CDNess subjected to random time delay under semi-
Markov jump process and non-uniform sampled
data controller have been considered, altogether, in
which the challenging problem is that how to handle
randomly occurring time delay that occurs during
information exchange among the nodes and to attain
exponential synchronization.

(2) To handle this randomness, Bernoulli distribution
has been introduced, and also, a Wiener process
technique is implemented for handling stochastic
disturbances.
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(3) Furthermore, a suitable Lyapunov-Krasovskii
functional (LKF) is constructed to derive sufficient
conditions in terms of LMIs. Finally, developed
theoretical results are validated and achieved
through two numerical simulations.

This paper is organized as follows. The problem for-
mulation and preliminaries are presented in Section 2. The
main results are presented in Section 3. In Section 4, nu-
merical examples are presented to demonstrate the effec-
tiveness of the proposed approach. Finally, the conclusions
are presented in Section 5.

1.1. Notations. R' denotes the I-dimensional Euclidean
space and the set of all p x g real matrices is denoted as RF*4.
For any given matrix, M = [M;;],» MT and M~ denote
the transpose and inverse ofM, respectively. The elements
presented below the main diagonal of the symmetric matrix
are denoted as *. The notation X >0 (X >0) for X € R"” x R"
implies that the matrix X is a real symmetric positive definite

(positive semi-definite) matrix, and I is the identity matrix.
diag{...} denotes a block diagonal matrix. For a given
matrix, the largest eigenvalue is ®,,,(.). Given any two
matrices, 7 € R”™ and & € R, their Kronecker product
is denoted as I ®§. The complete probability space

E, #, P) in which filtration {F,}, . , satisfies that it contains
all P— null sets and is always right-continuous. L;O ([=¢,0])
denotes the family of all #, measurable € ([-(, 0]; R") with

random  variables ¢ ={p(s): {(<s<0}, such that
sup [E||gv(s)||P < 00, where || - | denotes the Euclidean norm
—(<s<0

in R”, and E{} indicates the mathematical expectation
operator.

2. Problem Formulation and Preliminaries

Consider a class of semi-Markov jump CDNs consisting
of N identical coupled nodes defined over a probability
space (B,%,P) whose network model is designed as
follows:

N N
dx, (t) = [An(t)xq 0+ f(t.x, (1) + 1-0(t) Zl by Ly 0%, (B) +0(t) Zl by L%, (= @ () + 1y () |dt

W, pdr (D),
xq(t) = ‘Pq(t)th € [_(@,0],q= 1a2)--~)Na

where X, (t) € R” denotes the state vector, u, (t) represents
the control input, A, ) is the given matrix, f (¢, x,(¢)) is a
nonlinear vector-valued function, g (t) denotes the time-
varying delay satisfying 0<gp(t)<gp, with @(¢)<», T,
indicates the inner coupling positive diagonal matrix, and
B = (by)nxn € RN*N represents the outer coupling matrix
that provides the topological structure of the networks. If
there is a connection between node g and node r (g # r), then

(1)

b, #0; otherwise, b,, = 0. The diagonal elements are con-
sidered to be b, = _Zil,r;eqbqw where r=1,2,...,N;
W, indicates the Wiener process matrix, which is con-
sidered to be an appropriate dimensional matrix, in which
7(t) is a standard one-dimensional Wiener process on the
given probability space (8, %,P) with [E{dr(¢) =0},
E{dz?(t) = dt}; and o (t) denotes the stochastic variable that
follows the Bernoulli distributed sequence:

® { 1, information exchange happen during delay, @)
o= 0, information exchange does not happen during delay.
Let {5(t),t>0}, be a continuous-time homogeneous are taken in a finite set S = {1, 2, ..., #} with the transition
semi-Markov process that is defined on a probability space ~ probability matrix IT= {Hij (A)} given by
(E, #, P) with right-continuous trajectories, and the values
Priy(t+4) = jlg (1) = i} = 1 U (R4 +0(A),i# )1+ H (&) +o(a)i=j (3)

where the small o - notation o0(A) defined as
lim,_;(0(A)/A) =0, A>0 represents the sojourn time in
the semi-Markov process, ]_[,»j(A) >0 for i# j is the tran-
sition rate from mode i at a time ¢ to mode j at the time

(t+4), and [];; (8) = =X jeq jwil 1ij (A)-

To derive the main results of this study, the following
assumptions were made:

(A1) The vector-valued continuous function, f: R" — R”"
satisfies the following sector-bound condition:
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[f(tx®) - fty@) -Ux- I [f(6Ex®) - £ (& y () -V (x - )] <0, (4)

for every x, y € R", where U and V are suitable
constant matrices.

(A2) If o(¢) is the Bernoulli distributed sequence, then
the given probability conditions satisfy

(i) Prob{o(t) = 1} = Efo(t)} = 0,

(ii) Prob{o(t) =0} =1—-E{o(t) = 1} — g,, where
0<p,<1, is a constant.

N N
dz, (t) = [Aq(t)zq )+ f(t2, () + (1 - (1) Zl by L0z, (1) + (1) Zl by Ly (t—p (1) +u, (t)] dt

+ W, 02, (t)dz (1),

n(t

where g (t, z, ) =f(, X, (1)) = f (t,s(¢)). The controller is
defined as follows:

u, (te) = Kyy0y2q (te)s

where the control signals are represented by a sequence of
sampling times satisfying 0=1t,<t; < .-+ <f; <--- for
lim #; =+o0o, such that only u,(f;) is available for the
fntéRal t, <t <t,,,, and z, (t;) is the discrete measurement
of z,(t) at sampling instant ;. The sampling period T is

te<t<tp (6)

(A3) The sampling period A (t) is bounded by 4 > 0, such
that 0<t,,; —t, <h,0<h(t)<h.

Based on the aforementioned conditions, for N identical
nodes (1) synchronized to a general value, the synchronization
error is constructed as z, (1) = X, (t) — s(t), where s(t) € R"
denotes the state vector ot the unforced isolated node satisfying
ds(t) = [A, s () + f(t,s(¢))]dt, which is assumed to be
noise-free. Therefore, the error system is defined as follows:

(5)

defined as T t,, — t;, which is not constant. Therefore, the
sampling period is considered to be t;,, —t;, = h(t) <h for
any integer k > 0, where h > 0 represents the largest sampling
interval and h(t) =t —t,Vt € [t,t;,,). Hence, the non-
uniform sampled-data controller is constructed as follows:

Uy (tr) = K,z (t=h(t)), h(t)<h te [t tisr)- (7)

Implementing the designed control input (7) into (5)
yields

N N
dz, (t) = [Aw)zq ) +g(t 2, () + (1= 0(1) Y by, T, 2, (8) + 0(£) Y by T, 2, (t = 0 (1))
r=1

+ K,y (t - h(t))]dt + W02, (AT (D),

where K, indicates a set of nonuniform sampled-data
feedback controller gain matrices that are to be determined.
For convenience, matrices A,),T,y, and W, are

dz(t) = [(In®A)z(t) + G (t,z (1) + (1 - o(t)) (BOT,)z () + o (t) (B&T,)z (t - o (£))

(8)

represented by A;,T;, and W, respectively, for i € S. With
the aid of Kronecker product properties, the compact form is
obtained as follows:

(9)

+ (Iy®K;)z(t - h(t)]dt + Wz (t)dr (1),

where z (t) = [2] (t), 2L (t),.... 2L ()], G(t,z(1) = [4" (¢,
z, (1), ... g  (t,zy )], K; = diag{K,, K,, ..., Ky}

The following definitions and lemmas were used to
derive the main results.

%emma 1 (see [18]). The noise intensity function
w(t, z;(t),z; (t —p(t), R* xR"xR" — R" is uniformly
Lipschitz continuous in terms of the following inequality of the
trace inner product.

trace{t/t\)T (t2:(0), 2, (t — () (1.2, (1), 2, (t — gJ(t)))} <ni2l (02, (1) + L2l (- ()2, (t - p (D)), (10)
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where 1;,{;(i = 1,2,...) are non-negative real constants.

t-F T
U~ L_% 2 (5)Zz (s)ds < —(J

(#-7) Jij Jt 2T ()72 (u)duds < —(J

2

Lemma 3 (Ito formula) (see [34]). Consider the time-varying
stochastic system of the form

dx = f(t, Qi(t))dt + h(t, . (t))dr(t),

Lemma 2 (see [33]). For any positive definite matrix Z, with
scalars 0< L < U, the following integration holds:

t-& T t-&
z(s)ds> Z(J z(s)ds),
% %
P ot T -~ ot
y Lz(u)duds) Z(L_% Lz(u)duds).

where T (t) is an independent r-dimensional standard Wiener

t>0,e(t),n(t); is given by

qrocess The mf}mteszmal generator of the Markov process
)
(12)

6V =7, (180 + 7, (6 @) £, )| + S trace W (27 (1 6D E ), (13)

where 7, (t e(t)) —/\(B‘W(t e(t))/at) ‘WA (t e(t))
(07 (t, e(t))/ael,a"Y(t e(t))/ae/% .07 (¢, e(t))/ae ), and
Vot e(t) = (Y (1, e(t))/aee )

“The expansion of the above equatzon is realized according
to the following algebraic operations:
dt dt =0,dt dr(t) = 0,dt(t)d7(t) = t, which in turn follow
the properties of stochastic effects.

Definition 1 (see [35]). CDNs are said to be exponentially
synchronized, that is, the considered closed-loop error
dynamics are exponentially stable if there exist positive
constants §, 9 such that the following condition holds:

E{lZ 0’} < 9e*&sup_max{y,p}g¢gotE{ (12 (I, 12 (¢) ||]2}.
(14)

N
Sy =) ;P +B, +B,+B;-C, -C, -
i=1

+ W, PW, -y,

2
12 = 0P (BOT;) +C1,F1y = PK, +Cy, Fi = EDI’SU =

3. Main Results

This section presents the sufficient conditions for the con-
sidered CDN model (1) to guarantee exponential synchro-
nization. Specifically, the exponential stability of the error
system (5) is obtained, and turns up (1) is synchronized.
Additionally, nonuniform sampled-data control was con-
sidered; it was derived in terms of LMIs.

Theorem 1. For given positive scalars, g, € [0, 1], g, h, v, the
error system (5) is exponentially mean-square stable with
known controller gain K; satisfying conditions (A1) - (A3); if
there exist real symmetric matrices P;, B,,B,,Bs;,C,,
C,,D,,D,,F,,F,, then the following LMIs hold:

- [ [Bis)oes

0 ]
<0, (15)
« -3

cR

where

n=01- ”)e_zﬁpBl -C 353 =C333 = _e_zﬂsz -C,-D,, 33

2
—2Bh
Bas = Cy, Jss = —e g By - C, - 2F,, 35, =ﬁF2’366 Z?Dl

—2F, +2BP; +2P,(Iy® A;) + 2(1 — 0,)P; (B®T;)
2 A —
EF1>1$18=_Y%+P1"

20 20 o 2. 2,
pz 2877 PERR
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Sss = VL3 =81C, +8,C; + 83Dy +64D; + @5 Fy + 86F5, 81 = %(1 - ezﬁp)’

h 1 e -1 P hoo1 26
92:_(1_62ﬂh)7g3:£+_2 ¢ 2>g4 e—z_pe g5 e —
23 28 4B 4B 4p? ap 2B 2ﬁ 4p® 4B
o - —_1+ﬂ_ he*F" - (IyoU) (IyeV) N (Iyo V)" (Iy8U)
6 4/32 4/32 zﬂ > 2 2 >
T T
& Uno®U IyeV
EB=(N ) ;(N ) LU =diag{u,u,...,u},V =diag{v,v,...v} . (16)
N times N times
The remaining parameters are set to zero. V(z(t),t,i) = Z V. (2 (1), 1,0), (17)

Proof. Consider the following Lyapunov-Krasovskii

. where
functional:

V,(z(t),t,i) = 2" (1)Pz (1),

V(2 (Oti) = j

t t
et (s)B;z(s)ds + J‘ et (s)B,z (s)ds + J et (s)B3z (s)ds,
(1) h

t—gp t—

0 t 0 t
V(20 4i) = pj J 0T (9C 5 (s)ds db + hJ j 0T (90,5 (s)dsdo,
P N (18)

0 0 t 0 A t
V,(z(0),6,i) = J J J 0T (9D, 2 (5)dsd6 d +J I J PPE0ZT (9D, (5)dsd6d),
—pJr )0 —© t+60

0 (0 (t 0 (u ot
V5(z(t),t,i)=J J J ezﬁ(s_e)z'T(s)Flz'(s)dsdey+J J j 05T (GF, 2 (5)dsdOdu
-hJuJt+6 -hJ-hJt+0

The time derivative of V (¢) is manipulated as follows:

E{C (V,(z(t),1,1))} = 2B 2" (1)Piz (1) + 2*' 2" ()P, [(Iy ® A))z (1) + G (1, 2(£)) + (1 — o(1)) (B®T,)z (1)
+o(t)(BeT)z(t—p (1) + Kiz(t — h(t))]dt + e’ trace[z (t)Wi PW;z t)]

N (19)
+ Y Iz (H)Pz(b),
j=1
E{C(V,(z(t), i)} = ¥ [T (B2 (1) + 2" ()B,z(t) + 2" ()Bsz ()] + (1 - 0¥ V2" (¢ - p (1)) (0
Biz(t - (1) - 2" (t - 0)B,z (t — ) — 2" (t — h)Byz (¢ - h),
E{C(V,(z(t),t,i)} = p JO (eP02T (1)C 2 (1) - P27 (1 +0)C 2 (¢ +6))do
—®
+h Joh( HEOZT (1)C 2 () - P27 (£+0)C,2 (¢ + 6))dO (21)

t

- Zﬂf{glzT (H)C,2(t) —p Jt 27 (s)C,2 (s)ds + g,2" (1)Cr2(t) — h J ) z (s)CZZ(s)ds]».
t—p

The integral terms are also considered:
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—p ()
o Jt 2T (5)C,2 (s)ds = —g Jt Y 902 (5)ds — o r 2T (5)C,2 (s)ds,
t—p t—p t—g (1) (22)
t t-h(t) t
—hJ z'T(s)CZZ(s)ds=—hJ zT(s)czz'(s)ds-hJ 2T (5)C,2 (s)ds.
t-h t-h t=h(t)
Applying Lemma 2, we obtain
RS DO I1O B o o | E10))
EE (Vs (2t} <e {glz(t)clz(t) [z(t—p(t))] [ * —Cl][z(t—p(t))
(ztt-p) ] [-C, € 1[z(t-p®) oo
_h e ] [ *1 —C11:|[ 2t -p) ]+gzz (H)C,z(t)
oz 1'[-¢, G z(t)
|z -h() x =C, || z(t-h(t)
Tz@-ren]'[-c, ¢ |[z¢-h) 23)
| z(t-h) x —C, || z(t-h)
0 0
E{C(V,(z(t),t,1))} = J j (¥ P2 ()D,z(s) - 27 (t + 0)D, 2 (¢ + 0) )d6dA
p0 A
[ (@ @Dz - ¢+ 0Dy + ) o
- J
0 t
- ezﬁt{g3z'(t)D1z'(t) - J I 2" (s)D,z (s)dsd) + g,2 (t)D,Z (t)
—p Jt+)
0 t+A (24)
—J J z'T(s)Dzzi(s)dsd/\}.
- Ji-p
By applying Lemma 2 to the integral terms in (24), we obtain
E{C (V,(z(t),t,i))} < ezﬁ‘{g3z'T(t)Dlz'(t) 22" (D, (1) + %ZT (t)D1<Jt z(s)ds)
t-p
+ é <Lp z(s)ds)DlzT (t) - é (Lp 2z (s)ds>D1<Lp z (s)ds>
(25)
+0,2" (D2 (1) — 22" (t — ) D,z (t — ) + ézT (t - p)D2<J z(s)ds)
t—p

2 t 2 t t
+ <Lp z(s)ds)DzzT (t) - p (JW z (s)ds>D2<J-t_p z (s)ds)},

E{C (V5 (z(),t,i)} = JO Ij [ O2T (s)F 2 (s) — 2T (t + O)F 2 (t + 0)|dO
-

0w
w0 OF 2 (du - 2T ¢+ OF, e+ 6)]do du
-h J-h

0t
= 1.2 (DF,2(t) -
e {Qsz() 12 (8) J-ipj

t+.

ST (F 2 (s)ds d + a5 (DF 2 (1) — Joh rﬂ; 3T ()P, 2 (s)ds dy}.
(26)
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By applying Lemma 2 to the integral terms in (24), we

obtain
T . T 27 t
gs2 (H)F,z(t) -2z (H)Fz(t) + Ez (t)F1<J . z(s)ds)
2 t T _i t T t
+ﬁ <Jt_h z(s)ds)Flz (t) X <L_h z (s)ds>F1<L_h z(s)ds)
E{C (Vs (z(1),1,i)} <™ ] s (27)
+842" ()F,2(t) - 22" (t — h)F,z (t — h) + %ZT (t- h)F2<r ) z(s)ds>
2 t T 2 t T t
- (jt—h z (s)ds)Fzz - (L_h . (s)ds>F2<L_h z (s)ds)
Based on (A2), for any scalar y >0, which can be written in the following simplified form:
H 1'[u D t
—Y[ 2(1) ] uxz [ =) <0, (28)
G(t,z(t)) * I |LG(t,z(1))
—yPUoﬁan+Gﬁnaﬂﬁfan+z%ﬂﬁcuﬂu»+60za»wzu)go (29)
Substituting expressions (19)-(27) into (17) and sub- Therefore,

tracting (29), we obtain

, 2Bt [ AT (e
EC(V(zn.nii<e [E{( (t)dlat)}’ (30) It follows from (31) and generalized Ito’s formula that we
where (T (1) = [z2() 2 (t — (1)) 2 (t — ) 2 (t — h (1)) 2 (¢ —h) have

Jtz@¢rhagacﬁumzm]

t—gp t—

E{CV (z(1),t,i)} <0, t € [ti_i>ty) (31)

t

E{C (V(2(t),1,1))} - E{C (V(2(0),0,1))} = JO E{€ (V(z(s),s,1))}ds <0,

®max (Pl) + ®maxBlAl + ®maxBZA1 + ®maxBSA2 + ®maxCIA3
[E{@(V(z(O),O,n(O)))}S [ (32)
+®maxC2A4 + ®maxl)lAS + ®maxD2A6 + ®maxF1A7 + ®maxF2A8
sup  Elz(s)I7,
max{p,h}ssso
where
(1 % 1 e © 1 g 1
R o e o [ e O o e
[ e 1 © pz] [ e 1 h hz]
As = BB A= L 33
Tlep’ @ ep 4B Lep’ @B e 4B =
T _p e © o 2P ng] [ _1 P g hz]
A, = - N - -~
"l @ e )T (@ @ e 4

From Definition 1, we have
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E{lz()I’} <e v

sup
max{p,h}ssSO

¥ - { ®max (Pz) + ®maxBlAl +0

+0,,..CA + 0O

max

Therefore, we conclude that the error system considered
n (5) is exponentially stable. O

Remark 1. Theorem 1 exclusively presents two notewor-
thy values based on the Lyapunov-Krasovskii stability
theory: (a) a new synchronization criterion for stochastic
CDNs (1) with random delayed information exchange
among the nodes under semi-Markov jump; and (b) a
design method of the nonuniform sample data controller
(6) that ensures the desired synchronization of the plant
(1). In order to achieve the desired synchronization, the

Elllz ()1,

DA + 0, DA +©

B,A, +© (34)

max max

B3 A, + 0,5, Ci Az }
F\A, +0O,, F,Ay )

max

synchronization even in the presence of randomly oc-
curring delays and nonlinearity under semi-Markov
jump. The results that were generated in this paper have
some potential benefits from an application viewpoint.

Theorem 2. For given positive scalars, o, € [0, 11, g, h, v, the
error system (5) is exponentially mean-square stable with
unknown controller gain K; satisfying conditions (Al) - (A3);
if there exist real symmetric matrices P;, B,,B,,B;,C;, C,,
D,,D,,F,,F,, then the following LMIs hold:

LKF was specifically constructed using double integral [S_ij]9x9<0’ (35)
terms in such a way utilizing the Wirtinger-type in-
equality. The primary benefit of the proposed method in ~ where
this paper is that it can guarantee the necessary
N
S1 = ) 1P, + B, + B, + By = C, — C, — 2D, - 2F, +2BP; + 2P, (Iy ® A;) + 2(1 - ) P; (B®T;)
i=1
+ W PW, - I,
= = = _ 2, & _2, & Ty
S12 = 0P (BOT) +C,F1y = X; +Cp, 6 = EDl’dw = EFI’LSIS =-yB+P,
_ 2
B =(1-7e ZISPB -C, 3 = C1)1$33 —e ﬁsz C, - 2D2’1536 - @DZ’SM =-C,,
2 2 2 2 2 (36)
= —2ph = = _ — = __
Bas = F B, +Cy, 855 = —C, = 2F,, §57 = EFsz()s = EDI _ED2’377 = ?Fl _ﬁFz)
37 = -yl 1599 =6,C, +8,C, + 83D, + 94D, + g5F; + g6 Fs
2P
P 280 B -h 2ph _® 1 e 1 pe
- T A5 l_e > __1_6 > ~h T ECE] - T 5 >
h 1 62/3 h 1 P pet
==, > — t—
T T T T e

The remaining parameters are set to zero. Moreover, the
controller gain matrices are given by K; = P;'X,,i € S.

Proof. Letus consider the same LKF as defined in Theorem 1
and follow the same procedure with an unknown gain
matrix K;. By setting X; = P,K;, we obtain (35). This
completes this proof. O

Remark 2. 1t is worth pointing out that a great number of
research works regarding the issues of synchronization of

CDNs have been reported in the recent literature, for in-
stance see [13-15]. Also, it should be noted that all the
aforementioned works do not consider stochastic behaviour
in the system. Recently, some interesting results on the
synchronization of stochastic CDNs behaviour have been
discussed [18, 22, 34]. However, the issues of the syn-
chronization of nonuniform samples data controller for
stochastic CDNs subjected to semi-Markov jump and
random delayed information exchanges has not been dis-
cussed in the literature. Thus, the main contribution of this
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paper is to fill such a gap through employing a nonuniform
control law for achieving synchronization of stochastic
CDNess in presence of semi-Markov jump and random delay
occurred during information exchanges, which makes this
work different from the existing works in stochastic CDNS.

Remark 3. In practical applications, randomness occurring
in the delays during the information exchanges are usually
inevitable owing to the influence of unexpectable changes.
More precisely, the existence of randomness is apparent in a
probabilistic manner. To handle this scenario, Bernoulli
distributed parameter o (t) is introduced in which it should
be noted that when g (¢) = 0 the considered stochastic CDNs
(1) reduces to general stochastic CDNs without delays,
which has been investigated in [12]. It should be noted that
such a description is considered for nonuniform sampled
data control law for synchronization of stochastic CDNs
with semi-Markov jump for the first time.

N N
dz,(t) = | Az, (1) + g(t.z, (1)) + (1= (1) Y b, Tz, (1) + 0 (1) Y b, Tz, (t - (1)) + Kz (t - h(t)) |dt
r=1 r=1

+ W (62, (1), 2, (t - p(£))dr(2),

whereW (t, zZ, (1), Z4 (t —(t))) denotes the noise intensity
vector-valued function.

Corollary 1. For given scalars
0 €[0,1,9>0,h>0,v>0,k;>0(i € S), the exponential
synchronization in the mean square of error system (37) can
be achieved via unknown control (7) with controller gain K;.

Complexity

Remark 4. 1t is generally well-known to research commu-
nities that implementing the LMI technique when consid-
ering a large number of decision variables in the designed
synchronization criterion, the computational complexity
certainly increases and also the required time to solve the
criterion is being large value. As a result, there should be a
trade-off between the aforementioned criteria and the
quantity of decision variables. Additionally, the computation
of the findings suggested in Section 4 is conveniently offline.
Therefore, the defined LMI-based synchronization criterion
may be easily solved by using the existing convex optimi-
zation tools.

Remark 5. Consider a class of semi-Markov jump CDNs (1)
with stochastic noise consisting of N identical coupled
nodes, defined over a probability space (8, %, P), whose
error system is described as follows:

(37)

If there exist positive definite matrices P;, B, B,,B;,C;,C,,
D,,D,,F,,F, and diagonal matrices N,, N, with the ap-
propriate dimensions, the following inequality is satisfied:

[2)ij19x9<0’ (38)

where

N
P, = ZHiij +B;+B,+By;~C, —C,-2D, - 2F, +2BP; + 2P, (Iy® A;) + 2(1 — 0y)P; (B&T;) — v + ;N

i=1

2

21, =P (BOT) +Cp, Y14 = X; +Cy, Y6 = ED1>¥)17 =

2 _
ﬁFl’g)ls =-yB+P,

_ _ 2
P =(1-)e Z'BPBl —Ci+ KN, Yy =C Y55 = —e ZWBZ —Cy=2Dy, 95 = EDZ)

s 2 -2 2
iy =—Cp, Y5 = —e #'B, + Cy 955 = —C, - 2F), Js7 = EF2’¥)66 - EDI _EDZ’ (39)
-2 2
Y, = FFI - ﬁFpg)ss =—=7,999 = 6,C; +8,C, + 3D, + 4D, + gsFy + g6F,
2Bp 2Bp 2Bp
P 2B _~h 2Bh 1 e 1 e we
=——(1-e™),g,=—(1-e"")gs=——-—+—5,q,=—5—— +——,\
% 2/3( ) % 2[;( ) 9 24 4p 94 i af " 2P
_h 1 +ezﬁh 1 ezﬁh+hezﬂh
gS 2/3 4ﬁ2 4[;2)96 4ﬁ2 4/32 2/3 .
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In this case, the control gain matrix is given by
K; = P;'X,.

Proof. Using Lemma 1, the
trace{W” (t,z(t),z (t — p (1)) P,W (t, 2
(1), z(t—pON}<x;

inequality

11

[z®"Nz(t) +2(t - (1)) N,z (t — (1)} is obtained.
The remaining procedure follows from Theorem 2. O

Remark 6. Consider the CDNs (1) without a semi-Markov
jump, with stochastic noise consisting of N identical coupled
nodes, defined over a probability space (E,%,P), whose
error system is described as follows:

N N
dz, (1) = | Azy () + g(t.2, () + (1= 0(1) Y by Tz, (8) + 0(0) Y b, Tz, (¢ — (1)) + Kz (t - h(t)):|dt + Wz, ()dr (D), (40)
r=1 r=1

where W is the Wiener process matrix, which is assumed to
have appropriate dimensions.

Corollary 2. For given scalars o, € [0,1],>0,h>0,v>0
the exponential synchronization in the mean square of the
error system (40) can be achieved via control (7) with un-
known controller gain K. If there exist positive definite

matrices By, B,, B;,Cy,C,, Dy,D,,F,,F,, the following in-
equality is satisfied:

{ [xij]SXS (‘;}<0’ (41)

where

X, =B, +B,+B;—C, —C,—2D, —2F, + 2P +2P(Iy®A) + 2(1 — g, )P (B&T) + W PW — 11,

2 2 _
X, =0,P(BOT)+C, %, =X+C), % = EDI,BEN =3 F1 Xy = y(In®B) +P,

2
X,y =01- V)ezﬁpBl —C Xy =C X5 = _e_zﬁPBz -C,—2D,, X5 = EDz’ Xy =-C, (42)

2 _
—2Bh
Xy5=—¢ 4 By +Cy, X5 = —C, — 2F), 57 = 7F5, X6 = EDI - EFPxW

h

Xy = L.

The remaining parameters of (39) follow Theorem 1.
Moreover, the controller gain matrix is given by K = P~'X.
Proof. The proof follows from Theorem 2. O
4. Numerical Examples
In this section, two numerical examples are presented to

evaluate the feasibility and effectiveness of the results
obtained.

20 1.6 0
B= 0 -1 1 ,rl = ’FZ =
0 0.6

Besides, the nonlinear function is given by

2 2 =2 2
:7F1_EF2>

2 h2

Example 1. Consider the error system (5) with following
nodes. Furthermore, the outer and inner coupling matrices
and the corresponding system matrices are set as follows:

-0.5 -1.5 -0.8 0.1
VA = VA, = . (43)
1.3 -0.5 0.8 -0.15
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9(z, (1)) = [-2.32 (1) + tanh (0.22(¢)) + 0.2z (£)0.95z (t) — tanh (0.75z (1)), (44)
satisfying the sector bound condition (4) with
09 0 10 .
U= [ 0 0.9] and V = [ 01 ] Also, the Wiener process
matrices are represented as
W1T=[0.2 0.25 0.27 0.13 0.27 0.13],W§=[0.8 0.5 0.84 0.34 0.57 0.8]. (45)
In addition, the semi-Markov jump topology exhibits
transition rates of the model chosen with
-2.5 1.3512 -0.6399 0.3512
nij(l) = ST (2) = ,Where i,j=1,2. (46)
1.6879 —0.8090 0.6879 —0.8090

Without loss of generality, consider IT}; ; = -2.5, I}, | =
1.3512, 11, ; = 1.6879, I, = —0.8090,11,,, = —0.6399,
M,,, = 0.3512,T1,; , = 0.6879, and I1,,, = —0.8090. The time-
varying delay is assumed to be ((f)=0.25+
0.05 sin(10¢),0<©<0.3 and the sampling interval is

[-1.1805 0.6879 0
0.6529 -1.5785 0
0 0 —-0.7084
K, =
0 0 0.2554
0 0 0
| 0 0 0
[-2.0261 -0.7108 0
-0.7242 -2.6163 0
0 0 -2.7165
K, =
0 0 0.5501
0 0 0
L 0 0 0

The initial values of the state nodes were set as
z,(0) = [4;-117, 2, (0) = [-5;2]", 25 (0) = [-3;4]" and the
isolated nodes were set as s(0) = [4;—1]7. The error tra-
jectories without control input are shown in Figure 1.
Furthermore, from the obtained gain matrices and non-
uniform sampled-data controller, we obtained the syn-
chronization error trajectories shown in Figure 2 and also,
note that these trajectories converge to zero within a sat-
isfactory time interval. Figure 3 shows the responses of the
control input. The external disturbances are depicted in

represented as h(t) = 0.36 + 0.25 sin(5¢),0<h<0.7. More-
over, to verify the feasibility of the attained results, the following
parameter values are fixed as v = 0.55, g, = 0.25, 5 = 0.1. The
following gain matrices are obtained using the MATLAB LMI
Control toolbox by solving the LMIs in Theorem 2:

0 0 0
0 0 0
0.2683 0 0
-1.8076 0 o |
0 -1.0587 —0.0386
0  -0.1150 —2.3360 |
0 0 0 (47)
0 0 0
0.5003 0 0
~3.0811 0 0
0 -1.6637 —0.6717
0  —0.8431 —4.6084 |

Figure 4. In addition, Figure 5 shows the semi-Markov
jumping mode process during the simulation, and Figure 6
presents the randomness occurred during information ex-
change. As a conclusion, based on the above discussions, it
can be strongly mentioned that the system performance
under nonuniform sampled data controller is effective and
efficient to handle semi-Markov jump and the randomness
behaviour. Therefore, it is of great significance to consider
the nonuniform sampled data control strategy for stochastic
CDNs.



Complexity

Example 2. Consider a single Rossler oscillator for the error
system (37) described by the following dimensionless form:

xp (£) = (%, () + x5 (1)),
X, (1) = x; () + ¢x, (1),

x5 (1) = cxp (£) + x5 (£) (3, (1) — ¢3),

(48)

where ¢, =0.2, ¢, =0.2, ¢; =5.7. The outer and inner
coupling matrices are given by

-1 0 1 100 200
B=|0 -1 1|I,=(010[T,=|020]| (49
1 1 -2 001 002

Also, the nonlinear function is represented as g (z4(1) =
[-2.3z(t) + tanh (0.2z(¢)) + 0.2z (1)0.95z (t) —
tanh (0.75z (¢))0] with sector bound condition satisfying (4),

100 09 0 O
alongwithU=]0 1 0|andV =| 0 0.9 0 | Thenoise
001 0 0 09

intensity function is W (t,z (t)) = 3.1 sin(2.5z(¢)) +1.1 sin

—-3.1165 0.5989 -0.2761

K, =| 0.6938 -3.0729 -0.3872 |,K,, =
~0.2038 —0.3273 —1.2857
—4.0978 0.8297 —0.3585

Ky, = | 0.9565 -4.3148 —0.6072
[ -0.2786 —0.5296 —1.3420 ]
[—4.0978 0.8297 —0.35851

K;;=| 09565 -4.3148 —0.6072
| -0.2786 —0.5296 —1.3420

In the simulation, the initial values for the state and
isolated nodes were represented as z,(0) = [4;-2;3],
z,(0) = [1;3;-2], 25(0) = [-5;—1;4], and s(0) = [4;-2;3].
Then, according to the aforementioned controller gain, the
synchronization of the error system is illustrated in Figure 7.
In addition, the nonuniform sampling data controller is
shown in Figure 8, and it can be seen from Figure 9 that the
synchronization of the state responses converges to zero. The
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(5.2z(t — p(t))). In addition, the transition rates of the
model for the semi-Markov jump topology were chosen as

-0.2 0.2 -0.3 0.3
> T[;] =

T[ij(l) = [
0.3 -0.3 0.2 -0.2

] (i,j=1,2).
(50)

Without loss of generality, consider IT}; ; = -0.2,11;,, =
0.2,TL,,, = 0.3, M,,, = -0.3,T1,,, = -0.3,11,,,
=0.3,1I,;, = 0.2,11,,, = —0.2. The time-varying delay was
set as g () = 0.25+ 0.05 sin(10¢),0 < <0.3 and the non-
uniform sampling interval was set as
h(t) =0.36 + 0.25 sin(5t),0<h<0.7. To demonstrate the
effectiveness of the obtained results, the remaining pa-
rameter values were set as
v =04, = 04,0, = 0.25,f = 0.45. Using the MATLAB
LMI Control toolbox to solve the LMIs in Corollary 1, we
obtain the following gain matrices: K| = diag{K,;, K15, K3}
and K, = diag{K,,, K5,, K,;} where

0.0050 —0.0088 0.0088
-0.0158 -0.0022 0.0116 |,
0.0054 0.0066 -0.0759

[ 0.0047 -0.0091 0.0091 7
-0.0155 -0.0025 0.0112 |,
| 0.0054 0.0069 -0.0794 ]
[ 0.0047 -0.0091 0.0091 7
—-0.0155 —0.0025 0.0112 (51)
L 0.0054 0.0069 -0.0794 ]

external disturbances are depicted in Figure 10. In addition,
Figure 11 presents the randomness of the time-varying
delay, and Figure 12 shows the chaotic attractor of the
Rossler system. Eventually, based on the simulations carried
out above, we conclude from these that the design of the
nonuniform sampled data controller works effectively in the
presence of a noise intensity function and random time-
varying delay.
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10 15 20
Time ¢t
— zy4(0) — 2y,(1)
— z,(D) —_ Z31(t)
— 7,9 — z3,(D)

FIGURE 1: Trajectories of error system (5) with control inputs.

x10°
151
1 -
05
.ul"l |
0 . S T (i) "
““"Mﬂ““
-0.5
_1 L
-1.5 . : :
0 5 10 15 20
Time t
— z;(® — 2y(t)
e le(t) - Z31(t)
— z,,(®) 23,(t)

FIGURE 2: Trajectories of error system (5) without control inputs.
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80

60

40

— uy(0
— up()

— uy (D)

FIGURE 3: Trajectories of control inputs.

10
Time ¢
— uy()
— ug()

— ug(t)

15

20

0.1 - -
0.05 | 1
: \
—-0.05 1
-0.1 - -
0 10 15
Time t

FIGURE 4: Response of disturbance.

20

15

2.5 T T T T

1.5} 1

0.5 . . . .
0 5 10 15 20

Time ¢

FIGURE 5: Mode transitions of semi-Markov jump CDNG.

1.5 T T T

-0.5 . * :
0 5 10 15 20

Time t

Ficure 6: Bernoulli distribution.
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15 T T T T

10 1

15 20 25
Time ¢t
— z,(1) — 2,(1) z3,(8)
— z,(1) — 2,(t) — z3(b)
— zy5(b) 2y5(t) — z5(b)

FIGURE 7: Trajectories of error system (37) with control inputs.

30 R

20 1

15 1

10 1

10 1

15 L L L L
0 5 10 15 20 25

Time ¢
— up (1)

— upp(t)

— uz(t)

— u3(t)

— Uy (t)

— uy(t)
— up3(t) U3(t) — uz5(t)

FIGURE 8: Trajectories of control inputs.
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15 T T T T

10 b

5 - .

0

,5 4
0 5 10 15 20 25

Time ¢

— xyy(1) — xy(t) — x3(t)
— xpy(1) — Xp(t) — x3,(t)
— x5t Xy5(t) — x3(t)

FIGURE 9: Trajectories of state system with control inputs.

29 | 1

2.6 1

2.5 K 1

24 R

2.1 I I I I

Time ¢

FIGURE 10: Response of disturbance.
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1 L
2 05
Q
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_05 . . . .
0 5 10 15 20 25
Time ¢
FiGure 11: Bernoulli distribution.
15 §
10
54
0 4
-5
10

10

=5
-10  -10

FiGure 12: Chaotic attractor of the Rossler system.

5. Conclusions

In this study, the exponential synchronization of semi-
Markov jump CDNs with random delayed information
exchanges among dynamical nodes was investigated. In
particular, to describe the information exchanges between
nodes, a stochastic variable obeying the Bernoulli distri-
bution was incorporated to model randomly occurring
phenomena. The nonuniform sample data controller has
been utilized to achieve the desired synchronization of
considered CDNs. By constructing a suitable LKF using the
Wirtinger-type inequality, sufficient criteria were obtained
in terms of LMIs. Finally, numerical examples were pre-
sented to illustrate the effectiveness of the proposed method.
Future work will focus on the framework of denial-of-service
attacks and event-triggered control for a class of stochastic
complex dynamical networks to obtain more industrial-
oriented results.
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