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Dual-Function MIMO Radar-Communications Employing
Frequency-Hopping Chirp Waveforms

Shaddrack Y. Nusenu*, Wen-Qin Wang, and Hui Chen

Abstract—A dual-function radar-communication system is a technology equipped with a joint platform
that enables performing a radar function (primary function) and a communication function (secondary
function) simultaneously. This duality has become increasingly necessary, since it alleviates congestion
and ease competition over frequency spectrum. In this paper, we put forward a technique for information
embedding, specifically to multiple-input multiple-output (MIMO) radar employing frequency-hopping
chirp (FHC) waveforms. We use FHC codes to implement the primary function (i.e., MIMO radar
operation), while embedding communication symbol, for example, phase shift keying (PSK), in each
FHC code for secondary function (i.e., communication operation). We show that the communication
operation does not interfere with the MIMO radar function. In addition, standard ratio testing is used at
the communication receiver to detect the embedded PSK symbols. Furthermore, the waveform designed
has the superiorities of high range resolution, constant time domain and almost constant frequency-
domain modulus, large time-bandwidth product, and low time-delay and frequency-shift correlation
peaks. Numerical results show that: 1) data rates can be accurately detected, and thus, several Mbps
are achieved in the system; 2) the SER performance characteristics are significantly improved; 3) the
orthogonal frequency-hopping chirp waveforms achieve better range and Doppler resolution with reduced
sidelobes levels compared to that of conventional frequency hopping waveforms.

1. INTRODUCTION

The concept of coexistence of radar and communications on a single platform has been proposed as a
solution to the radio frequency spectrum congestion and also attracted a lot of attention [1, 2]. Since
there has been a huge demand from communication operators, the competition between the radar
and communication in terms of frequency spectrum could be eased by allowing both systems to share
the same resources and operate simultaneously from a single platform [3–16]. This implies that we
can achieve an efficient utilization of the limited frequency spectrum resources. Recently, the concept
of dual-function radar-communication (DFRC) has been proposed [16]. The main idea about this
concept is to utilize identical signals and the same antenna array for both radar (primary function)
and communication (secondary function) operations simultaneously. A number of papers [16–25] have
investigated the capabilities of dual-function radar-communication (DFRC) system. DFRC systems
utilize the full potential of radar resources, for instance, high quality hardware and high transmit
power. Embedding information into the radiation of single-input multiple-output (SIMO) radar can be
done by employing the following: 1) waveform diversity, 2) sidelobe control, and 3) time modulated
array.

Lately, information embedding into the radiation of multiple-input multiple-output (MIMO) radar
has been reported in [23–25]. MIMO radar can provide more degrees-of-freedom, but correspondingly

Received 17 October 2017, Accepted 14 January 2018, Scheduled 8 February 2018
* Corresponding author: Shaddrack Yaw Nusenu (nusenu2012gh@yahoo.com).
The authors are with the School of Communication and Information Engineering, University of Electronic Science and Technology
of China, Chengdu, China.



136 Nusenu, Wang, and Chen

more orthogonal waveforms are needed for the system, thus one might argue that the enhanced
performance cannot be realized unless we fully address the waveform diversity design problem. It
is assumed that, in an MIMO radar system, the waveforms must be separable from each other, and
their returns should be sufficiently coherent for the post-processing [26]. More specifically, both the
transmitted and received signals should remain orthogonal under the Doppler shifts caused by target
motions [27]. However, most of existing papers do not fully address the impacts of Doppler shifts
in waveform diversity design. Moreover, low peak-to-average power ratio (PAPR) and large time-
bandwidth product are also desired for the waveforms in order to generate maximum output power and
to ensure a stable output power level for amplitude variations in the high-power amplifier input signal.

A chirp waveform is widely used in various radar systems due to its attractive properties, such
as high range resolution, constant modulus, Doppler tolerance and implementation simplicity. From a
practical point of view, we think that MIMO radar should use chirp-based waveforms. The up- and
down-chirp waveforms are used in [28], but there are only two orthogonal waveforms. An OFDM chirp
waveform design scheme is proposed in [29], which allows the generated waveforms to occupy common
spectral support and thereby enables them to exploit the full bandwidth. Although it can be easily
extended to generate more than two waveforms, the waveforms will generate large grating lobes due to
sparse sampling effects [30].

In this work, we extend the work in [23] using frequency-hopping waveforms to frequency-hopping
chirp waveforms. The objective is to embed modulation schemes (i.e., BPSK, QPSK, PSK) into the
radiation of MIMO radar employing frequency-hopping chirp waveforms. We adopt phase-rotation
technique in [23] to embed communication symbols through the frequency-hopping chirp orthogonal
transmit waveforms of the MIMO radar. It should be noted that the main advantages of the proposed
waveform (i.e., frequency-hopping chirp) design can be summarized as follows: 1) All the advantages
of chirp waveform such as large time-bandwidth product and Doppler tolerance are preserved in the
designed waveforms. Moreover, the use of a chirp-like waveform allows the generated waveforms to
maintain the chirp waveform ambiguity properties, namely a diagonal Doppler/range ambiguity function
and low sidelobes. 2) The waveforms will remain orthogonal under arbitrary delays and Doppler
shifts, while the impact of time delays and Doppler shifts are often ignored in existing MIMO radar
waveform diversity design methods. We analyze the data rate for the proposed scheme, and in addition,
performance evaluation is also provided in terms of symbol error rate (SER) and radar ambiguity
function. The numerical results are compared with [23]. It is shown clearly that the proposed scheme
outperformed [23] in the quality of the results.

The rest of the paper is organized as follows. Section 2 presents the signal model of MIMO radar. In
Section 3, we introduce frequency-hopping chirp waveforms design for MIMO radar. Section 4 presents
a communication embedding signaling scheme by utilizing frequency-hopping chirp waveforms. Section
5 introduces MIMO radar ambiguity function of the proposed waveform design. Numerical results are
presented in Section 6, and finally, conclusions are drawn in Section 7.

2. SIGNAL MODEL OF COLOCATED MIMO RADAR

In this section, we consider a colocated MIMO radar-communications dual-function system consisting
of transmitting antennas N and receiving antennas M . The interspacings of transmitting and receiving
antennas are represented by dT and dR, respectively. We assume that the radar setup is monostatic, thus,
the radar receiver and joint radar-communication transmitter are closely spaced so that both arrays
would view the target from the same spatial direction in the far field. Fig. 1 shows the application
scenario of MIMO dual-function transmitting system for both radar and communication operation
employing frequency-hopping chirp waveforms and modulation scheme (i.e., BPSK/QPSK/PSK).

Suppose that L targets of interest exist in the far field of the MIMO radar. The M × 1 complex-
valued vector of the received baseband signal model is given by

xn (t, τ) =
L−1∑
l=0

αl (τ) (a∗ (θl)Φn (t))b (θl) + wn (t, τ) (1)

where τ is the radar pulse number, l = 0, 1, . . . , L − 1, αl (τ) the reflection coefficient linked with the
lth target during the τth pulse, θl the spatial angle of the lth target, wn(t, τ ) the zero-mean complex
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Figure 1. Application scenario of MIMO dual-function radar-communication operation using
frequency-hopping chirp waveform and modulation schemes (BPSK/QPSK/PSK).

normal random process with covariance σ2
nINM , Φn(t) the orthogonal transmitted signal waveform from

the nth array element (n = 0, 1, . . . , N − 1), and (·)∗ the conjugate transpose. The transmitting and
receiving steering vectors can be denoted as a(θl) and b(θl), respectively. From Eq. (1), we assume
that the reflection coefficient αl(τ) remains constant during the entire pulse period; however, this pulse
varies independently, which is similar to Swerling II target model [31].

3. MIMO RADAR USING FREQUENCY-HOPPING CHIRP (FHC) WAVEFORMS

One essential radar requirement is the high average transmitting power for the transmitted waveforms.
Since radar is the primary function of the dual function system, the N transmitting waveforms should be
designed with the following properties: 1) a large time-bandwidth product and a low peak-to-average
ratio, 2) low cross-correlation interferences (see [32–35] and references therein), 3) a good peak-to-
sidelobe ratio (PSLR) in the impulse response, 4) good ambiguity function characteristics such as range
resolution, Doppler resolution, and matched filtering sidelobe performance, and 5) constant-modulus.
This constant-modulus is essential because radar amplifiers generally work in a saturation condition,
which prohibits amplitude modulation in radar waveforms. It is important to mention that the designed
waveform should be orthogonal as possible. However, since perfect waveform orthogonality cannot be
developed and implemented in real-life hardware, the orthogonality used in this paper refers to pseudo-
orthogonal, namely, low-cross-correlation interferences. Frequency-hopping chirp waveform proposed
in this paper possesses the above properties, and in addition, it is simple to generate and immune to
interference. Therefore, the proposed frequency-hopping chirp waveform is suitable for MIMO radar
operation.

The FHC waveforms during one radar pulse is given by

Φn (t) =
Q−1∑
q=0

exp
[
j
(
2πcn,qΔft+ πkrt

2
)
s (t− qΔt)

]
(2)

with

s (t) =
{

1, t ∈ [0,Δt) ,
0, otherwise.

(3)

where cn,q ∈ {0, 1, . . . ,K − 1} denotes the frequency-hopping code with n = 0, 1, . . . , N − 1 and
q = 0, 1, . . . , Q − 1, Q the code length, Δf the frequency-hopping step, kr the chirp rate, and Δt
the subchirp duration. Then, the waveform duration is Tp = QΔt, and the bandwidth is approximately
given as BW ≈ (K − 1) Δf + 1/Δt, where K is the number of frequencies. Specifically, when kr = 0,
Eq. (2) is simplified to the conventional frequency-hopping waveform [36, 37]. Additionally, we impose
the following conditions for waveform orthogonality at zero lag: cn,q could be constrained to satisfy

cn,q �= cn′,q, ∀q, n �= n′ (4)
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Orthogonal waveforms result in a uniform gain in all directions, which is a key aspect of detection using
MIMO radars.

At the MIMO radar receiver, using matched filtering, the received signal components associated
with the individual transmitted waveforms can be obtained. Therefore, matched filtering xn(t, τ) to
each waveform Φn(t) yields

y(τ) �
∫
Tp

xn (t, τ )Φ∗
n (t) dt∫

Tp
|Φn (t)|2dt (5)

=
L−1∑
l=0

αl (τ) (a (θl) ⊗ b (θl)) + ŵ (τ) (6)

where ⊗ denotes the Kronecker product, and ŵ(τ) is given as

ŵN−1 (τ) �
[
wT

0 (τ) ,wT
1 (τ) , . . . ,wT

N−1 (τ)
]T

(7)

which is the NM × 1 additive zero-mean noise term with covariance σ2
zINM , and INM is the identity

matrix of size NM ×NM .

4. WAVEFORM PHASE-ROTATION FORMULATIONS AND INFORMATION
EMBEDDING METHOD

Analogous to [23], we develop the phase-rotation scheme as well as communication information
embedding technique for our proposed FHC waveforms.

4.1. Formulations of Waveform Phase-Rotation Approach

Suppose that N × 1 vector of phase-rotations is defined as ψ = (exp(jψ0), . . . , exp(jψN−1))T , where
ψn,q ∈ [0, 2π] denote arbitrary phases with n = 0, 1, . . . , N − 1 and q = 0, 1, . . . , Q − 1. The phase-
modulated waveform Ξn(t), n = 0, 1, . . . , N − 1 can be expressed as

Ξn (t) =
Q−1∑
q=0

exp (jψn,q) exp
[
j
(
2πcn,qΔft+ πkrt

2
)
s (t− qΔt)

]
(8)

Suppose that subchirp duration Δt is selected and that the following condition is satisfied∫ Δt

0
exp

[
j
(
2πcn,qΔft+ πkrt

2
)]

exp
[
j
(
2πcn′,q′Δft+ πkrt

2
)]
dt = 0, n �= n′, q �= q′ (9)

It should be noted that the phase-modulated waveforms Ξn(t), n = 0, 1, . . . , N − 1 are also
orthogonal, which can be verified easily using Eqs. (2) and (9).

Assume that during a particular radar pulse, we transmit the phase-modulated waveforms Ξn(t),
n = 0, 1, . . . , N − 1 as depicted in Fig. 1. Then, the radar received signal (i.e., M × 1 complex vector)
can be described as

x̃n (t, τ) =
Q−1∑
l=0

αl (τ) (a∗ (θl) Ξn (t))b (θl) + wn (t, τ) (10)

Matched-filtering the received signal in Eq. (10) to each of the waveforms Ξn(t) yields

ỹ (τ) �
∫
Tp

x̃n (t, τ ) Ξ∗
n (t) dt∫

Tp
|Ξn (t)|2dt (11)

Rewrite Eq. (11) as Eq. (12)

ỹ (τ) =
Q−1∑
l=0

αl (τ) (a (θl) ⊗ b (θl)) + w̄ (τ) (12)
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where w̄(τ) is the NM × 1 zero-mean complex normal random process with covariance σ2
wINM and

given by
w̄N−1 (τ) �

[
wT

0 (τ) ,wT
1 (τ) , . . . ,wT

N−1 (τ)
]T

(13)

It can be seen that Eq. (6) and Eq. (12) yield the same signal models at the MIMO radar receiver.
This means that Eq. (8) does not affect the operation of the MIMO radar receiver sensing performance.

4.2. Information Embedding Method

The phases ψn,q are employed as modulation symbols, for example (BPSK, QPSK, PSK) in order
to embed information into the MIMO radar radiation. Thus, during each radar pulse, N symbols
of communication can be embedded. Herein, we use PSK modulation scheme as an example. Note
that the scheme can be extended to any modulation schemes for specific applications. We denote B
as bits of binary information representing each PSK symbol. Then, the actual binary sequence of
information that requires to be embedded during the τth pulse is used to select the phase symbols
ψn,q(τ) n = 0, 1, . . . , N − 1, q = 0, 1, . . . , Q − 1 from a predefined constellation of unique symbols
(V = 2B). Without loss of generality, suppose that the constellation is distributed uniformly within the
interval [0, 2π], which correspond to

ΨPSK = [0, 2π/V, . . . , 2π (V − 1)/V ] (14)

The phase-modulated set of orthogonal waveforms during the τth pulse can be written as

Ξn (t, τ) =
Q−1∑
q=0

exp (jψn,q (τ)) exp
[
j
(
2πcn,qΔft+ πkrt

2
)
s (t− qΔt)

]
(15)

where ψn,q(τ) ∈ ΨPSK, n = 0, 1, . . . , N − 1. We assume that a communication system is equipped with
a single receiving element which is located at an arbitrary direction (θcom). Therefore, the output signal
at the communication receiver can be described as

Rcom (t, τ) = βCHdiag (a (θcom))Ξn (t, τ) + u (t, τ) (16)

where βCH denotes the channel coefficient of the propagation environment between the MIMO radar
transmitting array and the communication receiver, and u(t, τ) is the interference and noise (i.e., white
Gaussian with zero mean and variance σ2

u). The channel coefficient βCH is assumed to remain constant
during the entire coherent processing interval (CPI). Additionally, we assume an accurate estimation
of the channel coefficient at the communication receiver side. The signal-to-noise ratio (SNR) at the
communication receiver is SNR = 10 log(|βCH |2/σ2

u).
The communication receiver is assumed to have perfect knowledge of the FHC code cn,q, frequency-

hopping step Δf and chirp rate kr. Also, it is assumed that the phase synchronization between the
joint transmit platform and the communication receiver is adjusted. Matched-filtering the received
signal Rcom(t, τ ) to the FHC subpulses yields

yn,q (τ) =
∫ Δt

0
Rcom (t, τ) exp

[−j (
2πcn,qΔft+ πkrt

2
)
s (t− qΔt)

]
(17)

= βCHa[n] exp (ψn,q (τ)) + un,q (τ) (18)

where a[n] � exp(−j2πdn sin θcom) represents the nth entry of a(θcom), dn the displacement between the
first and nth elements of the transmit array, and un,q(τ) the additive noise term at the output of the
(n, q)-th matched filter with zero mean and variance σ2

u, and given by

un,q (τ) �
∫ Δt

0
u (t, τ) exp

[−j (
2πcn,qΔft+ πkrt

2
)
s (t− qΔt)

]
(19)

The received communication signal at the output of the (n, q)-th matched filter is a phase-shifted
and noisy version of the nth entry of the steering vector a(θcom). This implies that we can recover the
phase shift ψn,q(τ) from the received signal yn,q(τ). It is important to note that the communication
receiver has perfect knowledge of its direction with respect to the MIMO radar transmitting array
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θcom. Moreover, the communication receiver knows its physical arrangement of the transmitting array
elements as well as the displacement of the transmitting array elements from the reference element.
This information enables the communication receiver to cancel the phase term exp(−j2πdn sin θcom)
before it proceeds to detect the embedded phase symbol ψn,q(τ).

4.3. Symbol Detection and Data Rate for Communication

Let us assume that the channel is estimated accurately. In real practical scenario, training sequences
can be utilized to update the channel estimate periodically and adjust phase synchronization between
the transmitting array and the communication receiver. The embedded phase symbols can be estimated
as

ψ̃n,q (τ) = angle (yn,q (τ)) − angle (βCH) + 2πdn sin θcom (20)

where angle(·) represents the angle of a complex number, and βCH denotes the phase of the channel
coefficient. Once the embedded phase is estimated, the communication receiver compares the estimates
to the dictionary ΨPSK to find the embedded communication symbols and convert them into the
corresponding binary sequence.

It should be noted that the number of phase symbols which can be embedded during a single pulse
repetition interval (PRI) equals that the number of transmitting antennas N is multiplied by the length
of the FHC coding sequence. Therefore, the achievable data rate Drate in bits per second (bps) can be
expressed as

Drate = log2 (V ) [N ·Q · PRF ] (21)

Note that a data rate Drate in the range of several Mbps can be achieved in this proposed system.

5. MIMO RADAR AMBIGUITY FUNCTION USING FREQUENCY-HOPPING
CHIRP WAVEFORMS

Radar ambiguity function (AF) is a tool used to determine the delay and Doppler resolution of radar.
The value of this AF is maximum at (τ̃ , v) = (0, 0), and it denotes the matched filter output without any
mismatch. Hence, the narrower the AF around origin is, the sharper the range and Doppler resolution
is. It is important to note that the choice of the design transmitted waveforms affects the range, Doppler
and angular resolutions of the radar system [38–40]. In this paper, we focus on MIMO radar ambiguity
function of the proposed frequency-hopping chirp waveforms.

Suppose that a target is located at (τ̃ , v, f ), where τ̃ denotes the time delay (i.e., τ̃ = 2R/c), with
R being the target range and c the light speed. The Doppler frequency v of the target is v = 2vrelf0/c,
where f0 is the carrier frequency and vrel the relative velocity. The normalised spatial frequency f of
the target is f = dRf0 sin θ/c.

Now, the MIMO radar ambiguity can be described as [38, 40, 41]

χ
(
τ̃ , v, f, f ′

)
�

N−1∑
n=n′=0

χn,n′ (τ̃ , v) exp
(
j2π

(
fn− f ′n′

))
γ (22)

where

χn,n′ (τ̃ , v) �
∫ Tp

0
Φn (t)Φ∗

n (t+ τ̃) exp (j2πvt) dt (23)

Plugging Eqs. (2) and (23) into Eq. (22) yields Eq. (24). Note that γ = dT /dR.

χ
(
τ̃ , v, f, f ′

)
=

N−1∑
n=n′=0

Q−1∑
q=q′=0

χrect
(
τ̃ − (

q′ − q
)
Δt,

(
cn,q − cn′,q′

)
Δf

)
× exp

(
j2πΔf

(
cn,q − cn′,q′

)
qΔt

)
exp

(
j2π

(
Δfcn′,q′ + kr τ̃/2

)
τ̃
)

× exp
(
j2π

(
fn− f ′n′

))
exp (j2πvt) γ (24)
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Figure 2. Comparisons of SER performances as a function of SNR.

From Eq. (24), χrect (τ̃ , v) can be written as

χrect (τ̃ , v) �
∫ Δt

0
s (t) s (t+ τ̃) exp (j2πv) dt (25)

=
Δt− |τ̃ |

Δt
sin c (v (Δt− |τ̃ |)) exp (jπv (τ̃ + Δt)) (26)

where |τ̃ | < Δt.

6. SIMULATIONS AND RESULTS

In this section, we illustrate the results of several numerical examples to show the performance features
of our proposed scheme. To be fair in our comparison, we adopt the parameters that are the same
as [23], unless otherwise stated. The subchirp rate is kr = 273.

6.1. Example 1: Symbol Error Rate (SER) Performance

We evaluate the SER performance of the proposed scheme by using BPSK, QPSK, and 16-PSK
constellations. The definition of SER is similar to [25], which is

P (error) ≤
[

1
N

N−1∑
k=0

(
1 − erfc

(√
2SNRsin ηk/2

))]N

(27)

The possible values for ηk is obtained as ηk = k(2πdn sin θcom) for n = 1, . . . , (N − 1).
Figure 2 shows comparison of SER performances as a function of SNR. It can be noticed that the

curves agree with the standard behavior of SER communications system. It is obvious that the symbol
error rate (SER) of the proposed scheme is the same as that of [23] when BPSK, QPSK and 16 PSK
constellation sizes are considered, respectively. It should be noted that the 16 PSK yields better PAPR
performance. Therefore, we recommend PSK-based frequency-hopping chirp waveform for dual-function
radar-communications system. The achievable corresponding data rates Drate are as follows: BPSK =
32 Mbps, QPSK = 64 Mbps and 16-PSK = 128 Mbps.

6.2. Example 2: Waveform Comparisons

To implement the MIMO radar, we simulate the proposed frequency-hopping chirp waveforms and
compare with that of the conventional frequency-hopping waveform. The frequency-hopping code is 10;
the number of frequencies adopted is 15; the time-bandwidth product is ((K − 1)Δf + 1/Δt)QΔt = 150.
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Figure 3. Plot of (a) frequency-hopping chirp waveform, (b) conventional frequency-hopping waveform.

Figure 3 compares the real part of the proposed frequency-hopping chirp waveforms with the
conventional frequency-hopping waveforms used in [23, 37]. It can be seen that our proposed waveform
have good peak-average ratio performance and almost constant modulus, which are desired for the
RF hardware transmitter. This is rather different from the conventional frequency-hopping waveforms
performance. It can also be observed that the proposed waveform has uniform spectra across the
bandwidth like conventional chirp signal, and the bandwidth is covered with no visible gaps. It can
be concluded that the proposed waveform can be designed to achieve a large time-bandwidth product
with good peak-average ratio performance. Note that we generate multiple but dissimilar signals of the
proposed waveforms.

6.3. Example 3: MIMO Radar Ambiguity Analysis on Time Delay and Doppler
Frequency

In this section, we plot the MIMO radar ambiguity function of the proposed waveform and the
conventional frequency-hopping waveform. Fig. 4 shows the time delay τ̃ of the proposed waveform
and that of the conventional frequency-hopping waveform, respectively. It is clear from the figure
that our proposed frequency-hopping chirp waveform achieves narrower mainlobe than the conventional
frequency-hopping waveform. In contrast, it is apparent that our proposed waveform achieves lower
sidelobe levels than that of the conventional frequency-hopping waveform.

(a) (b)

Figure 4. Comparisons of MIMO radar ambiguity as a function of time delay: (a) proposed waveform,
(b) conventional frequency-hopping waveform.
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(a) (b)

Figure 5. Comparisons of MIMO radar ambiguity as a function of Doppler shift: (a) proposed
waveform, (b) conventional frequency-hopping waveform.
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Figure 5 illustrates the Doppler shift performances of the proposed waveform and the conventional
frequency-hopping waveform, respectively. It can be observed from the figure that our proposed
waveform again achieves lower sidelobes than that of the conventional frequency-hopping waveform, and
it is not sensitive to the Doppler shift because of the chirp signals adopted. Therefore, our proposed
waveform is more suitable for MIMO radar applications.

Finally, we use empirical cumulative distribution function (ECDF) to evaluate the waveform
ambiguity function. Fig. 6 depicts a result of ECDF. The results of the proposed waveform and that
of the conventional frequency-hopping waveform are compared in the figure. It can be noticed that
the proposed frequency-hopping chirp waveform yields fewer undesired peaks than the conventional
frequency-hopping waveform.

7. CONCLUSION

This paper extends the work done in [23] by proposing a frequency-hopping chirp waveform for a
dual-function MIMO radar-communications system. The waveform is designed by jointly utilizing the
advantages of classic phase modulation in communication and chirp frequency modulation in high
resolution radar. For each transmission, the proposed scheme enables one communication symbol, for
example BPSK, QPSK and PSK, during each frequency-hopping chirp interval. It is worth mentioning
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that the communication operation does not affect the MIMO radar sensing performance. And the
proposed scheme can achieve a data rate of several Mbps. Numerical results show that our proposed
scheme achieves the same SER curves performance as that of [23]. Furthermore, the designed waveform
has lower sidelobe levels for both time delay and Doppler shift dimensions, and better PAPR performance
than the existing frequency-hopping waveform used in [23].
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