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ABSTRACT

On the Performance of Free-Space Optical Systems over

Generalized Atmospheric Turbulence Channels with Pointing

Errors

Imran Shafique Ansari

Generalized fading has been an imminent part and parcel of wireless communica-

tions. It not only characterizes the wireless channel appropriately but also allows its

utilization for further performance analysis of various types of wireless communication

systems. Under the umbrella of generalized fading channels, a unified performance

analysis of a free-space optical (FSO) link over the Málaga (M) atmospheric turbu-

lence channel that accounts for pointing errors and both types of detection techniques

(i.e. indirect modulation/direct detection (IM/DD) as well as heterodyne detection)

is presented. Specifically, unified exact closed-form expressions for the probability

density function (PDF), the cumulative distribution function (CDF), the moment

generating function (MGF), and the moments of the end-to-end signal-to-noise ra-

tio (SNR) of a single link FSO transmission system are presented, all in terms of

the Meijer’s G function except for the moments that is in terms of simple elemen-

tary functions. Then capitalizing on these unified results, unified exact closed-form

expressions for various performance metrics of FSO link transmission systems are of-



fered, such as, the outage probability (OP), the higher-order amount of fading (AF),

the average error rate for binary and M -ary modulation schemes, and the ergodic

capacity (except for IM/DD technique, where closed-form lower bound results are

presented), all in terms of Meijer’s G functions except for the higher-order AF that

is in terms of simple elementary functions. Additionally, the asymptotic results are

derived for all the expressions derived earlier in terms of the Meijer’s G function in

the high SNR regime in terms of simple elementary functions via an asymptotic ex-

pansion of the Meijer’s G function. Furthermore, new asymptotic expressions for the

ergodic capacity in the low as well as high SNR regimes are derived in terms of simple

elementary functions via utilizing moments. All the presented results are verified via

computer-based Monte-Carlo simulations.

Besides addressing the pointing errors with zero boresight effects as has been

addressed above, a unified capacity analysis of a FSO link that accounts for nonzero

boresight pointing errors and both types of detection techniques (i.e. heterodyne

detection as well as IM/DD) is also addressed. Specifically, an exact closed-form

expression for the moments of the end-to-end SNR of a single link FSO transmission

system is presented in terms of well-known elementary functions. Capitalizing on

these new moments expressions, approximate and simple closed-form results for the

ergodic capacity at high and low SNR regimes are derived for lognormal (LN), Rician-

LN (RLN), and M atmospheric turbulences. All the presented results are verified

via computer-based Monte-Carlo simulations.

Based on the fact that FSO links are cost-effective, license-free, and can provide

even higher bandwidths compared to the traditional radio-frequency (RF) links, the

performance analysis of a dual-hop relay system composed of asymmetric RF and

FSO links is presented. This is complemented by the performance analysis of a

dual-branch transmission system composed of a direct RF link and a dual-hop relay

composed of asymmetric RF and FSO links. The performance of the later scenario
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is evaluated under the assumption of the selection combining (SC) diversity and the

maximal ratio combining (MRC) schemes. RF links are modeled by Rayleigh fading

distribution whereas the FSO link is modeled by a unified GG fading distribution.

More specifically, in this work, new exact closed-form expressions for the PDF, the

CDF, the MGF, and the moments of the end-to-end SNR are derived. Capitalizing

on these results, new exact closed-form expressions for the OP, the higher-order AF,

the average error rate for binary and M -ary modulation schemes, and the ergodic

capacity are offered.

Cognitive radio networks (CRN) have also proved to improve the performance of

wireless communication systems and hence based on this, the hybrid system analyzed

above is extended with CRN technology wherein the outage and error performance

analysis of a dual-hop transmission system composed of asymmetric RF channel cas-

caded with a FSO link is presented. For the RF link, an underlay cognitive network

is considered where the secondary users share the spectrum with licensed primary

users. Indoor femtocells act as a practical example for such networks. Specifically, it

is assumed that the RF link applies power control to maintain the interference at the

primary network below a predetermined threshold. While the RF channel is modeled

by the Rayleigh fading distribution, the FSO link is modeled by a unified Gamma-

Gamma turbulence distribution. The FSO link accounts for pointing errors and both

types of detection techniques (i.e. heterodyne detection as well as IM/DD). With

this model, a new exact closed-form expression is derived for the OP and the error

rate of the end-to-end SNR of these systems in terms of the Meijer’s G function and

the Fox’s H functions under amplify-and-forward relay schemes. All new analytical

results are verified via computer-based Monte-Carlo simulations and are illustrated

by some selected numerical results.
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Chapter 1

Introduction

1.1 Wireless Communications

1.1.1 Wireless Channel Modeling and Various Diversity Schemes

Wireless communication is driven via a complicated phenomenon termed as radio-

wave propagation. It is characterized by multiple effects including multipath fading

and shadowing. The statistical behaviour of these effects is characterized by different

turbulence models depending on the nature of the communication environment [1].

It is important to study such effects to encompass the practicality concern of the

currently available turbulence channel models and beyond. Hence, it becomes very

evident and attractive to study large-scale fading alongside small-scale fading as the

multi-hop relay networks are emerging in the current times. The geographically

distributed nodes experience different multipath fading and shadowing statistics [1].

Hence, modeling composite fading turbulence channels, where the multipath fading

and shadowing are modeled together, is essential for the performance analysis of

various communication systems.

The signal transmitted via the wireless channel mainly experiences three impair-



ments (i) pathloss, (ii) shadowing, and (iii) fading.

Pathloss

Pathloss is a large scale propagation effect and it characterizes the variation in the

power of the transmitted signal over large distances [2]. Pathloss is a deterministic

quantity and is usually modeled as a function of distance d. The general model for

pathloss is PL ∝ d−α, where α is the path loss exponent [2]. The signal power

diminishes rapidly due to pathloss.

Shadowing

Another large scale propagation effect experienced by the signal is called shadowing

and is caused by large obstructions. A common model used for shadowing is the

log-normal shadowing model in which the received power at the receiver is assumed

to be random with a log-normal distribution [2].

When a signal is transmitted in a wireless channel, multiple copies of the signal

are received at the destination due to reflection and scattering. These multiple copies

add constructively and destructively to cause abrupt variation in signal power. This

rapid fluctuation of the signal power in a wireless channel is termed as fading [2].

Fading

Fading is a random phenomena and various random distributions have been proposed

to model the effect of fading [3]. For example, in a multiple scattering environment,

the fading envelop is modeled using Rayleigh distribution. If there exist a line of sight

path from the transmitter to the receiver, Rician distribution is used to model fading.

Various other distributions used for modelling fading are discussed in [3]. Fading can

be further classified into following types:
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� Fast Fading: In fast fading, the channel fading realization changes rapidly and

varies from symbol to symbol.

� Slow Fading: In slow fading, the channel fading realization does not change

rapidly and is constant over multiple symbols.

Fading greatly degrades the performance of the wireless communication systems. For

example, in an additive white Gaussian noise (AWGN) channel for binary phase shift

keying (BPSK), the error probability decreases exponentially with increasing transmit

power. Thus, for fading channels a large amount of additional power is required to

get the error rate performance of the AWGN channel.

1.1.2 Diversity Systems

In wireless systems, the base-stations (BSs) or access points communicate with small

low power terminals. These terminals may be limited to a single transmit chain due

to power complexity constraints [4]. On the other hand, multiple transmit and receive

antenna systems i.e. Multiple-Input-Multiple-Output (MIMO) systems offer substan-

tial performance improvement in wireless systems. This is possible by increasing their

spectral efficiency and/or by reducing the effects of the channel impairments [5]. Addi-

tionally, one of the simplest and most efficient techniques to overcome the destructive

effects of turbulence in wireless communication systems is diversity [4]. In this, the

receiver processes the obtained diversity signals in such a way that maximizes the

system’s power efficiency. There are several diversity techniques such as equal-gain

combining (EGC), maximal ratio combining (MRC), selection combining (SC), and

a combination of MRC and SC referred to as generalized selection combining (GSC)

among others.

An approach to overcome the severe effect of fading is to send multiple copies

of the signal over the wireless channel such that each copy of the signal experiences
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independent fading. The idea is that it is improbable that multiple independent paths

experience deep fades at the same time. This technique is called diversity. Diversity

can be achieved by multiple ways [2].

� Time Diversity: As the wireless channel is time varying, a simple technique to

achieve diversity is to transmit the signal over multiple time slots where each

time slot experiences independent fading i.e. the signal is transmitted in time

slots separated by time greater than the coherence time of the channel.

� Frequency Diversity: Diversity can also be achieved by transmitting the same

signal over different carrier frequencies that are separated by more than the

coherence bandwidth of the channel and thus experience independent fading.

This is termed as frequency diversity.

� Space Diversity: Diversity can also be achieved in space by transmitting the

multiple copies of the signal using multiple antennas where each antenna expe-

riences independent fading.

The multiple copies of the signal sent by the transmitter can be combined in

various ways [3]. Some of the combining schemes that have been proposed are

� Maximum Ratio Combining: The received signals are combined after weighting

the received copies proportional to the amplitude of the fading realization of

the channel and compensating the phase.

� Equal Gain Combining: The received signals are combined after giving all the

received copies equal weight and compensating the phase.

� Selection Combining: The signal with the maximum channel fading amplitude

is selected.
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In recent times, different diversity schemes have marked an important impact in

the arena of wireless communication systems. The main reason behind this is that

these different diversity schemes allow for multiple transmission and/or reception

paths for the same signal [3, 6–8]. One of the optimal diversity combining scheme is

the MRC diversity scheme where all the diversity branches are processed to obtain the

best possible devised and improved single output that possibly stays above a certain

specified threshold [3, 9, 10]. This results into extensive occurrence of the statisti-

cal distribution of the sum of squared envelopes of faded signals in several wireless

communication systems [11]. Additionally, wireless communications are driven by

a complicated phenomenon known as radio-wave propagation that is characterized

by various effects such as fading, shadowing, and path-loss. The statistical behav-

ior of these effects is described by different models depending on the nature of the

communication environment.

1.1.3 Cooperative Relaying Technology

Utilizing mobile terminals as relay stations is an interesting concept that is emerg-

ing as a feasible option for overcoming the problems of the next generation wireless

networks. There can be two relaying systems in broad sense: conventional relaying

systems that use relays as pure forwarders whereas cooperative relays that tackle the

fundamental features of wireless medium i.e. its broadcast nature, and its ability to

provide independent channels [12]. Hence, this concept allows achievement of diver-

sity. Cooperative networks benefit from the broadcast nature since once a signal is

transmitted, it can be received and usefully forwarded via multiple terminals. Never-

theless, whichever type of relaying system one employs; it encompasses the concept

of multiple scattering radio propagation channels [1]. This has been proved useful in

many scientific fields of communications and it fits many propagation scenarios from

the recent past.
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The classical relay channel model has been around since the 1960ś [13, 14]. How-

ever, due to practical constraints little work was carried out on relays until re-

cently [15–17]. Advances in wireless communications technology has now rekindled

interest in cooperative relays. Cooperative relaying exploits spatial diversity by em-

ploying antennas distributed over multiple terminals. Hence, each terminal can have

less number of antennas and less number of radio frequency (RF) chains. These

terminals combined act as a distributed MIMO system [18].

In a cooperative relay system, a terminal called a relay receives information from

the source, processes the information and then forwards it to the intended destina-

tion. In addition to achieving cooperative diversity, relays also provide the benefit

of increasing coverage area [19]. There are two main types of relays found in litera-

ture [17]:

• Amplify-and-Forward: These relays first amplify the signal received from the

source and then forward it to the destination. The advantage of amplify-and-forward

relays is that they are simple to implement. However, the drawback of these relays

is that they cannot detect errors in the received signal.

• Decode-and-Forward: These relays first decode the received signal. Then they

re-encode the signal after which it is forwarded to the destination. As the relay

decodes the signal, it can detect errors present in the signal. However, this comes at

the cost of added complexity and it can be difficult to incorporate this in to relays

that usually need to be simple and inexpensive.

Due to their low cost and ease of implementation, amplify-and-forward relays

are commonly used in literature. They are currently used in signal repeaters [20].

Amplify-and-forward relays can be further sub-divided into two types:

• Fixed Gain [21]: The relay gain of these types of amplify-and-forward relays is

set at the beginning of data transmission and does not change with time and channel

conditions.
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• Variable Gain [22]: The relay gain of these types of amplify-and-forward relays

depends on the channel response of the source (S)-relay (R) link. As the channel

response of the S-R link changes, so does the relay gain.

1.2 Free-Space Optics (FSO)

1.2.1 General Background

Wireless communication has taken a prime spot in our daily lives and at times it does

gives us a feel of being a basic commodity of our life but wireless communication is

a technology that has its own limits. As wireless communication continues to take

such an essential space in our daily lives, the prime resource that successfully allows

wireless communication to exist is reaching its limits, also termed as spectrum scarcity.

Hence, spectrum scarcity has been the primary concern in the current times when

the discussion falls in the arena of wireless communications. To overcome this issue,

many possible solutions have been proposed and have been successful within their

own limits and challenges. Some of the possible solutions include the cognitive radio

network (CRN) technology and free-space optical (FSO) technology among others.

FSO communication has recently gained a growing interest for both commercial

and military applications [23, 24]. Similar to fiber, FSO transmits data in form of

a small conical shaped beam by means of low powered laser or light-emitting diode

(LED) in Terahertz spectrum [25,26]. Instead of enclosing the data stream in a glass

fiber, it is transmitted through the air and it operates in near infrared (IR) band.

FSO is all-optical, unlike the well-known RF wireless systems. So, one gets the speed

of a fiber without the substantial costs of digging up sidewalks to install a fiber link.

This technology does not require government licensing for installation [26]. It can

be readily deployed as soon as the line-of-sight (LOS) link between the laser and the

receiver becomes available. This implies no hassles, no backlog, and no intermediary
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devices to the fiber backbone.

FSO becomes attractive technology where fiber installation and the right of way

are very expensive. FSO addresses applications like metropolitan networks, inter-

building communication, backhaul wireless systems, in-door links, fiber backup, ser-

vice acceleration, security, military purposes, and satellite communications, etc. For

deep space probes and inter-satellite communication, FSO is an excellent candidate

because of the low loss links and small size antennas [26–33]. Commercial products

are available for a data bandwidth of 100M up to 2.5Gbps. Furthermore, it is expected

that this technology will observe fast growth in terms of number of wavelengths shar-

ing the same space path [34]. It is expected to grow to hundreds of wavelengths per

FSO transponder (transmitter and receiver). Future developments of this technology

will potentially reach the tens of Terabit/sec range.

Since FSO link can be easily installed within 24 hours or less, there is a growing

interest in military and homeland security applications. It is very practical to connect

remote non-permanent sites, borders control and surveillance sites, difficult terrains,

and battlefields with very high bandwidth links. In addition, FSO is rapidly becom-

ing an important component in governments and large corporation’s disaster recovery

plans [35]. Furthermore, FSO is also getting a growing market share in active imaging

and remote sensing applications [36]. These applications are particularly attractive

for defense and homeland security. Moreover, there is a recent growing interest to ex-

ploit FSO in military and difficult terrain mobile networks despite the LOS stringent

challenge [26]. Indeed the deployment of ubiquitous wireless commercial communi-

cations results in regulatory pressure and the spectrum available for military use is

decreasing. Military applications need communication system with higher capacity

because they need to exchange huge amount of voice, video, and data. In effect,

new age wars and conflicts require a real time transfer of huge information directly

from the field to center of command. Naval communications is also another potential
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market for FSO communication technology [23].

For the past decade, there has been an increasing interest in FSO or terrestrial

optical wireless communication systems due to their various characteristics. These

include higher bandwidth and higher capacity relative to the traditional RF commu-

nication systems. In addition, FSO links are license-free and hence are cost-effective

relative to the traditional RF links. FSO is a promising technology as it offers full-

duplex Gigabit Ethernet throughput in certain applications and environment, ul-

timately offering a huge license-free spectrum, immunity to interference, and high

security [25]. These features of FSO communication systems potentially enable solv-

ing the issues that the RF communication systems face due to the expensive and

scarce spectrum. Additionally, advanced research and development (R&D) lab pro-

totypes demonstrated the feasibility of up to 1.28 Terabits per second [8]. With the

correct setup, much higher speeds may be possible as the approach utilizes multi-

ple wavelengths acting like separate channels. Hence, in this concept, the signals

are sent down a fibre and launched through the air (known as FSO) and then they

travel through a lens before ending up back in fibre. Besides these nice characteristic

features of FSO communication systems, over long distances of 1Km or longer, the

atmospheric turbulence may lead to a significant degradation in the performance of

the FSO communication systems [4, 12,37–41].

Although there are many advantages of using FSO, the optical free space is af-

fected by weather and atmospheric losses along the propagation path. This includes

rain, dust particles, fog, snow, fading due to turbulence, etc. (see Fig. 1.1) [26, 42].

Fading might lead to short-term outages for a few milliseconds. These are caused

by atmospheric turbulence-induced fading. It might also lead to long-term outages

up to duration of a few seconds usually caused by LOS obstructions or pointing er-

rors [42]. To mitigate these effects, various different approaches have been presented.

They include physical and higher layer techniques. At the physical layer, forward er-
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Figure 1.1: Environmental effects on a FSO system.

ror correction (FEC), dynamic thresholding, and time delayed diversity (TDD) have

been proved to be acceptable solutions [42]. At higher layers, FEC has also been

demonstrated to be a possible solution although it imposes a penalty on the channel

throughput. For duplex communications, automatic repeat request (ARQ) protocols

are proposed to be a more efficient solution [43]. Moreover, spatial diversity and

channel coding are used to obtain improved performance over the turbulent link. An

appropriate method that will reduce the probability of error for FSO communication

system is Alamouti space time coding [44, 45]. MIMO techniques have gained more

interest as means of combating turbulence and leveraging the performance of FSO

links [46,47].

Moreover, thermal expansion, dynamic wind loads, and weak earthquakes lead to

the building sway phenomenon that causes vibration of the transmitter beam. This

ultimately leads to a misalignment between the transmitter and the receiver termed

as pointing error. These pointing errors may lead to additional performance degra-
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dation and are a serious issue in urban areas, where the FSO equipment’s are placed

on high-rise buildings [48–50]. Furthermore, it is important to know that indirect

modulation/direct detection (IM/DD) is the main mode of detection in FSO systems

but coherent communications have also been proposed as an alternative detection

mode. Heterodyne detection is a more complicated detection method though it has

the ability to better overcome various turbulence effects (see [51, 52] and references

therein).

1.2.2 Asymmetric RF-Free-Space Optical (FSO) Dual-Hop

Communication Systems

For the past decade, FSO or optical wireless communication (OWC) systems have

gained an increasing interest due to its various characteristics including higher band-

width and higher capacity compared to the traditional RF communication systems.

In addition, FSO links are license-free and hence are cost-effective relative to the

traditional RF links. It is a promising technology as it offers full-duplex Gigabit Eth-

ernet throughput in certain applications and environment offering a huge license-free

spectrum, immunity to interference, and high security [37]. These features of FSO

communication systems potentially enable solving the issues that the RF communi-

cation systems face due to the expensive and scarce spectrum [4, 12, 37–41]. Besides

these nice characteristic features of FSO communication systems, over long distances

of 1Km or longer, the atmospheric turbulence may lead to a significant degradation in

the performance of the FSO communication systems [38]. Hence, as proposed in [53],

a relaying system based on both FSO as well as RF characteristics can be expected

to be more adaptive and constitute an effective communication system in a real-life

environment.

Keeping RF as the prime band for transmission for the end users and combining
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the channel modeling experience with a relatively newer technology i.e. utilizing laser

light for fulfilling the purpose of data transmission, commonly termed as FSO com-

munications and/or OWC, through the network to the internet back-haul/destination

improves the system performance manifolds.

1.2.3 Cognitive Radio Networks (CRN) with FSO

Cognitive radio network (CRN) has been proposed as a promising solution for efficient

utilization of the RF spectrum. A practical example for such networks are indoor

femto-cells where the users are allowed to deploy femto BSs that have the capability

to share the spectrum with macro-cell users. Such networks have proved to improve

the performance of indoor users in terms of capacity [54].

The spectrum usage by cognitive (secondary) users is generally governed by the

following three approaches (see [55] and references cited therein).

� Interweave CRNs wherein the primary and the secondary users are not allowed

to operate simultaneously i.e. only when the primary users (PUs) are in idle

mode, the secondary users (SUs) are allowed to access the spectrum.

� Underlay CRNs wherein the PUs are allocated a higher priority over the SUs

in terms of spectrum usage. Hence, the PUs and SUs are allowed to coexist

as long as the power of the SUs signals at the PUs receivers do not exceed a

predefined interference threshold known also as interference temperature (IT).

� Overlay CRNs wherein PUs and SUs transmit concurrently with the assistance

of advanced coding techniques.

Based on the benefits of CRN technology, it will be useful to combine the CRN

technology with this asymmetric RF-FSO transmission system to give a chance of

further overcoming the issue of spectrum scarcity.
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1.3 Objectives and Contributions

The main objective of this thesis is to present advances in the field of FSO communi-

cations. This thesis presents advancement in FSO communications via utilizing other

technologies along with the FSO technology to improve the performance of wireless

communication systems.

The remainder of the thesis is organized as follows. Chapter 2 talks about FSO

and its characteristics in brief followed by analyzing the performance of single FSO

links over both types of detection techniques (i.e. heterodyne detection technique

as well as IM/DD technique) in a unified fashion. This is followed by performing

ergodic capacity analysis of various atmospheric turbulence models in composition

with nonzero boresight pointing errors in Chapter 3 wherein it is proved that utiliz-

ing nonzero boresight pointing errors is a quite a challenge to analyze various FSO

communication system.

Utilizing the single link analysis presented in Chapter 2, asymmetric RF-FSO and

hybrid RF/RF-FSO transmission systems are introduced in Chapter 4. Specifically,

Chapter 4 introduces the FSO channel model inclusive of zero boresight pointing er-

rors in brief and presents the motivation behind employing such a mixed RF-FSO

transmission systems followed by performance analysis of a mixed or an asymmet-

ric RF-FSO dual-hop transmission system is presented. Chapter 4 also discusses

the possibility of implementing diversity schemes on such an asymmetric RF-FSO

transmission system along with a direct RF link in operation too. The performance

analysis displayed is impressive and conforms with the characteristic features of a

diverse system. It is important to note here that all the study performed on mixed or

asymmetric RF-FSO and/or hybrid RF/RF-FSO transmission systems is done under

amplify-and-forward relay schemes. Both types of amplify-and-forward scheme are

employed i.e. fixed gain as well as variable gain.

Another development to the asymmetric RF-FSO transmission system is proposed
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in Chapter 5 that includes the CRN technology. Specifically, the RF end is considered

to be operating under the CRN technology followed by the FSO hop with the help

of a relay. Similar analysis has been performed to such a transmission system as was

tackled in Chapter 4 above.

Hence, the contributions of this thesis unfolds in the following streams:

� Unified performance analysis of FSO links over Málaga (M) atmospheric tur-

bulence channels with pointing errors.

� Ergodic capacity analysis of FSO links with nonzero boresight pointing errors.

� Performance analysis of asymmetric RF-FSO dual-hop and hybrid RF/RF-FSO

transmission systems along with the impact of pointing errors on such systems.

� Performance analysis of underlay cognitive RF and FSO wireless channels.

As a summary, the flow-chart of this thesis is given in Fig. 1.2.
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Figure 1.2: Thesis flow-chart.
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Chapter 2

Performance Analysis of

Free-Space Optical Links Over

Málaga (M) Turbulence Channels

with Pointing Errors

2.1 Introduction

2.1.1 Motivation

Up until recent past, many irradiance probability density function (PDF) models

have been utilized with different degrees of success out of which the most commonly

utilized models are the lognormal and the Gamma-Gamma. The scope of lognormal

model is restricted to weak turbulences whereas Gamma-Gamma PDF was suggested

by Andrews et. al. in [38] as a reasonable alternative to Beckmann’s PDF because

of its much more tractable mathematical model [56]. Recently, a new and general-

ized statistical model, Málaga (M) distribution, was proposed in [56] to model the



irradiance fluctuation of an unbounded optical wavefront (plane or spherical waves)

propagating through a turbulent medium under all irradiance conditions in homoge-

neous, isotropic turbulence [57]. This M distribution unifies most of the proposed

statistical models derived until now in the bibliography in a closed-form expression

providing an excellent agreement with published simulation data over a wide range

of turbulence conditions (weak to strong) [56]. Hence, both lognormal and Gamma-

Gamma models are a special case of this newly proposed general model.

2.1.2 Contributions

The main contributions of this work are:

� The performance analysis for the M turbulence channel under the heterodyne

detection technique in presence of the pointing errors is presented. To the best

of our knowledge, these results are new in the literature.

� Some analysis has been presented in [57] for the M turbulence channel under

the IM/DD technique. Hence, the work presented in [57] is complemented in

this work. To the best of our knowledge, these complemented results are new

in the open literature.

� Specifically, the probability density function (PDF), the cumulative distribution

function (CDF), and the moment generating function (MGF) of a single M

turbulent FSO link in exact closed-form in terms of Meijer’s G function, and

the moments in terms of simple elementary functions for both heterodyne and

IM/DD detection techniques are derived. Then, the outage probability (OP),

the bit-error rate (BER) of binary modulation schemes, the symbol error rate

(SER) of M -ary amplitude modulation (M-AM), M -ary phase shift keying (M-

PSK) and M -ary quadrature amplitude modulation (M-QAM), and the ergodic
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capacity in terms of Meijer’s G functions, and the higher-order amount of fading

(AF) in terms of simple elementary functions, are derived.

� The asymptotic expressions for all expressions mentioned above are derived in

terms of simple elementary functions via Meijer’s G function expansion, and

additionally, the ergodic capacity is also derived at low and high SNR regimes

in terms of simple elementary functions by utilizing moments of the M dis-

tribution. With the help of these simple results, one can easily derive useful

insights. Additionally, these simple results are easily tractable. These results

are new in the open literature.

� The diversity order and the coding gain for M turbulence model under con-

sideration are derived applicable to both the detection techniques under the

presence of pointing error effects. These results are new in the open literature.

� Interestingly enough, all the above mentioned results are combined in a unified

form i.e. the results for any statistical characteristic or any performance metric

applicable to both the detection techniques are presented in a single unified

expression. Such unified results are new in the open literature.

� Finally, we also derive the mapping between the lognormal distribution pa-

rameter and theM distribution parameters demonstrating the tightness of the

approximation of lognormal distribution as a special case of M distribution.

2.1.3 Structure

The remainder of the chapter is organized as follows. Sections 2 presents a sin-

gle unified FSO link system and channel model for the M turbulence distribution.

The channel model accounts for pointing errors with both types of detection tech-

niques (heterodyne detection as well as IM/DD). This is then followed by exact closed
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form expressions and the asymptotic expressions for the statistical characteristics of

a single unified FSO link including the CDF and the MGF, and the moments in

terms of Meijer’s G functions and simple elementary functions, respectively, in Sec-

tion 3. Subsequently, the performance metrics under consideration, namely, the OP,

the higher-order AF, the BER, the SER, and the ergodic capacity are also presented

in terms of unified expressions and asymptotic expressions in Section 4. Finally, Sec-

tion 5 presents some simulation results to validate these analytical results followed

by concluding remarks in Section 6.

2.2 Channel and System Models

2.2.1 Málaga (M) Atmospheric Turbulence Model

The M turbulence model [56] is based on a physical model that involves a LOS

contribution, UL, a component that is quasi-forward scattered by the eddies on the

propagation axis and coupled to the LOS contribution, UC
S , and another component,

UG
S , due to energy that is scattered to the receiver by off-axis eddies. UC

S and UG
S

are statistically independent random processes and UL and UG
S are also independent

random processes. TheM turbulence model can be visually understood via [56, Fig.

1]. One of the main motivation to study this turbulence model is its generality

i.e. M represents various other turbulence models as a special case as can be seen

from [56, Table 1]. Hence, a FSO link is employed that experiencesM turbulence for

which the PDF of the irradiance Ia is given by [56, Eq. (24)]

fa(Ia) = A

β∑
m=1

am IaKα−m

(
2

√
αβ Ia
g β + Ω′

)
, Ia > 0, (2.1)
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where

A ,
2αα/2

g1+α/2Γ(α)

(
g β

g β + Ω′

)β+α/2

,

am ,

(
β − 1

m− 1

)(
g β + Ω

′)1−m/2

(m− 1)!

(
Ω
′

g

)m−1(
α

β

)m/2
,

(2.2)

α is a positive parameter related to the effective number of large-scale cells of the

scattering process, β is the amount of fading parameter and is a natural number 1,

g = E
[
|UG

S |2
]

= 2 b0 (1 − ρ) denotes the average power of the scattering component

received by off-axis eddies, 2 b0 = E
[
|UC

S |2 + |UG
S |2
]

is the average power of the total

scatter components, the parameter 0 ≤ ρ ≤ 1 represents the amount of scattering

power coupled to the LOS component, Ω
′

= Ω + 2 b0 ρ + 2
√

2 b0 ρΩ cos(φA − φB)

represents the average power from the coherent contributions, Ω = E [|UL|2] is the

average power of the LOS component, φA and φB are the deterministic phases of the

LOS and the coupled-to-LOS scatter terms, respectively, Γ(.) is the Gamma function

as defined in [58, Eq. (8.310)], and Kv(.) is the vth-order modified Bessel function of

the second kind [58, Sec. (8.432)]. It is interesting to know here that E
[
|UC

S |2
]

=

2 b0 ρ denotes the average power of the coupled-to-LOS scattering component and

E [Ia] = Ω + 2 b0. 2

2.2.2 Pointing Error Model

Pointing errors play an important role in channels fading characteristics. Hence,

presence of the pointing error impairments is assumed for which the PDF of the

1A generalized expression of (2.1) is given in [56, Eq. (22)] for β being a real number though it
is less interesting due to the high degree of freedom of the proposed distribution (Sec. III of [56]).

2Detailed information on the M distribution, its formation, and its random generation can be
extracted from [56, Eqs. (13-21)].
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irradiance Ip is given by 3 [59, Eq. (11)]

fp(Ip) =
ξ2

Aξ
2

0

Iξ
2−1
p , 0 ≤ Ip ≤ A0, (2.3)

where ξ is the ratio between the equivalent beam radius at the receiver and the

pointing error displacement standard deviation (jitter) at the receiver [48, 50] (i.e.

when ξ → ∞, (2.5) converges to the non-pointing errors case), and A0 is a constant

term that defines the pointing loss.

2.2.3 Composite Atmospheric Turbulence-Pointing Error Model

The joint distribution of I = Ia Ip can be derived by utilizing the relationship

fI(I) =

∫ ∞
I/A0

fa(Ia) fI|Ia(I|Ia)dIa. (2.4)

Hence, applying a simple random variable transformation on (2.3) and using (2.4), the

PDF of the receiver irradiance I experiencing M turbulence in presence of pointing

error impairments is obtained as [57, Eq. (21)]

fI(I) =
ξ2A

2 I

β∑
m=1

bm G3,0
1,3

[
αβ

(g β + Ω′)

I

A0

∣∣∣∣ ξ2 + 1

ξ2, α,m

]
, (2.5)

where bm = am
[
αβ/

(
g β + Ω

′)]−(α+m)/2
and G[.] is the Meijer’s G function as defined

in [58, Eq. (9.301)].

For the heterodyne detection technique case, the average SNR develops as µheterdoyne

= ηe EI [I]/N0 = A0 ηe ξ
2(g+Ω

′
)/ [(1 + ξ2)N0], 4 where ηe is the effective photoelectric

3For detailed information on the pointing error model and its subsequent derivation, one may
refer to [59].

4EI [In] can be easily derived directly utilizing (2.5) though the derived EI [In] comes out to be as
a summation as expected. Hence to avoid the summation, EI [In] has been derived in simpler terms
in [57, Eq. (34)] that is utilized here.
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conversion ratio and N0 symbolizes the AWGN sample. Alongside, with γ = ηe I/N0,

I = A0 ξ
2(g + Ω

′
) γ/ [µheterodyne (ξ2 + 1)] is obtained. On utilizing this simple ran-

dom variable transformation, the resulting SNR PDF under the heterodyne detection

technique is given as

fγheterodyne
(γ) =

ξ2A

2 γ

β∑
m=1

bm G3,0
1,3

[
B

γ

µheterodyne

∣∣∣∣ ξ2 + 1

ξ2, α,m

]
, (2.6)

where B = ξ2αβ (g + Ω
′
)/[(ξ2 + 1) (g β + Ω

′
)] and µheterodyne = Eγheterodyne

[γ] =

γheterodyne is the average SNR of (2.6). This is the very first appearance of this

PDF (in (2.6)) in the open literature.

Similarly, for the IM/DD detection technique case, the electrical SNR develops

as µIM/DD = η2
e E2

I [I]/N0 = A2
0 η

2
e ξ

4
(
g + Ω

′)2
/
[
(1 + ξ2)

2
N0

]
. With γ = η2

e I
2/N0,

I = ξ2 (g + Ω
′
)A0/ (ξ2 + 1)

√
γ/µIM/DD is obtained. On utilizing this simple random

variable transformation, the resulting SNR PDF under the IM/DD technique is given

as

fγIM/DD
(γ) =

ξ2A

4 γ

β∑
m=1

bm G3,0
1,3

[
B

√
γ

µIM/DD

∣∣∣∣ ξ2 + 1

ξ2, α,m

]
, (2.7)

where

µIM/DD = EγIM/DD
[γ]E2

I [I]/EI [I2]

=
ξ2 (ξ2 + 1)

−2
(ξ2 + 2)

(
g + Ω

′)
α−1 (α + 1) [2 g (g + 2 Ω′) + Ω′2 (1 + 1/β)]

γIM/DD,

(2.8)

is the electrical SNR of (2.7), where EI [I2]/E2
I [I] − 1 is defined as the scintillation

index [60, Eq. (6)]. When ξ2 (g+ Ω
′
)/ (ξ2 + 1) = 1, this PDF given in (2.7) comes in

agreement with [61, Eq. (19)].
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2.2.4 Unification

Both these PDFs in (2.6) and (2.7) can be easily combined yielding the unified ex-

pression for the M turbulence as

fγ(γ) =
ξ2A

2r γ

β∑
m=1

bm G3,0
1,3

[
B

(
γ

µr

) 1
r
∣∣∣∣ ξ2 + 1

ξ2, α,m

]
, (2.9)

where r is the parameter defining the type of detection technique (i.e. r = 1 represents

heterodyne detection and r = 2 represents IM/DD). More specifically, for µr, when

r = 1, µ1 = µheterodyne and when r = 2, µ2 = µIM/DD. Now, as a special case, when

ρ = 1 and Ω
′
= 1 [56, Table 1], this PDF in (2.9) reduces to

fγ(γ) =
ξ2

r γ Γ(α)Γ(β)
G3,0

1,3

[
ξ2 αβ

ξ2 + 1

(
γ

µr

) 1
r
∣∣∣∣ ξ2 + 1

ξ2, α, β

]
. (2.10)

This expression in (2.10) represents the unified PDF for the Gamma-Gamma turbu-

lence. For instance, for negligible pointing errors case under IM/DD technique (i.e.

ξ →∞ and r = 2) and ξ2 >> 1, (2.10) reduces to [50, Eq. (9)].

2.2.5 Important Outcomes

� It is important to note here that one may easily derive a PDF corresponding to a

certain detection technique from the PDF of the other corresponding detection

technique via simple random variable transformation. For instance, (2.7) can

be easily derived from (2.6) by transforming the random variable, γ, in (2.6) to

γ2 µIM/DD/µ
2
heterodyne wherein this updated γ will represent the random variable

of (2.7).

� There are two different expressions for the two different cases dependent on

the type of receiver detection and these differ in various aspects though it is
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important to be aware of the fact that this unification presented in this work

is ’unified’ in a rather notational point of view. This unification is classified in

terms of having, inclusive within a single expression as in (2.9), the parameters

that characterize the effects of turbulence i.e. α and β, the parameter that

characterizes the effect of pointing errors i.e. ξ, the µr, and the ultimate unifying

parameter (notationally speaking) r wherein when one places r = 1, it gives the

PDF applicable to the heterodyne detection technique with its subsequent µ1

and when one places r = 2, it gives the PDF applicable to the IM/DD technique

with its subsequent µ2.

� Emphasizing on the notational importance of this unified expression, it is clar-

ified that for r = 1 case, µ1 represents the average SNR for the heterodyne

detection technique whereas for r = 2 case, µ2 represents the electrical SNR for

the IM/DD technique for which its relation with the average SNR is shared in

(2.8).

2.3 Closed-Form Statistical Characteristics

In this section, we will derive the exact closed-form unified statistical characteristics

for our model.

2.3.1 Cumulative Distribution Function

Exact Analysis

Using [62, Eq. (07.34.21.0084.01)] and some simple algebraic manipulations, the CDF

for the M turbulence can be shown to be given by

Fγ(γ) =

∫ γ

0

fγ(t) dt = D

β∑
m=1

cm G3r,1
r+1,3r+1

[
E
γ

µr

∣∣∣∣1, κ1

κ2, 0

]
, (2.11)

45



where D = ξ2A/ [2r(2 π)r−1], cm = am bm r
α+m−1, E = B r/r2 r, κ1 = ξ2+1

r
, . . . , ξ

2+r
r

comprises of r terms, and κ2 = ξ2

r
, . . . , ξ

2+r−1
r

, α
r
, . . . , α+r−1

r
, m
r
, . . . , m+r−1

r
comprises of

3r terms. The above CDF in (2.11) reduces to the CDF of Gamma-Gamma turbulence

as

Fγ(γ) = J G3r,1
r+1,3r+1

[
K
γ

µr

∣∣∣∣1, κ1

κ3, 0

]
, (2.12)

where J = rα+β−2 ξ2/ [(2π)r−1Γ(α)Γ(β)], K = (ξ2αβ)r/
[
(ξ2 + 1)

r
r2 r
]
, and κ3 =

ξ2

r
, . . . , ξ

2+r−1
r

, α
r
, . . . , α+r−1

r
, β
r
, . . . , β+r−1

r
comprises of 3r terms. This unified expres-

sion for the CDF of a single unified FSO link in (2.12) is in agreement (for ξ2 >> 1)

with the individual results presented in [63, Eq. (15)] (for ξ →∞ and r = 2), [48, Eq.

(15)] and [64, Eq. (17)] (for r = 1), [65, Eq. (16)] and [51, Eq. (7)] (for ξ → ∞

and r = 1), and references cited therein. All these special cases are even tabulated

in Table 2.2. Mathematically, (2.12) can be easily derived from (2.11) by simply

setting ρ = 1 and Ω
′

= 1 in (2.11) i.e. all the sum terms in (2.11) become 0 except

for the term when m = β [61]. Hence, with this and with some simple algebraic

manipulations, (2.12) can be easily obtained from (2.11).

Asymptotic Analysis

Using [66, Eq. (6.2.2)] to invert the argument in the Meijer’s G function in (2.11) and

then applying (A.1) from the Appendix, the CDF for theM turbulence in (2.11) can

be given asymptotically, at high SNR, in a simpler form in terms of basic elementary

functions as

Fγ(γ) u
µr >>1

D

β∑
m=1

cm

3r∑
k=1

(
µr
E γ

)−κ2,k
∏3r

l=1; l 6=k Γ(κ2,l − κ2,k)

κ2,k

∏r
l=1 Γ(κ1,l − κ2,k)

, (2.13)

where κu,v represents the vth-term of κu. The asymptotic expression for the CDF in

(2.13) is dominated by the min(ξ, α, β) where ξ represents the 1st-term, α represents

the (r+ 1)th-term, and β represents the (2 r+ 1)th-term in κ2 i.e. when the difference
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between the parameters is greater than 1 then the asymptotic expression for the CDF

in (2.13) is dominated by a single term that has the least value among the above three

parameters i.e. ξ, α, and β. On the other hand, if the difference between any two

parameters is less than 1 then the asymptotic expression for the CDF in (2.13) is

dominated by the summation of the two terms that have the least value among the

above three parameters with a difference less than 1 and so on and so forth. As a

special case, the asymptotic CDF of the Gamma-Gamma turbulence can be obtained

as

Fγ(γ) u
µr >>1

J
3r∑
k=1

(
µr
K γ

)−κ3,k
∏3r

l=1; l 6=k Γ(κ3,l − κ3,k)

κ3,k

∏r
l=1 Γ(κ1,l − κ3,k)

. (2.14)

2.3.2 Moment Generating Function

Exact Analysis

The MGF defined asMγ(s) , E [e−γs], can be expressed, using integration by parts,

in terms of CDF as

Mγ(s) = s

∫ ∞
0

e−γsFγ(γ)dγ. (2.15)

By placing (2.11) into (2.15) and utilizing [58, Eq. (7.813.1)], after some manipula-

tions the MGF for the M turbulence is obtained as

Mγ(s) = D

β∑
m=1

cm G3r,2
r+2,3r+1

[
E

µr s

∣∣∣∣0, 1, κ1

κ2, 0

]
. (2.16)

As a special case, the MGF for the Gamma-Gamma turbulence is derived as

Mγ(s) = J G3r,2
r+2,3r+1

[
K

µr s

∣∣∣∣0, 1, κ1

κ3, 0

]
. (2.17)

This unified expression for the MGF of a single unified FSO link in (2.17) is in

agreement (for ξ2 >> 1) with the individual result presented in [67, Eq. (3)] (for
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ξ →∞ and r = 2), and references cited therein.

Asymptotic Analysis

Similar to the CDF, the MGF for theM turbulence can be expressed asymptotically,

at high SNR, as

Mγ(s) u
µr >>1

D

β∑
m=1

cm

3r∑
k=1

( s
E
µr

)−κ2,k

∏3r
l=1; l 6=k Γ(κ2,l − κ2,k)

∏2
l=1 Γ(1 + κ2,k − κ1,l)

Γ(1 + κ2,k)
∏r

l=1 Γ(κ1,l − κ2,k)
,

(2.18)

for the Gamma-Gamma turbulence as

Mγ(s) u
µr >>1

J
3r∑
k=1

( s
K
µr

)−κ3,k

∏3r
l=1; l 6=k Γ(κ3,l − κ3,k)

∏2
l=1 Γ(1 + κ3,k − κ1,l)

Γ(1 + κ3,k)
∏r

l=1 Γ(κ1,l − κ3,k)
,

(2.19)

and can be further expressed via only the dominant term(s) based on a similar ex-

planation to the one given for the CDF case earlier.

2.3.3 Moments

The moments are defined as E [γn]. Placing (2.1) into the definition and utilizing [58,

Eq. (7.811.4)], to the best of our knowledge, a new expression for the moments of

the M turbulence is derived in exact closed-form and in terms of simple elementary

functions as

E [γn] =
r ξ2AΓ(r n+ α)

2r (r n+ ξ2) Br n

β∑
m=1

bm Γ(r n+m)µnr , (2.20)

and of the Gamma-Gamma turbulence as

E [γn] =
ξ2 (ξ2 + 1)

r n
Γ(r n+ α)Γ(r n+ β)

(ξ2αβ)r n (r n+ ξ2) Γ(α)Γ(β)
µnr . (2.21)

It is worthwhile to note that this simple result for the moments is particularly useful

to conduct asymptotic analysis of the ergodic capacity in the later part of this work.
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2.4 Applications

2.4.1 Outage Probability

When the instantaneous output SNR γ falls below a given threshold γth, a situation

labeled as outage is encountered and it is an important feature to study the OP of

a system. Hence, another important fact worth stating here is that the expressions

derived in (2.11), (2.12), (2.13), and (2.14) also serve the purpose for the results of

the OP for a FSO channel or in other words, the probability that the SNR falls below

a predetermined protection ratio γth can be simply expressed by replacing γ with γth

in (2.11), (2.12), (2.13), and (2.14) as Pout(γth) = Fγ(γth).

2.4.2 Higher-Order Amount of Fading

The AF is an important measure for the performance of a wireless communication

system as it can be utilized to parameterize the distribution of the SNR of the received

signal. In particular, the nth-order AF for the instantaneous SNR γ is defined as

AF
(n)
γ = E[γn]

E[γ]n
− 1 [68]. Now, substituting (2.20) into this definition, the nth-order AF

and the classical AF can be easily obtained.

2.4.3 Average BER

Exact Analysis

Substituting (2.11) into [69, Eq. (12)] and utilizing [58, Eq. (7.813.1)], the average

BER P b of a variety of binary modulations for the M turbulence is obtained as

P b =
D

2 Γ(p)

β∑
m=1

cm G3r,2
r+2,3r+1

[
E

µr q

∣∣∣∣1− p, 1, κ1

κ2, 0

]
, (2.22)
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Table 2.1: BER Parameters of Binary Modulations

Modulation p q

Coherent Binary Frequency Shift Keying (CBFSK) 0.5 0.5

Coherent Binary Phase Shift Keying (CBPSK) 0.5 1

Non-Coherent Binary Frequency Shift Keying (NBFSK) 1 0.5

Differential Binary Phase Shift Keying (DBPSK) 1 1

and for the Gamma-Gamma turbulence as

P b =
J

2 Γ(p)
G3r,2
r+2,3r+1

[
K

µr q

∣∣∣∣1− p, 1, κ1

κ3, 0

]
, (2.23)

where the parameters p and q account for different modulation schemes. For an

extensive list of modulation schemes represented by these parameters, one may look

into [69–73] or refer to Table 2.1. This unified expression for the BER of a single

unified FSO link in (2.23) is in agreement (for ξ2 >> 1) with the individual results

presented in [74, Eq. (5)] (for r = 2), [48, Eq. (24)] (for r = 1), [51, Eq. (10)]

and [75, Eq. (7)] (for ξ → ∞ and r = 1), and references cited therein. All these

special cases are even tabulated in Table 2.2.

Asymptotic Analysis

Similar to the CDF, the BER can be expressed asymptotically for theM turbulence,

at high SNR, as

P b u
µr >>1

D

2 Γ(p)

β∑
m=1

cm

3r∑
k=1

( q
E
µr

)−κ2,k

∏3r
l=1; l 6=k Γ(κ2,l − κ2,k)

∏2
l=1 Γ(1 + κ2,k − κ1,l)

Γ(1 + κ2,k)
∏r

l=1 Γ(κ1,l − κ2,k)
,

(2.24)
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for the Gamma-Gamma turbulence as

P b u
µr >>1

J

2 Γ(p)

3r∑
k=1

( q
K
µr

)−κ3,k

∏3r
l=1; l 6=k Γ(κ3,l − κ3,k)

∏2
l=1 Γ(1 + κ3,k − κ1,l)

Γ(1 + κ3,k)
∏r

l=1 Γ(κ1,l − κ3,k)
,

(2.25)

and can be further expressed via only the dominant term(s) based on a similar ex-

planation to the one given for the CDF case earlier.

Diversity Order and Coding Gain

Utilizing P b ≈ (Gc µr)
−Gd [76, Eq. (1)], it can be easily derived for theM turbulence,

the diversity order is Gd = min(ξ2/r, α/r, β/r) =
α>β

min(ξ2/r, β/r) and the coding gain

is

Gc = q/E

(
D/ (2 Γ(p))

β∑
m=1

cm

∏3 r
l=1; l 6=k Γ(κ2,l − κ2,k)

∏2
l=1 Γ(1 + κ2,k − κ1,l)

Γ(1 + κ2,k)
∏r

l=1 Γ(κ1,l − κ2,k)

)− 1
κ2,k

.

(2.26)

Similarly, for the Gamma-Gamma turbulence, the diversity order outcomes as Gd =

min(ξ2/r, α/r, β/r) =
α>β

min(ξ2/r, β/r) and the coding gain as

Gc = q/K

(
J/ (2 Γ(p))

∏3 r
l=1; l 6=k Γ(κ3,l − κ3,k)

∏2
l=1 Γ(1 + κ3,k − κ1,l)

Γ(1 + κ3,k)
∏r

l=1 Γ(κ1,l − κ3,k)

)− 1
κ3,k

.

(2.27)

The authors in [77, Eqs. (18) and (19)] have also derived the diversity order and

the coding gain for the Gamma-Gamma turbulence FSO channels though applicable

to the IM/DD technique under negligible pointing errors. Hence, the results for the

coding gain and the diversity order in this work are applicable to even the heterodyne

detection technique and also for non-negligible pointing error effects for both types

of detection techniques.
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2.4.4 Average SER

In [78], the conditional SER has been presented in a desirable form and utilized to

obtain the average SER of M-AM, M-PSK, and M-QAM. For example, for M-PSK the

average SER P s over generalized fading channels is given by [78, Eq. (41)]. Similarly,

for M-AM and M-QAM, the average SER P s over generalized fading channels is given

by [78, Eq. (45)] and [78, Eq. (48)] respectively. On substituting (2.16) into [78, Eq.

(41)], [78, Eq. (45)], and [78, Eq. (48)], one can obtain the SER of M-PSK, M-AM,

and M-QAM, respectively. The analytical SER performance expressions obtained via

the above substitutions are exact and can be easily estimated accurately by utilizing

the Gauss-Chebyshev Quadrature (GCQ) formula [79, Eq. (25.4.39)] that converges

rapidly, requiring only few terms for an accurate result [80].

2.4.5 Ergodic Capacity

Exact Analysis

The ergodic channel capacity C is defined as C , E [log2(1 + c γ)] where c is a

constant term such that c = 1 for heterodyne detection and c = e/ (2 π) for IM/DD

[81, Eq. (26)], [82, Eq. (7.43)]. Utilizing this equation by substituting (2.9) in

it, representing ln(1 + c γ) in terms of Meijer’s G function as G1,2
2,2

[
c γ
∣∣∣1,11,0

]
, and

using [83, Eq. (21)], the ergodic capacity for the M turbulence can be expressed as

C =
D

ln(2)

β∑
m=1

cm G3r+2,1
r+2,3r+2

[
E

µ∼r

∣∣∣∣0, 1, κ1

κ2, 0, 0

]
, (2.28)

and for the Gamma-Gamma turbulence as

C =
J

ln(2)
G3r+2,1
r+2,3r+2

[
K

µ∼r

∣∣∣∣0, 1, κ1

κ3, 0, 0

]
, (2.29)
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where µ∼r = c µr. Specifically, µ∼1 = µ1 for the heterodyne detection technique (i.e.

r = 1) and µ∼2 = e/ (2 π) µ2 for the IM/DD technique (i.e. r = 2). This unified

expression for the ergodic capacity of a single unified FSO link in (2.29) is in agreement

(for ξ2 >> 1) with the individual results presented in [50, Eq. (22)] (for r = 2), [63,

Eq. (21)] and [50, Eq. (11)] (for ξ →∞ and r = 2), [84, Eq. (10)] (for r = 1), [85, Eq.

(16)] and [86, Eq. (3)] (for ξ →∞ and r = 1), and references cited therein. All these

special cases are even tabulated in Table 2.2.

For readers clarification, the Shannon ergodic capacity given as C , E [log2(1 + c γ)]

is true as an exact expression for deriving the respective ergodic capacity for hetero-

dyne detection technique whereas for IM/DD technique, it acts as a lower bound as

given in [81, Eq. (26)] and [82, Eq. (7.43)]. Hence, it can be safely claimed that

the ergodic capacity’s derived in (2.28) and (2.29) above are an exact solution for the

heterodyne detection technique (i.e. r = 1) whereas for the IM/DD technique (i.e.

r = 2), these solutions (as per above mentioned references) act as a lower bound.

Asymptotic Analysis

Similar to the CDF, the ergodic capacity for the M turbulence can be expressed

asymptotically via utilizing the Meijer’s G function expansion given in the Appendix,

at high SNR, as

C u
µr >>1

D

ln(2)

β∑
m=1

cm

3r+2∑
k=1

(
µ∼r
E

)−κ2,k Γ(1 + κ2,k)
∏3r+2

l=1; l 6=k Γ(κ2,l − κ2,k)

Γ(1− κ2,k)
∏r

l=1 Γ(κ1,l − κ2,k)
. (2.30)

Similarly, the asymptotic expression for the Gamma-Gamma turbulence is derived as

C u
µr >>1

J

ln(2)

3r+2∑
k=1

(
µ∼r
K

)−κ3,k Γ(1 + κ3,k)
∏3r+2

l=1; l 6=k Γ(κ3,l − κ3,k)

Γ(1− κ3,k)
∏r

l=1 Γ(κ1,l − κ3,k)
, (2.31)
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and can be further expressed via only the dominant term(s) based on the similar

explanation as has been given for the CDF case earlier in Section II.3.1 except with

min(ξ, α, β, 1, 1 + ε) instead of min(ξ, α, β), where ε is a very small error introduced

so as not to violate the conditions given in the Appendix, required to utilize (A.1).

Alternatively, a high SNR asymptotic analysis may also be done by utilizing the

moments as [68, Eqs. (8) and (9)]

C u
µr >>1

log(µr) + ζ, (2.32)

where

ζ =
∂

∂n
AF (n)

γ

∣∣∣∣
n=0

. (2.33)

The expression in (2.32) can be simplified to

C u
µr >>1

log(µr) +
∂

∂n
AF (n)

γ

∣∣∣∣
n=0

= log(µr) +
∂

∂n

(
E [γn]

E [γ]n
− 1

)∣∣∣∣
n=0

= log(µr) +

(
1

E [γ]n
∂

∂n
E [γn] + E [γn]

∂

∂n

1

E [γ]n

)∣∣∣∣
n=0

= log(µr) +

(
1

E [γ]n
∂

∂n
E [γn]− E [γn]

E [γ]n
log (E [γ])

)∣∣∣∣
n=0

= log(µr) +

(
1

E [γ]n
∂

∂n
E [γn]− E [γn]

E [γ]n
log (µr)

)∣∣∣∣
n=0

=
∂

∂n
E [γn]

∣∣∣∣
n=0

.

(2.34)

Hence, it is required to evaluate the first derivative of the moments in (2.20) at n = 0

for high SNR asymptotic approximation to the ergodic capacity in (2.28). The first

derivative of the moments is given as

∂

∂n
E [γn] =

r ξ2AΓ(r n+ α)

2r (r n+ ξ2) Br n

β∑
m=1

bm Γ(r n+m)

×
{
r [ψ(r n+ α) + ψ(r n+m)− log(B)] + log(µr)− r/

(
r n+ ξ2

)}
µ∼nr ,

(2.35)
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where ψ(.) is the digamma (psi) function [79, Eq. (6.3.1)], [58, Eq. (8.360.1)]. Eval-

uating (2.35) at n = 0,

C u
µr >>1

r AΓ(α)

2r

β∑
m=1

bm Γ(m)
{
r
[
−1/ξ2 − log(B) + ψ(α) + ψ(m)

]
+ log(µ∼r )

}
,

(2.36)

is obtained. Hence, (2.36) gives the required expression for C for the M turbulent

channel at high SNR in terms of simple elementary functions. A similar expression

is derived for the Gamma-Gamma turbulent channel as

C u
µr >>1

log(µ∼r ) + r

[
− 1

ξ2
− log

(
ξ2

ξ2 + 1

)
− log(αβ) + ψ(α) + ψ(β)

]
. (2.37)

Furthermore, for low SNR asymptotic analysis, it can be easily shown that the

ergodic capacity can be asymptotically approximated by the first moment. Now,

utilizing (2.20) via placing n = 1 in it to obtain the ergodic capacity approximate at

low SNR. Hence the ergodic capacity of a single FSO link under M turbulence can

be approximated at low SNR in closed-form in terms of simple elementary functions

as

C u
µr <<1

E
[
γn=1

]
=
r ξ2AΓ(r + α)

2r (r + ξ2) Br

β∑
m=1

bm Γ(r +m)µ∼r , (2.38)

and under Gamma-Gamma turbulence as

C u
µr <<1

E
[
γn=1

]
=
ξ2 (ξ2 + 1)

r
Γ(r + α)Γ(r + β)

(ξ2αβ)r (r + ξ2) Γ(α)Γ(β)
µ∼r . (2.39)

2.5 Numerical Results and Discussion

The FSO link is modeled as M turbulent channel with the effects of atmosphere as

(α = 2.296; β = 2), (α = 4.2; β = 3) and (α = 8; β = 4), (Ω = 1.3265, b0 = 0.1079),
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ρ = 0.596, and φA − φB = π/2. 5 In MATLAB, a M turbulent channel random

variable was generated via squaring the absolute value of a Rician-shadowed random

variable [56]. Additionally, please note that the Eq. (.) numbers referred to in all of

the following figures represent the equations in this chapter.

The OP is presented in Fig. 2.1 for both types of detection techniques (i.e. IM/DD

and heterodyne) across the normalized electrical SNR with fixed effect of the pointing

error (ξ = 1). It can be observed from Fig. 2.1 that the simulation results provide

0 5 10 15 20 25 30 35 40

10
−4

10
−3

10
−2

10
−1

Comparison between Analytical and Simulation Results for Strong Pointing Error Effect (ξ = 1)

µ
r
/γ

th
 (dB) (Normalized)

O
ut

ag
e 

P
ro

ba
bi

lit
y 

(O
P

),
 P

ou
t

 

 

α = 2.296 and β = 2; ρ = 0.596  (Eq. (11))
α = 4.2 and β = 3; ρ = 0.596  (Eq. (11))
Monte−Carlo Simulation
α = 8 and β = 4; ρ −> 1 and Ω’ = 1 (Gamma−Gamma Special Case)  (Eq. (11))
Actual Gamma−Gamma  (Eq. (12))
Asymptotic Result (All Terms) (Eq. (13))
Asymptotic Result (Two Dominant Terms) (Eq. (13))
Asymptotic Result (Single Dominant Term) (Eq. (13))
α = 8 and β = 4; ρ = 0 and g −> 0 (Lognormal Special Case)  (Eq. (11))
Lognormal Monte−Carlo Simulation Utilizing Mapping in Eq. (40)

r = 2; IM/DD

r = 1; Heterodyne

Figure 2.1: OP showing the performance of both the detection techniques (heterodyne
and IM/DD) under different turbulence conditions.

a perfect match to the analytical results obtained in this work. Additionally, it can

be observed that as the effect of atmospheric turbulence decreases, the performance

improves. It can be seen that at high SNR, the asymptotic expression derived in (2.13)

(i.e. utilizing all the terms in the summation) converges quite fast to the exact result

5It is important to note here that these values for the parameters were selected from [56, 57, 61]
subject to the standards to prove the validity of the obtained results and hence other specific values
can be used to obtain the required results by design communication engineers before deployment.
Also, for all cases, 106 realizations of the random variable were generated to perform the Monte-Carlo
simulations in MATLAB.

56



proving this asymptotic approximation to be tight enough. Based on the effects of the

turbulence parameters and the pointing error, the appropriate dominant term(s) can

be selected as has been discussed earlier under the CDF subsection. Hence, it can be

seen that these respective dominant term(s) also converge though relatively slower,

specially for the IM/DD technique. More importantly, it can be observed that once

ρ = 1 and Ω
′

= 1 is applied, the M turbulence matches exactly the special case of

the Gamma-Gamma turbulence. This can be depicted from the case wherein (α = 8;

β = 4).

Furthermore, on applying ρ = 0 and g → 0 to M atmospheric turbulence, one

can obtain an approximation to weak lognormal atmospheric turbulence [56]. Hence,

to analyze this, we derived the mapping for the lognormal parameter σ, where σ2 is

defined as the scintillation index [60], in terms of the parameters of M atmospheric

turbulence i.e. in terms of α, β, ξ,m,Ω
′
, and g. Specifically, σ was obtained via the

moment matching method. The moments of lognormal turbulence are very well known

to be given as E [In]LN = ξ2(1−n)

(ξ2+n)(ξ2+1)−n
exp

{
nσ2

2
(n− 1)

}
[60] and the moments

for the M turbulence can be easily extracted from (2.20). On matching the third

moment, we obtained the mapping for σ as

σ =

√√√√1

6
ln

{
ξ12AΓ (α + 4)

2 (ξ2 + 1)4 B4

β∑
m=1

bm Γ (m+ 4)

}
. (2.40)

The plot for this scenario can be easily depicted in Fig. 2.1 from the case wherein

(α = 8; β = 4). It must be noted that the curve signified by the second last entry

in the legend depicts the lognormal special case approximate plotted via utilizing

the unified exact closed-form OP analytical expression in (2.11). The last entry in

the legend of Fig. 2.1 depicts the Monte-Carlo simulation/generation for lognormal

random variable with σ acquiring values from (2.40). It can be clearly observed that

this approximation of M turbulence to lognormal is quite tight. Moreover, we had
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obtained expressions for σ via matching the second moment as well and it was realized

that the expression derived via matching the third moment gave tighter approximate

results. Based on this, we can easily conclude that the higher moments we utilize to

derive the mapping expression for σ, the tighter approximate may be obtained.

Additionally, another important outcome must be observed that the heterodyne

detection technique, being more complex method of detection technique, performs

better than the IM/DD technique. For instance, for α = 2.296, β = 2, and ρ = 0.596,

at an electrical SNR of 15 dB, the heterodyne detection technique outperforms the

IM/DD technique in terms of the OP by 1.8852∗10−1. On the other hand, for α = 8,

β = 4, ρ → 1, and Ω
′

= 1, for a desired OP i.e. lets say for Pout = 7.6 ∗ 10−3, the

heterodyne detection technique outperforms the IM/DD technique by 20 dB.

Similarly, Fig. 2.2 presents the OP for varying effects of pointing error (ξ =

1 and 6.7) under the IM/DD technique. It can be observed that for lower effect
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Figure 2.2: OP showing the performance of IM/DD technique under different turbu-
lence conditions with varying effects of pointing error.

of the pointing error (i.e. higher value of ξ), the respective performance gets better
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manifolds. Other outcomes, specially for the asymptotic approximations, can be ob-

served similar to Fig. 2.1 above except when the atmospheric effects get weaker and

weaker wherein the single dominant term of the asymptotic result converges faster

than the sum of all terms in the asymptotic result.

The average BER performance of DBPSK binary modulation scheme is presented

in Fig. 2.3. The effect of pointing error is fixed at ξ = 1. Similar results can be ob-
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α = 2.296 and β = 2; ρ = 0.596 (Eq. (22))
α = 4.2 and β = 3; ρ = 0.596 (Eq. (22))
Monte−Carlo Simulation
α = 8 and β = 4; ρ −> 1 and Ω’ = 1 (Gamma−Gamma Special Case) (Eq. (22))
Actual Gamma−Gamma (Eq. (23))
Asymptotic Result (All Terms) (Eq. (24))
Asymptotic Result (Two Dominant Terms) (Eq. (24))
Asymptotic Result (Single Dominant Term) (Eq. (24))
α = 8 and β = 4; ρ = 0 and g −> 0 (Lognormal Special Case)  (Eq. (11))
Lognormal Monte−Carlo Simulation Utilizing Mapping in Eq. (40)

r = 1; Heterodyne

r = 2; IM/DD

Figure 2.3: Average BER of DBPSK binary modulation scheme showing the per-
formance of both the detection techniques (heterodyne and IM/DD) under different
turbulence conditions.

served as were observed for Fig. 2.1. Similarly, Fig. 2.4 presents the average BER for

varying effects of pointing error (ξ = 1 and 6.7) under the IM/DD technique. It can

be observed that for lower effect of the pointing error (ξ → ∞), the respective per-

formance gets better. Other outcomes, specially for the asymptotic approximations,

can be observed similar to Fig. 2.2 above.

In Fig. 2.5 and Fig. 2.6, the lower bound ergodic capacity of FSO channel in

operation under IM/DD technique is demonstrated for varying effects of pointing
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Figure 2.4: Average BER of DBPSK binary modulation scheme showing the perfor-
mance of IM/DD technique under different turbulence conditions for varying effects
of pointing error.

error, ξ = 1 and 6.7. Expectedly, as the atmospheric turbulence conditions get severe

and/or as the pointing error gets severe, the ergodic capacity starts decreasing (i.e.

the higher the values of α and β, and/or ξ, the higher will be the ergodic capacity).

One of the most important outcomes of Fig. 2.5 and Fig. 2.6 are the asymptotic results

for the ergodic capacity via two different methods. It can be seen that at high SNR,

the asymptotic expression, via Meijer’s G function expansion, derived in (2.30) (i.e.

utilizing all the terms in the summation) converges rather slowly. Based on the effects

of the turbulent parameters and the pointing error, the appropriate dominant term(s)

are selected and it can be seen that these respective dominant term(s) also converge

though relatively quite faster than the case where all the terms are employed. On the

other hand, the asymptotic expression, via utilizing moments, derived in (2.36) gives

very tight asymptotic results in high SNR regime. Interestingly enough, it can be
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ξ = 6.7 (Eq. (28))
ξ = 1 (Eq. (28))
Monte−Carlo Simulation
Asymptotic Result (via Meijer G Expansion (Eq. (30))) (All Terms)
Asymptotic Result (via Meijer G Expansion (Eq. (30))) (Two Dominant Terms)
Asymptotic Result (via Moments Method) (Eq. (36))

α = 2.296 and β = 2; ρ = 0.596

Figure 2.5: Ergodic capacity results for the IM/DD technique for varying pointing
errors along with the asymptotic results in high SNR regime.

clearly seen that the two-dominant terms of (2.30) (derived via Meijer’s G function

expansion) signified by the two 1’s present in the Meijer’s G function of the lower

bound ergodic capacity results in (2.28) and (2.36) (derived via moments) overlap.

Fig. 2.7 presents tight asymptotic results for the ergodic capacity in low SNR regime

derived in (2.38).

Finally in Fig. 2.8, the relative performance ofM turbulent channels with Gamma-

Gamma turbulent channels is demonstrated. It is interesting to see how ρ and Ω
′

behave. It can be observed that ρ has a significant effect on the performance though

as the Ω
′

increases much beyond 60 dB, the effect of ρ nullifies. Similar trend is

observed for the variations with Ω
′

itself.
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ξ = 6.7 (Eq. (28))
ξ = 1 (Eq. (28))
Monte−Carlo Simulation
Asymptotic Result (via Meijer G Expansion) (All Terms) (Eq. (30))
Asymptotic Result (via Meijer G Expansion) (Two Dominant Terms) (Eq. (30))
Asymptotic Result (via Moments Method) (Eq. (36))

α = 4.2 and β = 3; ρ = 0.596

Figure 2.6: Ergodic capacity results for the IM/DD technique for varying pointing
errors along with the asymptotic results in high SNR regime.

2.6 Concluding Remarks

Unified expressions for the PDF, the CDF, the MGF, and the moments of the aver-

age SNR of a FSO link operating over M turbulence were presented. Capitalizing

on these expressions, new unified formulas were presented for various performance

metrics including the OP, the higher-order AF, the error rate of a variety of modu-

lation schemes, and the ergodic capacity in terms of Meijer’s G function except for

the higher-order AF that was in terms of simple elementary functions. Further, novel

asymptotic expressions were derived and presented for the OP, the average BER, and

the ergodic capacity in terms of basic elementary functions via utilizing Meijer’s G

function expansion given in the Appendix and via utilizing moments too for the er-

godic capacity asymptotes. In addition, all the special cases of the Gamma-Gamma

atmospheric turbulence scenario are presented in Table 2.2. Finally, this work pre-

sented simulation examples to validate and illustrate the mathematical formulation
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ξ = 1 (Eq. (28))
ξ = 6.7 (Eq. (28))
Monte−Carlo Simulation
Asymptotic Result (Eq. (38))

α = 2.296 and β = 2; ρ = 0.596

Figure 2.7: Ergodic capacity results for the IM/DD technique for varying pointing
errors along with the asymptotic results in low SNR regime.

developed in this work and to show the effect of the atmospheric turbulence conditions

severity and the pointing errors severity on the system performance.

These results demonstrate the unification of various FSO turbulent scenarios into

a single expression allowing one to utilize this unified expression and derive the re-

quired expression for one’s objective. Additionally, one can easily utilize the unified

analysis over the M FSO turbulent channels to obtain many other atmospheric tur-

bulence channels, as per need, as its special case. Furthermore, having these unified

asymptotic results opens door for simpler further analysis over more complex systems

undergoing these FSO turbulence channels.
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α = 4.2 and β = 3; ρ −> 1 and Ω’ = 1 (Gamma−Gamma Special Case) (Eq. (22))
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Figure 2.8: Comparison of the FSO link performance with Gamma-Gamma and M
turbulent channels with fixed α, β, and ξ.
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Table 2.2: Special Cases for Gamma-Gamma Atmospheric Turbulence Performance Metrics

Performance Heterodyne Detection (r = 1) Heterodyne Detection (r = 1) IM/DD (r = 2) IM/DD (r = 2)

Metric With Pointing Errors Without Pointing Errors (ξ →∞) With Pointing Errors Without Pointing Errors (ξ →∞)

Outage Fγ(γ) = J G3,1
2,4

[
K γ
µ1

∣∣∣ 1,κ1
κ3,0

]
Fγ(γ) = J G2,1

1,3

[
K γ
µ1

∣∣∣ 1
κ3,0

]
Fγ(γ) = J G6,1

3,7

[
K γ
µ2

∣∣∣ 1,κ1
κ3,0

]
Fγ(γ) = J G4,1

1,5

[
K γ
µ2

∣∣∣ 1
κ3,0

]
Probability (OP) J = ξ2/ [Γ(α)Γ(β)] J = 1/ [Γ(α)Γ(β)] J = 2α+β−2 ξ2/ [(2π)Γ(α)Γ(β)] J = 2α+β−2/ [(2π)Γ(α)Γ(β)]

K = ξ2αβ/
(
ξ2 + 1

)
K = αβ K = (ξ2αβ)2/

[
16
(
ξ2 + 1

)2]
K = (αβ)2/16

κ1 = ξ2 + 1 κ1 = ξ2+1
2

, ξ
2+2
2

κ3 = ξ2, α, β κ3 = α, β κ3 = ξ2

2
, ξ

2+1
2

, α
2
, α+1

2
, β

2
, β+1

2
κ3 = α

2
, α+1

2
, β

2
, β+1

2

[48, Eq. (15)], [64, Eq. (17)] [65, Eq. (16)], [51, Eq. (7)] [63, Eq. (15)]

Bit-Error P b = J
2 Γ(p)

G3,2
3,4

[
K
µ1 q

∣∣∣ 1−p,1,κ1
κ3,0

]
P b = J

2 Γ(p)
G2,2

2,3

[
K
µ1 q

∣∣∣ 1−p,1κ3,0

]
P b = J

2 Γ(p)
G6,2

4,7

[
K
µ2 q

∣∣∣ 1−p,1,κ1
κ3,0

]
P b = J

2 Γ(p)
G4,2

2,5

[
K
µ2 q

∣∣∣ 1−p,1,κ1
κ3,0

]
Rate (BER) [48, Eq. (24)] [51, Eq. (10)], [75, Eq. (7)] [74, Eq. (5)]

Ergodic C = J
ln(2)

G5,1
3,5

[
K
µ∼1

∣∣∣ 0,1,κ1
κ3,0,0

]
C = J

ln(2)
G4,1

2,4

[
K
µ∼1

∣∣∣ 0,1
κ3,0,0

]
C = J

ln(2)
G8,1

4,8

[
K
µ∼2

∣∣∣ 0,1,κ1
κ3,0,0

]
C = J

ln(2)
G6,1

2,6

[
K
µ∼2

∣∣∣ 0,1
κ3,0,0

]
Capacity [84, Eq. (10)] [85, Eq. (16)], [86, Eq. (3)] [50, Eq. (22)] [63, Eq. (21)], [50, Eq. (11)]

65



66

Chapter 3

Ergodic Capacity Analysis of

Free-Space Optical Links with

Nonzero Boresight Pointing Errors

3.1 Introduction

3.1.1 Motivation

Over the last couple of decades, a good amount of work has been done on studying the

performance of a single FSO link operating over weak turbulence channels modeled

by lognormal (LN) distribution (see [87–91] and references cited therein), operating

over composite turbulence channels (such as Rician-lognormal (RLN) (see [92–95]

and references cited therein)), and operating over generalized turbulence channels

modeled by Málaga (M) distribution (see [56, 96, 97] and references therein) and

Gamma-Gamma (GG) distribution (as a special case to M distribution) (see [12,

37–41, 52, 98, 99] and references therein). All the above referred analysis has been

done under heterodyne detection as well as IM/DD techniques, though independently.



However, as per authors best knowledge, there are no unified exact expressions nor

asymptotic expressions that capture the ergodic capacity performance of both these

detection techniques with nonzero boresight pointing errors under such turbulence

channels.

3.1.2 Contributions

The key contributions of this chapter are stated as follows.

� The integrals are setup for the ergodic capacity of the LN, the RLN, and theM

(also GG as a special case ofM) turbulence models in composition with nonzero

boresight pointing errors. On analyzing these integrals, it is realized that most

of these integrals are very complex to solve and to the authors best knowledge,

an exact closed-form solution to most of these integrals is not achievable. Hence,

it is required to look into alternative solutions to analyze the ergodic capacity

for such turbulence models.

� A unified approach for the calculation of the moments of a single FSO link is

presented in exact closed-form in terms of simple elementary functions for the

LN, the RLN, and theM (also GG as a special case ofM) turbulence models.

These unified moments are then utilized, as an alternative solution, to perform

the ergodic capacity analysis for such turbulence models.

� A general methodology is presented for simplifying the ergodic capacity analysis

of composite FSO turbulence models by independently integrating the various

constituents of the composite turbulence model thereby trying to reduce the

number of integrals. If we are able to reduce to a single integral (that is not

solvable further) then various techniques such as Gauss-Hermite formula can be

utilized to obtain the required results.
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� Asymptotic closed-form expressions for the ergodic capacity of the LN, the RLN,

and theM (also GG as a special case ofM) FSO turbulence models, applicable

at high as well as low SNR regimes, are derived in terms of simple elementary

functions via utilizing the derived unified moments.

3.1.3 Structure

The remainder of the chapter is organized as follows. Section 2 presents the chan-

nel and system model inclusive of the nonzero boresight pointing error model and

the various turbulence models applicable to both the types of detection techniques

(i.e. heterodyne detection and IM/DD) utilized in this work. Section 3 presents the

derivation of the exact closed-form channel statistic in terms of the moments in sim-

ple elementary functions for the various turbulence models introduced in Section 2

under the effects of nonzero boresight effects. Ergodic capacity analysis in terms of

approximate though closed-form expressions is presented along with some simulation

results to validate these analytical results in Section 4 for these turbulence channels

in terms of simple elementary functions. Finally Section 5 makes some concluding

remarks.

3.2 Channel and System Model

A FSO system with either of the two types of detection techniques i.e. heterodyne

detection (denoted in the formulas by r = 1) or IM/DD (denoted in the formulas

by r = 2) is considered. The transmitted data propagates through an atmospheric

turbulence channel in the presence of pointing errors. The received optical power

is converted into an electrical signal through either of the two types of detection

techniques (i.e. heterodyne detection or IM/DD) at the photodetector. Assuming
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AWGN N for the thermal/shot noise, the received signal y can be expressed as

y = I x+N, (3.1)

where x is the transmit intensity and I is the channel gain. Following [59, 95], the

off-axis scintillation is assumed to vary slowly near the spot of boresight displacement

and uses a constant value of scintillation index to characterize the atmospheric tur-

bulence. Hence, the atmospheric turbulence and the pointing error are independent.

Subsequently, the channel gain can be expressed as I = Il Ia Ip, where Il is the path

loss that is a constant in a given weather condition and link distance, Ia is a ran-

dom variable that signifies the atmospheric turbulence loss factor, and Ip is another

random variable that represents the pointing error loss factor.

3.2.1 Pointing Error Models

Nonzero Boresight Pointing Error Model

Pointing error impairments are assumed and employed to be present for which the

PDF of the irradiance Ip with nonzero boresight effects is given by 1 [95, Eq. (5)]

fp(Ip) = ξ2/Aξ
2

0 exp
{
−s2/

(
2σ2

s

)}
Iξ

2−1
p

× I0

(
s/σs

√
−2 ξ2 ln {Ip/A0}

)
, 0 ≤ Ip ≤ A0,

(3.2)

where ξ is the ratio between the equivalent beam radius at the receiver and the

pointing error displacement standard deviation (jitter) σs at the receiver, A0 is a

constant term that defines the pointing loss, s is the boresight displacement, and

Iv (.) represents the vth-order modified Bessel functions of an imaginary argument of

the first kind [58, Sec. (8.431)].

1For detailed information on this model of the pointing error and its subsequent derivation, one
may refer to [95].
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Zero Boresight Pointing Error Model

The PDF of the irradiance Ip with zero boresight effects (i.e. s = 0 in (3.2)) is given

by 2 [59, Eq. (11)]

fp(Ip) = ξ2 Iξ
2−1
p /Aξ

2

0 , 0 ≤ Ip ≤ A0. (3.3)

3.2.2 Atmospheric Turbulence Models

Lognormal (LN) Turbulence Scenario

The optical turbulence can be modeled as LN distribution when the optical channel

is considered as a clear-sky atmospheric turbulence channel [88]. Hence, for weak

turbulence conditions, reference [38] suggested a LN PDF to model the irradiance

that is the power density of the optical beam. Employing weak turbulence conditions,

with a log-scale parameter λ, the LN PDF of the irradiance IaL is given by (please

refer to [38,88] and references therein)

fL(IaL) =
1

IaL
√

2 π σ
exp

{
− [ln (IaL)− λ]2

2σ2

}
, IaL > 0, (3.4)

where σ2 = EI [I2]/E2
I [I]−1 < 1 is defined as the scintillation index [88, Eq. (1)] or the

Rytov variance σ2
R and is related to the log-amplitude variance by σ2

X = σ2
R/4 = σ2/4,

and λ is the log-scale parameter [88].

Now, the joint distribution of ILN = Il IaL Ip can be derived by utilizing

f(ILN) =

∫ ∞
ILN/A0

fILN |IaL (ILN |IaL) fL(IaL) dIaL

=

∫ ∞
ILN/A0

1

Il IaL
fp

(
ILN
Il IaL

)
fL(IaL) dIaL .

(3.5)

On substituting (3.4) and (3.2) appropriately into the integral in (3.5), the following

2For detailed information on this model of the pointing error and its subsequent derivation, one
may refer to [59].
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PDF under the influence of nonzero boresight effects is obtained as [95, Eq. (10)]

f(ILN) = ξ2/
[
2 (IlA0)ξ

2
]
Iξ

2−1
LN exp

{
ξ2
[
ξ2 σ2/2− λ

]
+ s2/σ2

s

}
× erfc


ξ2 σ2 − λ+ 3 s

2 ξ2 σ2
s

+ ln
{
ILN
Il A0

}
√

2
(

s2

σ2
s ξ

4 + σ2
)

 ,
(3.6)

where erfc {.} is the complementary error function [79, Eq. (7.1.2)]. As a special case,

for s = 0, the integral in (3.5) results into the PDF that corresponds to the absence

of the boresight effects as

f(ILN) = ξ2/
[
2 (IlA0)ξ

2
]
Iξ

2−1
LN exp

{
ξ2
[
ξ2 σ2/2− λ

]}
× erfc

{[
ξ2 σ2 − λ+ ln {ILN/ (IlA0)}

]
/
[√

2σ
]}

.

(3.7)

Rician-Lognormal (RLN) Turbulence Scenario

In FSO communication environments, the received signals can also be modeled as

the product of two independent random processes i.e. a Rician small-scale turbulence

process and a lognormal large-scale turbulence process [92, 93]. The Rician PDF

(amplitude PDF) of the irradiance IaR is given by [3, Eq. (2.16)]

fR (IaR) =
(
k2 + 1

)
/Ω exp

{
−k2 −

[(
k2 + 1

)
/Ω
]
IaR
}

× I0

(
2 k
√

(k2 + 1) /Ω IaR

)
, IaR > 0,

(3.8)

where Ω is the mean-square value or the average power of the irradiance being con-

sidered and 0 < k < ∞ is the turbulence parameter. This parameter k is related

to the Rician K factor by K = k2 that corresponds to the ratio of the power of the

LOS (specular) component to the average power of the scattered component. The

LN PDF is as given in (3.4).

Now, with the presence of the nonzero boresight pointing errors whose PDF is
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given in (3.2), the combined PDF of IRLN = Il IaR IaL Ip is given as

f (IRLN) =
(
k2 + 1

)
ξ2/
[
2 (IlA0)ξ

2
]

exp
{
−k2

}
× exp

{
ξ2

[
ξ2 σ2

2
− λ
]

+
s2

σ2
s

}∫ ∞
0

1

z ξ2 exp

{
−k

2 + 1

z
IRLN

}

× I0

(
2 k

√
k2 + 1

z
IRLN

)
erfc


ξ2 σ2 − λ+ 3 s

2 ξ2 σ2
s

+ ln
{

z
Il A0

}
√

2
(

s2

σ2
s ξ

4 + σ2
)

 dz.

(3.9)

Similarly, the combined PDF of IRLN = Il IaR IaL Ip, in presence of zero boresight

pointing errors whose PDF is given in (3.3), is given as

f (IRLN) =
(
k2 + 1

)
ξ2/
[
2 (IlA0)ξ

2
]

exp
{
−k2

}
× exp

{
ξ2

[
ξ2 σ2

2
− λ
]}∫ ∞

0

1

z ξ2 exp

{
−k

2 + 1

z
IRLN

}

× I0

(
2 k

√
k2 + 1

z
IRLN

)
erfc

ξ
2 σ2 − λ− ln

{
z

Il A0

}
√

2σ

 dz.

(3.10)

The integrals in (3.9) and (3.10) are not easy to solve and hence the analysis will be

resorted based on moments as will be seen in the upcoming sections.

Málaga (M) Turbulence Scenario

The optical turbulence can be modeled as M distribution when the irradiance fluc-

tuating of an unbounded optical wavefront (plane or spherical waves) propagates

through a turbulent medium under all irradiance conditions in homogeneous, isotropic

turbulence [56]. As a special case, the optical turbulence can be modeled as GG dis-

tribution when the optical channel is considered as a cloudy/foggy-sky atmospheric

turbulence channel [48–51,100]. Hence, employing generalized turbulence conditions,
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the PDF of the irradiance IaM is given by [56]

fM(IaM ) = A

β∑
m=1

am IaM Kα−m

(
2

√
αβ IaM
g β + Ω′

)
, IaM > 0, (3.11)

where all the parameters 3 in (3.11) have been defined in Section 2.2.1 4.

Now, with the presence of the nonzero boresight pointing errors whose PDF is

given in (3.2), the combined PDF of IM = Il IaM Ip is given as

f (IM) =
ξ2AIξ

2−1
M

Iξ
2

l A
ξ2

0

exp

{
− s2

2σ2
s

} β∑
m=1

∫ ∞
I/A0

I1−ξ2

aM

× I0

(
s

σs

√
−2 ξ2 ln

{
IM

Il IaM A0

})
Kα−m

(
2

√
αβ IaM
g β + Ω′

)
dIaM .

(3.12)

The integral in (3.12) is not easy to solve in closed-form and hence the analysis will

be resorted based on moments as will be seen in the upcoming sections. Similarly,

the combined PDF of IM = Il IaM Ip, in presence of zero boresight pointing errors

(i.e. s = 0 in (3.12)) whose PDF is given in (3.3), is known to be given by [56]

f(IM) =
ξ2A

2 IM

β∑
m=1

bm G3,0
1,3

[
αβ

(g β + Ω′)

IM
A0

∣∣∣∣ ξ2 + 1

ξ2, α,m

]
, (3.13)

where bm = am
[
αβ/

(
g β + Ω

′)]−(α+m)/2
and G[.] is the Meijer’s G function as defined

in [58, Eq. (9.301)].

3A generalized expression of (3.11) is given in [56, Eq. (22)] for real β number though it is less
interesting due to the high degree of freedom of the proposed distribution (Sec. III of [56]).

4Detailed information on the M distribution, its formation, and its random generation can be
found in [56, Eqs. (13-21)].
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3.2.3 Important Outcomes and Further Motivations

To the best of our knowledge, it is quite tedious to manipulate the expressions in (3.6)-

(3.13) 5. As will be shown in Section 3.4, it is in most cases not possible or challenging

to deal with such expressions to obtain some further exact closed-form results for the

ergodic capacity of such a FSO channel. Therefore, the capacity analysis of such FSO

link is carried out utilizing moments as will be derived in the following section.

3.3 Exact Closed-Form Moments

As has seen above that it is quite a challenge to obtain closed-form PDF and even if it

is possible to find one, the expression(s) are not simple enough to be utilized further

for the analysis of the ergodic capacity as will be seen in the following section. Hence,

the analysis is resorted to moments based for which the moments for the various

turbulence scenarios discussed in the previous section are derived here.

For the heterodyne detection technique case, the instantaneous SNR γ = ηe I/N0

and the average SNR 6 develops as µheterdoyne = Eγheterodyne
[γ] = γheterodyne = ηe EI [I]/N0,

where ηe is the effective photoelectric conversion ratio, N0 symbolizes the AWGN

sample, and E [.] denotes the expectation operator.

Similarly, for the IM/DD technique, γ = η2
e I

2/N0 and the electrical SNR 7 devel-

5Similar results corresponding to (3.12) and (3.13) have also been derived for the GG turbu-
lence scenario though those have not been presented here as GG turbulence is a special case of M
turbulence.

6γheterodyne is the average SNR for coherent/heterodyne FSO systems given by γheterodyne =
Cc [60, Eq. (7)], where Cc = 2R2APLO/ [2 q R∆f PLO + 2 ∆f (q RAIb + 2 kb Tk Fn/RL)] ≈
RA/ (q∆f) is a multiplicative constant for a given heterodyne/coherent system, where R is the pho-
todetector responsivity, A is the photodetector area, PLO is the local oscillator power, ∆f denotes
the noise equivalent bandwidth of a FSO receiver, q is the electronic charge, Ib is the background
light irradiance, kb is Boltzmann’s constant, Tk is the temperature in Kelvin, Fn represents a thermal
noise enhancement factor due to amplifier noise, and RL is the load resistance. It is evident that
Cc = µheterodyne in this work.

7γIM/DD is the average SNR for IM/DD FSO systems given by γIM/DD = Cs EI [I2]/E2
I [I], where

Cs = (RAξ)
2
/ [2 ∆f (q RAIb + 2 kb Tk Fn/RL)] [60] is a multiplicative constant for a given IM/DD

system. It is evident that Cs = µIM/DD in this work.

74



ops as µIM/DD = EγIM/DD
[γ]E2

I [I]/EI [I2] = γIM/DD E2
I [I]/EI [I2] = η2

e E2
I [I]/N0 [50].

Now, on combining the SNR expressions above for both the detection types, γr =

ηre I
r/N0 and µr = ηre ErI [I]/N0 are obtained. Since, Ia and Ip are independent random

variables, the unified moments are defined as 8, 9

E [γnr ] = ηr ne E [Ir n]/Nn
0 = µnr E [(Ia Ip)

r n]/Er n[Ia Ip]

= µnr E [Ir na ]E
[
Ir np
]
/ (Er n[Ia]Er n[Ip]) .

(3.14)

3.3.1 Lognormal (LN) Turbulence Scenario

The unified moments for this particular scenario are defined as

E [γnr ]LN = ηr ne E [Ir n]/Nn
0 = µnr E [(IaL Ip)

r n]/Er n[IaL Ip]

= µnr E
[
Ir naL
]
E
[
Ir np
]
/ (Er n[IaL ]Er n[Ip]) .

(3.15)

Utilizing the definition of the moments, E
[
Ir naL
]

and E
[
Ir np
]

for nonzero boresight

pointing errors are easily obtained after some manipulations as E
[
Ir naL
]

= exp {r n λ

+ (r n σ)2 /2
}

and E
[
Ir np
]

= Ar n0 ξ2/ (ξ2 + r n) exp {−r n s2/ [2σ2
s (ξ2 + r n)]} [95,

Eq. (6)], respectively. Substituting these back into (3.15), the unified exact closed-

form moments for LN atmospheric turbulence in presence of nonzero boresight point-

ing errors are obtained as

E [γnr ]LN =
ξ2(1−r n)

(ξ2 + r n) (ξ2 + 1)−r n
exp

{
r n σ2

2
(r n− 1)

+ r n s2/
(
2σ2

s

) [
1/
(
ξ2 + 1

)
− 1/

(
ξ2 + r n

)]}
µnr .

(3.16)

8Il, A0, and λ cancel out being deterministic parameters.
9γ1 is the first moment (i.e. n = 1) for the heterodyne (r = 1) case as can be seen from (3.14).

Based on this substitution, we obtain γ1 = µ1 signifying that γ1 and µ1 are the same quantity
defined as the average SNR for the heterodyne FSO systems. Similarly, γ2 is the first moment (i.e.
n = 1) for the IM/DD (r = 2) case as can be seen from (3.14). Based on this substitution, we obtain
γ2 = E

[
I2a
]
E
[
I2p
]
/
(
E2[Ia]E2[Ip]

)
µ2 = E

[
I2
]
/E2[I]µ2 or µ2 = E2[Ia]E2[Ip]/

(
E
[
I2a
]
E
[
I2p
])
γ2 =

E2[I]/E
[
I2
]
γ2 signifying that γ2 and µ2 are different quantities defined as the average SNR and

the electrical SNR for the IM/DD FSO systems, respectively [60].
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Similarly, when considering zero boresight pointing errors (i.e. special case with

s = 0), the E
[
Ir np
]

= Ar n0 ξ2/ (ξ2 + r n) and the corresponding unified exact closed-

form moments for LN atmospheric turbulence in presence of zero boresight pointing

errors are obtained as

E [γnr ]LN =
ξ2(1−r n)

(ξ2 + r n) (ξ2 + 1)−r n
exp

{
r n σ2

2
(r n− 1)

}
µnr . (3.17)

3.3.2 Rician-Lognormal (RLN) Turbulence Scenario

Since IaR , IaL , and Ip are independent random variables, the unified moments for

RLN turbulence scenario are defined as

E [γnr ]RLN = ηr ne E [Ir n]/Nn
0 = µnr E [(IaR IaL Ip)

r n]/Er n[IaR IaL Ip]

= µnr E
[
Ir naR
]
E
[
Ir naL
]
E
[
Ir np
]
/ (Er n[IaR ]Er n[IaL ]Er n[Ip]) .

(3.18)

Utilizing the definition of the moments, E
[
Ir naL
]

and E
[
Ir np
]

for nonzero boresight

pointing errors were easily obtained in previous subsection i.e. Section 3.3.1 whereas

E
[
Ir naR
]

= [Ω/ (k2 + 1)]
r n

Γ (r n+ 1) 1F1 [−r n; 1;−k2] [3, Eq. (2.18)], where pFq [.; .; .]

represents the generalized hypergeometric F function [58, Eq. (9.14.1)] and more

specifically, 1F1 [.; .; .] represents the confluent hypergeometric F function [58, Eq.

(9.210.1)]. Substituting these back into (3.18), the unified exact closed-form moments

for RLN turbulence under nonzero boresight pointing errors are obtained as 10

E [γnr ]RLN = ξ2(1−r n)/
[(
ξ2 + r n

) (
ξ2 + 1

)−r n]
× exp

{
r n σ2

2
(r n− 1) +

r n s2

2σ2
s

(
1

ξ2 + 1
− 1

ξ2 + r n

)}
× Γ (r n+ 1) 1F1

[
−r n; 1;−k2

]
/
(
k2 + 1

)r n
µnr .

(3.19)

10It must be noted that 1F1

[
−1; 1;−k2

]
= k2 + 1.
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Similarly, when considering zero boresight pointing errors (i.e. special case with

s = 0), the corresponding unified exact closed-form moments for RLN atmospheric

turbulence in presence of zero boresight pointing errors are obtained as

E [γnr ]RLN = ξ2(1−r n)/
[(
ξ2 + r n

) (
ξ2 + 1

)−r n]
× exp

{
r n σ2

2
(r n− 1)

}
1F1 [−r n; 1;−k2]

(k2 + 1)r n Γ (r n+ 1)−1 µ
n
r .

(3.20)

3.3.3 Málaga (M) Turbulence Scenario

Since IaM and Ip are independent random variables, the unified moments for M

turbulence scenario are defined as

E [γnr ]M = ηr ne E [Ir n]/Nn
0 = µnr E [(IaM Ip)

r n]/Er n[IaM Ip]

= µnr E
[
Ir naM
]
E
[
Ir np
]
/ (Er n[IaM ]Er n[Ip]) .

(3.21)

Utilizing the definition of the moments, E
[
Ir np
]

for nonzero boresight pointing errors

was easily obtained in previous subsection i.e. Section 3.3.1 whereas E
[
Ir naM
]
/Er n[IaM ]

= r AΓ(r n + α)
∑β

m=1 bm Γ(r n + m)/ (2r Br n) where B = αβ (g + Ω
′
)/(g β + Ω

′
).

Substituting these back into (3.21), the unified exact closed-form moments for M

turbulence under nonzero boresight pointing errors are obtained as

E [γnr ]M = ξ2(1−r n)/
[(
ξ2 + r n

) (
ξ2 + 1

)−r n]
× exp

{
r n s2/

(
2σ2

s

) [
1/
(
ξ2 + 1

)
− 1/

(
ξ2 + r n

)]}
× r AΓ(r n+ α)/ (2r Br n)

β∑
m=1

bm Γ(r n+m)µnr .

(3.22)
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As a special case, the unified exact closed-form moments for GG turbulence under

nonzero boresight pointing errors are obtained as

E [γnr ]GG =
ξ2(1−r n) (ξ2 + 1)

r n
Γ (r n+ α) Γ (r n+ β)

(ξ2 + r n) (αβ)r n Γ (α) Γ (β)

× exp
{
r n s2/

(
2σ2

s

) [
1/
(
ξ2 + 1

)
− 1/

(
ξ2 + r n

)]}
µnr .

(3.23)

Similarly, when considering zero boresight pointing errors (i.e. special case with

s = 0), the corresponding unified exact closed-form moments for M atmospheric

turbulence in presence of zero boresight pointing errors are obtained as

E [γnr ]M =
r ξ2AΓ(r n+ α)

2r (r n+ ξ2) Br n

β∑
m=1

bm Γ(r n+m)µnr . (3.24)

As a special case, the corresponding unified exact closed-form moments for GG at-

mospheric turbulence in presence of zero boresight pointing errors are obtained as

E [γnr ]GG =
ξ2(1−r n) (ξ2 + 1)

r n
Γ(r n+ α)Γ(r n+ β)

(ξ2 + r n) (αβ)r n Γ(α) Γ(β)
µnr . (3.25)

3.3.4 Important Outcomes and Further Motivations

� Interestingly enough and expectedly, the expressions in (3.16), (3.17), (3.19),

(3.20), and (3.22)-(3.25) reduce to simply µn1 for r = 1 (heterodyne detection

technique case) which is in line with the difference between the definitions of

average SNR vs. electrical SNR.

� It is worthy to note that these simple results for the moments can be directly

plugged into [68, Eq. (3)] to obtain the nth-order AF for the instantaneous SNR,

γ. These interesting results can be then utilized to parameterize the distribution

of the SNR of the received signal.

� More importantly, these simple results for the moments are useful to conduct
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asymptotic analysis of the ergodic capacity as shown in the following section of

this work.

3.4 Ergodic Capacity

3.4.1 General Methodology

The ergodic channel capacity C is defined as [81, Eq. (26)], [82, Eq. (7.43)]

C , E [ln {1 + c γ}], (3.26)

where c is a constant term such that c = 1 for heterodyne detection giving an exact

result and c = e/ (2 π) for IM/DD giving a lower-bound result [81,82] 11. Additionally,

knowing that Ia and Ip are independent random variables, the definition of the ergodic

capacity can be re-written as

C = E
[
ln

{
1 +

c (ηe I)r

N0

}]
=

∫ ∞
0

ln

{
1 +

c (ηe I)r

N0

}
f (I) dI

=

∫ ∞
0

∫ A0

0

ln

{
1 +

c (ηe Il Ia Ip)
r

N0

}
fa (Ia) fp (Ip) dIp dIa.

(3.27)

Since, Ip is the common random variable in all the different atmospheric turbulence

scenarios, (3.27) can possibly be solved for the two types of pointing errors. By

substituting (3.2) into (3.27), to the best of our knowledge, it is not possible to find

an exact closed-form solution for the inner integral. On the other hand, if (3.3) is

11For readers clarification, to the best of the authors knowledge based on the open literature, there
does not exists any actual mathematical formulation for analyzing the ergodic capacity of such FSO
channels.
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placed into (3.27), we obtain

C =

∫ ∞
0

∫ A0

0

ln

{
1 +

c (ηe Il Ia Ip)
r

N0

}
ξ2 Iξ

2−1
p /Aξ

2

0 dIp fa (Ia) dIa

=

∫ ∞
0

[
ln

{
c (ηeA0 Il Ia)

r

N0

+ 1

}
− c (ηeA0 Il Ia)

r

N0

×Φ

(
−c (ηeA0 Il Ia)

r

N0

, 1,
ξ2 + r

r

)]
fa (Ia) dIa,

(3.28)

where Φ (.) is the LerchPhi function [62, Eq. (10.06.02.0001.01)].

If an exact closed-form is not obtainable via either (3.26) and/or (3.27) and/or

(3.28), the ergodic capacity can be analyzed utilizing the moments. At high SNR, an

asymptotic analysis can be done by utilizing the moments yielding an asymptotically

tight lower bound given by 12 [68, Eqs. (8) and (9)]

C u
µr >>1

log(c µr) + ζ, (3.29)

where

ζ = ∂/∂n (E [γnr ]/E [γr]
n − 1)|n=0 . (3.30)

This expression can be simplified to

C u
µr >>1

log(c µr) +
∂

∂n

(
E [γnr ]

E [γr]
n − 1

)∣∣∣∣
n=0

=
∂

∂n
E [γnr ]

∣∣∣∣
n=0

. (3.31)

Similarly, at low SNR, it can be easily shown that the ergodic capacity can be

asymptotically approximated by the first moment.

12For readers clarification, it is possible to use SNR moments as an efficient tool for deriving even
higher order ergodic capacity statistics utilizing [68, Eq. (6)]
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3.4.2 Lognormal (LN) Turbulence Scenario

Exact Analysis

For LN atmospheric turbulence scenario under nonzero boresight pointing errors and

zero boresight pointing errors, (3.6) and (3.7) are respectively substituted in (3.26).

Both the above scenarios can not be solved in exact closed-form.

Additionally, a conclusion has already been obtained that it is not possible to

solve the inner integral for nonzero boresight pointing errors in (3.27) with (3.2).

Alternatively, by substituting (3.4) in (3.27), the outer integral for LN PDF fL (IaL)

in (3.27) does not lead to possible exact closed-form results. On the other hand, the

inner integral for zero boresight pointing errors in (3.27) with (3.3) was successfully

solved to obtain (3.28) and hence on placing the LN PDF fL (IaL) (3.4) into (3.28),

C =
1√

2π σ

∫ ∞
0

1

IaL
exp

{
−
[

ln {IaL} − λ√
2σ

]2
}

×
[
ln

{
c (ηeA0 Il IaL)r

N0

+ 1

}
− c (ηeA0 Il IaL)r

N0

× Φ

(
−c (ηeA0 Il IaL)r

N0

, 1,
ξ2 + r

r

)]
dIaL .

(3.32)

is obtained. On applying simple change of random variable x = (ln {IaL} − λ) /
(√

2σ
)
,

we get IaL = exp
{√

2σ x+ λ
}

and dIaL =
√

2σ exp
{√

2σ x+ λ
}
dx and we can

write

C =
1√
π

∫ ∞
−∞

exp
{
−x2

}
fx (x) dx, (3.33)

where

fx (x) = ln

{
c (ηeA0 Il)

r

N0

exp
{
r
(√

2σ x+ λ
)}

+ 1

}
− c (ηeA0 Il)

r

N0

exp
{
r
(√

2σ x+ λ
)}

× Φ

(
−c (ηeA0 Il)

r

N0

exp
{
r
(√

2σ x+ λ
)}

, 1,
ξ2 + r

r

)
.

(3.34)
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The integral in (3.33) is solvable with the help of N = 20-point Gauss-Hermite

formula [79, Eq. (25.4.46)] leading to

C u
1√
π

N∑
i=1

wi fx (xi) , (3.35)

where wi and xi are the weights and the abscissas that can be acquired from [79, Table

25.10].

Approximate Analysis

Reverting back to LN atmospheric turbulence under nonzero boresight pointing er-

rors, since it is not feasible to obtain an exact closed-form solution, the moments

derived earlier are utilized to deduce the asymptotic results. Hence, based on (3.31),

the first derivative of the moments in (3.16) is required to be evaluated at n = 0 for

high SNR asymptotic approximation to the ergodic capacity. The first derivative of

the moments in (3.16) is given as

∂/∂nE [γnr ] = ξ2(1−r n)/
[(
ξ2 + r n

) (
ξ2 + 1

)−r n]
× exp

{
r n σ2

2
(r n− 1) +

r n s2

2σ2
s

(
1

ξ2 + 1
− 1

ξ2 + r n

)}
×
{
r σ2

(
r n− 1

2

)
+
r s2

2σ2
s

[
r n

(ξ2 + r n)2 +
1

ξ2 + 1
− 1

ξ2 + r n

]
− r/

(
r n+ ξ2

)
− r ln

{
ξ2/
(
ξ2 + 1

)}
+ ln {c µr}

}
(c µr)

n ,

(3.36)

and at n = 0, it evaluates to

C u
µr >>1

ln {c µr} − r
[

1

ξ2
+
σ2

2
+

s2

2σ2
s ξ

2 (ξ2 + 1)
+ ln

{
ξ2/
(
ξ2 + 1

)}]
. (3.37)

Similarly, for LN atmospheric turbulence under zero boresight pointing errors (i.e. for

s = 0), the asymptotic approximation to the ergodic capacity at high SNR is derived
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as

C u
µr >>1

ln {c µr} − r
[
1/ξ2 + σ2/2 + ln

{
ξ2/
(
ξ2 + 1

)}]
. (3.38)

Similarly, for LN atmospheric turbulence under no pointing errors (i.e. for s = 0

and ξ → ∞), the asymptotic approximation to the ergodic capacity at high SNR is

derived as

C u
µr >>1

ln {c µr} − r σ2/2. (3.39)

Furthermore, for low SNR asymptotic analysis, it can be easily shown that the

ergodic capacity can be asymptotically approximated by the first moment. Utilizing

(3.16) via placing n = 1 in it, the ergodic capacity of a single FSO link under LN

turbulence effected by nonzero boresight pointing errors can be approximated at low

SNR in closed-form in terms of simple elementary functions by

C u
µr <<1

ξ2(1−r)

(ξ2 + r) (ξ2 + 1)−r
exp

{
r σ2

2
(r − 1)

+ r s2/
(
2σ2

s

) [
1/
(
ξ2 + 1

)
− 1/

(
ξ2 + r

)]}
c µr.

(3.40)

Similarly, for LN atmospheric turbulence under zero boresight pointing errors (i.e. for

s = 0), the asymptotic approximation to the ergodic capacity at low SNR is obtained

as

C u
µr <<1

ξ2(1−r)

(ξ2 + r) (ξ2 + 1)−r
exp

{
r σ2

2
(r − 1)

}
c µr. (3.41)

Similarly, for LN atmospheric turbulence under zero pointing errors (i.e. for s = 0

and ξ → ∞), the asymptotic approximation to the ergodic capacity at low SNR is

obtained as

C u
µr <<1

exp
{
r σ2 (r − 1) /2

}
c µr. (3.42)
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Results and Discussion

As an illustration of the mathematical formalism presented above, simulation and

numerical results for the ergodic capacity of a single FSO link transmission system

under LN turbulent channels are presented as follows.

The FSO link is modeled as a LN turbulence channel with nonzero boresight

pointing errors. The dotted lines marked as simulation in the figures represent the

Monte-Carlo generation for the exact results to observe the asymptotic tightness of

the approximated results and to prove their validity. The ergodic capacity of the

FSO channel in operation under heterodyne detection technique as well as IM/DD

technique is presented in Fig. 3.1 and Fig. 3.2, respectively, for high SNR scenario.

Subsequently, the ergodic capacity of the FSO channel in operation under IM/DD
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Figure 3.1: Ergodic capacity results for varying pointing errors at high SNR regime
for LN turbulence under heterodyne detection technique (r = 1).

technique is presented in Fig. 3.3 for low SNR scenario 13. These figures demonstrate

13For readers clarification, the low SNR asymptote in (3.40) is actually the average SNR and hence
the plot in Fig. 3.3 is against the electrical SNR.
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Figure 3.2: Ergodic capacity results for varying pointing errors at high SNR regime
for LN turbulence under IM/DD technique (r = 2).

the obtained results for varying effects of pointing errors with σ = 0.35. 14

Expectedly, for high SNR regime (i.e. Fig. 3.1 and Fig. 3.2), as the pointing error

gets severe, the ergodic capacity starts decreasing (i.e. the lower the value of s and/or

the higher the value of ξ, the higher will be the ergodic capacity). Interestingly, for

low SNR regime (i.e. Fig. 3.3), as the pointing error gets severe, the ergodic capacity

starts increasing (i.e. the lower the value of s and/or the higher the value of ξ, the

lower will be the ergodic capacity). This can be explained by the dominant nature

of the pointing error effects in (3.40) i.e. the pointing error inversely effects the

ergodic capacity in the low SNR regime relative to the high SNR regime. Hence, we

can conclude that under such given scenarios, the pointing error effects in low SNR

regime assist to have a better ergodic capacity performance.

14It is important to note here that these values for the parameters were selected from the cited
references subject to the standards to prove the validity of the obtained results and hence other
specific values can be used to obtain the required results by design communication engineers before
deployment.
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Figure 3.3: Ergodic capacity results for varying pointing errors at low SNR regime
for LN turbulence under IM/DD technique (r = 2).

Furthermore, it can be seen that at high SNR, the asymptotic expression de-

rived in (3.37) via utilizing moments gives very tight asymptotic results in high

SNR regime and the same can be observed for the low SNR regime too correspond-

ing to (3.40). Fig. 3.4 presents the effect of varying scintillation index parameter

σ = 0.1, 0.2, 0.3, 0.4, 0.5. The pointing error effect is fixed at s = 0 and ξ = 1.1,

and the ergodic capacity is plotted for the IM/DD technique (i.e. r = 2). It can be

observed that as the scintillation index increases, the ergodic capacity degrades.

3.4.3 Rician-Lognormal (RLN) Turbulence Scenario

Exact Analysis

For RLN atmospheric turbulence scenario under nonzero boresight pointing errors

and zero boresight pointing errors, (3.9) and (3.10) are respectively substituted in

(3.26). To the best of our knowledge, both the above scenarios can not be solved in
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Figure 3.4: Ergodic capacity results for IM/DD technique and varying σ at high SNR
regime for LN turbulence.

exact closed-form.

Additionally, a conclusion has already been obtained that it is not possible to solve

the inner integral for nonzero boresight pointing errors in (3.27) with (3.2). Hence,

a three-integral expression is encountered involving the IaR and IaL independently.

It was already learned from the previous subsection that the middle integral for LN

PDF fL (IaL) in (3.27) with (3.4) does not lead to possible exact closed-form results

and similarly the outer integral for the Rician PDF fR (IaR) in (3.27) with (3.8) also

does not lead to possible exact closed-form results.

On the other hand, although the inner integral has been solved for zero boresight

pointing errors in (3.27) with (3.3) to obtain (3.28) but on placing the LN PDF

fL (IaL) (3.4) and the Rician PDF fR (IaR) (3.8) into (3.28), a double integral is

obtained. To the best of our knowledge, this double integral does not has an exact

closed-form solution nor this double integral can be reduced further to a single integral

for other possible solutions. Therefore, the ergodic capacity is analyzed utilizing the
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moments derived in previous section.

Approximate Analysis

Based on (3.31), the first derivative of the moments derived in (3.19) is obtained as

∂

∂n
E [γnr ] =

ξ2(1−r n) Γ (r n+ 1)

(ξ2 + r n) (ξ2 + 1)−r n (1 + k2)r n

× exp

{
r n σ2

2
(r n− 1) +

r n s2

2σ2
s

(
1

ξ2 + 1
− 1

ξ2 + r n

)}
×
{

1F1

[
−r n; 1;−k2

] [
−r/

(
ξ2 + r n

)
+ r σ2 ( r n− 1/2)

+ r s2/
(
2σ2

s

) [
r n/

(
ξ2 + r n

)2
+ 1/

(
ξ2 + 1

)
− 1/

(
ξ2 + r n

)]
− r ln

{
ξ2/
(
ξ2 + 1

)}
+ r ψ (r n+ 1)− r ln

{
k2 + 1

}
+ ln {c µr}]− r ∂/∂n 1F1

[
−r n; 1;−k2

]}
(c µr)

n .

(3.43)

It can be seen from (3.43) that the last term is in form of derivative definition. The

derivative of ∂/∂a 1F1 [a; b; z] or ∂/∂b 1F1 [a; b; z] is not available in the open mathe-

matical literature though this can be solved for the special case when the variable be-

ing derived with respect to, is set to 0 i.e. ∂/∂a 1F1 [a; b; z] |a=0 or ∂/∂b 1F1 [a; b; z] |b=0

[101, App. A]. Hence, ∂/∂n 1F1 [−r n; 1;−k2] |n=0 can be solved as [102, Eq. (38a)]

∂/∂n 1F1

[
−r n; 1;−k2

]
|n=0 = −k2

2F2

[
1, 1; 2, 2;−k2

]
. (3.44)

Now, substituting (3.44) into (3.43) and evaluating (3.43) at n = 0 yields

C u
µr >>1

ln {c µr} − r
[

1

ξ2
+
σ2

2
+

s2

2σ2
s ξ

2 (ξ2 + 1)

+ ln

{
ξ2

ξ2 + 1

}
+ ln

{
k2 + 1

}
+ γE − k2

2F2

[
1, 1; 2, 2;−k2

]]
,

(3.45)
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where γE u 0.577216 denotes the Euler-Mascheroni constant/Euler’s Gamma/Euler’s

constant [103]. This can be further simplified to

C u
µr >>1

ln {c µr} − r
[

1

ξ2
+
σ2

2
+

s2

2σ2
s ξ

2 (ξ2 + 1)

+ ln
{
ξ2/
(
ξ2 + 1

)}
− ln

{
k2/

(
k2 + 1

)}
− Γ

(
0, k2

)]
.

(3.46)

Equation (3.46) can be further simplified via utilizing [79, Eq. (6.5.15)] to obtain

C u
µr >>1

ln {c µr} − r
[

1

ξ2
+
σ2

2
+

s2

2σ2
s ξ

2 (ξ2 + 1)

+ ln
{
ξ2/
(
ξ2 + 1

)}
− ln

{
k2/

(
k2 + 1

)}
− E1

(
k2
)]
,

(3.47)

where En (z) is an exponential integral [79, Sec. 5.1]. Hence, eq. (3.47) gives the

required expression for the ergodic capacity C at high SNR in terms of simple elemen-

tary functions for RLN FSO turbulent channels under the effect of boresight pointing

errors. Similarly, for RLN atmospheric turbulence under zero boresight pointing er-

rors (i.e. for s = 0), the asymptotic approximation to the ergodic capacity at high

SNR is derived as

C u
µr >>1

ln {c µr} − r
[

1

ξ2
+
σ2

2
+ ln

{
ξ2

ξ2 + 1

}
− ln

{
k2

1 + k2

}
− E1

(
k2
)]
. (3.48)

Similarly, for RLN atmospheric turbulence under no pointing errors (i.e. for s = 0

and ξ → ∞), the asymptotic approximation to the ergodic capacity at high SNR is

derived as

C u
µr >>1

ln {c µr} − r
[
σ2/2− ln

{
k2/

(
1 + k2

)}
− E1

(
k2
)]
. (3.49)

Furthermore, for low SNR asymptotic analysis, it can be easily shown that the

ergodic capacity can be asymptotically approximated by the first moment. Utilizing
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(3.19) via placing n = 1 in it, the ergodic capacity of a single FSO link under RLN

FSO turbulence effected by nonzero boresight pointing errors can be approximated

at low SNR in closed-form in terms of simple elementary functions by

C u
µr <<1

ξ2(1−r)

(ξ2 + r) (ξ2 + 1)−r
exp

{
r σ2

2
(r − 1) +

r s2

2σ2
s

(
1

ξ2 + 1
− 1

ξ2 + r

)}
× Γ (r + 1) 1F1

[
−r; 1;−k2

]
/
(
k2 + 1

)r
c µr.

(3.50)

Similarly, for RLN atmospheric turbulence under zero boresight pointing errors (i.e.

for s = 0), the asymptotic approximation to the ergodic capacity at low SNR is

obtained as

C u
µr <<1

ξ2(1−r)

(ξ2 + r) (ξ2 + 1)−r
exp

{
r σ2

2
(r − 1)

}
Γ (r + 1) 1F1 [−r; 1;−k2]

(1 + k2)r
c µr.

(3.51)

Similarly, for RLN atmospheric turbulence under zero pointing errors (i.e. for s = 0

and ξ → ∞), the asymptotic approximation to the ergodic capacity at low SNR is

obtained as

C u
µr <<1

exp

{
r σ2

2
(r − 1)

}
Γ (r + 1) 1F1 [−r; 1;−k2]

(1 + k2)r
c µr. (3.52)

Results and Discussion

As an illustration of the mathematical formalism presented above, simulation and

numerical results for the ergodic capacity of a single FSO link transmission system

under RLN turbulent channels is presented as follows.

The FSO link is modeled as composite RLN turbulent channel. The ergodic

capacity of the FSO channel in operation under heterodyne detection technique as

well as IM/DD technique is presented in Fig. 3.5 and Fig. 3.6, respectively, for high

SNR scenario. Subsequently, the ergodic capacity of the FSO channel in operation
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Figure 3.5: Ergodic capacity results for varying pointing errors at high SNR regime
for RLN turbulence under heterodyne detection technique (r = 1).

under IM/DD technique is presented in Fig. 3.7 for low SNR scenario 15. These figures

demonstrate the obtained results for varying effects of pointing error with k = 5 and

σ = 0.35. 16 Similar trend in results can be observed here as were observed for the

LN only scenario in Fig. 3.1, Fig. 3.2, and Fig. 3.3. Fig. 3.8 presents the effect of

varying k turbulence parameter k → ∞, 4, 2, 1. The pointing error effect is fixed at

s = 0 and ξ = 1.1, and the LN scintillation index is fixed at σ = 0.35. The ergodic

capacity is plotted for the IM/DD technique (i.e. r = 2). It can be observed that as

the turbulence parameter k increases, the ergodic capacity improves and ultimately

matches with LN turbulence (signified with a diamond shape symbol in Fig. 3.8) as

k →∞ (i.e. Rician turbulence becomes negligible).

15For readers clarification, the low SNR asymptote in (3.50) is actually the average SNR and hence
the plot in Fig. 3.7 is against the electrical SNR.

16It is important to note here that these values for the parameters were selected from the cited
references subject to the standards to prove the validity of the obtained results and hence other
specific values can be used to obtain the required results by design communication engineers before
deployment.
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Figure 3.6: Ergodic capacity results for varying pointing errors at high SNR regime
for RLN turbulence under IM/DD technique (r = 2).

Moreover, it is important to note that these plots are very useful to easily obtain

the approximation error of the asymptotic results obtained by the proposed moments-

based approximation method or in other words to find the accuracy of the proposed

moments-based approximation method. For instance, let us refer to the third curve

from the top that corresponds to s = 3, σs = 3, and ξ = 1.1 in Fig. 3.6. Let us

assume that we want to control the approximation error to, lets say, around 3.9%

or less. Now, we can easily deduce the channel performance i.e. at γ = 30 dB;

C = {4.66 (exact), 4.482 (simulaiton)} with approximation error = 3.8197%. Based

on this, we can easily conclude that for an acceptable approximation error of 3.9%

or less, our average SNR must be at least γ = 30 dB or more. Similarly, if we want

to look at this in another way i.e. our system is operating at a certain average SNR

and we would like find out the accuracy of our approximation then this can also be

obtained easily as follows. We can easily deduce that at γ = 30 dB, C = {4.66 (exact),

4.482 (simulaiton)} that leads to an approximation error = 3.8197%. Similarly, at
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Figure 3.7: Ergodic capacity results for varying pointing errors at low SNR regime
for RLN turbulence under IM/DD technique (r = 2).

γ = 35 dB; C = {5.741 (exact), 5.633 (simulaiton)} leads to an approximation error

= 1.8812%, and at γ = 40 dB; C = {6.849 (exact), 6.784 (simulaiton)} leads to an

approximation error = 0.949%.

3.4.4 Málaga (M) Turbulence Scenario

Exact Analysis

For M atmospheric turbulence scenario under nonzero boresight pointing errors,

(3.12) and (3.13) are respectively substituted in (3.26). To the best of our knowledge,

both the above scenarios can not be solved in exact closed-form.

Additionally, a conclusion has already been obtained that it is not possible to solve

the inner integral for nonzero boresight pointing errors in (3.27) with (3.2). Hence, a

double-integral expression is encountered involving the IaM . The integral with respect
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Figure 3.8: Ergodic capacity results for IM/DD technique and varying k at high SNR
regime for RLN turbulence.

to IaM can be solved in exact closed-form to obtain

C =

∫ A0

0

∫ ∞
0

ln

{
1 +

c (ηe Il IaM Ip)
r

N0

}
fM (IaM ) fp (Ip) dIaM dIp

= ξ2Ar3/
[
2Aξ

2

0 (2 π)r−1
] [(

g β + Ω
′
)
/ (αβ)

]2

exp
{
−s2/

(
2σ2

s

)}
×

β∑
m=1

am

∫ A0

0

Iξ
2−1
p I0

(
s/σs

√
−2/ξ−2 ln {Ip/A0}

)

×G1,2 r+2
2 r+2,2

[
c (ηe Il Ip)

r (g β + Ω
′)r

r−2 rN0 (αβ)r

∣∣∣∣1, 1, κ0

1, 0

]
dIp,

(3.53)

where κ0 = −1−(α−m)/2
r

, . . . , −2−(α−m)/2+r
r

, −1−(m−α)/2
r

, . . . , −2−(m−α)/2+r
r

comprises of

2r terms. To the best of our knowledge, this single integral in (3.53) does not have

an exact closed-form solution 17.

On the other hand, for M atmospheric turbulence under zero boresight pointing

17Please note that similar integral results/outcomes were obtained for GG turbulence scenario
under nonzero boresight pointing errors.
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errors, utilizing (3.26) by placing (3.11) in it results into an exact closed-form result

as (2.28)

C =
D

ln(2)

β∑
m=1

cm G3r+2,1
r+2,3r+2

[
E

cµr

∣∣∣∣0, 1, κ1

κ2, 0, 0

]
, (3.54)

where D = ξ2A/ [2r(2π)r−1], cm = am bm r
α+m−1, E = (B ξ2)

r
/
[
(ξ2 + 1)

r
r2 r
]
, κ1 =

ξ2+1
r
, . . . , ξ

2+r
r

comprises of r terms, and κ2 = ξ2

r
, . . . , ξ

2+r−1
r

, α
r
, . . . , α+r−1

r
, m
r
, . . . , m+r−1

r

comprises of 3r terms. Similarly, as a special case, an exact closed-form result for

the moments of GG atmospheric turbulence under zero boresight pointing errors is

obtained as (2.29)

C =
J

ln(2)
G3r+2,1
r+2,3r+2

[
K

cµr

∣∣∣∣0, 1, κ1

κ3, 0, 0

]
, (3.55)

where J = rα+β−2 ξ2/ [(2π)r−1 Γ(α) Γ(β)], K = (ξ2αβ)r/
[
(ξ2 + 1)

r
r2 r
]
, and κ3 =

ξ2

r
, . . . , ξ

2+r−1
r

, α
r
, . . . , α+r−1

r
, β
r
, . . . , β+r−1

r
comprises of 3r terms.

Approximate Analysis

Reverting back toM atmospheric turbulence under nonzero boresight pointing errors,

since it is not feasible to obtain an exact closed-form solution, the moments derived

earlier are utilized to deduce the asymptotic results. Hence, based on (3.31), the first

derivative of the moments in (3.22) is required to be evaluated at n = 0 for high

SNR asymptotic approximation to the ergodic capacity. The first derivative of the

moments in (3.22) is given as

∂

∂n
E [γnr ] =

ξ2(1−r n) r AΓ (r n+ α)

(ξ2 + r n) (ξ2 + 1)−r n 2r Br n

β∑
m=1

bm Γ (r n+m)

× exp
{
r n s2/

(
2σ2

s

) [
1/
(
ξ2 + 1

)
− 1/

(
ξ2 + r n

)]}
×
[
−r/

(
ξ2 + r n

)
− r ln

{
ξ2/
(
ξ2 + 1

)}
− r ln {B}

+ r s2/
(
2σ2

s

) [
r n/

(
ξ2 + r n

)2
+ 1/

(
ξ2 + 1

)
− 1/

(
ξ2 + r n

)]
+r ψ (r n+ α) + r ψ (r n+m) + ln {c µr}] (c µr)

n .

(3.56)
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and at n = 0, it evaluates to

C u
µr >>1

r AΓ(α)

2r

β∑
m=1

bm Γ(m)
{
r
[
−1/ξ2 − ln(B) + ψ(α)

− s2 σ−2
s

2 ξ2 (ξ2 + 1)
− ln

{
ξ2

ξ2 + 1

}
+ ψ(m)

]
+ ln(c µr)

}
.

(3.57)

For GG atmospheric turbulence, as a special case toM turbulence, the first derivative,

evaluated at n = 0, of the moments in (3.23) is derived as

C u
µr >>1

ln {c µr} − r
[

1

ξ2
+

s2 σ−2
s

2 ξ2 (ξ2 + 1)
+ ln

{
ξ2

ξ2 + 1

}
+ ln {αβ} − ψ (α)− ψ (β)

]
.

(3.58)

Now, for M and GG atmospheric turbulences under zero boresight pointing errors

(i.e. for s = 0), the asymptotic approximations to the respective ergodic capacity’s

at high SNR are derived as

C u
µr >>1

r AΓ(α)

2r

β∑
m=1

bm Γ(m)
{
r
[
−1/ξ2 − ln(B)

− ln

{
ξ2

ξ2 + 1

}
+ ψ(α) + ψ(m)

]
+ ln(c µr)

}
,

(3.59)

and

C u
µr >>1

ln {c µr} − r
[

1

ξ2
+ ln

{
ξ2

ξ2 + 1

}
+ ln {αβ} − ψ (α)− ψ (β)

]
. (3.60)

Alternatively, forM and GG atmospheric turbulences under zero boresight pointing

errors (i.e. for s = 0), the ergodic capacity’s in (3.54) and (3.55) can be expressed

asymptotically via utilizing the Meijer’s G function expansion as (2.30)

C u
µr >>1

D

ln(2)

β∑
m=1

cm

3r+2∑
k=1

(c µr
E

)−κ2,k Γ(1 + κ2,k)
∏3r+2

l=1; l 6=k Γ(κ2,l − κ2,k)

Γ(1− κ2,k)
∏r

l=1 Γ(κ1,l − κ2,k)
, (3.61)
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and (2.31)

C u
µr >>1

A

ln(2)

3r+2∑
k=1

(c µr
B

)−κ3,k Γ(1 + κ3,k)
∏3r+2

l=1; l 6=k Γ(κ3,l − κ3,k)

Γ(1− κ3,k)
∏r

l=1 Γ(κ1,l − κ3,k)
, (3.62)

respectively, where κu,v represents the vth-term of κu. Similarly, for M atmospheric

turbulence under zero pointing errors (i.e. for s = 0 and ξ → ∞), the asymptotic

approximation to the ergodic capacity at high SNR is derived as

C u
µr >>1

r AΓ(α)

2r

β∑
m=1

bm Γ(m) {r [− ln(B) + ψ(α) + ψ(m)] + ln(c µr)} , (3.63)

and

C u
µr >>1

ln {c µr} − r [ln {αβ} − ψ (α)− ψ (β)] . (3.64)

Furthermore, for low SNR asymptotic analysis, it can be easily shown that the

ergodic capacity can be asymptotically approximated by the first moment. Utilizing

(3.23) and (3.22) via placing n = 1 in them, the ergodic capacity’s of a single FSO link

underM and GG FSO turbulences effected by nonzero boresight pointing errors can

be approximated at low SNR in closed-form in terms of simple elementary functions

by

C u
µr <<1

ξ2(1−r)/
[(
ξ2 + r

) (
ξ2 + 1

)−r]
exp

{
r s2/

(
2σ2

s

) [
1/
(
ξ2 + 1

)
− 1/

(
ξ2 + r

)]}
× r AΓ(r + α)/ (2r Br)

β∑
m=1

bm Γ(r +m) c µr,

(3.65)

and

C u
µr <<1

ξ2(1−r) (ξ2 + 1)
r

Γ (r + α) Γ (r + β)

(ξ2 + r) (αβ)r Γ (α) Γ (β)

× exp
{
r s2/

(
2σ2

s

) [
1/
(
ξ2 + 1

)
− 1/

(
ξ2 + r

)]}
c µr,

(3.66)

respectively. Similarly, for M and GG atmospheric turbulences under zero bore-
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sight pointing errors (i.e. for s = 0), the asymptotic approximations to the ergodic

capacity’s at low SNR are obtained, respectively, as

C u
µr <<1

ξ2(1−r)/
[(
ξ2 + r

) (
ξ2 + 1

)−r]
r AΓ(r + α)/ (2r Br)

β∑
m=1

bm Γ(r +m) c µr,

(3.67)

and

C u
µr <<1

ξ2(1−r) (ξ2 + 1)
r

Γ (r + α) Γ (r + β)

(ξ2 + r) (αβ)r Γ (α) Γ (β)
c µr. (3.68)

Similarly, forM and GG atmospheric turbulences under zero pointing errors (i.e. for

s = 0 and ξ → ∞), the asymptotic approximations to the ergodic capacity’s at low

SNR are obtained, respectively, as

C u
µr <<1

r AΓ(r + α)/ (2r Br)

β∑
m=1

bm Γ(r +m) c µr, (3.69)

and

C u
µr <<1

Γ (r + α) Γ (r + β)

(αβ)r Γ (α) Γ (β)
c µr. (3.70)

Results and Discussion

As an illustration of the mathematical formalism presented above, simulation and

numerical results for the ergodic capacity of a single FSO link transmission system

underM turbulence channels is presented as follows. The FSO link is modeled asM

turbulence channel with the effects of atmosphere as (α = 2.296; β = 2), (α = 4.2;

β = 3) and (α = 8; β = 4), (Ω = 1.3265, b0 = 0.1079), ρ = 0.596, and φA− φB = π/2

unless stated otherwise. 18 In MATLAB, aM turbulent channel random variable was

generated via squaring the absolute value of a Rician-shadowed random variable [56].

18It is important to note here that these values for the parameters were selected from [56] subject
to the standards to prove the validity of the obtained results and hence other specific values can
be used to obtain the required results by design communication engineers before deployment. Also,
for all cases, 106 realizations of the random variable were generated to perform the Monte-Carlo
simulations in MATLAB.
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The ergodic capacity of the FSO channel in operation under heterodyne detection

technique as well as IM/DD technique is presented in Fig. 3.9 and Fig. 3.10, respec-

tively, for high SNR scenario. Subsequently, the ergodic capacity of the FSO channel
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Figure 3.9: Ergodic capacity results for varying pointing errors at high SNR regime
for M turbulence under heterodyne detection technique (r = 1).

in operation under IM/DD technique is presented in Fig. 3.11 for low SNR scenario 19.

These figures demonstrate the obtained results for varying effects of pointing error

with α = 2.296 and β = 2. Similar trend in results can be observed here as were

observed for the LN only and the RLN scenarios in Fig. 3.1, Fig. 3.2, Fig. 3.3, Fig. 3.5,

Fig. 3.6, and Fig. 3.7. Additionally, Fig. 3.9 and Fig. 3.10 plots the new Meijer’s G

function expansion based ergodic capacity approximate for the zero boresight point-

ing error case under the M turbulence scenario where the exact closed-form ergodic

capacity involves the Meijer’s G function that is given in (3.61). The plots con-

firm that both the approaches i.e. the moments-based approach and the Meijer’s G

19For readers clarification, the low SNR asymptote in (3.65) is actually the average SNR and hence
the plot in Fig. 3.11 is against the electrical SNR.
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Figure 3.10: Ergodic capacity results for varying pointing errors at high SNR regime
for M turbulence under IM/DD technique (r = 2).

function expansion based approach provide similar results for the ergodic capacity of

such FSO atmospheric turbulence channel as the curves from both these approaches

overlap simultaneously with the simulation curves nearly at a similar average SNR.

Fig. 3.12 presents the effect of varying atmospheric turbulences (i.e. varying α’s and

β’s). The pointing error effect is fixed at s = 3, σs = 1.5, and ξ = 1.1. The er-

godic capacity is plotted for the IM/DD technique (i.e. r = 2). It can be observed

that as the turbulence gets severs, the ergodic capacity degrades and vice versa. An

important observation is that it can be observed that once ρ → 1 and Ω
′

= 1 are

applied, the M turbulence matches exactly the special case of the Gamma-Gamma

turbulence. This can be depicted from the case wherein (α = 8; β = 4).
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Figure 3.11: Ergodic capacity results for varying pointing errors at low SNR regime
for M turbulence under IM/DD technique (r = 2).

3.4.5 Important Outcomes and Further Motivations

� Hence, eqs. (3.37), (3.47), and (3.57) give the required expressions for the

ergodic capacity C at high SNR in terms of simple elementary functions.

� Some special cases of these ergodic capacity results are presented in Table 3.1.

� Furthermore, at high SNR, the ergodic capacity for the optimal rate adaptation

(ORA) policy and the optimal joint power and rate adaptation (OPRA) policy

perform similarly. Therefore, these ergodic capacity results are applicable to

both the ergodic capacity policies (i.e. ORA as well as OPRA).

� Interestingly, the low SNR asymptotic ergodic capacity for the heterodyne de-

tection technique (i.e. r = 1 case) in (3.40)-(3.42), (3.50)-(3.52), and (3.65)-

(3.70) is actually the average SNR i.e. C u
µ1 <<1

γ1 = µ1.
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Figure 3.12: Ergodic capacity results for IM/DD technique and varying atmospheric
turbulence effects at high SNR regime for M turbulence.

3.5 Concluding Remarks

Unified expression for the moments of the average SNR of a FSO link operating over

the LN, the RLN, and theM atmospheric turbulences under nonzero and zero bore-

sight pointing errors were derived. Capitalizing on these expressions, new unified

asymptotic formulas were presented that are applicable in high and low SNR regimes

for the ergodic capacity in terms of simple elementary functions for the respective tur-

bulence models. Subsequently, some special cases were also summarized in Table 3.1.

In addition, this work presented simulation examples to validate and illustrate the

mathematical formulations developed in this work and to show the effect of the scin-

tillation index, the pointing errors, and the respective turbulence parameters severity

on the system performance.
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Table 3.1: Special Cases for LN, RLN, and M Atmospheric Turbulent High SNR Ergodic Capacities

Turbulence Model With Nonzero Boresight Pointing Errors With Zero Boresight Pointing Errors (s = 0) Without Pointing Errors (s = 0; ξ →∞)

Lognormal (LN) ln {c µr} − r
[

1
ξ2

+ σ2

2
+ s2

2σ2
s ξ

2 (ξ2+1)
+ ln

{
ξ2

ξ2+1

}]
ln {c µr} − r

[
1
ξ2

+ σ2

2
+ ln

{
ξ2

ξ2+1

}]
ln {c µr} − r σ

2

2

(k →∞)

Rician-LN (RLN) ln {c µr} − r
[

1
ξ2

+ σ2

2
+ s2

2σ2
s ξ

2 (ξ2+1)
ln {c µr} − r

[
1
ξ2

+ σ2

2
+ ln

{
ξ2

ξ2+1

}
ln {c µr} − r

[
σ2

2
− ln

{
k2

1+k2

}
− E1

(
k2
)]

+ ln
{

ξ2

ξ2+1

}
− ln

{
k2

k2+1

}
− E1

(
k2
)]

− ln
{

k2

1+k2

}
− E1

(
k2
)]

Rician ln {c µr} − r
[

1
ξ2

+ s2

2σ2
s ξ

2 (ξ2+1)
ln {c µr} − r

[
1
ξ2

+ ln
{

ξ2

ξ2+1

}
ln {c µr} − r

[
ln
{

1+k2

k2

}
− E1

(
k2
)]

(σ → 0) + ln
{

ξ2

ξ2+1

}
− ln

{
k2

k2+1

}
− E1

(
k2
)]

− ln
{

k2

1+k2

}
− E1

(
k2
)]

Rayleigh-LN ln {c µr} − r
[

1
ξ2

+ σ2

2
+ s2

2σ2
s ξ

2 (ξ2+1)
+ ln

{
ξ2

ξ2+1

}
+ γE

]
ln {c µr} − r

[
1
ξ2

+ σ2

2
+ ln

{
ξ2

ξ2+1

}
+ γE

]
ln {c µr} − r

[
σ2

2
+ γE

]
(k → 0)

Rayleigh ln {c µr} − r
[

1
ξ2

+ s2

2σ2
s ξ

2 (ξ2+1)
+ ln

{
ξ2

ξ2+1

}
+ γE

]
ln {c µr} − r

[
1
ξ2

+ ln
{

ξ2

ξ2+1

}
+ γE

]
ln {c µr} − r γE

(k → 0;σ → 0)

Málaga (M)
r AΓ(α)

2r

∑β
m=1 bm Γ(m)

{
r

[
−1/ξ2 − ln(B)− s2 σ−2

s

2 ξ2 (ξ2+1)
r AΓ(α)

2r

∑β
m=1 bm Γ(m)

{
r
[
−1/ξ2 − ln(B)

r AΓ(α)
2r

∑β
m=1 bm Γ(m) {r [− ln(B)

− ln
{

ξ2

ξ2+1

}
+ ψ(α) + ψ(m)

]
+ ln(c µr)

}
− ln

{
ξ2

ξ2+1

}
+ ψ(α) + ψ(m)

]
+ ln(c µr)

}
+ψ(α) + ψ(m)] + ln(c µr)}

Gamma-Gamma (GG) ln {c µr} − r
[

1
ξ2

+ s2

2σ2
s ξ

2 (ξ2+1)
ln {c µr} − r

[
1
ξ2

+ ln
{

ξ2

ξ2+1

}
ln {c µr} − r [ln {αβ} − ψ (α)− ψ (β)](

ρ→ 1, Ω
′

= 1
)

+ ln
{

ξ2

ξ2+1

}
+ ln {αβ} − ψ (α)− ψ (β)

]
+ ln {αβ} − ψ (α)− ψ (β)]
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Chapter 4

On the Performance of Mixed RF

and FSO Transmission Systems

4.1 Asymmetric RF-FSO Dual-Hop Relay Trans-

mission Systems

4.1.1 Introduction

Motivation

Relaying technology has gained enormous attention for quite a while now since it not

only provides wider and energy-efficient coverage but also an increased capacity for

wireless communication systems. As such, many efforts have been made to study

the relay system performance under various fading conditions [21,80,104,105]. These

independent studies consider symmetric channel conditions i.e. the links at the hops

are similar in terms of the fading distributions though it is more practical to experience

different/asymmetric link conditions at different hops i.e. each link may differ in the

channel conditions from the other link [53, 67, 106–108]. This is due to the fact that



the signals on each hop are transmitted either via different communication systems or

the signals might have to commute through physically different paths. For instance,

as proposed in [53], a relaying system based on both radio frequency (RF) as well

as free-space optical (FSO) characteristics can be expected to be more adaptive and

constitute an effective communication system in a real-life environment.

Another aspect considering an uplink scenario, besides all the advantages of FSO

over RF, that very much motivates this work is the concept of multiplexing i.e. RF

users can be multiplexed into a single FSO link. This comes with the reasoning

that there exists a connectivity gap between the backbone network and the last-

mile access network and hence this last mile connectivity can be delivered via high-

speed FSO links [109]. For instance, in developing countries where there might not

be much of a fiber optic structure and hence to increase its reach and bandwidth

to the last mile, it will require huge amount of economic resources to dig up the

current brown-field. It will be much better to simply install FSO transmitters and

detectors on the high-rise buildings and cover the last mile by having the users with

RF capability to communicate via their respective RF bands and let the rest be taken

care of by the FSO links to get it through to the backbone as can be observed from

Fig. 4.1. In Fig. 4.1, there exists no fiber optics structure between the buildings. Since

similar optical transmitters and detectors are used for FSO and fiber optics, similar

bandwidth capabilities are achievable [109]. Therefore, this will get the required

job done saving numerous amount of economic resources by utilizing FSO instead

of digging up the current brown-field to install fiber optics between the different

buildings. In another instance, we can think of a building floor (femto-cell in a

heterogeneous network) where the users can send and receive through the backbone

via FSO transmitter and detector respectively, placed at one of the corners of that

floor. This FSO transmitter/detector can communicate with other such devices over

other high-rise buildings and ultimately hop to the backbone. Above all, having FSO

105



USER 1

USER 2

USER N
BUILDING BUILDING

RELAY (RF to FSO Converter) FSO DETECTOR

FIBER-OPTIC 

CONNECTION 

TO BACKBONE 

INTERNET

FSO
RF

Laptop

Figure 4.1: System model block diagram of an asymmetric RF-FSO dual-hop uplink
transmission system.

will avoid any sort of interference(s) due to its point-to-point transmission feature

unlike RF where the transmission is a broadcast leading to possible interference(s).

Recently, some work has been published on the asymmetric relay networks (so-

called mixed fading channels) that have different fading channel distributions for each

link [53,106,107]. The RF link is assumed to be operating over Rayleigh fading envi-

ronment [3] whereas the FSO link is considered to be operating over Gamma-Gamma

fading environment [37,39] under the effect of pointing errors. Here, an amplify-and-

forward (fixed gain and variable gain) relay scheme system is considered. For the

amplify-and-forward relay system, a subcarrier intensity modulation (SIM) scheme is

adopted to convert the input RF signals at the relay to the optical signals for retrans-

missions from the relay [67,108]. However, the results presented in [53] were derived

under the assumption of non-pointing errors in the FSO link with intensity modu-

lation/direct detection (IM/DD) technique only. In this work, the model presented

in [53] is built upon to study the impact of pointing errors on the performance of

asymmetric RF-FSO dual-hop transmission systems with amplify-and-forward relays

including the heterodyne detection technique and the IM/DD technique.
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Contributions

The key contributions of this chapter are:

� Statistical characterizations of the end-to-end signal-to-noise ratio (SNR) of the

asymmetric RF-FSO transmission system is studied. This includes the cumu-

lative distribution function (CDF), the probability density function (PDF), the

moment generating function (MGF), and the moments of SNR of such asym-

metric RF-FSO dual-hop transmission systems are derived for fixed gain relays

as well variable gain relays.

� This statistical characterization of the SNR is then applied to derive the exact

closed-form expressions for the performance metrics such as the outage proba-

bility (OP), the higher-order amount of fading (AF), the average bit-error rate

(BER) of binary modulation schemes, the average symbol error rate (SER) of

M -ary amplitude modulation (M-AM), M -ary phase shift keying (M-PSK) and

M -ary quadrature amplitude modulation (M-QAM), and the ergodic capacity

in terms of Meijer’s G functions for both types of amplify-and-forward relay

schemes.

Organization

The remainder of the chapter is organized as follows. Subsection 2 introduces the

channel and systems models. Subsection 3 presents the statistical characterizations

and the performance analysis of fixed gain relay asymmetric RF-FSO dual-hop trans-

mission systems whereas Subsection 4 presents the similar study for variable gain

relays. Specifically, the statistical characterizations include the PDF, the CDF, the

MGF, and the moments and the performance metrics include, namely, the OP, the

higher-order AF, the BER, the SER, and the ergodic capacity. Subsection 5 presents

some simulation results to validate these analytical results followed by concluding
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remarks in Section 3.

4.1.2 Channel and System Models

A single user/RF link is assumed along with an amplify-and-forward relay leading

to a FSO link to destination as can be seen from the Fig. 4.1. The Source(S)-

Relay(R) link experiences Rayleigh fading which is most frequently used to model

the multipath fading with non-line-of-sight path in the RF propagation environments

[3, 21]. Similarly, Relay(R)-Destination(D) link experiences Gamma-Gamma fading

distribution that is widely used to model the atmospheric turbulence in the FSO

communication environments [37,39,40] for negligible pointing errors case and under

the effect of pointing errors for non-negligible pointing errors case.

Therefore, the received signal at the relay R can be expressed as

ySR = hSR x+ nSR, (4.1)

where hSR is the fading amplitude of the Rayleigh fading channel for the S-R link,

x is the transmitted RF signal from the source S, and nSR is the AWGN with the

power spectral density (PSD) of NoSR . Now, when the SIM scheme is applied in the

relay, the transmitted optical signal at the relay R will be

xoptical = G(1 + η ySR), (4.2)

where G is the fixed relay gain at the relay R, and η is the electrical-to-optical

conversion coefficient. The received optical signal at the destination D can be written

as

yRD = Ao I{G[1 + η(hSR x+ nSR)]}+ nRD, (4.3)

where Ao is the constant for propagation, I is a stationary random variable following
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the Gamma-Gamma distribution for the FSO link, and nRD is the AWGN with the

PSD of NoRD . Now, when the direct current (DC) component is filtered out at the

destination, the received signal becomes as

yRD = I G η(hSR x+ nSR) + nRD. (4.4)

Therefore, the overall SNR at the destination D can be expressed as [21]

γ =
I2G2 η2 h2

SR PSR
I2G2 η2NoSR +NoRD

=

h2
SR PSR
NoSR

I2 η2

NoRD
I2 η2

NoRD
+ 1

G2NoSR

, (4.5)

where the PSR is the power transmitted at the source S.

For fixed gain amplify-and-forward relay, it can be assumed that (G2NoSR)−1 = C.

Also, the SNRs of each hop can be equated as γSR =
h2
SR PSR
NoSR

and γRD = I2 η2

NoRD
. So,

(4.5) can now be written as

γ =
γSR γRD
γRD + C

, (4.6)

where γSR represents the SNR of the RF hop i.e. S-R link, γRD represents the SNR

of the FSO hop i.e. R-D link, and C is a fixed relay gain [3, 21,53].

Similarly, for variable gain amplify-and-forward, the end-to-end SNR can be given

as

γ =
γSR γRD

γSR + γRD + 1
. (4.7)

Since the closed-from analysis of the statistical characteristics of γ is complicated,

the standard approximation γ = γSR γRD
γSR+γRD+1

u min(γSR γRD) [106,110,111] is utilized.

Therefore, the RF link (i.e. S-R link) is assumed to follow Rayleigh fading whose

SNR follows an exponential distribution, parameterized by the average SNR γSR of
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the S-R link, with a PDF given by [3]

fγSR(γSR) = 1/γSR exp(−γSR/γSR). (4.8)

On the other hand, it is assumed that the FSO link (i.e. R-D link) experiences

Gamma-Gamma fading with pointing error impairments whose SNR PDF is given by

fγRD(γRD) =
ξ2

r γRD Γ(α) Γ(β)
G3,0

1,3

αβ(γRD
µ

(r)
RD

) 1
r ∣∣∣∣ ξ2 + 1

ξ2, α, β

, (4.9)

where µ
(r)
RD is the electrical SNR of the FSO link, α and β are the fading parameters

related to the atmospheric turbulence conditions [37, 39] with lower values of α and

β indicating severe atmospheric turbulence conditions, ξ is the ratio between the

equivalent beam radius at the receiver and the pointing error displacement standard

deviation (jitter) at the receiver [59] (i.e. when ξ → ∞, (4.9) converges to the non-

pointing errors case), r is the parameter defining the type of detection technique (i.e.

r = 1 represents heterodyne detection and r = 2 represents IM/DD), Γ(.) is the

Gamma function as defined in [58, Eq. (8.310)], and G(.) is the Meijer’s G function

as defined in [58, Eq. (9.301)].

4.1.3 Fixed-Gain Relay System

This section presents exact closed-form results on the statistical characteristics in-

cluding the CDF, the PDF, the MGF, and the moments of the asymmetric dual-hop

RF-FSO relay transmission systems in terms of the Meijer’s G functions. Addition-

ally, this section also presents new performance analysis results, in particular the OP,

the higher-order AF, the BER analysis, the SER analysis, and the ergodic capacity

of asymmetric dual-hop RF-FSO relay transmission systems with fixed gain relay.
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Closed-Form Statistical Characteristics

Cumulative Distribution Function: The CDF is given by [21]

Fγ(γ) = Pr

[
γSR γRD
γRD + C

< γ

]
, (4.10)

which can be written as

Fγ(γ) =

∫ ∞
0

Pr

[
γSR γRD
γRD + C

< γ|γRD
]
fγRD(γRD) dγRD. (4.11)

Using [62, Eq. (07.34.03.0228.01)], exp (−γ C/ (γRD γSR)) can be re-written as

G1,0
0,1

[
γ C

γRD γSR

∣∣
0

]
. Further using [66, Eq. (6.2.2)], G1,0

0,1

[
γ C

γRD γSR

∣∣
0

]
can be alternated

to G0,1
1,0

[
γRD γSR
γ C

∣∣1 ]. Now, along with the above modifications, applying [83, Eq. (21)]

to (4.11), and with some simple algebraic manipulations along with utilizing [66, Eq.

(6.2.4)], the CDF of γ can be shown to be given by

Fγ(γ) = 1− A exp (−γ/γSR) G3r+1,0
r,3r+1

[
B C

γSR µ
(r)
RD

γ

∣∣∣∣ κ1

κ2, 0

]
, (4.12)

where A = rα+β−2 ξ2

(2π)r−1Γ(α) Γ(β)
, B = (αβ)r

r2 r , κ1 = ξ2+1
r
, . . . , ξ

2+r
r

comprises of r terms, and

κ2 = ξ2

r
, . . . , ξ

2+r−1
r

, α
r
, . . . , α+r−1

r
, β
r
, . . . , β+r−1

r
comprises of 3 r terms. The above re-

sult presented in (4.12) reduces to [53, Eq. (15)] when ξ →∞ and r = 2.

Probability Density Function: Differentiating (4.12) with respect to γ, using the

product rule then utilizing [62, Eq. (07.34.20.0001.01)], after some algebraic manip-

ulations the PDF in exact closed-form is obtained in terms of Meijer’s G functions
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as

fγ(γ) =
Ar2(1−r)

21−r γ γSR
exp (−γ/γSR)

(
r γSR G2r+1,0

0,2r+1

[
B C

γSR µ
(r)
RD

γ

∣∣∣∣−κ3

]

+(r γ − ξ2 γSR) G3r+1,0
r,3r+1

[
B C

γSR µ
(r)
RD

γ

∣∣∣∣ κ1

κ2, 0

])
,

(4.13)

where κ3 = α
r
, . . . , α+r−1

r
, β
r
, . . . , β+r−1

r
, 0 comprises of 2 r+ 1 terms. Additionally, the

PDF was also derived by placing (4.9) into fγ(γ) =
∫∞

0
fγSR(γ|γRD)fγRD(γRD) dγRD,

utilizing [62, Eq. (0.34.03.0228.01)], using [66, Eq. (6.2.2)], using [83, Eq. (21)], and

obtaining after some simple algebraic manipulations

fγ(γ) =
A

γSR
exp (−γ/γSR)

×

(
G3r+1,0
r,3r+1

[
B C

γSR µ
(r)
RD

γ

∣∣∣∣ κ1

κ2, 0

]
+
γSR
γ

G3r+1,0
r,3r+1

[
B C

γSR µ
(r)
RD

γ

∣∣∣∣ κ1

κ2, 1

])
.

(4.14)

The exact closed-form PDF expressions in (4.13) and (4.14) are numerically equivalent

and hence further validating the derived results.

Moment Generating Function: The MGF is defined as

Mγ(s) , E
[
e−γs

]
=

∫ ∞
0

e−γsfγ(γ)dγ. (4.15)

Using integration by parts, MGF can be defined in terms of CDF as

Mγ(s) = s

∫ ∞
0

e−γsFγ(γ)dγ. (4.16)

Placing (4.12) into (4.16) and utilizing [58, Eq. (7.813.1)], after some manipulations

the MGF of γ is obtained as

Mγ(s) = 1− sA

(s+ 1/γSR)
G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD(s γSR + 1)

∣∣∣∣0, κ1

κ2, 0

]
. (4.17)
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Moments: The moments are defined by

E [γn] =

∫ ∞
0

γnfγ(γ)dγ. (4.18)

Using integration by parts (with u = γn, dv = fγ(γ) dγ, and v = Fγ(γ) − 1), (4.18)

can be presented in terms of the CDF of γ as

E [γn] = n

∫ ∞
0

γn−1F c
γ (γ) dγ, (4.19)

where, F c
γ (γ) = 1 − Fγ(γ) is the complementary CDF (CCDF) of γ. Now, placing

(4.12) into (4.19) and utilizing [58, Eq. (7.813.1)], the moments are obtained as

E [γn] = nAγ nSR G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD

∣∣∣∣1− n, κ1

κ2, 0

]
. (4.20)

Applications to the Performance of Asymmetric RF-FSO Dual-Hop Relay

Transmission Systems with Fixed Gain Relay

Outage Probability: When the instantaneous output SNR γ falls below a given

threshold γth, a situation labeled as outage is encountered and it is an important

feature to study OP of a system. Hence, another important fact worth stating here

is that the expression derived in the (4.12) also serves the purpose for the expression

of OP for the system or in other words, the probability that the SNR falls below a

predetermined protection ratio γth can be simply expressed by replacing γ with γth

in (4.12) as

Pout(γth) = Fγ(γth). (4.21)

Higher-Order Amount of Fading: The AF is an important measure for the
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performance of a wireless communication system as it can be utilized to parameterize

the distribution of the SNR of the received signal. In particular, the nth-order AF for

the instantaneous SNR γ is defined as [68]

AF (n)
γ =

E [γn]

E [γ]n
− 1. (4.22)

The nth-order AF for the instantaneous SNR γ can be obtained by utilizing (4.22).

On substituting (4.20) into (4.22), the nth-order AF is obtained as

AF (n)
γ = nA1−nG3r+1,1

r+1,3r+1

[
B C

µ
(r)
RD

∣∣∣∣1− n, κ1

κ2, 0

]
G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD

∣∣∣∣0, κ1

κ2, 0

]−n
− 1. (4.23)

For n = 2, as a special case, the classical AF [112] is obtained as

AF = AF (2)
γ = 2A−1 G3r+1,1

r+1,3r+1

[
B C

µ
(r)
RD

∣∣∣∣−1, κ1

κ2, 0

]
G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD

∣∣∣∣0, κ1

κ2, 0

]−2

− 1. (4.24)

Average BER: Substituting (4.12) into [69, Eq. (12)] and utilizing [58, Eq. (7.813.1)],

the average BER P b is obtained for a variety of binary modulations as

P b =
1

2
− Aqp Γ(p)−1

2 (q + 1/γSR)p
G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD(q γSR + 1)

∣∣∣∣1− p, κ1

κ2, 0

]
, (4.25)

where the parameters p and q account for different modulation schemes as discussed

earlier in Chapter 2.

Average SER: In [78], the conditional SER has been presented in a desirable form

and utilized to obtain the average SER of M-AM, M-PSK, and M-QAM. For example,

for M-PSK the average SER P s over generalized fading channels is given by [78, Eq.

(41)]. Similarly, for M-AM and M-QAM, the average SER P s over generalized fading

channels is given by [78, Eq. (45)] and [78, Eq. (48)] respectively. On substituting
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(4.17) into [78, Eq. (41)], [78, Eq. (45)], and [78, Eq. (48)], the SER of M-PSK,

M-AM, and M-QAM, respectively can be obtained.

Ergodic Capacity: The ergodic channel capacity C is given by

C =
1

ln(2)

∫ ∞
0

ln(1 + γ)fγ(γ)dγ. (4.26)

Alternatively, using integration by parts (with u = ln(1 + γ), dv = fγ(γ)dγ, and

v = Fγ(γ)− 1), C can also be presented in terms of CDF as [113, Eq. (15)]

C =
1

ln(2)

∫ ∞
0

F c
γ (γ)

1 + γ
dγ. (4.27)

Utilizing (4.27) by exploiting the identity [114, p. 152] (1 +az)−b = 1
Γ(b)

G1,1
1,1

[
az
∣∣1−b

0

]
in it and using the integral identity [69, Eq. (20)], the ergodic capacity can be ex-

pressed in terms of the extended generalized bivariate Meijer’s G function (EGBMGF)

(see [69] and references therein) as

C =
AγSR
ln(2)

G1,0:1,1: 3r+1,0
1,0:1,1: r,3r+1

 1


0

0


κ1

κ2, 0

 γSR,
B C

µ
(r)
RD

 . (4.28)

The expression in (4.28) can be easily and efficiently evaluated by utilizing the MATH-

EMATICA® implementation of the EGBMGF given in [69, Table II].

4.1.4 Variable-Gain Relay System

This section presents exact closed-form results on the statistical characteristics in-

cluding the CDF, the PDF, the MGF, and the moments of the asymmetric dual-hop

RF-FSO relay transmission systems in terms of the Meijer’s G functions. Addition-

ally, this section also presents new performance analysis results, in particular the OP,

the higher-order AF, the BER analysis, the SER analysis, and the ergodic capacity
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of asymmetric dual-hop RF-FSO relay transmission systems with variable gain relay.

Closed-Form Statistical Characteristics

Cumulative Distribution Function: It is well known that the CDF of γ =

min(γSR, γRD) can be expressed as

Fγ(γ) = Pr(min(γSR, γRD) < γ). (4.29)

The expression in (4.29) can be re-written as [115, Eq. (4)]

Fγ(γ) = FγSR(γSR) + FγRD(γRD)− FγSR(γSR)FγRD(γRD). (4.30)

Now, using FγSR(γSR) = 1−exp(−γ/γSR) as the CDF of the Rayleigh channel, (2.12)

(with γ = γRD and µr = µ
(r)
RD), and some simple algebraic manipulations, the CDF

of γ can be shown to be given after some simplifications by

Fγ(γ) = 1− exp (−γ/γSR)

(
1− AG3r,1

r+1,3r+1

[
B

µ
(r)
RD

γ

∣∣∣∣1, κ1

κ2, 0

])
. (4.31)

Probability Density Function: Differentiating (4.31) with respect to γ, using

the product rule then utilizing [62, Eq. (07.34.20.0001.01)], after some algebraic

manipulations the PDF is obtained in terms of Meijer’s G functions as

fγ(γ) = exp (−γ/γSR)

[
1

γSR
+

A

γ γSR

(
γSR G3r,0

r,3r

[
B

µ
(r)
RD

γ

∣∣∣∣κ1

κ2

]

−γG3r,1
r+1,3r+1

[
B

µ
(r)
RD

γ

∣∣∣∣1, κ1

κ2, 0

])]
.

(4.32)

Moment Generating Function: Substituting (4.31) into (4.16) and utilizing [58,
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Eq. (7.813.1)], after some manipulations the MGF of γ is obtained as

Mγ(s) = 1− s

s+ 1/γSR

(
1− AG3r,2

r+2,3r+1

[
B

µ
(r)
RD(s+ 1/γSR)

∣∣∣∣0, 1, κ1

κ2, 0

])
. (4.33)

Moments: Placing (4.31) into (4.19) and utilizing [58, Eq. (7.813.1)], the moments

are obtained as

E [γn] = n γ nSR

(
Γ(n)− AG3r,2

r+2,3r+1

[
B γSR

µ
(r)
RD

∣∣∣∣1− n, 1, κ1

κ2, 0

])
. (4.34)

Applications to the Performance of Asymmetric RF-FSO Dual-Hop Relay

Transmission Systems with Variable Gain Relay

Outage Probability: Similar to the OP derived earlier for the fixed gain relay

scenario, utilizing (4.31), the required OP of a variable gain relay system can be

obtained.

Higher-Order Amount of Fading: Utilizing (4.22) by substituting (4.34) into

it, the nth-order AF is obtained as

AF (n)
γ =

n

(
Γ(n)− AG3r,2

r+2,3r+1

[
B γSR

µ
(r)
RD

∣∣∣1−n,1,κ1

κ2,0

])
(

1− AG3r,2
r+2,3r+1

[
B γSR

µ
(r)
RD

∣∣∣0,1,κ1

κ2,0

])n − 1. (4.35)

For n = 2, as a special case, the classical AF [112] is obtained as

AF = AF (2)
γ =

2

(
1− AG3r,2

r+2,3r+1

[
B γSR

µ
(r)
RD

∣∣∣−1,1,κ1

κ2,0

])
(

1− AG3r,2
r+2,3r+1

[
B γSR

µ
(r)
RD

∣∣∣0,1,κ1

κ2,0

])2 − 1. (4.36)

Average BER: Substituting (4.31) into [69, Eq. (12)] and utilizing [58, Eq. (7.813.1)],
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the average BER P b is obtained for a variety of binary modulations as

P b =
1

2
− qp

2 (q + 1/γSR)p

(
1− A

Γ(p)
G3r,2
r+2,3r+1

[
B

µ
(r)
RD(q + 1/γSR)

∣∣∣∣1− p, 1, κ1

κ2, 0

])
.

(4.37)

Average SER: Substituting (4.33) into [78, Eq. (41)], [78, Eq. (45)], and [78, Eq.

(48)], the SER of M-PSK, M-AM, and M-QAM, respectively can be obtained.

Ergodic Capacity: Utilizing (4.27) by exploiting the identity [114, p. 152] (1 +

az)−b = 1
Γ(b)

G1,1
1,1

[
az
∣∣1−b

0

]
in it and using the integral identity [69, Eq. (20)], the

ergodic capacity can be expressed in terms of the EGBMGF (see [69] and references

therein) as

C =
1

ln(2)
(E1(1/γSR) exp(1/γSR)− AγSR

×G1,0:1,1: 3r,1
1,0:1,1: r+1,3r+1

 1


0

0


κ1

κ2

 γSR,
B γSR

µ
(r)
RD


 ,

(4.38)

where E1(.) is an exponential integral [79, Eq. (5.1.45)].

4.1.5 Results and Discussion

Fixed-Gain Relay System

As an illustration of the mathematical formalism, simulation results for different

performance metrics of an asymmetric dual-hop RF-FSO fixed gain relay transmission

system with pointing errors are presented in this section. The RF link (i.e. the S-R

link) is modeled as Rayleigh fading channel and the FSO link (i.e. the R-D link) is

modeled as Gamma-Gamma fading channel with atmospheric turbulence parameters

α = 2.1 and β = 3.5. The relay is set such as C = 0.6 and the pointing error is set

such as ξ = 1.2. The average SNR per bit per hop in all the scenarios discussed is

assumed to be equal.
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Figure 4.2: Average BER of different binary modulation schemes showing impact of
pointing errors (varying ξ) with fading parameters α = 2.1, β = 3.5, and C = 0.6.

The average BER performance of different digital binary modulation schemes are

presented in Fig. 4.2 based on the values of p and q as presented in Table 2.1 where

p = 0.5 and q = 1 represents CBPSK, p = 1 and q = 1 represents DBPSK, CBFSK

is represented by p = 0.5 and q = 0.5, and NBFSK is represented by p = 1 and

q = 0.5. Hence, it can be observed from Fig. 4.2 that the simulation results provide a

perfect match to the analytical results obtained in this work. Also, the results are as

expected i.e. the BER decreases as the SNR increases. It is important to note here

that these values for the parameters were selected arbitrarily to prove the validity of

the obtained results and hence specific values based on the standards can be used to
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obtain the required results. It can be seen from Fig. 4.2 that, as expected, CBPSK

outperforms NBFSK. Also, the effect of pointing error can be observed in Fig. 4.2

i.e. as the effect of pointing error (as the value of ξ increases, the effect of pointing

error decreases) increases, the BER deteriorates and vice versa. It can be shown that

as the atmospheric turbulence conditions get severe i.e. as the values of α and β

start dropping, the BER starts deteriorating and vice versa. Additionally, PSK in

general performs better than FSK, as expected. Similar results for any other binary

modulations schemes and any other values of α’s, β’s, c’s, and ξ’s can be observed.

Also, in Fig. 4.3, it can be observed that as the atmospheric turbulence conditions

get severe i.e. as the values of α and β start dropping, the BER starts deteriorating

and vice versa. Similarly, in Fig. 4.4, as the atmospheric turbulence conditions get

severe, the ergodic capacity starts decreasing (i.e. the higher the values of α and β,

the higher will be the ergodic capacity). Also, the effect of pointing error can be

observed in Fig. 4.4. Note that as the value of ξ increases (i.e. the effect of pointing

error decreases) the ergodic capacity decreases.

Variable-Gain Relay System

As an illustration of the mathematical formalism, simulation results for different

performance metrics of an asymmetric dual-hop RF-FSO variable gain relay trans-

mission system are presented in this section. For the asymmetric RF-FSO relay

transmission systems with variable gain scenario, the RF link (i.e. the S-R link) is

modeled as Rayleigh fading channel and the FSO link (i.e. the R-D link) is modeled as

Gamma-Gamma fading channel with atmospheric turbulence parameters α = 2.1 and

β = 3.5. The average SNR per bit per hop in all the scenarios discussed is assumed

to be equal. The average BER performance of DBPSK with heterodyne detection

and CBPSK with IM/DD are presented in Fig. 4.5 with varying effects of pointing

error (ξ = 1.2, 1.6, and 6.7). It can be observed from Fig. 4.5 that the simulation
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tion schemes showing the performance of both the detection techniques (heterodyne
and IM/DD) with varying effects of pointing error and with fading parameters α = 1.2
and β = 3.5.
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results provide a perfect match to the analytical results obtained in this work. It is

observed that as the effects of pointing error get severe, BER starts increasing (i.e.

the higher the values of ξ, the lower will be the BER). It is important to note here

that these values for the parameters were selected arbitrarily to prove the validity of

the obtained results and hence specific values based on the standards can be used to

obtain the required results by design communication engineers before deployment.

Similarly, in Fig. 4.6, the effect of pointing error is set such that ξ = 2.1 to see the

effect of varying fading parameters. It can be seen that as the atmospheric turbulence

conditions get severe, BER starts increasing (i.e. the higher the values of α and β, the

lower will be the BER). Also, similar results on the ergodic capacity can be observed

for heterodyne detection and IM/DD techniques as were seen above in Fig. 4.5 and

Fig. 4.6 for the BER case.

4.2 Hybrid RF/RF-FSO Transmission Systems

4.2.1 Introduction

Motivation

In this work, a dual-path transmission system is considered utilizing a SC diversity

receiver. It involves a direct RF link/path and an asymmetric RF-FSO dual-hop path

as can be seen from Fig. 4.1. The motivation behind such a system involves a fact

that the users are mostly mobile and with only RF capabilities (no FSO capabilities).

Installing FSO capability on these mobile users does not seem to be a justified ap-

proach. Another source of motivation is the fact that we fall short of bandwidth (BW)

every now and then. Hence, to save on BW and to save on the economic resources

by avoiding unnecessary modifications to the current mobile devices, such a system

is introduced wherein the users remain as is with RF only capability(s) and yet can
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lation schemes showing the performance of both the detection techniques (heterodyne
and IM/DD) with varying fading parameters α’s and β’s and with effect of pointing
error ξ = 2.1.
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Figure 4.7: System model block diagram of a hybrid RF/RF-FSO uplink transmission
system.

be part of and/or make use of the FSO featured network. Essentially, as can be seen

from Fig. 4.1, mobile devices/users with RF only capability will be transmitting in

phase 1 that shall be heard by the relay and the destination. During phase 2, the relay

will be transmitting the RF converted to FSO and shall be heard by the destination.

Then both these messages received in phase 1 and phase 2 at the destination will

be dealt with under SC diversity scheme. Furthermore, the performance measures

of the system under the SC diversity scheme are compared with the maximal ratio

combining (MRC) diversity, which is an optimal diversity combining scheme where all

the diversity branches are processed to obtain the best possible devised and improved

single output that possibly stays above a certain specified threshold [3,9,10]. An im-

portant point to note here is that during phase 2, the RF BW is completely free from

the systems current use and hence can still be utilized by surrounding users/devices

as it will cause no interference to the FSO simultaneous transmission.

Recently, some work has been published on the asymmetric relay networks (so-

called mixed fading channels) that have different fading channel distributions for

each link [53, 106, 107] but to the best of the authors knowledge, no work involves

performance study of a dual-branch diversity system with a direct RF link and an

126



asymmetric relay link. The main objective of this work is to bring forth the essence of

utilizing FSO technology in the current traditional RF based communication systems

thereby increasing the performance of the system manifolds. In this proposed work,

the asymmetric RF-FSO link is up and being utilized at all times along with the direct

RF link. In this way, the asymmetric RF-FSO is always complementing the direct RF

link via SC or MRC diversity schemes thereby improving the performance relative to

the current traditional systems. On the other hand, as can be seen from the Fig. 4.1,

RF user(s) being part of the macro-cell might at times be far away from the macro-cell

BS and the received signal might not be good enough. This RF user(s), also being

part of the micro-cell with a micro-cell BS in its much closer vicinity, is being heard

by the micro-cell BS. This micro-cell BS is ultimately connected to the macro-cell BS

via FSO technology and is assisting the RF user(s) message to reach the macro-cell

BS via SC or MRC diversity scheme. Therefore, such a proposed hybrid system will

always be beneficial and more specifically when the direct RF link is weak.

Interestingly enough, having FSO technology on the second link of the RF-FSO

link also provides a solution to the current traditional communication system in case

when the direct RF link is reaching a saturation in terms of its BW. In such a situation,

the RF link of the asymmetric RF-FSO link can combine/multiplex multiple RF users

to its maximum capability in a single instance and send all through the FSO link to

the other end. In this way, the major advantage of FSO technology of having much

higher BW is also utilized, again as a great benefit to the current traditional systems.

In this work, the authors consider a RF based communication system i.e. RF is

the main mode of communication though the receiver benefits from the presence of

the diverse asymmetric RF-FSO channel too. This RF-FSO asymmetric link utilizes

the FSO technology and as discussed earlier in detail, this can prove to be handy

manifolds. In this work, the RF links are assumed to be operating over Rayleigh

fading environment [3] whereas the FSO link is considered to be operating over unified
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Gamma-Gamma fading environment [37, 39, 40] under the effect of pointing errors.

Here, the authors would like to bring to the notice of the readers that this Gamma-

Gamma model is unified in terms of inculcating both types detection techniques

(i.e. heterodyne and IM/DD) and additionally also includes the effects of pointing

error. Indeed, this unified model increases the complexity and hence providing a

comprehensive study on such a proposed hybrid system makes this an interesting

problem to study. Such a unified model, to the authors best knowledge, has not been

seen in the literature for the study of such proposed hybrid communication systems.

Contributions

The key contributions of this work are stated as follows.

� The statistical characterizations such as the CDF, the PDF, the MGF, and

the moments of the end-to-end SNR of such hybrid RF/RF-FSO transmission

systems are derived for fixed gain relays as well variable gain relays.

� This statistical characterization of the SNR is then applied to derive the exact

closed-form expressions for the performance metrics such as the OP, the higher-

order AF, the average BER of binary modulation schemes, the average SER of

M-AM, M-PSK and M-QAM, and the ergodic capacity in terms of Meijer’s G

functions for both types of amplify-and-forward relay schemes.

Organization

The remainder of the chapter is organized as follows. Subsection 2 introduces the

channel and systems models. Subsection 3 presents the statistical characterizations

and the performance analysis of fixed gain relay hybrid RF/RF-FSO transmission

systems in collaboration with the SC diversity scheme whereas Subsection 4 presents

the similar study for variable gain relays in collaboration with the SC as well as
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the MRC diversity schemes. Specifically, the statistical characterizations include the

PDF, the CDF, the MGF, and the moments and the performance metrics include,

namely, the OP, the higher-order AF, the BER, the SER, and the ergodic capac-

ity. Subsection 5 presents some simulation results to validate these analytical results

followed by concluding remarks in Section 3.

4.2.2 Channel and System Models

Based on the discussion earlier in the Introduction and Fig. 4.7, a dual-path trans-

mission system model is employed with a direct RF link that indicates mobile user-

s/devices with RF only capabilities (no FSO capability) and a relay consisting RF-

FSO branch. This signifies that the buildings/base stations (BSs) near these mobile

users/devices have FSO capability too and so do all the subsequent BSs ultimately

reaching the internet backbone. Also, it is worthwhile to assume that the RF BW is

getting scarce and there is no additional availability of RF BW thus leading to the

utility of freely available FSO features. The SNR of the direct RF link is denoted by

γSD.

Now, the end-to-end SNR of the fixed gain relay branch can be given as

γSRD =
γSRγRD
γRD + C

, (4.39)

where S, R, and D refer to source, relay, and destination respectively and C is a fixed

relay gain [3, 21,53].

Similarly, for variable gain amplify-and-forward, the end-to-end SNR can be given

as

γSRD =
γSR γRD

γSR + γRD + 1
. (4.40)

Since the closed-from analysis of the statistical characteristics of γSRD is complicated,

the standard approximation γSRD = γSR γRD
γSR+γRD+1

u min(γSR γRD) [106, 110, 111] is
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utilized.

The RF links (i.e. S-R link and S-D link) are independent and non-identically

distributed (i.n.i.d.) and are assumed to follow Rayleigh fading whose SNR follows

an exponential distribution, parameterized by the average SNR γSR of the S-R link

and γSD of the S-D link, with a PDF given by [3]

fγSD(γSD) = 1/γSD exp(−γSD/γSD), (4.41)

for S-D link and similarly for S-R link by replacing the subscripts SD with SR in

the above given PDF [3]. On the other hand, it is assumed that the FSO link (i.e.

R-D link) experiences Gamma-Gamma fading with pointing error impairments whose

SNR PDF is given by (4.9).

4.2.3 Fixed-Gain Relay System

This section presents exact closed-form results on the statistical characteristics in-

cluding the CDF, the PDF, the MGF, and the moments of the hybrid RF/RF-FSO

transmission systems in terms of the Meijer’s G functions. Additionally, this section

also presents new performance analysis results, in particular the OP, the higher-order

AF, the BER analysis, the SER analysis, and the ergodic capacity of hybrid RF/RF-

FSO transmission systems with fixed gain relay in presence of SC diverse receiver.

Closed-Form Statistical Characteristics

Cumulative Distribution Function: In SC diversity scheme, the highest SNR

branch is selected. In this case, for dual-branch diversity, the end-to-end SNR γ is

given by

γ = max(γSD, γSRD). (4.42)
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The CDF of γ is given by

F (γ) = Pr(max(γSD, γSRD ≤ γ)) = FγSD(γ)FγSRD(γ). (4.43)

Using

FγSD(γ) = 1− exp(−γ/γSD), (4.44)

as the CDF of the Rayleigh channel,

FγSRD(γ) = 1− A exp(−γ/γSR) G3r+1,0
r,3r+1

[
B C

γSRµ
(r)
RD

γ

∣∣∣∣ κ1

κ2, 0

]
, (4.45)

from (4.12), and some simple algebraic manipulations, the CDF of γ can be shown

to be given by

Fγ(γ) = 1− exp (−γ/γSD)− A exp (−γ/γSR) (1− exp (−γ/γSD))

×G3r+1,0
r,3r+1

[
B C

γSR µ
(r)
RD

γ

∣∣∣∣ κ1

κ2, 0

]
.

(4.46)

Probability Density Function: Differentiating (4.46) with respect to γ, using the

product rule then utilizing [62, Eq. (07.34.20.0001.01)], after some algebraic manip-

ulations the PDF is obtained in exact closed-form in terms of Meijer’s G functions

as

fγ(γ) =
exp (−γ/γSD)

γSD
+
A

γ
G 2r+1,0

0,2r+1

[
B C

γSR µ
(r)
RD

γ

∣∣∣∣ −κ3, 0

]
(exp (−γ/γSR)

− exp (−γ/γSD − γ/γSR))− A
{(

1

γSD
+

1

γSR
− ξ2

r γ

)
exp (−γ/γSD − γ/γSR)

−
[
1/γSR − ξ2/ (r γ)

]
exp (−γ/γSR)

}
G3r,0
r,3r+1

[
B C

γSR µ
(r)
RD

γ

∣∣∣∣ κ1

κ2, 0

]
.

(4.47)
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Moment Generating Function: The MGF can be defined in terms of CDF as

given in (4.16). Placing (4.46) into (4.16) and utilizing [58, Eq. (7.813.1)], after some

manipulations the MGF of γ is obtained as

Mγ(s) = 1− s

s+ 1/γSD
− sA

s+ 1/γSR
G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD(s γSR + 1)

∣∣∣∣0, κ1

κ2, 0

]

+
sA

s+ 1/γSD + 1/γSR
G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD(s γSR + γSR/γSD + 1)

∣∣∣∣0, κ1

κ2, 0

]
.

(4.48)

Moments: The moments defined as E [γn] can be expressed in terms of the CCDF

as givein in (4.19). Now, placing (4.46) into (4.19) and utilizing [58, Eq. (7.813.1)],

the moments are obtained as

E [γn] = n γ nSD Γ(n) + nAγ nSR G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD

∣∣∣∣1− n, κ1

κ2, 0

]

− nA

(1/γSD + 1/γSR)n
G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD (γSR/γSD + 1)

∣∣∣∣1− n, κ1

κ2, 0

]
.

(4.49)

Applications to the Performance of Hybrid RF/RF-FSO Transmission Sys-

tems under Fixed Gain Relay

Outage Probability: Similar to the OP derivation presented earlier in Section 4.1.3,

the required OP of a dual-branch system comprising of a fixed gain relay is obtained

as (4.46).

Higher-Order Amount of Fading: The nth-order AF for the instantaneous SNR

γ is defined in [68, Eq. (3)] or in (4.22). Now, utilizing this equation by substituting

(4.49) into it, the nth-order AF can be obtained. Similarly, for n = 2 as a special

case, the classical AF can be obtained [112].

Average BER: Substituting (4.46) into [69, Eq. (12)] and utilizing [58, Eq. (7.813.1)],
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the average BER P b of a variety of binary modulations is obtained as

P b =
1

2
− qp

2 (q + 1/γSD)p
− Aqp

2 Γ(p) (q + 1/γSR)p
G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD(q γSR + 1)

∣∣∣∣1− p, κ1

κ2, 0

]

+
Aqp

2 Γ(p) (q + 1/γSD + 1/γSR)p
G3r+1,1
r+1,3r+1

[
B C

µ
(r)
RD(q γSR + γSR/γSD + 1)

∣∣∣∣1− p, κ1

κ2, 0

]
.

(4.50)

Average SER: Substituting (4.48) into [78, Eq. (41)], [78, Eq. (45)], and [78, Eq.

(48)], the SER of M-PSK, M-AM, and M-QAM, respectively can be obtained.

Ergodic Capacity: The ergodic channel capacity can be expressed in terms of

the CCDF of γ as (4.27). Utilizing (4.27) by exploiting the identity [114, p. 152]

(1 + az)−b = 1
Γ(b)

G1,1
1,1

[
az
∣∣1−b

0

]
in it, using [79, Eq. (5.1.28)], and using the integral

identity [69, Eq. (20)], the ergodic capacity can be expressed in terms of the EGBMGF

(see [69] and references therein) as

C = 1/ ln(2) (E1(1/γSD) exp(1/γSD) + AγSR

×G1,0:1,1: 3r+1,0
1,0:1,1: r,3r+1

 1


0

0


κ1

κ2, 0

 γSR,
B C

µ
(r)
RD

− A/ (1/γSD + 1/γSR)

×G1,0:1,1: 3r+1,0
1,0:1,1: r,3r+1

 1


0

0


κ1

κ2, 0


1

1/γSD + 1/γSR

,
B C

µ
(r)
RD (γSR/γSD + 1)


 .

(4.51)

4.2.4 Variable-Gain Relay System

This section presents exact closed-form results on the statistical characteristics in-

cluding the CDF, the PDF, the MGF, and the moments of the hybrid RF/RF-FSO

transmission systems in terms of the Meijer’s G functions. Additionally, this section

also presents new performance analysis results, in particular the OP, the higher-order
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AF, the BER analysis, the SER analysis, and the ergodic capacity of hybrid RF/RF-

FSO transmission systems with variable gain relay in presence of SC diverse receiver

as well as MRC diverse receiver.

PERFORMANCE OVER SC DIVERSITY SCHEME

Closed-Form Statistical Characteristics

Cumulative Distribution Function: It is well known that the CDF of γSRD =

min(γSR, γRD) can be expressed as

FγSRD(γ) = Pr(min(γSR, γRD) < γ). (4.52)

The expression in (4.52) can be re-written as [115, Eq. (4)]

FγSRD(γ) = FγSR(γ) + FγRD(γ)− FγSR(γ)FγRD(γ). (4.53)

The result of (4.53) is given by (4.31)

FγSRD(γ) = 1− exp(−γ/γSR)

(
1− AG3r,1

r+1,3r+1

[
B

µ
(r)
RD

γ

∣∣∣∣1, κ1

κ2, 0

])
. (4.54)

Now, substituting FγSD(γ) and FγSRD(γ) into (4.43), and with some simple algebraic

manipulations, the CDF of γ can be shown to be given after some simplifications by

Fγ(γ) = 1− 2 exp (−γ/γSD) + exp (−γ/γSD − γ/γSR)

+ A exp (−γ/γSR) (1− exp (−γ/γSD)) G3r,1
r+1,3r+1

[
B

µ
(r)
RD

γ

∣∣∣∣1, κ1

κ2, 0

]
.

(4.55)

Probability Density Function: Differentiating (4.55) with respect to γ, using
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the product rule then utilizing [62, Eq. (07.34.20.0001.01)], after some algebraic

manipulations the PDF is obtained in terms of Meijer’s G functions as

fγ(γ) = 2/γSD exp (−γ/γSD)− (1/γSD + 1/γSR) exp (−γ/γSD − γ/γSR)

− A exp (−γ/γSR) [1/γSR − exp (−γ/γSD) (1/γSR + 1/γSD)]

×G3r,1
r+1,3r+1

[
B

µ
(r)
RD

γ

∣∣∣∣1, κ1

κ2, 0

]
+ A/γ exp (−γ/γSR)

× (1− exp (−γ/γSD)) G3r,0
r,3r

[
B

µ
(r)
RD

γ

∣∣∣∣κ1

κ2

]
.

(4.56)

Moment Generating Function: Substituting (4.55) into (4.16) and utilizing [58,

Eq. (7.813.1)], after some manipulations the MGF of γ is obtained as

Mγ(s) = 1− 2 s

s+ 1/γSD
+

s

s+ 1/γSD + 1/γSR
+

As

s+ 1/γSR

×G3r,2
r+2,3r+1

[
B

µ
(r)
RD(s+ 1/γSR)

∣∣∣∣0, 1, κ1

κ2, 0

]
− As

s+ 1/γSD + 1/γSR

×G3r,2
r+2,3r+1

[
B

µ
(r)
RD(s+ 1/γSD + 1/γSR)

∣∣∣∣0, 1, κ1

κ2, 0

]
.

(4.57)

Moments: Placing (4.55) into (4.19) and utilizing [58, Eq. (7.813.1)], the moments

are obtained as

E [γn] = nΓ(n)

[
2 γ nSD −

1

(1/γSD + 1/γSR)n

]
− Anγ nSR G3r,2

r+2,3r+1

[
B γSR

µ
(r)
RD

∣∣∣∣1− n, 1, κ1

κ2, 0

]

+
An

(1/γSD + 1/γSR)n
G3r,2
r+2,3r+1

[
B

µ
(r)
RD (1/γSD + 1/γSR)

∣∣∣∣1− n, 1, κ1

κ2, 0

]
.

(4.58)
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Applications to the Performance of Hybrid RF/RF-FSO Transmission Sys-

tems under Variable Gain Relay and SC diversity receiver

Outage Probability: Tthe required OP of a dual-branch system comprising of a

variable gain relay link can be obtained as (4.55).

Higher-Order Amount of Fading: On substituting (4.58) into [68, Eq. (3)], the

nth-order AF can be obtained. Similarly, for n = 2 as a special case, the classical

AF [112] can be obtained.

Average BER: Substituting (4.55) into [69, Eq. (12)] and utilizing [58, Eq. (7.813.1)],

the average BER P b of a variety of binary modulations is obtained as

P b =
1

2
− qp

(q + 1/γSD)p
+

qp

2 (q + 1/γSD + 1/γSR)p
+

Aqp

2 Γ(p) (q + 1/γSR)p

×G3r,2
r+2,3r+1

[
B

µ
(r)
RD(q + 1/γSR)

∣∣∣∣1− p, 1, κ1

κ2, 0

]
− Aqp

2 Γ(p) (q + 1/γSD + 1/γSR)p

×G3r,2
r+2,3r+1

[
B

µ
(r)
RD(q + 1/γSD + 1/γSR)

∣∣∣∣1− p, 1, κ1

κ2, 0

]
.

(4.59)

Average SER: Substituting (4.57) into [78, Eq. (41)], [78, Eq. (45)], and [78, Eq.

(48)], the SER of M-PSK, M-AM, and M-QAM, respectively can be obtained.

Ergodic Capacity: Utilizing (4.27) by exploiting the identity [114, p. 152] (1 +

az)−b = 1
Γ(b)

G1,1
1,1

[
az
∣∣1−b

0

]
in it, using [79, Eq. (5.1.28)], and using the integral identity

[69, Eq. (20)], the ergodic capacity can be expressed in terms of the EGBMGF
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(see [69] and references therein) as

C = 1/ ln(2)[ (2 E1(1/γSD) exp(1/γSD)− E1(1/γSD + 1/γSR) exp(1/γSD + 1/γSR))

− AγSR G1,0:1,1: 3r,1
1,0:1,1: r+1,3r+1

 1


0

0


1, κ1

κ2, 0

 γSR,
B γSR

µ
(r)
RD

 +
A

1/γSD + 1/γSR

×G1,0:1,1: 3r,1
1,0:1,1: r+1,3r+1

 1


0

0


1, κ1

κ2, 0


1

1/γSD + 1/γSR

,
B

µ
(r)
RD (1/γSD + 1/γSR)



(4.60)

PERFORMANCE OVER MRC DIVERSITY SCHEME

For the sake of comparison, in this section, the MGF of such a system employed

under MRC diverse receiver at the destination is derived and utilized to study various

performance metrics, namely, the OP, the BER analysis, the SER analysis, and the

ergodic capacity.

Closed-Form Statistical Characteristics

In MRC diversity scheme, the SNRs of all the branches are added to achieve the

end-to-end SNR of the system. In this case, for dual-branch diversity, the end-to-end

SNR γ is given by

γ = γSD + γSRD. (4.61)

Deriving the CDF and/or the PDF of the above given end-to-end SNR in (4.61) can

prove to be very complicated and cumbersome yet not certain to have a useful result.

Hence, the MGF of this end-to-end SNR is derived and further utilized to derive

various performance metrics.

Under the independence assumption between γSD and γSRD, the MGF of (4.61)
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can be easily attained by

Mγ(s) =MγSD(s)MγSRD(s). (4.62)

It is well known that the MGF of a Rayleigh (S-D link) channel is given by 1/(1 +

s γSD). The MGF of the RF-FSO path (S-R-D link) can be obtained by placing (4.54)

in (4.16) as

MγSRD(s) = s

∫ ∞
0

e−s γSRD [1− exp(−γSRD/γSR)

×

(
1− AG3r,1

r+1,3r+1

[
B

µ
(r)
RD

γSRD

∣∣∣∣1, κ1

κ2, 0

])]
dγSRD.

(4.63)

On utilizing [58, Eq. (7.813.1)] along with some simple algebraic manipulations,

MγSRD(s) is derived as (4.33)

MγSRD(s) = 1− s/ (s+ 1/γSR)

(
1− AG3r,2

r+2,3r+1

[
B

µ
(r)
RD(s+ 1/γSR)

∣∣∣∣0, 1, κ1

κ2, 0

])
.

(4.64)

To get the end-to-end MGF at the receivers end, the product of both the required

MGF’s given above is obtained to get

Mγ(s) = [1/ (1 + s γSD)] [1− s/ (s+ 1/γSR)

×

(
1− AG3r,2

r+2,3r+1

[
B

µ
(r)
RD(s+ 1/γSR)

∣∣∣∣0, 1, κ1

κ2, 0

])]
.

(4.65)

Applications to the Performance of Hybrid RF/RF-FSO Transmission Sys-

tems under Variable Gain Relay and MRC diversity receiver

Outage Probability: The MGF-based approach proposed in [116, Eq. (11)] is

utilized to derive the OP of the MRC diverse system in closed form. By placing

(4.65) in the above reference, the required result is derived. The obtained result was

successfully tested via Monte-Carlo simulations for its validity and correctness.
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Average BER: Resorting to MGF-based approach as described and presented in

[117], the BER expression in terms of MGF is given as [117, Eq. (33)]

P b = 1/π

∫ π/2

0

Mγ(−g/sin2(φ)) dφ, (4.66)

where, g = 1 for CBPSK. Now, substituting (4.65) into (4.66), the desired BER

expression for CBPSK modulation scheme applicable to the proposed system under

the MRC diversity scheme is successfully derived.

Average SER: On substituting (4.65) into [78, Eq. (41)], [78, Eq. (45)], and [78,

Eq. (48)], the SER of M-PSK, M-AM, and M-QAM, respectively can be obtained.

The analytical SER performance expressions obtained via the above substitutions

are exact and can be easily estimated accurately by utilizing the Gauss-Chebyshev

Quadrature (GCQ) formula [79, Eq. (25.4.39)] that converges rapidly, requiring only

few terms for an accurate result [80].

Ergodic Capacity: The ergodic capacity is given in terms of MGF as [118, Eq.

(7)], [119, Eq. (8)]

C = 1/ ln(2)

∫ ∞
0

Ei(−s)M(1)
γ (s)ds, (4.67)

where, Ei(.) is the exponential integral function as defined in [79, Eq. (5.1.2)]. Based

on (4.67), the first derivative of the MGF in (4.65) is derived as

M(1)
γ (s) = − γSD

(1 + s γSD)2 −
γSR

(1 + s γSD) (1 + s γSR)

× {[1− s γSD/ (1 + s γSD)− s γSR/ (1 + s γSR)]

− A
[(

1− s γSD
1 + s γSD

− s γSR
1 + s γSR

− ξ2s γSR
r (1 + s γSR)

)
×G3r,1

r+1,3r

[
B

µ
(r)
RD(s+ 1/γSR)

∣∣∣∣1, κ1

κ2

]

+
s γSR

1 + s γSR
G2r,1

1,2r

[
B

µ
(r)
RD(s+ 1/γSR)

∣∣∣∣ 1

κ3

]]}
.

(4.68)
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Now, by placing (4.68) in (4.67), the desired ergodic capacity is obtained.

4.2.5 Results and Discussion

As an illustration of the mathematical formalism, simulation results for different

performance metrics of a dual-branch transmission system comprising of a RF direct

link and an asymmetric dual-hop RF-FSO relay branch with fixed gain relay as well

as variable gain relay are presented in this section.

Fixed Gain Relay Scenario

The RF links (i.e. the S-D link and the S-R link) are modeled as Rayleigh fading

channel and the FSO link (i.e. the R-D link) is modeled as unified Gamma-Gamma

fading channel. The average SNR per bit per hop in all the scenarios discussed

is assumed to be equal. The different binary modulation schemes utilized here for

demonstration are based on the values of p and q as presented in Table 2.1. The

average BER performance of DBPSK with heterodyne detection and CBPSK with

IM/DD are presented in Fig. 4.8 for fixed gain relay. The effect of pointing error

is set such that ξ = 2.1 to see the effect of varying fading parameters. It can be

seen that as the atmospheric turbulence conditions get severe, BER starts increasing

(i.e. the higher the values of α and β, the lower will be the BER). Also, similar

results on the ergodic capacity can be observed for heterodyne detection and IM/DD

techniques as was seen above in Fig. 4.8. It can be observed from Fig. 4.8 that the

simulation results provide a perfect match to the analytical results obtained in this

work. It is important to note here that these values for the parameters were selected

arbitrarily to prove the validity of the obtained results and hence specific values based

on the standards can be used to obtain the required results by design communication

engineers before deployment.

Finally, Fig. 4.9 demonstrates varying effects of pointing error (ξ = 1.2, 1.6, and 6.7),
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Figure 4.8: Average BER of different binary modulation schemes showing the per-
formance of both the detection techniques (heterodyne and IM/DD) over fixed gain
relay with varying fading parameters α’s and β’s and with effect of pointing error
ξ = 2.1.

with fixed fading parameters α = 2.1 and β = 3.5 for fixed gain relay and variable

gain relay, respectively. For fixed gain scenario, the relay is set such as C = 1.1. The

graphical presentations also demonstrate the comparison in performance between this

proposed diverse system and the traditional simple RF (S-D) link. Also, the average

SNRs of each link is different i.e. the average SNR between the relay and the des-

tination (R-D link) is fixed at γRD = 20 dB, and the average SNR from the source

to relay (S-R link) depends on the average SNR from the source to the destination

(S-D link) as γSR = γSD + 6 dB. It is observed that as the effects of pointing error

get severe, BER starts increasing (i.e. the higher the values of ξ, the lower will be the
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Figure 4.9: Average BER of CBPSK modulation scheme comparing the performance
of a simple Rayleigh fading scenario and an IM/DD technique over fixed gain relay
with varying effects of pointing error on the current system, with fading parameters
α = 1.2 and β = 3.5. γRD is fixed at 20 dB and γSR = γSD + 6 dB.
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BER). As can be seen from Fig. 4.9 for fixed gain relay, the proposed diverse system

performs way better than the traditional RF path only.

Variable Gain Relay Scenario

The RF links (i.e. the S-D link and the S-R link) are modeled as Rayleigh fading

channel and the FSO link (i.e. the R-D link) is modeled as Gamma-Gamma fading

channel. The electrical and average SNRs of each link are different i.e. the electrical

SNR µ
(r)
RD between the relay and the destination (R-D link) is fixed at µ

(r)
RD = 20 dB,

and the average SNR from the source to relay (S-R link) depends on the average SNR

from the source to the destination (S-D link) as γSR = γSD + 6 dB. The different

binary modulation schemes utilized here for demonstration are based on the values

of p and q as presented in Table 2.1. The average BER performance of DBPSK

with heterodyne detection and with IM/DD are presented in Fig. 4.10 with varying

effects of pointing error (ξ = 1.1 and 6.7) under moderate turbulence conditions (i.e.

α = 2.296 and β = 1.822) [120, Table I]. It can be observed from Fig. 4.10 that

the simulation results provide a perfect match to the analytical results obtained in

this work. It is observed that as the effects of pointing error get severe, BER starts

increasing (i.e. the higher the values of ξ, the lower will be the BER). 1

Similarly, in Fig. 4.11, the effect of pointing error is set such that ξ = 2.1 to see

the effect of varying turbulence conditions. It can be seen that as the atmospheric

turbulence conditions get severe, BER starts increasing (i.e. the higher the values

of α and β, the lower will be the BER). Similar results on the ergodic capacity can

be observed for heterodyne detection and IM/DD techniques as were seen above in

Fig. 4.10 and Fig. 4.11 for the BER case.

Fig. 4.12 demonstrates the comparison in performance between the proposed sys-

1It is important to note here that these values for the parameters were selected from the cited
references subject to the standards to prove the validity of the obtained results and hence other
specific values can be used to obtain the required results by design communication engineers before
deployment.
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Figure 4.10: Average BER of DBPSK modulation scheme showing the performance
of both the detection techniques (heterodyne and IM/DD) over variable gain relay
with varying effects of pointing error under moderate turbulence conditions.

tem and the traditional simple RF link. The turbulence conditions are considered

to be moderate with the pointing error effect varying (ξ = 1.1, 1.6, and 6.7). As can

be seen from Fig. 4.12, the diverse system performs way better than the traditional

RF path only. Utilizing similar configuration as in Fig. 4.12, Fig. 4.13 presents an

additional comparison of the SC diverse system with the performance of MRC diverse

system thereby proving that the later outperforms the former.

Finally, Fig. 4.14 presents a performance comparison between both the diverse

schemes i.e. SC as well as MRC in terms of the ergodic capacity. The turbulence

conditions are considered to be moderate. The curves are plotted with varying effects

of pointing errors as shown in the figure. The outcome is expectedly such that the
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Figure 4.11: Average BER of DBPSK modulation scheme showing the performance
of both the detection techniques (heterodyne and IM/DD) over variable gain relay
with varying turbulence conditions with effect of pointing error fixed at ξ = 2.1.

MRC diversity scheme outperforms the SC diversity scheme.

4.3 Concluding Remarks

Novel exact closed-form expressions were derived for the CDF, the PDF, the MGF,

and the moments of an asymmetric dual-hop RF-FSO relay transmission system

composed of both RF and FSO environments with fixed gain relays as well as variable

gain relays in terms of Meijer’s G functions. Further, analytical expressions were

derived for various performance metrics of such a transmission system including the

OP, the higher-order AF, the error rate of a variety of modulation schemes, and the

ergodic capacity in terms of Meijer’s G functions.
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Figure 4.12: Average BER of CBPSK modulation scheme comparing the performance
of a simple Rayleigh fading scenario and an IM/DD technique over variable gain relay
with varying effects of pointing error on the current system under moderate turbulence
conditions.

Additionally, novel exact closed-form expressions for the CDF, the PDF, the MGF,

and the moments of a dual-branch transmission system comprising of a RF direct

branch and an asymmetric RF-FSO dual-hop relay branch were derived. The asym-

metric dual-hop RF-FSO relay branch is composed of both RF and FSO environments

with fixed gain relays as well as variable gain relays in terms of Meijer’s G functions.

Further, analytical expressions were derived for various performance metrics of such a

dual-branch transmission system under the influence of SC diversity scheme including

the OP, the higher-order AF, the error rate of a variety of modulation schemes, and

the ergodic capacity in terms of Meijer’s G functions.

Furthermore, the MGF expression was derived for the proposed system under the
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Figure 4.13: Average BER of CBPSK modulation scheme comparing the performance
of a simple Rayleigh fading scenario and an IM/DD technique over variable gain relay
with varying effects of pointing error on the current system under the effect of SC
and MRC diversity schemes under moderate turbulence conditions.

influence of MRC diversity scheme and it was capitalized to derive various perfor-

mance metrics, such as, the OP, the error rate of a variety of modulation schemes,

and the ergodic capacity leading to a fine comparison between the two diversity

schemes i.e. the SC and the MRC, expectedly resulting in later outperforming the

former. This work also presented simulation examples to validate and illustrate the

mathematical formulations developed in this work and to show the effects of the at-

mospheric turbulence conditions severity and pointing errors in the FSO link on the

overall system performance.
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Chapter 5

Performance Analysis of Mixed

Underlay Cognitive RF and FSO

Wireless Fading Channels

5.1 Introduction

5.1.1 Motivation

In cognitive radio networks (CRNs), an underlay network setting is considered where

the secondary users (SUs) are allowed to share the spectrum with the primary users

(PUs) under the condition that the interference observed at the PU is below a pre-

determined threshold. As can be seen from Fig. 5.1, where it is assumed that there

exists no fiber optics structure between the buildings, a dual-hop transmission system

is proposed with an asymmetric relay link wherein the first link is applying power

control to maintain the interference at the primary network within a predetermined

threshold (i.e. the underlay/secondary/cognitive radio user transmission) and the

second link is trailed by free-space optical (FSO) technology. Recently, some work
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Figure 5.1: System model block diagram of an asymmetric mixed RF-FSO dual-hop
transmission system wherein the desired (cognitive/secondary) users transmit to the
secondary base station using the resources of the primary network.

has been published on the asymmetric relay networks (so-called mixed fading chan-

nels) that have different fading channel distributions for each link [106] but to the

best of the authors knowledge, no work has been seen involving performance study

of such a proposed system in Fig. 5.1.

Hence, the main objective of this work is to bring forth the essence of utilizing

FSO technology in the CRN based communication systems thereby increasing the

performance of the system manifolds. In this proposed work, unlike previously pub-

lished literature, the secondary radio frequency (RF) user/link can not transmit at

its maximum power as its transmit power must be adjusted to maintain the inter-

ference at the primary network below a pre-specified threshold. To the best of the

authors knowledge, an outage analysis of such a novel proposed system, where in the

secondary RF user’s/link’s transmission is dependent on the resources of the primary

network and ultimately is relayed to the destination or to the internet back-haul via

FSO technology, has not been seen in the open literature.

5.1.2 Contributions

The key contributions of this work are stated as follows.
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� Outage analysis is carried out via deriving the cumulative distribution function

(CDF) for such a proposed system model when the relay is governed by fixed

gain amplify-and-forward scheme.

� The statistical characterizations such as the CDF, the probability density func-

tion (PDF), the moment generating function (MGF), and the moments of the

end-to-end signal-to-noise ratio (SNR) of such asymmetric RF-FSO dual-hop

transmission system are derived for variable gain relay scenario.

� This statistical characterization of the SNR is then applied to derive the exact

closed-form expressions for the performance metrics such as the outage proba-

bility (OP), the higher-order amount of fading (AF), the average bit-error rate

(BER) of binary modulation schemes, and the average symbol error rate (SER)

of M -ary amplitude modulation (M-AM), M -ary phase shift keying (M-PSK)

and M -ary quadrature amplitude modulation (M-QAM) in terms of Meijer’s G

functions for variable gain amplify-and-forward relay scheme.

5.1.3 Structure

The remainder of the chapter is organized as follows. Section 2 introduces the system

and channel models followed by the evaluation of the statistical characteristics of the

end-to-end SNR of such systems inclusive of the CDF for the fixed gain as well as

the variable gain scenarios whereas the PDF, the MGF, and the moments applicable

for the variable gain scenario, all in Section 3. All these expressions are derived in

terms of the Meijer’s G function and the Fox’s H functions. Then, in Section 4, this

statistical characterization of the SNR is applied to derive closed-form expressions of

the OP for both the fixed gain and the variable gain scenarios whereas the higher-

order AF, the average BER of binary modulation schemes, and the average SER of

M-AM, M-PSK and M-QAM are derived for the variable gain scenario. All these
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expressions are derived in terms of Meijer’s G functions. Finally, some results are

demonstrated in Section 5 along with concluding remarks in Section 6.

5.2 Channel and System Models

In this work, the underlay cognitive RF links are assumed to be operating over

Rayleigh fading whereas the FSO link is considered to be operating within a Gamma-

Gamma turbulence environment and is subject to the effect of pointing errors.

As shown in Fig. 5.1, a primary network is considered that consists of M PUs along

side their primary BS and a secondary network that consists of N SUs along side their

secondary BS, respectively. To maintain the quality of service (QoS) requirements of

the primary network, the peak interference power levels caused by SU-transmitters

at the primary base station (BS) must not exceed a predefined value (ψ), referred to

as the interference temperature (IT), for each PU [55]. Additionally, it is assumed

that the SU-transmitters employ a peak transmission power, Pn, and hence the SU

transmit power can be written as follows

γSR =

 Pn, if ψ ≥ Pn hnp

ψ
hnp
, if ψ < Pn hnp

= min

{
Pn,

ψ

hnp

}
, (5.1)

where hnp is the channel power gain between the SU-transmitter and the PU-receiver

as can be seen in Fig. 5.1.

In this work, a dual-hop transmission system model is employed with the first

hop being a cognitive RF link that indicates mobile users/devices (i.e. SUs) with

RF only capabilities (no FSO capability) and the second hop utilizing the FSO tech-

nology. This signifies that the BSs near these SUs have FSO capability too and so

do all the subsequent BSs ultimately reaching the internet backbone. The RF link

(i.e. Source(S)-Relay(R) link) is assumed to follow Rayleigh fading and hence the
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respective channel power gains will be exponentially distributed. The received SNR

for the RF link (i.e. the respective SU) follows (in absence of interference caused by

the primary network)

γSR =
hn γSR
η

. (5.2)

where hn is the channel between the SU-transmitter and the SU-receiver as can be

seen in Fig. 5.1, γSR is the average SNR of the S-R link as defined in (5.1), and η is

the thermal additive white Gaussian noise (AWGN).

On the other hand, it is assumed that the FSO link (i.e. R-Destination(D) link)

experiences Gamma-Gamma turbulence with pointing error impairments whose SNR

PDF is given by (2.10)

fγRD(γRD) =
ξ2

r γRD Γ(α) Γ(β)
G3,0

1,3

[
αβ

(
γRD
µRD

) 1
r
∣∣∣∣ ξ2 + 1

ξ2, α, β

]
, (5.3)

where γRD = µRD is the average SNR when r = 1 of the FSO link, γRD = µRD (α + 1)

(β + 1) ξ2/ [αβ (ξ2 + 2)] is the average SNR when r = 2 1 of the FSO link, α and

β are the scintillation parameters [48, 50, 75] 2 related to the atmospheric turbulence

conditions with lower values of α and β indicating severe atmospheric turbulence

conditions, ξ is the ratio between the equivalent beam radius at the receiver and

1In (5.3), γRD is the average SNR either for IM/DD FSO systems (when r = 2) or for heterodyne
FSO systems (when r = 1). In case of IM/DD FSO systems, the average SNR is given by γRD =

Cs (α+ 1) (β + 1) / (αβ) [60, Eq. (8)], where Cs = (RAξ)
2
/ [2 ∆f (q RAIb + 2 kb Tk Fn/RL)] is a

multiplicative constant for a given IM/DD system, whereR is the photodetector responsivity, A is the
photodetector area, ∆f denotes the noise equivalent bandwidth of a FSO receiver, q is the electronic
charge, Ib is the background light irradiance, kb is Boltzmann’s constant, Tk is the temperature in
Kelvin, Fn represents a thermal noise enhancement factor due to amplifier noise, and RL is the load
resistance. On the other hand, the average SNR for coherent/heterodyne FSO systems is given by
γRD = Cc [60, Eq. (7)], where Cc = 2R2APLO/ [2 q R∆f PLO + 2 ∆f (q RAIb + 2 kb Tk Fn/RL)] ≈
RA/ (q∆f) is a multiplicative constant for a given heterodyne/coherent system, where PLO is the
local oscillator power.

2Note that the parameters α and β vary depending on the type (plane or spherical) of wave
propagation being assumed. Hence, α and β are not chosen arbitrarily instead they can be deter-
mined from the Rytov variance [60]. In case of plane wave propagation, α and β may be determined
via [48, Eq. (3)] whereas in case of spherical wave propagation, α and β may be determined utiliz-
ing [50, Eqs. (4) and (5)].
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the pointing error displacement standard deviation (jitter) at the receiver [49] (i.e.

when ξ → ∞, (5.3) converges to the non-pointing errors case), r is the parameter

defining the type of detection technique (i.e. r = 1 represents heterodyne detection

and r = 2 represents intensity modulation/direct detection (IM/DD)), Γ(.) is the

Gamma function as defined in [58, Eq. (8.310)], and G(.) is the Meijer’s G function

as defined in [58, Eq. (9.301)].

Here, fixed gain as well as variable gain amplify-and-forward relay schemes are

considered. For the amplify-and-forward relay system, a subcarrier intensity modu-

lation (SIM) scheme [37] is adopted to convert the input RF signals at the relay to

the optical signals for retransmissions from the relay.

For fixed gain scenario, the end-to-end SNR of the system can be given as

γ =
γSR γRD
γRD + C

, (5.4)

where C is the fixed relay gain [21].

For variable gain scenario, the end-to-end SNR of the system can be given as

γSRD =
γSR γRD

γSR + γRD + 1
, (5.5)

where [3, 21, 53]. Since the closed-from analysis of the statistical characteristics of

γSRD is complicated, the standard approximation

γSRD =
γSR γRD

γSR + γRD + 1
u min(γSR, γRD) = γ, (5.6)

is utilized.
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5.3 Closed-Form Statistical Characterization

5.3.1 Fixed Gain Relay Scenario

Cumulative Distribution Function

When the instantaneous output SNR γ falls below a given threshold, a situation

labeled as outage is encountered and it is an important feature to study the OP of a

system that is usually quantified by the CDF. Hence, the CDF is given by [21]

Fγ(γ) = Pr

[
γSR γRD
γRD + C

< γ

]
, (5.7)

which can be written as

Fγ(γ) =

∫ ∞
0

Pr

[
γSR γRD
γRD + C

< γ

]
fγRD(γRD) dγRD, (5.8)

where Pr
[
γSR γRD
γRD+C

< γ
]

= FγSR

(
γ (γRD+C)

γRD

)
. The CDF of the first hop FγSR(γSR),

under the assumption that η = 1, is given as [55, Eq. (5)]

FγSR(γSR) = 1− e−γSR/Pn + γSR/ (ψ + γSR) e−(γSR+ψ)/Pn . (5.9)

Now, on placing (5.9) into (5.8), the following is obtained

Fγ(γ) =

∫ ∞
0

fγRD(γRD) dγRD︸ ︷︷ ︸
I1

− e−
γ
Pn

∫ ∞
0

e−
γ C
Pn

γ−1
RD fγRD(γRD) dγRD︸ ︷︷ ︸
I2

+ e−
ψ+γ
Pn

∫ ∞
0

γ γRD
γRD (ψ + γ) + γ C

e−
γ C
Pn

γ−1
RD fγRD(γRD) dγRD︸ ︷︷ ︸

I3

+ e−
ψ+γ
Pn

∫ ∞
0

γ C

γRD (ψ + γ) + γ C
e−

γ C
Pn

γ−1
RD fγRD(γRD) dγRD︸ ︷︷ ︸

I4

.

(5.10)
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The integral in I1 simply reduces to 1 as it is the CDF evaluated at ∞.

For the integral in I2, e−
γ C
Pn

γ−1
RD is altered to an appropriate Meijer’s G function

representation via the usage of [62, Eq. (07.34.03.0228.01)] and [66, Eq. (6.2.2)]

yielding

e−
γ C
Pn

γ−1
RD = G0,1

1,0

[
Pn
γ C

γRD

∣∣∣∣ 1

−

]
. (5.11)

With this alteration, the integral in I2 now has the product of two Meijer’s G functions

along with the random variable being integrated over itself that can be easily solved

utilizing [83, Eq. (21)] to get

I2 = A1 e
− γ
Pn G3r+1,0

r,3r+1

[
B1 γ

∣∣∣∣ κ1

κ2, 0

]
, (5.12)

where A1 = rα+β−2ξ2

(2π)r−1Γ(α) Γ(β)
, B1 = (αβ)r C

r2r Pn γRD
, κ1 = ξ2+1

r
, . . . , ξ

2+r
r

comprises of r terms,

and κ2 = ξ2

r
, . . . , ξ

2+r−1
r

, α
r
, . . . , α+r−1

r
, β
r
, . . . , β+r−1

r
comprises of 3r terms.

Now, for the integrals in I3 and I4, the exponential term is represented al-

ternatively, similar to as was done earlier for the integral in I2, to an appropri-

ate Meijer’s G function representation followed by representing the fractional part,

γ C/ [(ψ + γ) γRD + γ C], in terms of Meijer’s G function as

γ C/ [(ψ + γ) γRD + γ C] = G1,1
1,1

[
ψ + γ

γ C
γRD

∣∣∣∣00
]
, (5.13)

via the exploitation of the identity (1 + az)−b = 1
Γ(b)

G1,1
1,1

[
az
∣∣1−b

0

]
[114, pg. 152].

Subsequently, all the Meijer’s G functions in the integral present in I3 and I4 are

altered to Fox’s H functions via the utilization of [66, Eqs. (6.2.8) and (6.2.3)] to

give an integral with three Fox’s H functions. This is solved using [121, Eq. (2.3)] to,

respectively, get I3 and I4 in terms of extended generalized bivariate Fox’s H function
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(EGBFHF) (see [121] and references therein) as

I3 = A2 e
−ψ+γ

Pn H3,0:1,1:0,1
3,1:1,1:1,0

 κ3

κ4


(0, 1)

(0, 1)


(1, 1)

−


B2

γ
,
B3

γ

 , (5.14)

where A2 = ξ2 γRD
(αβ)r C Γ(α) Γ(β)

, κ3 = (1 − ξ2 − r, r; r), (1 − α − r, r; r), (1 − β − r, r; r),

κ4 = (−ξ2 − r, r; r), B2 = (ψ+γ) γRD
(αβ)r C

, and B3 = Pn γRD
(αβ)r C

and

I4 = A3 e
−ψ+γ

Pn H3,0:1,1:0,1
3,1:1,1:1,0

 κ5

κ6


(0, 1)

(0, 1)


(1, 1)

−


B2

γ
,
B3

γ

 , (5.15)

where A3 = ξ2

Γ(α) Γ(β)
, κ5 = (1− ξ2, r; r), (1−α, r; r), (1− β, r; r), and κ6 = (−ξ2, r; r).

The expressions in (5.14) and (5.15) can be easily and efficiently evaluated by utilizing

the MATLAB® implementation given in [122] and/or by extrapolating and utiliz-

ing the MATHEMATICA® implementation of the extended generalized bivariate

Meijer’s G function (EGBMGF) (see [69] and references therein) given in [69, Table

II].

Now, on combining I1 = 1, I2 from (5.12), I3 from (5.14), and I4 from (5.15),

the desired exact closed-form expression for the CDF of the proposed system, Fγ (γ)

is attained in (5.10), in terms of extended generalized bivariate Fox’s G functions

(EGBFHFs). As a special case, for heterodyne detection case (i.e. when r = 1), after

altering the representations of the exponential and the fractional terms to Meijer’s

G functions in I3 and I4, the respective integral with three Meijer’s G functions can

be solved directly via utilizing [123, Eq. (12)] to get the required exact closed-form

expression for the CDF, Fγ (γ), of the proposed system in a rather simpler form in

terms of EGBMGFs.

In the absence of IT (i.e. non-cognitive scenario on the RF link wherein the user

is always transmitting with constant (peak) power, Pn), the CDF in (5.10) simplifies

157



to (4.12). This can be easily deduced as follows. When ψ → ∞, e−ψ/Pn → 0 and

hence the expression for the CDF, Fγ (γ) in (5.10) simply reduces to the non-CRN

case as I3 → 0 and I4 → 0. Additionally, for the IM/DD scheme (i.e. when r = 2)

under non-CRN case, Fγ (γ) in (5.10) reduces to [124, Eq. (2)] and further in the

absence of pointing errors (i.e. when ξ → ∞), Fγ (γ) in (5.10) subsequently reduces

to [124, Eq. (3)] and reference therein.

5.3.2 Variable Gain Relay Scenario

Cumulative Distribution Function

It is well known that the CDF of the SNR, γ = min(γSR, γRD), can be expressed as

Fγ(γ) = Pr(min(γSR, γRD) < γ). This expression can be re-written as [115, Eq. (4)]

Fγ(γ) = FγSR(γ) + FγRD(γ)− FγSR(γ)FγRD(γ). (5.16)

The CDF of the first hop, FγSR(γSR), with no interference from primary network,

is given in (5.9) and the CDF of the second hop, FγRD(γRD), can be easily derived by

integrating the PDF in (5.3) as (2.12)

FγRD(γRD) =

∫ γRD

0

fγRD(t) dt = AG3r,1
r+1,3r+1

[
B

γRD
γRD

∣∣∣∣1, κ1

κ2, 0

]
, (5.17)

where A = rα+β−2ξ2

(2π)r−1Γ(α) Γ(β)
, B = (αβ)r

r2r , κ1 = ξ2+1
r
, . . . , ξ

2+r
r

comprises of r terms, and

κ2 = ξ2

r
, . . . , ξ

2+r−1
r

, α
r
, . . . , α+r−1

r
, β
r
, . . . , β+r−1

r
comprises of 3r terms. Now, with the

help of some simple algebraic manipulations, the CDF of γ can be shown to be given

after some simplifications by

Fγ(γ) = 1− e−γ/Pn
[
1− γ/ (ψ + γ) e−ψ/Pn

−A
(

1− γ

ψ + γ
e−

ψ
Pn

)
G3r,1
r+1,3r+1

[
B

γRD
γ

∣∣∣∣1, κ1

κ2, 0

]]
.

(5.18)
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In the absence of IT (i.e. non-cognitive scenario on the RF link wherein the user is

always transmitting with constant (peak) power, Pn), the CDF in (5.18) simplifies to

(4.31). This can be easily deduced as follows. When ψ →∞, the expression in (5.18)

simply reduces to the non-CRN case.

Probability Density Function

Differentiating (5.18) with respect to γ, using the product rule then utilizing [62, Eq.

(07.34.20.0001.01)], after some algebraic manipulations the PDF of the end-to-end

SNR is obtained in exact closed-form in terms of Meijer’s G functions as

fγ(γ) = e−
γ
Pn

{
1

Pn
− e−

ψ
Pn

[
γ

(ψ + γ)2 −
1

ψ + γ
+

γ

Pn (ψ + γ)

]
+
A

γ

[
1− γ

ψ + γ
e−

ψ
Pn

]
G3r,0
r,3r

[
B

γRD
γ

∣∣∣∣κ1

κ2

]
+ A

[
e−ψ/Pn/ (ψ + γ) (γ/ (ψ + γ)− 1)

− 1

Pn

(
1− γ

ψ + γ
e−

ψ
Pn

)]
G3r,1
r+1,3r+1

[
B

γRD
γ

∣∣∣∣1, κ1

κ2, 0

]}
.

(5.19)

Similar to the CDF case, in the absence of IT from the RF link, the PDF in (5.19)

simplifies to (4.32) for the non-CRN scenario.

Moment Generating Function

The MGF defined as Mγ(s) , E [e−γs] where E [.] denotes the expectation operator,

can be expressed, using integration by parts, in terms of the CDF as Mγ(s) =

s
∫∞

0
e−γsFγ(γ)dγ. On placing (5.18) into this relation and expanding the brackets

in order, five integrals are required to be solved to obtain the required result. Of

these, the first three integrals are trivial. The fourth integral can be easily solved by

utilizing [58, Eq. (7.813.1)]. Finally, for the fifth integral, the identity [114, p. 152]

(1 +az)−b = 1
Γ(b)

G1,1
1,1

[
az
∣∣1−b

0

]
is first exploited to represent the fractional component

in terms of Meijer’s G function and then utilize the integral identity [69, Eq. (20)].
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On combining all these terms, after some algebraic manipulations, the MGF of γ is

obtained in terms of the EGBMGF (see [69] and references therein) as

Mγ(s) = 1− s/ (s+ 1/Pn) + s e−ψ/Pn [1/ (s+ 1/Pn)

−ψ eψ(s+1/Pn) Γ [0, ψ (s+ 1/Pn)]
]

+ As/ (s+ 1/Pn)

×G3r,2
r+2,3r+1

[
B

γRD(s+ 1/Pn)

∣∣∣∣0, 1, κ1

κ2, 0

]
− Asψ−1

(s+ 1/Pn)2

× e−
ψ
Pn G1,0:1,1: 3r,1

1,0:1,1: r+1,3r+1

 2


0

0


1, κ1

κ2, 0

D1, D2

 ,
(5.20)

where Γ [., .] refers to incomplete Gamma function [58, Eq. (8.350.2)], D1 =

1/ [ψ (s+ 1/Pn)], and D2 = B/ [γRD (s+ 1/Pn)]. The expression in (5.20) can be

easily and efficiently evaluated by utilizing the MATHEMATICA® implementation

of the EGBMGF given in [69, Table II]. Additionally, similar to the CDF case, in

absence of the IT from the RF link, the MGF in (5.20) simplifies to (4.33) for the

non-CRN scenario.

Moments

The moments defined as E
[
γk
]

can be expressed in terms of the complementary CDF

(CCDF) F c
γ (γ) = 1− Fγ(γ), via integration by parts, as E

[
γk
]

= k
∫∞

0
γk−1F c

γ (γ)dγ.

Now, placing (5.18) into this relation and utilizing [58, Eq. (7.813.1)], the moments

are obtained as

E
[
γk
]

= k P k
n Γ(k)− k ψk Γ (k + 1) Γ [−k, ψ/Pn]− k AP k

n

×G3r,2
r+2,3r+1

[
B Pn
γRD

∣∣∣∣1− k, 1, κ1

κ2, 0

]
+
k AP k+1

n

ψ
e−

ψ
Pn

×G1,0:1,1: 3r,1
1,0:1,1: r+1,3r+1

 k + 1


0

0


1, κ1

κ2, 0


Pn
ψ
,
B Pn
γRD

 .
(5.21)
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Similar to the CDF case, in absence of the IT from the RF link, the moments in

(5.21) simplifies to (4.34) for non-CRN scenario since, as ψ →∞, Γ[−k,∞/Pn]→ 0.

5.4 Applications

5.4.1 Fixed Gain Relay Scenario

Outage Probability

When the instantaneous output SNR γ falls below a given threshold γth, a situation

labeled as outage is encountered and it is an important feature to study OP of a

system. Hence, another important fact worth stating here is that the expression

derived in (5.10) also serves the purpose for the expression of OP for this system or in

other words, the probability that the SNR falls below a predetermined protection ratio

γth can be simply expressed by replacing γ with γth in (5.10) as Pout(γth) = Fγ(γth).

5.4.2 Variable Gain Relay Scenario

Outage Probability

Similar to the fixed gain relay scenario, the expression of OP can be obtained by

replacing γ with γth in (5.18) as Pout(γth) = Fγ(γth). 3

Higher-Order AF

The AF is an important measure for the performance of a wireless communication

system as it can be utilized to parameterize the distribution of the SNR of the received

signal. In particular, the kth-order AF for the instantaneous SNR γ is defined in [68,

Eq. (3)]. Now, utilizing this equation by substituting (5.21) into it, the kth-order

3In order to justify the behavior of the system, Meijer’s G function can be expressed in terms of
simpler elementary functions, under high SNR regime, via utilizing the asymptotic expansion of the
Meijer’s G function given in (A.1), Appendix.
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AF can be obtained. Similarly, for k = 2 as a special case, the classical AF can be

obtained.

Average BER

Substituting (5.18) into [69, Eq. (12)] and utilizing exactly the same procedure as

employed in case of MGF, the average BER, P b, is obtained for a variety of binary

modulations as

P b = 1/2− qp/ [2 (q + 1/Pn)p] + p qp ψp eq ψ Γ [−p, ψ (q + 1/Pn)] /2

+ Aqp/ [2 Γ(p) (q + 1/Pn)p] G3r,2
r+2,3r+1

[
B

γRD(q + 1/Pn)

∣∣∣∣1− p, 1, κ1

κ2, 0

]

− Aqp

2 Γ(p)ψ (q + 1/Pn)p+1 e
− ψ
Pn G1,0:1,1: 3r,1

1,0:1,1: r+1,3r+1

 p+ 1


0

0


1, κ1

κ2, 0

D3, D4

 ,
(5.22)

where D3 = 1/ [ψ (q + 1/Pn)], D4 = B/ [γRD (q + 1/Pn)], and the parameters p and

q account for different modulation schemes. Similar to the moments case, in absence

of the IT from the RF link, the average BER in (5.22) simplifies to (4.37) for the

non-CRN scenario.

Average SER

In [78], the conditional SER has been presented in a desirable form and utilized to

obtain the average SER of M-AM, M-PSK, and M-QAM. For example, for M-PSK the

average SER P s over generalized fading channels is given by [78, Eq. (41)]. Similarly,

for M-AM and M-QAM, the average SER P s over generalized fading channels is given

by [78, Eq. (45)] and [78, Eq. (48)] respectively. On substituting (5.20) into [78, Eq.

(41)], [78, Eq. (45)], and [78, Eq. (48)], the SER can be obtained for M-PSK, M-AM,

and M-QAM, respectively. The analytical SER performance expressions obtained via

the above substitutions are exact and can be easily estimated accurately by utilizing
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the Gauss-Chebyshev Quadrature (GCQ) formula [79, Eq. (25.4.39)] that converges

rapidly, requiring only few terms for an accurate result [80].

5.5 Results and Discussion

5.5.1 Fixed Gain Relay Scenario

The underlay cognitive SU transmission link (i.e. the RF link/S-R link) is mod-

eled as Rayleigh fading channel and the FSO link (i.e. the R-D link) is modeled as

Gamma-Gamma turbulence channel. The OP performance with IM/DD is presented

in Fig. 5.2 for a range on the transmit power restriction on the SU, Pn = −10→ 30

dB. The effect of the pointing error is varying (ξ = 1.2, 6.7) and so is the effect of in-
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α = 2.902; β = 2.51 (Weak Turbulence)
Simulation

ψ = 5 dB

ψ = −5 dB

ξ = 1.2 ξ = 6.7
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r = 2 (IM/DD) γ = 0.16
C = 1.1

Figure 5.2: OP showing the performance of IM/DD technique over fixed gain relay
with varying pointing errors (ξ’s), IT’s (ψ’s), and scintillation parameters (α’s and
β’s).

terference i.e. the IT (ψ = −5, 0, 5 dB). Hence, Fig. 5.2 demonstrates simultaneously
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the effects of interference as well as pointing errors for weak (α = 2.902; β = 2.51) and

strong (α = 2.064; β = 1.342) turbulence FSO channels [120, Table I]. The average

SNR of the FSO link is arbitrarily set to γRD = 17 dB, C = 1.1, and the threshold

is set as γ = 0.16 all throughout. It can be seen that as the atmospheric turbulence

conditions get severe, the OP starts increasing (i.e. the higher the values of α and

β, the lower will be the OP). Also, similar results can be observed for the case of

pointing errors i.e. as the pointing errors increase (i.e. the value of ξ decreases),

the OP starts increasing and vice versa. Additionally it can be observed that as the

IT increases, the OP performance starts getting better and the OP saturates while

Pn keeps increasing as the performance is dominated by the IT condition. It can

be observed from Fig. 5.2 that the Monte Carlo simulation results provide a perfect

match to the analytical results obtained in this work. 4

Fig. 5.3 demonstrates similar results as in Fig. 5.2 instead on the scale of a range

of IT, ψ = −10→ 30 dB with varying effects of maximum transmit power restriction

(Pn = 0, 5, and 10 dB) and with the rest of the parameters being treated similar to

Fig. 5.2. Similar results are observed and additionally it can be observed that as the

transmit power restriction on the SU increases, the OP performance starts getting

better.

5.5.2 Variable Gain Relay Scenario

The SU transmission link (i.e. the RF link/S-R link) are modeled as Rayleigh fading

channel suffering interference and the FSO link (i.e. the R-D link) is modeled as

Gamma-Gamma fading channel. The average BER performance of CBPSK (p = 0.5

and q = 1) with IM/DD is presented in Fig. 5.4 for a range on the transmit power

4It is important to note here that these values for the parameters were selected from the cited
references subject to the standards to prove the validity of the obtained results and hence other
specific values can be used to obtain the required results by design communication engineers before
deployment.
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Figure 5.3: OP showing the performance of IM/DD technique over fixed gain relay
with varying pointing errors (ξ’s), transmit power restriction’s on the SU (Pn’s), and
scintillation parameters (α’s and β’s).

restriction on the SU, Pn = −10 → 30 dB. The effect of pointing error is varying

(ξ = 1.2, 6.7) and so is the effect of interference i.e. the IT (ψ = −5, 0, 5 dB). Hence,

Fig. 5.4 demonstrates simultaneously the effects of interference as well as pointing

errors for weak (α = 2.902; β = 2.51) and strong (α = 2.064; β = 1.342) turbulence

FSO channels. The average SNR of the FSO link is arbitrarily set as γRD = 17 dB

all throughout. It can be seen that as the atmospheric turbulence conditions get

severe, BER starts increasing (i.e. the higher the values of α and β, the lower will

be the BER). Also, similar results can be observed for the case of pointing errors i.e.

as the pointing errors increase (i.e. the value of ξ decreases), BER starts increasing

and vice versa. Additionally it can be observed that as the IT is increased, the BER

performance starts getting better. It can be observed from Fig. 5.4 that the Monte

Carlo simulation results provide a perfect match to the analytical results obtained in
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Figure 5.4: Average BER of CBPSK modulation scheme showing the performance
of IM/DD technique over variable gain relay with varying pointing errors (ξ’s), IT’s
(ψ’s), and fading parameters (α’s and β’s).

this work. 5

Fig. 5.5 demonstrates similar results as in Fig. 5.4 instead on the scale of a range

of IT, ψ = −10→ 30 dB with varying effects of maximum transmit power restriction

(Pn = 0, 5, and 10 dB) and with the rest of the parameters being treated similar to

Fig. 5.4. Similar results are observed and additionally it can be observed that as

the transmit power restriction is increased on the SU, the BER performance starts

getting better.

5It is important to note here that these values for the parameters were selected from the cited
references subject to the standards to prove the validity of the obtained results and hence other
specific values can be used to obtain the required results by design communication engineers before
deployment.
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Figure 5.5: Average BER of CBPSK modulation scheme showing the performance of
IM/DD technique over variable gain relay with varying pointing errors (ξ’s), transmit
power restriction’s on the SU (Pn’s), and fading parameters (α’s and β’s).

5.6 Concluding Remarks

Novel exact closed-form expression was derived for the outage probability of an asym-

metric RF-FSO dual-hop transmission system with the RF link under the influence of

interference (i.e. the secondary user transmission link is under interference constraint)

with the relay being operated with fixed gain. The result was in terms of EGBFHF.

Furthermore, novel exact closed-form expressions were derived for the CDF, the PDF,

the MGF, and the moments of an asymmetric RF-FSO dual-hop transmission system

with the RF link under the influence of interference (i.e. the SU transmission link is

under interference constraint) with the relay being operated with variable gain. The

results were obtained in terms of Meijer’s G functions. Further, analytical expressions
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were derived for various performance metrics for such a dual-hop transmission system

including the OP, the higher-order AF, and the error rate of a variety of modulation

schemes in terms of Meijer’s G functions. In addition, this work presented simulation

examples to validate and illustrate the mathematical formulation developed in this

work to show the severity of the effects of the atmospheric turbulence conditions, the

pointing errors in the free-space optical link, the interference temperature’s set for

the secondary user transmission, and the maximum transmit power restrictions on

the secondary user, on the overall system performance.
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Chapter 6

Concluding Remarks and Future

Work

6.1 Summary

An extensive analysis was conducted on the performance of an asymmetric radio

frequency (RF)-free-space optical (FSO) dual-hop transmission systems with various

different developments towards generalization, unification, and practical applicability

in each subsequent study/work relative to the previous one. At first, the single FSO

link was unified by integrating all the previous related work on single FSO link into

a single expression. This unification included both types of detection techniques i.e.

heterodyne as well as intensity modulation/direct detection (IM/DD) and it also

included the effect of pointing errors as well as negligible pointing errors. Specifically,

the cumulative distribution function (CDF), the probability density function (PDF),

the moment generating function (MGF), and the moments were derived. These lead

to the derivation of the outage probability (OP), the higher-order amount of fading

(AF), the average bit-error rate (BER) of binary modulation schemes, the average

symbol error rate (SER) of M -ary amplitude modulation (M-AM), M -ary phase shift



keying (M-PSK) and M -ary quadrature amplitude modulation (M-QAM) schemes,

and the ergodic capacity. Specifically, this analysis was focused on the Málaga (M)

atmospheric turbulence with zero boresight pointing errors.

A comprehensive ergodic capacity analysis was conducted over various atmo-

spheric turbulences in composition with nonzero boresight pointing errors. These at-

mospheric turbulence included the log-normal (LN) turbulence, the Rician-LN (RLN)

turbulence, and the M turbulence. It was concluded that finding exact closed-form

solutions to the ergodic capacity’s of these atmospheric turbulences along with in

composition with nonzero boresight pointing errors is not possible and hence asymp-

totically very tight upper-bound approximations were demonstrated for the above.

Many special cases, too, were derived and deduced based on the results obtained

above.

Utilizing the unification for Gamma-Gamma turbulence demonstrated as a special

case of the M turbulence, a simple asymmetric RF-FSO dual-hop was studied for

amplify-and-forward relay schemes i.e. for both fixed gain relay as well as variable

gain relay. This was followed by a diverse system having a direct RF link comple-

menting the asymmetric RF-FSO dual-hop transmission system. Selection combining

(SC) and maximal-ratio combining (MRC) schemes were assumed to study the per-

formance of such a hybrid RF/RF-FSO transmission system with a direct RF link

as well as an asymmetric RF-FSO dual-hop link. For all the above transmission

systems under study, exact closed-form analytical expressions were derived for statis-

tical characteristics such as the CDF, the PDF, the MGF, and the moments. These

unified statistical characteristics were utilized to derive exact closed-form analytical

expressions for the OP, the higher-order AF, the BER for various binary modulation

schemes, the SER for various M -ary modulation schemes, and the ergodic capacity. It

was satisfactorily demonstrated that the proposed hybrid RF/RF-FSO transmission

system performed highly better than the traditional RF path.
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Finally, the asymmetric RF-FSO dual-hop transmission system analyzed above

was further enhanced via integrating it with the cognitive radio network (CRN) tech-

nology. Specifically, the RF end users were considered to be secondary (underlay

cognitive) users in a cognitive setup and their performance to the destination via a

relay and the FSO link was analyzed in terms of the OP and the BER for both fixed

gain relay as well as variable gain relay.

A summary of the all the work presented in this thesis is tabulated in Table 6.1.
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Table 6.1: Contributions to Mixed RF and FSO Transmission Systems

RF Link FSO Link Pointing Errors System Model Performance Metrics Publication

- M Zero Boresight Heterodyne Detection & IM/DD OP, AF, BER, SER, Capacity [J.1]

- GG Zero Boresight Heterodyne Detection & IM/DD OP, AF, BER, SER, Capacity [C.3]

- LN, RLN, M, & GG Nonzero Boresight Heterodyne Detection & IM/DD Capacity [J.2]

- LN & RLN Zero Boresight Heterodyne Detection & IM/DD Capacity [C.7]

Rayleigh GG No IM/DD, Fixed Gain OP, AF, BER, SER, Capacity [C.13]

Rayleigh GG Zero Boresight IM/DD, Fixed Gain OP, AF, BER, SER, Capacity [J.7]

Rayleigh GG Zero Boresight Heterodyne Detection & IM/DD, Variable Gain OP, AF, BER, SER, Capacity [C.12]

Rayleigh GG Zero Boresight Heterodyne Detection & IM/DD, Direct+Fixed Gain, SC OP, AF, BER, SER, Capacity [C.15]

Rayleigh GG Zero Boresight Heterodyne Detection & IM/DD, Direct+Variable Gain, SC OP, AF, BER, SER, Capacity [C.11]

Rayleigh GG Zero Boresight Heterodyne Detection & IM/DD, Direct+Variable Gain, MRC OP, BER, SER, Capacity -

Rayleigh GG Zero Boresight Heterodyne Detection & IM/DD, CRN & Fixed Gain OP [C.6]

Rayleigh GG Zero Boresight Heterodyne Detection & IM/DD, CRN & Variable Gain OP, BER [C.9]
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6.2 Future Research Work

The results presented on hybrid RF/RF-FSO transmission systems have indeed fur-

ther motivated to explore and pursue the following possible venues for further research

work with a practical application quite applicable to the region and globally. The

different tasks possible are:

6.2.1 Performance Analysis of N-Best Select Users in Hybrid

RF/RF-FSO Transmission Systems

Extending the basic work presented in Chapter 4, the performance of such a hybrid

RF/RF-FSO may be improved manifolds. At present, the hybrid transmission system

presented in Chapter 4 is losing on capacity since it is taking only a single RF (lesser

bandwidth (BW)) user’s message and transmitting over a high BW FSO link. The

system may be improved by selecting N -best users i.e. N can be set in such a

way that the high BW FSO link can be utilized to the maximum. Hence, N -best

users may be selected based on certain SNR threshold and multiplexed together to

be transmitted over the high BW FSO link ultimately utilizing one of the main

advantages of a FSO link. This must definitely improve the performance and utility of

such a hybrid RF/RF-FSO transmission system especially by utilizing the maximum

possible capacity.

6.2.2 Performance Analysis of a Hybrid RF/RF-FSO trans-

mission system with Incremental Relaying

At present, the hybrid transmission system presented in Chapter 4 is losing a time slot

each time the relay is sending the RF message over the FSO link, assuming that the

destination receives the message correctly via the direct RF link. To overcome this
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issue, the relay can be made to transmit only in the case when the destination does

not receives the transmitted message from the source as error-free. This will reduce

the time loss that was caused due to unnecessary transmissions every time slot at

the relay end ultimately improving the performance of such a hybrid RF/RF-FSO

transmission system.

6.2.3 Performance Analysis of Asymmetric RF-FSO Dual-

Hop Transmission Systems with Multiple Parallel Re-

lays under Selective Relaying/Best Relay Selection

Considering a scenario wherein there are multiple parallel relays between the users

and the BS and/or the internet backbone, there can be many possibilities of improv-

ing the performance of the system. Either all the relays may be utilized or just the

best relay or may be N -best relays by setting a certain threshold. Besides this, if there

is also a presence of direct RF path(s) between the users and BS then there can be a

possibility of applying the diversity techniques to further improve the performance.

Hence, in this way many possibilities are open for study to improve the performance

of such asymmetric transmission systems.

NOTE: For proposed works in above three sections 6.2.1, 6.2.2, and 6.2.3, it is worth

to note that the RF band is in any case free whenever the FSO link is under trans-

mission (since FSO and RF operate on completely different set of frequency bands)

and hence can yet be utilized by other surrounding users. Therefore, considering a

vast heterogeneous (femto-cell) network, as can be extrapolated from Fig. 4.7, the

performance of such a network must definitely improve.
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6.2.4 Experimental Data Setup

It is worth mentioning that, since FSO is relatively a new technology, many research

groups over the globe are investing their resources in acquiring experimental data to

support the theoretical study. Authors in [125–128] have presented interesting results

for European region and in [109] for Bangladesh. It is in plan to perform similar

study for the Middle-East (ME) region where this region is more prone to fog and

sandstorm instead of snow as is the case in the European region. The findings will

be interesting for successful implementation of this technology.

The question one might ask is - where are we heading with all the above theoretical

study? Since an uplink scenario is assumed all-throughout, therefore, one of the major

application that is being targeted are the major oil-fields in the Middle-East (ME)

region. In an oil-field, there are numerous oil-rigs spread around along with some BSs

providing Wi-Fi connectivity to the oil-rigs for the data to be fed back to the central

work environment (CWE)/central database. The oil-rigs too interact with each other

for data exchange and other resources. Indeed there is huge amount of data being

fed back to CWE as can be expected from such major oil-fields that are pumping

millions of barrels of crude oil per day. The data being sent back also includes the

live video feedback of the status of the oil-rigs for security and maintenance purposes.

The performance of these oil-fields connected in wireless fashion can be improved via

utilizing FSO technology. In Fig. 4.7, considering the buildings to be the BSs and

the users as the oil-rigs, sets an exact example/scenario for this application. The

oil-rigs can continue utilizing their RF Wi-Fi connectivity and keep interacting with

their nearby oil-rigs and/or with the nearest BS. The BS can multiplex the data from

all and/or most of the oil-rigs in its reach and then send it through high BW FSO

link to the CWE either directly or maybe with the assistance of other BSs obviously

equipped with FSO capability. Simultaneously, the oil-rigs can continue interacting
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with their fellow oil-rigs since there will be no interference with the current FSO

transmission. In this way, both the major features of a FSO link will be utilized i.e.

the high capacity of FSO link and the fact that RF and FSO operate on completely

different frequency bands. The major issue that arises is the distance that these FSO

links can cover i.e. can they cover the distances of around 10 KMs between the BSs

in an oil-field? If yes, then the solution is almost a perfect fit.
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Appendix A

Meijer’s G Function Expansion

The Meijer’s G function can be expressed, at a very high value of its argument,

in terms of basic elementary functions via utilizing Meijer’s G function expansion

in [129, Theorem 1.4.2, Eq. (1.4.13)] and limx→0+ cFd [e; f ;x] = 1 [130] as

lim
z→∞+

Gm,n
p,q

[
z

∣∣∣∣a1, . . . , an, . . . , ap
b1, . . . , bm, . . . , aq

]
=

n∑
k=1

zak−1

×
∏n

l=1; l 6=k Γ(ak − al)
∏m

l=1 Γ(1 + bl − ak)∏p
l=n+1 Γ(1 + al − ak)

∏q
l=m+1 Γ(ak − bl)

,

(A.1)

where ak − al 6= 0,±1,±2, . . . ; (k, l = 1, . . . , n; k 6= l) and ak − bl 6= 1, 2, 3, . . . ; (k =

1, . . . , n; l = 1, . . . ,m).
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