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Abstract: Topological Coding consists of two different kinds of mathematics: topolog-
ical structure and mathematical relation. The colorings and labelings of graph theory
are main techniques in topological coding applied in asymmetric encryption system.
Topsnut-gpws (also, colored graphs) have the following advantages: (1) Run fast in com-
munication networks because they are saved in computer by popular matrices rather
than pictures. (2) Produce easily text-based (number-based) strings for encrypt files.
(3) Diversity of asymmetric ciphers, one public-key corresponds to more private-keys,
or more public-keys correspond more private-keys. (4) Irreversibility, Topsnut-gpws
can generate quickly text-based (number-based) strings with bytes as long as desired,
but these strings can not reconstruct the original Topsnut-gpws. (5) Computational
security, since there are many non-polynomial (NP-complete, NP-hard) algorithms in
creating Topsnut-gpws. (6) Provable security, since there are many mathematical con-
jectures (open problems) in graph labelings and graph colorings. We are committed to
create more kinds of new Topsnut-gpws to approximate practical applications and anti-
quantum computation, and try to use algebraic method and Topsnut-gpws to establish
graphic group, graphic lattice, graph homomorphism etc.
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1 Research background and preliminary

1.1 Research background

The authors in [20] point: “There are many important classes of cryptographic systems beyond
RSA and DSA and ECDSA, and they are believed to resist classical computers and quantum com-
puters, such as Hash-based cryptography, Code-based cryptography, Lattice-based cryptography,
Multivariate-quadratic-equations cryptography, Secret-key cryptography”. Notice that the lattice
difficulty problem is not only a classical number theory, but also an important research topic of
computational complexity theory. Researchers have found that lattice theory has a wide range of
applications in cryptanalysis and design. Many difficult problems in lattice have been proved to
be NP-hard. So, this kind of cryptosystems is generally considered to have the characteristics of
quantum attack resistance [21].

We started learning graph theory from a famous book “Graph Theory With Application” written
by Prof. Bondy and Prof. Murty in 1976, And they presented us a good book “Graph Theory” with
more algorithms for modern graph theory in 2008 [3]. Many of our research works of graph labelings
were based on a famous survey article contributed by Gallian in [7], see “A survey: recent results,
conjectures and open problems on labeling graphs” in [6]. Prof. Gallian introduces over 200 graph
labelings up to 2019 after more than ten years of unremitting collection, his survey has collected
over 2830 articles all over the world. It must be admitted that Prof. Gallian’s comprehensive
article has greatly helped us to learn new graph labelings quickly, and promotion for the study and
research of graph labelings, and powerful tools to carry out effective research works, and obtain
our own encouraging achievements.

Topological Coding is a combinatoric subbranch of graph theory and cryptography. Topological
coding is made up of two different kinds of mathematics: topological structure and mathematical
relation. The colorings and labelings of graph theory are main techniques in topological coding. The
domain of topological coding involves millions of things, and a graph of topological coding connects

)

things together to form a complete “story” under certain constraints in asymmetric encryption
system [48]. It is known that there is no polynomial quantum algorithm to solve some lattice
problems, so is the graph isomorphism problem [20].

Encrypting a network wholly to resist full-scale attacks and sabotage by attackers is needed
extensively today. On October 23, 2019, according to an article published in Nature, the 53 bit
quantum computer “Sycamore” developed by Google is to complete a specific problem computing in
200 seconds, the problem will take 10,000 years for the world’s fastest supercomputer. So, network
security will be challenged tremendously in the near future.

By aiming to researching on topics of topological coding we have proposed new graph label-
ings and have designed new colorings by combining traditional colorings and traditional labelings
together. These new colorings and labelings help greatly us to design text-based strings, number-
based strings and graphic passwords (Topsnut-gpws) made by topological structures and number
theory, graphic groups, Topcode-matrices, graphic lattices, graph homomorphism lattices, and so



on. Topcode-matrices can be used to describe topological graphic passwords used in information
security and graph connected properties for solving some problems coming in the investigation of
Graph Networks and Graph Neural Networks proposed by GoogleBrain and DeepMind [2].

Since the colorings and labelings mentioned here are selected from many of articles, for the
convenience of research, we have retained their names and notations as that in the original articles,
and some of individual colorings, or individual labelings may appear in the different definitions of
this article.

1.2 Terminology and graph operations

Standard terminology and notation of graphs and digraphs used here are cited from [I], [3] and
[7]. All graphs are simple and no loops, unless otherwise stated. The following notation and
terminology will be used in the whole article:

e All non-negative integers are collected in the set Z°, and all integers are in the set Z, so
Z+ =27\ {o0}.

e A (p,q)-graph G is a graph having p vertices and ¢ edges, and G has no multiple edge and
directed-edge; and G€ is the complementary graph of the (p, ¢)-graph G.

e The cardinality of a set X is denoted as | X|, so the degree of a vertex x in a (p, ¢)-graph G is
denoted as degn(z) = |N(z)|, where N(z) is the set of neighbors of the vertex x.

e A vertex z is called a leaf if degq(z) = 1.

e Adding the new edges of an edge set E* to a graph G produces a new graph, denoted as
G + E*, where E* N E(G) = 0.

e A caterpillar is a tree T, such that the deletion of all leaves of T' produces a path. A lobster
is a tree H, such that the deletion of all leaves of H produces a caterpillar.

e A symbol [a,b] stands for an integer set {a,a + 1,a + 2,...,b} with two integers a, b subject
to a < b, and [a, b]° denotes an odd-set {a,a + 2,...,b} with odd integers a,b holding 1 < a < b
true, and [«, )€ is an even-set {a, v + 2, ..., 3} with even integers «, 5 and « < .

e The symbol [a,b]" is an interval of real numbers.

o A text-based password is abbreviated as TB-paw and is made by 52 English characters and
numbers of [0, 9].

o A text-based string D = tity---t,, has its own reciprocal text string defined by D~' =
tmtm—1 - - - tat1, also, we say that D and D~! match with each other, where m is the number
of the text-based string D.

o A number-based string S(n) = cica- - - ¢, with ¢; € [0,9], where n is the number (length) of
the number-based string S(n).

e Let S be a set. The set of all subsets is denoted as S = {X : X C S}, called the power
set of S, and S? contains no empty set at all. For example, for a set S = {a,b,c,d, e}, so S? has
its own elements {a}, {b}, {c}, {d}, {e}, {a,b}, {a,c}, {a,d}, {a,e}, {b,c}, {b,d}, {b,e}, {c,d},
{c,e}, {d,e}, {a,b,c}, {a,b,d}, {a,b,e}, {a,c,d}, {a,c,e}, {a,d, e}, {b,c,d}, {b,c,e}, {a,b,c,d},
{a,b,c,e}, {a,c,d, e}, {b,c,d,e} and {a,b,c,d,e}.



e [a,b]? is the set of all subsets of an integer set [a, b] for a < b and a,b € Z°.

o Let S(ki,di){ = {ki,ki+di,...,ki+ (qg—1)d;} be an integer set for integers k; > 1 and d; > 1,
and let {(k;, di)}* = {(k1,d1), (k2,d2), . .., (km,dm)} be a matching-pair sequence. In some articles,
Se—1kd =1k k+d, k+2d,...,k+ (¢ —1)d} for integers ¢ > 1, k>0 and d > 1.

e Topsnut-gpws. Topsnut-gpws is the abbreviation of “graphical passwords based on topo-
logical structure and number theory” in Topological Coding, a mixture subbranch of graph theory
and cryptography (Ref. [50], [95], [96] and [71]).

o A sequence d = (mi,ma,...,my) = (M)}, consists of positive integers mi,ma, ..., my. If
a graph G has its degree-sequence deg(G) = d, then d is graphical, we call d degree-sequence, each
m; a degree component, and n = Ley g (d) the length of d.

o A caterpillar T is a tree, after removing all of leaves of the caterpillar T', the remainder is just
a path; a lobster is tree, and the deletion of all leaves of the lobster produces a caterpillar.

e gcd(a,b) is the mazimal common factor between two positive integers a and b.

Lemma 1. [3] (Erdos-Galia Theorem) A sequence d = (my)p_; with m; > m;y1 > 0 to be the
degree-sequence of a (p, ¢)-graph graph G if and only if the sum 2¢ = )" | m; and

n

k
> mi <k(k—1)+ Y min{k,m;}. (1)
=1

j=k+1

Definition 1. Let G be a (p, q)-graph. There are the following basic graph operations:

Opera-1. [53] A wvertex-splitting operation is defined in the way: Vertex-split a vertex u of G
into two vertices u’,u” such that N(u') = {x1,22,...,2;} and N(u") = {v,zj41,2j42,..., 2}
with N(u') N N(u”) = 0 and N(u) = N(u’) U N(u"); the resultant graph is written as G A z,
named as a vertez-split graph, see Fig[l] from (a) to (c), and moreover |V(G A z)| = |[V(G)| + 1,
|E(G A z)| = |E(G)].

Opera-2. [53] A (non-common neighbor) vertex-coinciding operation is defined by coinciding two
vertices v’ and v” in to one x = v’ ©u” if N(u’) N N(u") =0 such that N(z) = N(u’) UN(u");
the resultant graph is written as G(u’ ® u”), called vertez-coincided graph, see Fig[l] from (c) to
(a), and moreover |V(G(u' ©u"))| = |V(G)| -1, |[E(G(u’ ©u"))| = |E(G)|.

Opera-3. [48] A leaf-splitting operation is defined as: Let uv be an edge of the graph G with
complex degrees deg(u) > 1 and degq(v) > 1. A leaf-splitting operation is defined as: Remove the
edge uv from G, and add a new leaf v”, next join it with the vertex u (= u"”) of the graph G — uv
by a new edge uv’, and then add another new leaf v’ to join it with the vertex v (= v"”) of G — uv
by another new edge vu’, the resultant graph is written as GAuv, see Figll] from (a) to (b) for
understanding the leaf-splitting operation. And |V (GAuwv)| = |V (G)|+2, |E(GAuv)| = |E(G)| + 1.

Opera-4. [48] A leaf-coinciding operation is defined as: For a graph graph H having two leaf-
edges uv’ and u’v with degrees degp(u) > 2 and degy(v’) = 1, as well as degy(u’) = 1 and
degy(v) > 2, if [N(u) \ {v'}] N [N(v) \ {u'}], we coincide two edges uv’ and u'v into one edge
wo = wv'Gu’v with u = u®u’ and v = v ®v’. The new graph is written as H(uv'Gvu’), and
the process of obtaining H (uv'Gvu’) is called a leaf-coinciding operation, see Fig from (b) to (a),
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and moreover |V (H (uv'Gvu’))| = |V(H)| — 2, |E(H(uv'Gvu’))| = |E(H)| — 1. This operation is
very similar with the connection of two train hooks, see Fig (e).

Opera-5. [53] An edge-splitting operation is defined as: Split the edge uv of G into two edges u'v’
and u”v" such that neighbor sets N(u’) = {v’, z1,2z2,...,z;}and N(u”) = {v", zj41, %42, ..., 2}
with N(u) = N(u")UN(u"), N(v') = {u', w1, wa,...,wi} and N(v") = {u", w1, Wiya, ..., wn}
with N(v) = N(v")UN(v"); the resultant graph is written as G Auv, named as an edge-split graph,
with N(v")NN(u') =0, N(v/)NN(u”) =0, and N(u”)NN(v') =0, N(u")NN(v") = 0, see Figll]
from (a)G to (d)T', and moreover |V (G Auwv)| = 2+|V(G)|, |E(G Auv)| = |E(G)|+ 1. Especially, if
two neighbor sets N(u”) = {v”} and N(v") = {u”, w1, wa, ..., wy}, as well as two neighbor sets
N@')={u"} and N(u') = {v’, 21, 29,...,2¢}, we say G A uv is the result of doing a leaf-splitting
operation, here deg(u”) =1 and deg(v') = 1.

Opera-6. [53] An edge-coinciding operation is defined by coinciding two edges u'v’ and u"v”
of G into one edge uv = u'v'Su"v”, when N(u’) N N(u") =0 and N(v’') N N(v") =, such that
Nu) = Nu)UN@”")U{v=(v"®v")} and N(v) = Nw)UN@")U{u = (u" ®u")}; the
resultant graph is written as G(u'v/Gu"v"), called an edge-coincided graph, see Fig[l] from (d) to
(a), and moreover |V (G(u'v'6u"v")| = |V(G)| -2, |E(Gu'v'eu"v")| = |E(G)| — 1.

Opera-7. If two vertex-disjoint colored graphs G and H have k pairs of vertices with each pair of
vertices colored with the same colors, then we, by the vertex-coinciding operation, vertex-coincide
each pair of vertices from G and H into one, the resultant graph is denoted as ©(G, H) (called
vertex-coincided graph), and moreover |V(0(G, H))| = |V(G)| + |V(H)| — k, |E(0x(G, H))| =
|E(G)| + |E(H)|. Clearly, ©®;(G, H) holds for vertex-disjoint uncolored graphs G and H too. [

Theorem 2. [106] For the vertex-splitting connectivity rgp+(G) and the leaf-splitting connectivity
leaf

Hsplit

(G) of a connected graph G, we have

kaplit(G) = K(G) and  K(G) = K'(G), (2)

split
where £(G) is the connectivity and x’(G) is the edge connectivity of the connected graph G [10 [3].

Theorem 3. * Suppose that two connected graphs G and H admit a mapping f : V(G) — V(H).
In general, a vertex-split graph G Au with degg(u) > 2 is not unique, so we have a vertex-split graph
set Sg(u) = {G A u}, similarly, we have another vertex-split graph set Sg(f(u)) = {H A f(u)}. If
each vertex-split graph L € Sg(u) corresponds another vertex-split graph 7' € Sy (f(u)) such that
L =T, and vice versa, we write this fact as

GAu=HA f(u), (3)
thereby, G is isomorphic to H, namely, G = H. I

Definition 2. [20] A lattice is a set
L(B):{inbi; xiEZ,lgign} (4)
i=1
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Figure 1: Six graph operations.
based on a lattice base B = (b1, ba,...,by,) consisted of linear independent vectors by, bs,..., b,

~—

in R™ with n < m. If each component of each vector b; in the base B is an integer, we call L(B

O

an integer lattice, denoted as L(ZB) for distinguishing.

1.3 Basic colorings and labelings, Conjectures

All colorings and labelings mentioned in this article are on graphs of graph theory, very often,
people say graph colorings and graph labelings [7].

1.3.1 Basic labelings

Definition 3. [45] A (p,q)-graph G admits a bijection f : V(G) — [m,n] or f: V(G)U E(G) —
[m,n], we denoted the set of colored vertices of G as f(V(G)) = {f(x) : z € V(G)}, the set of
colored edges of graph G as f(E(G)) = {f(w) : wv € E(G)}. If |f(V(G))| = p, then f is called a
vertex normal labeling of G; when as |f(E(G))| = ¢, f is called an edge normal labeling of G; and
as |f(V(G)UE(G))| =p+ q, then f is called a totally normal labeling. O

Definition 4. [82] A graph G admits a coloring h : S C V(G) U E(G) — [a,b], and write the
color set h(S) = {h(xz) : x € S}. The dual coloring h' of the coloring h is defined as: h'(z) =
max h(S)+min h(S)—h(z) for z € S. Moreover, h(S) is called the vertex color set if S = V(G), h(S)



the edge color set if S = E(G), and h(S) a universal color set if S = V(G)U E(G). Furthermore, if
G is a bipartite graph with its vertex set bipartition (X,Y’), and holds max A(X) < min h(Y") true,
we call h a set-ordered coloring (resp. set-ordered labeling) of G. O

We restate basic W-type labelings as follows:

Definition 5. [7, 63, 82, [122] Suppose that a connected (p,q)-graph G admits a mapping 0 :
V(G) — {0,1,2,...}. For each edge zy € E(G), the induced edge color is defined as 0(zy) =
|0(z) — 0(y)|. Write vertex color set by 8(V(G)) = {0(u) : v € V(G)}, and edge color set by
0(E(G)) ={0(xy) : vy € E(G)}. There are the following constraint conditions:

|

B-1. [0(V(Q))| = p;

B-2. (V(G)) C [0, 4], min§(V(G)) = 0;
B-3. 0(V(@)) C [0,2¢ — 1], min8(V(G)) =
B-4. 0(E(Q)) = {0(xy) : xy € E(G)} = [1, }

)

B-5. 0(E(G)) = {0(zy) : oy € B(G)} = [1,2g — 1]°;

B-6. G is a bipartite graph with the bipartition (X,Y") such that max{f(z) : z € X} < min{0(y) :
y €Y} (maxf(X) < minf(Y") for short);

B-7. G is a tree having a perfect matching M such that (x) 4+ 0(y) = g for each matching edge
zy € M; and

B-8. G is a tree having a perfect matching M such that 6(z) + 6(y) = 2¢ — 1 for each matching
edge xy € M.
Then:

Blab-1. A graceful labeling 6 satisfies B-1, B-2 and B-4.

Blab-2. A set-ordered graceful labeling 6 holds B-1, B-2, B-4 and B-6 true.

Blab-3. A strongly graceful labeling 6 holds B-1, B-2, B-4 and B-7 true.

Blab-4. A set-ordered strongly graceful labeling 6 holds B-1, B-2, B-4, B-6 and B-7 true.

Blab-5. An odd-graceful labeling 6 holds B-1, B-3 and B-5 true.

Blab-6. A set-ordered odd-graceful labeling 6 holds B-1, B-3, B-5 and B-6 true.

Blab-7. A strongly odd-graceful labeling 6 holds B-1, B-3, B-5 and B-8 true.

Blab-8. A set-ordered strongly odd-graceful labeling 6 holds B-1, B-3, B-5, B-6 and B-8 true. [J

Definition 6. Let G be a (p, ¢)-graph.

(1) [7] An edge-magic total labeling f of G holds f(V(G) U E(G)) = [1,p + ¢ such that for any
edge uv € E(G), f(u) + f(uv) + f(v) = ¢, where the magic constant ¢ is a fixed positive integer;
and furthermore f is a super edge-magic total labeling if f(V(G)) = [1,p).

(2) [T A felicitous labeling f of G holds f(V(G)) C [0,q], f(u) # f(v) for distinct u,v € V(G),
and all edge colors f(uv) = f(u) + f(v) (mod q) for uwv € E(G) are distinct from each other; and
furthermore f is g super felicitous labeling if f(V(G)) = [1,p].

(3) [120] An odd-elegant labeling f of G holds f(V(G)) C [0,2¢ — 1], f(u) # f(v) for distinct
u,v € V(G), and f(E(G)) = {f(uw) = f(u) + f(v) (mod 2¢q) : wv € E(G)} = [1,2q — 1]°.



@%@H—@@ %H@@@VP@@%@—FQGD

- 2 4

By, - 1 @R G0 elp 60 FEed 6
éb e @é@ ® @ @@—*4@—1—@4@ o 0——6

graceful labelling set-ordered graceful strongly graceful labelling set-ordered strongly
labelling graceful labelling

@%@%%@ @@3@%%@ ©Q @+ @@ @0 @
92 6 w@ @l 00 gulpi &0 3 QD &0
® <<5 B @ 6 ord ﬁé——CCQD O——®

odd-graceful Iabellmg set-ordered odd-graceful strongly odd-graceful set-ordered strongly
labelling labelling odd-graceful labelling

Figure 2: Examples for understanding Definition [5 the red edges are the matching edges.

(4) [7] A E-graceful labeling f of G holds f(V(G)) C [0,q+k—1], |f(V(G))| =p and f(E(G))
{f(w) = f(u) = f(v)] : wo € E(G)} = [k, ¢+ k — 1] true.

Definition 7. [7] Let G; be a (p, q)-graph for ¢ € [1,m], and integers k; > 1 and d; > 1.

(1) A (ki, d;)-graceful labeling f of G; hold f(V(G;)) C [0,ki+ (¢g—1)di], f(z) # f(y) for distinct
z,y € V(G;) and 7(E(G;)) = {|7(u) — 7(v)| : wv € E(G;)} = S(ki,d;)i.

(2) A labeling f of G, is said to be (k;, d;)-arithmetic if f(V(G;)) C [0, ki+(qg—1)d;], f(z) # f(y)
for distinct vertices z,y € V(G;) and {f(u) + f(v) : wv € E(G;)} = S(ki, d;)1.

(3) A (k;,d;)-edge antimagic total labeling f of G; hold f(V(G;) U E(G;)) = [1,p + ¢| and
{f(u) + f(v) + f(uv) : uwv € E(G;)} = S(ki,d;){, and furthermore f is super if f(V(G;)) = [1,p].

(4) A (ki,d;)-harmonious labeling of a (p,q)-graph G; is defined by a mapping h : V(G) —
[0,k 4+ (¢ — 1)d;] with k;,d; > 1, such that f(x) # f(y) for any pair of vertices z,y of G, h(u) +
h(v)(mod* gd;) means that h(uv) — k = [h(u) + h(v) — k](mod ¢d;) for each edge uv € E(G), and
the edge color set h(E(G)) = S(ki,d;){ holds true.

(5) In [9], a labeling f of G is said to be (k,d)-arithmetic if the vertex labels are distinct
nonnegative integers and the edge labels induced by f(x) + f(y) for each edge zy are k, k + d, k +
2, ... .k+(q—1)d. O

ool

Remark 1. A Topsnut-gpw sequence {G 1, 4,)}7" is made by an integer sequence {(k;,d;)}T* and a
(p, q)-graph G, where each Topsnut-gpw G|y, 4,) = G, and each Topsnut-gpw G, 4,) € {G(k;,d,) 1"
admits one labeling of four parameterized labelings defined in Definition[7] A Topsnut-gpw sequence
g b g P gp q

{G(k,,4,)}T" has the following properties:

(i) {(ki,d;)}{" is a random sequence holding a group of restrictions.

(ii) G, ,a,) = G is a structural regularity.

iii) Each G, 4.y € {G . a4, admits randomly one labeling defined in Definition

iii) Each G4, 4 € {G(k,.4}7" admits randomly one labeling defined in Definition [7



(iv) Each G, 4,) € {G (1,4, }T" has its matching H(y, 4,y € {Hx, 4,)}7" under the meaning of dual
labeling, image-labeling, inverse labeling and twin labeling, and so on. I

Definition 8. ([52] 53,05, 96,107]) A (p, ¢)-graph G is W -type k-rotatable for a constant k € [a, b] if
any vertex u of G can be colored as f(u) = k by some W-type labeling f, where W-type € {graceful,
odd-graceful, twin odd-graceful, elegant, odd-elegant, twin odd-elegant, felicitous, edge-magic total,
edge-magic total graceful, 6C, etc.}. O

1.3.2 Basic colorings

Definition 9. * For a (p, ¢)-graph G, let f : V(G) — [a,b] and g : E(G) — [a, b] be two mappings
of G, and write colored vertex set as f(V(G)) = {f(w) : w € V(G)} and colored edge set g(E(G)) =
{g(uwv) : uwv € E(G)}, and moreover let h = (f, g) be a compound mapping induced by both f and
g, write h(V(G)U E G)) = f(V(G)) U g(E(G)). We have the following constraint conditions:

Cond-1. |f(V(G)

Cond-2. |g(E(G

Cond-3. [f(V(G) | <p;

Cond-4. |g(E(GQ))| < gq;

Cond-5. f(u) # f(v) for any edge uv € E(G); and

Cond-6. g(uv) # g(uw) for any pair of adjacent edges uv, uw € E(G).
Then:

CL-1. G admits a labeling f if Cond holds true, namely, f(z) # f(y) for any pair of distinct
vertices x,y € V(G).

CL-2. G admits a coloring f if Cond holds true, namely, f(u) = f(w) for some two distinct
vertices u, w € V(G).

CL-3. G admits a proper coloring f if Cond{3]and Cond{5] hold true.

CL-4. G admits a proper edge coloring g if Cond{4] and Cond{6| hold true.

CL-5. G admits a total labeling h = (f, g) if both Cond{l] and Cond{2 hold true.

CL-6. G admits a total coloring h = (f, g) if one of Cond and Cond holds true.

CL-7. G admits a proper total coloring h = (f,g) if one of Cond and Cond holds true, and
both Cond{5l and Cond{f] hold true.

CL-8. G admits a v-coloring e-labeling h = (f, g) if Cond and Cond hold true.

CL-9. G admits an e-coloring v-labeling h = (f,g) if Cond and Cond hold true.

CL-10. G admits a v-proper-coloring e-labeling h = (f, g) if Cond Cond and Cond hold
true.

CL-11. G admits an e-proper-coloring v-labeling h = (f, g) if Cond Cond and Cond«@ hold
true. U

Remark 2. A total labeling can be transformed into a proper total coloring through a series
of v-coloring e-labelings, e-coloring v-labelings, v-proper-coloring e-labelings and e-proper-coloring



v-labelings. In fact, a proper total coloring is a composition of v-proper-coloring and e-proper-
coloring. There are three parameters for various proper colorings: the number x(G) = mins{|b—a| :
f(V(@)) C [a,b]} over all proper colorings f of a graph G is called chromatic number; the number
x'(G) = ming{|b — a| : g(E(G)) C [a,b]} over all proper edge colorings g of G is called chromatic
indez; and the number x”(G) = miny{|b — a| : f(V(G)) C [a,b],g(E(G)) C [a,b]} over all proper
total colorings h = (f, g) of G is called total chromatic number.

Since there are hundreds of mutually different labelings and mutually different colorings, the
sentence “a W-type coloring” or “a W-type labeling” stands for one of the existing colorings and

labelings of graph theory hereafter. I

Definition 10. [I8] If there exists a constant k& > 0, such that a (p,¢)-graph G admits a total
labeling f : V(G) U E(G) — [1,p + ¢|, each edge uv € E(G) holds |f(u) + f(v) — f(uv)| = k, and
fV(G)UE(G)) = [1,p + ¢ true, we call f an edge-magic graceful labeling of G, and k a magic
constant. Moreover, f is called a super edge-magic graceful labeling if f(V(G)) = [1,p). O

Definition 11. [79] A Topcode-matriz (or topological coding matriz) is defined as

Ty X2 @y X
Tcode = €1 €2 -+ €4 = E = (X7 Ea Y)T (5)
Y Y2 - Yg 3xgq Y
where v-vector X = (x1,x2, -+ ,x4), e-vector E = (e1, e2, - - -, €q), and v-vector Y = (y1, 42, , Yq)

consist of non-negative integers e;, z; and y; for i € [1,q]. We say Tooqe to be evaluated if there
exists a function f such that e; = f(x;,y;) for i € [1, 4], and call z; and y; to be the ends of ¢;, and
q is the size of Tpoge. O

1.4 Famous conjectures

A good conjecture has something like a magnetic pull for the mind of a mathematician. At its
best, a mathematical conjecture states something extremely profound in an extremely precise and
succinct way, crying out for proof or disproof. Mordechai Rorvig pointed: “Given more conjectures,
there is more grist for the mill of the mathematical mind, more for mathematicians to prove and
explain”. The following long-standing conjectures can be found in [3], [7] and the books of graph
theory.

Conjecture 1. (Alexander Rosa, 1966) Each tree admits a graceful labeling.
Conjecture 2. (Cahit, 1994) Each tree admits an ordered graceful labeling.

Conjecture 3. (H. J. Broersma and C. Hoede, 1999) Every tree containing a perfect matching
admits a strongly graceful labeling.

Conjecture 4. (Bermond, 1979) Every lobster admits a graceful labeling.
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Conjecture 5. (Truszczynski) All unicyclic connected graphs, except C,, n = 1 or 2 (mod 4),
admit graceful labelings.

Conjecture 6. (R.B. Gnanajothi, 1991) Any tree admits an odd-graceful labeling.

Conjecture 7. (Kelly-Ulam’s Reconstruction Conjecture, 1942) Let both G and H be graphs with
n vertices. If there is a bijection f: V(G) — V(H) such that G —u = H — f(u) for each vertex
u € V(G), then G = H.

Conjecture 8. (Gyaras and Lehel, 1978; Béla Bollobés, 1995) For integer n > 3, given n vertex-
disjoint trees T} of k vertices with respect to 1 < k < n. Then complete graph K, can be
decomposed into the union of n edge-disjoint trees Hy, namely K,, = UZ:1 Hjp, such that T = Hj,
whenever 1 < k < n. Also, write this case as (T1,Ta, ..., T | Ky).

Conjecture 9. (A. G. Chetwynd and A. J. W. Hilton, 1985) Let G be a graph on 2m vertices. If
G is a regular graph with degree at least m (when m is odd) or m — 1 (when m is even), then G is
1-factorable, as the 1-Factorization Conjecture.

Conjecture 10. (Anton Kotzig, 1964; Perfect 1-Factorization Conjecture) For integer n > 2,
complete graph Ko, can be decomposed into 2n — 1 perfect matchings such that the union of any
two matchings forms a hamiltonian cycle of Ko,.

Conjecture 11. (Hajés, 1961) If x(G) = m, then G contains a subdivision of K,,.

Conjecture 12. (Hadwiger, 1943) If x(G) = m, then G is “contractible” to a graph which contains
K.

Conjecture 13. (Bruce Reed, 1998) x(G) < [3(A(G) + 1 + K(G))], where K(G) is the clique
number of G, that is, it is maximal one of vertex numbers of complete graphs contained by G.

Remark 3. Rosa [27] said: “When does a combinatorial problem become a disease? Certainly the
extreme ease of formulating the problem has something to do with it: most identified “diseases” are
understandable to undergraduates or even to good high school students. They are highly contagious,
and so they attract the attention of not only professional mathematicians but also of scores of
layman mathematicians.”

The origins of graceful labelings lie in the problem of packing isomorphic copies of a given tree
into a complete graph (Gerhard Ringel and Anton Kotzig, 1963; Alexander Rosa, 1967). If each
tree admits a graceful labeling, then this will settle a longstanding and well-known Ringel-Kotzig
Decomposition Conjecture [26]: “A complete graph Koni1 can be decomposed into 2n+ 1 subgraphs
that are all isomorphic with a given tree having n edges.” (see Fig E(Ky) = UZ:I E(Ty))

In Wikipedia (TheFreeDictionary.com mirror): (1) Deciding whether the clique number of a graph
is greater than or equal to k for k > 3 is NP-complete. (2) Deciding subgraph is NP-complete.
(3) Others’ NP-complete problems are: Complete coloring ([22, 24]), b-coloring, Edge-coloring [11],
Strong edge coloring [23], Graph isomorphism, Cut (graph theory), Maximum common subgraph
isomorphism problem, K-edge-connected graph, Cubic graph, Clique (graph theory), Vertex cover
problem, Graph isomorphism, Hamiltonian path problem, and so on. I

11
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Figure 3: An example for illustrating the Ringel-Kotzig Decomposition Conjecture, E(Kyg) = U2=1 E(Ty)
with E(T;) N E(T;) =0 if i # j.

2 Recent graph labelings

Definition 12. [52] Suppose that a connected graph G admit a #-labeling (resp. 6-coloring),
where #-labeling (resp. 6-coloring) is one of the existing graph labelings (resp. the existing graph
colorings). If every connected proper subgraph of G also admits this type of f-labeling (resp.
O-coloring), then we call G a perfect 0-labeling graph (resp. perfect #-coloring graph). O

Remark 4. Since a set-ordered graceful labelings is equivalent to a group of labelings on trees
admitting set-ordered graceful labelings (Ref. [32] 40, [76, 86]), so each caterpillar is a perfect 6-
labeling graph for this group of labelings. So, we can conjecture: Each tree is a perfect 6-labeling
graph for this group of labelings (resp. the existing graph colorings). I

2.1 Total graceful labelings

Definition 13. [100} 99] Suppose that a (p, ¢)-graph G admits a labeling 6 : V(G)UE(G) — [1, M],
and write 0(V(G)) = {0(u) : u € V(G)}, 0(E(G)) = {0(zy) : xy € E(G)}. There are the following
constraint conditions:

(a) 10(V(G))] = p, [0(E(G))| = g and 0(zy) = |0(x) — 0(y)| for every edge 2y € B(G):

(b) 6(V(G)) UO(E(G)) = [L,p +4;

(c) 0(E(G)) = [1,4];

(d) G is a bipartite graph with the bipartition (X, Y’) such that max{f(z) : z € X} < min{f(y) :
y €Y} (maxf(X) < minf(Y) for short); and

(e) O(V(G))UO(E(G)) C [1, M] with M > 2g + 1 and max[0(V(G)) UO(E(G))] = M.
Then:

Tog-1. A total graceful labeling 6 holds @ and (]ED true.
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Tog-2. A super total graceful labeling 0 holds @, @ and true.

Tog-3. A set-ordered total graceful labeling 6 holds @, (]ED and @ true.

Tog-4. A super set-ordered total graceful labeling 6 holds @, (]ED, and @ true.

Tog-5. A generalized total graceful labeling 6 holds and @ true.

Tog-6. A super generalized total graceful labeling 6 holds @, @ and true.

Tog-7. A set-ordered generalized total graceful labeling 6 holds @, and @ true.

Tog-8. A super set-ordered generalized total graceful labeling 6 holds @, , and @ true.[]

Definition 14. [100, 99] In Definition we substitute the constraint conditions “6(V(G)) U
0(E(G)) = [1,p+q] and 6(E(G)) = [L,q]” by “0(V(G)) UO(E(G)) C [1,p+2¢—1] and 0(E(G)) =
[1,2¢ — 1]°7, then we get a total odd-graceful labeling, and moreover we have W-type total odd-
graceful labelings for W-type € {super, set-ordered, super set-ordered, generalized, super general-
ized, set-ordered generalized, super set-ordered generalized}, respectively. O

2.2 Twin-type of labelings

Definition 15. [97] For two connected (p;, ¢)-graphs G; with i = 1,2, and let p = p; +p2 — 2, if a
(p, q)-graph G = ©(G1, G2) admits a vertex labeling f: V(G) — [0, ¢] such that

(i) f is just an odd-graceful labeling of G, so f(E(G1)) = {f(uv) = |f(u) — f(v)] : uv €
B(G1)} = [1,2¢ — 1]°;

(i) F(B(Ga)) = {f(uv) = |f(w) — (0)] : uv € B(Ga)} = [1,2g — 1% and

(i) |F(V(G1) N F(V(G2))| = k > 0 and F(V(G1)) U F(V(Ga)) € 0,29 — 1],
Then f is called a twin odd-graceful labeling (Tog-labeling) of G. O

@—5—@—@ ® ®
@_3 @/15,@—21—. /C?» 15 \ ,5{5\g137> 3 ?

ol : 7@} ? "1& @Xz,l le@

021{?:») é@é) ® 0 ©

Figure 4: An example for understanding Definition cited from [97].

Definition 16. [98] For two connected (p;, ¢)-graphs G; with i = 1,2, and let p =p; +p2 — 2, if a
(p, q)-graph G = ©(G1, G2) admits a vertex labeling f: V(G) — [0,q — 1] such that
(i) f is just an odd-elegant labeling of G; with i = 1, 2;
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(i) |£(V(G1) N f(V(Ga)) = k > 0 and f(V(G1))U F(V(Ga)) C [0, 1].
Then f is called a twin odd-elegant labeling (Toe-labeling) of G, and G = ©(G1,G2) is called a
Toe-matching partition, where Gy is the Toe-source and G4 is a Toe-association. O

In Flgl (8,7)-graph G' admits an odd-graceful labeling f, each graph H(y) in ©2(G, Hyy)
admits an odd-elegant labeling gy for k=a, b, ¢; and furthermore both labelings f and g(y) are a
twin (odd-graceful, odd-elegant) labeling. Clearly, Hqy % H;) for (k) # (i).

® ® o=@ oo RO 020 00
80 pthor O oo etous

H \QD 9>@D ®\> \@D\’\
b @@1@7@ S B
o (©)

(b)

Figure 5: A scheme for illustrating Definition [16] cited from [98].

Definition 17. [97, 52] Suppose f : V(G) — [0,2¢ — 1] is an odd-graceful labeling of a (p, ¢)-graph
G, and g : V(H) — [1,2q] is a labeling of another (p’,¢’)-graph H such that each edge uv € E(H)
has its own color defined as g(uv) = |g(u) — g(v)| and the edge color set g(E(H)) = [1,2q — 1]°. We
call both labelings f and g a twin odd-graceful labeling when f(V(G)) U g(V(H)) C [0,2q], both
graphs G and H are a matching of twin odd-graceful graphs. O

Definition 18. [98] For two connected (p;, ¢)-graphs G; with i = 1,2, and let p =p; +p2 — 2, if a
(p, q)-graph G = ©(G1, G2) admits a vertex labeling f: V(G) — [0, ¢] such that

(i) f is an odd-graceful labeling of Gf;

(i) £ : V(Ga) = [0,21E(Ga)|] holding f(E(Gs)) = {f(uv) = f(u) + f(v) (mod 2/E(Ga)]) : uv €
E(G2)} = [1,2|E(G2)| — 1]° true.

Then f is called a 2-odd graceful-elegant labeling (a 20dd2-labeling) of G (called a 20dd2-graph),
and ©(G1,Ga) is called a 2o0dd2-matching partition. O

Definition 19. [52] A (p,q)-graph G admits a (k,d)-labeling f, and another (p’,q’)-graph H
admits another (k,d)-labeling g. If (Xo U S;—1%4) \ f(V(G)U E(G)) = g(V(H) U E(H)) with
Xo={0,d,2d,...,(¢g—1)d} and S;_1 4, then g is called a complementary (k,d)-labeling of f, and
both f and g are a twin (k, d)-labeling. O

Definition 20. [67] If a (p,q)-graph G admits a Wy-type coloring f : V(G) U E(G) — |a, 4],
and another (p’,q’)-graph H admits a Wj-type coloring g : V(H) U E(H) — [a, A], such that
fV(@G)Uf(V(H)) Cla,A]l, and k= |f(V(G)) N f(V(H))|, we call both colorings f and g a twin
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(Wy, Wy )-type coloring, and k the coinciding rank. Moreover, we coincide a vertex x; of G with
a vertex w; of H if f(x;) = g(u;) for i € [1, k], such that the resultant graph has no two vertices
colored with the same color, denoted this graph admitting the (W, Wy)-type coloring as © (G, H).
O

Definition 21. [53] If a (p, ¢)-graph G admits an e-set v-proper W-type coloring (resp. labeling)
(F, f) defined by f: V(G) — [0,a(p,q)] and F : E(G) — [0,b(p, q)]?, where a(p,q) and b(p, q) are
linear functions of p and ¢, such that G can be decomposed into spanning trees 11,715, ..., Ty, with
m > 2and E(G) =%, E(T;) (allow E(T;) N E(T};) # 0 for some i # j), and each spanning tree T;
admits a W-type coloring (resp. labeling) f; induced by (F, f). We call G a multiple-tree matching
partition, denoted as G = ®p(T;)". (see Figlt) O

Definition 22. [53] If a (p, ¢)-graph G admits a labeling f : V(G) — [0,p — 1], such that G can
be vertex-split into (spanning) graphs G1, G, ...,Gp with m > 2 and E(G) = |J;~, E(G;) with
E(G;) N E(G;) =0 for i # j, and each graph G; admits a Wj-type labeling f; induced by f. We
call G a multiple-graph matching partition, denoted as G = ©f(G;){" (see an example shown in
Figl6). O

(e) G

Figure 6: A multiple-graph matching partition G = ©(G;)} for understanding Definition cited from

[53].

Theorem 4. [53] If a tree T admits a set-ordered graceful labeling f, then 7" matches with a
multiple-tree matching partition @7 (7;)1" with m > 10 (see Definition .

Definition 23. [85] I11] Let (X,Y") be the bipartition of a complete bipartite graph K, ,,, where
X ={u;:i€[l,n]}, Y ={vj:j€[l,n]} with n > 2. For integers k,p > 2, K,, 5, has a labeling m,
defined as: mp(u;) = (k—1)n+i—1 and mx(v;) = (p— k)n+¢— 1 for i € [1,n] with 2k < p+ 1.
Call two vertices uy, € X, vy, € Y roots for a fixed tp € [1,n]. A pair of vertex-disjoint rooted
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trees T'(ut,), T(ve,) C Ky p is called a matchable pair, denoted as M (T'(ut,), T (vt,) | k,n,p), if the
following facts hold:

(1) Uty € V(T(uto)) and vy, € V(T(Uto))7 and ’T(uto)’ + |T(Ut0)| = 2n;

(2) 7 (V(T (uty)) U V(T (vr))) = [n(k —1),nk = 1] U [n(p — k), n(p — k +1) — 1]; and

(3) mi(E(T (uy)) U E(T(v1y))) = [n(p — 2k) + 1,n(p — 2k +2) — 1]\ {n(p — 2k + 1)} m

Two matchable pairs shown in Fig are for understanding Definition F ig(a) is a matchable
pair M(T'(8),7(32) | 2,8,6), where |T(8)|+|T'(32)| = 16, m(V(T'(8)) UV (T'(32))) = [8,15] U[32, 39]
and m(E(T(8)) U E(T(32))) = [17,31] \ {24}. Fig[7[b) shows a matchable pair M(T(10),T(34) |
2,8,6), where |T'(10)| 4+ |7'(34)| = 16, m(V(T'(10)) UV (T(34))) = [8, 15] U [32,39] and «(E(T'(10)) U
E(T(34))) = [17,31] \ {24}.

20 22 2% 23 i rga, 30
Lo o0 BB @ 3‘ ‘%

Figure 7: Two illustrative examples of Definition

Theorem 5. Let G be a tree with vertices z1, x2, ..., zp, and 7 be a (set-ordered) graceful labeling
of G with 7(x;) < m(x;41) for i € [1,p — 1]. Then

(i) For even p and a collection of £ matchable pairs M (T (uy,), T (vy,) | k,n,p) with k € [1,5],
we have a (strongly, set-ordered) graceful tree obtained by identifying the roots wuy,, vy, of each
matchable pair M (T (uq, ), T (vy,) | k,n, p) with the vertices xy, x; of G respectively, where k + [ =
p+1landke[l,5]

(73) For odd p and a collection of % matchable pairs M (T (uy,), T (vy,) | kym, p) with k € [1, %],
and a (strongly, set-ordered) graceful tree T'* on n vertices, we have a (strongly, set-ordered)
graceful tree obtained by identifying the roots uy,, vy, of each pair M (T (us,), T (vy,) | k,n,p) with
the vertices xy, x; of G respectively, where k+1=p+ 1 and k € [1, %], and identifying a vertex
of T'* with the vertex x(,,1)/ of G.
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Figure 8: An example for illustrating the assertion (i) of Theorem [5| where M (T(2),T(50) | 1,8,7),
M(T(10),T(42) | 2,8,7), M(T(18),7(34) | 3,8,7) and T * = T(26), and the black vertices are the roots.

2.3 Magic-type of labelings
2.3.1 Edge-magic labelings

Definition 24. [94] Let G be a bipartite (p, ¢)-graph with bipartition (X,Y’), and let G admit an
edge-magic total labeling f defined in Definition [l There are two constraints:

(C1) F(V(G)) = [1, ) and

(C2) max{f(z) :xz € X} <min{f(y) : y € Y} (max f(X) < min f(Y)).
We call f:

(i) A super edge-magic total labeling of G if f holds (C1) true.

(ii) A set-ordered edge-magic total labeling of G if f holds (C2) true.

(iii) A super set-ordered edge-magic total labeling (super-so-edge-magic total labeling) of G if f
holds both (C1) and (C2) true. O

Definition 25. [94] Let G be a (p,q)-graph. If there exist a constant p and a mapping f :
V(G)U E(G) — [1,2¢ + 1] such that f(u)+ f(v) + f(uv) = p for every edge uv € E, then we call
f a generalized edge-magic total labeling of G, and u a generalized magic constant. Furthermore, if
G is a bipartite graph with bipartition (X,Y’), and the labeling f holds f(V(G)) = [1,q + 1] and
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max f(X) < min f(Y) true, we call f a generalized super set-ordered edge-magic total labeling. [

Definition 26. [104] Let G be a (p, g)-graph. If there exists a bijection f : V(G)UE(G) — [1,p+4]
such that {f(u) + f(v) + f(w) :uwv € E(G)} ={k,k+d,k+2d,--- ,k+ (¢ — 1)d} for some values
k,d € Z°, then we call f an anti-edge-magic total labeling of G. Furthermore, if G is a bipartite
graph with bipartition (X,Y"), and f holds f(V(G)) = [1,p] and max f(X) < min f(Y), we call f
a super set-ordered anti-edge-magic total labeling. O

Definition 27. [94] A (p,q)-graph G admits a bijection f : V(G) U E(G) — {d,2d,...,pd, k +
(u+ 1)d,k+ (p+ ¢q—1)d} with p € [1,p+ g — 1], such that f(u) + f(v) + f(uv) = X for each
edge uwv € E(G), we call f a (k,d)-edge-magic total labeling, \ a magic constant. Moreover, if
G is a bipartite graph with bipartition (X,Y), and f holds f(X) = {d,2d,...,|X|d}, f(Y) =
{k+|X|d,k+ (| X|+1)d,....k+ (|X|+ Y] —1)d, we call f a super set-ordered (k,d)-edge-magic
total labeling of G. g

Definition 28. [73] An edge-magic total graceful labeling g of a (p,q)-graph G is defined as:
g:V(G)UE(G) — [1,p+ g] such that g(x) # g(y) for any two elements z,y € V(G) U E(G), and
each edge uwv € E(G) holds g(uv) + |g(u) — g(v)| = k with a constant k. Moreover, g is super if
max g(E(G)) < ming(V(G)) (or max g(V(G)) < min g(E(G))). O

Definition 29. [I§] If there exists a constant k& > 0, a (p,q)-graph G admits a total labeling
f:V(G)UE(G) — [1,p+ ¢|, such that each edge uv € E(G) holds |f(u) + f(v) — f(uv)| = k and
f(V(G)U E(G)) = [1,p + q] true, we call f an edge-magic graceful labeling of G, and k a magic
constant. Moreover, f is called a super edge-magic graceful k-labeling if f(V(G)) = [1,p]. O

Definition 30. [69] A wve-exchanged matching labeling h of an edge-magic graceful labeling f
of a (p,q)-graph G is defined as: h : V(G) U E(G) — [1,p + q], each edge uv € E(G) holds
h(uv) = |h(u) — h(v)| true (h(uv) + |h(u) — h(v)| = k, or h(uv) = h(u) + h(v) (mod gq), or
|h(u) + h(v) — h(uv)| = k, or h(u) + h(uv) + h(v) = k), such that h(V(G) U E(G)) = [1,p + 4],
h(V(G))\ {ao} = f(E(G)) and h(E(G)) = f(V(G)) \ {ao}, where ag = L%’HJ is the singularity
of two labelings f and h. O

Definition 31. [52] Suppose that a (p, q)-graph G admits an edge-magic graceful labeling f, and
a (q,p)-graph H admits another edge-magic graceful labeling g. If f(E(G)) = g¢g(V(H)) and
fV(GQ)) = g(E(H)), we say that both labelings f and g are ve-inverse from each other, and
both graphs G and H are inverse from each other under the edge-magic graceful labelings. O

I

Definition 32. * Suppose that a graph G admits a Wy-type labeling (resp. coloring) f, and
another graph H admits a Wy-type labeling (resp. coloring) g. If f(E(G)) = ¢g(V(H)) and
f(V(G)) =g(E(H)), we call (f,g) a ve-inverse (Wg, Wy)-type labeling (resp. coloring). O

Definition 33. [52] Suppose that a (p, q)-graph L admits an edge-magic total graceful labeling 0
defined in Definition and a (q,p)-graph S admits an edge-magic total graceful labeling p. If
O(E(L)) =¢(V(S)) and (V (L)) = @(E(S)), we say that both labelings 6 and ¢ are inverse from
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each other, and moreover both graphs L and S are inverse from each other under the edge-magic
total graceful labeling. O

Definition 34. [28] A (p, ¢)-graph G admits a mapping f : V(G) U E(G) — [0,2(p + ¢ — 1)]¢. If
there exists a constant k, such that | f(u) + f(v) — f(uv) |= k for each edge uv € E(G), we call f
an edge-magic even-graceful labeling, and G an edge-magic even-graceful graph. g

Definition 35. [109] An odd-even separable edge-magic (total) labeling f of a (p, q)-graph G is an
edge-magic (total) labeling and holds f(V(G)) = [1,2L + 1]° and f(E(G)) = [2,2M]°. O

Definition 36. [28] If a (p, ¢)-graph G admits a bijection f : V(G) U E(G) — [1,2(p+q) + 1], and
there exists an odd constant k such that |f(u) 4+ f(v) — f(uv)| = k for each edge uv € E(G), we
say f an odd-totally edge-magic graceful labeling, and k an odd magic constant. 0

2.3.2 Parameterized magic-type total labelings

Definition 37. [84] Let G be a connected (p, ¢)-graph. If there are integers k and A (3 0) such
that a proper total labeling f of G from V(G)UE(G) to [1,p+ q] satisfies f(u)+ f(v) = k+ A f(uv)
whenever uv € E(G). Then f is called a (k, \)-magically total labeling (or (k,\)-mtl for short) of
G, k and X are called a magical constant and a balanced number, respectively, and moreover f is
super if the vertex color set f(V(G)) = [1,p], and G is f-saturated if f is no longer a (k, \)-mtl of
G + uv for any uv € E(G), where G is the complement of G. d

Lemma 6. Let G be a connected (p, ¢)-graph admitting a (k, \)-magically total labeling f defined
in Definition 371

(i) Then the complementary labeling h of the labeling f is a (k’, \)-magically total labeling of
G where the magical constant k' = (2 — \)(p+ ¢+ 1) — k; and

(¢) If f is supper, then the partial complementary labeling h of f is a supper (k”, \)-magically
total labeling of G where the magical constant k" =2(p+1) —k —A2p+ ¢+ 1).

Lemma 7. A connected graph G admits a (k, A)-magically total labeling f defined in Definition
if and only if any two incident edges uv and vw of G hold f(u) — f(w) = A\[f(uv) — f(vw)] true.

Lemma 8. Let G be a connected (p, ¢)-graph admitting a supper (k, A)-magically total labeling f
defined in Definition B7. We have:

(1) If k > 0, then A < —1;

(73) Let A be the maximal degree of G, then AA < p — 1;

(17) 3—Ap+q) <k <2(p+q)—A—1; and

(iv) If G is regular, then 2k =2(p+ 1) — A(2p+ ¢+ 1).

Theorem 9. Let G be a connected (p, ¢)-graph possessing a supper (k, \)-magically total labeling
f defined in Definition If A < 2, there then is a graph, H = G + uw, obtained by adding
a new vertex u to G and adjoining v and a certain vertex w of G, such that it admits a supper
(k — X\, M)-magically total labeling.
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Theorem 10. Let A > 1. A graph G admits a supper (k, \)-magically total labeling f defined in
Definition [37]if and only if it admits a supper (k’, —\)-magically total labeling h where the magical
constant k' = k+ A(M +m) for m = min{ f(uv) : uwv € E(G)} and M = max{f(uw) : wv € E(G)},
And f is supper if and only if h is supper too.

Theorem 11. Let G be a connected (p, ¢)-graph admitting a supper (k, A)-magically total labeling
f defined in Definition Then g < [(2p—3)/\], the equality holds if and only if G is f-saturated.

Theorem 12. Every caterpillar admits a supper (k, A)-magically total labeling defined in Definition
B2

Definition 38. * Let G be a connected (p, ¢)-graph. If there are integers k and A\ (# 0) such that
G admits a proper total labeling h : V(G) U E(G) — [1,p + q] holding |h(u) — h(v)| = k + Ah(uv)
for each edge uwv € E(G) true, then we call h a (k, A)-edge-difference magically total labeling of
G, k a magical constant and X\ a balanced number, and moreover f is super if the vertex color set

fFV(G)) = [1,pl. O

Remark 5. It is noticeable: (i) a (k, A)-magically total labeling defined in Definition [37| implies
some edge-magic total labeling defined in Definition [6] and some felicitous-difference total coloring
defined in Definition since f(u) + f(v) =k + Af(uv) is related with f(u) 4+ f(uwv) + f(v) = k
and f(u) + f(v) — f(w) =k as A = —1.

(ii) A (k, \)-edge-difference magically total labeling defined in Definition [38] implies some edge-
magic graceful total labeling defined in Definition some edge-difference magic total coloring and
some graceful ev-difference magic total coloring defined in Definition since |h(u) — h(v)| =
k + Ah(uv) is related with h(uv) + |h(u) — h(v)| = k and !h(uv) —|h(u) = h(v)|| =k as A= —1. ||

2.3.3 Couple edge-magic total labelings

Let G’ be a copy of G, and join a vertex u of G with a vertex v’ of G’ by an edge together, the
resultant graph is denoted by GG’ , called an edge-symmetric graph since GG’ — wu' contains just
two components G and G’ holding G = G’ true. We call GG’ a formally edge-symmetric graph if
u’ is just the imagine vertex of u. An pseudo-edge-symmetric graph GH is obtained by joining a
vertex u of G with a vertex v of H by an edge if G % H.

Definition 39. [78] If there are two constants k* > 0 and k= > 0, a (p,q)-graph G admits a
bijection f: V(G)U E(G) — [1,p + q] such that every edge uv € E(G) holds one of f(u) + f(v) +
fluv) = k™ and |f(u) + f(v) — f(uv)| = k™ true, then we call f a (k™,k™)-couple edge-magic total
labeling ((k*, k™ )-CEMTL for short). O

Definition 40. [78] The dual labeling g of a labeling f defined in Definition isa (v > e
(kb s Ko )-CEMTL (resp. a (e > v)-(kly, knew)-CEMTL) if and only if f is an (e > v)-(kT,k7)-

CEMTL (resp. a (v > e)-(k*, k™ )-CEMTL), where k., = 3(p+q+1)—k* and k,,,, = p+q+1+k~
(see Fig[9).
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Lemma 13. [78] Suppose that 7" is a tree admitting set-ordered graceful labelings. Then there
exists an edge-symmetric tree 7T admitting a super (k*,k™)-CEMTL.

Lemma 14. [78] Suppose that a connected (p,q)-graph G admits an (e > v)-EMGL f with a
magic constant k, there are two vertices w,w’ holding f(w) + f(w’) = p+ ¢+ 1 — k. Then there
exists an edge-symmetric graph GG’ admitting a (k*,k™)-CEMTL.

S NS a, K &’ AP

23 RS

Grcto o e o
6 wdow & & doévo

Figure 9: Left tree admits an (e > v)-(33,0)-CEMTL f, and Right tree admits a (v > e)-(34,1)-CEMTL.

Theorem 15. [78] Let T be a graceful tree. Then there exists an edge-symmetric tree HH'
admitting a super (k*,k™)-CEMTL, where H = TT’, where T is a copy of T and H' is a copy of
H.

Theorem 16. [78] Suppose that both trees T'and H have the same vertex number, T admits an
EMGL, H admits a (v > e)-EMGL (resp. (e > v)-EMGL). Then the pseudo-edge-symmetric tree
TH admits a (k*,k)-CEMTL.

Theorem 17. [78] Suppose that both graphs G and H have p vertices and ¢ edges. G admits
an EMGL f with magic constant k;, and H admits an (e > v)-EMGL g with magic constant k.
If there exist vertices w € V(G) and w’ € V(H) such that f(w) + g(w’) =p+q+1— ki (resp.
f(w)+g(w') =p+q+ 1+ ky), then the pseudo-edge-symmetric graph GH obtained by joining w
with w’ by an edge admits a (k*,k~)-CEMTL, where k~ = 2k1, k* = 2(2p+q) — 1 — 2ko.

Remark 6. Based on our new labelings, we have applied the labeling orders, that is, (e > v)
and (v > e) here in our algorithms for building up network models admitting (k*, k~)-CEMTLSs
((k™, k™ )-couple edge-magic total labelings). However, many EMGLs (edge-magic graceful label-
ings) and (k*, k~)-CEMTLSs have no dual labelings to be EMGLs, or (k*, k™ )-CEMTLs. We point
out that there exist graphs admitting no (k*, %, )-CEMTLs defined in Definition I
So we generalize Definition [39]in the following definition:

Definition 41. [78] If there are two sequences (k;"); = (kI k5 ,..., k) and (k; Vo= (ky kg,
k; ), a (p, q)-graph G admits a bijection f : V(G)UE(G) — [1, p+q| such that every edge uv € E(G)
holds f(u) + f(v) + f(w) =k or |f(u) + f(v) — f(uv)| = k; for some ki, k>, then we call f

a
) 7 )
(k)3 (k;)ﬁ}—couple edge-magic total labeling, rewrite <(k‘+)l, (k; )§)-CEMTL for short. O
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Remark 7. In Definition we can classify the edges of the (p,¢)-graph G into two sets E+ =
{wo: f(u)+ f(v) + f(uw) = &} and B~ = {zy : [f(2) + f(y) - f(wy)| = k; } by the labeling f. So,
f is called a super ((k;")3, (k;)’i)—CEMTL if f(V(G))=[1,p], f an (e > v)-{(k)3, (kj_)t1>—CEMTL
if f(uww) = [f(u) + f(v)] = k; > 0 for each edge uv € E~ (resp. a (v > e)-{(k)3, (k;)1)-CEMTL
if [f(u) + f(v)] = f(uww) = k; > 0 for each edge uv € E~). We have some particular cases: If t =0
(resp. s =0), fis a (k] );-CEMTL (resp. a (k;)ﬁ—CEMTL); ift=0and s =1, fis an EMTL
(edge-magic total labeling); if t = 1 and s = 0, f is an EMGL (edge-magic graceful labeling); if
t=1and s=1, fisa (k™, k™ )-CEMTL.

Let Cemu(G) = min{s + t} over all {(k;")3, (k‘;)ﬁ)—CEMTLS of G. We can confirm: “FEvery
simple graph admits a ((k;")3, (kj_)@-CEM TL”. However, it seems that the work for determining
(k)3 (k;)1)-CEMTLs of simple graphs is not slight, so is for Cenmu(G). I

Figure 10: The complete graph K5 admits two ((k;");

Cemn(Ks5) =3, where (a) ((k")1, (k7)1) = ((12), (5,6)) and (b) ((k)7. (k;)i) = ((25), (2,5)).

, (k:)1)-CEMTLs for illustrating Definition |41} and
3 /1

Definition 42. [78] If a (p, ¢)-graph H admits a mapping f : V(H) — [0, ¢] such that f(z) # f(v)
for any pair of distinct vertices x,y, and E; = {uww € E(H) : |f(u) — f(v)| = i}, ki = |E;| with
1 ki = q, we call f a (k;){-graceful labeling, where (k;)] = (ki1,ko,...,ky). Let Ky = |{k; #
0: i€ [l,q]} and Grace(H) = max{Ky : all (k;){-graceful labelings f of H}. And if Ky =g, [ is
the proper graceful labeling introduced in [7]; if K < g, f is a pseudo-graceful labeling.

2.3.4 Magic-type of labelings, Magic-type of matching labelings

Definition 43. [103] If a (p, q)-graph G admits a proper vertex labeling f : V(G) — [0, q] and
a proper edge labeling f : E(G) — [l,q¢], and there exist two constants k; and k2 such that
() + F(0) = F(uv)] = ky or [f(w) + F(v) — f(uv)] = ks for any edge w € E(G), and [(E(G)) =
[1,q], we call f a (k1, ka)-edge-magic graceful pseudo-labeling (abbreviated as (k1, k2)-EMG pseudo-
labeling). O
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Definition 44. [103] If a (p, ¢)-graph G admits a proper total labeling f : V(G)UE(G) — [1,p+¢],
and there exist two non-negative constants k; and ke with respect to k; < ko, such that each edge
wv € E(G) satisfies |f(u) + f(v) — f(uwv)| = k1 or |f(u) + f(v) — f(uv)| = ke, we call f a (ki,ks2)-
edge-magic graceful total labeling (abbreviated as (ki, k2)-EMGTL). O

Definition 45. [103] If a (p, ¢)-graph G admits a proper total labeling f : V(G)UE(G) — [1, p+4],
and there exist different non-negative integers k; > 0 with i € [1,m], such that every edge uv € E(QG)
satisfies | f(u) + f(v) — f(uv)| = k; for some k;, we call f a (k;)*-edge-magic graceful total labeling
((ki)7-EMGTL for short). O

Definition 46. [45] For a connected (p, ¢)-graph G, if (i) there are different integers k; > 0 with ¢ €
[1,m], such that 0 < k1 < k2 < -+ < ky; (ii) G admits a total labeling f: V(G)UE(G) — [1,p+q],
such that each edge uv € E(G) corresponds a magic constant k; and holds | f(u)+ f(v) — f(uwv)| = k;
true. Then we call f a (k;)"-edge-magic graceful total labeling of G, also, called a generalized
edge-magic total labeling ((k;)7-EMGTL for short). The number E,,.(G) = min{m} over all
(ki)7"-edge-magic graceful total labelings of G is called edge-magic total labeling number, and write
the number K51 (G) = ming{ky,,} over all (k;)]"°-edge-magic graceful total labelings f of G with
moy = Emgtl(G)- O

Definition 47. [53] Let f : V(G) U E(G) — [1,p + q] be a total labeling of a (p, ¢)-graph G. If
there is a constant k such that f(u) + f(uv) + f(v) = k, and each edge uv corresponds another
edge xy holding f(uv) = |f(z) — f(y)| true, then we call f a relazed edge-magic total labeling. [

Definition 48. [53] Suppose that a (p, ¢)-graph G admits a vertex labeling f : V(G) — [0,2q — 1]
and an edge labeling g : E(G) — [1,2p—1]°. If there is a constant k such that f(u)+g(uv)+f(v) =k
for each edge uwv € E(G), and g(E(G)) = [1,2p—1]°, then we call (f, g) an odd-edge-magic matching
labeling. O

Definition 49. [53] Suppose that a (p, ¢)-graph G admits a vertex labeling f : V(G) — [0,2q — 1]
and an edge labeling g : E(G) — [1,2¢q — 1]°, and let s(uv) = |f(u) — f(v)| — f(uv) for wv € E(Q).
If

(i) each edge uv corresponds an edge u'v’ such that g(uv) = |f(u’) — f(v’)];

(ii) and there exists a constant k' such that each edge xy has a matching edge x'y’ holding
s(zy) + s(z'y’) = k' true;

(iii) there exists a constant k such that f(uv) + |f(u) — f(v)| = k for each edge wv € E(G).
Then we call (f,g) an ee-difference odd-edge-magic matching labeling. O

Definition 50. [53] Suppose that a (p, g)-graph G admits a vertex labeling f : V(G) — [0,p — 1]
and an edge labeling g : E(G) — [1,¢|, and let s(uv) = |f(u) — f(v)| — g(uv) for uwv € E(G). If
there are:

(i) each edge uv corresponds an edge u’v’ such that g(uv) = |f(u') — f(v")| (resp. g(uv) =

p—If(u') = f0)]);
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(ii) and there exists a constant k” such that each edge xy has a matching edge x'y’ holding
s(zy) + s(z'y’) = k" true;

(iii) there exists a constant k such that |f(u) — f(v)| + f(uv) = k for each edge uv € E(G);

(iv) there exists a constant k' such that each edge uv matches with one vertex w such that
f(uww) + f(w) = k', and each vertex z matches with one edge xy such that f(z) + f(xy) = k',
except the singularity f(xo) = 0.

Then we name (f, g) an ee-difference graceful-magic matching labeling (Dgemm-labeling) of G, and
G is called a Dgemm-graph. O

Definition 51. [53] Let U be a universal graph, and its two subgraphs G, H of U hold E(G) N
E(H) = 0 and V(U) = V(G)UV(H) true. If E(U) = E(G) U E(H), both G and H are
U-complementary from each other, and moreover we call G to be self-matching (resp. self-
complementary) if G is isomorphic to H, that is, G = H. g

Remark 8. In Definition G is a public-key, and H is a private-key, U is a topological authen-
tication is G and H both are U-complementary from each other. We say that G and H both are
k-vertez-coinciding for k = V(G) NV (H). I

2.3.5 Edge-magic total-even/total-odd graceful labelings

Definition 52. [91] Let G be a connected (p, ¢)-graph. If there are a fixed even-magic constant k
and a fixed odd-magic constant k*:

(i) G admits a labeling f : V(G) U E(G) — [0,2(p + g — 1)]°, such that each edge uwv € E(G)
holds |f(u) 4+ f(v) — f(uv)| = k true, then f is called an edge-magic total-even graceful labeling;

(ii) G admits a labeling a : V(G) U E(G) — [1,2(p + q) — 1]°, such that each edge uv € E(G)
holds |a(z) + a(y) — a(xy)| = k* true, then f is called an edge-magic total-odd graceful labeling.

Moreover, if G is a bipartite graph with bipartition (X, Y"), such that max f(V(G)) < min f(E(Q))
and max f(X) < min f(Y), we call f a set-ordered super edge-magic total-even (resp. total-odd)
graceful labeling. O

Definition 53. [91] Suppose that F(H) = E(G) U E(T) with E(G) N E(T) = ( for a (p, q)-graph
H and its two subgraphs G and T'. If the (p, q)-graph H admits a labeling f: V(H)UE(H) —
[0,2(q¢ — 1)] such that

(i) there exists a constant k, |f(u) + f(v) — f(uv)| = k for each edge uv € E(G), and both f(u)
and f(v) are even;

(ii) each edge zy € E(T') induces an odd f*(zy) = |f(z) — f(y)|;

(iii) [f(E(G)] + [f*(E(T))] = q.

Then we call f an odd-even-edge bi-labeling, and k an odd-even-edge even-magic constant. ([l

Definition 54. [29] A generalized d,,-uniformly lobster 7" is a lobster and has a main path P =
apajas - - - ap, such that the distance d(z, P) between any leaf x and the main path in T is just
m, that is, d(z,P) = m. Let p = |V(T)| and ¢ = |E(T)|, so ¢ = p — 1. If there are two
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positive integers A, u, T admits a total labeling f : V(T) U E(T) — [0,p + ¢ — 1] holding (1)
f(a;) + flaiair1) + f(aiv1) = A for a;a;1 € E(P); and (2) for each path P,, = ajzixe - 2y C
T — E(P), we have

m m—1
flai) + flaiwn) + Y fl@) + Y flmiwip) = p
i=1 i=1
then we call f a (A, u)-magic total labeling of the generalized d,,,-uniformly lobster T O

Theorem 18. [29] By Definition each generalized d,,-uniformly lobster admits a (A, u)-magic
total labeling for some pair of two positive integers A and p.

2.4 Parameterized harmonious labeling

Gallian [7] extended the notion of harmoniousness to arbitrary finite Abelian groups as follows.
Let G be a (p,q)-graph and let H be a finite Abelian group (under addition) of order g. Define
G to be H-harmonious if there is an injection f : V(G) — H such that the resulting edge colors
f(zy) = f(x) + f(y) for edge vy € E(G) are distinct. Motivated from Gallian’s H-harmonious
labeling, we define:

Definition 55. [74] A (k,d)-harmonious labeling of a (p,q)-graph G is defined by a mapping
h:V(G) = [0,k + (¢ — 1)d] with k,d > 1, such that f(z) # f(y) for any pair of vertices z,y of G,
h(u) + h(v) (mod*qd) means that h(uv) —k = [h(u) + h(v) — k](mod ¢d) for each edge uv € E(G),
and the edge color set h(E(G)) ={k,k+d,...,k+ (¢ —1)d}. O

k+3d d
GD\ CP C:P k+§3\ N 4+38 +7 d(P k+32+3d
%‘:))7 ‘(3:9 O—H%dkéi 4(:3 OE )—k+4aq¢\/o k

1 k+5d ]“\'Gd k+2d k+4d 4 /xbb
Qb ©) k6d O 20O i o
kibd  k¥6d
(@) (b) (mod™ 7d) (©)

Figure 11: (a) and (b) are a procedure of obtaining a (k,d)-harmonious labeling of a caterpillar T'; (c)
adding leaves to the caterpillar T

Remark 9. Harmonious graphs naturally arose in the study by Graham and Sloane [19] of modular
versions of additive bases problems stemming from error-correcting codes. I

Definition 56. [7] For a (p, q)-graph G admitting a labeling f, we have f(V(G)) = {f(u) tu €
V(G)} with f(x) # f(y) for distinct vertices z,y € V(G) and f(E(G)) = {f(uv) : wv € E(G)}.

There are the following constraint conditions:
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Figure 12: A lobster H obtained by adding leaves randomly to the tree T shown in Fig[ll] admits a
(k, d)-harmonious labeling, cited from [74].

(C1) F(V(G) S [0.a—1];
(C-2) f(V(G)) €[0,q];
(C-3) fuwv) = f(u) + F(v) (mod g) and F(E(G)) = [0,q — 1];
(C-4) f(uv) = f(u) + f(v) and F(E(G)) = [e,e+ g 1];
(C-5) f(V(GQ))C[k—1,k+2q¢—1] with k£ > 1;
(C-6) f(V(G))C[k—1,k+2q—2] with k> 1;
(C-7) f(uv) = f(u)+ f(v) +¢€, where e = 0 for even f(u)+ f(v), and e = 1 for odd f(u)+ f(v);
(C-8) f(uv) = f(u) + f(v) (mod 2¢gk) with k > 1;
(C-9) F(E(Q)) = [2k, 2k + 2¢ — 2]° with k > 1; and
(C-10) f(B(G)) = [2k — 1,2k + 2¢ — 3]° with k > 1.
We call f:

Harmo-1. A harmonious labeling if (C{I]) and (C43) hold true, it allows that there exists at most
an edge wv satisfies f(u) = f(v) if G is a tree.

Harmo-2. A strongly c-harmonious labeling if (C and (C hold true.

Harmo-3. An even sequential harmonious labeling if (CJ5]) with k = 1, (C{7)), (Cf) with k =1
and (C{9) with k& = 1 hold true.

Harmo-4. A k-even sequential harmonious if (C{5), (C{7)), (Cf8) with £ > 1 and (C{9) with
k > 1 hold true.

Harmo-5. An odd-harmonious labeling if (C{6)) with k& = 1 and (C{10)) with ¥ = 1 hold true.

Harmo-6. A strongly odd-harmonious labeling if (C and (C with k£ = 1 hold true.

Harmo-7. An even-harmonious labeling if (C{5) with k =1 and (C{9) with k = 0 hold true. O

Definition 57. [74] Suppose that each graph T; of ¢ edges with ¢ = 1,2 admits an (resp. even)odd-
harmonious labeling f; defined in Definition [56] If f1(V(131))U fo(V (T2)) = [0,2¢], and | f1(V(T1)) N
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f2(V(Tz))| = s, we say T} and T; to be an (resp. even)odd-harmonious s-matching pair, the vertex-
coinciding graph ©4(T1,T») is a topological authentication. O

Theorem 19. [74] A tree T has its own vertex set bipartition V(T) = X UY with X NY = 0,
where X = {z1,2z9,...25} and Y = {y1,y2,... %}, p = |V(T)| = s +t. Suppose that T" admits a
set-ordered graceful labeling f such that f(z;) =i —1 with i € [1,s], and f(y;) = s — 1+ j with
J € [1,t], so max f(X) < min f(Y). Hence, this tree 7" admits each of the following harmonious
labelings:

(E-1) A harmonious labeling g, is defined as: g¢i(x;) = f(x;) with @ € [1,s], and g1(y;) =
fyi—jr) with j € [1,t], and gi(xiy;) = g1(z:) + 91(yj) = f(@i) + f(ye—jr1) = fy;) — f(x) +
2f(z:) + f(yr—j+1) — f(y;)-

(E-2) An even-harmonious labeling go is defined in the way: go(x;) = 2f(z;) with ¢ € [1, s, and
92(y;) = 2f (yt—j+1) with j € [1,¢].

(E-3) An odd-harmonious labeling g3 is defined as: g3(z;) = 2f(x;) with ¢ € [1, 5], and g3(y;) =
2f(ye—j+1) — 1 with j € [1,1].

(E-4) A k-even sequential harmonious labeling g4 is defined by: For k > 1, g4(z;) = 2k - f(x;)
with i € [1,s], and g4(y;) = 2k - f(yi—j+1) with j € [1,¢].

(E-5) A strongly c-harmonious labeling g5 is defined by gs(x;) = f(x;) with ¢ € [1,s], and
95(y;) = f(yr—j+1) with j € [1,].

(E-6) Under the condition |s — t| = 1, a strongly odd-harmonious labeling g¢ is defined as:
g6(z;) = 2f(z;) with ¢ € [1, 5], and g6(y;) = 2f (y¢—j+1) — 1 with j € [1,¢].

(E-7) A (k,d)-harmonious labeling g7 is defined by g7(x;) = f(x;)-d with i € [1, s], and g7(y;) =
k+ f(yt_j+1) -d with j € [1,t]. ]

Definition 58. [74] A (k,d)-harmonious labeling h of a (p,q)-graph G is defined by a mapping
h:V(G) = [0,k + (¢ — 1)d] with k,d > 1, such that h(x) # h(y) for any pair of vertices x,y of G,
h(u) 4+ h(v)(mod* qd) means that h(uv) —k = [h(u) 4+ h(v) — k](mod ¢d) for each edge uwv € E(G),
and the edge color set h(E(G)) = {k,k+d,...,k+ (¢ —1)d}. O

2.5 Topsnut-matchings

Let G be a (p, q)-graph, and let f be a coloring (resp. labeling) defined as f : X — M, where X
is a subset of V(G) U E(G), and M C Z°. We call this colored graph G a Topsnut-gpw. Let O, be
an operation defined on graphs. If each graph G,, of a graph sequence {G,}_, can be produced
from G,,_1 by the operation O,, and Gy is not generated by doing the operation O, to some graph,
then we call G,, a recursive O,-graph and Gy a O,-root, as well as O, a recursive operation. Let [
stand up a lock (authentication), k be a key (password), and h be the password rule (a procedure
of authentication). The function | = h(k) represents the state of “a key k opens a lock [ through
the password rule h, and call directly | = h(k) a Topsnut-gpw.

It is not hard to show that each lobster admits a (k,d)-harmonious labeling with £ > 1 and
d > 2. Thereby, we can use (k,d)-harmonious labelings of graphs to design more complicated
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Topsnut-gpws. Let {(k;,d;)} be a sequence obtained from two sequences {ki,ko,...,k,} and
{di,da,...,d,}. We have a Topsnut-gpw set

F(k;,d;) ={G: G admits a (k;, d;)-harmonious labeling}

for each matching (k;,d;) with ¢ € [1,n]. There are random Topsnut-chains Gi,,Gi,,...,G;, with
Gi; € U=, F(ki, d;), such that we can apply them to encrypt more objects once time.

One want to look for all odd-graceful labelings of a (p,¢q)-graph G admitting an odd-graceful
labeling. An odd-graceful labeling of the Topsnut-gpw G may determine some matching Topsnut-
gpws H admitting matching odd-graceful labelings:

Definition 59. [74] A k-matching odd-graceful labeling g of an odd-graceful labeling f of a (p, q)-
graph G is a vertex labeling defined on another graph H as: g : V(H) — [0,2q — 1], every edge
wv € E(H) has its color g(uv) = |g(u) — g(v)| holding g(E(H)) = [1,2¢ — 1]° true, such that
fV(G@)uUg(V(H)) = [0,2¢ — 1] with |f(V(G)) Ng(V(H))| = k > 0. We call H admitting a
k-matching odd-graceful labeling as a Topsnut-matching of G. O

In general, a Topsnut-gpw G made by an odd-graceful labeling may have two or more Topsnut-
matchings. Let G' be an (a pan-)odd-graceful graph with vertices vy, ve, ..., v,. If each vertex v;
of G matches with an (a pan-)odd-graceful graph H; with ¢ € [1,p] such that there exists an odd-
graceful Topsnut-matching @1 (G, H;)] obtained by vertex-coinciding the vertex v; with some vertex
of H; into one, these two vertices have been labeled with the same labels. We say ©1(G, H;)} a
(pan-)odd-graceful Topsnut-matching team (see an example shown in Fig. Moreover, ®1(G, H;)}
is called a uniformly (pan-)odd-gracefully Topsnut-matching team if H; = H; for i # j.

2 *?? oo x{f xe %”*36

&4@M@5 Lol };Z@g@ I
ﬁ%«hjf {751

6 ?“ﬁ”“@— 71@

BUECSINGE o g

Figure 13: Two odd-graceful Topsnut-matching teams 1 (G2, H2,;)! and ©1(Gs, Hs;)7, cited from [92].

Theorem 20. [92] Each caterpillar G of p vertices has an (a pan-)odd-graceful Topsnut-matching
team ©1(G, H;)}.
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Definition 60. [74] A k-sequential odd-graceful labeling h : V(G) — [k,2q — 1 + k] such that each
induced edge color h(uv) = |h(u) — h(v)| for uwv € E(G) holds h(E(G)) = [1,2q — 1]°. O

Theorem 21. [76] Let G be a bipartite graph with the bipartition (X,Y), and let f be a labeling
V(G) — {0,1,2,...} such that f(u) # f(v) for all distinct vertices u,v € V(G), and f(zy) = f(y)—
f(z) > 1 for each edge zy € E(G) with x € X and y € Y. Write f(V(G)) = {f(w) : w € V(G)}.
Then we have

(1) The bipartite graph G admits a labeling g1 induced by f such that g;(u) # g1(v) for distinct
vertices u,v € V(G), and ¢1(z) + g1(y) = max f(V(G)) + min f(V(G)) — f(zy) for each edge
2y € E(G) withx € X and y €Y.

(73) For all values of positive integers d and k, the bipartite graph G admits a labeling g2 such
that ga(u) # g2(v) for all distinct vertices u,v € V(G), and g2(y) — g2(x) = k+ d - f(zy) for each
edge zy € F(G) withz € X andy € Y.

(731) There are a labeling g3 and a constant A > 0 such that gs(u) # g3(v) for all distinct vertices
u,v € V(G), and g3(x) + g3(zy) + g3(y) = A for each edge 2y € E(G).

(iv) The bipartite graph G admits a labeling g4 such that g4(u) # g4(v) for all distinct vertices
u,v € V(G), and g4(z) + g4(y) = k + d - [max f(V(G)) + min f(V(G)) — f(zy)] for each edge
xy € E(G) withzx € X and y €Y.

Remark 10. Suppose that a (p, ¢)-graph G contains two subgraphs G; and G2 such that V(G1) N
V(G2) = {w1,we,...,w,} and E(G) = E(G1) U E(G3) with E(G1) N E(Gs) = 0, we by G =
®n(G1,G2) denote G, and call G a n-vertez-coincided graph (n-vi-(p, q)-graph). Moreover, we call
G a uniformly n-vertez-coincided (p, q)-graph (uniformly n-vi-(p, ¢)-graph) if |[E(G1)| = |E(G2)]| in
[102]. Obviously, every tree is a 1-vi-tree. I

Definition 61. [102] Suppose that a 1-vi-(p,q)-graph G = ©®1(G1,G2) admits a mapping f:
V(G) — [0, ¢] such that

(i) f(x) # f(y) for any pair of vertices z,y € V(G);

(ii) f is an odd-graceful labeling of G1;

(iii) f : V(G2) — [0,2|E(G2)|] such that the edge color set f(E(G2)) = {f(uv) = f(u) +
fw) (mod 2|E(G2)|) : wv € E(G2)} = [1,2|E(G2)| — 1]°.
Then G is called a complementary edge-odd-graceful 1-vi-(p, q)-graph (a CEOG 1-vi-graph for short),
f a complementary edge-odd-graceful labeling (a CEOG-labeling) of G. U

Remark 11. We have the following particular graphs:

CEOG-1. [102] If a uniformly 1-vi-(p,q)-graph G = ©1(G1,G2) admits a CEOG-labeling f,
where (1 is an odd-graceful graph. Then Gy is called an E-lock-graph, and G5 is called an E-key-
graph of Gy.

CEOG-2. [102] Let G, be a (pj;, gj)-graph with j = 1,2. A graph G is obtained by identifying
a vertex x;1 of G with another vertex x;o of Gy into one vertex x; (denoted as x; = z;1 © ;2
hereafter) for ¢ € [1,m], and call these vertices z1, xa, ..., T, the identification-vertices. Write
G = On(G1,Gs), and called it an m-identification graph. So, G = ©n,(G1,G2) has p1 + pa — m
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vertices and ¢ + ¢o edges. Conversely, we can vertex-split the identification-vertex x; into two
vertices ;1 and x; 2 (called splitting-vertices), so G can be split into two vertex-disjoint subgraphs
G1 and GQ.

CEOG-3. [102] For two connected (p;, q)-graphs G; with i = 1,2, and p = py; + p2 — 2, if the
2-identification (p, q)-graph G = ©®2(G1, G2) admits a mapping f: V(G) — [0, — 1] such that

(i) f(x) # f(y) for any pair of vertices z,y € V(G);

(ii) f is just an odd-elegant labeling of G; with i = 1, 2.

Then we say G a twin odd-elegant graph (a TOE-graph), f a TOE-labeling, G1 a TOE-source
graph, Go a TOE-associated graph, and (G1,G2) a TOE-matching pair.

CEOG-4. [102] Let T; be a tree of order n with ¢ = 1,2. If the 2-identification tree G =
®2(T1,Ty) admits a mapping f : V(Gr) — [0,2n — 3] such that

(i) f(x) # f(y) for any pair of vertices z,y € V(Gr);

(ii) f is an odd-elegant labeling of T; with i = 1, 2.

Then Gr is called a twin odd-elegant tree (a TOE-tree), f a TOE-labeling, and T a TOE-source
tree, and Ty a TOFE-associated tree of T1. Furthermore, we say 17 a TOE-source self-associated tree
if T is isomorphic to T5. I

Definition 62. [119] Suppose that a (p, ¢)-graph G admits a mapping f : V(G)UE(G) — [1,p+(]
such that f(u) # f(v) for distinct vertices u,v € V(G), and each edge color f(uv) for uv € E(G)
is defined as f(uv) = |f(u) — f(v)| + k (mod p + q) for some integer k € Z% \ {0}, and the set of
all edge colors is equal to [1,p + ¢, we call f a Module-k super graceful labeling. O

@—9?25?—64 Ci%gfﬁ?\: 15—(7)
® © o ® &
(a) (b)

Figure 14: (a) A module-0 super-graceful labeling; (b) a module-2 odd-elegant labeling.

Definition 63. [119] Suppose that a (p, ¢)-graph G admits a mapping f : V(G) — [0,2q — 1] such
that f(u) # f(v) for distinct vertices u,v € V(G), and each edge color f(uv) for uv € E(G) is
defined as f(uv) = f(u) + f(v) +k (mod 2q) for some integer k € Z°\ {0}, and the set of all edge
colors is equal to [1,2q — 1]° or [2,2q]¢, we call f a Module-k odd-elegant labeling and G an Module-
k odd-elegant graph. Moreover, if (V1,V3) is the bipartition of G, and the Module-k odd-elegant
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labeling f obeys max{f(u): v € Vi} <min{f(v): v € Va}, then we call f a set-ordered Module-k
odd-elegant labeling, and write this case as max f(V1) < min f(V2). O

Definition 64. [119] Let G be a (p, q)-graph and admit a mapping g : V/(G) — [0, 2¢ — 1] such that
g(u) # g(v) for distinct vertices u,v € V(G), and each edge color g(uv) for uv € E(G) is defined
as g(uv) = |g(u) — g(v)| + k (mod 2q) for even k.

(1) If the edge color set g(E(G)) = {g(uwv) : wv € E(G)} = [1,2q—1]°, we call g an edge module-
k odd-graceful labeling (Em(k)og-labeling) and G an edge module-k odd-graceful graph (Em(k)og-
graph). Especially, G is odd-graceful when k = 0.

(2) If G is a bipartite graph with its bipartition (V1, Va), such that an Em(k)og-labeling g holding
max{g(u) : u € Vi} < min{g(v) : v € Va}, then we call g a set-ordered Em(k)og-labeling, and
write this case as max g(V1) < min g(V3). O

Definition 65. [119] Let G, be a (pj, ¢j)-graph with j = 1,2, and let p = p1+p2—1 and ¢ = ¢1 +¢o.
If the (p, q)-graph G = ®(G1, G2) admits a mapping f: V(G) — [0, q] such that

(i) f(x) # f(y) for any pair of vertices z,y € V(G);

(ii) f is an Em(k)og-labeling of Gy;

(iii) the edge color set

FE(Gi)) = {f(wo) = [f(u) = f(v)| + k (mod 2¢) : wv € E(Gi)} = [1,2¢ — 1]

for some even integer k and ¢ = 1, 2.
Then we call G a twin edge module-k odd-graceful graph (twin Em(k)og-graph), f an Em(k)og-
labeling, G1 a source graph, and Go an associated graph. ]

Definition 66. [110] Suppose that a connected (p, ¢)-graph G admits a set-ordered graceful labeling
f defined in Definition |5 and V(G) = X UY such that there exist an integer M > 0 and another
labeling ¢ defined by g(z) = f(x) for z € X and ¢(y) = f(y) + M with y € Y. If g(E(G)) =
[1,s]U[s+ 1+ M,q], then f is called an edge-ordered graceful labeling of G, and G an edge-ordered
graceful graph. O

Definition 67. [I10] Suppose that a connected (p, ¢)-graph G admits a set-ordered graceful labeling
f defined in Definition |5| and V(G) = X UY such that there exist an integer M > 0 and another
labeling ¢ defined by g(z) = f(x) for z € X and ¢(y) = f(y) + M with y € Y. If g(E(G)) =
[1,2s —1JU[2(s+ M) — 1,2q — 1], then we call f an edge-ordered odd-graceful labeling of G, and G
an edge-ordered odd-graceful graph. O

Definition 68. [37,32] Let G be a (p, q)-graph.

(1) If there is an injection of f : V(G) — [0,2¢ + 1]° such that the edge color set {f(uv) =
|f(u) = f(v)|—1: wv € E(G)} =[1,2q — 1]°, f is called an all odd-graceful labeling of G.
(2) G is called a super odd-graceful graph if there is a bijective function f with f(V(G)UE(G)) =
[1,2(p+ q) — 1]°, such that edge color f(uv) = |f(u) — f(v)| — 1 for each edge uv € E(G).
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(3) G is called a super odd-elegant graph if there is a bijective function f with f(V(G)UE(G)) =
[1,2(p 4+ q) — 1]°, such that each edge uwv € E(G) holds f(uv) = f(u) + f(v) (mod M) with
M =2p+3¢—1. 0

Definition 69. [I01] Let G be a (p, q)-graph.

New-1. Suppose that G admits a mapping f : V(G) — [0, 2q] such that f(u) # f(v) for distinct
vertices u,v € V(G), and the edge color set {f(uv) = |f(u) — f(v)| : wv € E(G)} = [1,2q — 1]°,
then we call f an edge-odd-graceful labeling, and G an edge-odd-graceful graph.

New-2. Suppose that the graph G = H ® (G})}}_, obtained by coinciding a vertex u;, of each
graph G}, with a vertex xp € V(H) = {z1,22,...,2,} is a multiple-vertices graph and admits a
mapping f : V(G) — [0, g], such that
(i) f(z) # f(y) for any pair of vertices z,y € V(G);

(ii) f is an edge-odd-graceful labeling of H;
(iii) f is an edge-odd-graceful labeling of Gy, for k € [1,n].

Then we call G an edge-odd-multiple graph, f an edge-odd multiple labeling, and H a base, and
each Gy with k € [1,n] a seed. O

Definition 70. [52] A (p, ¢)-graph G admits an edge-odd-graceful total labeling h when h : V(G) —
[0,g — 1] and h : E(G) — [1,2q — 1]° such that {h(u) + h(uwv) + h(v) : wv € E(G)} = [a,b] with
b—a+1=gq. O

Definition 71. (i) [101] If f holds the edge color set {f(uv) = |f(u) — f(v)| : wv € E(G)} #
[1,2¢—1]° in Definition [70] then we call f a blemished (edge-)odd-graceful labeling, and G a blemished
(edge-)odd-graceful graph.

(ii) [101] In Definition [69] if each graph Gy with k € [1,|V(H)|] admits a set-ordered edge-odd-
graceful labeling, then G = H © (Gj)}_, with n = |[V(H)| is called an set-ordered multiple-vertices

(p, q)-graph, so we call G a set-ordered-uniformly mv-(p, q)-graph, f a set-ordered edge-odd multiple
labeling of G.

2.6 Labelings and perfect matchings

2.6.1 Labelings on graphs having perfect matchings

Definition 72. [32] Let G ba a (p, q)-graph with a perfect matching M, and “AM” =arithmetic
matching.

M-1. If G admits a super graceful labeling h holding h(u) 4+ h(v) = 3¢ 4+ 2 for each matching
edge uv € M, then h is called an AM-super graceful labeling.

M-2. If there is an injection h : V(G) — [0,2q + 1]° such that the edge color set {h(uv) =
|h(u) — h(v)] =1 :w € E(G)} = [1,2q — 1]°, then h is called an all-odd graceful labeling of G.
Moreover, if h holds h(u)+h(v) = 2(q+1) for each matching edge uv € M, we call h an AM-all-odd
graceful labeling.
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M-3. G is called a super odd-graceful labeling if h(V(G)U E(G)) = [1,2(4q + 1)]° with h(uv) =
|h(u) — h(v)| — 1 for each edge uwv € E(G). Moreover, if h holds h(u) + h(v) = 2(3¢ + 1) for each
matching edge uv € M, we call h an AM-super odd-graceful labeling.

M-4. If G is a bipartite graph with the bipartition (X, Y’), and G is said to be a super odd-elegant
graph if there is a mapping h holding h(V(T) U E(T)) = [1,2(4q + 1)]° with h(uv) = h(u) + h(v)
(mod M*) for uv € E(T), where the constant M* = 2p + 3¢ + (| X| — |Y'|). Moreover, h is called
an AM-super odd-elegant labeling if h holds |h(u) — h(v)| = g + 1 for each matching edge uv € M.

M-5. If G admits one modulo three graceful labeling h holding h(u) + h(v) = 3¢ — 2 for each
matching edge uv € M, then we call h an AM-one modulo three graceful labeling.

M-6. If G admits a Skolem-graceful labeling h holding h(u) 4+ h(v) = ¢ + 2 for each matching
edge uv € M, then h is called an AM-Skolem-graceful labeling.

M-7. If G admits an odd-even graceful labeling h holding h(u) + h(v) = 2(q + 1) for each
matching edge uv € M, then h is called an AM-odd-even graceful labeling.

M-8. If G admits a k-graceful labeling h holding h(u) + h(v) = k+ ¢ — 1 for each edge uv € M,
then h is called an AM-k-graceful labeling. O
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Figure 15: Examples for understanding Definition cited from [32].

There are examples shown in Fig for understanding Definition (a) An AM-super graceful
labeling; (b) an all-odd graceful labeling; (c) an AM-all-odd graceful labelinga; (d) a super odd-
graceful labeling; (e) an AM-super odd-graceful labeling; (f)a super odd-elegant labeling; (g) an
AM-super odd-elegant labeling; (h) a one modulo three graceful labeling; (i) an AM-Skolem-graceful
labeling; (j) an AM-odd-even graceful labeling; (k) an AM-k-graceful labeling.

In Fig and Fig (a) a strongly set-ordered graceful labeling; (b) an AM-set-ordered super
graceful labeling; (c) an AM-set-ordered all-odd graceful labeling; (d) an AM-set-ordered super
odd-graceful labeling; (e) an AM-set-ordered super odd-elegant labeling; (f) an AM-set-ordered
one modulo three graceful labeling; (g) an AM-set-ordered Skolem-graceful labeling; (h) an AM-
set-ordered odd-even graceful labeling; (i) an AM-k-graceful labeling.
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Figure 16: More examples for understanding Definition cited from [32].

Theorem 22. [32] A leaf-matching (p,q)-tree T contains a perfect matching M such that each

matching edge has an end of degree one. Then we have the following pairwise equivalent assertions:
(i) T admits a strongly set-ordered graceful labeling;

ii) T admits an AM-set-ordered super graceful labeling;

iii) T admits an AM-set-ordered all-odd graceful labeling.

iv) T admits an AM-set-ordered super odd-graceful labeling;

v) T admits an AM-set-ordered super odd-elegant labeling;

vi) T admits an AM-set-ordered one modulo three graceful labeling;

vii) T admits an AM-set-ordered Skolem-graceful labeling;

viii) T admits an AM-set-ordered odd-even graceful labeling; and

ix) T admits an AM-k-graceful labeling.

2.6.2 Parameterized labelings on trees having perfect matchings

Definition 73. [35], 36] Let T" be a (p, ¢)-tree having a perfect matching M, and let Sy_1 4 =
{k,k+d,...,k+ (¢ — 1)d} for integers k > 1 and d > 1. Suppose that each leaf of T is an end
of some matching edge of M, and M (L) is the set of all leaves of T', and furthermore the graph
T — M (L) obtained by deleting all leaves of T is just a tree having k = |V(T'— M (L))| vertices.
(1) [35] Suppose that T admits an odd-elegant labeling fi. If | f1(u)— fi(v)| = 1 for each matching
edge uv € M holds true, and the elements of fi(E(M)) form an arithmetic progression having | M |
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Figure 17: Another group of examples for understanding Definition cited from [32].

terms with the first term 1 and the common difference 4. Then we say f1 an arithmetic matching
odd-elegant labeling (AM-odd-elegant labeling) of T, and T is an AM-odd-elegant graph.

(2) [35] Suppose that T" admits a super felicitous labeling fa. If |fa(u) — fa(v)| = k for every
matching edge uv € M, we call fo an arithmetic matching super felicitous labeling (AM-super
felicitous labeling) of T, and T an AM-super felicitous graph.

(3) [35] Suppose that T" admits a super edge-magic graceful labeling fs. If |f3(u) — f3(v)| = k
for each matching edge uv € M, and the elements of f35(E(T)) produce an arithmetic progression
having |M| terms with the first term p + 1 and the common difference 2. Then we call f3 an
arithmetic matching super edge-magic graceful labeling (AM-super edge-magic graceful labeling) of
T, and T an AM-super edge-magic graceful graph.

(4) [36] Suppose that T admits a super edge-magic total labeling fi. If |fa(u) — fa(v)| = k
for each matching edge uv € M, and the elements of fy(E(T)) yield an arithmetic progression
having | M| terms with the first term 2p — 1 and the common difference —2. Then we call f; an
arithmetic matching super edge-magic total labeling (AM-super edge-magic total labeling) of T, and
T an AM-super edge-magic total graph. O

Definition 74. [36] Let integers k,d > 0.

(1) Suppose that T" admits a super (k,d)-edge antimagic labeling g defined in Definition (7} If
lg(u) — g(v)| = k for each matching edge uv € M, and

(i) the elements of g(E(T)) produce an arithmetic progression having |M| terms with the first
term p 4+ 1 and the common difference 2;

(ii) g(u) + g(v) = b; forms a sequence {b;} being an arithmetic progression having |M| terms
with the first term k£ 4 2 and the common difference 2, where n = |M|.
Then we call g an arithmetic matching super (k,d)-edge antimagic total labeling (AM-super (k,d)-
edge antimagic total labeling) of T, and T an AM-super (k,d)-edge antimagic total labeling graph.

(2) Suppose that T' admits a (k,d)-arithmetic labeling h defined in Definition If |h(u) —
h(v)| = k for each matching edge uv € M, and the elements of h(E(T)) produce an arithmetic
progression having |M| terms with the first term k& and the common difference 2d. Then we call
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h an arithmetic matching (k, d)-arithmetic labeling (AM-(k,d)-arithmetic labeling) of T', and T' an
AM-(k,d)-arithmetic graph. O

Definition 75. [38] Let T be a (p, ¢)-tree having a perfect matching M, and let S;_; g = {k, k+
dy....k+(q—1d}, Sy g={kk+2d,....k+2(q—1)d}, S{,={k,k+d,....k+ (p+q—1)d}
for integers £ > 1 and d > 1. Suppose that each leaf of T" is an end of some matching edge of M,
and M (L) is the set of all leaves of T', and furthermore the graph 7' — M (L) obtained by deleting
all leaves of T' is a tree having ¢ = |V(T'— M (L))| vertices. AM is the abbreviation of “arithmetic
matching”.

S-1. An AM-(k,d)-totally odd (resp. even) graceful labeling f of G holds f(V(G)) C [0,k +
2(q — 1)d], f(x) # f(y) for distinct vertices z,y € V(G) and f(E(GQ)) = {|f(u) — f(v)] : wv €

E(G)} = S} 4 Meanwhile, f(u) + f(v) = k + 2(q — 1)d for each matching edge uv € M.

S-2.  An AM-(k,d)-felicitous labeling f of G holds f(V(G)) C [0,k + (¢ — 1)d], f(z) # f(y)
for distinct vertices z,y € V(G) and f(FE(G)) = {f(uv) = f(u) + f(v) (mod ¢d) : wv € E(G)} =
Sq—1,k,4; and furthermore, f is super if f(V(G)) = [0, (5 —1)d]U[k+pd/2,k+ (p—1)d]. Meanwhile,
|f(u) — f(v)| =k + cd for each matching edge uv € M.

S-3.  An AM-(k,d)-edge-magic total labeling f of G holds f(V(G)UE(G)) C [0,k+ (p+q—1)d]
such that f(u) + f(v) + f(uv) = a for any edge wv € E(G), where the magic constant a is a
fixed integer; and furthermore, f is super if f(V(G)) = [1,pd/2] U [k + pd/2, k + qd]. Meanwhile,
|f(u) — f(v)] = k + (¢ — 1)d for each matching edge uv € M and the elements of f(E(T")) yield
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Figure 19: For illustrating Definition [73| and Definition (a) An AM-odd-elegant labeling; (b) an AM-
super felicitous labeling; (¢) an AM-super edge-magic graceful labeling; (d) an AM-super (| X|+p+3, 2)-edge
antimagic total labeling; (e) an AM-super edge-total graceful labeling; (f) an AM-(k, d)-arithmetic labeling.

an arithmetic progression having |M| terms with the first term k& + 2(p — 1)d and the common
difference —2d.

S-4. An AM-(k,d)-edge-magic graceful labeling f of G holds f(V(G)UE(G)) C [0, k+(p+q—1)d]
such that | f(u) + f(v) — f(uv) |= a for any edge uv € E(G), where the magic constant a is a
fixed integer; and furthermore, f is super if f(V(G)) = [1,pd/2] U [k + pd/2,k + qd]. Meanwhile,
|f(u) — f(v)] = k+ (¢ — 1)d for each matching edge uv € M and the elements of f(E(T)) yield an
arithmetic progression having |M| terms with the first term k& + pd and the common difference 2d.

S-5. Suppose that 7" admits a (k, d)-arithmetic f. If |f(u) — f(v)| = k for each matching edge
wv € M, and the elements of f(FE(T')) produce an arithmetic progression having |M| terms with
the first term &k and the common difference 2d. Then we call f an AM-(k,d)-arithmetic labeling of
T.

S-6. An AM-(k,d)-totally odd (resp. even)-elegant labeling f of G holds f(V(G)) C [0,k+2(q—
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1)d], f(u) # f(v) for distinct vertices u,v € V(G), and f(E(G)) = {f(uv) =
f(v)| = k for each matching edge uv € M and the

2qd) : wv € E(G)} = 5 ;. Meanwhile, |f(u) —

f(u)+f(v) (mod k+

elements of f(E(T)) yield an arithmetic progression having |M| terms with the first term & and

the common difference 4d.
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Figure 20: For illustrating Definition[75} (a) An AM-(k, d)-totally odd (resp. even) graceful labeling; (b) an
AM-(k, d)-super felicitous labeling; (¢) an AM-(k, d)-super edge-magic total labeling; (d) an AM-(k, d

edge-magic graceful labeling.

)-super

Definition 76. [31] Suppose that T is a tree having p vertices, ¢ edges and a perfect matching M,
and its vertex bipartition V(T) = X UY with X N Y = 0 such that each edge xy € E(T') holds
reXandyeY. Let Sy an8 ={a,a+kp,...,a+k(m—1)5} with integers k > 1, m > 2, « >0
and 8 > 1, and let ¢ be a constant. There are the following constraint conditions:

C-1. o:V(T)— Sp—108US2p-3a3, and o(z) # o(w) for any pair of vertices z,w € V(T);

C-2. V(T) — 5205 Spa,s, and o(x) # o(w) for any pair of vertices z,w € V(T);

C-3. ( (1)) = {olay) = o(x) + 0 (y) : 2y € E(T)} = Sy025°

C-4. o(E(T)) ={o(ry) = o(z) +0(y) : 2y € E(T)} = S4ap;

C-5. induced edge color o(zy) = |o(z) —o(y)| for each edge xy € E(T'), and o (E(T)) = {o(zy) :
zy € E(T)} = Sq.0.8

C-6. induced edge color o(zy) = |o(x)
zy € E(T)} = Sg,a,285

C-7. induced edge color o(zy) — a = o(z) + o(y) — o (mod ¢f) for each edge xy € E(T), and
o(E(T)) ={o(zy) : 2y € E(T)} = Sg,0,8:

—o(y)| for each edge zy € E(T'), and o(E(T)) = {o(zy) :
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C8. o:V(IUE(T) — 524108 U Sptga,s, and o(x) # o(w) for any pair of vertices z,w €
V(T);

C-9. o(X) =525 and o(Y)=Sp-1a\ 52 148

C-10. O'(X) = S%,O,B and O'(Y) = Spﬂug \ S%,a,ﬁ;

C-11. o(X) = 5505\ {0} and o(Y) = Spa.8\ Sz 4 55

matching-set

C-12. |o(z) —o(y)| = o + pB/2 for each matching edge xy € M;

C-13. |o(z) —o(y)| = a+ (p — 2)5/2 for each matching edge zy € M,

C-14. o(z) +o(y) = a+2(qg — 1) for each matching edge zy € M,

C-15. |o(z) — o(y)| = « for each matching edge zy € M;

C-16. |o(z) —o(y)| = a + (¢ — 1)B for each matching edge zy € M;
C-17. o(M) = S\r1),a,28;

C-18. O'(M) = S|M|,a,4ﬁ;

C-19. o(M)={a+2(p—-1)B,a+2(p—2)8,...,a+2(p — |M|)B};
C-20. o(M)={a+pB,a+2+p)B,...,a+[2(|]M|—-1)+p|8};

C-21. o(x)

C-22. o(zy) +|o(z) —o(y

C-23. |o(z)+o(y) — o(zy)| = ¢ for each edge zy € E(T); and

C-24. |o(zy) — |o(z) — o(y)|| = c for each edge zy € E(T).
We call o:

Label-1. A strongly (o, 8)-graceful labeling if C2 Cf5]and C{16] hold true.

Label-2. A set-ordered strongly (o, 3)-graceful labeling if C C C and C-|§| hold true (see
an example shown in FigP1] (a)).

Label-3. An (a, 8)-totally odd/even-graceful labeling if C{l] C{6] and C{14] hold true (see an
example shown in FigP1] (b)).

Label-4. An AM-(«, B) totally odd/even-elegant labeling if C C C and C hold true
(see an example shown in Figl21] (c)).

Label-5. An AM-(a, ) felicitous labeling if C{2 C{7]and C{12| hold true.

Label-6. A super AM-(c, 8) felicitous labeling if C2] C{7} C{12] and C10] hold true (see an
example shown in Fig[22 (e)).

Label-7. An AM-(«, 3) arithmetic labeling if C{8} C{15] C{4]and C{L7hold true (see an example
shown in Fig[22] (d)).

edge-magic

Label-8. An AM-(«a, ) edge-magic total labeling if C C C and C hold true.

Label-9. A super AM-(«, 8) edge-magic total labeling if C C C C and C hold
true (see an example shown in Fig[22] (f)).

Label-10. an AM-(«, 3) edge-magic graceful labeling if C C C and C hold true.

Label-11. A super AM-(«, B) edge-magic graceful labeling if C C C C and C
hold true (see an example shown in Fig[23] (g)).

| = ¢ for each edge xy € E(T);
T)
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Label-12. An AM-(«, B) edge-difference labeling if C{1}, C22) and C{16 hold true.

Label-13. A super AM-(«, B) edge-difference labeling if C{1} C22] C{16]and C{9 hold true (see
an example shown in Fig23] (h))

Label-14. An AM-(«, B) graceful-difference labeling if C C and C hold true.

Label-15. A super AM-(«, B) graceful-difference labeling if C C C and C-@ hold true

(see an example shown in Figl23] (i)). O
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Figure 21: p = 44, ¢ = 43 and |M| = 22 in Definition (a) A strongly set-ordered (e, f3)-graceful
labeling; (b) an AM-(a, §) totally odd/even-graceful labeling; (c) an AM-(«, 8) totally odd/even-elegant
labeling, cited from [31].

Definition 77. [79, 112, 113] A labeling h of a (p, q)-graph G is called a 2¢-modular odd-graceful
labeling if h : V(G) — [0,2q — 1], and h(E(G)) = {|h(u) — h(v)| : wv € E(G)} U{2q — |h(u) — h(v)] :
w € E(G)} =[1,2q — 1]°. O

Remark 12. Let f be a strongly set-ordered (c«, 3)-graceful labeling of a tree T, we have the
following equivalent transformations:

(1) An AM-(a, B) graceful-difference labeling o is defined by o(w) = f(w) for w € V(T), o(xy) =
2+ (¢ — 1) — f(zy) for zy € E(T).

(2) An AM-(av, B) edge-difference labeling o is defined by o(z) = max f(X)+min f(X)— f(z) for
z € X, o(y) =max f(Y)+min f(Y)— f(y) for y € Y, and o(zy) = max f(E(T)) +min f(E(T)) —
f(ay) for zy € E(T). |

Before to define six new labelings on trees, we introduce the concept of a leaf-matching tree.
Let M (L) be the set of all leaves of (p, q)-tree T', if a tree T" with a perfect matching M satisfies
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Figure 22: p = 44, ¢ = 43 and |M| = 22 in Definition[76} (d) An AM-(c, 3) arithmetic labeling; (e) a super
AM-(a, B) felicitous labeling; (f) a super AM-(a, §) edge-magic total labeling, cited from [31].

that one end of each matching edge of M is just an leaf of T, and the remainder T'— M (L) is a
tree of p = |V(T'— M(L))| vertices after removing all leaves of T', so call T a leaf-matching tree.
Furthermore, ”arithmetic matching” and ”arithmetic progression” are abbreviated as “AM” and
“arp”, respectively.

Definition 78. [31] Suppose that T is a leaf-matching tree on p vertices and ¢ edges, and M is a
perfect matching set of T'.

(1) A labeling o : V(T) — [0, + 2(¢ — 1)5] is called an AM-2-parameter totally odd/even-
graceful labeling if o(V(T)) C [0, +2(q — 1)8], o(E(T)) = S, 5 and |o(x) — o(y)| with each edge
xy € E(T). Meanwhile, each matching edge xy € M holds o(x) + o(y) = a+ 2(¢ — 1) true.

(2) A labeling o : V(T') = [0, + (¢ — 1)3] is called an AM-2-parameter felicitous labeling if the
vertex color set o(V(T)) C [0,a+ (¢ — 1)B], 0(E(T)) = Sap and o(zy) = o(z) + o(y) (mod ¢f)
with edge 2y € E(T), and furthermore, o is super if o(V(T')) = [0, (5 —1)B]U[a+ 55, a+ (p—1)4].
Moreover, each matching edge xy € M holds |o(x) — o(y)| = a + pf true.

(3) A labeling 0 : V(T) — [0, + (p + g — 1)f] is called an AM-2-parameter edge-magic total
labeling if the total color set o(V(T)UE(T)) C [0, a4+ (p+q—1)5] such that o(z)+0o(y)+o(zy) = a
with zy € E(T), where the a is a magic constant. Then we say o is super if o(V(T)) = [1,55] U
[ + £, o + gB3]. Moreover, each matching edge xy € M holds |o(z) — o(y)| = a+ (p — 1)3; and
the set o(M) has | M| elements in total and is obtained by an arp with the first term a4+ 2(p — 1)
and the common difference —27.

(4) A labeling o : V(T') = [0,a+ (p+ g — 1)5] is called an AM-2-parameter edge-magic graceful
labeling if o(V(T)UE(T)) C [0, a+(p+g—1)p] such that |o(x)+o(y)—o(zy)| = a when zy € E(T),
where the a is a magic constant and, we say o to be super if o(V(T)) = [1,p8/2]U[a+pB/2, a+qp].
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Figure 23: p = 44, ¢ = 43 and |M| = 22 in Definition (g) a super AM-(a, 8) edge-magic graceful
labeling; (h) a super AM-(a, 8) graceful-difference labeling; (i) a super AM-(a, 8) edge-difference labeling,
cited from [31].

Furthermore, each matching edge xy € M holds |o(z) —o(y)| = a+(p— 1)/ true; and the set o (M)
has |M| elements in total and its elements are obtained by an arp having the first term o + p and
the common difference 2.

(5) A labeling o : V(T) — [0,a+ (p+ g — 1)[] is called an AM-2-parameter arithmetic labeling
if each matching edge xy € M holds |o(x) — o(y)| = a true, and the set o(M) has | M| elements in
total and its elements yield an arp with the first term o and the common difference 2.

(6) Alabeling o : V(T) — [0,a+2(q—1)p] is called an AM-2-parameter totally odd/even-elegant
labeling if o(V(T)) C [0,a+2(q —1)5] and o(E(T)) = {o(zy) = o(x) + o(y)(mod a+2¢B) : zy €
E(T)} = S, 5. Furthermore, each matching edge zy € M holds [o(z) — o(y)| = « true, and the
elements of (M) form an arp having |M| terms, the first term « and the common difference 45.0]

Remark 13. Notice that the parity property of value of a will determine an AM-2-parameter
totally odd-graceful (odd-elegant) labeling if & =odd, and an AM-2-parameter totally even-graceful
(even-elegant) labeling when av = even. Some examples for illustrating Definition [78| can be found

in Fig1] FigP22 and Fig23] [

Lemma 23. [31] For the following eight labelings:

(1) strongly set-ordered graceful labeling;

(2) strongly (a, B)-graceful labeling;

(3) AM-2-parameter totally odd/even-graceful labeling;
(4) AM-2-parameter totally odd/even-elegant labeling;
(5)

5) AM-2-parameter arithmetic labeling;
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(6) AM-2-parameter super felicitous labeling;
(

(8) AM-2-parameter super edge-magic graceful labeling.

Then a leaf-matching tree T (see Fig admits an (i)-labeling if and only if 7" admits a (j)-
labeling too for 7,j € [1,8] and i # j.

7) AM-2-parameter super edge-magic total labeling; and
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Figure 24: A process of obtaining a leaf-matching tree shown in (b), cited from [31].

Lemma 24. [3I] Suppose that a tree T has a perfect matching M(T) and admits a strongly
graceful labeling ¢. There are three operations:

(a) Exchanging-edge operation: A new strongly graceful labeling ¢ of T" holding ¢(x) = ¢(y)
and p(y) = ¢(x) for each matching edge zy € M(T).

(b) Decreasing-leaf operation: If a matching edge zy € M(T) satisfies the neighborhood
N(z) = {y,z; : i € [1,dy — 1]} with d; = degy(z) > 3 and degr(y) = 1. Deleting the edges
xzx; and joins y with x; for j € [s +1,d, — 1] with 0 < s < d, — 1 produces a new tree H such
that H is also strongly graceful, and its perfect matching M (H) keeping |L(T) NV (M(T))|—1=
IL(H) 0V (M(H)).

(c) Increasing-leaf operation: If a matching edge zy € M (T) satisfies degr(x) > 2 and
degr(y) > 2. A process of (i) moving the edge zy from T; (ii) identifying the vertex x with
the vertex y into one denoted as zp; and (iii) adding a new vertex yp to join with z¢ will build
up another tree T/ admitting a strongly graceful labeling. Furthermore, the perfect matching
M(T') = {zoyo} U (M(T)\ {zy}) golding |L(T) 0 V(M(T))| +1 = |L(T') 0 V(M(T"))| true.

By Lemma [23] and Lemma [24] we have

Theorem 25. [31] For a tree T having a perfect matching M and admitting a set-ordered graceful
labeling defined in Definition [5], there exist eight strongly 2-parameter graph labelings defined in
Definition such that they are equivalent from each other.
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2.7 Meta-type of labelings

Definition 79. [87] Suppose that a connected (p,q)-graph G admits a mapping 7 : V(G) —
{0,1,2,...}. The induced edge colors of edges zy € E(G) are defined as 7(zy) = |r(x) — 7(y)|.
Write 7(V(G)) = {n(u) : v € V(G)} and n(E(G)) = {n(zy) : zy € E(G)}, and there are

constraints:

(a) |m(V(G))] = p;

(b) n(B(G))| =

(¢) m(V(G)) < [ ] min7(V(G)) = 0;

(d) =(V(G)) € [0,2¢ — 1], minm(V(G)) =

) 7B = (o) 70 € O} < Il

(1) 7(B(G)) = {n(ey) : 2y € BG)} = [1,2¢ — 1]

(g) G is a bipartite graph with bipartition (X,Y) such that max{w(z) : x € X} < min{n(y) :
y € Y}, and write this case as 7(X) < 7(Y) for short;

(h) Each u € V(G) holds 7(z) < m(u) for x € N(u) (resp. m(z) > m(u) for z € N(u)) true;

(i) G is a bipartite graph with bipartition (X,Y") such that every vertex y € Y holds 7(x) < 7(y)
when = € N(y);

(j) G has a perfect matching M such that 7(z) + 7(y) = ¢ for xzy € M; and

(k) G has a perfect matching M such that 7(x) + 7(y) = 2¢ — 1 for xy € M.

We have: A proper labeling 7 holds @ true and, a proper total labeling w holds @ and (]ED true.

Graceful class: (1) a graceful labeling m holds @, and @ true; (2) a set-ordered graceful
labeling 7 holds @, , @ and true; (3) a strongly graceful labeling m holds @, , @ and
(ED true; (4) a strongly set-ordered graceful labeling m holds @, , @, @ and (ED true; (5) a
vertex-ordered graceful labeling ™ holds @, , @ and true; (6) a meta-set-ordered graceful
labeling 7 holds @, , @ and true; (7) a strongly meta-set-ordered graceful labeling m holds
@, , @, and @ true.

Odd-graceful class: (1) an odd-graceful labeling 7 holds @, @ and (]ﬂ) true; (2) a set-ordered
odd-graceful labeling ™ holds @, @, @ and true; (3) a strongly odd-graceful labeling m holds
@, @, (@ and true; (4) a strongly set-ordered odd-graceful labeling m holds @, @, @,
and (k) true; (5) a vertex-ordered odd-graceful labeling 7 holds (a)), (d)), () and (k) true; (6) a meta-
set-ordered odd-graceful labeling m holds @, @, @) and true; (7) a strongly meta-set-ordered

odd-graceful labeling m holds @), @, @, and true. O

Remark 14. The condition ‘set-ordered’ is stronger than ‘meta-set-ordered’, and furthermore
‘meta-set-ordered’ is stronger than ‘vertex-ordered’ in Definition Clearly, a set-ordered graceful
labeling is a meta-set-ordered graceful labeling, also, a vertex-ordered graceful labeling. I

Definition 80. [87] Let G be a bipartite (p, ¢)-graph with bipartition (X,Y"), where X = {z; : i €
[1,s]} and Y = {y; : j € [1,t]}. We have the following labelings generated from a proper labeling
7 with 7(z;) < 7(z441) for i € [1,s — 1] and 7(y;) < 7(yj41) for j € [1,¢t —1].

(i) The dual labeling w' of 7 is defined as 7'(u) = max7(V(G)) + min7(V(G)) — 7(u) for
u € V(Q).
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(73) The partially X -dual labeling ¢ of 7 is defined as ¢(z) = 7(xs) + m(z1) — m(x) for x € X, and
o(y) = 7(y) for y € Y; and the partially Y -dual labeling ¢ of m defined as p(y) = 7(y)+m(y1) —7(y)
fory €Y, and p(z) = n(x) for z € X.

(iii) The partially X -reciprocal transformation wy" of 7 is defined as 7' (v;) = m(zs_;11) for
z; € X, and 77)_(1 (y;) = m(y;) for y; € Y. The partially Y -reciprocal transformation Tr{,l of 7 is
defined as 7y ' (y;) = m(yi—j41) for y; € Y, and 7y (2;) = 7(x;) for z; € X.

(iv) A (a,b)-linear transformation 1 of m is defined as ¥ (z) = a - w(x) for z € X and ¥(y) =
b+a-7(y) for y € Y, where integers b > 0 and a > 1. O

Remark 15. By the above Definitions [79] and [80] we have: Suppose that a proper labeling 7 of a
bipartite graph G with the bipartition (X,Y’) holds 7(X) < 7(Y') true, where G and 7 are defined
in Definition [79 Then

(i) #(X) < w'(Y) for the dual labeling 7" of ;

(ii) ¢(X) < ¢(Y) for the partially X-dual labeling ¢ of 7m; and ¢(X) < ¢(Y) for the partially
Y-dual labeling ¢ of 7; and

(iii) max{¢(z) : € X} < min{¢)(y) —b:y € Y} for a (a, b)-linear transformation v of m, where
integers b > 0 and a > 1. I

Definition 81. [87] Let Ao(q; k,d)° = {k+d,k+3d,...,k+ (29 — 1)d} for integers ¢,d > 1 and
k > 0. Suppose a (p,q)-graph G admits a proper labeling 7 : V(G) — [0,k + (2¢ — 1)d] for some
integers d > 1 and k > 0.

() If the induced edge color set 7(E(G)) = {m(uv) = |7(u) — w(v)| : wv € E(G)} = Ao(g; k,d)°,
we say G to be (k,d)-odd-graceful, and call 7 a (k,d)-odd-graceful labeling of G.

(1) If the induced edge color set {m(u) + 7(v) — k (mod 2qd) : wv € E(G)} = Ao(q;0,d)°, we
say G to be (k,d)-odd-elegant, and call = a (k, d)-odd-elegant labeling of G. O

Definition 82. [87] If the graph G in Definition [81] has a perfect matching M such that m(u) +
m(v) =k + (2¢ — 1)d for every edge uv € M, then 7 is called a strongly (k, d)-odd-graceful labeling.
Similarly, we can define strongly set-ordered (k,d)-odd-graceful labelings. Suppose that a bipartite
(p, q)-graph H with bipartition (X,Y’) admits a (k, d)-odd-graceful labeling 7 such that 7 (z) = i,d
forx € X and w(y) =k +iyd fory e Y.

(1) If max{n(z) : z € X} < min{n(y) —k :y € Y}, we call m a set-ordered (k,d)-odd-graceful
labeling (resp. set-ordered (k,d)-odd-elegant labeling).

(2) 7 is called a meta-set-ordered (k,d)-odd-graceful labeling (resp. meta-set-ordered (k,d)-odd-
elegant labeling) if there are some xp € X and yp € Y such that 7(zo) > 7(yo) — k, and w(u) —k >
max{m(v) : v € N(u)} for each vertex u € Y.

(3) 7 is called a separately meta-set-ordered (k, d)-odd-graceful labeling (resp. separately meta-set-
ordered (k, d)-odd-elegant labeling) if there are some zo € X and yp € Y such that 7(z¢) > 7(yo)—Fk,
and every vertex u € Y holds 7(u) — k > max{n(v) : v € N(u)} and 7(u) — k + d # w(z) for every
vertex z € X. U

45



Remark 16. In Definition a proper labeling m means that integers d > 1 and k > 0 together
hold 7(u) # m(v) for distinct vertices u,v € V(G). A separately meta-set-ordered (0, 1)°-graceful
labeling is a meta-set-ordered odd-graceful labeling, and a strongly separated and meta-set-ordered
(0, 1)%-graceful labeling is a strongly meta-set-ordered odd-graceful labeling. A (0, 1)°-elegant la-
beling is an odd-elegant labeling defined in [121]. I
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Figure 25: For illustrating Definition (a) A set-ordered (k,d)-odd-graceful labeling f for all integers
d > 1 and k > 0; (b) the dual labeling of f is set-ordered (k,d)-odd-graceful for all integers d > 1 and
k > 0; (c¢) a meta-set-ordered (k,d)-odd-elegant labeling for k # d; (d) a graph G admitting a set-ordered
(k, d)-odd-graceful labeling for all integers d > 1 and k > 0, cited from [87].
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Figure 26: For illustrating Definition[81] a tree 7' admits: (a) a meta-set-ordered (k, d)-odd-graceful labeling
for (k,d) & {(d,d), (5d,d)}; (b) a separately meta-set-ordered (k,d)-odd-graceful labeling for k # 3d, 5d; (c)
a (k,d)-graceful labeling for k ¢ {2d, 3d, 4d} is balanced if k > m = 4d, cited from [87].

2.8 Labelings with more restrictions

Definition 83. [53] A total labeling f : V(G) U E(G) — [1,p + q] for a bipartite (p, ¢)-graph G is
a bijection and holds:

46



(i) (e-magic) f(uv) + |f(w) — f(0)] = F;

(ii) (ee-difference) each edge uv matches with another edge zy holding one of f(uv) = |f(x)— f(y)|
and f(uv) = 2(p +q) — |f(2) — F)] true;

(iii) (ee-balanced) let s(uv) = |f(u) — f(v)| — f(uv) for wv € E(G), then there exists a constant
k' such that each edge uv matches with another edge u’v’ holding one of s(uv) + s(u’v’) = k' and
2(p+q) + s(uv) + s(u'v’) = k' true;

(iv) (EV-ordered) min f(V(G)) > max f(E(G)), or max f(V(G)) < min f(E(G)), or f(V(G)) C
f(E(Q)), or f(E(G)) C f(V(G)), or f(V(Q)) is an odd-set and f(E(G)) is an even-set;

(v) (ve-matching) there exists a constant k” such that each edge uv matches with one vertex w
such that f(uv)+ f(w) = k", and each vertex z matches with one edge zy such that f(z)+ f(zy) =
k" except the singularity f(xg) = L%J;

(vi) (set-ordered) max f(X) < min f(Y) (resp. min f(X) > max f(Y")) for the bipartition (X,Y’)
of V(G).

We refer to f as a 6C-labeling of G. g

Definition 84. [52] A (p,q)-graph G admits a total labeling f : V(G) U E(G) — [1,4q — 1]. If this
labeling f holds:

(i) (e-magic) f(uv) + |f(u) — f(v)| = k, and f(uv) is odd;

(ii) (ee-difference) each edge uv matches with another edge xy holding f(uv) = 2¢+|f(x)— f(y)|;

(iii) (ee-balanced) let s(uv) = [f(u) — f(v)| — f(uwv) for uv € E(G), then there exists a constant
k' such that each edge uv matches with another edge v’ holding one of s(uv)+s(u’v’) = k" and
(p+qg+1)+ s(uv) +s(u'v’) =k’ true;

(iv) (EV-ordered) max f(V(G)) < min f(E(G)), and {|la —b| : a,b € f(V(G))} = [1,2q — 1]°%

(v) (ve-matching) there exists two constant k1, k2 such that each edge uv matches with one vertex
w such that f(uv) + f(w) = k1 or ko;

(vi) (set-ordered) max f(X) < min f(Y) for the bipartition (X,Y") of V(G).

We call f an odd-6C-labeling of G. O

Definition 85. [53] A total labeling f : V(G) U E(G) — [1,p + ¢] for a bipartite (p, q)-graph G is
a bijection and holds:

(i) (e-magic) f(uv) + |f(w) — f(0)] = k;

(ii) (ee-difference) each edge uv matches with another edge zy holding one of f(uv) = |f(z)—f(y)|
and f(uv) = 2(p+q) — [f(x) — f(y)| true;

(iii) (ee-balanced) let s(uv) = |f(u) — f(v)| — f(uwv) for wv € E(G), then there exists a constant
k' such that each edge uv matches with another edge u’v’ holding one of s(uv)+s(u’v’) = k" and
2(p+q) + s(uv) + s(u’v’) = k' true;

(iv) (EV-ordered) min f(V(G)) > max f(E(G)) (resp. max f(V(G)) < min f(E(QG)), or f(V(G)) C
f(E(Q)), or f(E(G)) C f(V(GQ)), or f(V(G)) is an odd-set and f(E(G)) is an even-set);

(v) (ve-matching) there exists a constant k" such that each edge uv matches with one vertex w
such that f(uv)+ f(w) = k", and each vertex z matches with one edge xy such that f(z)+ f(zy) =
)= [P

)

k", except the singularity f(zo
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(vi) (set-ordered) max f(X) < min f(Y) (resp. min f(X) > max f(Y)) for the bipartition (X,Y")
of V(G).

(vii) (odd-even separable) f(V(G)) is an odd-set containing only odd numbers, as well as f(E(G))
is an even-set containing only even numbers.

We refer to f as an odd-even separable 6C-labeling. 0

Definition 86. [52,60] A (p, ¢)-graph G admits a multiple edge-meaning vertex labeling f : V(G)U
E(G) — [0,p+q] if

(1) f(E(G)) = [1,q] and f(u) + f(uv) + f(v) =

(2) f(B(G)) = [p,p+q—1] and f(u) + f(uwv) + f(v) = k';

(3) f(E(G)) =1[0,g — 1] and f(uv) = f(u) + f(v) (mod g);

(4) f(E(G)) =[1,q] and |f(u) + f(v) — f(uv)| =a constant k”; and
(5)

f(uv) =an odd number for each edge wv € E(G) holding f(E(G)) = [1,2q — 1]°, and
+

{f(w) + f(uwv) + f(v) :uv € E(T)} = [a,b] withb—a+1=gq. O

Definition 87. [52] Let f be an odd-graceful labeling of a (p, ¢)-graph G defined in Definition

such that f(V(G)) € [0,2¢ — 1]° and f(E(G)) = [1,2¢ — 1]°. If {la—b|: a,b € f(V(G))} = [1,p],
then f is called a perfect odd-graceful labeling of G. O

Definition 88. [52] Suppose that a (p, ¢)-graph G admits an e-labeling h : V(G) — S C [0,p+ q].
If{la—0b|: a,be f(V(G))} =[1,p], we call f a perfect e-labeling of G. O

Definition 89. [53] For a given (p, ¢)-tree G admitting a 6C-labeling f defined in Definition [83] and
another (p, ¢)-tree H admits a 6C-labeling g, if both graphs G and H hold f(V(G))\X* = g(E(H)),
f(EG)) =g9(V(H))\ X* and f(V(G))Ng(V(H)) = X* = {2z} with zp = L#J, then both
labelings f and g are pairwise reciprocal-inverse. The vertex-coincided graph ®1(G, H) obtained by
vertex-coinciding the vertex zy of G having f(xg) = zp with the vertex wg of H having g(wg) = 2o
is called a 6C-complementary matching. O

Definition 90. [53] Suppose that a (p, ¢)-graph G admits a W-type labeling f : V(G) U E(G) —
[1,p + ¢|, and a (g, p)-graph H admits another W-type labeling g : V(H) U E(H) — [1,p+¢]. If

fE(G)) = g(V(H)) \ X* and f(V(G))\ X* = g(E(H)) for X* = f(V(G)) Ng(V(H)) # 0, then
both W-type labelings f and g are reciprocal-inverse (resp. reciprocal complementary) from each
other, and H (resp. G) is an inverse matching of G (resp. H). O

2.9 Image-type of labelings
2.9.1 Normal image-type of labelings

Definition 91. [52] Suppose that a connected graph G admits two W;-type labelings f; for i = 1, 2.
There are constants M,k and k' in the following constraint conditions:

C-1. fi(uv) + fa(uv) = Megge for each edge uv € E(G), where Mcqge = max{fi(uv) : uv €
E(G)} + min{ f1(uwv) : uv € E(G)};
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C-2. fi(x) + fa(x) = Myertes for each vertex z € V(G), where Myerter = max{fi(z) : z €
G)} +min{fi(z) : x € V(G)};
C-3. fi(w) + fo(w) = M for w € V(G) U E(G);
C-4. fi(x) + fa(x) = k for each vertex x € V(G); and
C-5.  fi(uv) + fa(uv) = k' for each edge uv € E(G).
Then we have:
(i) f2 is an edge-dual labeling of fy if CI 1) holds true.
(ii) fo is a vertez-dual labeling of f1 if C2 holds true.
(iii) f; is a total dual labeling of fs—; for i = 1,2 if C{3 holds true.
(iv) fi is a vertez-image labeling of fs_; for i = 1,2 if C-l 4] holds true.
(v) fiis an edge-image labeling of fs_; for i = 1,2 if C-I 5| holds true.
(vi) fiis a totally image labeling of f3_; for i = 1,2 if C-I 4] and C-I 5| hold true. O

Definition 92. [52] Let f; : V(G) — [a,b] be a labeling of a (p, ¢)-graph G and let each edge
wv € E(G) have its own color as f;(uv) = |fi(u) — fi(v)| with i = 1,2. If each edge uwv € E(G)
holds fi(uv) + fa(uv) = k true, where k is a positive constant, we call both labelings f; and fy are
a pair of image-labelings, and f; a mirror-image of fs_; with i = 1,2 (see Fig. O

© 99 ©® 0 06 & 09 & 9

, 27
(@2@@*\@@@(@@@@@
%@4@ r%ﬂh@ @z%éwd?# t%v@z

75 AG

$d B0 b6 VIO G 06 8 b b @@@@

@ (b) (©

~N

w
=

O B0

Figure 27: Both (a) and (b) are a matching of set-ordered graceful image-labelings with f, (uv)+hy(uv) = 17;
both (¢) and (d) are a matching of set-ordered odd-graceful image-labelings with f.(uv) 4+ hg(uv) = 32, cited
from [52].

Definition 93. [40] Let f: V(G) U E(G) — [a,b] and g : V(G) U E(G) — [a’,b’] be two labelings
of a (p, q)-graph G, integers a,b,a’, b’ satisfy 0 <a <band 0 <a’ <b’.

(1) An equation f(v) + g(v) = k' holds true for each vertex v € V(G), where k' is a positive
constant and it is called vertez-image coefficient, then both labelings f and g are called a matching
of vertex image-labelings (abbreviated as v-image-labelings);

(2) An equation f(uv) + g(uv) = k” holds true for every edge uv € E(G), and k" is a positive
constant, called edge-image coefficient, then both labelings f and g are called a matching of edge
image-labelings (abbreviated as e-image-labelings). O
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Figure 28: A tree T' admits (Ref. [7, [122] [120]): (a) a matching of set-ordered graceful image-labelings fi
and h1; (b) a matching of set-ordered odd-graceful image-labelings fo and ho; (¢) a matching of edge-magic
graceful image-labelings f3 and hs; (d) a matching of set-ordered felicitous image-labelings f, and hy; (e) a

matching of set-ordered odd-elegant image-labelings f5 and hs.

Definition 94. [52] A (p,q)-graph G admits two (k,d)-harmonious labelings f; : V(G) — Xo U
Sy-1ka with i = 1,2, where Xo = {0,d,2d, ..., (q — 1)d} and Sy_14q = {k.k +d,k +2d,... .k +
(¢g—1)d}, such that each edge uv € E(G) is colored with f;(uv)—k = [fi(uv)+ fi(uv) —k (mod qd)]
with ¢ = 1,2. If fi(uv) + fao(uv) = 2k + (¢ — 1)d, we call both labelings fi; and fo a matching
(k, d)-harmonious image-labelings of G. O

Theorem 26. [40] Let T be a tree with p vertices and ¢ edges, its vertex partition is (X, Y’), where
|X| = s and |Y| = ¢t. By Definition if T admits a set-ordered graceful labeling, the following
assertions are mutually equivalent:

(1) T admits a matching of graceful v-image-labelings with k =p — 1.

(2) T admits a matching of odd-graceful v-image-labelings with k = 2p — 3.

(3) T admits a matching of felicitous v-image-labelings with k =p — 1.

(4) T admits a matching of odd-elegant v-image-labelings with k = p.

(5) T admits a matching of super edge-magic total v-image-labelings with k = p + 1.
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Figure 29: A tree T admits (Ref. [7, 122 120]): (f) a matching of super set-ordered edge-magic total
image-labelings f¢ and hg; (g) a matching of set-ordered (k,d)-graceful image-labelings f; and hr; (h) a
matching of super set-ordered edge-antimagic total image-labelings fs and hg; (i) a matching of (k, d)-edge
antimagic total image-labelings fo and hg; (j) a matching of (k, d)-arithmetic image-labelings f1o and hqg.

(6) T admits a matching of set-ordered (k,d)-graceful v-image-labelings with k = k" + (¢ — 1)d.

(7) T admits a super (s+p+3,2)-edge anti-magic total v-image-laeblling and a super (s+p+4,2)-
edge anti-magic total labeling, they are a matching of v-image-labelings with k = p + 1.

(8) T admits a matching of (k,2)-arithmetic total v-image-labelings with k = k" 4 2(t — 1).

Corollary 27. [40] By Definition if a tree T" admits a set-ordered graceful labeling, then the
following propositions hold and are equivalent from each other.
(1) T admits a matching of edge-magic total ve-image-labelings with k = p4+1 and k' = 2p+q—+1.
(2) T admits a (s + p + 3,2)-edge anti-magic total labeling and a (s + p + 4, 2)-edge anti-magic
total labeling such that they are a matching of ve-image-labelings with k = p+1 and k’ = 2p+q—+1.
(3) T admits a matching of (k,2)-arithmetic total ve-image-labelings with k = k" +2(t — 1) and
k' =2(k" + 2t — 2).

Theorem 28. [40] By Definition if a tree T' admits a set-ordered graceful labeling, then the
following assertions are mutually equivalent:

(1) T admits a matching of set-ordered graceful e-image-labelings with k' = ¢ + 1.

(2) T admits a matching of set-ordered odd-graceful e-image-labelings with k' = 2q.

(3) T admits a matching of set-ordered felicitous e-image-labelings with k' = 2s — 1.
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(4) T admits a matching of odd-elegant e-image-labelings with k' = 2q.

(5) T admits a matching of super set-ordered edge-magic total e-image-labelings with k' = 3(¢+1).

(6) T admits a matching of set-ordered (k, d)-graceful e-image-labelings with k' = 2k" + (¢+1)d.

(7) T admits a matching of set-ordered (s+ p—+3,2)-edge anti-magic total e-image-labelings with
E'=3(qg+1).

(8) T admits a matching of (k,2)-arithmetic total e-image-labelings with k' = k" + 2q + 1.

Corollary 29. [40] By Definition , if a tree T" admit a matching of v-image-labelings f, g and a
matching of e-image-labelings f, h, then the following propositions hold, and

(1) the set {f(v) + g(v) + h(v) : v € V(T)} is an arithmetic sequence if and only if {f(uv) +
g(uv) + h(uv) : uwv € E(T)} is an arithmetic sequence, and the tolerances are equal,

(2) the set {f(v) + g(v) + h(v) : v € V(T)} contains two arithmetic sequences if and only if
{f(uv) + g(uwv) + h(uwv) : uwv € E(T)} is an arithmetic sequences with a tolerance of 2.

Theorem 30. [40] By Definition if a tree T admits a graceful labeling f, then it admits an
edge-magic total labeling g, so that both labelings f and g are a matching of e-image-labelings with
E'=p+q+1.

Theorem 31. [40] If a tree T" admits a graceful labeling f, then it admits an set-ordered (s+p+3,2)-
edge anti-magic total labeling g, so that both labelings f and g are a matching of e-image-labelings
with k' =p+q+ 1.

2.9.2 Duality image-type of labelings
Let 6 : V(L) U E(L) — [1, M] be a labeling (resp. coloring) of a graph L, so we have three

parameters:
MY (L,0) =max6(V (L)) + min(V (L))
M (L,0) =max6§(E(L)) + min0(E(L)) (6)
MP¢(L,8) =max6(V (L) U E(L)) + min 6(V (L) U E(L))

We show the following duality-image (Wg, Wy )-type labelings (resp. colorings) including homo-
morphic labelings and homomorphic colorings:

Definition 95. [64] Suppose that a connected (p,q)-graph G admits a Wy-type labeling (resp.
coloring) f, and another connected (p’, ¢’)-graph H admits a Wy-type labeling (resp. coloring) g.
There is a bijection ¢ : V(G) U E(G) — V(H) U E(H) such that the image edge ¢(u)p(v) € E(H)
for each edge uv € E(G). By the parameters defined in @, there are the following constraint
conditions:

) = MY(G, f) — () for z € V(G);

o)) = M5(G, f) — f(uv) for uo € B(G);

¢ 1 (y)) = M} (H,g) — g(y) for y € V(H) and ¢! (y) € V(G);
Yw)p™1(2)) = Mg, (H, g) — g(wz) for wz € E(H) and ¢~ (w)p~'(2) € E(G);
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(C-6) f(p~1(2)) = MY (H,g) —g(z) for z € V(H)UE(H) and ¢~ 1(2) € V(G) U BE(G);
(C-7) [(z) + g(p(2)) = Ay for z € V(G);

(C-8) f(x)+ glp(u)p(v)) = A, for uv € E(G); and

(C-9) f(w)+ g(p(w)) = Aye for w e V(G)UE(G) and p(w) € V(H)U E(H).

Labe-1. g (resp. f) is a vertez-dual labeling (resp. coloring) of f (resp. g) if (C (resp. (C)
holds true.

Labe-2. g (resp. f) is an edge-dual labeling (resp. coloring) of f (resp. g) if (C (resp. (C)
holds true.

Labe-3. g is a mized-dual labeling (resp. coloring) of f if (C{3) holds true.

Labe-4. f is a mized-dual labeling (resp. coloring) of g if (C{6) holds true.

Labe-5. f is a mized-image labeling (resp. coloring) of g if ( C-@ holds true.

Labe-6. Both f and g are a matching of totally-dual (W, Wy)-type labelings (resp. colorings)

if C-' C-' C and C-' ) hold true.

Labe-7. Both f and g are a matching of (W, Wy)-type vertez-image labelings (resp. colorings)
if (C{7) holds true.

Labe-8. Both f and g are a matching of (W, Wy)-type edge-image labelings (resp. colorings) if
(C) holds true.

Labe-9. Both f and g are a matching of (Wy, Wy)-type total-image labelings (resp. colorings) if
(Cf7) and (C{8) hold true.

Labe-10. If (C{I)) and (CH]) hold true, then both f and g are a matching of vertez-dual (Wy, W,)-
type homomorphic labelings (resp. colorings).

Labe-11. If (Cf2)) and (Cff)) hold true, then both f and g are a matching of edge-dual (Wy, W,)-
type homomorphic labelings (resp. colorings).

Labe-12. If (C{I), (C{4) and (C{8) hold true, then both f and g are a matching of vertez-dual
(W, Wy)-type edge-image homomorphic labelings (resp. colorings).

Labe-13. If (C, (C and (C«@ hold true, then both f and g are a matching of edge-dual
(W, Wy)-type vertez-image homomorphic labelings (resp. colorings).

Labe-14. both f and g are a matching of totally-dual (W, Wy)-type total-image homomorphic
labelings (resp. colorings) if (C{I), (C{2)), (C7)) and (Cg) hold true.

Labe-15. If (C{I) and (C{2) hold true, then g is a totally-dual homomorphic labeling (resp.
coloring) of f.

Labe-16. If (C{4) and (C{5) hold true, then f is a totally-dual homomorphic labeling (resp.
coloring) of g.

Labe-17. Both f and g are a matching of uniformly dual-image (W, Wy)-type homomorphic
labelings (resp. colorings) if (C{3), (C{6) and (C{9) hold true. O
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2.10 Improper-type of labelings

Definition 96. [I05] Let G be a (p,q)-graph, and f be a mapping from V(G) to {0,1,2,...}
such that min f(V(G)) = 0 and max f(V(G)) = m, where f(V(G)) = {f(z) : x € V(G)}. Write
fE(G)) ={f(uw) =|f(u) — f(v)] : wv € E(G)}. There are four restrictions:

1.

CL f(E(G)) =[1,q) and m < g;
C2. f(E(GQ)) =[1,q] and m > ¢;
C3. f(E(GQ)) =11,2g — 1]° and m < 2¢q — 1;
C4. f(E(GQ)) =11,2g — 1]° and m > 2¢q — 1.

Then, f is called an in-improper graceful labeling (in-imgl) if f holds C1, an out-improper graceful
labeling (out-imgl) if f holds C2, an in-improper odd-graceful labeling (in-imoddgl) if f holds C3,
and an out-improper odd-graceful labeling (out-imoddgl) if f holds C4.

Theorem 32. Every tree admits (i) in-imgls or out-imgls; and (it) in-imoddgls or out-imoddgls
(refer to Definition [96]).

The term “adding leaves to a (p, ¢)-graph G” means that we join new vertices wu; 1,2, . .., Uim,
to each vertex u; of G, here, some m; may be zero for i € [1,p]. So u;1,ui2,...,Uim, foric [1,p]
are leaves in the resultant graph.

Theorem 33. Suppose that a tree T admit set-ordered graceful/odd-graceful labelings. Then
adding leaves to T' produces a tree that admits in-imgls (refer to Definition and proper odd-
graceful labelings.

Theorem 34. Every lobster admits in-imgls (refer to Definition and proper odd-graceful label-
mgs.

Theorem 35. Let G be a connected bipartite graph having vertices wy, wo, ..., wy,. For each fixed
integer i € [1,n|, identifying a certain vertex of every connected bipartite graph G; ; for j € [1,m;]
(it is allowed some m; = 0) with vertex w; into one vertex produces a connected graph H* admitting
in-imgls (resp. in-imoddgls, refer to Definition it G and every G;; admit set-ordered graceful
labelings (resp. set-ordered odd-graceful labelings).

2.11 Pan-labelings
2.11.1 Pan-graceful labelings

Definition 97. [34] For a (p, ¢)-graph G, if there is a labeling f : V(G) — {0,a1, a2, ..., a4} with
0 <a; <aj and 1 <7< j < g such that the edge color set {f(uv) = [f(u) — f(v)| : uwv € E(G)} =
{a1,a9,--- a4}, then we call f a pan-graceful labeling of G. O

2.11.2 Pan-type mean labelings

Definition 98. * A (p,q)-graph G admits a labeling f : V(G) — [0, My], and the induced edge

{f(U);f(v)]

color f(uv) = . There are the following constraint conditions:
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Cs-1. f(V(G)) € [0,4];

Cs-2. f(V(G)) C[0,2¢q —1];
Cs-3. f(E(G))=11,q]; and

Cs-4. f(E(G)) =[1,2¢q—1]°.

We call f:
MeanL-1. A graceful mean labeling if Cs{l] and Cs{3 hold true.
MeanL-2. A pan-graceful mean labeling if Cs{3]holds true.
MeanL-3. An odd-graceful mean labeling if Cs{2] and Cs{4] hold true.
MeanL-4. A pan-odd-graceful mean labeling if Cs{4 holds true. O

For understanding Definition [98] see Figl30]

._

a, @
@5—\@%@ ’2&9 H%H%@ @8—33@

Figure 30: (a) A graceful mean labeling; (b) a pan-graceful mean labeling; (c) an odd-graceful mean labeling;
(d) a graph having a triangle does not admit any odd-graceful labeling, but it admits an odd-graceful mean

labeling.

Definition 99. * In Definition [10| of an edge-magic graceful labeling, we substitute the condition
“f (u)+ f(v) = f(uv)| = k and f(V(G)UE(G)) = [L,p+q]” by one of “[f(u)+ f(v) - f(uv)| = k or
(p+q)— |f(u)+ f(v) = f(uwv)| = k such that f(V(G)U E(G)) = [1,p+ q]”. The resulting labeling
is called a pan-edge-magic graceful labeling. O

Definition 100. * A pan-edge-magic total graceful labeling g is obtained by replacing the restriction

“g(uv) +|g(u) —g(v)| = k” by one of g(uv) +[g(u) —g(v)| = k and g(uv) + (p+q) —[g(u) —g(v)| = k
in Definition B3l O

Definition 101. * A pan-odd-graceful labeling is obtained by replacing the restriction “f(uv) =
[f(u) = F(0)] and F(E(G)) = [1,24 — 1]°” by a new one of f(uv) = |f(u) — f(v)], f(uv) = 2g—1 —
|f(u) — f(v)| and f(E(G)) = [1,2q — 1]° Definition [ O

As an example, a lobster 7' demonstrated in Fig[31] admits:

(1) a pan-edge-magic total labeling f; such that f1(u) + f1(uv) + fi(v) = 16;
(2) a pan-edge-magic total labeling fo holding fa(u) + fa(uv) + fa(v) = 27 true;
(3) a felicitous labeling f3 satisfying f3(uv) = fs(u) + f3(v) (mod 11);
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(4) an edge-magic graceful labeling fy such that |fa(u) + fa(v) — fa(uwv)| = 4;

(5) an edge-odd-graceful labeling f5 keeping f5(uv) =an odd number, {f5(u) + f5(uv) + f5(v) :
wv € E(T)} = [16, 26].

So, T" admits an e-set v-proper labeling (see Definition defined as follows: Let f: V(T) —
0,11] with f(a) = 0, f(c) = 1, f(d) = 2, f(w) = 3, f(u) = 4, f(y) = 5, f(r) = 6, f(s) =T
fle) =8, f(x) =9, f(v) =10, f(t) = 11. And each edge of T has its own color set as follows:

Flay) = {1,5,11,21,22}, f'(cy) = {2,6,10,19,21}, f'(de) = {6,10,11,17},

F(dy) = {3,7,9,17,20},  f'(dr) = {4,8,15,19},  f'(ds) = {5,7,9,13,18},

f(dt) ={2,3,5,9,14},  f'(ew)={0,5,7,9,16},  f'(ut) = {1,4,11,12},
( (

fl(aw) ={1,4,7,8,15},  f'(w) = {2,3,10,13}.

OO0 @&%@@ OsaOa©)
D@ @‘*@*@1@ @“@‘*@*2@

A O—a-® © ©®0 O @ ® @ ‘ @ @N@ ‘
D)—D—(D—0) (@ (b) ©
O O 66 W

i Q @0 @ GO0 Q @O0
@@%@4@ @@@11@ @17@5-®1@
S0 60 OO ®& & @ ®

(d) (€)

Figure 31: A lobster T' admits a vertex labeling f shown in (a), and f induces other labelings from (b) to

(f).

2.12 Sum-type of labelings
Definition 102. [52] Let f: V(G) — [0, q] be a proper labeling of a (p, ¢)-graph G, and let

Sum(G, ) =D |f(w) = f()],

weE(Q)

we call f a difference-sum labeling. Find two extremal numbers max s Sym (G, f) and mins Sy, (G, f)
over all difference-sum labelings of G. O

Definition 103. [52] Let f : V(G) — [0, ¢q| be a proper labeling of a (p, ¢)-graph G, and let

Fum(G,f)= > [f(w)+ f(v)] (mod q+1),

weFE(G)
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we call f a felicitous-sum labeling. Find two extremal numbers max s F,, (G, f) and ming Fy,, (G, f)
over all felicitous-sum labelings of G. g

Definition 104. [5I] A connected (p, ¢)-graph G admits a labeling f : V(G) U E(G) — [1,p + ¢,
such that f(z) # f(w) for any pair of elements z,w € V(G) U E(G). We have the following sums:

FolG, f)= > [flw) +|f(w) = F)]], (7)
weFE(G)
Flue(G,f) = > |F()+ f(v) = f(u)], (8)
weE(G)
and
Fnagie(G, f) = 3 [f(w)+ [(w0) + f(v)] = ka. (9)
weFE(G)
We call f:
(i) A ve-sum-difference labeling of G if it holds (7)) true.
(ii) A we-difference labeling of G if it holds (8] true.
(iii) A k-edge-average labeling of G if it holds (9) true. O

Definition 105. [5I] Suppose that G and G, are two copies of a (p,q)-graph G, and Gy
admits a difference-sum labeling fs holding Sum (G, far) = maxy Sum (G, f) true, and G, admits
another difference-sum labeling f,,, holding Sy, (G, fm) = ming Sum (G, f) true. The identifying
graph H = ©(Gyr, Gpy) is called a Mazx-Min difference-sum matching partition, moreover if H =
Op(Grr, G) holds E(Ga)NE(Gr,) = 0 true, we call H a perfect Maz-Min difference-sum matching
partition. (see a perfect Max-Min difference-sum matching partition shown in Fig[32](a)) O

Definition 106. [51] Suppose that Hys and H,, are two copies of a (p, q)-graph H, and H)s admits
a felicitous-sum labeling hs holding Fyyp, (Har, har) = maxy Fyum (G, f) true, and H,, admits another
felicitous-sum labeling h,, holding Fy,(Hy, hy) = ming Fypm (G, f) true. The identifying graph
G = ©(Hp, Hpy) is called a Maz-Min felicitous-sum matching partition, and furthermore we call G
a perfect Maz-Min felicitous-sum matching partition if G = ©,(Hyr, Hy,) holds E(Hp)NE(H,y,) =0
true. (see a perfect Max-Min felicitous-sum matching partition shown in Fig[32|(b)) O

2.13 Maximal common factor labelings (gcd-labelings)

2.13.1 Graceful-type of gcd-labelings

Definition 107. [41] A (p,q)-graph G admits a coloring f : V(G) — [1, M] such that each edge
zy € E(G) is colored with f(zy) = ged(f(u), f(v)). If the edge color set f(E(G)) = {f(zy) : xy €
E(G)} =[1,q|, we call f a graceful gcd-coloring, and f an odd-graceful ged-coloring if f(E(G)) =
{f(zy) : zy € E(G)} = [1,2¢ — 1]°. 0
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Figure 32: (a) A perfect Max-Min difference-sum matching partition A = ©12(Gq, Gq); (b) a perfect
Max-Min felicitous-sum matching partition B = ®@g(Fy, F.), cited from [51].

Remark 17. In Definition the number

Gyed(G) = mfin{max f(V(G)): fis a graceful gcd-labeling of G}

is called a graceful ged-labeling number of the (p, q)-graph G. Similarly, the parameter

OG4eq(G) = m}n{max f(V(G)): fis an odd-graceful ged-labeling of G}

is called an odd-graceful ged-labeling number of the (p, ¢)-graph G.
Each graph T; of 9 edges shown in Fig admits a graceful ged-coloring f; for i € [1,4]. We
define a parameter My, grqc(T5, fi) = max f;(V(T;)) — min f;(V(T;)) for i € [1,4], so

Mmgrac(Tl) < Mmgrac(TQ) < Mmgrac(T?:) < Mmgrac(T4)-

We call M,grac(Ti) = ming{Mygrac(Ti, f)} the graceful ged-coloring M-m-number (resp. the odd-
graceful ged-coloring M-m-number Mpodagra(Ti, f) = ming{Mpmgrac(T3, f)})- I

Definition 108. * For a (p, ¢)-graph G, we have:

(1) A graceful ged-labeling is defined as: A (p,q)-graph G admits a proper labeling f : V(G) —
[1, M] such that each edge zy € E(Q) is colored with f(zy) = ged(f(u), f(v)) and f(E(G)) =
{f(zy) r2zy € E(G)} = [1,q], and My4r(G, f) = max f(V(G)) — min f(V(G)).

(2) An odd-graceful gcd-labeling is defined as: A (p,q)-graph G admits a proper labeling f :
V(G) — [1,M] such that each edge zy € E(G) is colored with f(zy) = ged(f(u), f(v)) and
F(B(G)) = {f(zy) : 2y € B(G)} = [1,24—1]°, and Moggrat(G, ) = max f(V(G)) —min f(V(G)).
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Figure 33: Examples for knowing Definition m

Accordingly, there are two extremal numbers: graceful ged-labeling M-m-number Mp,gra(G) =
ming{Mp,gra(G, f)}, odd-graceful ged-labeling M-m-number Myoddgrai(G) = ming{ Moddgrai(G, f)}-

Definition 109. [41I] A (p,q)-graph G admits a proper labeling f : V(G) — [1, M], such that
ged(f(u), f(v)) is just a prime for each edge uv € E(G), we call f a prime labeling of G. Moreover,
we call f an edge-prime labeling if |f(E(G))| = |E(G)]. O

Remark 18. In Definition the extremal number Ppjpe(G) = ming{M } over all prime labelings
of the (p, q)-graph G is called a prime ged-labeling number; and the extremal number P/ (G) =

ming{M} over all edge-prime labelings of the (p,q)-graph G is called an edge-prime gcd-labeling
number. I

2.13.2 Distinguishing gcd-labelings

Definition 110. * Suppose that a (p, ¢)-graph G' admits a mapping f : V/(G) — [1, My], such that
f(u) # f(v) for distinct vertices u,v € V(G), and ged(f(u), f(v)) # ged(f(u), f(w)) for any pair
of adjacent edges uv,uw € E(G). Let Fn(z) = {ged(f(z), f(y)) : y € N(z)} for the neighbor
set N(z) of each vertex z € V(G). We have the following vertex distinguishing common divisor
labeling (distinguishing ged-labeling):

(1) f is called an adjacent distinguishing gcd-labeling if Fn(u) # Fn(v) for any edge uv € E(G).

(2) f is called a distinguishing gcd-labeling if F(w) # Fy(z) for distinct vertices w, z € V(G).

For all distinguishing gcd-labelings f : V(G) — [1, My], the minimum number of all My is
called the distinguishing gcd-number of G, denoted as Dy.q4(G). For all adjacent distinguishing ged-
labelings g : V(G) — [1, M), the minimum number of all M, is called the adjacent distinguishing
ged-number of G, denoted as Dggea(G). If Dyeqg(G) = p (resp. Dyged(G) = p), we call f a standard
(resp. adjacent) distinguishing gcd-labelings. O

Definition 111. * Suppose that a (p, ¢)-graph G admits a mapping f : V(G) — [1, My], such that
f(u) # f(v) for distinct vertices u,v € V(G), and ged(f(u), f(v)) # ged(f(u), f(w)) for any pair of
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adjacent edges wv,uw € E(G). Let Fy(x) = {ged(f(x), f(y)) : y € N(x)}, and add a restriction
“ged(f(u), f(v)) to be prime” for any edge uv € E(G), we get:

(i) f is called an adjacent distinguishing prime-labeling if F(u) # Fn(v) for any edge uv € E(G).

(ii) f is called a distinguishing prime-labeling if Fiy(w) # Fn(z) for distinct vertices w, z € V(G).

For all distinguishing prime-labelings f : V(G) — [1, M|, the minimum number of all M is called
the distinguishing prime-number of G, denoted as D,,;(G). For all adjacent distinguishing prime-
labelings ¢ : V(G) — [1, M), the minimum number of all M, is called the adjacent distinguishing
prime-number of G, denoted as Dgpri(G). If Dpyi(G) = p, or Degyri(G) = p, we call f standard
(adjacent) distinguishing prime-labelings. O

2.14 Induced total labelings

A proper total coloring of a graph G is defined on a subset of V(G)U E(G) such that two adjacent
vertices or incident edges or incident of edges and vertices are colored with different colors. Similarly,
a mapping f from the vertex set V(G) to [0,q] is a proper vertex labeling of G if f(u) # f(v) for
each edge uv € E(G). Write f(V(G)) = {f(u) : uw € V(G)} and f(E(G)) = {f(uv) : uwv € E(G)},
or f(V) and f(FE) if there is no confliction.

Definition 112. [80] For a mapping f from the vertex set V(G) to [0,¢], let & = max f(V(Q))
and let s indicate the number of distinct colors used in f(V(G)), we call f a proper (k, s)-vertex
labeling of a (p,q)-graph G. For a (p,q)-graph G admitting a (k, s)-vertex labeling f: V(G) —
[0, ¢, an induced difference edge-labeling i, of f in G is defined as i, (uv) = | f(u) — f(v)] for
each edge uv € F(G); and an induced harmonious edge-labeling z}r of f in G is defined as

z;f(uv) = f(u) + f(v) (mod q) for each edge uv € E(G).. O

Definition 113. [80] A proper (k, s)-vertex labeling f of a (p, q)-graph G, from V(G) to [0, q], is
an induced difference total labeling (IDT labeling) of G if its induced difference edge-labeling
iy is a proper edge coloring of G. We say f to be a (k,s,t)-IDT labeling of G, where t = ]z; (E)|.
The least number of k£ spanning over all (k,s,¢)-IDT labelings of G, denoted as x~ (G), is called
the IDT-chromatic number. O

Definition 114. [80] A proper (k, s)-vertex labeling h of a (p, ¢)-graph G, from V(G) to [0, ¢/, is an
induced harmonious total labeling (IHT labeling) of G if its induced harmonious edge-labeling
ZZ is a proper edge coloring of G. Let t = ‘ZZ(E)L f is also called a (k,s,t)-IHT labeling of G.
The IHT-chromatic number of G, denoted as x*(G), is the smallest number of k spanning over
all (k,s,t)-IHT labelings of G. O

Remark 19. From Definition and Definition an IDT-type labeling f of a (p, ¢)-graph G
is consecutive if f(V) = [0,p — 1]. Analogously, an IHT-type labeling h of G is consecutive if
h(V) =10,p — 1]. Clearly, every graph admits a (k, s, t)-IDT labeling and a (k, s, t)-IHT labeling.
A (k,s,t)-IDT labeling of G is strong if it satisfies two additional requirements that & = x~(G)
and ¢ is least, that is to say, for any (k’,s’,¢')-IDT labeling of G there is ¢t < ¢’. A consecutive
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(k, s,t)-IDT labeling of a graph G may be a graceful labeling or a sequential labeling of a (p, g)-graph
G if t = ¢, but a bandwidth labeling of G, such a counterexample is a star. A (k, s, t)-IHT labeling
of G may be a harmonious labeling or a felicitous labeling if t = ¢ ([7], [83]). I

Let Py = uvwz denote a path on 4 vertices. A consecutive (3,4,3)-IDT labeling f of Py can
be represented as @3@2@1 , where f(u) = @, if(uw) = 3, f(v) = @, ir(vw) = 2,
fw) = Q), ij(wz) =1, f(x) = (1). Again, P, admits a (3,3, 3)-IDT labeling (3)3(0)1(1)2(3) and
a consecutive (3,3,2)-IDT labeling @2@1@2@. We have that x~(Ps) = 2 since P; admits a
strong (2,3,2)-IDT labeling (1)1(0)2(2)1(1).

2.15 Digraceful labelings

Definition 115. [86] Let f be a labeling of a digraph D from its vertex set V(D) to [0, |A(D)]],
where A(D) is the arc set of D, such that for each arc wd € A(D), the induced are color f(ud) =
f(u) = f(v) if f(u) > f(v), otherwise f(ut) = |A(D)| + 1+ f(u) — f(v). We call f a digraceful
labeling of D if the arc color set {f(ud) : ub € A(D)} = [1,|A(D)]], and D is called a digraceful
digraph. O

Remark 20. [86] (1) It is not hard to understand that a digraceful labeling f of a digraph D is
equivalent to a certain graceful labeling 6 of D defied in [4] since f(u) = 0(u) for v € V(D) and
f(ud) = |A(D)|+1—6(wd) for ub € A(D), and moreover f is the arc-dual labeling of 6 (see Figl34).

(2) Let f be a digraceful labeling of a digraph D. An arc wb is called a forward-arc if its color
f(@b) = f(u) — f(v), otherwise, a backward-arc. The number of forward-arcs and the number of
backward-arcs are denoted by Fap(f) and Bap(f), respectively. We call number maxs{Fap(f)}
spanning over all digraceful labelings f of D the optimal digraceful number of D, denoted by
Odn(D). Furthermore, if Fap(f) = Odn(D) = |A(D)|, then f is a graceful labeling of the under-
lying graph UG(D). Clearly, an arc @0, an out-degree d*(u), an arc color f(ut) = f(u) — f(v) and
a forward-arc are in the same direction, from the left to the right.

(3) The converse H of a digraph D is the digraph obtained from D by conversing all arcs of D by
reversing the arc a0, it means that we replace the arc ut by the arc vt. Notice that V (H) = V(D)
and |A(H)| = |A(D)|. The conversely digraceful labeling h* of a digraceful labeling f of D is
defined by h*(z) = |A(D)| — f(x) for all z € V(H) = V(D).

(4) An undirected graph G has a digraceful orientation if there exists an orientation of G which
admits a digraceful labeling. All orientations of the star K1 5 are digraceful, see Fig Each vertex
of degree one in an undirected tree is called a leaf. A caterpillar is an undirected tree 1" such that
the resultant graph obtained by deleting all leaves of T is just a path. A lobster H is an undirected
tree such that the graph obtained by deleting all leaves from H is just a caterpillar. An in-zero-out
ditree is a ditree if, for its every vertex u, one of out-degree d*(u) and in-degree d~(u) is always
equal to zero. A rooted ditree T at a fixed vertex u satisfies that in-degree d™(u) = 0, out-degree
d*(u) > 1, and in-degrees d~(u) = 1 for all z € V(T) \ {u}. A vertex u of a ditree T is called an
in-leaf if df(u) = 0 and dp.(u) = 1, and an out-leaf as if dy.(u) = 0 and d(u) = 1. I
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(a)

Figure 34: (a) A digraceful orientation of Cy; (b) a digraceful orientation of Cg; (c) a digraceful orientation
of K4 with a digraceful labeling f, and Fa(f) = Ba(f) = 3; (d) a digraceful orientation of K4 with the
dually digraceful labeling f* of the digraceful labeling f defined in (c); (e) the conversely digraceful labeling

h* of the converse of an orientation of K4 shown in (c), cited from [86].
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Figure 35: All digraceful orientations of Kj 5, cited from [80].

3 Graph colorings with labeling-type restrictions

We combine traditional proper total colorings with some graph labelings to build up new colorings
for topological coding science. In general, we have the following definition of splitting e-colorings:

Definition 116. ([50, 68]) A connected (p,q)-graph G admits a coloring f : S — [a,b], where
S C V(G)U E(G), and there exists f(u) = f(v) for some distinct vertices u,v € V(G), and the
edge color set f(E(G)) holds an e-condition true, so we call f a splitting e-coloring of G. O

3.1 Total colorings with labeling-type of restrictions

Definition 117. [70] Suppose that a connected (p, ¢)-graph G admits a coloring f : V(G) — [0, ¢]
(resp. [0,2¢q — 1]), such that f(u) = f(v) for some pairs of vertices u,v € V(G), and the edge color
set f(E(G)) = {f(wv) = |f(u) — £()| : wv € B(G)} = [1, ] (resp. [1,2 —1]°), then we call f a
splitting gracefully total coloring (resp. splitting odd-gracefully total coloring). O
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3.1.1 A general definition of new colorings

A group of new colorings, in which some are very similar with that in [7, 52, [122], 120], is as
follows:

Definition 118. [48] Suppose that a connected (p,q)-graph G (# K),) admits a total coloring
f:V(G)UE(G) — [1, M], and there are f(z) = f(y) for some pairs of vertices z,y € V(G). Write
(S) = {f(w) : w € S} for a non-empty set S C V(G)U E(G) and let k be a fixed positive integer.
There are the following constraint conditions:
|
|

(1°) [f(V(G)| < p;

(2°) [F(EG)| =g

(3°) f(V(G)) € [1, M], min f(V(G)) = 1;

(4°) f(V(G)) C [1,2¢ + 1], min f(V(G)) =

(5°) fF(E(G)) = [1,4];

(6°) f(E(G)) =[0,q—1];

(7°) f(E(G)) =[1,2¢ — 1]

(8°) f(E(G)) = [2,29]%

(9°) f(E(G)) = [c,c+q—1];

(10°) f(uv) = |f(u) — f(v)| for each edge uv € E(G);
(11°) f(uv) = f(u) + f(v) for each edge uv € E(G);
(12°) For each edge uv € E(G), fuww) = f(u) + f(v) when f(u)+ f(v) is even, and f(uv) =
fu) 4+ f(v) + 1 when f(u) + f(v) is odd,;

/\\/

wo) = f(u) +

f( f(v) (mod q) for each edge uv € E(G);
fluww) = f(u )
I

(13°)

(14°) f(v) (mod 2¢q) for each edge uv € E(G);
(15°) f(v)| = k for each edge uv € E(G);
(16°) ‘f(uv) — ]f( ) f(v H = k for each edge uv € E(G);
(17°) 1f(

(18°)

(19°)

I
2
+
S
/_\/-\

u) + f(v) = f(uv)| = k for each edge uwv € E(G);
(u) + f(uv) + f(v) = k for each edge uv € E(G);
There exists an integer k so that min{f(u), f(v)} < k < max{f(u), f(v)} for each edge
uwv € E(G); and

(20°) (X,Y) is the bipartition of a bipartite graph G such that max f(X) < min f(Y).
A W-type coloring f is one of the following colorings:

TCL-1. An edge-gracefully total coloring if (] .' .’ ) and ({ .' ) hold true.

TCL-2. A set-ordered edge-gracefully total coloring if (| .’ , " , ) and ) hold true.

TCL-3. An edge-odd-gracefully total coloring if (1), (&) and (7) hold true.

TCL-4. A set-ordered edge-odd-gracefully total coloring if (1F), (&), (7) and (20P) hold true.

TCL-5. A gracefully total coloring if (1), (3F), () and (L0P) hold true.

TCL-6. A set-ordered gracefully total coloring if (1), (37), (5F), (LOP) and (20p) hold true.

TCL-7. An odd-gracefully total coloring if (If), (&), (77) and (L0P) hold true.

TCL-8. A set-ordered odd-gracefully total coloring if (1), @), (7). (10P) and (200) hold true.

TCL-9. A felicitous total coloring if [3), (13]) and (6]) hold true.

S~
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TCL-10. A set-ordered felicitous total colormg if (3P),(13P), @Q ) and ) hold true.

TCL-11. An odd-elegant total coloring if (4] .' and ) hold true.

TCL-12. A set-ordered odd-elegant total colormg if (4 ), (114F), .’ ) and .' ) hold true.

TCL-13. A harmonious total coloring if (3F), (L3]) and (67) hold true, and when G is a tree,
exactly one edge color may be used on two vertices.

TCL-14. A set-ordered harmonious total coloring if (3F), (L3}), (6F) and (20p) hold true.

TCL-15. A strongly harmonious total coloring if (3 .' ), .‘ ), @ and ) hold true.

TCL-16. A properly even harmonious total coloring if (4F), (8F) and ) hold true.

TCL-17. A c-harmonious total coloring if (), (11P) and (9F) hold true.

TCL-18. An even sequential harmonious total coloring if (4f), (12) and (8) hold true.

TCL-19. A pan-harmonious total coloring if () and (L1) hold true.

TCL-20. An edge-magic total coloring if ) holds true.

TCL-21. A set-ordered edge-magic total coloring if ) and ) hold true.

TCL-22. A gracefully edge-magic total coloring if ) and ) hold true.

TCL-23. A set-ordered graceful edge-magic total coloring if ), ) and ) hold true.

TCL-24. An edge-difference magic total coloring if ) holds true.

TCL-25. A set-ordered edge-difference magic total coloring if ) and ) hold true.

TCL-26. A graceful edge-difference magic total coloring if (5[) and ) hold true.

TCL-27. A set-ordered graceful edge-difference magic total colormg if () .’ .' ) and ) hold
true.

TCL-28. A felicitous-difference total coloring if (1), (2) and (177) hold true.

TCL-29. A set-ordered felicitous-difference total coloring if ), ), ) and ) hold true.

TCL-30. An ev-difference magic total coloring if ) holds true.

TCL-31. A set-ordered ev-difference magic total coloring if ) and ) hold true.

TCL-32. A graceful ev-difference magic total coloring if ) and ) hold true.

TCL-33. A set-ordered graceful ev-difference magic total coloring if )7 ) and ) hold

true.

Remark 21. In Definition [1&

(1) The number x jy,,,(G) = ming{M : f(V(G)) C [1, M]} over all W-type total colorings f of
G for a fixed W € {TCL —1,TCL —2,..., TCL — 33} is called the W-type total chromatic number
of G, and the number vy (G) = ming{|f(V(G))|} over all W-type colorings f of G as W-type
total splitting number. Clearly, x"(G) < X y2/(G). Fig shows part of examples for knowing
Definition and the colorings of the examples shown in Fig[37] are equivalent from each other.

(2) Substituting “total coloring” by “proper total coloring” will get another group of W-type
total colorings that are similar with and stricter than that defined in Definition [118 I

3.1.2 Matching difference total coloring

Definition 119. [42] Let f : V(G) U E(G) — [1,k] be a proper total coloring of a graph G. If
each edge uv of E(G) holds f(uv) = |f(u) — f(v)| true, we call f a ve-matching difference total
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Figure 36: Part of examples for understanding Definition cited from [48].

k-coloring of GG, and call the smallest number of k over all ve-matching difference total k-colorings
ve-matching difference total chromatic number, denoted as x 7, ,(G). U

Definition 120. [42] For a proper total coloring g : V(G) U E(G) — [1,m] on a graph G, if each
edge uv of E(G) holds g(uv) = g(u) + g(v) true, we call g a ve-matching sum total m-coloring of
G. The minimal number of m over all ve-matching sum total m-colorings is denoted as x ..(G),
called the ve-matching sum total chromatic number. O

See two ve-matching difference total colorings shown in Fig[3§(a) and (b) for understanding
Definition We can see x"(G) < x7.,(G), in general. Moreover, two ve-matching sum total
colorings are shown in Figl3§{c) and (d), clearly, x"(G) < x 1. (G).

Theorem 36. [42] About x 7 ,(G) defined in Deﬁnltlon and x 7.(G) defined in Deﬁnitionm
we have:

Result-1. Suppose that H is a connected subgraph of a connected graph G, then x” ,(H) <
X ped(G) and x7es(H) < X 7es(G).

Result-2. Each tree T admits a ve-matching difference total coloring. When A(T) is odd, then
A(T)+2 < x" J(T) < 3(A(T) + 1); When A(T) is even, A(T) +1 < x” (T) < 3A(T) +1

Result-3. Each tree T" admits a ve-matching sum total coloring and satisfies inequalities A(T") +
2 < X1 (T) < 2A(T) +1

Result-4. Every complete bipartite graph K, , with n > m admits a ve-matching sum total
coloring and satisfies x 1o (Kmn) < m + 2n.

65



9999990902090 90
9 0 69 0 - 09 b9 0

(1) aset-ordered (2) aset-ordered odd- (3) aset-ordered edge- (4) aset-ordered
graceful coloring graceful coloring magic total coloring 5C-coloring

9060000 06060000 VO O

k+3d

619 ) 6-9 019 0-9 06 (5.9 @

(5) aset-ordered (6) a set-ordered odd- (7) aset-ordered

felicitous coloring elegant coloring harmonious coloring (8) a (k.d)-graceful coloring

Figure 37: Examples for showing equivalent colorings in Definition cited from [48].
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Figure 38: (a) and (b) are two ve-matching difference total colorings, (c) and (d) are two ve-matching sum

total colorings, cited from [42].

Result-5. Every complete bipartite graph K,,, with n > m admits a ve-matching difference
total coloring and satisfies x 7', ,(Kmn) < 2n+ [5].

Result-6. Each complete graph K, admits a ve-matching sum total coloring and holds x 1., (Ky) <
2n — 1 true.

3.2 Graceful extremum numbers and gracefully critical authentications

In [48], each bipartite complete graph K,,, does not admit a gracefully total coloring g with
g(xz) = g(y) for some two distinct vertices z,y € V(K,, ), meanwhile, K,,, admits a graceful
labeling f with f(u) # f(w) for any pair of vertices u,w € V(Kp, ).

Definition 121. [48] If a connected (p, ¢)-graph H™ admits a gracefully total coloring, and adding
some new edge e ¢ E(H™) to H" makes a new graph H' + e such that the edge-added graph
H™ + e does not admit a gracefully total coloring, we call H' a gracefully® critical graph. If
another connected (s,t)-graph H~ does not admit a gracefully total coloring, but removing some
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edge e/ € E(H™) from H~ produces a new graph H~ — e’ admitting a gracefully total coloring,
we refer to H™ a gracefully™ critical graph.

A (p, s)-gracefully total number Rgrqce(p, s) is an extremal number, such that any red-blue edge-
coloring of a complete graph K,,, of m (> Rgrace(p, 8)) vertices induces a copy H;" of the gracefully™
critical graph H' of p vertices, or a copy H i of the gracefully™ critical graph H~ of s vertices,
where each edge of H:r is red and each edge of H ;s blue. And, some red-blue edge-coloring of a
complete graph K, with n < Rgrace(p, s) — 1 does not induce any one of copies of the gracefully™
critical graph H™ of p vertices and copies of the gracefully™ critical graph H~ of s vertices. U

Definition 122. [48] If a connected graph G contains a copy T of a gracefully™ critical graph H™
of p vertices and a copy L of a gracefully™ critical graph H~ of s vertices, and both critical graphs
T and L are edge-disjoint in G, so that F(G) = E(T) U E(L) with E(T)NE(L) =0, and V(G) =
V(T)UV (L) with |[V(VT)NV(L)| > 1, then we call G a (p, s)-gracefully critical authentication, and
(T, L) a(p, s)-gracefully graph-critical matching. Moreover, a (p, s)-gracefully critical authentication
G* is optimal if |V (G*)| < |V (J)| for any (p, s)-gracefully critical authentication J. O

See Fig and Fig for understanding the gracefully™ critical graph, the gracefully™ critical
graph and the (p, s)-gracefully critical authentication defined in Definition and Definition
Four graphs G1, G, G3, G4 shown in Fig[39 and Fig[d0 are optimal.

o o N\ S R P
3 2 @)< @ >(@ @ @/ <5) Y )
é)_i_é N é/)@ O

(@ (b)

Figure 39: (a) (H;", Hy) is a (4,5)-gracefully graph-critical matching, and G is a (4,5)-gracefully critical
authentication; (b) (HJ, Hy) is a (5,4)-gracefully graph-critical matching, and Gy is a (5,4)-gracefully
critical authentication, cited from [48].

Remark 22. In fact, a (p, s)-gracefully total number Rg.qce(p, s) is a graph Ramsey. In his book
[10], West defined: Given simple graphs G1,Go,...,Gj, the (graph) Ramsey number R(G1, G2,
..., Gg) is the smallest integer n such that every k-coloring of F(K,) contains a copy of G; in color
i for some 1. I

Proposition 37. [48] (1) If (H*, H™) is a (p, s)-gracefully graph-critical matching, so are (H* +
e,H-—¢e), (H",H" +¢e) and (H~,H™ — ¢) too.
(2) Ryrace(p,s) = Rgrace(s,p) with p >4 and s > 4.

In Fig[4d], we can see the following facts:
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Figure 40: (c) (H3, Hy) is a (4,4)-gracefully graph-critical matching, and G is a (4, 4)-gracefully critical
authentication; (d) (H;, H;) is a (5,5)-gracefully graph-critical matching, and G4 is a (5,5)-gracefully

critical authentication, cited from [48].

1) In Fig(a), a red-blue edge-coloring of K4 does not induce any copy of a gracefully™ critical
graph H~ of four vertices and any copy of a gracefully™ critical graph H ™' of four vertices defined
in Definition so the (4, 4)-gracefully total number Rgyqcc(4,4) = 5.

(2) A red-blue edge-coloring of K35 does not induce a gracefully ™ critical graph H~ of five vertices
and a gracefully™ critical graph H T of five vertices, such that each edge of H™ is red and each edge
of H™ is blue. So, the (5,5)-gracefully total number Rgyqce(5,5) = 6; and

(3) Rgrace(4,5) > 6.

o % C§£ ;?} o % @
blue edges blue edges
(d)

Figure 41: (b) A red-blue edge-coloring of Kj; (c) a red-blue edge-coloring of Kg, cited from [48].

Remark 23. Let Ky, (as a gracefully™ critical graph H") be a complete bipartite graph with its
vertex set V(Ko ) = {x1, 22} U{y1,y2, ..., yn} and edge set E(Ko ) = {x;y; : i € [1,2],75 € [1,n]}.
We define a graceful labeling f for Ky, in the way: f(x;) =1 for i € [1,2], and f(y;) = 2j + 1 for
J € [1,n]; next we set f(z;y;) = f(y;) — f(xi) = 2j + 1 — i, which deduces f(E(K2,)) = [1,2n].
Clearly, K3, does not admit a gracefully total coloring g with g(z) = g(y) for some distinct two
vertices x,y € V(Kay,).

We remove an edge z2y, from Ks, to obtain a connected bipartite graph Ks, — z2y, (as a
gracefully™ critical graph HT), and define a total coloring g as: g(z1) = f(z1) = 1, g(x2) = 2n,
9(yn) = 2n, and g(y;) = f(y;) for j € [1,2n—1]; set g(ziy;) = 9(y;)—g(x:). So, g(E(Kan—22yn)) =
[1,2n — 1], and g(z2) = 2n = g(yn). We claim that g is a gracefully total coloring of the graph
Kgm — T2Yn-
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We add a new vertex w to Ks ,, and add new edges wyy, with k € [2,n], and add edges wz; and
Y1y, with k € [2,n] to Kz, + w, the resultant graph is denoted as G with (n + 3) vertices. It is not
hard to see that these new edges induce just a connected bipartite graph Ks , — x2y,. Thereby, G
contains a gracefully™ critical (p, ¢)-graph H* = Ky, — 2y, and a gracefully™ critical (s, t)-graph
H™ = K> 5, and both critical graphs K>, — 2y, and K, are edge-disjoint in G. Thereby, G is a
smallest (n + 2,n + 2)-gracefully total authentication [4§]. I

Definition 123. * Suppose that a connected (p, ¢)-graph G admits a gracefully total coloring: (i)
If adding a new edge e to G makes a new graph G + e such that the edge-added graph G + e does
not admit a gracefully total coloring, we call G a C’Jes—gmcefully critical graph, here, it is allowed
that G + e is made by adding a new vertex u and joining a vertex v of G with this new vertex to
form an edge e = uw; (ii) if removing an edge e from G produces a new graph G — e such that this
graph G — e (including isolated vertex deleted) does not admit a gracefully total coloring, we call
G a Oy 4-gracefully critical graph.

Suppose that another connected (s,t)-graph H does not admit a gracefully total coloring: (1) If
adding a new edge ¢’ to H built a new graph H +e’ such that the graph H + e’ admits a gracefully

total coloring, we call H a C;f

-gracefully critical graph, notice that it is allowed that H + e’ is
made by adding a new vertex x and joining a vertex y of H with this new vertex to form an edge
e’ = zy; (2) if removing an edge e’ from H yields a new graph H — e’ such that this graph H —e’
(including isolated vertex deleted) admits a gracefully total coloring, we call H a C,_-gracefully
critical graph.

An ex-gracefully total number Rgrqce(p,s | A, B) is extremal and holds: Any red-blue edge-
coloring of a complete graph K, of m (> Rgrace(p,s | A, B)) vertices induces a copy T; of the
A-gracefully critical graph G of p vertices, or a copy L; of the B-gracefully critical graph H of s
vertices, where each edge of T; is red and each edge of L; is blue, and A, B € {C};, Cyes, Cif, Cryy

yes’ ~'no’

}.
The above case does not occur to K, if r < Ryrace(p,s | A, B) — 1. O

Definition 124. * Let G be a connected (p, q)-graph admitting a W-type coloring: (a-1) If the
edge-added graph G + e does not admit a W-type coloring, then G is called a C’;S -W -type critical
graph, notice that G + e may be made by adding a new vertex u and joining a vertex v of G with
this new vertex to form an edge e = wv; (a-2) if the deleting-edge graph G — e (including isolated
vertex deleted) does not admit a W-type coloring, we call G a Cyes~W -type critical graph.

Suppose that another connected (s, t)-graph H does not admit a W-type coloring: (b-1) If the
edge-added graph H + e admits a W-type coloring, we call H a C;[,-W-type critical graph, here,
H + e may be made by adding a new vertex z and joining a vertex y of H with this new vertex
to form an edge e’ = zy; (b-2) if the deleting-edge graph H — e (including isolated vertex deleted)
admits a W-type coloring, then H is called a C,, -W -type critical graph.

The (p,s | I, J)-2-coloring. A red-blue edge-coloring of a complete graph K, of n vertices
induces a copy T; of an I-type critical graph G of p vertices, or a copy L; of a J-type critical graph
H of s vertices for I,J € {Cl.s =W, Cpoy — W, G/, = W, C, — W}, such that each edge of T; is

red, or each edge of L; is blue, we say that K, admits a (p,s | I, J)-2-coloring.
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An ex-W-type number m = Rgrace(p,s | I1,J) is a smallest number such that each complete
graph K,, of n (> m) vertices admits a (p, s | I, J)-2-coloring, and each complete graph K; with
t <m — 1 vertices does not admit any (p, s | I, J)-2-coloring. O

Definition 125. * For I,J € {Cj., — W, Cp . — W, G, — W,C;, — W}, if a connected graph G
contains a copy 7; of an I-type critical graph of p vertices and a copy L; of a J-type critical graph of
s vertices, and both critical graphs T; and L; are edge-disjoint in G, so that E(G) = E(T;) U E(L;)
with E(T;) N E(L;) = 0, and V(G) = V(T;) U V(L;) with |[V(T;) N V(L;)| > 1, then we call
G a (p,s)-W-type (I,J)-critical authentication, and (Tj, L;) a (p,s)-W-type (I, J)-graph-critical
matching. A (p,s)-W-type (I, J)-critical authentication F* is optimal if |V (F*)| < |V(G)| for any
(p, s)-W-type (I, J)-critical authentication G. O

There are many unsolved problems in graph theory, which can persuade people to believe that
Topsnut-gpws can resist cipher’s attackers equipped quantum computer and Al technique, such a
famous example is: “If a graph R with the mazimum R(s, k)—1 vertices has no a complete graph K
of s vertices and an independent set of k vertices, then we call R a Ramsey graph and R(s, k) — 1
a Ramsey number. As known, it is a terrible job for computer to find Ramsey number R(5,5),
although we have known 46 < R(5,5) < 49”. Joel Spencer said: “Erdds asks us to imagine an alien
force, vastly more powerful than us, landing on Earth and demanding the value of R(5,5) or they
will destroy our planet. In that case, he claims, we should marshal all our computers and all our
mathematicians and attempt to find the value. But suppose, instead, that they ask for R(6,6). In
that case, he believes, we should attempt to destroy the aliens”.

3.3 Tcn-pure total colorings, Labeling-type restrictive total colorings

Coloring each of vertices and edges of a graph G with a number in [1, k] makes no two adjacent
vertices (resp. edges) or incident edge (resp. vertex) having the same color, we call this coloring a
proper total coloring, the minimum number of k for which G admits a proper total k-colorings is
denoted as " (G).

Definition 126. [53] Let f : V(G) U E(G) — [1,X"(G)] be a proper total coloring of G with

X"(G) = |[{f(z) : x € V(G) U E(G)}|, and we call this coloring f total chromatic number pure

coloring (tcn-pure coloring). Let d¢(uv) = f(u) + f(uv) 4+ f(v) for each edge uv € E(G), and set
Bia(G, f) = wlggﬁc(;){df(uv)} - wrenér(lG){df(uv)}-

Determine a new parameter miny By (G, f) over all ten-pure colorings of G, and call miny By (G, f)

pan-bandwidth edge-magic total chromatic number. Especially, a coloring h is called an edge-magic

ten-pure coloring if By (G, h) = 0, or an equitably edge-magic ten-pure coloring if By (G, h) = 1.0

In Fig three complete bipartite graphs K» 3, K2 4 and K33 admit six tcn-pure total colorings:
each h; is the dually total coloring (also, matching total coloring) of f; with i € [1,3]. Moreover,
Bioi(Ka3, f1) = 2, Bioi(Kaa, fo) = 3 and Byoi(K33, f3) = 4; Bioi(Ka3, h1) = 2, Bio(Kau, ha) = 3,
By (K33, h3) = 3.
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Figure 42: Six tcn-pure colorings of three complete bipartite graphs, in which h; is the matching total
coloring of the ten-pure coloring f; with ¢ = 1,2, 3, cited from [53].

Theorem 38. [117]Adding a new leaf u to a tree T' admitting an edge-magic ten-pure total coloring
produces another tree T' 4 uv with v € V(T') holding miny By (7, f) = ming By (T + uv, g) true.

Theorem 39. [117] Each tree admits an edge-magic tcn-pure coloring, or an equitably edge-magic
ten-pure coloring.

Theorem 40. [II7] Any connected graph G admitting an edge-magic ten-pure coloring or an
equitably edge-magic tcn-pure coloring is the result of doing vertex-coinciding operation to some
tree T admitting an edge-magic tcn-pure coloring or an equitably edge-magic tcn-pure coloring,
that is, T is graph homomorphism to G, that is, T' — G.

Definition 127. [48] For a proper total coloring f : V(G)UE(G) — [1, M] of a graph G, we define
an edge-function c¢(uv) for each edge uv € E(G), and then have a parameter

BL(G, f, M) = uvfgg?G){Cf(uv)} - xyrgEi?G){Cf(Iy)}- (10)

If BX(G, f,M) =0, we call f an a-proper total coloring of G, the smallest number
X4(G) = min{ : B(G,f,M) =0} (1)

over all a-proper total colorings of G is called a-proper total chromatic number, and f is called a
perfect a-proper total coloring if x 7 (G) = x"(G). Moreover

Tcoloring-1. We call f a (resp. perfect) edge-magic proper total coloring of G if cs(uv) =
fw)+ f(v) + f(uv), rewrite BX(G, f,M) = B, . (G, f, M), and x " (G) = x 7 ..(G) is called edge-

magic total chromatic number of G.
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Tcoloring-2. We call f a (resp. perfect) edge-difference proper total coloring of G if
er(uv) = f(uv) + |f(u) = F(v), rewrite By(G.f,M) = Biy(G.f. M), and x2(G) = x"4(G)
is called edge-difference total chromatic number of G.

Tcoloring-3. We call f a (resp. perfect) felicitous-difference proper total coloring of G if
er(uv) = | f(w) + F(0) — fluv)], rewrite B(G, f, M) = B (G, f, M), and x(G) = x"(G) is is
called felicitous-difference total chromatic number of G.

Tcoloring-4. We refer to f a (resp. perfect) graceful-difference proper total coloring of G
if ep(uv) = ||f(u) — F()] — f(uv)], rewsite BL(G, f, M) = Biy(G, f, M), and x4(G) = x "4 (G) is
called graceful-difference total chromatic number of G. O
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Figure 43: Four graphs admitting the edge—magic proper total colorings holding f(u) + f(uv) + f(v) =10,

77777

Topsnut-gpw, cited from [48].

As removing “proper” from Definition [127] we get

Definition 128. [63] A randomly growing network model N(t) admits a W-type total coloring
fr : V(N(t)) UE(N(t)) — [1, M (t)] with ¢ € [a,b]” such that there is a fixed constant k£ > 0, and
a constraint conditional function F(fi(x), fi(zy), fi(y)) = k for each edge zy € E(N(t)) is one of
the following equations:

(E-1)  fi(z) + fi(xy) + fily) =k > 0;

1fe(x) — fi(y)| = fe(zy)| =k > 0
(E-3) fi(zy) + |fe(z) — fe(y)| = k > 0; and
|fi(@) + fuly) = fulzy)| =k >0

We call f;:
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C-1. An edge-magic total coloring if (E holds true.

C-2. A graceful-difference total coloring if (E holds true.

C-3. An edge-difference total coloring if (E holds true.

C-4. A felicitous-difference total coloring if (E holds true. O

We can add another constraint requirement, such that each edge color f;(xy) is odd in Definition
128] so we get new colorings: odd-edge-magic total coloring, odd-graceful-difference total coloring,
odd-edge-difference total coloring, odd-felicitous-difference total coloring, respectively. Next, we
add three parameters to Definition if G is bipartite, and get another group of particular total
colorings as follows:

Definition 129. [48] Suppose that a bipartite graph G admits a proper total coloring f : V(G) U
E(G) — [1,M]. We define an edge-function c¢(uv)(a,b, c) with three non-negative integers a, b, c
for each edge uv € E(G), and define a parameter

B*(G, f, M)(a,b,c) = ma b)Y — mi b, o). 12

AG T M) abie) = mx {es(uo)(a,b0)} —min {es(oy)(a.b.c)) (12)

If BX(G, f,M)(a,b,c) = 0, we call f a parameterized a-proper total coloring of G, the smallest
number

x7(G)(a,b,c) = m}n{M : BX(G, f,M)(a,b,c) =0} (13)

over all parameterized a-proper total colorings of GG is called parameterized a-proper total chromatic
number, and f is called a perfect a-proper total coloring if x"(G)(a,b,c) = x"(G).

TCol-1. We call f a (resp. perfect) parameterized edge-magic proper total coloring of
G if cp(uv) = af(u) + bf(v) + cf(uv), rewrite B} (G, f, M)(a,b,c) = B,,;(G, f, M)(a,b,c), and
X" (G)(a,b,c) = x 2. (G)(a,b,c) is called parameterized edge-magic total chromatic number of G.

TCol-2. We call f a (resp. perfect) parameterized edge-difference proper total coloring
of G if ¢f(uv) = cf(uv) +|af(u) — bf(v)|, rewrite B3 (G, f, M)(a,b,c) = B, (G, f, M)(a,b,c), and

X m(G)(a,b,c) = x",,(G)(a,b,c) is called parameterized edge-difference total chromatic number of

G.

TCol-3. Wecall f a (resp. perfect) parameterized felicitous-difference proper total color-
ing of G if cp(uv) = |af(u) +bf(v) — cf (uv)|, rewrite By (G, f, M)(a,b,c) = B};,(G, f, M)(a,b,c),
and X o(G)(a,b,¢) = x't4(G)(a,b,c) is called parameterized felicitous-difference total chromatic
number of G.

TCol-4. We refer to f as a (resp. perfect) parameterized graceful-difference proper total
coloring of G if c(uv) = Haf(u) —bf(v)] — cf (w)], rewrite

B, (G, f,M)(a,b,c) = B;dt(Ga fy M)(a,b,c),

and x o (G)(a, b, ¢) = x 34(G)(a, b, ) is called parameterized graceful-difference total chromatic num-
ber of G. g
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Remark 24. We can put forward various requirements for (a, b, ¢) in Definition to increase the
difficulty of attacking topological coding, since the ABC-conjecture (also, Oesterlé-Masser conjec-
ture, 1985) involves the equation a+b = ¢ and the relationship between prime numbers. Proving or
disproving the ABC-conjecture could impact: Diophantine (polynomial) math problems including
Tijdeman’s theorem, Vojta’s conjecture, Erdos-Woods conjecture, Fermat’s last theorem, Wieferich
prime and Roth’s theorem, and so on [14]. I

Definition 130. [48] The dual colorings of the colorings defined in Definition as (a,b,c) =
(1,1,1) are in the following:

Dual-1. For an edge-magic proper total coloring fenm, of a graph G, so there exists a constant k
such that fem (u) + fem(uv) + fem(v) = k for each edge uv € E(G). Let max fen, = max{ fem(w) :
w € V(G)U E(G)} and min fe,, = min{ fe,(w) : w € V(G) U E(G)}. We have the dual coloring
gem Of fem defined as: gem(w) = (max fey, + min fer,) — fem(w) for w € V(G) U E(G), and then

gem(u) + gem(uv) + gem(v) = 3(max Jem + min fem) - [fem(u) + fem(uv) + fem(v)] (14)
3

(max fe, + min fo,) —k =k’

for each edge uv € E(G).

Dual-2. For an edge-difference proper total coloring f.q of a graph G, we have a constant k
holding feq(uv) + | fea(u) — fea(v)| = k for each edge uv € E(G). Let max foq = max{feq(w) : w €
V(G)U E(G)} and min foq = min{ feq(w) : w € V(G) U E(G)}. We have the dual coloring geq of
fea defined by setting geq(z) = (max feg + min foq) — feq(x) for z € V(G) and geq(uv) = feq(uv)
for uv € E(G), and then

ged(uv) + |ged(u) - ged(v)| = fed(uv) + ’fed(u) - fed(v)| =k (15>

for every edge uv € E(G).

Dual-3. For a graceful-difference proper total coloring f,q of a graph G, there exists a constant
k such that || fyq(u) — fea(v)| = fea(uv)| = k for each edge uv € E(G). Let max fyq = max{fyq(w) :
w € V(G)UE(G)} and min fgq = min{ fyq(w) : w € V(G) U E(G)}. We have the dual coloring ggq
of fyq defined in the way: ggq(z) = (max fyq+min fyq) — fa(z) for z € V(G) and ggq(uv) = fga(uv)
for each edge uv € E(G), and then

|199d(w0) = gga(v)| = gga(wv)| = || fga(u) = foa(v)| = fga(uv)| = k (16)

for each edge uwv € E(Q).

Dual-4. For a felicitous-difference proper total coloring frq of a graph G, we have a constant
k such that |fra(u) + fra(v) — fra(uv)| = k for each edge uv € E(G). Let max frq = max{ frq(w) :
w € V(G)UE(G)} and min frq = min{ frq(w) : w € V(G) U E(G)}. We have the dual coloring g¢q
of frq defined as: gpq(w) = (max frg + min frq) — fra(w) for w € V(G) U E(G), and then

|9fa(u) + gra(v) — gra(uv)| = |(max frq + min frq) + fra(u) + fra(v) — fra(u)|

= (max ffq + min frq) £ k (17)
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for each edge uv € E(G). Here, if f;q is edge-ordered, that is, fra(x) + fra(y) > fra(zy) for each
edge zy € E(G), then
|g7a(w) + gra(v) — gra(w)| = (max frq + min frq) +k =k".

We have
|g7a(w) + gra(v) — gra(w)| = (max frq + min frq) — k = k',

if fra(x) + fra(y) < fra(xy) for each edge zy € E(G). O
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Figure 44: A randomly growing graph admits an edge-difference proper total coloring holding f(uv) +
|f(u) — f(v)] = 18, cited from [48].

Remark 25. Removing “proper” from Definition produces: A simple graph G admits a total
coloring f : V(G) U E(G) — [1, M] such that f(u) # f(v) for each edge uv € E(G), and f(zy) #
f(zw) for two adjacent edges zy, zw € E(G). So, this particular total coloring allows f(u) = f(uv)
for some edge uv € E(G), and is weak than that in Definition Similarly, removing “proper”
from Definition produces four parameterized a-proper total colorings that are weak than that
defined in Definition m I

Definition 131. [48] A rainbow proper total coloring f of a connected graph G holds: For any
path zixoxzzazs of G, edge colors f(x;zit1) # f(xjzy1) with 4,5 € [1,4], and each f(xjz;q1)
is one of f(zjxjt1) = f(z:) + f(wiwitr) + f(ziv1), f(xjzip1) = f(@iwipr) + (@) — f(@ip1)],
fl@jajpn) = 1f (@) + f(zin) = fwmin)| and f(zjzj) = ||f(2i) = f(zi)| = fl@izip)][. O
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Definition 132. [48] Let f : V(G)UE(G) — [1, M] be a proper total coloring of a simple graph G.
If B(G) = U}, E; with E;NE; = 0 and E; # 0 for 1 <4, < 4, such that f(u)+ f(uw) + f(v) = ki
for each edge uv € Fy, f(zy)+ |f(z) — f(y)| = ko for each edge zy € Fa, |f(s) + f(t) — f(st)] = k3
for each edge st € E3, and ||f(a) — f(b)| — f(ab)| = k4 for each edge ab € E4. We call f a f-ice-
flower proper total coloring of G, and the smallest number of max{f(w) : w € V(G) U E(G)} for
which G admits a 4-ice-flower proper total coloring is denoted as x /;..(G), called 4-ice-flower total
chromatic number. g

Definition 133. [48] Let G be a totally colored graph admitting a Wg-type proper total coloring
fa, and let H be another totally colored graph with a Wx-type proper total coloring gr. We say
G = H if there is a bijection ¢ : V(G) — V(H) such that

(i) G Au = H A ¢(u) for each vertex u € V(G) with degg(u) > 2 (refer to Theorem [3); and

(ii) for each element w € V(G) U E(G), there exists an element w’ € V(H) U E(H) holding
gr(w') = fa(w) when w’ = p(w). O

Definition 134. [48] Suppose that a connected graph G admits a coloring f. If there is a spanning
subgraph T of G, such that f is just a W-type coloring of T', we call f an inner W-type coloring
of T, and say G admits a coloring including a W -type coloring. Moreover, if there are L spanning
subgraphs H;, Ho, ..., Hy, with E(H;) # E(H;) for distinct 4, j € [1, L] and L > 2 such that f; (= f)
is an inner W;-type coloring of H; with i € [1, L], we call f a coloring including L-multiple colorings
of G, and furthermore f is called an (W;){-type coloring of G if E(G) = UZ'L:1 E(H;). O

Definition 135. [48] If a proper total coloring f : V(G)UE(G) — [1, M] for a bipartite (p, ¢)-graph
G holds:

(i) (e-magic) f(uv) + |f(u) = f(v)] = F;

(ii) (ee-difference) each edge uv matches with another edge xy holding f(uv) = |f(x) — f(y)| (or
fuv) =2(p+q) — | f(z) = f()]);

(iii) (ee-balanced) let s(uv) = |f(u) — f(v)| — f(uv) for uv € E(G), then there exists a constant
k' such that each edge uv matches with another edge u’v’ holding s(uv) + s(u’v’) = k' (or
2(p+q) + s(uwv) + s(u'v’) = k') true;

(iv) (set-ordered) max f(X) < min f(Y) (or min f(X) > max f(Y)) for the bipartition (X,Y") of
V(G).

(v) (edge-fulfilled) f(E(T)) = [1,q].

We call f a 5C-total coloring of G. O

3.4 New parameters on proper vertex colorings

Definition 136. [53] Let f : V(G) — [1, k] be a proper vertex coloring of a graph G with k = x(G).
We define a parameter

Bo(G, )= > |f(@)=fy)l, (18)

zy€E(G)

76



and try to determine miny By, (G, f) and maxs Bg,(G, f). Clearly, if G is a bipartite graph, then

HlfinBsub(G, f) = m?XBsub(G7 f) = |E(G)|

If there exists a proper vertex coloring fys of a connected graph G such that By, (G, far) = M for
each M holding
m}n Bsup(G, f) < M < mjé}stub(G, 1), (19)

we say that G admits a group of consecutive difference proper vertex colorings (see an example
shown in Fig. O
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Figure 45: A graph Cs + uv admits a group of consecutive difference proper vertex colorings, which forms

a Topsnut-matching chain, cited from [53].

Definition 137. [53] Let g : V(G) — [1, k] be a proper vertex coloring of a graph G with k = x(G).
We define another parameter

Boum(G 9) = > o)+ g(y)] (20)

zy€E(G)

and try to compute two extremal values ming Beym(G,g) and maxg Bsym (G, g). If G admits a
proper vertex coloring gqg for each @) satisfying

min Bsym (G, 9) < Q < max Bsum (G, h) (21)

g
such that Bsum(G,9g9) = Q, we say that G admits a group of consecutive sum proper vertex
colorings. O

3.5 Weak gracefully total colorings

Definition 138. [48] If a connected (p, ¢)-graph G admits a total coloring f : V(G) U E(G) —
[1, M], such that f(uv) = |f(u) — f(v)| and f(u) # f(v) for each edge uv € E(G), and f(E(GQ)) =
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[1,q], as well as f(V(G)) C [1,q + 1], we call f a weak-gracefully total coloring. It may happen
flu) =2f(v) or f(v) =2f(u) in a weak gracefully total coloring. Moreover, if G is bipartite, and
max f(X) < min f(Y) for the bipartition (X,Y) of vertex set of G, we call f a set-ordered weak
gracefully total coloring. O

Definition 139. [48] [70] A connected (p, q)-graph G admits a total coloring f : V(G) U E(G) —
[1,M], and f(z) = f(y) for some pair of vertices z,y € V(G). There are the following constraint
conditions:

(i) each edge uv € E(G) holds f(uv) = |f(u) — f(v)| true;

(ii) edge color set f(E(G)) = [1,q];

(iii) vertex color set f(V(G)) C [1,q+ 1];

(iv) edge color set f(E(G)) = [1,2q — 1]°;

(v) vertex color set f(V(G)) C [1,2q]; and

(vi) G is bipartite and its own vertex set V(G) = X UY with X NY = 0, such that each edge
wv € E(G) holds u € X and v € Y, the total coloring f holds max f(X) < min f(Y) true.
We have:

Weak-1. If (i) and hold true, we call f a prospective weak gracefully total coloring.

Weak-2. If , and hold true, so we call f a weak gracefully total coloring.

Weak-3. If , and hold true, then we call f a prospective set-ordered weak gracefully
total coloring.

Weak-4. If , , and hold true, then we call f a set-ordered weak gracefully total
coloring.

Weak-5. If (i) and hold true, then we call f a prospective weak odd-gracefully total coloring.

Weak-6. If , and hold true, so we call f a weak odd-gracefully total coloring.

Weak-7. If , and hold true, we call f a prospective set-ordered weak odd-gracefully
total coloring.

Weak-8. If , , and hold true, then we call f a set-ordered weak odd-gracefully total
coloring. O

Remark 26. (1) Each total coloring defined in Definition is a mixed thing of graceful labeling
and a total coloring.

(2) Definition induces a parameter: A connected (p,q)-graph G admits a weak graceful
(resp. odd-graceful) total coloring h, if |h(V(G))| < |f(V(G))| holds true for any weak graceful
(resp. odd-graceful) total coloring f of G, we write vg.(G) = |h(V(T'))| = ming{| f(V(T))|} over all
weak graceful (resp. odd-graceful) total colorings of G, called a weak graceful (resp. odd-graceful)
total chromatic number. It is not easy to compute the exact value of vg.(G), since it is related
with Total Coloring Conjecture.

(3) If a total coloring f defined in Definition [139]is proper, so we have f(v) # f(uv) = | f(u)— f(v)|
and 2f(v) # f(u), or f(u) # f(uv) = |f(u) — f(v)] and 2f(u) # f(v). In general, a total coloring f
defined in Definition and its dual total coloring may be not proper. If a total coloring defined
in Definition is proper, so we call it a graceful (resp. odd-graceful) proper total coloring, or a
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weak graceful (resp. odd-graceful) proper total coloring, or a set-ordered weak graceful (resp. odd-
graceful) total coloring, or a prospective weak graceful (resp. odd-graceful) proper total coloring,
or a prospective set-ordered weak graceful (resp. odd-graceful) proper total coloring. I

3.6 Parameterized total colorings

Let integers a,k,m > 0, d > 1 and ¢ > 1 in this subsection. We have two parameterized sets
Smkad={k+ad,k+(a+1)d,....,k+(a+m)d} and Ozy_1 a = {k+d, k+3d,...,k+(2¢—1)d}.
The cardinality of a set S is denoted as ||, 50 [Sy k,a,a] = m~+1 and |Ozg—1,k,4| = ¢. Motivated from
the parameterized labelings: the (k,d)-arithmetic labeling, the (k, d)-graceful labeling, the (k,d)-
harmonious labeling and the new (k, d)-type labelings introduced in [38]. Based on the well-defined
parameterized labelings, we present the following parameterized total colorings:

Definition 140. [62] Let G be a bipartite and connected (p, ¢)-graph, so its vertex set V(G) =
X UY with XNY = () such that each edge uv € E(G) holds u € X and v € Y. If there is a coloring
f:X = Snooa=1{0,d,....,md} and f: Y UE(G) = Sproa={k.k+d,...,k+nd}, here it is
allowed f(x) = f(y) for some distinct vertices x,y € V(G). Let ¢ be a non-negative integer. We
have:

Ptol-1. If f(uv) = |f(u) — f(v)| for uwv € E(G), f(E(G)) = Sg-1k04 and f(V(G)U E(G)) C
5m.0,0,d Y Sg—1,k0,d, then f is called a (k,d)-gracefully total coloring; and moreover f is called a
(k, d)-strongly gracefully total coloring if f(x) 4+ f(y) = k + (¢ — 1)d for each matching edge zy of
a matching M of G.

Ptol-2. If f(uv) = [f(u) — f(v)| for wv € E(G), f(E(G)) = Ozg—1k4 and f(V(G)U E(G)) C
Sm,0,0,d U S2—1,k0d, then f is called a (k, d)-odd-gracefully total coloring; and moreover f is called
a (k,d)-strongly odd-gracefully total coloring if f(x)+ f(y) = k+ (2¢ — 1)d for each matching edge
zy of a matching M of G.

Ptol-3. If the color set

{f(u) + f(uwv) + f(v) :wv € E(G)} = {2k + 2ad, 2k +2(a + 1)d, ..., 2k + 2(a + ¢ — 1)d}

with a > 0 and f(V(G) U E(G)) C Sim,0,0,d U S2(atg—1),kad: then f is called a (k, d)-edge antimagic
total coloring.

Ptol-4. If f(uv) = f(u)+ f(v) (mod*qd) defined by f(uv) —k = [f(u)+ f(v) — k](mod ¢d) for
wv € E(G), and f(E(G)) = Sq—1,k,0,d, then f is called a (k,d)- harmomous total coloring.

Ptol-5. If f(uv) = f(u)+ f(v) (mod*qd) defined by f(uv) —k = [f(u) + f(v) — k](mod ¢d) for
wv € E(G), and f(E(GQ)) = O2g—1,k.d, then f is called a (k,d)- odd elegant total coloring.

Ptol-6. If f(u) + f(uv) + f(v) = c for each edge wv € E(G), f(E(G)) = S¢-1k0d and
F(V(G)UE(G)) C 51m.0,0,dUSq—1k,0.d, then f is called a strongly (k, d)-edge-magic total coloring; and
moreover f is called an edge-magic (k, d)-total coloring if |f(E(G))| < g and f(u)+ f(uv)+ f(v) =
for uv € E(G).
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Ptol-7. If f(uv) + |f(u) — f(v)| = c for each edge uv € E(G) and f(E(G)) = Sg—1,k,0,d, then f
is called a strongly edge-difference (k,d)-total coloring; and moreover f is called an edge-difference
(k,d)-total coloring if |f(E(GQ))| < ¢ and f(uv) + |f(u) — f(v)] = ¢ for wv € E(Q).

Ptol-8. If |f(u) + f(v) — f(uv)| = c for each edge uv € E(G) and f(E(G)) = Sq—1,k0,4d, then f
is called a strongly felicitous-difference (k,d)-total coloring; and moreover f is called a felicitous-
difference (k,d)-total coloring if |f(E(G))| < q and |f(u) + f(v) — f(uv)| = ¢ for uv € E(G).

Ptol-9. If Hf(u) — f(v)| — f(uv)‘ = ¢ for each edge uwv € E(G) and f(E(G)) = Sg—1,k,0,d, then
f is called a strongly graceful-difference (k,d)-total coloring; and f is called a graceful-difference
(k,d)-total coloring if |f(E(G))| < q and ||f(u) — f(v)| — f(uv)| = ¢ for wv € E(G). O

Definition 141. * A total coloring f defined in Definition is proper if f(u) # f(v) for each
edge uv € E(G), and f(uv) # f(uw) for any two adjacent edges wv,uw € E(G), so we call f a
W -type proper (k,d)-total coloring of G. O

Remark 27. In general, we call f a W-type (k, d)-total coloring if the constraint function F(f(u),
f(uw), f(v)) = 0 and the edge color set f(E(G)) hold one of the well-defined total colorings defined
in Definition 140l

(1) We have some new parameters of graphs based on Definition m For a graph G, we have
two W-type (k, d)-total colorings gmin and gmax of G' such that

|9min(V(G))] < [9(V(G))] < [gmax(V(G))]

for each W-type (k,d)-total coloring g of G. As this W-type (k,d)-total coloring is the graceful
(k, d)-total coloring, then a graceful (1, 1)-total coloring gmax of a tree 7' means that |gmax(V (T))| is
the approximate value of a graceful labeling of T'. The graceful tree conjecture says: |gmax(V(T))| =
V()|

(2) In application, we may reduce the restrictions of some W-type (k,d)-total colorings of
graphs, such as a W-type (k,d)-total coloring g of a bipartite graph G with bipartition (X,Y)
holds g : X — {—md,—(m — 1)d,...,—2d,—d} U {0,d,...,md} and g : Y U E(G) — {—k,—k —
d,...,—k—ndyU{—k+d,—k+2d,...,~k+ndyU{k—d,k—2d,....k—nd}U{k k+d,... k+nd}
with m,n, k,d > 0. I

3.7 Multiple dimension total colorings
We put three number-based strings 0112304, 4500123 and 0023111 into one number-based string
011230445001230023111, or 002311101123044500123, or 450012301123040023111

and we call them ordered permutations, and each one of 0112304, 4500123 and 0023111 is called a
coordinate. In general, a n-dimension number-based string is defined by an ordered permutation
aias - - - an and each coordinate a; = B;18;2- - Bip, with B;; € [0,9] for j € [1,b;], and moreover
the number ||a;|| = Zi’":l Bir is called the norm of the coordinate a;. If 6;, = 0 for r € [1, ]
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and 0; ;41 > 1 with s + 1 < b; in some coordinate a; = 6;16;2---0;;, of a n-dimension number-
based string ajas - - - ay, as a substitution, we use 0; s110; s42 - 0;p, € Z9 to participate in addition
operation, subtraction operation, multiplication operation and and other mathematical operations.
Let S(n,Z%) be the set of all n-dimension number-based strings. We present new colorings of
graphs, which are like parameterized colorings in [56].

Definition 142. [56] A (p,q)-graph G admits a coloring f : S C V(G)U E(G) — S(n, Z°). Let
flu) = arag---ay, f(v) = bibs---by, f(uv) = creg--- ¢y, for each edge uv € E(G), and v be a
non-negative integer. There are the following constraint conditions:

Res-1. S =V(G);

Res-2. S = E(G);

Res-3. S =V(G)UE(G);

Res-4. f(u) # f(v) for each edge uv € E(G);

Res-5.  f(uv) # f(uw) for any pair of two adjacent edges uv, uw € E(G);

Res-6. f(u) # f(uv) and f(v) # f(uv) for each edge uv € E(G);

Res-7. c¢j = |a; — b;| with j € [1,n];

Res-8. c¢j = |a; — b;|, and each ¢; is odd with j € [1,n];

Res-9. ¢j =a;j+b; (mod ¢) with j € [1,n];

Res-10. a; + bj + ¢ = v with j € [1,n];

Res-11. ¢j + |a; — bj| =y with j € [1,n];

Res-12. |c; — |a; — bj|| = with j € [1,n];

Res-13. |a; +b; — ¢;| =y with j € [1,n];

Res-14. ¢; = ged(aj, b;) for each j € [1,n];

Res-15. Some j € [1,n] holds ¢; = ged(aj, b));

Res-16. ¢; # c¢; for any pair of ¢; and ¢;;

Res-17.  f(E(G)) = {f(ex) = ckick2- - ckn : k € [1, ¢]} such that each k € [1,¢] holds ¢t ; = k
for some ¢y, ; of f(ex);

Res-18.  f(E(G)) = {f(ej) =tjitj2---tjn:Jj € [1, 2¢—1]°} such that each j € [1,2¢ —1]° holds
tjr = j for some t;, of f(e;);

Res-19. f(E(G)) = {f(ex) = ckicr2---ckn : k € [1, q]} such that ¢, = k € [1,¢] for each
r € [1,n]; and

Res-20. f(E(G)) ={f(ej) =tjitj2---tjn:J € [1l, 2¢ — 1]°} such that t;, = j € [1,2¢ — 1]° for
each r € [1,n].
We call f:
traditional types

Dte-1. A n-dimension proper vertex coloring if Res{l] and Res{4 hold true.

Dtc-2. A n-dimension proper edge coloring if Res{2] and Res{p| hold true.

Dtc-3. A n-dimension proper total coloring if Res{3|, Res{4, Res{5| and Res{0] hold true.
other proper types
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Dtc-4. A subtraction n-dimension proper total coloring if Res{3| Res{dl Resff Res{f] and Res{7]
hold true.

Dtc-5. A factor n-dimension proper total coloring if Res{3, Res{d Res{5, Res{6 and Res{I5 hold
true.

Dtc-6. A felicitous n-dimension proper total coloring if Res{3] Res{d] Res{d, Res{0] and Res{J]
hold true.

Dte-7. A graceful n-dimension proper total coloring if Res{3| Res{d Res{, Res{6] Res{7] and
Res{IT hold true.

Dtc-8.  An odd-graceful n-dimension proper total coloring if Res{3| Res{d, Res{, Res{f] Res{7]
and Res{I§ hold true.

Dtc-9. An e-magic n-dimension proper total coloring if Res{3| Res{d Resff] Res{6] Res{7] and
Res{10 hold true.

Dtc-10. An e-difference n-dimension proper total coloring if Res{3| Res{d Res{5| Res{f] Res{7]
and Res{I1] hold true.

Dte-11. A graceful-difference n-dimension proper total coloring if Res{3] Res{d] Res{ Res{f]
Res{ and Res{12 hold true.

Dte-12. A felicitous-difference n-dimension proper total coloring if Res{3] Res{4, Res{5] Res{f]
Res{7l and Res{I3| hold true.

Dtc-13.  An anti-equitable n-dimension proper total coloring if Res{3] Res{d] Res{5} Res{6] Res{7]
and Res{I6 hold true.
sub-proper types

Dte-14. A subtraction n-dimension sub-proper total coloring if Res{3| Res] Res{5| and Res{7]
hold true.

Dtc-15. A factor n-dimension sub-proper total coloring if Res{3] Res{dl Res{p| and Res{15] hold
true.

Dtc-16. A felicitous n-dimension sub-proper total coloring if Res{3| Res{4, Res{f and Res{9| hold
true.

Dte-17. A graceful n-dimension sub-proper total coloring if Res{3] Res{d, Res{} Res{7 and Res-
hold true.

Dtc-18.  An odd-graceful n-dimension sub-proper total coloring if Res{3] Res{4] Resff Res{7]and
Res{18 hold true.

Dtc-19. A twin-graceful n-dimension sub-proper total coloring if Res{3] Res{d Res{5| Res{7]
Res{I7 and Res{18 hold true.

Dtc-20. A uniformly graceful n-dimension sub-proper total coloring if Res{3| Res{dl Res{5] Res{7]
and Res{I9 hold true.

Dtc-21. A wuniformly odd-graceful n-dimension sub-proper total coloring if Res{3] Res{d] Resff]
Res{ and Res{20] hold true.

Dtc-22. A wuniformly factor n-dimension sub-proper total coloring if Res{3] Res{4] Res{5 Res{7]
and Res{I4] hold true.
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Dtc-23.  An anti-equitable n-dimension sub-proper total coloring if Res{3| Res{d] Res{p] Res{7|
and Res{I6 hold true.

Dtc-24. An e-magic n-dimension sub-proper total coloring if Res{3] Res{d] Res{5] Res{7] and
Res{10l hold true.

Dtc-25.  An e-difference n-dimension sub-proper total coloring if Res{3] Res{d] Res{5] Res{7] and
Res{IT] hold true.

Dtc-26. A graceful-difference n-dimension sub-proper total coloring if Res{3|, Res{d Res{5 Res{7]
and Res{I2 hold true.

Dtc-27. A felicitous-difference n-dimension sub-proper total coloring if Res{3] Res{l Res{d]
Res{7 and Res{I3] hold true. O

Remark 28. We, also, call f defined in Definition [T42]a W -type n-dimension total coloring, since f
holds a group of restrictive conditions denoted as f(uv) = W (f(u), f(v)) for each edge uv € E(G).
By the way, we can add the restrictive conditions Re{d, Re{5] and Re{f] to a W-type n-dimension
total coloring for getting a W-type n-dimension proper total coloring. See examples shown in Fig[6|

and Figli7 I
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Figure 46: Four Topsnut-gpws, where both (¢) and (d) admit two twin 2-dimension sub-proper total

colorings; both (e) and (f) admit two twin 2-dimension proper total colorings, cited from [56].

Theorem 41. [56] Every connected simple graph admits a graceful n-dimension sub-proper total
coloring for some n > 2.

Theorem 42. [56] Every tree admits a graceful 2-dimension proper total coloring.
Theorem 43. [56] Every tree admits a twin-graceful 2-dimension sub-proper total coloring.
We introduce the following compounded-type multiple dimension total colorings:

Definition 143. * By Deﬁnition let G be a bipartite and connected (p, ¢)-graph, so its vertex
set V(G) = X UY with X NY = 0 such that each edge uv € E(G) holds u € X and v € Y.
There are a group of colorings fs : X — Sy, 004 = {0,d,...,md} and fs : Y UE(G) = Sy k0d =
{k,k+d,..., k+ nd} (here it is allowed fs(u) = fs(w) for some distinct vertices u,w € V(G)) for
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Figure 47: Six Topsnut-gpws: H; admits a graceful labeling, T} admits an odd-graceful labeling; both
H; and Hj3 admit two graceful 2-dimension proper total colorings; both T5 and T3 admit two odd-graceful

2-dimension proper total colorings, cited from [50].

s € [1, B] with integer B > 2, such that fs € { (ks,ds)-strongly gracefully total coloring, (ks,ds)-
strongly odd-gracefully total coloring, (ks,ds)-edge antimagic total coloring, (ks,ds)-harmonious
total coloring, (ks, ds)-odd-elegant total coloring, strongly (ks, ds)-edge-magic total coloring, edge-
magic (ks, ds)-total coloring, strongly edge-difference (ks, ds)-total coloring, edge-difference (ks, ds)-
total coloring, strongly felicitous-difference (ks, ds)-total coloring, felicitous-difference (ks, ds)-total
coloring, strongly graceful-difference (ks, ds)-total coloring, graceful-difference (ks, ds)-total coloring
} with s € [1, B]. Then G admits a parameterized compounded B-dimension total coloring F holding
F(u) = fi(u)f2(uw) - fB(u), F(uv) = fi(uv)fa(uv) - fp(uw) and F(v) = fi(v)f2(v) - fB(v) for
each edge uwv € E(G). O

Definition 144. * A (p,q)-graph G admits a coloring g; : S C V(G) U E(G) — S(n, Z°) for
i € [1,B], and g; is one of Ditc-s total colorings with j € [1,27] defined in Definition [142] Then G
admits a compounded B-dimension total coloring F holding F(u) = g1(u)ga(u) - - - gp(u), F(uv) =
g1(uv)ge(uv) - - - gp(uv) and F(v) = g1(v)g2(v) - - - gp(v) for each edge uv € E(G). O

Remark 29. In Definition each sequence {(ks, ds)}¥ will induce random number-based strings
generated from the Topcode-matrix of G admitting a parameterized compounded B-dimension total
coloring. Similarly, a compounded B-dimension total coloring F' of G defined in Definition [144] is
more complex than any one total coloring defined in Definition m I
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3.8 Colorings based on graphic groups and string groups

Using every-zero graphic groups and edge-every-zero graphic groups to encrypting networks are
similar with graph colorings.

Definition 145. [5I] Let H be a (p, ¢)-graph, and {F¢(G),®} be an every-zero graphic group
containing Topsnut-gpws G; with i € [1, Mg]|. Suppose that H admits a mapping 0 : S — Ff(G)
with S C V(H) U E(H). Write 6(S) = {#(w) : w € S}, (Nei(u)) = {0(v) : v € Nei(u)} and
O(N L, (u )) = {G(zw) :v € Nei(u)}. There are the following so-called graphic group constraints:

€l

Ge-1. V(H);

Gg-2. S =FE(H);

Gg-3. S=V(H)UE(H);

Gg-4. 0O(u) # 0(v) for v € Nei(u);

Gg-5. f(uv) # O(uw) for v,w € Nei(u);

Gg-6. O(Nei(x)) # 0(Nei(y)) for any pair of vertices x,y € V(H);
Gg-7. O(Nei(u)) # 0(Ne;i(v)) for each edge uwv € E(H);

Gg-8. O(N’,(z)) #6(N'’,(y)) for any pair of vertices x,y € V(H);
Gg-9. O(N.,(u)) # O0(N éz(v)) for each edge uwv € E(H);

Gg-10.  [|0(Nei(u))] — |0(Ne; H <1 for each edge uwv € E(H);
Gg-11. ||6(NL;(u))| — [6(N L;(v))|| <1 for each edge uv € E(H);
Go1s. (B NGB (1) # {8(0)UO(N.i (1)) UB(N ' (v) for each edge uv € E(H);

Gg-13. There exists an index k:w such that f(uv) = 6(u) ®r,, 0(v) € Fr(G) for each edge
uv € E(H); and

Gg-14. Each vertex w is assigned with a set {0(ww;) ©r,; O(ww;) : wi, w; € Neij(w)}.
Then we call 6:

1-gge. A proper gg-coloring if Gg{l] and Gg{4 hold true.

2-ggc. A proper edge-gg-coloring if Ggf2] and Gg5| hold true.

3-gge. A proper total gg-coloring if Gg{3|, Ggf4] and Gg{f| hold true.

4-gge. A wvertex distinguishing proper gg-coloring if Gg{l, GgJ4 and Gg{f] hold true.

5-ggc.  An adjacent vertex distinguishing proper gg-coloring if Gg{l, Ggf and Gg{7 hold true.

6-ggc.  An edge distinguishing proper gg-coloring if Gg{2] Gg{p] and Gg{g| hold true.

7-ggc.  An adjacent edge distinguishing proper gg-coloring if Gg{2| Gg{h and Gg{9| hold true.

8-ggc.  An equitable adjacent-v proper gg-coloring if Gg{l] Ggf4 and Gg{10] hold true.

9-ggc. An equitable adjacent-e proper gg-coloring if Gg{2} Gg{p| and Gg{1I] hold true.

10-gge.  An adjacent total distinguishing proper gg-coloring if Gg{3} Gg4, Gg{h and Gg{12 hold
true.

11-gge. A v-induced total proper gg-coloring if Gg{l} Gg{4 and Gg{I3 hold true.

12-ggc.  An induced e-proper v-set gg-coloring if Ggf2| Gg{] and Gg{14] hold true. O

Remark 30. Based on Definition we have new parameters:
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New-1. xg4q(H) is the minimum number of Mg Topsnut-gpws G; in some every-zero graphic
group {F;(G), @} for which H admits a proper gg-coloring. Bruce Reed in 1998 conjectured that
X(H) < [HAH) + 1+ K(H)]] (Ref. [3]), where xop(H) = x(H).

New-2. X’gg(H ) is the minimum number of M Topsnut-gpws G; in some every-zero graphic
group {Ff(G),®} for which H admits a proper edge-gg-coloring. We have A(H) < x'(H) <
A(H) +1 (Vadim G. Vizing, 1964; Guppta, 1966 [3]), where x ¢, (H) = x'(H).

New-3. X y,(H) is the minimum number of Mg Topsnut-gpws G; in some every-zero graphic
group {F¢(G),®} for which H admits a proper total gg-coloring. It was conjectured A(H) +1 <
x"(H) < A(H) + 2 (Behzad, 1965; Vadim G. Vizing, 1964 [3]), where x  (H) = x"(H).

New-4.  xggs(H) is the minimum number of Mg Topsnut-gpws G; in some every-zero graphic
group {F¢(G), @} for which H admits a vertex distinguishing proper gg-coloring.

New-5.  Xggas(H) is the minimum number of Mg Topsnut-gpws G in some every-zero graphic
group {F¢(G),®} for which H admits an adjacent vertex distinguishing proper gg-coloring.

New-6. X/ggs(H ) is the minimum number of Mg Topsnut-gpws G; in some every-zero graphic
group {F(G), @} for which H admits an edge distinguishing proper gg-coloring.

New-7. X ggqs(H) is the minimum number of Mg Topsnut-gpws G; in some every-zero graphic
group {F¢(G), @} for which H admits an adjacent edge distinguishing proper gg-coloring. We have
a conjecture x ! (H) < A(H) + 2 by Zhang Zhongfu, Liu Linzhong, Wang Jianfang, 2002 [114],
where x byu () = X by (H).

New-8.  Xxggeq(H) is the minimum number of Mg Topsnut-gpws G; in some every-zero graphic
group {F¢(G), @} for which H admits an equitable adjacent-v proper gg-coloring.

New-9. X ygeq(FH) is the minimum number of Mg Topsnut-gpws G; in some every-zero graphic
group {F¢(G),®} for which H admits an equitable adjacent-e proper gg-coloring.

New-10. ngas (H) is the minimum number of Mg Topsnut-gpws G; in some every-zero graphic
group {F(G), @} for which H admits an adjacent total distinguishing proper gg-coloring. I

3.9 Directed total colorings with labeling restrictions

Definition 146. [48] Let 8 be a directed connected graph with p vertices and @ arcs. If G admits
a proper total coloring f : V(a) U A(a) — [1, M] such that f(wb) = f(u) — f(v) for each arc
ut € A(a) and {|f(wd)| : ub € A(G)} = [1,Q], then we call f a directed gracefully total coloring

of G, and moreover f is a proper directed gracefully total coloring if M = @ + 1. (see an example
shown in Fig[4§(b)) O

Definition 147. * A digraph D admits a coloring 6 : V(D) — [1,|A(D)| + 1] (resp. [1,2]A(D)]]),
where A(D) is the arc set of D, such that each arc ut € A(D) is colored as 6(ut) = 6(u) — 0(v)
if O(u) > O(v), and O(ud) = |A(D)| + 1 + 0(u) — O(v) (resp. O(ud) = 2|A(D)| + O(u) — 6(v)) if
O(u) < O(v). We call § a digraceful labeling (resp. an odd-digraceful labeling) of D if the arc color
set O(A(D)) = {0(ud) : ub € A(D)} = [1,]A(D)]] (resp. [1,2|A(D)| —1]°). Therefore, D is called a
digraceful digraph (resp. an odd-digraceful digraph) (see Figli9 and Fig[50). O
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Figure 48: (a) A half-directed caterpillar T* with its topological vector V,..(T*) = (-=5,0,4,3,—1,0,—6);
(b) a proper directed gracefully total coloring of another directed caterpillar, cited from [48].

(b) (d)

Figure 49: (a) and (b) are two digraceful colorings; (c¢) and (d) are two odd-digraceful colorings.

Remark 31. Suppose that a (p, ¢)-digraph D admits a digraceful labeling (resp. an odd-digraceful
labeling) f, then the dual digraceful labeling h of the digraceful labeling f is defined as:

h(z) = max f(V(D)) + min f(V (D)) — f(z) for each vertex x € V(D), and

h(wt) = max f(A(D)) + min f(A(D)) — f(ut) for each arc ut € A(D).
where f(V(D)) ={f(z):x € V(D)} and f(A(D)) = {f(qﬁ) b € A(D)} (see examples shown in

Fig[50] and Fig[51)). I
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Figure 50: Four digraceful colorings of a ditree.
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Figure 51: The dual digraceful colorings of four digraceful colorings shown in Fig

4 Sequence labelings, sequence colorings

4.1 Sequence labelings

Definition 148. [73] Let G be a (p, q)-graph, and let Ay = {ay,a,...,ap} = {a;}} and B, =
{b1,ba,..., by} = {b;}] be two integer sequences with 0 < a; < a;11, 0 < b; < bj+1 and m > p, and
k be a non-negative integer. There are the following labelings and constraint conditions:

Seq-1. A vertex labeling f : V(G) — Ajr such that f(u) # f(v) for any pair of distinct vertices

u,v € V(G);
Seq-2. an edge labeling h : E(G) — By such that h(uv) # h(uw) for distinct edges uv, uw €
E(G);

Seq-3. a total labeling ¢ : V(G) U E(G) — Ay U By such that g(x) # g¢(y) for any pair of
adjacent or incident elements x,y € V(G) U E(G);

Seq-4.  f(V(G)) € Apr and induced edge color set f(E(G)) = By;

Seq-5.  f(V(G)) = A
Seq-6.  f(V(G)) = Apr and induced edge color set f(E(G)) = By;
Sea-7. g(V(G)UE(G)) C A U By;
Seq-8. g(V(G)) € Ay and g(E(G)) = By:

Seq-9. g(V(G)U E(GQ)) = Am U By;

Seq-10. h(E(G)) = By;

Seq-11. a matching equation o(x)+a(y) = s(p) for each matching edge xy of a perfect matching
M of G, where s(p) is a function of variable p, and « is one of the above labelings f and g;

Seq-12. G is a bipartite graph with vertex bipartition (X,Y’), such that max 5(X) < min 5(Y),
where 3 is one of the above labelings f and g;

Seq-13. an induced function f(uv) = O(f(u), f(v)) for each edge uv € E(G);

Seq-14. an F-equation F(g(u), g(uv), g(v)) = k for each edge uwv € E(G); and

Seq-15. an M-equation M (f(u),h(uwv), f(v)) = 0 for each edge uv € E(G).
We call f:

(1) An induced sequence labeling if Seq and Seq hold true.

(2) A set-ordered induced sequence labeling if Seq Seq and Seq hold true.

(3) A strongly induced sequence labeling if Seq Seq and Seq hold true.
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(4) An edge sequence-graceful labeling if Seq and Seq hold true.

(5) A generalized edge-magic sequence labeling if Seq Seq and Seq hold true, where the
F-equation is g(u) + g(uv) + g(v) = k.

(6) An edge-magic total sequence labeling if Seq Seq-|§| and Seq hold true, where the F-
equation is g(u) + g(uv) + g(v) = k.

(7) An F-magic sequence-graceful labeling if Seq Seq and Seq hold true.

(8) A sequence-graceful labeling if Seq Seq«@ and Seq hold true, where the induced function
is f(uv) = |f(u) — (o).

(9) A set-ordered sequence-graceful labeling if Seq Seq-|§|7 Seq and Seq hold true, where
the induced function is f(uv) = |f(u) — f(v)].

(10) A strongly sequence-graceful labeling if Seq Seq-@ Seq and Seq hold true, where
the induced function is f(uv) = |f(u) — f(v)].

(11) A pan-sequence-graceful labeling if Seq Seq and Seq hold true, where the induced
function is f(uv) = |f(u) — f(v)|.

(12) A set-ordered pan-sequence-graceful labeling if Seq Seq Seq and Seq hold true,
where the induced function is f(uv) = |f(u) — f(v)].

(13) A strongly pan-sequence-graceful labeling if Seq Seq Seq and Seq hold true,
where the induced function is f(uv) = |f(u) — f(v)].

(14) An M-magic sequence-graceful labeling if Seq Seq Seq Seq Seq and Seq
hold true. ]

Remark 32. As two sequences to be consecutive sets, namely, A,,, = [a1,a,,) and By = [b1,b,),
the sequence-type of labellins in Definition [I48] are popular labelings. In fact, Definition is a
pan-definition, there are more labeling-type of constraint conditions as follows:

Cot-1. The induced function f(uv) = O(f(u), f(v)) for each edge uwv € E(G) including f(uv) =
[f(u) = f)], fluww) = f(u) + f(v) (mod €(q)), f(uv) = f(u) + f(v) +r with r > 0, f(uv) =
np—[F(w)+ f(0)], fluv) = L] fuw) = ged(f(w), £(0)); odd or even f(uv) = | f(u) — f(0),
odd or even f(uv) = f(u)+ f(v) (mod €(q)), odd or even f(uv) = f(u)+ f(v) +r with r > 0.

Other functions are as: (1) Linear functions: f(zy) = |2f(y) —1—2f(x)]| for each edge zy € E(G)
if V(G) = XUY and z € X and y € Y for a bipartite graph G, or f(zy) = |af(y) +b— [cf(x) +d]|
subject to integers a,c > 1 and b,d > 0.

(2) Non-linear functions: f(zy) = [|sin f(y) — cos f(z)|] for each edge zy € E(G), etc.

Cot-2. The F-equation F(g(u),g(uv),g(v)) = k for each edge uwv € E(G) including

(i) Popular-type: edge-magic g(u)+ g(uv)+g(v) = k, edge-difference g(uv) + |g(u) — g(v)| = k,
graceful-difference |g(uv) — [g(u) — g(v)|| = k, felicitous-difference |g(u) + g(v) — g(uv)| = k.

(ii) Generalized-type: parameterized edge-magic ag(u) + cg(uv) + bg(v) = k, parameterized
edge-difference cg(uv) + |bg(u) — bg(v)| = k, parameterized graceful-difference |cg(uv) — |ag(u) —
bg(v)|| = k, parameterized felicitous-difference |ag(u) + bg(v) — cg(w)| = k.

Cot 3. An M-equation M (f(u), h(uv), f(v)) = 0 for each edge uv € E(G) is under a composition
of a vertex labeling f and an edge labeling h, in general, but it differs from a total labeling. Very
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often, M-equations may be composed by constraint conditions of vertex labelings and constraint
conditions of edge labelings.

Cot-4. Topological structures are as constraint conditions, such as path, cycle, clique, star tree
K1 s, face, bipartite graph, extremum graph, or other particular subgraphs. For example, face label-
ings of planar graphs, subgraph labelings of graphs.

In Definition the vertex labeling f is belong to the topological constraint condition of K 1,
both labelings h and g are restricted by the topological constraint condition of star tree Ky (),
where d(u) is the degree of vertex u € V(G). I

Definition 149. * Let S be a set of colors.

(1) Let H be a maximal planar graph admitting a vertex labeling f : V(H) — S, the induced
face-color function is f(Agy.) = f(x)+ f(y) + f(2) for each triangle face A,,. with vertices z,y, 2
in H, and we call f a W-type face labeling if the face-color set {f(Agy.) : Agy. C H} holds a
W-condition true.

(2) A (p,q)-graph G admits a vertex labeling g : V(G) — S, the induced cycle-color function is
g(C) = > g(a;) for each cycle C = zyxg- - zpx1 of G, and we call g a {W;}"-cycle labeling if
the cycle-color set {g(C): C = x1x9---xpz1 C G} holds a a group of Wj-conditions with ¢ € [1,m)]
true.

(3) A connected graph G admits a total labeling h : V(G)UE(G) — S, the spanning tree labeling
function is A(T') = F(h(V(T')), h(E(T))) for each spanning tree T of G, we call h a {W; }{"-spanning
tree labeling if the spanning tree-color set {h(T") : T' is a spanning tree of G} over all spanning trees
of G holds a group of Wj-conditions with i € [1,m] true. O

Remark 33. Replacing “labeling” by “coloring” in Definition [[49| will result: W -type face coloring,
{W;}-cycle coloring and {W;}]"-spanning tree coloring. I

Definition 150. [74] A sequence ({a;}}%, {b;}{)-harmonious labeling of a (p,q)-graph G, where
{a;}} and {b;}{ are two monotonic decreasing sequences of non-negative numbers with M > p,
is defined by f : V(G) — {a;}} such that f(u) # f(v) for distinct u,v € V(G), and the induced
edge color is f(uv) = f(u) + f(v) (mod €(q)) such that f(E(G)) = {b;}{, where €(q) is a function
of variable q. O

4.2 Sequence colorings

Some sequence-type labelings of graphs were introduced in [73], so we present sequence-type of
graph colorings as follows.

Definition 151. [62] Let G be a (p, q)-graph, and let a sequence Ay = {a;} hold 0 < a; < a;11
for i € [1,M — 1] and p < M, and let another sequence B, = {b;}{ hold 0 < b; < b,y for
j €[1,q—1], and let k be a constant. G admits a coloring f : S — C with f(S) = {f(x) : z € S}
and S C V(G) U E(G). There are the following constraint conditions:

Rec-1. S=V(G) and C = Ayy;
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Rec-2. S =V(G)UE(G) and C = Ap; U Bg;

Rec-3.  f(u) # f(v) for any edge uv € E(G);

Rec-4. f(u) # f(uv) and f(v) # f(uv) for each edge uv € E(G);
Rec-5.  f(uv) # f(uw) for any two vertices v,w € N(u);

Rec-6. f(E(G)) C By

Rec-T. f(V(G)) C Ay amnd p= |[V(C)]:

Rec-8. f(E(G)) = By;

Rec-9. an induced function f(uv) = O(f(u), f(v)) for each edge uv € E(G);

Rec-10. an F-equation F(f(u), f(uv), f(v)) = k for each edge uv € E(G); and

Rec-11. G is a bipartite graph with vertex bipartition (X,Y") such that min f(X) < max f(Y).
We refer to f as:
traditional-type

Coloring-1. An edge-induced sequence coloring of G if Rec{l] and Rec9 hold true.

Coloring-2. A gracefully edge-induced sequence coloring of G if Rec{l] Rec{8 and Rec{9 hold true.

Coloring-3. A set-ordered edge-induced sequence coloring of G if Recl} Rec{9] and Rec{I1] hold
true.

Coloring-4. A set-ordered gracefully edge-induced sequence coloring of G if Rec{l], Rec{8] Rec{J]
and Rec{I1] hold true.

Coloring-5. A graceful sequence coloring of G if Rec Rec and Rec-@ hold true, where f(uv) =
O(f(u), f(v)) = [f(u) = f(v)]-

Coloring-6. A fully graceful sequence labeling of G if Rec{l] Recf8] Rec7] and Rec{9| hold true,
where f(uv) = O(f(u), f(v)) = |f(u) — f(v)].

Coloring-7. A fully set-ordered graceful sequence coloring of G if Rec{l] Rec{8| Rec{I1]and Rec{J|
hold true, where f(uv) = O(f(u), f(v)) = |f(u) — f(v)]

Coloring-8. A total sequence coloring of G if Rec{2] and Recf3 hold true.

Coloring-9. A proper total sequence coloring of G if Rec{2] Rec{3] Rec{d] and Rec{p| hold true.
graceful-type

Coloring-10. A gracefully total sequence coloring of G if Rec{2] Rec{3] Rec{§land Rec{9hold true,
where f(uv) = O(f(u), f(v)) = |f(u) — f(v)].

Coloring-11. A gracefully proper total sequence coloring of G if Rec2] Rec{3] Rec{4, Rec{5], Recf§]
and Rec{g hold true, where f(uv) = O(f(u), f(v)) = |f(u) — f(v)|.

Coloring-12. A proper graceful-total sequence coloring of G if Rec{f2] Rec3) Rec{dl Rec{h] Rec{8]
Rec{7] and Rec{9| hold true, where f(uv) = O(f(u), f(v)) = |f(u) — f(v)|.
felicitous-type

Coloring-13. A felicitous total sequence coloring of G if Rec{2] Rec{3], Rec{] and Rec{9 hold true,
where f(un) = O(f(w), f(v)) = £(u) + £(v) (mod e(q)).

Coloring-14. A felicitous proper total sequence coloring of G if Rec{2] Rec{3] Rec{d Rec{b Rec{0]
and Rec{9 hold true, where f(uv) = O(f(u), f(v)) = f(u) + f(v) (mod €(g)).

Coloring-15. A set-ordered felicitous total sequence coloring of G if Rec{2, Rec{3] Rec{I1] Rec{0]
and Rec{9| hold true, where f(uv) = O(f(u), f(v)) = f(u) + f(v) (mod €(g)).
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Coloring-16. A set-ordered felicitous proper total sequence coloring of G if Rec{2] Recf3] Rec{4]
Rec{ Rec{11] Rec{6| and Rec{0 hold true, where f(uv) = O(f(u), f(v)) = f(u)+ f(v) (mod €(q)).
—— magic-type

Coloring-17. An edge-magic total sequence coloring of G if Rec{2] Recf3] Rec{h| and Rec{10] hold
true, where F'(f(u), f(uv), f(v)) = f(u) + f(uv) + f(v) = k.

Coloring-18. A proper edge-magic total sequence coloring of G if Rec{2, Rec{3] Recfd] Rec{p and
Rec{10| hold true, where F(f(u), f(uv), f(v)) = f(u) + f(uv) + f(v) = k.

Coloring-19. A set-ordered edge-magic total sequence coloring of G if Rec{2| Recf3] Rec{f] Rec{1]]
and Rec{l0 hold true, where F(f(u), f(uwv), f(v)) = f(u) + f(uv) + f(v) = k.

Coloring-20. A set-ordered proper edge-magic total sequence coloring of G if Rec{2] Rec{3] Rec{4}

Rec{5, Rec{l1] and Rec{10] hold true, where F(f(u), f(uv), f(v)) = f(u) + f(uwv) + f(v) = k.
Coloring-21. An edge-difference total sequence coloring of G if Rec2] Recf3, Rec{ and Rec{I0]

hold true, where F(f(u), f(uv), f(v)) = £(uv) + | f(u) — F(0)] = k.
Coloring-22. A proper edge-difference total sequence coloring of G if Rec{2] Rec{3] Rec{d] Rec{y]

and Rec{10] hold true, where F(f(u), f(uv), f(v)) = f(uwv) + |f(u) — f(v)| = k.
Coloring-23. A set-ordered edge-difference total sequence coloring of G if Rec2] Rec{3] Rec{d]

Rec{11] and Rec{10| hold true, where F(f(u), f(uv), f(v)) = f(uv) + |f(u) — f(v)| = k.
Coloring-24. A set-ordered proper edge-difference total sequence coloring of G if Rec{2] Rec{3]

Rec{d] Recf5] Rec{l1]and Rec{10]hold true, where F'(f(u), f(uv), f(v)) = f(uwv)+|f(u)— f(v)| = k.
Coloring-25. A graceful-difference total sequence coloring of G if Recf2) Recf3] Recff and Rec{I0]

hold true, where F(f(u), f(uv), f(v)) = |f(uwv) — [f(u) = f(v)[| = k.
Coloring-26. A proper graceful-difference total sequence coloring of G if Rec2] Rec{3, Rec{d]

Rec and Rec{10| hold true, where F(f(u), f(uv), f(v)) = |f(w) — |f(u) — f(v)|| = k.
Coloring-27. A set-ordered graceful-difference total sequence coloring of G if Rec{f2] Rec{3] Rec{d]

RecL1] and Rec{10] hold true, where F(f(u), f(wv), f(v)) = |f(uv) — |f(u) = f(v)|| = k.
Coloring-28. A set-ordered proper graceful-difference total coloring of G if Rec2] Rec{3] Rec{d]

Rec{5} Rec{l1] and Rec{10]hold true, where F(f(u), f(uv), f(v)) = |f(uw) — [ f(u) = f(0)|| = k.
Coloring-29. A gracefully-total sequence coloring of G if Recf2] Rec{3] Rec{h and Rec{I0] hold
true, where F'(f(u), f(uwv), f(v)) = [f(u) + f(v) = f(uw)| = k.
Coloring-30. A sequence proper gracefully-total coloring of G if Rec{2| Recf3] Rec{d Rec{h| and

Rec{10] hold true, where F(f(u), f(uv), f(v)) = |f(v) + f(v) — f(uv)| = k.
Coloring-31. A set-ordered gracefully-total sequence coloring of G if Recf2] Recf3| Rec{b Rec{1]]

and Rec{10| hold true, where F(f(u), f(uv), f(v)) = |f(u) + f(v) — f(uwv)| = k.
Coloring-32. A set-ordered proper gracefully-total sequence coloring of G if Rec{2] Rec{3] Rec/4]

Rec{5| Rec{l1] and Rec{10] hold true, where F(f(u), f(uv), f(v)) = |f(u) + f(v) — f(uwv)| = k.
—— gcd-type

Coloring-33. An mazi-common-factor total sequence coloring of G if Rec{2 Rec{3] Rec{p and

Rec{9| hold true, where f(uv) = O(f(u), f(v)) = ged(f(u), f(v)).
Coloring-34. A gracefully mazi-common-factor total sequence coloring of G if Rec2] Recf3] Rec-

Rec{8 and Rec{9 hold true, where f(uv) = O(f(u), f(v)) = ged(f(u), f(v)). O
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We say a sentence “a W -type sequence coloring” to represent one of colorings with no “set-
ordered” defined in Definition [I51} and employ another sentence “a set-ordered W -type sequence
coloring” to stand for one of colorings having “set-ordered” defined in Definition [I51

Lemma 44. [62] Let G be a bipartite and connected (p, ¢)-graph with its vertex bipartition V(G) =
X UY such that XNY =0, X = {z; : i € [1,s]} and Y = {y; : j € [1,¢]} holding s + ¢t = p.
Suppose that G admits a (k, d)-gracefully total coloring, then any leaf-added graph G + Leys admits
a (k,d)-gracefully total coloring too.

Theorem 45. [62] Each tree admits a (k,d)-gracefully total coloring defined in Definition [140)]
also, a set-ordered gracefully total coloring as (k,d) = (1,1).

Theorem 46. [62] Every tree T' with diameter D(7) > 3 and s +1 = @ admits at least 2°
different gracefully total sequence colorings if two sequences Ajps, By holding 0 < b; — a; € B, for
a; € Ay and bj € Bq.

Lemma 47. [62] Suppose that a bipartite and connected graph G admits a gracefully total sequence
coloring based on two sequences Ay, B, holding 0 < b; — a; € By for a; € Ay and b; € By, then
a new bipartite and connected graph obtained by adding randomly leaves to G admits a gracefully
total sequence coloring based on two sequences A’y By holding 0 < b, —a} € By for a} € Al
and b € By.

The (k, d)-graceful preparation. Let G be a bipartite and connected (p, ¢)-graph with its vertex
set V(G) = X UY such that X NY =0, X = {a; : i € [I,s]} and Y = {y; : j € [L,¢]}
holding s +t = p, and each edge is x;y; with ; € X and y; € Y. Suppose that G admits a
(k,d)-gracefully total coloring f, so we have f : X — Sp,0q and f : Y U E(G) = Sq_1 .4 with
k > 1, without loss of generality, there are 0 = f(z1) < f(x;) < f(aiq1) for i € [1,s — 1] and
f(xs) < fy;) < flyje1) < fly)) =k + (¢ —1)d for j € [1,t — 1], as well as f(E(G)) = Sg—1,4,d-

LEAF-adding algorithm [62] By The (k, d)-graceful preparation we have

Step 1. Color each vertex z; € X C X' with g(x;) = f(x;) for i € [1,s], and color each vertex
y; € Y C Y with g(y;) = f(y;) + [A(s) + B(t)]d for j € [1,t], and color edges z;y; € E(G) C
E(G + Leas) by

9(@iy;) = g(y;) — g(w:) = f(y;) + [A(s) + B(t)]d — f (i) = f(ziy;) + [A(s) + B(t)]d.
So, we get an edge color set
g(E(G)) ={k +[A(s) + B(t)|d,k + [A(s) + B(t) + 1]d, ...,k + [A(s) + B(t) + ¢ — 1]d}.

Step 2. Let edges e;, e, . be a permutation of edges x;xz;, for r € [1,a;] and i € [1, 5]

- Cigs)+B)

and edges y;y;, for r € [1,b;] and j € [1,t], that is, e;, e;, . is a permutation of zz1

 Cla)+B)
11,2 - T1L1,a; L2X21 T2X22 **° T2X2.a5 " LiXj 1 TiLj2 - Tilia; " TsTsl TsTs2 " Tslsag

Y1y1,1 Y1y1,2 -0 Y1Yiey Y2Y2,1 Y2Y2.2 0 Y2Y2.60 0 Y5iY51 Y5iY52 000 YiYiy o YY1 YeYe2 0 YeYtb,
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We color each edge e;, with g(e;.) =k + (r — 1)d with r € [1, A(s) + B(t)], and color each vertex
xi, with g(z;,) = f(x;) + g(e;,) if vertex z;, is an end of the edge e;,, and color each vertex y; ,
with g(yjr) = g(y;) — g(e;,) if vertex y;, is an end of the edge e;, .

See Fig and Fig for understanding the (k, d)-graceful preparation and the LEAF-adding
algorithm, and by them and Lemma [7] we get:

Theorem 48. [62] Each tree on ¢ edges admits a proper graceful total sequence coloring based on
two sequences Ay and By holding 0 < b; — a; € By, for a; € Ay and b; € B,.

0
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Figure 52: A process for understanding the LEAF-adding algorithm, cited from [62].

Remark 34. We can make number-based strings with long bytes by the help of Fibonacci-Lucas
sequence-sequences {F[w;, zi]n}fil, where each Flw;, %), = {wi, 2, ¢i3, G, ...,Cin—2} is a
Fibonacci-Lucas sequence with integers w; > 1 and 2z > 1, ¢;3 = w; + 2, ¢ia = ¢;3 + 2;, and
Cis+1 = Cis + Cis—1 for s € [4,n — 2] and ¢ € [1, N|. Particularly, a Fibonacci sequence is F[1,1],,
and a Lucas sequence is F[1,3],. Moreover, as w; —w; > 1 and 2z; — z; > 1, we have

F[wh Zi]n + F[wj, Zj]n = F‘[’UJZ + Wy, 2 —+ Zj]nv F[wz, Zi]n — F[wj, Zj]n = F[wl — W,z — Zj]n

Thereby, we get (n- N)! permutations FL; = mj, mj, --- mj,  of w1 21 €13 €14 - Clpn—2 W2 22
€23 €24 C2n—2 """ Wi % Ci3Ci4 " Cin-2 " WN ZN CN,3 CN4 - CNn—2 from a Fibonacci-Lucas
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Figure 53: For understanding the LEAF-adding algorithm, cited from [62].

sequence-sequence {F[wj, zi]n ,fil. Clearly, each permutation F'L; is just a number-based string

that can be used to encrypt digital files. Obviously, it is not easy to partition a number-based
string F'L; into a Fibonacci-Lucas sequence-sequence { F'[w;, 2;]n }1¥ ;. I

4.3 Colorings based on abstract sequences

Definition 152. [62] Suppose that a (p, ¢)-graph G admits a graceful coloring f : V(G) — [0, M]
such that f(E(Q)) = {f(wz) = |f(w) — f(2)| : wz € BE(G)} = [1,q]. Let Cyy = (¢;)}, and
D, = (dj);]-:1 be two abstract sequences. We define a new coloring f* of G by letting f*(w) = ¢; if
f(w) =i for vertex w € V(G), and f*(wz) = d; if f(wz) = j for edge wz € E(G). Then we call f* a
graceful abstract-sequence coloring of G if f*(E(G)) = D,. Here an abstract sequence Cpr = (¢;) X,
or D, = (d;)! j=1 s consisted of any things in the world. Thereby, f* is an abstract substitution of
f, conversely, f is a mapping homomorphism of f*. Let E(G) = {e; = z;y; : i € [1,q|}. Then this

(p, q)-graph G has its another Topcode-matrix T . (G) defined as

code
(@) fra2) - f7(zg)
code(G) = f*(er) f*(e2) -+ [f*(eq) = (f*(X), f(B), f*(¥)" (22)

) ) ) /g,

where three abstract vectors f*(X) = (f*(z1), f*(x2), -, [*(zq)), f(E) = (f*(e1), f*(e2), -,
f*(eq)) and f*(Y) = (f*(y1), f*(y2)s s [*(yq))- O

In particular case of a Fibonacci-Lucas sequence (refer to Remark , we have f*(w) = ¢; =
Flwi, zi]p if f(w) = i for vertex w € V(G) and f*(wz) = d; = Flwj, 2], if f(wz) = j for edge
wz € E(G). Theorem 45| tells that each tree T' admits a (k,d)-gracefully total coloring, also, a
set-ordered gracefully total coloring as (k,d) = (1,1) and a set-ordered odd-gracefully total coloring
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as (k,d) = (1,2), by the way, these colorings can be used to provide examples for Ringel-Kotzig
Decomposition Conjecture [26]. Thereby, we have

Theorem 49. [62] Each tree admits a set-ordered graceful abstract sequence coloring.

5 Set-type (vector-type) of colorings and labelings

5.1 Graceful set-colorings

Definition 153. * A v-set e-proper e-labeling (resp. e-coloring) of a (p,q)-graph G is a mapping
f:V(G)UE(G) — Q, where Q consists of numbers and sets, such that f(u) is a set for each vertex
u € V(G), f(zy) is a number for each edge zy € E(G), and the edge color set f(E(G)) satisfies a
e-condition. g

As f(E(G)) = [1,q] in Definition we get a v-set e-proper graceful labeling, and moreover a
v-set e-proper odd-graceful labeling is f(E(G)) = [1,2q — 1]°. Euler’s graphs and Hamilton cycles
are popular researching objects in graph theory. Sun et al. [39] show a connection between Euler’s
graphs and Hamilton cycles by an operation, called non-adjacent identifying operation and the
2-edge-connected 2-degree-vertex splitting operation. An example is shown in Fig[54]

-2

Oy iy

Figure 54: A procedure of connecting an Euler’s graph and a Hamilton cycle of length 10 by the non-adjacent
vertex-coinciding operation and the 2-edge-connected 2-degree-vertex vertex-splitting operation introduced in
[39].

Sun et al. [33] introduced some v-set e-proper e-labelings on Euler’s graphs, where ¢ € {graceful,
odd-graceful, harmonious, k-graceful, odd sequential, elegant, odd-elegant, felicitous, odd-harmonious,
edge-magic total}, see examples displayed in Fig[55|
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Figure 55: (a) A cycle admitting a graceful labeling; (a-1) and (a-2) are two Euler’s graphs admitting two
v-set e-proper graceful labelings; (b) a cycle admitting an odd-graceful labeling; (b-1) and (b-2) are two
Euler’s graphs admitting two v-set e-proper odd-graceful labelings, cited from [52].

Remark 35. It is not hard to generate vv-type/vev-type TB-paws from Topsnut-gpws made by
Hamilton cycles. We use an example to introduce the Euler-Hamilton-method in the following;:
We make a vev-type TB-paw D, (Cg) = 03325164257617880 form Fig(a), thus, Dyey(Cs) can
be obtained from Fig[55{(a-1) too, and vice versa. Obviously, it is not relaxed to pick up Dyey(Cs)
from Figa—l) if Topsnut-gpws have large numbers of vertices and edges. Thereby, a vev-type
TB-paw (as a public-key) made by a colored Hamilton cycle induces directly a vev-type TB-paw
(as a private-key) generated from a colored Euler’s graph. But, such vv-type/vev-type TB-paws
can be attacked since colored Hamilton cycles are easy to be found by computer attack.

We can use the Euler-Hamilton-method to produce complex TB-paws in the following way: As
known, a graph G is an Euler’s graph if and only if there are m edge-disjoint cycles C1,Cy, ..., Cp
such that E(G) = J", E(C;) (Ref. [3]). So, we can get m vev-type TB-paws Dy, (C;) with

€ [1,m]. Let iy,i9,...,%, be a permutation of 1,2,...,m. Thereby, we have many vev-type
TB-paws like

Dvev(G) = Dvev(cil) ) Dvev(cig) W Dvev(cim)a

or

D, (G) = D(Ci,) & D(Ciy) &+ W D(Cy,), j <m.

vev

Clearly, it is an irreversible procedure of generating D._ (G) from Euler’s graphs. . I

vev

We give a character of a non-Euler’s graph as follows:
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Theorem 50. [33] Each non-Euler’s graph G corresponds m edge-disjoint paths Py, Ps, ..., Py,
such that |[E(G)| = >"1", |E(B)|.

In fact, any non-Euler’s graph G can be add a set E* of m new edges such that the resultant graph
G+ E* is just an Euler’s graph, and G + E* corresponds a Hamilton cycle C, with ¢ = |E(G + E*)|
(Ref. [39]). Now, we delete all edges of E* from Cy, so C; — E* is just a graph consisted of m edge-
disjoint paths Py, P, ..., P,,. The above deduction tells us a way for producing vv-type/vev-type
TB-paws from colored edge-disjoint paths Pi, Ps, ..., P, matching with the non-Euler’s graph G

(see Fig[56]).

Figure 56: G is a non-Euler’s graph; G; is an Euler’s graph obtained by adding six new edges to G; Go
is a Hamilton cycle obtained by implementing the non-adjacent vertex-coinciding operation and the 2-edge-
connected 2-degree-vertex vertex-splitting operation to G; in [39]; G5 is the desired union of paths after

deleting six edges in blue.

By Definition an Euler’s graph (a-2) admitting two v-set e-proper graceful labeling shown in
Fig corresponds a Topcode-matrix Tpoq(a-2) in , and another Euler’s graph (b-1) admitting
two v-set e-proper graceful labeling shown in Fig corresponds a Topcode-matrix Tipge(b-1) in
(24). The Topcode-matrix Tpoqe(a-2) induces a TB-paw

D(a-2) = 15150202021515021224567863367788.

Obviously, finding the Topcode-matrix Tiy4(a-2) from the number-based string D(a-2) is not easy,
even very difficult.
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{1,5} {1,5} {0,2} {o0,2} {0,2} {1,5} {1,5} {0,2}
Troge(a-2) = 1 2 2 4 5 6 7 8 (23)

ey 3+ B {6 {7 {7} {8 {8}

{2,9} {0,13} {2,9} {3} {0,13} {0,13} {2,9} {0,13}
Troge(b-1) = 1 3 5 7 9 11 13 15 (24)

{10} {3y {10}y {10} {4} {2,9) {15} {15}

Definition 154. [52] A (p,q)-graph G admits a vertex set-labeling f : V(G) — [1,q]® (resp.
[1,2¢ — 1]?), and induces an edge set-color f'(uv) = f(u) N f(v) for uv € E(G). If we can select
a representative ay, € f'(uv) for each edge color set f'(uv) such that {ay, : uwv € E(G)} =[1,¢]
(resp. [1,2q —1]°), then f is called a graceful-intersection (resp. an odd-graceful-intersection) total
set-labeling of G. O

Theorem 51. [52] Each tree T admits a graceful-intersection (resp. an odd-graceful-intersection)
total set-labeling (see Fig.

Theorem 52. [52] Each tree T of g edges admits a regular rainbow intersection total set-labeling
based on a regular rainbow set-sequence { Ry} (see Fig.

o8 o[111]
{57} oo 1, [1,11]
{12} {7}—'/— 2 {2 1.1 15
L} 7.8.9) RS io} [.\] CY[l 10][—1$1§f1 1210 [/o ]
4
6,10,11,12}\ {4.5.6} %
! —}\—{4}—0—{3} {1 2 L 2]—>>—I1 Ll 7]—( [17]
{10} 34 113 (18] 14
{10} b 11,36 d[L6]
a graceful-intersection total set-labelling a regular rainbow intersection total set-labelling

Figure 57: Left tree admitting a graceful-intersection total set-labeling for illustrating Theorem Right

tree admitting a regular rainbow intersection total set-labeling for illustrating Theorem cited from [52].

5.2 Set-colorings and set-labelings

Definition 155. [53] Let G be a (p, ¢)-graph.

(i) A set mapping F : V(G) U E(G) — [0,p + q]? is called a total set-labeling of G if two sets
F(zx) # F(y) for distinct elements z,y € V(G) U E(G).

(ii) A vertex set mapping F : V(G) — [0,p + q]? is called a vertex set-labeling of G if two sets
F(x) # F(y) for distinct vertices z,y € V(G).
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(iii) An edge set mapping F : E(G) — [0,p + q]? is called an edge set-labeling of G if two sets
F(uv) # F(xy) for distinct edges uv, zy € E(Q).

(iv) A vertex set mapping F : V(G) — [0, p+¢]? and a proper edge mapping g : E(G) — [a, b] are
called a v-set e-proper labeling (F, g) of G if two sets F(z) # F(y) for distinct vertices z,y € V(G)
and two edge colors g(uv) # g(wz) for distinct edges uv, wz € E(G).

(v) An edge set mapping F : E(G) — [0,p + ¢]? and a proper vertex mapping f : V(G) — [a, b]
are called an e-set v-proper labeling (F, f) of G if two sets F(uv) # F(wz) for distinct edges
wv,wz € E(G) and two vertex colors f(z) # f(y) for distinct vertices x,y € V(G). O

Definition 156. [77] Let a (p, ¢)-graph G with integers ¢ > p—1 > 2 admit a mapping F' : X — S,
where X is a subset of V(G) U E(G), S is a subset of power set [0, pg]? of the set [0,pg], and let

Rs(m) = {cl, €2,...,Cm} be a constraint set. There are the following constraint conditions:
(a) X =V(G);
b) X = E(G);

(
(c) X = V(G)UE(G);
(d) (u) # F(v) if wv € E(G) (it may happen F(u) N F(v) # 0);

(e) F(uv) # F(uw) for any pair of adjacent edges uv and uw of G (it may happen F(uv) N

F(uw) # 0);

(f) |F(V(G))| = p, also, F(x) # F(y) for any pair of vertices x and y of G;
(g) |F(E(@))| =q,so F(xy) # F(uv) for distinct edges uv and xy of G;
(h) A mapping F’: E(G) — S is induced by F subject to Rs(m), that is, each edge uv € E(G)

is colored by the set F'/(uwv) such that each ¢ € F'/(uv) is generated by some a € F(u), b € F(v)

and one constraint or more constraints of Rs(m); and
G) |F/(B(G))] = g.

We call:

(1) F a strong vertex set-labeling of G if both and (f)) hold true.

(2) F a strong edge-set-labeling of G if both (b)) and (g) hold true.

(3) F' an strongly induced edge-set-labeling of G if both (g) and . hold true.

(4) F a strongly total set-coloring of G if (df . @ and (| . hold true.

(5) (F,F') a strong set-coloring subject to Rs(m) if (jaj . @ and ( . ) hold true.

We call:

(1) F a set-labeling of G if it satisfies () and @ s1multaneously

(2’) F an edge-set-labeling of G if it satisfies and () simultaneously.

(3") F a total set-coloring of G if it satisfies (d), (d) and (€) simultaneously.

(4) (F,F') a set-coloring subject to Rs(m 1f @ (), () and (W) are true simultaneously.

We call:

(17) F a pseudo-vertex set-labeling of G if it holds (), but not (d).
(27) F a pseudo-edge set-labeling of G if it holds (b)), but not (¢).
(37) F a pseudo-total set-coloring of G if it holds , but not @, or but not @, or not both

@ and (@ O
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Remark 36. Let v; = min{|F(z)| : z € V(G)} and v; = max{|F(y)| : y € V(G)} in Definition
156l F' is called an a-uniformly vertex set-labeling of G if v = v; = «. Similarly, we have
es = min{|F/(w)| : w € E(G)} and ¢; = max{|F'(zy)| : zy € E(G)}, and F' is called a (-
uniformly edge set-labeling of G if e = ¢, = . Asa = =1, (F, F') is a popular labeling of graph
theory (Ref. [7]). There is another group of two parameters are t;, = min{|¢)(z)| : x € V(G)UE(G)}
and t; = max{|¢(y)| : y € V(G)U E(G)} in Definition and we call ¥ a k-uniformly total set-
coloring if k = ts = t;. Hereafter, we say “a set-coloring (F,F') s.t.Rs(m)” defined in Definition
and say “a total set-coloring ¢ s.t.Rs(m)” defined in Definition [156] I

0y e Ch{s 16}—{3}—{4 15}_{339} @ {5,16}—@—{4,15}—@

A A1
{11,22} AAY ©
{2} {511} {4}
{5,11} (#—{9 20}—><{3 14)—0—(112)—9 9,20} Err—AD)—a 12}—Q)
{213 % 2,13} oz, g, @

{1}1» {6 10} \0{7 9} b {6,103 @ @ O !

Figure 58: Left is a set-coloring (F, F''), Right is a mixed-vertex set-labeling.

In Figure the left tree 7' admits a set-coloring (F, F'') s.t.Rs(m) = {c1,ca}, where a € F(u),
b€ F(v) and ¢ € F'(uv) hold one of ¢; : a +b+ ¢ = 27 and ¢z : |a — b| = ¢; the right tree T
admits a mixed-vertex set-labeling consisted of a vertex labeling f and an edge set-labeling F'’
such that any number ¢ € F’(uv) of each edge uv € E(T) holds one of f(u) 4+ ¢+ f(v) = 27 and
f(u)+c+ f(v) = 16.

Some set-labelings and set-colorings can be optimal in the following way: S is the power set of an
integer set {0,1,...,xc(G)} = [0, xe(G)] such that G admits a set-labeling or a set-coloring defined
In Definition and but S is not the power set of any integer set [0, M] if M < x(G), where €
is a combinatoric of some conditions defined in Definition m For example, € = {@, @} if only
about the set-labeling of G.

Remark 37. A wvertex distinguishing edge coloring f of a tree T is shown in Fig(a). We define
a strong set-labeling F' based on the vertex distinguishing edge coloring f shown in Fig(b) and
(¢); next we define a strong edge-set-labeling F'' by F subject to a unique constraint ¢; : a +b =
¢ (mod 5) such that both a € F(u) and b € F(v) induce ¢ € F'(uwv) (or F'(uwv) = {a+b =
¢ (mod 5) : a € F(u),b € F(v)} in mathematical notation) for each edge uv of T' shown in
Fig[p9[(d)

For a (strongly) total set-coloring 1 s.t.Rs(m) defined in Definition we point out that three
numbers a € ¥(u), b € ¥(v) and ¢ € P(uv) satisfy a constraint ¢; € Rs(m), by graph colorings
(resp. labelings), so ¢; holds one of the following constraint conditions:
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Figure 59: A procedure of a strong set-coloring generated by a vertex distinguishing edge coloring
of a tree shown in (a).

(a) |a —b| = ¢ can induce graceful labeling, or odd-graceful labeling, or odd-elegant labeling, or
vertex (distinguishing) coloring if ¢ # 0.

(b) a4 b+ ¢ =k can induce edge-magic total labeling for a constant k.

(¢) a4+ b=c (mod n) can induce felicitous labeling, or harmonious labeling.

(d) |a+b— c| =k can induce edge-magic graceful labeling.

(e) |a+b— Ac| = k can induce (k, \)-edge magic graceful labeling, or (k, \)-odd-magic graceful
labeling.

(f) a4 b=k + Ac can induce (k, \)-magic total labeling, or (k, \)-odd-magic total labeling.

(g) a # b, b# c and ¢ # a can induce total coloring, vertex distinguishing total coloring, list-
coloring.

(h) ¢ € Y(uv) and ¢’ € ¥ (uv’) hold ¢ # ¢’ can induce edge coloring.

(i) a+b+c=k" or|a+b—c| =k~ can induce (kT, k™ )-couple edge-magic total labeling.

() la+b—c| =k or|a+b—c| =k can induce (ki, k2)-edge magic graceful labeling. I

Definition 157. [77] Let f : V(G)U E(G) — [1, M] be a proper total coloring of a (p, ¢)-graph G.
A (pseudo-)total set-labeling F' is defined by F(z) = {f(u)} U {f(zy) : y € N(z)} for each vertex
x € V(G) and F(uv) = {f(uv)} for each edge uwv € E(G). O

Clearly, there may be F(w) = F(z) for some edge wz € E(G). But, we can obtain strong
set-labelings on vertex sets of graphs from some particular edge-colorings of graphs.

Remark 38. The set-labelings and set-colorings defined in in Definition [I56| can be optimal in
this way: S is the power set of an integer set [0, x.(G)] such that G admits a set-labeling or a
set-coloring defined in Definition and but S is not the power set of any integer set [0, M]
if M < xc(G), where € is a combinatoric of some conditions (a)-(g) stated in Definition [156], and
Xe(G) is called an e-chromatic number of G. For example, € = {(a), (d)} if only about a set-labeling
of G. So, we can determine the e-chromatic number x.(G) for a fixed e. As known, there are many
long-standing conjectures on graph coloring and graph labelings, so we believe there are new open
problems on the set-colorings and set-labelings defined in Definition m I

102



Lemma 53. [77] Each vertex distinguishing edge coloring of a (p,¢)-graph G induces a strong
set-labeling F' with

A(G) = max{|F(z)|: x € V(G)}, 6(G)=min{|F(z)|: z € V(G)}. (25)

Theorem 54. [77] If a set-labeling F' of a graph G holds: |F(z)| > degqg(x) for each vertex
x € V(G), and |F(u) N F(v)| = 1 for each edge wv € E(G), and F(u) N F(v) # F(u) N F(w) for
any adjacent edges uv,uw € E(G), then F induces a proper edge-coloring of G.

Theorem 55. [77] A set-labeling F' of a graph G holds: |F'(z)| > degg(x) for each vertex z € V(G),
and |F(u) N F(v)| = 1 for each edge uwv € E(G), and F(u) N F(v) # F(u) N F(w) for any pair of
adjacent edges uv,uw € E(G), then F' induces an adjacent 1-common edge-coloring of G.

Theorem 56. [77] Suppose that a graph G admits a set-labeling F} : V(G1) — S where S is a
subset of power set of [1, M], and Fy(u)NFy(v) # 0 for each edge uv € E(G1). And there are graphs
G = Gg—1—up_1 for up_1 € V(Gg_1) with k > 2, and for each graph Gy, with k € [2,|G1|—2] there
exists a set-labeling Fy(x) = Fi—1(2) if 2 € N(ug-1), and Fi(y) = Fi—1(y) \ [Fr—1(y) N Fr—1(ug—1)]
if y € N(ug—1), as well as Fi(u) N Fi(v) # 0 for each edge uv € E(Gy). If two systems of distinct
representatives for each edge uv € E(Gy) holds |Rep(u) N Rep(v)| = 1 with k € [2,|G1| — 2], then
Fy induces a proper edge-coloring of Gj.

Definition 158. [77] A set-matriz for a (p, q)-graph G admitting an edge-set-labeling F'' is defined
by Se(G) = (Aij)gxq such that A;; = F'(uu;) for uju; € E(G), and A;; = () otherwise. Suppose
that a (p, ¢)-graph G admits a set-labeling F' defined on vertex set V(G), we define an operation
“(e)” on two sets, and define a set-matrix S,(G) = (Bjj)gxq of G based on the set-labeling F' by
Bij = F(u;)(®)F(uj) for u;u; € E(G), and B;; = () otherwise, where the result of F'(u;)(e)F (u;) is
still a set. O

Definition 159. [72] Suppose that a (p, ¢)-graph G admits a vertez-set labeling F : V(G) — [0, q]?,
where F is the set of all subsets of [0, q]. If each edge uv € E(G) can be colored with f(uv) = |a—b|
for some a € F(u) and b € F(v), and f(E(G)) = [1,q], we call (F, f) a vertez-set edge-graceful
mized labeling of G. g

The first example is about a strong set-coloring (F, F'') in which the graphical structure is shown
in Figl60ja). We color each vertex u with a set F'(u) such that F(z) # F(y) for any pair of vertices
x,y; there are some a € F(u) and b € F(v) to hold the unique constraint |a — b| = ¢ (|Rs(m)| = 1)
that induces the edge set F'/(uv) with ¢ € F/(uwv) such that F''(uv) # F'(zy) for any pair of edges
uv and xy. The desired graphical password is shown in Figa).

A strongly total set-coloring 1), as the second example, is shown in Fig(b) with (z) # ¥(y)
for any two elements z,y € V(G) U E(G), and for an edge uv, each ¢ € 1(uv) corresponds some
a € 1(u) and b € 1(v) such that at least one of two constraints | — b| = ¢ and |a + b — ¢| = 4 holds
true.

103



The third example on a strongly total set-coloring 6 s.t.R*s(3) = {c1, ¢z, ¢3} is shown in Fig[60]c)
where

c1: |la—bl =cforcef(uv), acb(u) and b € 6(v);

co: la’"+b" —c'| =4 for ¢’ € (uv), a’ € O(u) and b’ € §(v); and

ez a” +b" =c" (mod 6) for ¢” € G(uv), a” € O(u) and b” € (v).

Thereby, each ¢ € §(uv) corresponds some a € #(u) and b € 6(v) such that they hold at least one
of three constraints of R*s(3).

A strongly total set-coloring (¢,¢’) s.t.R*s(3) shown in Fig[61] holds: 6(z) = ¢(z) for any x €
V(G) and 6(uv) C ¢'(uv) for each edge wv € E(G), where 6 is defined in Fig[60|c). We say (¢, ¢”)
to be the maximal strongly set-coloring s.t.R*s(3).

{6, 11}c\ {2} f o\{s 11} {0} /3 o\{s 11} }3{0}

o—G5, 9}%%{3 5 {3 5} o—{11 9»}%{9 5>—<<{3 5 o—qu 9»}%{5 9>—<{3 5}
{5 9 “ {5 9} 79 7 A\

{4, 7}c/ {1, 4}\0 {4, 7}o/ {1, 4}\> {4, 7}0/ {1, 4§>
(@) (b) ©

Figure 60: (a) A strong set-coloring (F,F'); (b) a strongly total set-coloring 1; (c) another
strongly total set-coloring 6, cited from [52].

{6,11} {0}
6 o, 6={1,3,5,7,9,11}
s \{0,2} (3.5} #:={0,1,2,3,4,5,7,10}
5.9 / ) ’ 6:={1,3,5,7,9}
’ & % 65={(3,5,7,9}
{4,7} {1,4} 6~={0,1,2,3,4,5}

Figure 61: A strongly set-coloring (¢, ¢') s.t.R*s(3), cited from [52].

Theorem 57. [72] Each simple and connected (p, q)-graph G admits a strongly total set-labeling
F such that
max{|F(z)|: € V(G)UE(G)}=A(G)+1 (26)

and
max{c: c€ F(z),zx € V(G)UE(G)} € [1,p+q]. (27)
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Theorem 58. [72] If a tree admits a super edge-magic total labeling defined in Definition @ then
it admits a 2-uniform strongly total set-coloring.

Theorem {45 in [62] says: Each tree admits a set-ordered gracefully total coloring, and moreover
each simple and connected (p, ¢)-graph G can be vertex-split into a tree of ¢ + 1 vertices, then we
have a result as follows:

Theorem 59. [72] Each simple and connected (p,q)-graph G admits a v-set e-proper graceful
coloring f : V(G) — [0, q)? defined in Definition and Definition such that each edge uwv is
colored with a number f(uv) = |a, — by| for some a,, € f(u) and b, € f(v), and the edge color set

FE(G) = {f(w) :w € E(G)} = [1,4].

Definition 160. * Let G be a (p, ¢)-graph, and let “W-type” be one of the existing colorings and
the existing labelings.

(i) A W-type ve-set-coloring F of G holds F : V(G) U E(G) — [0,p + ¢]? such that two sets
F(z) # F(y) for two adjacent or incident elements z,y € V(G) U E(G).

(ii) A W-type v-set-coloring F of G holds F : V(G) — [0, p + q]? such that two sets F(x) # F(y)
for each edge zy € E(G).

(iii) A W-type e-set-coloring F of G holds F : E(G) — [0,p + g]* such that two sets F(uv) #
F(uw) for two adjacent edges uv, uw € E(Q).

(iv) An e-proper W-type v-set-coloring (F,g) of G is consisted of a vertex set mapping F' :
V(G) — [0,p + ¢]? and a proper edge mapping g : E(G) — [a,b] such that two sets F(z) # F(y)
for each edge xy € E(G) and two adjacent edge colors g(uv) # g(uw) for two adjacent edges
wv,uw € E(Q).

(v) A v-proper W -type e-set-coloring (F, f) of G is consisted of an edge set mapping F' : E(G) —
[0,p + ¢]? and a proper vertex mapping f : V(G) — [a,b] such that two sets F(uv) # F(uw) for
two adjacent edges wv,uw € E(G) and two vertex colors f(x) # f(y) for each edge zy € E(G). O

Theorem 60. [I07] Each simple and connected (p, ¢)-graph G can be vertex-split into a tree T of
q + 1 vertices by the vertex-splitting operation, and admits a v-set e-proper W-type coloring (refer
to Definition and Definition [155)) if T" admits a W -type coloring.

Theorem 61. [I07] Every connected Euler’s graph of n edges with n = 0,3 (mod 4) admits a
v-set e-proper graceful labeling defined in Definition [153] and Definition [155

Theorem 62. [I07] Every connected Euler’s graph with odd n edges admits a v-set e-proper
harmonious labeling defined in Definition and Definition [155

Definition 161. [5I] A (p,q)-graph G admits a vertex labeling f : V(G) — {0,1,...,q}, and an
edge labeling g : E(G) — {1,2,...}, such that

(1) (e-magic) each edge xy € E(G) holds g(zy) + |f(z) — f(y)| = k, a constant;

(2) (ee-balanced) let s(uv) = |f(u) — f(v)| — g(uv) for an edge, and each edge uv matches another

/

edge zy holding s(uv) + s(zxy) = k' true;
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(3) (EV-ordered) max f(V(G)) < min g(E(G)) (or min f(V(G)) > max g(E(G)));
(4) (set-ordered) max f(X) < min f(Y) for the bipartition (X,Y") of V(G).
We call the labeling pair (f, g) as a (4C, k, k')-labeling. O

Theorem 63. [I07] If an Euler’s graph has 4m edges for m > 2, then it admits a v-set e-proper
graceful labeling, a v-set e-proper odd-graceful labeling, a v-set e-proper edge-magic total labeling
(refer to Definition and Definition , and a v-set e-proper (4C,k,k')-labeling defined in
Definition 161l

Corollary 64. [107] If an Euler’s graph of n edges holds n = 1,2 (mod 4) true, then it admits
a v-set e-proper e-labeling defined in Definition where e-labeling € {odd-graceful labeling,
edge-magic total labeling, (4C, k, k')-labeling}.

Corollary 65. [107] Any non-Euler (p, q)-graph G of n edges corresponds an Euler’s graph H =
G + E* admitting a v-set e-proper e-labeling f for e-labeling € {odd-graceful labeling, edge-magic
total labeling, (4C,k, k’)-labeling}, such that G admits a v-set e-proper labeling g induced by f
and g(E(G)) ={1,2,...,|E*| + q} \ {f(zy) : xy € E*}.

Theorem 66. [I07] There are connected and vertex-disjoint Euler’s graphs Hy, Ho, ..., Hy,, such
that another connected Euler’s graph G is obtained by vertex-coinciding H; with some H; for i # j.
Then G admits a v-set e-proper e-labeling for e-labeling € {odd-graceful labeling, edge-magic total
labeling, (4C, k, k')-labeling} if > 7", |E(H;)| = 0 (mod 4).

Theorem 67. [51] A connected Euler’s graph G of n edges admits a graceful labeling f if and
only if a cycle C, obtained by vertex-splitting some vertices of G admits this labeling f as a its
v-pseudo e-proper graceful labeling defined in Definition [155

Theorem 68. [51] Every connected graph admits a v-pseudo e-proper graceful labeling defined in
Definition [I55

5.3 Vector-colorings

Let Vc(n) be the set of n-dimension vectors d; = (a;,1, ai2,. .., ain) With a; ; € Rse being a real
number set, and let V.1(n) be the set of n-dimension vectors with each component to be an integer,
V.t1(n) be the set of n-dimension vectors with each component to be a non-negative integer. We
call V.L(n) an integer-vector set, and V1! (n) an integer’-vector set. Clearly,

Vet (n) € Vie(n) € Vee(n). (28)

Definition 162. * Let R.s(m) = (r1,72,...,7m,) be a set of mathematical restrictive functions
rs(a, 8,7) of three variables «, 8 and v. A mapping F' : V(G) U E(G) — Vee(n) is called a
vector coloring of a (p,q)-graph G if three vectors F(i) = d;, F(j) = d; and F(ij) = d;; =
(aml, Ai5.2y - - ,aij,n) for each edge Zj € E(G) hold rij(ai’k, Aij. ks aj7k) =0 and ]a@k\ + |aj7k| 75 0 with
k € [1,n] and function 7;; € Res(m). Write F(V(G) UE(G)) ={F(j): j € V(G)UE(G)}. O
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Remark 39. (1) A vector coloring differs from a set-coloring, since the vectors F'(i), F(j) and
F(ij) of each edge ij € E(G) have the same dimension, and the components of a vector are ordered.
(2) Since new colorings and labelings are coming everyday, determining the maximal n in F' :
V(G)U E(G) = Vec(n) defined in Definition is impossible.
(3) A mathematical restrictive function set Res(m) = (r1,72,...,7n) shown in Definition is
coloring-type, or labeling-type, or mixed-type in graph theory. I

Definition 163. * Let G be a (p, q)-graph.

Vec-1 A vector coloring F' defined in Definition [162]is called an integer-vector coloring of G if
F:V(G)UE(G) — VL(n).

Vec-2 A vector coloring F' defined in Definition [162] is called a proper-vector coloring of G if
F:V(G)UE(G) — V;t(n) and each rs € Res(m) is a coloring-type restrictive function.

Vec-3 A vector coloring F' defined in Definition is called a proper-vector labeling of G if
F:V(G)UE(G) — V;t1(n) and each 75 € Res(m) is a labeling-type restrictive function.

Vec-4 A vector coloring F' defined in Definition [162] is called a mized proper-vector coloring of
Gif F:V(G)UE(G) — V;H(n) and some rs € Res(m) is a coloring-type restrictive function, and
some 11 € Res(m) is a labeling-type restrictive function. O

Theorem 69. * Since each graph G admits a vertex coloring, an edge coloring and a total coloring
in graph theory, then G admits a proper-vector coloring F : V(G)U E(G) — V;H (ng) with ng > 3.

Theorem 70. * If a (p, ¢)-graph G admits colorings f; : V(G)UE(G) — [a;, b;] for i € [1, A] subject
to a mathematical restrictive function r;, then G admits a proper-vector labeling F : V(G)UE(G) —
VA (A) with F(u) = (fi1(u), f2(u), ..., fa(u)) for each vertex u € V(G) subject to a mathematical
restrictive set Res(m) = (r1,72,...,74), and F(zy) = (fi(zy), fa(zy),..., falzy)) for each edge
ry € BE(G), where V1 (A) = {F(w) : w € V(G) U E(G)}.

Definition 164. * Let G be a (p, q)-graph, and let R4 be the set of real numbers.

(1) A v-vector e-number coloring is defined as F' : V(G) — Vee(n) and F : E(G) — Rget such
that the induced color F(ij) = F(i) @ F(j) for each edge ij € E(G), where “o” is the dot-product
operation of vectors. If F(E(G)) = {a,a+1,...,a+ ¢ — 1}, we call F' an arithmetic v-vector
e-number coloring of the (p,q)-graph G, and moreover F' is called a graceful v-vector e-number
coloring of G if F(E(GQ)) ={1,2,...,q}, and F is called an odd-graceful v-vector e-number coloring
of G if F(E(G)) ={1,3,...,2¢ — 1}.

(2) A we-vector coloring is defined as F' : V(G) — Vee(n) such that the induced edge vector
F(ij) = F(i) x F(j) for each edge ij € E(G), where “x” is the vector-product operation of vectors.
U

5.4 Topological expression of integer™-vector sets

Definition 165. * Let I*(n) be a finite subset of an integer™-vector set V;1{(n). If a graph
H admitting an integer™ -vector coloring F : V(H)U E(H) — I*(n) subject to a mathematical
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restrictive set Res(m) = (r1,72,...,7m), such that each vector d € I (n) is F(u) = d for some
vertex u € V(H), or F(xy) = d for some edge zy € E(H), then we say that the set I*(n) to be
graph-full, call I'T(n) a graph-full integer™ -vector set, and the graph H a graphic expression of the
graph-full integer™ -vector set It (n). O

An example of vector colorings is shown in Fig[31] fro (b) to (f), a lobster T" admits a vertex
coloring defined as: F'(a) =(0, 0, 0, 0, 0), F(e) =(8, 8, 8, 8, 8), F(w) =(3, 3, 3, 3, 3), F(x) =(9,
9,9,9,9), F(y) =(5, 5 5, 5, 5), F(d) =(2, 2, 2, 2, 2), F(t) =(11, 11, 11, 11, 1), F(u) =(4, 4, 4,
4, 4), F(v) =(10, 10, 10, 10, 10), F(s) =(7, 7, 7, 7, 7), F(r) =(6, 6, 6, 6, 6), F(c) =(1, 1, 1, 1, 1),
Flay) =(11, 22, 5, 1, 21), F(yd) =(9, 20, 7, 3, 17), F(ed) =(6, 17, 10, 6, 11), F(ew) =(5, 16, 0, 7,
9), F(wz) =(4, 15, 1, 8, 7), F(dt) =(3, 14, 2, 9, 5), F(tu) =(1, 12, 4, 11, 1), F(uv) =(2, 13, 3, 10,
3), F(ds) =(7, 18, 9, 5, 13), F(dr) =(8, 19, 8, 4, 15), F(yc) =(10, 21, 6, 2, 19). The mathematical
restrictive function set Res(m) = (r1,72,73,74,75) is defined as follows:

71(01,05 1,08, 01,3) = 1,0 + 1,08 + 01,3 = 16 for each edge af € E((b))

12(02,0, 02,08, 02,8) = (2,0 + Q2,03 + a2 3 = 27 for each edge a8 € E((c))

az o = 13(03,0, a3 3) = a3« + az g (mod 11) for each edge af € E((d))

a4.08 = 74(04,0, 04 8) = a4,0 + as g — 4 for each edge aff € E((e))

5 is {as,a +as.08 + a5 : af € E((f))} = [16, 26].

Thereby, I1(5) = F(V(T)U E(T)) is a set of 5-dimension vectors, and is a graph-full integer™-
vector set too; and moreover T is a graphic expression of the graph-full integert-vector set I1(5) =
F(V(T)UE(T)).

Remark 40. As known, trees admitting set-ordered graceful labelings, also, admit many pairwise
equivalent labelings (Ref. [32] 40 76l [86]), so we can construct graph-full integer*-vector sets with
finite elements, and these trees are the graphic expressions of the graph-full integer™-vector sets,
very often, these trees are the tree-graphic expressions. I

Definition 166. * Let I7(n) be a finite subset of an integer™-vector set V1! (n). If IT(n) is a
graph-full integer™-vector set, then I*(n) is companied with a set of graphs as follows

Grapn(IT(n)) = {H : H admits a integer-vector coloring F: V(H)UE(H) = It (n)}.  (29)

A graph Sg(I*(n)) has its own vertex set V(Sg(I7(n))) = Grapn(IT(n)) and, for two graphs
H,,Hy € Grapn(I*(n)) admitting integer™-vector colorings F, : V(H,) U E(H,) — I"(n) and
Fy: V(Hy) UE(H,) — I*(n), if F.(V(H,)UE(H,)) N Fy(V(H,)UE(H,)) 0, then Sa(I*(n)) has
an edge H,Hs, and moreover S (I"(n))’s edge set is

E(SG(I+(n))) ={H,Hs: F.(V(H,)UE(H,))NFs(V(Hs)UE(Hs)) # 0,

Hy, Hy € Grapn(I* (n)))}. (30)

The graph Sg(I™(n)) is called a graph-graphic expression of the graph-full integer™-vector set
I (n). O
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6 Miscellaneous colorings and labelings

6.1 Flawed labelings and colorings

Definition 167. [51] Suppose that G = |J!", G; is a disconnected graph, where G1,Ga, ..., G,
are connected graphs and vertex-disjoint from each other. We have a connected graph G + E*
obtained by adding the edges of an edge set E* to G. If G + E* admits a W-type coloring
f:SCV(G)UE(G)UE* = [a,b], then we say that the disconnected graph G admits a flawed
W -type coloring f: S\ E* — [a,b]. O

Definition 168. [51] Let H = E* + G be a connected graph, where E* is a non-empty set of
edges and G = |J"| G; is a disconnected graph, where G1,Gy, ..., Gy, are connected graphs and
vertex-disjoint from each other. If H admits a (set-ordered) graceful labeling (resp. a (set-ordered)
odd-graceful labeling) f, then we call f a flawed (set-ordered) graceful labeling (resp. a flawed
(set-ordered) odd-graceful labeling) of G. O

Definition 169. [5I] Suppose that the underlying graph of a (p, q)-digraph 8 is disconnected,
and 8 + E* is a connected directed (p,q+ ¢’)-graph, where E* is a set of arcs with ¢’ = |E*|. Let
f: V(B—I—E*) — [0,q+¢q'] (resp. [0,2(¢+q") —1]) be a directed graceful labeling (resp. a directed
odd-graceful labeling) f of G + E*, then f is called a flawed directed graceful labeling (resp. flawed
directed odd-graceful labeling) of the (p, q)-digraph a. O

Theorem 71. [51] Suppose that T = |J;~, T; is a forest having vertex-disjoint trees 11,15, ..., Ty,
and (X,Y) be the vertex bipartition of T". For integers k > 1 and d > 1, the following assertions
are mutually equivalent:

F-1. T admits a flawed set-ordered graceful labeling f with max f(X) < min f(Y).

F-2. T admits a flawed set-ordered odd-graceful labeling f with max f(X) < min f(Y).

F-3. T admits a flawed set-ordered elegant labeling f with max f(X) < min f(Y).

F-4. T admits a flawed odd-elegant labeling n with n(z)+n(y) < 2p—3 for every edge zy € E(T).

F-5. T admits a super flawed felicitous labeling o with max a(X) < mina(Y).

F-6. T admits a super flawed edge-magic total labeling ~ with max~y(X) < miny(Y) and a
magic constant |X| + 2p + 1.

F-7. T admits a super flawed (|X|+ p + 3,2)-edge antimagic total labeling 6 with max6(X) <
minf(Y).

F-8. T admits a flawed harmonious labeling ¢ with max ¢(X) < min (Y \ {yo}) and ¢(yo) = 0.

Theorem 72. Let T' = [J;", T; be a forest having vertex-disjoint trees 11, T5, ..., Tp,, and V(T') =
X UY. For all values of two integers £ > 1 and d > 1, the following assertions are mutually
equivalent:

P-1. T admits a flawed set-ordered graceful labeling f with max f(X) < min f(Y").

P-2. T admits a flawed (k,d)-graceful labeling 5 with max f(x) < min 5(y) —k+d for all x € X
and y € Y.
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P-3. T admits a flawed (k, d)-arithmetic labeling ¢ with max ¢ (z) < miny(y) —k+d - | X| for
allze X andy €Y.
P-4. T admits a flawed (k,d)-harmonious labeling ¢ with max p(X) < minp(Y \ {yo}) and

¢(yo0) = 0.

Definition 170. [48] Suppose that graphs Hy, Hs,..., H,, and T are vertex-disjoint from each
other, and H = |J;~; H;. A W-type coloring means: a W-type coloring, or a W-type labeling.

(1) If there exists a graph operation “(¢)” on T' and H such that the resultant graph T'(¢)H is
a connected graph admitting a W-type coloring f, then f is called a flawed W -type coloring of H,
and f is called a W-type joining coloring of T.

(2) If there is a graph operation “(x)” on H such that the resultant graph (x)H is a connected
graph admitting a W-type coloring g, then we call g a flawed W -type coloring of H. g

Remark 41. In topological authentication, the graph T in Definition is as a public-key, and
Hy, Hs, ..., H, are a group of private-keys. The W-type joining coloring f of T induces a Topcode-
matrix Tioge(T") defined in Definition and H = |J;~, H; has its own Topcode-matrix Troqe(H),
such that a number-based string generated from T,,4.(7T") encrypts a digital file, and this file will
be decrypted by another number-based string made by T,.q.(H). Thereby, the Topcode-matrix
Teode(T) can be considered a public-key, and the Topcode-matrix Tpoqe(H) is a private-key. I

6.2 Vertex distinguishing arc colorings

Replacing every edge uv of a simple graph G by one of arcs w0 and vU products a digraph,
denoted as ﬁ, called the oriented graph of G.

Definition 171. I, [10] A mapping f : A(D) — [1, k] is called a proper arc k-coloring of a digraph
D if two arcs w0 and uth (resp. vt and wi) are colored with different colors. The smallest number
of k colors required for which D admits a proper arc k-coloring is called the di-chromatic index of
D, denoted as X'5(D). O

Remark 42. From Definition 171} {%J < X4(D) < x"(UG(D)) < A(UG(D))+1, where
x'(G) is the chromatic index of a graph G, and UG(D) is the underlying graph of D. A tournament

is a digraph that has an arc between any two vertices. There are tournaments 7" on 2m + 1 or 2m
vertices such that Y’Q(T ) = m, since Ky;,4+1 is the union of m edge-disjoint Hamilton cycles, and
Ko, is the union of m edge-disjoint Hamilton paths.

Let D be a digraph. A vertex u has its own out-neighborhood N*t(u) = {w : wb € A(D)},
and in-neighborhood N~ (u) = {w : wi € A(D)}. So, the out-degree degh(u) of u is [N*(u)|,
and the in-degree degp(u) of u [N~ (u)|. Let A%(D) = max{deg}(u) + degp(u) : u € V(D)},
and let f be an arc-coloring from A(D) to [1,k]. For a vertex u € V(D) we will use a color set
CE(u, f) = C*(u, fUC™ (u, f), where CF (u, f) = {f(ud) : w € N*(u)} and C~(u, f) = {f(wi) :
w € N~ (u)}. Notice that |CT(u, f) UC~ (u, f)| < deg},(u) + deg(u), in general. I
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Definition 172. [43] A proper arc k-coloring f of a digraph D without isolated arcs is called a
vertex distinguishing arc (di-vde) k-coloring f if CF(u, f) # C* (v, f) for distinct u,v € V(D). This
coloring f is called adjacent vertex distinguishing arc (di-avde) k-coloring if C*(u, f) # C* (v, f)
for any arc ut € A(D). The notation X5 (D) (resp. X by (D)) is the smallest number of k colors
required for which D admits a di-vde (resp. a di-avde) k-coloring. O

2
(7)
usz (1,4)

(b)

Figure 62: (a) A digraph D admits a di-avde 3-coloring; (b) a digraph H admits a di-avde 4-coloring, also,
a di-vde 4-coloring; (c) a subdivision of an arc ujus of D; (d) the underlying graph UG(D) of D shown in
(a), cited from [43].

6.3 Graph-labeling

Definition 173. [52] Let Mp,(p, q) be the set of maximal planar graphs H; of i + 3 vertices with
i € [1,p + ¢, where each face of a planar graph H; is a triangle. We use a total labeling f to color
the vertices and edges of a (p, ¢)-graph G with the elements of M,4(p,q), such that i +ij +j =k
(a constant), where f(u;) = H;, f(u;v;) = Hyj and f(v;) = H; for each edges u;v; € E(G). We say
f an edge-magic total graph-labeling of G' based on the graph set M,,(p, q). O

Four-coloring triangularly edge-coinciding graph-labeling. In [54], the authors introduce
the triangularly edge-coinciding operation and triangular edge-splitting operation. Let Frpg be
the set of planar graphs such that each one of Frpg has its outer face to be triangle and admits
a proper 4-coloring. In Figl63[b) and (c), a triangle A(T}, Tk, T;) shown in Fig[63|c) admits a
4-coloring obtained by three 4-colorings f;, fx and f;, so A(T}, Ty, T;) € Frpg. The procedure of
building up A(7T}, T, T;) is called a triangularly edge-coinciding operation. The process of edge-
splitting A(1}, T, T;) into T3, Ty, and T; is called a triangular edge-splitting operation, conversely, the
process of obtaining A(7}, T, T;) from T;, Ty, and T; is called a triangular edge-coinciding operation.

Definition 174. [52] A (p,q)-graph G admits a total labeling h : V(G) U E(G) — Frpg, such
that each edge w;v; € E(G) holds that f(u;) = T;, f(uv;) = Ti; and f(vj) = Tj induce a triangle
A(T;,Tij,Tj) admitting a 4-coloring, and then we say G admits a 4-coloring triangularly edge-
coinciding graph-labeling. O
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Figure 63: (a) 4-coloring system; (b) and (c) are the edge-splitting operation and the edge-coinciding

edge-splitting
operation

operation.

Theorem 73. Any tree admits a 4-coloring triangularly edge-coinciding graph-labeling.

Definition 175. [52] Let {(k;,d;)}]" be a sequence with integers k; > 0 and d; > 1, and G be
a (p,q)-graph with p > 2 and ¢ > 1. A Topsnut-gpw sequence {G 4, 4,)}7" is made by an integer
sequence {(k;,d;)}{" and each Topsnut-gpw G, q4,) = G for i € [1,m]. We define a labeling
F: V(G) — {G(k“dz)}inu and F(uivj) = (’kz — kj‘, di + dj (mod M)) with F(uz) = G(k‘i,di) and
F(v;) = G, a,) for each edge u;v; € E(G). Then

(1) If {|ki — kj| : wiv; € E(G)} = [1,2¢—1]° and {d; +d; (mod M)) : wv; € E(G)} = [0,2¢—3]°,
we call F' a twin odd-type graph-labeling of G.

(2) If {|k; — kj| © wv; € E(G)} = [1,¢] and {d; +d; (mod M)) : wv; € E(G)} = [0,2¢ — 3]°, we
call F' a graceful odd-elegant graph-labeling of G.

(3) If {|ki — k;| : uv; € E(G)} and {d; +d; (mod M)) : uv; € E(G)} are generalized Fibonacci
sequences, we call F' a twin Fibonacci-type graph-labeling of G. O

Definition 176. [53] Define a mapping f : V(H) U E(H) — {G;}" to a graph H, such that
f(u) =G, f(v) =G; and f(uv) = G, for each edge uv € E(H).

Mg-1. If there exists a constant k*, such that i + &k + j = k* for each edge uwv € E(H), we call f
an edge-magic total graph-set labeling (edge-magic total gs-labeling), a graph G = ({G;}"; H(f))
is obtained by joining G; with G}, and joining G}, with G; for each edge wv € E(H) is called an
edge-magic total gs-compound.

Mg-2. 1If there exists a constant k* such that |i — k + j| = k* for each edge wv € E(H), we call
f an edge-magic total graceful graph-set labeling (edge-magic total graceful gs-labeling), a graph
G = ({G:}1"; H(f)) obtained by joining G; with G}, and joining G, with G for each edge uv € E(H)
is called an edge-magic total graceful gs-compound.

Mg-3. 1If there exists a constant k* such that k + |i — j| = k* for each edge uwv € E(H), we call
f an edge-magic graceful total graph-set labeling (edge-magic graceful total gs-labeling), a graph
G = ({Gi}1"; H(f)) obtained by joining G; with G, and joining G, with G for each edge uv € E(H)
is called an edge-magic graceful total gs-compound. O
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Definition 177. [53] Let H,4 be a set of graphs. A (p, ¢)-graph G admits a total graph-coloring
(resp. total graph-labeling) F' : V(G) U E(G) — Hgg, and each edge color F'(uv) = F(u)(x)F(v)
is just a graph admitting a k,,-matching based on a graph operation “(x)”. Here, a ky,-matching
may be one of a perfect matching of k,,, vertices, ky,-cycle, k,,-connected, k,,-edge-connected, k-
colorable, k,,-edge-colorable, total k,,-colorable, k,,-regular, k,,-girth, k,,-maximum degree, k.-
clique, {a,b}y,-factor, v-split ky,-connected, e-split k,,-connected, a twin odd-graceful matching
O(F(u), F(v)), and so on. A graph G(x)H,, obtained by joining F(u) with F(uv) and joining
F(uv) with F(v) for each edge uv € E(G) under the operation (x) is called a ky,-matching graph.
O

Definition 178. [53] Let P,; be a set of graphs. A (p,q)-graph G admits a graph-labeling
F : V(G) — P,4, and each induced edge color F(uv) = F(u)(e)F(v) for uv € E(G) is just a graph
admitting a pan-matching, where “(e)” is a graph operation. Here, a pan-matching may be one of
a perfect matching of k,, vertices, ky,-cycle, ky,-connected, k,,-edge-connected, k,,-colorable,
kyv-edge-colorable, total k,-colorable, k,-regular, k,,-girth, k,,-maximum degree, k,,-clique,
{a, b}yo-factor, vertex-split ky,-connected, edge-split k,,-connected. We call the graph G(e)Py,
obtained by joining F'(u) with F(uv) and joining F(uv) with F(v) for each edge uv € E(G) a
pan-matching graph. O

Remark 43. If each H; in a graph set P,, of graphs admits a labeling f;, we can color a (p, q)-
graph G in the way: F : V(G) — P,4, such that each edge u;v; € E(G) is colored by F(u;v;) =
F(u;) @ F(v;) = H; @ Hj = o j(fi, f), where oy ;(fi, f;) is a reversible function with f; = o ;(fi),
and f; = a; (). |

6.4 Text-based strings, number-based strings

A number-based string D = cicy - - - ¢y with ¢; € [0,9] has its own reciprocal number-based string
defined by D_1 = ¢pem_1 - - - cac1, also, we say both D and D_q match from each other. We consider
that D is a public-key, and D_1 is a private-key in topological authentication. For a fixed Topsnut-

matrix Tpoqe and its reciprocal Tc;clle = (X LE LT H with X! = (24, 24-1,...,22,71), E71 =
(€gy€q—1y---,€2,€1) and Y1 = (yg, yg—1,...,Y2,y1), we have the following basic methods for gen-

erating vv-type/vev-type TB-paws:

Met-1. I-route. Di(G) = z122 - Tqeq€q—1 - - - €2e1Y1Y2 - - - Yq With its reciprocal D;(G)_.
Met-2. Dy(G) = xqxg—1 - T1€1€2 " - - €q—1€¢YqYq—1 - - - Y1 With its reciprocal Do(G)_;.
Met-3. II-route. D3(G) = x1e1y1y2e2T223€3Y3 - - - Tq€qYq With its reciprocal D3(G)_;.
Met-4. D4(G) = xg€qYqYq—1€q—1Tq—1 - - - Y2€2x2x1€1y1 With its reciprocal Dy(G)_1.
Met-5. ITI-route. We set

D5(G) = yay1e171€2y3y4€3%2 - + - Tg—2€4—1YqCqTqTq—1

with its reciprocal D5(G)_.
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Met-6. We take Dg(G) = Yq—1YqCqTqCq—1Yq—2Yq—3€q—2Tq—1 - - Toe2y1€1T1T2 With its reciprocal
Dﬁ(G)_l.

Met-7. Let a mapping g : {zi,e;,yi: x; € X, e, € W, y; € Y} — {a; : i € [1,3¢q]} be a bijection
on the Topsnut-matrix Toq.(G) of G, so it induces a vv-type/vev-type TB-paw

9(G) = g7 Yai)g (ai,) - 97 ai,) (31)

with its reciprocal g(G)_1, where a;, a;, . .. a;,, is a permutation of aiaz ... as,. So, there are (3¢)!
vv-type/vev-type TB-paws by , in general. Clearly, there are many random routes for inducing
vv-type/vev-type TB-paws from Topsnut-matrices.

Remark 44. A Topsnut-matrix T,o4.(G) of a (p,q)-graph G may has Nyr(m) groups of disjoint
fold-lines Lj1,Ljo,...,Ljm (= {L;:}7") for j € [1, Ny (m)] and m € [1, M], where each fold-line
L;; has own initial point (a;;,b;;) and terminal point (c;;, d;;) in xoy-plan, and L;; is internally
disjoint, such that each element of T4 (G) is on one and only one of the disjoint fold-lines = {L;; }1"*
after we put the elements of Ti,q.(G) into xOy-plane. Notice that each fold-line L;; has its initial
and terminus points, so 2m < 3¢, and then M = |3¢/2]. Each group of disjoint fold-lines {L;;}{"*
can distributes us m! vv-type/vev-type TB-paws, so we have at least Ny (m)-m! vv-type/vev-type
TB-paws with m € [1, M]. Thereby, the graph G gives us the number N*(G) of vv-type/vev-type
TB-paws in total as follows

M
N*(G) =q!-29) " Nyr(m) - m! (32)
m=1

Each tree admits a regular odd-rainbow intersection total set-labeling based on a regular odd-
rainbow set-sequence { Ry }1 defined as: Ry, = [1,2k—1] with k € [1, g], where [1,1] = {1}. Moreover,
we can define a regular Fibonacci-rainbow set-sequence {Ri}% by R; = [1,1], Ry = [1,1], and
Riy1 = Rip—1 U Ry with k € [2,¢]; or a T-term Fibonacci-rainbow set-sequence {7, R;}{ holds:
R; = [1,a;] with a; > 1 and i € [1,¢], and R, = SF7! _R; with k > 7 [30]. [

i=k—T1

6.5 Algorithms for generating number-based strings from Topcode-matrices

By the algorithms shown in Fig[64] we have the following number-based strings:

Yﬁa)::5758292928606061625487888827283031323334353681828384853030596060272626268686443
Jéb)::5727303028582930596031292832602733606034262635616236268681548286483878884438588
ch)::3030275728596030582931602732292833262634606035268638616281864825483438487888885
ng)::5727305828302930592931602832606033276034266135266236265818648386878348884488853
Jge)::8888874562616060282929585727303028305960313260273334262635362686818286483844385
Iéf)::3027305928306060313227263334262635368686818244838438588888745626160602829295857
ng)::5758282730305960313029292860333260272626353460616258136268686483824878888858443
th)::3030272857583059606031292928323327262634606035268681366162582864483487888438588
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Figure 64: The lines in (a), (b), (¢) and (d) are the basic rules for producing number-based strings (TB-

paws); others are examples for showing there exist many 1-line number-based strings, cited from [51].

In Figl65 we give each basic 1-line O-k and its reciprocal 1-line O-k-r and inverse 1-line O-k-i
with & € [1,4]. Moreover, we introduce the following efficient algorithms for writing number-based
strings from 1-line O-k-r and inverse 1-line O-k-i (k € [1,4]), cited from [51].

original reciprocal inverse original reciprocal inverse

| l | =| | | 1] ] 1]
| I I

I | I | | |
I > | < I R O L L B [ B [

Vo-1 Vo-1-r Vo-1-i Vo-2 Vo-2-r V0-2-i

A
\/ \/
Vo-3 Vo-3-r VO0-3-i Vo-4 Vo-4-r VO0-4-i

Figure 65: Four basic 1-line O-k with k € [1,4] used in general matrices, cited from [51].

ALGORITHM-I (1-line-O-1)
Input: A Topcode-matrix A,e,(G) = (X, E, Y)gxq
Output: TB-paws: 1-line O-1 TB-paw Tbo_l; 1-line O-1-r TB-paw Tbo_l_r; and 1-line O-1-7
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TB-paw Tbo —17 as follows:

O—1
Zb =T1X2 - Tg€q€g—1 " €2€1Y1Y2 " - Yq
TO—l—r
b =Y1Y2 - Yq€q€q—1 " €2€1T1T2 " -+ g

O—1—i
Tb :quqfl o .. $2$16162 o .. equyQ71 “ e y2y1

ALGORITHM-II (1-line-0-2)
Input: A, (G) = (X, E, Y)gxq

Output: TB-paws: 1-line 0-2 TB-paw 7~ %; 1-line O-2-r TB-paw 7" 2™"; and 1-line O-2-i
TB-paw Tbo 277 as follows:

Tbo_2 =T1€1Y1Y2€2T2T3€3Y3Y4 - - - Tq—1TqCqYq (0dd q)

Tb072 =T1€1Y1Y2€2T2T3€3Y3Y4 - - - Yq—1YqCqTq (even q)
TP =yre1a172€2y2y3 - - - Yg—1Yq€qTq (0dd q)
Tbo’2*r =Y1e1T1T2€2Y2Y3 - . . Tq—1Tq€qYq (€ven q)
TbO_Q_i =T4€qYqYq—1€q—1Lq—1Lg—2 - - - T1€1Y1 (odd q)

0—2—i
T, =Tq€qYqYq—1€q—1Tq—1Z¢—2 - .- Y1€121 (even q)

ALGORITHM-III (1-line-0O-3)
Input: A, (G) = (X, E, Y)5,,

Output: TB-paws: 1-line O-3 TB-paw Tbof?’; 1-line O-3-r TB-paw TbO*S*T; and 1-line O-3-¢
TB-paw TbO 371 as follows:

O0-3
Tb =Y2Y1€1X1€2Y3Y4€3T2X3€4Y5Y6 - - - Yq€q—1Lq—2Tq—1TqCq
O—3—r
T, =T2T1€1Y1€2T3T4€3Y2Y3€4T5T6 - - - Ta€q—1Yq—2Yq—1YqCq

O—3—i
T, =Yq—1Y¢€qTqCq—1Yq—2Yq—3€q—2Tq—1Tq—2 - . . Y1€2T2T1€]

ALGORITHM-IV (1-line-O-4)

Input: Avev(G> = (X7 E? Y)?’:xq

Output: TB-paws: 1-line O-4 TB-paw 7'~ ?%; 1-line O-d-r TB-paw 7' *™"; and 1-line O-4-i
TB-paw Tbo —471 a5 follows:

0—4
Ty " =w1e1y1T2€2Y2 - - - Yg—1Tq€qYq
O—4—
T, " =yre1x1y2eas . . Tg—1Yq€qLy
O—4—i
T, ' =2g€qYqTq—1€q—1Yg—1Tg—2 - - - T2€2Y2T1€1Y1
6.6 Real-valued colorings

Suppose that a connected graph G admits a proper total coloring g. We select a pair of non-
negative functions a(e) and S(e) with a(¢) — 0 and S(e) — 1 as ¢ — 0. Thereby, we define a
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real-valued total coloring as
fe(w) = a(e) + Be)g(w), w e V(G)UE(G) (33)

and call f.(w) defined in a real-valued (0,1)-total coloring of G. As we take B(e) =1 — a(e),
the equation is changed as

fe(w) = afe) + [1 = a(e)]g(w) = g(w) + [1 — g(w)]a(e). (34)

Definition 179. [59] Let Rg be a set of non-negative real numbers, and let G be a (p, ¢)-graph.
There are the following constraint conditions:

Co-1. A vertex mapping g : V(G) — Rg;

Co-2. an edge mapping g : E(G) — Rg;

Co-3. a total mapping g : V(G) U E(G) — Rg;

Co-4. g(u) # g(v) for any edge uv € E(G);

Co-5. g(uv) # g(uw) for any pair of adjacent edges uv,uw € E(G); and

Co-6. g(uv) # g(u) and g(uv) # g(v) for any edge uv € E(G).
Then g is:

Real-1. A real-valued coloring if Co{I] and Co{4 hold true.

Real-2. A real-valued edge coloring if Co{2] and Co{p hold true.

Real-3. A real-valued total coloring if Co{3] Cofd] Co{5land Co{6| hold true.

Real-4. Set-ordered if max{g(z) : v € X} < min{g(y) : y € Y}, when G is a bipartite graph
with vertex set bipartition (X,Y). O

Definition 180. [59] Let Rg be a set of non-negative real numbers, and let G be a (p, ¢)-graph.
If there exists a real number k£ > 0, for any positive real number e, G admits a real-valued total
coloring f. on Rg, which induces an edge-function C(f.,uv) for each edge uv € E(G), such that

|C(feyuv) — k| < e (35)

then we say that G converges to a C-edge-magic constant k, each f. is a C-edge-magic real-valued
total coloring, and write this fact as

lim C(fe, uwv)yverq) = k- (36)

e—0

We have:

(i) If the edge-function C(f.,uv) = fo(u) + fo(uv) + f:(v), then f. is called an edge-magic
real-valued total coloring, and k an edge-magic real constant.

(ii) If the edge-function C(fs,uv) = fe(uv) + |fe(u) — fe(v)|, then f; is called a difference
edge-magic real-valued total coloring, and k a difference edge-magic real constant.

(iii) If the edge-function C(f-, uv) = ||fz(u) — f=(v)| — fe(uv)|, then f. is called a mized-edge-
magic real-valued total coloring, and k a mixed-edge-magic real constant.
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(iv) If the edge-function C(fz,uwv) = |fe(u) + fe(v) — f-(uv)|, then f; is called a graceful edge-
magic real-valued total coloring, and k a graceful edge-magic real constant. O

Definition 181. [59] Let Rg be a non-negative real number set, and let G be a (p, ¢)-graph with
edge set E(G) = {ugvr : k € [1,q]}. If a real-valued vertex coloring f : V(G) — Rg induces
flugvg) = |f(ux) — f(vg)| for each edge upvy € E(G), such that |f(ugvg) — k| < & < 1/2 (resp.
|f(upvr) — (2k — 1)] < e < 1/2) for each k € [1,q], we call f a graceful real-valued vertex coloring
(resp. an odd-graceful real-valued vertex coloring). O

Theorem 74. [59] Suppose that a connected graph admits a graceful labeling (resp. an odd-
graceful labeling), then it admits a graceful real-valued total coloring (resp. an odd-graceful real-
valued total coloring). O

We present another type of real-valued total colorings as follows:

Definition 182. [59] A simple (p, q)-graph G admits a real-valued vertex coloring a : V(G) —
Rg, and |a(u) — a(v)| # |a(u) — a(w)| for any pair of adjacent edges wv,uw for each vertex

u € V(G), then « induces a real-valued total coloring 8 defined by B(z) = a(x) for x € V(G),

Blzy) = |a ( ) a(y)| for zy € E(G). We call 8 a real-valued total coloring of G. If each edge
color fB(ugvk) = |B(ug) — B(v)| for each edge ugvr € E(G) holds |B(ugvr) — k| < e < 1/2 (resp.
|8 (ugvy) — (2k —1)| < e < 1/2) for each k € [1,q], we call 8 a graceful real-valued total coloring
(resp. an odd-graceful real-valued total coloring). O

Remark 45. Let [a,b]” be a real interval. A real mapping f : V(G) — [0,q + 1] for a (p,q)-
graph G such that each edge uv of G is colored by f(uv) = |f(u) — f(v)|. If the edge set E(G) =
{ugvg : k € [1,q]} holds |f(ugvy) — k| < e < 1/2 for k € [1,q], we call f an e-real-valued graceful
labeling of G.

We can get e-real-valued graceful labelings if graphs admitting graceful labelings. Suppose that
a (p, q)-graph G admits a graceful labeling h : V(G) — [0, ¢]. We use a random number generator
g(z) such that g(k), for each non-negative integer k, generates a random number falling into
k—e < g(k) <k+ewith0 < e < 1/2. So, G admits an e-real-valued graceful labeling I defined by
I(u) = g(h(u)) for each u € V(G). Furthermore, we define the dual e-real-valued graceful labeling
I* of I by I*(u) = 2f(u) — I(u) for each u € V(G). Such doing can be realized on many graph
labelings introduced in [7].

By the way, we define f : V(G) — [1,p+1]" (or f: E(G) — [1,p+1]", or f: V(G)UE(G) —
[1,p 4+ 1]") for a (p,q)-graph G. If there is a positive integer m such that each z € V(G) holds
|f(z) — kz| < € < 1/2 for some integer k, € [1,m|, and k, # k, for any pair of vertices z,y
of G, we call f to be an (m,e€)-real-valued (edge-, total-)coloring. Define the smallest integer
min{m : fis a (m,€)-real-valued (edge-, total-)coloring} as A\(G), and call it the real chromatic
number of G. Moreover, the dual (m,¢€)-real-valued (edge-, total-)coloring f* of f is defined by
f*(u) =2k, — f(x) for each x € V(G).

Clearly, it is impossible to estimate the spaces made by the above real-valued labelings/colorings,
since these labelings/colorings are related with real numbers. Notice that some real-valued labelings
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have been investigated. For example, Vietri [25] generalizes the notion of a graceful labeling by
allowing the vertex colors of a graph with ¢ edges to be real numbers in the interval [0, q]". For a
simple graph G(V, E) he defines an injective map  from V to [0, q] to be a real-graceful labeling
of GG provided that
Z [QV(U)*’Y(U) + 2'7(”)*7(”)] =oatl _o-a _ (37)
weFR(Q)

where the sum is taken over all edges uv of GG. In the case that the colors are integers, he shows
that a real-graceful labeling is equivalent to a graceful labeling. I

6.7 Algebraic operation of real-valued Topcode-matrices

An algebraic operation on Topcode-matrices is intoduced in [59]. In the Topcode-matrix I.oq. =
(X,E,Y) with z; =1, ¢; =1 and y; = 1 for i € [1,q] is called the identity Topcode-matriz. For
two Topcode-matrices 77 , = (X7, B9, Y7)T with j = 1,2, where

X]:( jpaj‘]z,...,l’g), Ej:(]laeé,-"aeg)a YJ:(y{7y%”yé)’

the coefficient multiplication of a function f(z) and a Topcode-matrix Tgode is defined by

f(@) Tl = fla) - (XV, B YN = (f()- X7, f(2) - BV, f(x) - Y7)T

code

where f(z)- X7 = (f(z) -2, f(x) - b, ..., f(z)-2d), flx) - EI = (f(z)- e, f(x)-€,...,f(zx) €)

and f(x) Y7 = (f(z) -y{, fx) -yg, oo, f(z)-y2). And the addition between two Topcode-matrices

Tclode and Tfade is denoted as
Tclode + T620d6 = (Xl + X23E1 + E27Y1 =+ YQ)Ta
where X1 +X2 — (I% +(L‘%,I’%+‘T%, ’xé+xg)’ El +E2 — (6% +e%,€%+e%7..- ’eé +6g) and

Y1 4+Y2 = (yi + 92,98 + 93, - ,y; + yg) We have a real-valued Topcode-matriz Re,qe defined as:
Reode = a(e)TL ;. + B(e) T2

4 and another real-valued Topcode-matrix

Rcode(fsa G) = O‘(e)Icode + ﬁ(e)Tcode(G) (38)

corresponding , where I.,q. is the identity Topcode-matrix, and T,.q.(G) is a Topcode-matrix
of G.

Clearly, the number-based strings induced by the real-valued Topcode-matrix Reode(fe, G) are
completive than that induced by a Topcode-matrix of G admitting a W-type coloring or a W-type
labeling, and have huge numbers, since two functions a(e) and 3(¢) are real and various. By (40)),
we get the following number-based strings

D; =10700220131197531111057111313, Do = 10111103705577029111311201313
D3 =11110531075711700913211131320
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The Topcode-matrix Teoqe(G) shown in can provide us with a total of (21)! number-based
strings like D1, Dy, D3 shown in .

10 7 00 2 2 0
Teoae(G)=| 1 3 5 7 9 11 13 (40)
11 10 5 7 11 13 13

For example, after taking a(¢) = 0.32 and f(e) = 1 —0.32 = 0.68, we get a real-valued Topcode-
matrix
Rcode(fsa G) =0.32 - Icoge +0.68 - Tcode(G)

about the Topsnut-matrix Troqe(G) shown in and its own Topcode-matrix Ti,q.(G), where
Rcode(fs: G) is

712 5.08 0.32 032 1.68 1.68 0.32
Reoade(f-,G)=| 1 236 3.72 508 644 7.8 9.16 (41)
78 712 3.72 508 7.8 9.6 9.16

We apply Reode(fe, G) to induce the following number-based strings:

D7 = 7125080320321681680329167864450837223617871237250878916916
D3 = 7817123722367125083725087850803203264491691678168168916032.

Obviously, D and D7 are complex than Dy, Dy, D3 shown in . We have the following relation-
ships between a Topcode-matrix Ti,q.(G) and a real-valued Topcode-matrix Reoge(fe, G):

(1) e; = |x; —yi| in a Topcode-matrix Tpoqe(G) of a (p, q)-graph G corresponds a(e) + 5(g)|x; — il
of the real-valued Topcode-matrix Reoge(fe, G);

(2) z; + e; +y; = k in Tppqe(G) corresponds 3a(e) + 5(e) - k of Reoge(fe, G);

(3) € + |2 — il = k in Topqe(G) corresponds a(e) + 5(e) - of Reoge(fz: G);

(4) |ZL‘z +Yi — ei| =k in Tcode(G) Corresponds 04(6) + B(E) -k of Rcode(f€7 G) if € — (xl + yl) > Oa
otherwise |z; + y; — e;| = k corresponds |((¢) - k — a(e)|;

)+ 58(e) - k of Repge(fe, G) if |z + yi| — i <0,

otherwise ||z; — y;| — e;| = k corresponds |B(e) - k — a(e)].

) [lzi — il — €| =k in Teoge(G) corresponds a(e) +

6.8 Colorings and labelings in graph homomorphisms
6.8.1 Colorings and labelings based on graph homomorphisms

Definition 183. [3] A graph homomorphism G — H from a graph G into another graph H is a
mapping f : V(G) — V(H) such that f(u)f(v) € E(H) for each edge uv € E(G). O

Definition 184. [I7] A graph homomorphism ¢ : G — H is called faithful if (G) is an induced
subgraph of H, and called full if wv € E(Q) if and only if p(u)p(v) € E(H). O

Theorem 75. [I7] A faithful bijective graph homomorphism is an isomorphism, that is G = H.
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Theorem 76. [49] There are infinite graphs G}, forming a sequence {G}; }2° ;, such that G}, — G _;

n=1>
is really a graph homomorphism for n > 1.

Definition 185. [49, 61] Let G — H be a graph homomorphism from a (p, ¢)-graph G to another
(p’,q")-graph H based on a mapping « : V(G) — V(H) such that a(u)a(v) € E(H) for each
edge uv € E(G). The graph G admits a total coloring f, the graph H admits a total coloring
g, so G — H is a totally-colored graph homomorphism. Write f(E(G)) = {f(uv) : wv € E(G)},

g(E(H)) = {g9(a(u)a(v)) : a(u)a(v) € E(H)}. There are constraints as follows:
(C-1) V(G)=XUY, each edge uv € E(G) holds u € X and v € Y true. V(H) = WU Z, each
edge a(u)a(v) € E(G) holds a(u) € W and a(v) € Z true;
C-2)

fluv) = \f( ) — f(v)] for each uv € E(G), and g(a(u)a(v)) = |g(a(u)) — g(a(v))| for each

-3)  f(uww) = g(a(u)a(v)) for each uv € E(G);
-4) f(z) €[l,q+ 1] for x € V(G) and g(y) € [1,¢’ + 1] with y € V(H);
f(z) €[1,2q+ 2] for x € V(G) and g(y) € [1,2q’ + 2] with y € V(H);

[1q = /(E(G)) = g(E(H)) = [1,q)
1,2 — 1° = £(E(G)) = g(E(H)) = [1,2¢" — 1% and
-8) max f(X) < min f(Y) and max g(W) < min g(Z).
We say G — H to be:
(i) A bipartite graph homomorphism if (C holds true.
(ii) A graceful graph homomorphism if (C)), (C3), (C{4) and (C6) hold true.
(iii) A set-ordered graceful graph homomorphism if (C{I), (C{2), (Cf3), (C{6), (C{4) and (CJ8)
hold true.
(iv) An odd-graceful graph homomorphism if (C{l]), (C)), (C)), (C{5) and (C{7) hold true.
(v) A set-ordered odd-graceful graph homomorphism if (C, (C, (C, (C, (C and
(C) hold true. O

Remark 46. [419]

(i) A graceful graph homomorphism G — H holds |f(E(G))| = |g(E(H))| with ¢ = ¢’ and
|f(V(G))] > |g(V(H))|, in general. In Definition [I8F G admits a set-ordered gracefully total
coloring f and H admits a set-ordered gracefully total coloring g in topological coding.

(i) We call the totally-colored graph homomorphisms defined in Definition as W-type
totally-colored graph homomorphisms, where a “W-type totally-colored graph homomorphism” is
one of the totally-colored graph homomorphisms defined in Definition [L85

(iii) We say that the graph G admits a W-type totally-colored graph homomorphism to H in a
W-type totally-colored graph homomorphism G — H of Definition [185

(iv) If T'— H is a W-type totally-colored graph homomorphism, and so is H — T, we say T’
and H are homomorphically equivalent from each other, denoted as T <+ H.

(v) If two graphs G admitting a coloring f and H admitting a coloring ¢ hold f(x) = g(¢(z))
and G = H for a bijection ¢ : V(G) — V(H), we write this case by G = H. I
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Theorem 77. [49] If a (set-ordered) graceful graph homomorphism ¢ : G — H defined in Definition
holds f(V(G)) = ¢g(V(H)) and f(E(G)) = g(E(H)) true, then G = H.

Theorem 78. [49] If a (set-ordered) graceful graph homomorphism ¢ : G — H is faithful bijective,
then G = H.

6.8.2 Colored graph homomorphisms

Definition 186. [49] Suppose that a (p,q)-graph G admits a W-type coloring (resp. labeling)
f, and a (p’,q’)-graph H admits a W-type coloring (resp. labeling) g. There exists a mapping
¢ : V(G) — V(H) such that each edge uv € E(G) holds ¢(u)p(v) € E(H) true, and there are two
positive constants kvertex and kedge, we have:

(1) If f(x)+ g(p(x)) = kvertex for each vertex z € V(G) and p(z) € V(H), we say that G admits
a W-type v-colored-graph homomorphism to H, denoted as Gy — H,.

(i) If f(uv) + g(p(u)p(v)) = keqge for each edge uv € E(G) and p(u)p(v) € E(H), we say that
G admits a W-type e-colored-graph homomorphism to H, denoted as Gy —¢ H,.

(iii) If f(x) + g(p(x)) = kvertex for each vertex z € V(G) and ¢(z) € V(H) and f(uv) +
g(p(u)p(v)) = Kedge for each edge wv € E(G) and p(u)p(v) € E(H), we say that G admits a
W -type totally colored-graph homomorphism to H, denoted as Gy —¢ H,.

Moreover, we call (f,g) a matching of W-type colorings (resp. labelings). O

Remark 47. If G 2 H and f # g in Definition (f,g) is called a matching of W -type image-
colorings defined in [44]. Since each graph G admits a total coloring h, then we have the dual total
coloring h' of the total coloring h defined as: h'(w) = (max h+minh)—h(w) for w € V(G)UE(G),
where max h = max{h(w) : w € V(G)UE(G)} and min h = min{h(w) : w € V(G)UE(G)}. Clearly,
h(w) + h'(w) = maxh + minh to be a constant. So G admits a W-type totally colored-graph
homomorphism to itself, Gy, —§ Gp-. I

In Definition[I186]and Figl66] we can see two edge-difference totally colored-graph homomorphisms
Ty —¢ Gy and Gy —§ Hy, where T', G and H admit three edge-difference proper total colorings
h, f and g respectively, and moreover h(uv) + |h(u) — h(v)| = 16 for each edge uv € E(T),
flzy) +|f(z) — f(y)| = 16 for each edge zy € E(G), and g(wz) + |g(w) — g(2)| = 16 for each edge
wz € FE(H). Notices that three numbers of vertices of three colored-graphs T, G and H satisfy
[V(T)| > |V(G)| > |V(H)|, and their edge numbers hold |E(T)| = |E(G)| = |E(H)| true.

6.9 Set-ordered proper total colorings

Definition 187. * Let f: V(G) U E(G) — [1, M] be a proper total coloring of a (p, ¢)-graph G.

(1) If f(V(G)) =11,s] and f(E(G)) C [1,M], we call f a v-set-ordered proper total coloring, and
moreover if s is just the vertex chromatic number x(G) of G, namely, s = x(G) (resp. |f(V(G))| =
X(Q)), we call f an optimal v-set-ordered proper total coloring.

122



q ®_ P

- O ’_“ﬁv
ARV AVA - |
-0\ -® 13

o4 o ® L NN
W T Ty

T G H

Figure 66: T admits an edge-difference totally colored-graph homomorphism to G, and G admits an edge-
difference totally colored-graph homomorphism to H, cited from [4§].

(2) If f(E(G)) =[1,b] and f(V(G)) C [1, M], we say that f an e-set-ordered proper total coloring,
and moreover if b is just the chromatic index x’'(G) of G (resp. |f(E(G))| = x'(G)), also, b = x'(G),

we call f an optimal e-set-ordered proper total coloring. ]
o 1Y
3 g
7 > 7
4
(a) (b) (©)

Figure 67: (a) A (5,8)-graph G; (b) a proper total coloring f of G holding x " (G) = 5; (c¢) an optimal v-
set-ordered proper total coloring g of G holding ¢(V(G)) = [1,3] and x(G) = 3; (d) an optimal e-set-ordered
proper total coloring h of G holding h(E(G)) = [1,4] and x'(G) =4 true.

Theorem 79. * Each (p,q)-graph admits an optimal v-set-ordered proper total coloring and an
optimal e-set-ordered proper total coloring.

6.10 Directed labelings

We call a one-way directed edge as an arc w0, where v with a narrow is the head of the arc w0
and u is the tail of the arc wd. A (p, q)-graph having some arcs and the remainder being proper
edges is called a half-directed (p, q)-graph, denoted as G™; a (p, q)-graph having only arcs is called
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a directed (p,q)-graph or a (p,q)-digraph, and denoted as 8 Particularly, the set of all arcs of a
digraph G is denoted as A(G).

Here, replacing arcs by proper edges in a directed graph, or a half-directed graph produces a
graph, we call this graph the underlying graph of the directed graph, or the half-directed graph.

Definition 188. [5I] Let f : V(G™) — [0, q] (resp. [0,2¢—1]) be a labeling of a half-directed (p, q)-
graph G~ with its connected underlying graph, we define f(xy) = |f(x) — f(y)| for proper edge xy
of G and f(ud) = f(u) — f(v) for each arc ud of G™. If { f(xy), f(ud) : wv,ub € E(G)UA(G)} =
[1,q] (resp. [1,2q — 1]°), we call f a half-directed graceful labeling (resp. half-directed odd-graceful
labeling) of G™. O

Definition 189. [51] Let g : V(a) — [0,¢] (resp. [0,2q — 1]) be a labeling of a (p, q)-digraph €
with its connected underlying graph, and define g(ud) = g(u) — g(v) for each arc wd of the digraph
.1t {lg(wt)| : wb A(a)} = [1,q] (resp. [1,2q — 1]°), we call g a directed graceful labeling (resp.
directed oddgmceful labeling) of the digraph G. Moreover, if g(ut) > 0 (resp. g(ut) < 0) for each

arc ub € A(G), we say g to be uniform. O

6 6 77 29 10 10 10
AGY=| 1245 =67 8 9 10 (42)
5432 82 2 1 0

6 47 2 2910 1 10\

A =1 24 =5 =6 7 8 -9 10 (43)
5 63 7 82 2 10 0

A half-directed Topcode-matrix A(G™) is shown in , and a directed Topcode-matrix A(a)
is shown in (refer to defined in Definition 210). We can derive TB-paws from half-directed

w_» €

Topcode-matrices and directed Topcode-matrices by replacing minus sign with a letter “x
(resp. other letters and signs). For example, the half-directed Topcode-matrix A(G™") shown in

distributes us a TB-paw
D(A(G™)) = 66772910101010987265421543282.

Remark 48. There is no equivalent relation between uniformly directed graceful labelings and
set-ordered graceful labelings. In general, directed labelings (resp. colorings) of directed graphs
are complex than labelings (resp. colorings) of undirected graphs. I

Proposition 80. [51] Let B(T) be a set of directed trees having the same underlying tree 7. If
Graceful Tree Conjecture (resp. Odd-graceful Tree Conjecture) holds true, then O(T') contains

at least two directed trees admitting uniformly directed (odd-)graceful labelings, and each directed
tree of B(T ) admits a directed (odd-)graceful labeling.
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Remark 49. Since there are 2P~! directed trees in B(T) with the same underlying tree T" of p
vertices, so we can make M number-based strings by directed Topcode-matrices on O (T'), where
M =2°=1. (3p - 3)L.

If the underlying graph of a half-directed (p, ¢)-graph G, or a (p, q)-digraph 6 is disconnected,
we can add a set E* of arcs or edges to join some vertices of G or such that the resultant
half-directed G 4+ E* or the resultant digraph 3 + E* has a connected underlying graph, we
say G + E* to be a connected half-directed graph, or 8 + E* a connected digraph, not based on
directed paths. [

We define a flawed half-directed graceful labeling and a flawed directed graceful labeling on
half-directed graphs and digraphs in the following Definition [190] and Definition [191] respectively.

Definition 190. [51] Suppose that a half-directed (p, ¢)-graph G has its disconnected underlying
graph, and G™ + E* is a connected half-directed (p,q + ¢’)-graph, where ¢’ = |E*|. Let f :
V(G + E*) = [0,q + q'] (resp. [0,2(q + q') — 1]) be a half-directed graceful labeling (resp. a
half-directed odd-graceful labeling) f of G + E*, then f is called a flawed half-directed graceful
labeling (resp. flawed half-directed odd-graceful labeling) of the half-directed (p,q)-graph G—. O

Definition 191. [51] Suppose that the underlying graph of a (p, ¢)-digraph 3 is disconnected, and

+ E* is a connected directed (p, g+ q’)-graph, where ¢’ = |E*|. Let f: V(G + E*) = [0,q¢+q']
(resp. [0,2(q + q¢’) — 1]) be a directed graceful labeling (resp. a directed odd-graceful labeling) f
of G + E*, then f is called a flawed directed graceful labeling (resp. flawed directed odd-graceful

labeling) of the (p, q)-digraph 8 dJ
Remark 50. We divide the arc color set f(A(a)) into f+ éf ﬂ > 0 ? € A(a)} and
JAG) = {f(@d) < 0: W € A(G)}, namely, f(A(C - We say f to
be a uniformly (flawed) dzrected (odd-)graceful labeling 1f one of fJr = @ and f (A (8)) =0

holds true. Determining the existence of directed (odd-)graceful labehngs of digraphs are not sight,
even for directed trees [81].

It is not hard to define other flawed directed labelings or flawed half-directed labelings of digraphs
and half-directed graphs by the ways used in Definition and Definition m I

Definition 192. [51] A total labeling f : V(a) U A(a) — [1,p + q] for a bipartite and connected
(p, q)-digraph 8 is a bijection and holds:

(i) (e-magic) f(ud) + |f(u) — f(v)| = k, a constant;

(i) (ee-difference) each arc @t matches with another arc z7 holding f(u0) = |f(z) — f(y)| (resp.
F@) =200+ ) — |f(2) — FW));

(iii) (ee-balanced) let s(ut) = |f(u) — f(v)| — f(wb) for ub € A(a), then there exists a constant
k' such that each arc w0 matches with another arc W holding s(ut) + S(W) = k' (resp.
2(p + q) + s(ud) + S(W) = k') true;

(iv) (EV-ordered) fuin(V(G)) > fmax(A(G)) (resp. max f(V(G)) < min f(A(G)), or f(V(G)) C
FIA(G)), or F(A(G)) C F(V(G)), or F(V(G)) is an odd-set and f(A(G)) is an even-set);
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(v) (ve-matching) there exists a constant k" such thateach arc @6 matches with one vertex w such
that f(ud) + f(w) = k", and each vertex z matches with one arc zj) such that f(z) + f(z3) = k",
except the singularity f(xg) = L%L

(vi) (set-ordered) max f(X) < min f(Y) (resp. min f(X) > max f(Y)) for the bipartition (X,Y)
of V(G).

We call f a directed 6C-labeling. O

BAe e e apepe9s
£-00-§ §g-o- 3%@ O @ PO

6 688 0dd §bdodbo ??ééfg@s@@

Figure 68: Four bipartite and connected digraphs admit directed 6C-labelings defined in Definition m

In Figl a directed tree ? can be regarded as a public-key, and each directed tree 8 is a
private-key for i = 1,2,3. So, each vertex-coincided digraph @(% E’) i) obtained by coinciding the
vertex 13 of the directed tree ? with the vertex 13 of each directed tree 5 into one vertex forms
a topological authentication based on the directed 6C-labelings.

6.11 A general definition for matching-type of colorings and labelings

Definition 193. * Suppose that each connected graph G; admits a W;-type coloring (resp. labeling)
fi for i € [1,m] with m > 2, and each edge color set f(E(G;)) # 0, and f(E(G;)) # f(E(Gy)) if
i # j. The graph G* = (x)",G; is obtained by a graph operation “(x)”. We have the following
restrictive conditions:

Ma-l. U2, £(V(GY)) € [a, b

Ma-2. U, f(B(Gy) € [e,d]

Ma-3. U, £(V(Gi)) = [a,b];

Ma-4. U™, f(E(G;)) = [e,d]; and

Ma-5. (W;)*-type includes some Wj-type coloring and Wj-type labeling at the same time.
Then

(i) the graph G* admits a 2-whole (W;)T'-type compound coloring (resp. labeling) F' compounded
by Wi, Wa, ..., Wy, if Ma{l]and Ma{2 hold true.

(ii) the graph G* admits a 2-full-whole (W;)]"-type compound coloring (resp. labeling) F com-
pounded by Wy, Wa, ..., Wy, if Ma{3| and MaJ4] hold true.

(iii) the graph G* admits a 2-whole mized-(W;)"-type compound coloring F compounded by
Wi, Wa, ..., Wy, if Ma{l] Ma{2] and Ma-5] hold true.
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(iv) the graph G* admits a 2-full-whole mized-(W;)*-type compound coloring F' compounded by
Wi, Wa, ..., Wy, if Maf3], Mafd and MaJ5] hold true. O

Remark 51. We have defined several 2-whole (W, W, )-type compound colorings (resp. labelings)
defined in Definition for example, the 2-odd graceful-elegant labeling defined in Definition
the twin odd-graceful labeling defined in Definition the twin odd-elegant labeling defined in
Definition |16} the ve-exchanged matching labeling defined in Definition [30} the twin (W, Wy)-type
coloring defined in Definition the ve-inverse edge-magic graceful labelings defined in Definition
the odd-edge-magic matching labeling defined in Definition the ee-difference odd-edge-
magic matching labeling defined in Definition [49] the ee-difference graceful-magic matching labeling
defined in Definition the (resp. even)odd-harmonious s-matching pair defined in Definition
the k-matching odd-graceful labeling defined in Definition the twin edge module-k odd-graceful
graph defined in Definition the duality-image (W, Wy)-type labelings (resp. colorings) defined
in Definition and so on. I

6.12 A general definition for Topsnut-gpws

We use the function concept to present a general definition of Topsnut-gpws as follows:

Definition 194. [54] Let [ stand up a lock (authentication), k be a key (password), and h be the
password rule (a procedure of authentication). The function [ = h(k) represents the state of “a key
k open a lock [ through the password rule h. If | = h(k) is consisted of topological structure and
mathematical rule, then [ = h(k) is called a Topsnut-gpw. O

Remark 52. Let D(h) and R(h) be the domain and the range of the function h in Definition [194]
respectively. The complex of the Topsnut-gpw | = h(k) is determined by the password rule h, the
domain D(h) and the range R(h). If one of cardinalities of D(h) and R(h) is the exponential form,
then the complex of the Topsnut-gpw [ = h(k) is not polynomial; if the password rule h is NP-hard,
thereby, so is the Topsnut-gpw [ = h(k).

In visualization, a Topsnut-gpw [ = h(k) is a colored graph G with a W-type coloring (resp. W-
type labeling) f belonging to a particular class . So, Dg;¢(G) = (p,q,, s) is defined as the basic
difficulty of the Topsnut-gpw G, where parameters p = |V (G)|, ¢ = |E(G)|, r graph properties and
s colorings (resp. labelings) belonging to F'\ {f}. All topological structures used in Topsnut-gpws
are storage in computer by various graph matrices. Thereby, these graph matrices enable us to
judge different Topsnut-gpws. I

All of human activities can be expressed in “language” we have thought, where “language” is a
combination of pictures, sounds, videos, scientific languages, scientific symbols, scientific knowledge,
biological techniques, etc. So, Topsnut-gpw is a particular “language”, which can be considered as
a platform for designing various Topsnut-gpws. The study of the “language” has the significance
of graph theory and practical application. We have the following advantages of “language”:
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C-1. Not pictures. Topsnutgpws run fast in communication networks because they are saved
in computer by popular matrices rather than pictures. (A-1) Topsnut-gpws — (A-2) text-based
(number-based) strings — (A-3) encrypt files; conversely, (B-1) public-keys — (B-2) text-based
(resp. number-based) strings — (B-3) Topsnut-gpws — (B-4) decrypt files, where the procedure of
(B-2) — (B-3) is impossible.

C-2. Incalculable amount of graphs, colorings and labelings. There are enormous num-
bers of graph colorings and labelings in graph theory (Ref. [7]). And new graph colorings (resp.
labelings) come into being everyday. The number of one W-type different labelings (resp. color-
ings) of a graph maybe large, and no method is reported to find out all of such labelings (resp.
colorings) for a graph.

C-3. Based on modern mathematics. For easy memory, some simpler operations like addi-
tion, subtraction, absolution and finite modular operations are applied. Number theory, algebra
and graph theory are the strong support to Topsnut-gpws of topological coding. It is noticeable, a
topological authentication consists of the following two aspects: (1) complex topological structures
(vertices are different geometry figures, edges are undirected lines, or directed lines, or solid lines,
or dotted line, ect.) dyed by hundreds of colors and, (2) various mathematical constraints (see
Fig and Fig.

C-4. Diversity of asymmetric ciphers. One key corresponds to more locks, or more keys
corresponds to one lock only. Topsnut-gpws realize the coexistence of two or more labelings and
colorings on a graph, which leads to the problem of multi-labeling (resp. multi-coloring) decompo-
sition of graphs, and brings new research objects and new problems to mathematics.

C-5. Connection. There are connections between Topsnut-gpws and other type of passwords.
For example, small circles in the Topsnut-gpws can be equipped with fingerprints and other biolog-
ical information requirements, and users’ pictures can be embedded in small circles, greatly reflects
personalization.

C-6. Simplicity and convenience. Topsnut-gpws are suitable for people who need not learn
new rules and are allowed to use their private knowledge in making Topsnut-gpws for the sake
of remembering easily. For example, Chinese characters are naturally topological structures (also
graphs in Topsnut-gpws) to produce Hanzi-graphs for topological coding. Chinese people can
generate Topsnut-gpws simply by speaking and writing Chinese directly.

C-7. Ease created. Many labelings of trees are convertible from each other [76]. Tree structures
can adapt to a large number of labelings and colorings, in addition to graceful labeling, no other
labelings reported that were established in those tree structures having smaller vertex numbers by
computer, almost no computer proof. Because construction methods are complex, this means that
using computers to break down Topsnut-gpws will be difficult greatly.

C-8. Irreversibility. Topsnut-gpws can generate quickly text-based (resp. number-based)
strings with bytes as long as desired, but these strings can not reconstruct the original Topsnut-
gpws. The confusion of text-based (resp. number-based) strings and Topsnut-gpws can’t be erased,
as our knowledge.

C-9. Computational security. There are many non-polynomial algorithms in making Topsnut-
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gpws. For example, drawing non-isomorphic graphs is very difficult and non-polynomial; for a given
graph, finding out all possible colorings (resp. labelings) are impossible, since these colorings (resp.
labelings) are massive data, and many graph problems have been proven to be NP-complete.

C-10. Provable security. There are many mathematical conjectures (also, open problems)
in graph labelings and colorings, such as the famous graceful tree conjecture, odd-graceful tree
conjecture, total coloring conjecture etc.

Basic topological GPW!I1 = topological - GPW2 = topological GPW3 = topological structure +
structure B(G) structure +4 colors structure + 4 numbers 4 colors + 4 numbers

{37 4

GPW4 = topological structure + 4 GPWS5 = topological structure GPW6 = topological stmcturc +4 GPW7= t_opologlcal structure + 4 colors
! . colors+ 4 numbers + undirected and +2 type lines + 4 numbers + undirected
numbers +2 type lines + 4 numbers +2 type circles directed lines and directed lines

Figure 69: Various Topsnut-gpws.

22 ® 314 202
f 167 1?2 x
156 11303 414
.—145_&12 134 &112—?---314.-- 617
156 i 415
134 101 213 516

A 145 A 33 519*— z 101
(a) (b)

Figure 70: Two Pan-Topsnut-gpws.

6.13 Distinguishing colorings

Definition 195. [66] Let Q be a graph property consisted of one or more constraints on graphs.
A k-mapping 7 of a graph G is defined by partitioning a subset S C V(G)U E(G) into disjoint non-
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empty subsets S1, S2, ..., Sk. We say each i a color, and write 7(z) =i forz € S;and 7 : S — [1, k].
Let xo(G) be the minimum number of colors required for which G admits a k-mapping 7 with
k > x@(G) such that the graph property @ holds true. O

We restate the existing distinguishing-type colorings and define new distinguishing-type colorings
and Vy-type colorings including: (adjacent-)vertex distinguishing (vertex, edge, total) colorings in
Definition Suppose that a graph G admits a coloring 0 : S — [1, k], where S C V(G) U E(G).
There are the following neighbor color sets:

v(2,0) ={0(y) : y € N(x)} (local v-color set);

[x, 0] ={0(z)} U Cy(x,0) (closed local v-color set);

Ce(x,0) ={0(zy) : y € N(x)} (local e-color set);

Celx,0] ={6(x)} U Ce(x,0) (closed local e-color set); (44)
Cye(x,0) =Cy(z,0) U Ce(z,8) (local ve-color set);

Che[z,0] ={0(x)} U Cy(z,0) U Ce(x,0) (closed local ve-color set);
Cre{w, 0} ={Ce(w, ), Cew, 8], Cylw, 0], Cype[w, 0]} for w € V(G) (closed local (4)-color set).

Definition 196. [66] Suppose that a graph G admits a coloring 6 : S — [1,k], where S C
V(G) U E(G), such that S = Ule S;, and no two elements of S; with i € [1,k] are adjacent or
incident in G, each S; is called an independent (stable) set. By the color sets in , there are the
following constraint conditions:

(R-1) S =V(G) (vertex-set);

(R-2) S = E(G) (edge-set);

(R-3) S =V(G)UE(G) (ve-set);

(R-4) 6(u) # 6(v) for uv € E(G) (adjacent-vertices);

(R-5) O(xy) # O(zxw) for y,w € N(z) (adjacent-edges);

(R-6) O(u) # 0(uv) and (v) # O(uv) for uv € E(G) (incident vertices and edges);

(R-7) 0(u) # 0(x) for uz ¢ E(G) (no-adjacent-vertices);

(R-8) O(zy) # O(uww) for zy,uv € E(G) with x # u, x # v, y # v and y # v (no-adjacent-edges);
(R-9) Cy(x,0) # Cy(y,0) with y € N(z) for each vertex € V(G) (local vertex distinguishing);

(R-10) Cyx,0] # Cyly, 0] with y € N(z) for each vertex x € V(G) (closed local vertex distin-
guishing);

(R-11) Ce(z,0) # Ce(y,0) for y € N(x) (local edge distinguishing);

(R-12) C.[z,0] # Cely, 0] withy € N(z) for each vertex x € V(@) (closed local ve-distinguishing);

(R-13) Chue(z,0) # Cue(y, 8) for y € N(x) (local ve-distinguishing);

(R-14) Chyelz, 0] # Crely, 0] for y € N(z) (closed local ve-distinguishing);

(R-15) Cy(x,0) # Cy(w,0) for any pair of distinct vertices z,w € V(G) (universal vertex
distinguishing);

(R-16) Cy[x,0] # Cylw, 0] for any pair of distinct vertices z,w € V(G) (closed universal vertex
distinguishing);
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(R-17) Ce(z,0) # Ce(w,0) for any pair of distinct vertices z,w € V(G) (universal edge distin-
guishing);

(R-18) Ce[z,0] # C.[w,0] for any pair of distinct vertices x,w € V(G) (universal edge distin-
guishing);

(R-19) Cye(z,0) # Che(w,0) for any pair of distinct vertices z,w € V(G) (universal ve-
distinguishing);

(R-20) Che[z,0] # Cye[w, ] for any pair of distinct vertices z,w € V(G) (closed universal
ve-distinguishing);

(R-21) Cye{z,0} # Cye{y,0} for y € N(z) (local totally ve-distinguishing);
—— distance

(R-22) Cy(u,0) # Cy(v,0) for any pair of vertices u and v with distance d(u,v) < 8 (S-distance
vertex distinguishing);

(R-23) Cylu, 0] # Cyv, 0] for any pair of vertices u and v with distance d(u,v) < 8 (S-distance
closed vertex distinguishing);

(R-24) C,(u,0) # Ce(v,0) for any pair of vertices u and v with distance d(u,v) <  (S-distance
edge distinguishing);

(R-25) Celu, 8] # Celv, 0] for any pair of vertices u and v with distance d(u,v) < g (S-distance
closed edge distinguishing);

(R-26) Chue(u, ) # Cye(v, 0) for any pair of vertices u and v with distance d(u, v) < 8 (B-distance
total distinguishing);

(R-27)  Clelu, 8] # Cyelv, 0] for any pair of vertices u and v with distance d(u,v) < 3 (S-distance
closed total distinguishing);

equitable, acyclic
(R-28) ||Si| — |S;|| <1 with 4,5 € [1,k] (equitable sets); and
(R-29) The induced subgraph by S; U S; with ¢ # j contains no cycle.
We call 6:
—— proper, traditional, non-distinguishing
Color-1. A proper vertex coloring if (R and (R hold true, the Vy-type chromatic number
x(G).
Color-2. A proper edge coloring if (R and (R hold true, the Vg-type chromatic number
x'(G).
Color-3. A proper total coloring if (R, (R, (R and (R—@ hold true, the V;-type chromatic
number y”(G).
Color-4. A labeling if (R{l), (R4 and (R{7) hold true.
improper
Color-5. A wertex coloring if (R holds true.
Color-6. An edge coloring if (R holds true.
Color-7. A total coloring if (R holds true.
Color-8. An adjacent-vertex distinguishing v-coloring if (R and (R—@ hold true.
Color-9. An adjacent-vertex distinguishing closed v-coloring if (R and (R hold true.
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Color-10. An adjacent-vertex distinguishing e-coloring if (R and (R hold true.
Color-11.  An adjacent-vertex distinguishing closed e-coloring if (R and (R hold true.
Color-12.  An adjacent-vertex distinguishing total coloring if (R and (R hold true.
Color-13.  An adjacent-vertex distinguishing closed total coloring if (R and (R hold true.
local proper

Color-14.  An adjacent-vertex distinguishing proper v-coloring if (R, (R and (R@ hold
true.

Color-15.  An adjacent-vertex distinguishing closed proper v-coloring if (R, (R and (R410))
hold true.

Color-16. [114] an adjacent-vertex distinguishing proper e-coloring if (R{2), (R{) and (RL1)
hold true, the adjacent-vertex distinguishing chromatic index x ' 4(G).

Color-17. [114] an adjacent-vertex distinguishing closed proper e-coloring if (R, (R and
(R hold true, the adjacent-vertex distinguishing total chromatic number x! (G).

Color-18. [II5] an adjacent-vertex distinguishing proper total coloring if (Rf3)), (R), (R{5),
(R{6) and (R{13)) hold true, the Vy-type chromatic number x 7 (G).

Color-19. [I16] an adjacent-vertex distinguishing closed proper total coloring if (R7 (R,
(Rf), (Rf6) and (R{L4)) hold true, the Vy-type chromatic number x 7y, (G).
—— distance

Color-20. A B-distance vertex distinguishing proper v-coloring if (R{L), (R{4) and (R{22) hold
true.

Color-21. A S-distance vertex distinguishing closed proper v-coloring if (R, (R and (R.

Color-22. a fB-distance vertex distinguishing proper e-coloring if (R, (R and (R hold
true, the 3-distance vertex distinguishing chromatic index X 5(G), where x 1(G) = X 45(G), X p(G) =
X 5(G).

Color-23. A B-distance vertex distinguishing closed proper e-coloring if (R, (R and (R.

Color-24. A p-distance vertex distinguishing proper total coloring if (R, (R7 (R, (R«@
and (R hold true, the B-distance vertex distinguishing total chromatic number Xg(G), where
X1(G) = x0s(G), x p(G) = x5(G).

Color-25. A B-distance vertex distinguishing closed proper total coloring if (R, (R, (R,
(R—@ and (R-27)), the 8-distance vertex distinguishing total chromatic number x 5 (G).
—— (4)-adjacent

Color-26. [46] a (4)-adjacent-vertex distinguishing closed proper total coloring if (R{3), (R{4),
(R, (Rﬁ) and (R{21) hold true, the Vg-type chromatic number X’(Cl)as(G).
——— universal proper

Color-27. A wvertex distinguishing proper v-coloring if (R, (R and (R hold true.

Color-28. A wvertex distinguishing closed proper v-coloring if (R, (R and (R hold true.

Color-29. [5] a vertez distinguishing proper e-coloring if (R7 (R and (R hold true, the
Vi-type chromatic number x4 (G).

Color-30. A wertex distinguishing closed proper e-coloring if (R, (R and (R hold true.
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Color-31. A wertex distinguishing proper total coloring if (R, (R, (R, (R—@ and (R
hold true, the Vy-type chromatic number x 7 (G).

Color-32. A wertex distinguishing closed proper total coloring if (R, (R, (R7 (R—@ and
(R20) hold true.
equitably

Color-33.  An equitably adjacent-vertex distinguishing proper e-coloring if (R, (R, (R
and (R{28) hold true, the adjacent-vertez distinguishing chromatic indez X L,4(G).

Color-34. An equitably adjacent-vertex distinguishing closed proper e-coloring if (R, (R,
(R{12) and (R{28) hold true.

Color-35. An equitably adjacent-vertex distinguishing proper total coloring if (R, (R, (R-
B), (R{6), (R{13)) and (R{28) hold true, the equitably adjacent-vertex distinguishing total chromatic
number x 7. (G).

Color-36. An equitably vertex distinguishing proper e-coloring if (R, (R, (R and (R
hold true, the equitably vertex distinguishing chromatic index x L4 (G).

Color-37.  An equitably vertex distinguishing proper total coloring if (R, (R, (R, (R—@,
(R20) and (R{28) hold true, the equitably vertex distinguishing total chromatic number x 2 (G).
acyclic

Color-38. An acyclic adjacent-vertex distinguishing proper e-coloring if (R, (R, (R and
(R hold true, the acyclic adjacent-vertex distinguishing chromatic index x'!,.(G).

Color-39. an acyclic adjacent-verter distinguishing proper total coloring if (R, (R, (R-
B), (R{6), (R{13) and (R{29) hold true, the acyclic adjacent-vertex distinguishing total chromatic
number x" . (GQ).

Color-40. An acyclic vertex distinguishing proper total coloring if (R, (R, (R, (R—@,
(R and (R hold true, the acyclic adjacent-vertex distinguishing total chromatic number

X aas(G)- O

Remark 53. A graph G admits a Vg-type coloring defined in Definition then the smallest
number of k colors required for which G admits a Vz-type coloring is called Vg-type chromatic number
(index) and denoted as x5 ,(G), where a Vy-type chromatic number x,q is for vertex coloring (also,
v-coloring), a Vy-type chromatic index x , is for edge coloring (also, e-coloring) and a Vg-type total
chromatic number x", is for total coloring. I

About any vertex u of a graph G admitting a total coloring ¢ : S — [1, k], we have the following
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weighted sums:

) (a weighted sum of neighbors of u);

YyEN (u)
We(u, @) = o(uy) (an edge weighted sum ofedges incident with w);
YyEN (u)
Wylu, o] =p(u) + Wy(u, ) (a closed vertex weighted sum); (45)
Welu, o] =p(u) + We(u, ) (a closed edge weighted sum);
Woe(u, ) =Wy (u, p) + We(u, ¢) (a total weighted sum);
Waelu, @] =p(u) + Wye(u, ) (a closed total weighted sum).

We introduce the following weighted distinguishing colorings.

Definition 197. [66] Suppose that a graph G admits a total coloring ¢ : S — [1,k], where
S CV(G)U E(G). By the weighted sums defined in and the restrictions defined in Definition
there are the following distinguishing-type weighted sums:
—— local weight
(W1) Wy(u, @) # Wy(v,p) for edge uv € E(G);
2) Wylu, @] # Wyv, ¢] for edge uv € E(Q);
3) We(u,p) # We(v, ) for edge uv € E(G);
4) Welu, ¢] # Welv, ¢] for edge uv € E(G);
5) Wae(u, ) # Wye(v, @) for edge uv € E(G);
6) Woelu, p] # Wyelv, ¢] for edge uv € E(G);
—— universal weight
7)) Wy(x, @) # Wy(y, ) for distinct z,y € V(G);
8) Wylx, @] # Wyly, ¢] for distinct x,y € V(G);
9) We(z,p) # We(y, @) for distinet z,y € V(G);
10) Welz, @] # Wely, o] for distinct z,y € V(G);
11) Wye(z, ) # Wae(y, ) for distinct z,y € V(G); and
(W12) W[z, ¢] # Waely, ¢] for distinct z,y € V(G).
We call ¢:
local tmproper
(Wcolor-1)  An adjacent-vertex weighted distinguishing v-coloring if (R and (R hold true.
(Wcolor-2)  An adjacent-vertex weighted distinguishing closed v-coloring if (R and (R hold
true.
(Wcolor-3)  An adjacent-vertex weighted distinguishing e-coloring if (R{2) and (R{3) hold true.
(Wcolor-4)  An adjacent-vertex weighted distinguishing closed e-coloring if (R{2) and (R+4]) hold
true.
(Weolor-5)  An adjacent-vertex weighted distinguishing total coloring if (R{3) and (R3] hold
true.
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(Weolor-6)  An adjacent-vertex weighted distinguishing closed total coloring if (R{3)) and (R46)
hold true.
local proper

(Weolor-7)  An adjacent-vertex weighted distinguishing proper v-coloring if (R{L)), (R{4) and (R-
hold true.

(Wcolor-8) An adjacent-vertex weighted distinguishing closed proper v-coloring if (R, (R
and (R{2) hold true.

(Wcolor-9)  An adjacent-vertex weighted distinguishing proper e-coloring if (R, (R and (R-
hold true.

(Wcolor-10) An adjacent-vertex weighted distinguishing closed proper e-coloring if (R2)), (R{5)
and (R{4) hold true.

(Wcolor-11)  An adjacent-vertex weighted distinguishing proper total coloring if (R, (R,
(Rf), (R6) and (R{5) hold true.

(Wcolor-12)  An adjacent-vertex weighted distinguishing closed proper total coloring if (RA3),
(R), (Rf), (Rf6) and (R{6) hold true.
—— universal improper

(Wcolor-13)  An adjacent-vertex weighted distinguishing v-coloring if (R and (R hold true.

(Wcolor-14)  An adjacent-vertex weighted distinguishing closed v-coloring if (R and (R hold
true.

(Wcolor-15)  An adjacent-vertex weighted distinguishing e-coloring if (R2)) and (R{9)) hold true.

(Weolor-16) An adjacent-vertex weighted distinguishing closed e-coloring if (R{2) and (R{10)
hold true.

(Wceolor-17)  An adjacent-vertex weighted distinguishing total coloring if (R and (R hold
true.

(Weolor-18)  An adjacent-vertex weighted distinguishing closed total coloring if (R{3) and (R{12)
hold true.
——— universal proper

(Wcolor-19) An adjacent-vertex weighted distinguishing proper v-coloring if (R, (R and
(R{7) hold true.

(Wcolor-20) An adjacent-vertex weighted distinguishing closed proper v-coloring if (R{I)), (R4)
and (R48) hold true.

(Wceolor-21) An adjacent-vertex weighted distinguishing proper e-coloring if (R, (R and
(R9) hold true.

(Wcolor-22) An adjacent-vertex weighted distinguishing closed proper e-coloring if (R, (R
and (R{L0) hold true.

(Wcolor-23)  An adjacent-vertex weighted distinguishing proper total coloring if (R, (R,
(Rf), (R6) and (R{L1)) hold true.

(Wcolor-24)  An adjacent-vertex weighted distinguishing closed proper total coloring if (RA3)),

(RH), (R{5), (Rf6) and (R{12)) hold true. O
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Definition 198. [66] Suppose that each star Kf ,, of a colored ice-flower system K = (KT, )j_;
admits a W-type coloring f;, using the notations defined in , then we call K¢:

Ice-1. A vertex distinguishing v-ice-flower system if two local v-color sets Cy(x;, fi) # Cy(z5, f;)
for two centers x; € V/(KY,, ) and x; € V(KT ).

Ice-2. A vertex distinguishing closed v-ice-flower system if two closed local v-color sets C, [z, fi] #
Cylaj, f;] for two centers x; € V(KT ,, ) and z; € V(KT ,, ).

Ice-3. A vertex distinguishing e-ice-flower system if two local e-color sets Ce(x;, fi) # Ce(zj, f})
for two centers z; € V/(KY,, ) and z; € V(KT ,, ).

Ice-4. A wvertex distinguishing closed e-ice-flower system if two closed local e-color sets C[x;, fi] #
Ce[z;, f;] for two centers z; € V(KT ,,) and x; € V(KT ).

Ice-5. A wertex distinguishing total ice-flower system if two local ve-color sets Cye(xi, fi) #
Cue(wj, fj) for two centers z; € V(KT ) and z;j € V(KT ,, ).

Ice-6. A wertex distinguishing closed total ice-flower system if two closed local ve-color sets
Cuelzi, fi] # Cuelw;, f;] for two centers z; € V(KT ;) and x; € V(KT ). and

Ice-7. A wvertexr distinguishing closed (4)-ice-flower system if two closed local (4)-color sets
Cuoe{wi, fi} # Cue{a;, f5} for two centers z; € V(KT ) and x; € V(KT ,, ). O

Definition 199. [66] Let f : V(G) — [1, k] be a proper vertex coloring of a graph G, we call f an
adjacent-vertex equipotential proper v-coloring if Cylu, f] = Cy[v, f] for each edge wv € E(G). O

A 4-colorable maximal planar graph G holds C,[u, f] = Cy[v, f] for each edge uwv € E(G), where
f is an arbitrary 4-coloring of G.

Remark 54. For making Topsnut-gpws and Topsnut-matchings more complex, we can use dis-
tinguishing edge-colorings and distinguishing total colorings, since they match with the following
open problems:

(i) In [I14] Zhang et al. show a famous conjecture: For every graph G with no Ks or Cj
component, then the adjacent strong edge chromatic number x /. (G) < A(G) + 2.

(ii) In [I15] Zhang et al. introduced a concept of adjacent vertex distinguishing total coloring
(AVDTC), and show a conjecture: Let G be a simple graph with order n > 2; then G has its
AVDTC chromatic number x 7 (G) < A(G) + 2.

(iii) In [46] and [47], Yang et al. proposed the following conjectures ([46, [47]): Every simple
graph G having at least a 4-avdtc holds x/,.(G) < A(G) + 4. [

das

7 DMatrices in topological coding

In [50] the authors introduce topological coding matrices (abbreviated as Topcode-matrices)
and topological matrices. Topcode-matrices are matrices of order 3 x ¢ and differ from popular
matrices applied in linear algebra and computer science. Topcode-matrices can use numbers, letters,
Chinese characters, sets, graphs, algebraic groups etc. as their elements. One important thing is
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that Topcode-matrices of numbers can derive easily number strings, since number strings are text-
based passwords used in information security. Topcode-matrices can be used to describe topological
graphic passwords (Topsnut-gpws) used for solving some problems coming from the investigation
of Graph Networks and Graph Neural Networks proposed by GoogleBrain and DeepMind [2].

As known, both adjacency matriz and incidence matriz are traditional matrices of graph theory.
There are other type of matrices: Topcode-matrices, set-matrices, Hanzi-matrices, adjacent e-value
matrices, Cds-matrices and adjacent ve-value matrices, and so on in topological coding.

P

(0001110101

(0001111 1) [0000O0O0T1001

® Os@ 700000101Q’G5*® 0000000011
W\ 1 00000011 W\ & /1000000000
@77 /10000000 @—7 1000000000
53 3(A)=i10000000 53 3(B)=j0100000000
@9—@ ,10000000@@—9—@ 1000000000
@ j1 0100000 (b) /0010000000
1110000 0 /1 000000000

{1 00000000 0

Figure 71: Two Topsnut-gpws (a) and (b) and their adjacent matrices (A) and (B).

7 5 7 1 5 1 1 1 1
AG)=| 1 3 5 7 9 11 13 15 17 (46)
18 18 14 18 12 14 12 10 8

A common Topcode-matrix A(6) shown in corresponds six Topsnut-gpws shown in Fig
and these six Topsnut-gpws are not isomorphic from each other.

a5 @\ 5—@ @—11—@\ 1—(19
Wiarle ot L1 rld

;ié*4+ 75«37 ﬁ?# @ ®_7
/® 5 @

¢ %}%@5 @Q@ @?%@ @ @/H@ @w@ @D

() ® ®

Figure 72: Six Topsnut-gpws correspond a common Topcode-matrix A(6) shown in .
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Remark 55. Graphs have their own incident matrices similarly with Topcode-matrices defined in
Definition A similar concept, called Topsnut-matriz, was introduced in [79] 52] for studying
Topsnut-gpws and producing number-based strings. Priifer Code is a part of Topcode-matrices and
can be used to prove Cayley’s formula 7(K,) = n"~2, where 7(K}) is the number of spanning trees
in a complete graph K, [3]. I

7.1 Traditional Topcode-matrices

In Definition we collect all different elements of two v-vectors X and Y into a set (XY)*,
and all of different elements of the e-vector E into a set E*, as well as x; # y; with i € [1, ¢].

Definition 200. [50] Let a Topcode-matrix Teoq. be defined in Definition and let k be a non-
negative integer, the following constraint conditions:

Cond-1. (XY)*=[0,p— 1] with p < ¢+ 1;

Cond-2. |(XY)*|=p<q+1;

Cond-3. (XY)* C[0,q];

Cond-4. (XY)* C[0,2¢ —1];
Cond-5. (XY)* C [0, 2q];
Cond-6. (XY)*"UE*=[1,p+¢l;
Cond-7. E* =1[1,q|;

Cond-8. E* =1,2q — 1]

Cond-9. (XY)* =[1,p] and E* = [p+1,p+ ql;

Cond-10. e; = |x; — y;| for i € [1,¢], and E* = [1,q];

Cond-11. e; = |x; — y;| for i € [1,¢], and E* = [1,2q — 1]°%;

Cond-12. e; = z; +y; (mod 2q) for i € [1,¢], and E* = [1,2q — 1]

Cond-13. e; = z; +y; (mod q), i € [1,q], and E* = [0,q — 1];

Cond-14. x;+e; +y; =k for i € [1,q];

Cond-15. e; + |x; — y;| = k for i € [1,¢q];

Cond-16. |z; +y; —e;| =k for i € [1,q];

Cond-17. ‘ei — |z — y1]| =k for i € [1,q]; and

Cond-18. max{xz; : i € [1,¢]} <min{y; : j € [1,¢]}.
There are particular Topcode-matrices as follows:

Topmatrix-1. T,pq is a set-ordered Topcode-matriz if Cond{I8 holds true.

Topmatrix-2. T,pge is a graceful Topcode-matriz if Cond{3], Cond{7] and Cond{I0] hold true.

Topmatrix-3. Teede is a set-ordered graceful Topcode-matriz if Cond{3, Cond{7], Cond{18| and
Cond{1( hold true.

Topmatrix-4. Teode is an odd-graceful Topcode-matriz if Cond{4) Cond{§land Cond{I1]hold true.

Topmatrix-5. Tioqe is a set-ordered odd-graceful Topcode-matriz if Cond{d, Cond{§ Cond{I]]
and Cond{I§ hold true.

Topmatrix-6. Toqe is an elegant Topcode-matriz if Cond{I] and Cond{I3|hold true.
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Topmatrix-7. T,oqe is an et-ordered elegant Topcode-matriz if Cond{l], Cond{I3] and Cond{I§

hold true.

Topmatrix-8. T.oq is an edge-magic total Topcode-matriz if Condf6l and Cond{14] hold true.
Topmatrix-9. Teoqe i a super edge-magic total Topcode-matriz if Cond{9)and Cond4{I4]hold true.

Topmatrix-10.

Topmatrix-11.

Topmatrix-12.

Topmatrix-13.

hold true.

Topmatrix-14.

Topmatrix-15.

Topmatrix-16.
bl : a,be (XY)*} =[1,[(XY)*|] hold true. O

Teode 18 an edge-difference Topcode-matriz if Cond{6] and Cond{I5| hold true.
Teode is a felicitous-difference Topcode-matriz if Cond{7] and Cond{I6] hold true.
Teode is a graceful-difference Topcode-matriz if Cond{7] and Cond{I7] hold true.
Teode 1s an odd-edge-magic total Topcode-matriz if Cond2] Cond{4 and Cond{I]]

Teode 1s an odd-elegant Topcode-matriz if Condf4 and Cond{12] hold true.
Teode 18 a harmonious Topcode-matriz if Cond{3and Cond{I3 hold true.
Trode is a perfect odd-graceful Topcode-matrix if Cond Cond and {|a —

There are four parameterized Topcode-matrices shown in , , and , cited from

[4s].

code —

2d
k

2d d 2d d 0 d 0 0
k+d k+2d k+3d k+4d k+5d k+6d k+7d k+8d

k+2d k+3d k+3d k+5d k+5d k+5d k+7d k+7d k+8d

code —

d
k

2d
k

2d d 2d d 0 d 0 0
k+d k+2d k+3d k+4d k+5d k+6d k+7d k+8d

k+8d k+7d k+7d k+5d k+5d k+5d k+3d k+3d k+2d

code —

0
k

0 d 0 d 2d d 2d 2d

2d 2d 0 0 d 0 d 2d
k+d k+2d k+3d k+4d k+5d k+6d k+7d k+8d (48)
k+d k+2d k+3d k+4d k+5d k+6d k+7d k+8d>

k+2d k+3d k+3d k+5d k+5d k+5d k+7d k+7d k+8d

Tczodei
(k:—i-Sd k+8d k+9d k+3d k+4d k+4d k+6d k+6d k-4 6d

7.2 Particular sub-Topcode-matrices

Let T.oqe be a Topcode-matrix defined in Definition (11| in the following discussion [50]:
(1) Perfect matching. If we have a subset Eg = {e;,, €, ..., €, } C E* in T4, and there exists

w € (XY)* to be not a common end of any two €ij, €, of Eg, and the set of all ends of Fg is just
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equal to (XY)*, then we call Eg a perfect matching of T,oqe, and (Xs, Es, Ys)T a perfect matching
sub-Topcode-matriz of Trpge-

2) Complete Topcode-matrices. If any x; € (XY)* matches with each y; € (XY)*\ {z;} such
that x;,y; are the ends of some e;; € E* in T;oq, and ¢ = 1’(7’72_1) with p = [(XY)*|, we call Tipqe a
complete Topcode-matriz.

(3) Clique Topcode-matrices. Let T ., be a proper sub-Topcode-matrix of Teoqe. If T, ;. is a
complete Topcode-matrix, we call T/, a clique Topcode-matriz.

(4) Paths and cycles in Topcode-matrices. Notice that x; and y; are the ends of e; in Tppqe. We
define two particular phenomenons in Topcode-matrices: If there are e;,, €y, ..., €, € E* in Troge,
such that e;; and e;,,, with j € [1,m — 1] have a common end w;; holding w;, # w;, for s # ¢ and

1 <s,t <m. Then T,,q. has a path, denote this path as
Pz}, = yi,)) = T5, Wi Wiy -~ €5, 1Wi,, 1€, Y}

where z;, is an end of e;,, and y} is an end of e;,, with 2} #y; , =] #w;; and y; # w;; with
J € [1,m — 1]; and moreover if z; =y} =ww;, in P(x] — y; ), wesay that Teoqe has a cycle
C, denoted as

C = Wi, €3, Wiy €3y Wiy * * * €iyy —1 Wiy, 1€, Wi,

We call Teoqe to be connected if any pair of distinct numbers w;,w; € (XY)* is connected by a
path P(w; — wj).

(5) Spanning sub-Topcode-matrices. Let T, , = (Xp,Er,Y)T be a sub-Topcode-matrix of Tpoqe,
where Ep = {e;;, €y, ..., €, } With e;; € E*. If (X Y)* = (XY)*, we call T, ;. a spanning sub-

Topcode-matriz of Tpoqe. Moreover, if this spanning sub-Topcode-matrix T/,  corresponds a tree,
we call it a spanning tree Topcode-matriz.

(6) Euler’s Topcode-matrices and Hamilton Topcode-matrices. If the number of times for each
w € (XY)* appeared in Tguqe is even, then we call Tyoqe an Euler’s Topcode-matriz. Moreover, if
Tode has a cycle with g edges e;, , then we call Tio4. & Hamilton Topcode-matriz.

(7) Neighbor sets of Topcode-matrices. For each (z;, €;, Yi)T C Tuoge, we call set Nej(z;) = {wj :
(24, €5, wj)T C Troge} as v-neighbor set of z;, Nei(yi) = {2t : (2t, €r, i)' C Troge } as v-neighbor set
of y; and N/, (x;) = {es : (i, es5,w;)T C Topae} as e-neighbor set of e;.

7.3 Topcode-matrices with more restrictions

Definition 201. [50] Let T.,45. be a Topcode-matrix defined in Definition There are the
following restrictions on Topcode-matrices:

Comp-1. There exists a subset M (Teoqe) = {er, : @ € [1,m],ex, € E*} C E* with ¢ = 2m
such that each x; in X is an end of some ey, € M(T¢oqe), and each y; in Y is an end of some
€k; € M(Tcode);

Comp-2. there exists a constant k& such that two ends zy,,yx, of each er, € M(Teoqe) hold
Tk, + Yk, = k;

Comp-3. each e; € E* is valuated as e; = |z; — y;;
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Comp-4. e; = |zj — y;| or e = 2M — |z; — y;| for each i € [1,¢q| and some j € [1,¢|, and a
constant M = 0(q, |(XY)*|);

Comp-5. (ee-difference) each e; with ends z; and y; matches with another e; with ends x; and
y; holding e; = 2q + |z; — y;l|, or e; = 2q — |x; — y;|, ;i + e; = 2q for each i € [1,¢| and some
J € [1,4q);

Comp-6. each e; € E* is valuated as e; = x; + y; (mod q);

Comp-7. There exists a constant k such that |z; +y; — e;| = k for each i € [1, ¢];

Comp-8. |(XY)*| =p, |E*| =q¢and (XY)*UE* =[1,p+ ¢l;

Comp-9. |(XY)*| =p, |E*| =q¢and (XY)*UE* C [0,k + (¢ —1)d];

Comp-10. (e-magic) there exists a constant k such that e; + |z; — y;| = k for i € [1, ¢J;

Comp-11. (total magic) There exists a constant k such that z; +e; + y; = k with i € [1, ¢];

Comp-12. (EV-ordered) min(XY)* > max E*, or max(XY)* < min E*, or (XY)* C E*, or
E* C (XY)* or (XY)* is an odd-set and E* is an even-set;

Comp-13. (ee-balanced) Let s(e;) = |x; — y;| — e; for @ € [1,q]. There exists a constant k' such
that each e; with 7 € [1, ¢] matches with another e; holding s(e;) + s(e;) = k' (or 2(¢+ |[(XY)*]) +
s(e;) +s(ej) =k’, or ((XY)*|+q+1)+ s(e;) + s(ej) = k') true;

Comp-14. (ve-matching) there exists a constant k" such that each e; € E* matches with w €
(XY)*, e; +w = k", and each vertex z € (XY)* matches with ¢, € E* such that z + e, = k”,
except the singularity w = L%J

Comp-15. e; + k = [z; + y; — k] (mod ¢d) for i € [1,q];

Comp-16. E* = S;_1x4;

Comp-17. x; + e; + yi € Sqg—1,2k24 for i € [1,¢];

Comp-18. e; = x; + y; € Sq—1,1,q4 for i € [1,q];

Comp-19. (XY)* C[0,q— 1], and E* = [1,2¢ — 1]°%

Comp-20. Each ¢; is odd, (XY)* U E* C [1,4q — 1]; and

Comp-21. {xi+e +yi: i €[l,q]} =[a,b], where g =b—a+ 1.
The particular Topcode-matrices are defined as follows:

?

ComMatrix-1. A graceful Topcode-matrix T,.q4. is called a strongly graceful Topcode-matrix if
Comp{I] and Comp-2| hold true.

ComMatrix-2. An odd-graceful Topcode-matrix T4 is called a strongly odd-graceful Topcode-
matriz if Comp{l] and Comp+2] hold true.

ComMatrix-3. A Topcode-matrix Tioqe is called a (k, d)-graceful Topcode-matrix if Comp and
Comp{16] hold true.

ComMatrix-4. A Topcode-matrix Tioqe is called a (k,d)-felicitous Topcode-matriz if Comp
and Comp-{I6 hold true.

ComMatrix-5. A Topcode-matrix Tpoqe is called a (k,d)-edge-magic total Topcode-matriz if
Comp{I1} Comp{I4] and Comp-{I6|hold true.

ComMatrix-6. A Topcode-matrix Tpoqe is called a (k,d)-edge antimagic total Topcode-matriz if

Comp{9, Comp-{16 and Comp{I7] hold true.
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ComMatrix-7. A Topcode-matrix T4, is called a total graceful Topcode-matriz if Comp{3] and
Comp-§ hold true.

ComMatrix-8. A Topcode-matrix T,.q. is called a ve-magic total graceful Topcode-matrixz if
Comp+§ and Comp-{I0| hold true.

ComMatrix-9. A Topcode-matrix T, is called a relaxed edge-magic total Topcode-matriz if
Comp+8, Comp-{I1] and Comp{4] hold true.

ComMatrix-10. A Topcode-matrix T,.q. is called an edge-magic graceful Topcode-matriz if
Comp{7] and Comp-§ hold true.

ComMatrix-11. A Topcode-matrix Ti,q. is called a 6C-Topcode-matriz if Comp{d] Comp-8]
Cond{I8, Comp-{I0} Comp4I2, Comp{13| and Comp-{I4 hold true.

ComMatrix-12. A Topcode-matrix Tiyqe is called an odd-6C Topcode-matriz if it holds {|a —b| :
a,be (XY)*} =[1,2¢g—1]°, Comp Cond Comp Comp Comp Comp and there
are two constants ki, ko such that each e; matches with w € (XY)* such that e¢; + w = k; (or k2)
true.

ComMatrix-13. A Topcode-matrix T,.q. is called an ee-difference odd-edge-magic matching
Topcode-matriz if Comp{d, Comp{I0, Comp{I3]and Comp-{I9 hold true.

ComMatrix-14. A Topcode-matrix Ti,q. is called an odd-edge-magic matching Topcode-matrix
if Comp-{I1] and Comp-{I9 hold true.

ComMatrix-15. A Topcode-matrix T,.4e is called an edge-odd-graceful total Topcode-matrix if
Comp-{19 and Comp+{21] hold true.

ComMatrix-16. A Topcode-matrix T,.q. is called an multiple edge-meaning vertex Topcode-
matriz if (XY)* = [0,p — 1] with p = [(XY)*|, and there are three constants k,k’ and k” such
that

(1) E* =[1,q] and x; +e; +y; = k.

) E*=[p,p+q—1]and z; +¢; +y; = k.
3) E*=10,q— 1] and ¢; = z; + y; (mod q).
) E*=[1,q] and |x; +y; —e;] = k.
) E*=[1,2¢—1]°, and {z; +e; +yi : i €[1,q]} =[a,b] withb—a+1=gq. O

7.4 Topcode™-matrix groups and Topcode -matrix groups

Definition 202. Let F,, (T ;) = {TL 1o, T2 4or - - -» T} be a set of Topcode-matrices with each

Topcode-matrix T , = (X, E;, ;)T where v-vector X; = (v;1, Ti2, -+, Tigq), e-vector E; =
(ei1, €2, -+, eiq) and v-vector Y; = (yi1, ¥i2, - -, Yiq) and there are functions f; holding

eir = fi(Tir,yir) with i € [1,m] and r € [1, ¢].
(i) For a fixed positive integer k, if there exists a constant M, such that

(ip +2jr — xpy) (mod M) =2y, € X) (51)

and
(Yir + Yjr — Yk,r) (mod M) =yy, € Yy (52)
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where A = i 4+ j — k (mod M) € [1,m] and, T

code

= (X, By, Y\)T is a Topcode-matrix with
exr = f(@aryny) for r € [1,¢]. Then we say (51) and ( . ) to be an additive v-operation on
the set F,, Fy, (T ;.), and we write this operation by “@”, so T¢ , & chode =T .
) an every-zero Topcode™ -matriz group, denoted as

under any
preappointed zero Tk " de- Then we call Fy, (T

code
{Fon(Teg0); @}

(ii) For a fixed Topcode-matrix T* , € F,, if there exists a constant M, such that

code
(iy — xjy + zk,) (mod M) =x,, € X, (53)
and
(yi,’r —Yir + yk,r) (mOd M) =Yxr < Yp, (54>

where =i —j+ k (mod M) € [1, m] and, T(ff)de (X, B, Y, )" € F,,, where ens = f(Tus, Yu.s)
for s € [1,q]. Then two equatlons and ( . define a new operation, called the subtractive
v-operation, denoted as TZO O dee = TA

) code
Fo(T?

code

under any preappointed zero T(f;de. Thereby, we call
) an every-zero Topcode™ -matriz group, denoted as {Fp,,(T¢ ;.); &} O

Remark 56. Two graphic-set groups. Since each Topcode-matrix Tciode is accompanied by
a graph set Grap(Tl ) such that every graph G € Grqp(T),,.) has its own Topcode-matrix
Teode(G) =T 4., 50 the set Fy,(Grap(T ,.)) of graph sets Gmp(Tclode> Grap(T240)s - -+ Grap(T00),
also, forms an every-zero graphic-set group, denoted as { Fy,(Grap(T7 ;.)); ®} based on the operation

code
“@” defined in and , that is,
Gmp(Tcode) D Gmp( code) - Gmp(Tc)Ede) (55>

with A = i+j —k (mod M) for any preappointed zero Grap(TF ;. ). And moreover we have another

every-zero graphic-set group {F,(Grap(T?,4.)); ©} based on the operation “S” defined in and

code
, SO
G"’ap( czode) S Gmp( code) = Grap(Tclf)de) (56>

with g =14 — j + k (mod M) for any preappointed zero Grap(TF ;). I

7.5 Matching type of Topcode-matrices

We show some connections between Topcode-matrices here. Let Xy = {0,d,2d,...,(¢ — 1)d}.
The set S* collects all different elements of a vector (or collection) S, and Topcode-matrices are
defined in Definition [[1] hereafter.

Definition 203. [50] The following Topcode-matrices are defined in Definition

Matching-1 If two Topcode-matrices Tpoqe = (X, E,Y)T and Teoge = (U, W, V)T hold (X, U
Sy-1kd) \ (XY)*UE* = (UV)* UW* true, then Tpqe is called a complementary (k, d)-Topcode-
matriz of Teoge, and (Teoge, T eode) is called a twin (k,d)-Topcode-matrices.
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Lo = (X4 EL YHT with ¢t = 1,2 correspond a (p, q)-
graph G, and satisfy that (X'Y")* C XoUS,—1 k.4, and e} —k = [z} +y! — k (mod ¢d)] with t = 1,2
and i € [1,q]. If e} +e? =2k + (¢ — 1)d with i € [1,¢q], then (T ., T>

code

Matching-2 Two Topcode-matrices T

) is called a matching of
(k, d)-harmonious image Topcode-matrices.

Matching-3 Two Topcode-matrices T , = (X!, E', Y/)T with t = 1,2 correspond a (p,q)-
graph G, and e} = [z! — y!| with ¢ = 1,2 and i € [1,q]. If there exists a positive constant k such
that e] +e? = k with i € [1,q], then (T ., T2 4
and T" , is the mirror-image of Tc?’o;lz with t =1, 2.

Matching-4 Suppose that a Topcode-matrix Tppqe = (X, E,Y)T = Lﬂznlec’f)de
TF = (X*, EF YW, If (XY)* = [0,|(XY)*| — 1], and each T*

code code

) is called a matching of image Topcode-matrices,

with m > 2, where
is a W-type Topcode-matrix,
then Ti,qe is called a multiple matching W -type Topcode-matrix. ]

7.6 Pan-Topcode-matrices with elements are not numbers

Pan-Topcode-matrices are some particular Topcode-matrices having elements being sets, Hanzis
(Chinese characters), graphs, graphic groups and things around us.

Definition 204. [50] Let Tpeoqe = (Px, PE, Py)E, 4 be a pan-Topcode-matriz, where three vectors
Px = (ou,00,...,0q), Pe = (71,72,...,7) and Py = (B1,52,...,B,). The notation (PxPy)* is
the set of different elements of the union set Px U Py, and the symbol Py is the set of different
elements of the vector Pg. If there exists an operation “(x)” such that v; = (x)(ay, ;) for i € [1, ¢,

we say Tpeode to be operation-valued. ]

Definition 205. [50] Using notation and terminology defined in Definition m Topcode-matrices
related with sets are defined as follows:

Set-1. A pan-Topcode-matrix Tpeoge has (PxPy)* C [1,¢]> and Pj C [1,¢]% and each set
~vi = a; N Bi. If we can select a representative a; € ~y; such that the representative set {a; : ~; €
Pp} =[1,q], then Tpeoqe is called a graceful intersection total set-Topcode-matriz.

Set-2. A pan-Topcode-matrix Tpeoge holds (Px Py)* C [1,2¢]? and Pj, C [1,2¢ — 1]2, and each
set v; = a; N GB;. If we can select a representative a; € «; such that the representative set {a; : ~; €
Pp} =[1,2q — 1]°, then Tjeoqe is called an odd-graceful intersection total set-Topcode-matriz.

Set-3. A pan-Topcode-matrix Tpeoqe has (Px Py )* C [1,q)? (vesp. [1,2g]?) and P}, C [1,q]* (resp.
[1,2¢ — 1]%), and each set v = a; N By, |7i| = {ei}| = 1 and Ui, v = [1,¢] (vesp. [1,2q — 1]°), we
call Tpeoqe a set-graceful pan-Topcode-matriz (resp. a set-odd-graceful Topcode-matriz).

Set-4. A pan-Topcode-matrix Tpeoqe has (PxPy)* C [1, q> and P} C [1,q)%, and each set
vi =a; \ Biorvi = Bi \ i, i Ny =0 for i # j and J!_| v = [a,b], we call Tpeoge a set-subtraction
graceful pan-Topcode-matriz.

Set-5. A set-intersecting rainbow Topcode-matrixz C corresponds a tree H with a set coloring
h:V(H)— S, where S = {[1,1],[1,2],...,[1,n]}, such that each set h(uv) = h(u) N h(v) for each
edge uv € E(H), and h(E(H)) = {[1,1],[1,2],...,[1,n — 1]}. Similarly, we can have a set-union
rainbow Topcode-matrix by defining each set h(uv) = h(u) U h(v).
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Set-6. We call a Topcode-matrix T,,q. defined in Definition a v-distinguishing Topcode-
matriz if Neij(x;) # Nei(w;) for any pair of distinct x;,w; € (XY)*. Tioqe is called an adjacent
v-distinguishing Topcode-matriz if Ne;(x;) # Nei(y;) for each (x4, €;, i) € Teode; and Trpge is called
an adjacent e-distinguishing Topcode-matriz if N, (z;) # N L,(y;) for each (z;, e, vi)T € Trode,

Nei(si) = {t; : s; and ¢; are the ends of e;}, N.;(s;) = {ej : s; is an end of ¢;}.

Teode 1s called an adjacent total-distinguishing Topcode-matriz if Nei(x;) U NL;(x;) # Nei(yi) U
N’ .(y;) for each e; with i € [1,¢q]. O
Set-7. Suppose that (PxPy)* and P}, are subsets of an abstract set Apstraet, and v; = a; N G;
for v; € Pg and «y, B; € (PxPy)*. If || = 1 for i € [1, q], we call Tpcode an e-graceful pan-Topcode-
matriz; and if |y;| = 2i — 1 for i € [1,q], we call Tpeoqe an e-odd-graceful pan-Topcode-matriz.

Definition 206. [50] Suppose that {F,(H); @} is an every-zero graphic group based on a graphic
set F,(H) ={H; :i € [l,n]} withn > ¢ (n > 2¢—1) and the additive operation “@®”, and moreover
{F.(H);©} is an every-zero graphic group based on the subtractive operation “©”. Using notation
and terminology defined in Definition there are the following constraint conditions:

Geond-1. (PxPy)* C F,(H);

Gceond-2. P}, C F,,(H);

Gceond-3. Pj, ={Hi,Hs,...,Hy};

Gcond-4. PE = {Hl,Hg,...,qu_l};

Geond-5. v, = a; D B;;

Gceond-6. v, = a; © B;;

Geond-7. (PxPy)* ={Hy,H>,...,Hy};

Gcond-8. (PXPY)* = {Hl,Hg,...,Hqul}; and

Gceond-9. max{i:a; = H;} <min{j: f; = H;}.
We have:

Matrix 1. A pan-Topcode-matrix Tpeoqe is called an e-graceful group Topcode™ -matriz if Geond-
Gceond{3] and Geond{p] hold true.

Matrix 2. A pan-Topcode-matrix Tpeode is called an e-odd-graceful group Topcodet-matriz if
Geond{I], Geond{4] and Geond{5| hold true.

Matrix 3. A pan-Topcode-matrix Tpcoqe is called an e-graceful group Topcode™ -matriz if Geond-
Gceond{3] and Geond{f] hold true.

Matrix 4. A pan-Topcode-matrix Tjoqe is called an e-odd-graceful group Topcode™ -matriz if
Geond{I], Geond{4 and Geond{g] hold true.

Matrix 5. An e-graceful group Topcodet-matrix Tjeoqe is called a ve-graceful group Topcode™ -
matriz if Geond{7 holds true.

Matrix 6. An e-odd-graceful group Topcodet-matrix Tpeode s called a wve-odd-graceful group
Topcode™ -matriz if Geond{§ holds true.

Matrix 7.  An e-graceful group Topcode™ -matrix T}coqe is called a ve-graceful group Topcode™ -
matriz if Geond{7 holds true.
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Matrix 8. An e-odd-graceful group Topcode™ -matrix Tpeoqe is called a ve-odd-graceful group
Topcode™ -matrix if Gcond holds true.

Matrix 9. A Topcode-matrix Tpeoqe is called a set-ordered group Topcode-matrix if Gcond
Geond-2] and Geond{9 hold true.

Matrix 10. An e-matrix Tjeoqe is called a set-ordered e-matriz if Gcond-@ holds true, where
e € {e-graceful group Topcode™, e-odd-graceful group Topcode™, ve-graceful group Topcode™,
ve-odd-graceful group Topcode™, e-graceful group Topcode™, e-odd-graceful group Topcode™, ve-
graceful group Topcode™, ve-odd-graceful group Topcode™ }. O

7.7 Adjacent e-value matrices and adjacent ve-value matrices

Each colored graph G corresponds an adjacent e-value matriz and an adjacent ve-value matrix

defined in the following:

Definition 207. [5I] An adjacent ve-value matriz V Ecoior(G) = (aij) (p+1)x (p+1) i defined on a
(p, g)-graph G admitting a total coloring g : V(G) U E(G) — [a,b] for V(G) = {x1,22,...,2p} in
the way:

(i) a1,0 =0, a1,j41 = g(z;) with j € [1,p], and aky11 = g(xx) with k € [1, p;

(ii) ajy1,i+1 = 0 with 7 € [1, p|;

(ili) For an edge z;; = x;x; € E(G) with 4,5 € [1,p], then a1 j+1 = g(245), and aj41541 = 0
otherwise. g

Definition 208. * An adjacent e-value matriz Ecoor(G) = (¢ j)pxp is defined on a (p, ¢)-graph G
admitting a total coloring f : V(G) U E(G) — [a,b] for V(G) = {x1,22,...,2,} in the way:

(i) ai; = f(xizj) with ¢ € [1,p], j € [1,p] and @ # j;

(ii) a;; = 0 with 7 € [1, p]. O

As an example, a matrix Agjqeent(K23) is for illustrating the adjacent matrix of a graph K3
shown in Figl73(a), so K3 has its own adjacent matrix A(Ks3) shown in (57). For generating
number-based strings in real application, we have designed the adjacent e-value matrix E,qjor (K2 ,3)
and adjacent ve-value matrix V Ecyjor (K2,3) shown in , in which we can construct more number-

based strings with longer bytes.

vertices 1 X2 X3 T4 Tj

1 1 1
T o 0 1 1 1 8 8 111
T o o0 1 1 1
Adjacent(K2,3> - 1’2 1 1 0 0 0 5 A(K2,3) = 1 1 0 0 O (57)
1 1.0 0 0
T4 1 1 0 0 O 11000
5 1 1 0 0 O
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Ecolor (K2,3) =

U e0(22130)

(@) (b)

s VEcolor (K2,3) =

=W NN O O
N s WO O
S O O W N
S O O =W
S O O N
W N == O
= w Ny OO -
N = W O O =
SO OO W N
S O O =W N
S O O N W

Figure 73: (a) The colored complete graph Kb 3; (b) the colored degree-sequence matrix of the colored
complete graph K 3.

7.8 Cds-matrices based on degree sequences and colorings

Definition 209. * Let d = (ay,as,...,a,) with a; € Z°\ {0} be a p-rank degree-sequence of a
(p, q)-graph. There exists a coloring f : d — {b1, b2, ..., b,} with b; € Z°, and the following matrix

ai as e ap

— _ T
Dsc(d)_<f(a1) flaz) - f(ap>>2xp_(d’ ) )

is called a colored degree-sequence matriz (Cds-matrix), where f(d) = (f(a1), f(a2),..., f(ap)) is
a colored vector of the degree sequence d. O

QY 009 @ G550, §-0:0 £+0 0=0:0 00
O D@D+ D+0 DD+ -D+D O O D+D O+ +-D+D

H, H, H; H,

Figure 74: A degree-sequence d =(4, 2, 2, 2,2, 2,1, 1, 1, 1) is colored by different colorings and labelings,
where each graph H; has its own degree-sequence Deg(H;) = d with ¢ € [1,4].

Particular degree-sequences. Let d = (a1, aq,...,a,) be a n-rank degree-sequence, there are
particular degree-sequences as follows [57]:
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Par-l. d=(n—1—-aj;,n—1—as,...,n—1—ay,) is the complementary degree-sequence of the
degree-sequence d.

Par-2. Partition integer sequence (ai,as,...,a,) into k groups of disjoint integer sequence
(ai71, i1y - ,aiM) with ¢ € [1, ]{7] with k& > 2, such that {ai71, i1y - ,az‘mi}ﬂ{ajJ, Qs ajmj} =
(0 for i # j, and {ay,as,...,an} = Ule{ai,l, ail,.-.,0in, }- We call these disjoint integer sequences
(@in,ai1,...,ain,) with i € [1,k] to be a k-partition of the degree-sequence d.

Par-3. A perfect degree-sequence d = (a1,as,...,a,) holds: Select a;,,aj,,...,a; from d with
r > 2, such that aj, > a;, ., and a;; <r — 1, and the new integer sequence (a;,,aj,,...,a;,) is just
a degree-sequence. Some examples of perfect degree-sequences are:

(iag=n—1,a2=--+=a, =k;

(ii) deg(Kmn);

(iii) ag =ag=n—2,a3=---=a, = k.

Par-4. A unique graph degree-sequence corresponds one graph only, for example, (5, 2, 2, 1, 1,
1).
Par-5. A prime degree-sequence with prime number a; for ¢ € [1,n], for instance, (5, 3, 3, 3, 3,
1,1, 1, 1).

Par-6. An Fuler degree-sequence with each a; is even for i € [1,n].

Proposition 81. If a degree-sequence d = (aj,as,...,ay,) holds ay = n — 1 true, and let d’ =
(ag —1,a3—1,...,a, —1). Then d is a unique graph degree-sequence if and only if d’ is a unique
graph degree-sequence too.

Operations on degree-sequences. Let d = (a1,aq,...,a,) be a degree-sequence, and let
d’ = (a’,al,...,al,) be another degree-sequence. Some operations shown in the following have
been introduced in [58].

Doper-1. Increasing (decreasing) degree component operation: Increasing a new degree
component k to a n-rank degree-sequence d,, = (a1, ag,...,ay) produces a (n + 1)-rank degree-
sequence d,1 = (af, ay,...,ay, k), where a’, = aj, +1 for i € [1, k], others a’; = ay, if r ¢ [1, k],
denote d,,+1 = d,, W (k). For example, (3, 2, 2, 1)w(4) =(4, 3, 3, 2, 4), (3, 3, 3, 3)w(1) =(4, 3, 3, 3,
1), (3, 3, 3, 3)W(2) =(4, 4, 3, 3, 2), (3, 3, 3, 3)W(3) =(4, 4, 4, 3, 3), and (3, 3, 3, 3)W(4) =(4, 4, 4,
4, 4).

The inverse of the increasing degree component operation “¢” is denoted as “@~'7, so d,, =
d,; 15! (a;) defined by removing a degree component a; from d,, ;1 and arbitrarily select a; degree
components from the remainder to subtract one from each of them. So, “@~!” is the decreasing
degree component operation.

The increasing degree component operation can produce an algorithm for constructing large-scale
degree-sequences from small-scale degree-sequences.

Doper-2. Degree-sequence union (subtraction) operation:

dud’ = (a1,as,...,a,)U(a’,ah,...;al) = (b1,ba, ..., bpim),
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such that a;,a’; € {b1,b2,...,bp+m} and [dUd’| = |d|+[d’|. Thereby, d and d’ are two subdegree-
sequences of dUd’.

The degree-sequence subtraction operation “—” is the inverse of the degree-sequence union
operation: d —d’ = (c1,¢2,...,¢) such that ¢; € {ay,a9,...,a,} and ¢; € {a1, az,...,a,} N
/ !/ /
{al,a5,...;a,}.

Doper-3. Component-coinciding (component-splitting) operation:
d ®S d/ = (b17 b27 ] bn-i—m—s)

with min{m,n} > s > 1, where b;; = a,, —i—ak for j € [1,s], and others by, € {a1,az,..., an, ay,
ab, ...,al }\ {am,a,g 17 €[1,s]}. For example (4, 3,2,2,1)®2(3, 3, 2, 2, 2)=(7, 6, 2,2, 2, 2,
2, 1), and (4, 3, 2, 2, )@2(3, 3,2,2,2)=(4, 4, 3,3, 3,3, 2,2).

The degree component-splitting operation “®;!” is the inverse of the degree component-coinciding
operation “©”: ®;'(d) = (dy,dz), such that d = d; ®s d2. For example, @51(7, 6,2, 2,2 2 2
1)=((4, 3, 2,2, 1),(3, 3, 2, 2, 2)).

Doper-4. Component decomposition operation “A”: Decompose some components a;;
into bi]‘,labij72) .. '7bij,nj with j € [1,8], ai; = bi. 1+ b;

ant \{ai,aiy, ..., ai,}, the new degree sequence is denoted as

i, i )2 4 b n;, and write De, = {a1, az,

/\(d) = (Cl, C2y...,Cn—g, bil,la bi1,27 ey bi1,n17bi2,1a bi2’2, ey bi2’n2, ey bis,la bis,27 ey bisms)

with ¢; € Dg,. For example, d; =(4, 2, 2,2,2,2, 1,1, 1, 1), dy =(5, 3, 2, 2, 2, 2, 2) and d3 =(5, 4,
3, 2, 2, 2), we have A(diy1) = d; for i =1, 2.

Component compound operation “V” is the inverse operation of the component—degree
decomposition operation “A”: V(d) = (e1,e,...,¢es), where e;; = ag; 1 + ag;2 + -+ + ag; n; with
Jj€[l,r], and e; € {ay,a2,...,an} \ {as; 1,04, 2,...,0¢;,n,; : j € [1,7]} for i # t;. For example, we
have \/(dz) =diyq fori=1,2.

Doper-5. Degree-sequence direct-sum operation: For m < n, our direct-sum operation
d+d' =d®,,d’. Especially d+d=(n—-1,n—1,...,n—1), whered = (n —1—a;,n—1—
ag,...,n—1—ay) is the complementary degree-sequence of d.

Doper-6. Degree-sequence linear-sum operation “Y”: Let d* = (d,d?,...,d") be a
degree-sequence base, where df = (br,j)7—1 with k € [1,m] is a degree-sequence. A new integer
sequence (y;)l_) = Y01, Aedl with A, € Z°, where each y; = Y01, Abgy with j € [1,n]. We
claim that the integer sequence (yj)?zl is just a degree-sequence by the vertex-coinciding operation
on the graphs having degree-sequences d¥ with k € [1,m].

7.9 Dynamic Topcode-matrices from dynamic networks

Let N(t) be a dynamic network at time step ¢ € [a,b]. Thereby, N (t) has an its own dynamic
Topcode-matriz T,oq.(N(t)) at each time step t, where Tpoqe (N (t)) = (X (t), E(t), Y (¢))T with three
dynamic vectors X (t) = (z}, zb, ..., xf](t)), E(t) = (et €, ..., Z(t)) and Y (t) = (y%, 45, . .. ,yé(t)).
Sometimes, there is a function F, such that e}, = F(zt,yl) for k € [1,¢(t)]. Conversely, Troqe(N(t))
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may corresponds two or more dynamic networks at time step ¢, and these dynamic networks match
from each other [I3]. Obviously, there are interesting researching topics on dynamic Topcode-
matrices.

7.10 Directed Topcode-matrices

Directed Topcode-matrices are related with directed colorings (resp. labelings) of graphs.

Definition 210. [50] A directed Topcode-matriz is defined as

+ +
Ty T2 v @y X
?code = €1 €2 - €q = E = [(X7 Ev Y)J—F]T (60)
Yy y2 - Yq ) _ Y |
where v-vector X = (x1,22,...,24), v-vector Y = (y1, y2, ..., Yq) and directed-e-vector E = (ey,
e, ..., eq), such that each arc e; has its own head x; and tail y; with i € [1,¢|, and ¢ is the size of

code- Moreover, the directed Topcode-matrix 7cod€ is evaluated if there exists a function ¢ such
that e; = p(z;,y;) for i € [1,q]. O

8 Graphic groups made by colorings and labelings

In encrypting networks, we employee graphic groups to make passwords for encrypting large-scale
networks in short time. Our every-zero graphic groups can ba used to encrypt every network/graph,
namely “graph-to-graph”, and such graphic groups run in encrypting network/graphs are supported
well by coloring theory of graph theory, such as traditional colorings, distinguishing colorings etc. It
is noticeable, graphic groups can be used in machine encryption, or Al encryption for networks. We
hope algebraic methods may solve some open problems of graph theory, for example, Graceful Tree
Conjecture, and try to use algebraic methods for discovering possible regularity among labelings
all in confusion [51].

8.1 Abelian additive graphic groups

Definition 211. [79] Let f; : V(G1) — [0, ¢] be an odd-graceful labeling such that fi(E(G1)) =
[1,2¢q — 1]° for a (p, q)-graph Gi. Define a modular labeling fi(z) = fi(xz) + (k — 1) (mod 2¢) with
x € V(G) and k € [1,2q], the resultant graph is denoted as F(Gj). Define a 2-element operation
“F(G;) @ F(G4)” on the set {F(Gy) : k € [1,2¢]} by [fi(z) + fj(x) — fr(z)] (mod 2¢) with
z € V(G) =V (Gy) for k € [1,2q], where [f;j(x) + fj(x) — fr(x)] (mod 2¢) means that

[fi(@) + fj(@) = fu(z)] (mod 2q) = 2q — [fi(z) + fj(z) — fu(z)] (61)
if one of fi(x) + fj(z) — fu(z) <0 and fi(z) + fj(x) — fr(x) > 2¢ holds true, otherwise,
[fi(x) + fi(x) = fr(x)] (mod 2q) = fi(x) + fj(x) = fr(x). (62)
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We write the set of the graphs F/(G1), F(G1),...F(Gaq) as {Fy(G); @}, and call it an every-zero
graphic group. O

Remark 57. For showing {F,(G); @} to be an every-zero graphic group, first of all, the equation
F(Gy) &k F(Gj) = F(GA) (63)

with A =i+ j —k (mod 2q) € [1,2¢] follows the equation [f;(z) + f;(z) — fr(z)] (mod 2q) defined
in and of Definition for any preappointed zero F(Gy). We have
(1) Zero element. Each element F(Gy) of {Fy(G); @} is as a preappointed zero in the equation
(63)-
(2) Inverse. The inverse of each element F(G;) € {F(G);®} is F(Gog—i) € {F2q(G); @}. In
fact,
F(G;) & F(Gag—i) = F(Gy).

(3) Uniqueness and Closure. F(G;) &, F(Gj) € {Faq(G); @} follows the equation (63).

(4) Associative law.
[F(Gi) @r F(G))] @ F(Gi) = F(Gi) ©x [F(Gj) & F(G1)].

Since
[F(Gi) @k F(Gy)] @ F(Gi) = F(Gigj—1) ®k F(G1) = F(Giyjri-2),
and
F(G;) @ [F(Gy) @ F(GY)] = F(G;) @k F(Gjp1-1) = F(Gigjri1-2),
so the associative law holds true.
We conclude that {F5,(G); @} is an odd-graceful every-zero graphic group. I

Definition 212. * The Topcode-matrices Tioge(F(G1)), Teode(F(G2)), - - - s Teode (F'(G2q)) of graphs

F(G1),F(Gh),...,F(Gaq) in an every-zero graphic group {Fy(G);®}, also, form an every-zero
Topcode-matriz group {Fog(Teode(F(G))); @}. In an every—zero Topcode-matrix group {Fy,(Teode);
@} based on a set Fj,(Tcoge) = {T(I;ode7T2

code’ " ** code

}, each Topcode-matrix T'7 , with r €
So,
the graph-set set {Grapn(T %, 40) }r—1 also produces an every-zero graph-set set group based on the

[1,n] corresponds a graph-set Grapn (17, ,;.) of graphs having the same Topcode-matrix T'7 ;..

operation “@”, we write this group as {{Graph(T % 50) }r—1; ©1. 0

Remark 58. Select arbitrarily a graph Hy j, € Grapn (T3, ,.) as a preappointed zero, do the operation
“®” to graph-sets
Graph(T tpge) ® Grapn(T code) = Grapn(T rode) (64)
with A =7+ j — k (mod M) for some integer M > 1, which means that H,; ® Hy; = H, ) based
on any preappointed zero Hg, for Hy; € Gyapn (T iode) and Hy j € Gropn(T Code)
In fact, the operation shown in is based on the operation of the an every-zero Topcode-matrix
group {F,(Teode); D} as follows

T’ =T

code (65)
with A =4+ j — k (mod M) under any preappointed zero T* . € {F,(Tcode); ®}- I

code code
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Definition 213. * Let G1, Ga, ..., Gpiq be the copies of a (p, ¢)-graph G admitting a magic total
labeling h : V(G) U E(G) — [1,p + ¢] such that h(u) + h(v) = k + h(uv) for each edge uv € E(QG).
Each G; with i € [1,p + ¢| admits a magic total labeling h; : V(G;) U E(G;) — [1,p + q] holding

hi(z) + hi(y) = ki + hi(zy)(mod p + q) (66)

true for each edge zy € E(G;), and {k1, ks, ..., kprq} = [1, ptq], write Fjp (G, h) = {G1,G2,...,Gpiq}-
For any preappointed zero Gy, € F,14(G, h), we have

hi(w) + hi(w) — hi(w) = hy(w) (67)

with A =i+ j — k (mod p + ¢q) for each w € V(G) U E(G), and we call F,;,(G,h) an every-zero
total graphic group, and rewrite it as {F,4(G, h); B}. O

Definition 214. [79] Let foo be an e-labeling of a (p, ¢)-graph Go. For i € [1,p] and j € [1, ¢,
we define a Topsnut-gpw G; ; admitting an e-labeling f; ; defined by f; j(z) = foo(x)+i (mod p’)
for each vertex x € V(Gi;), fij(uv) = foo(uv) + j (mod ¢’) for each edge wv € E(G;;), and
Gi; = Goo for i € [1,p] and j € [1,q]. We call the set {G;; : i € [1,p],j € [1,¢]} an e-Topsnut-
group, denoted by e-L(Go ). O

Definition 215. [52] An every-zero graphic group {F,,(H); ®} made by a Topsnut-gpw H admitting
an e-labeling h contains its own elements H; € F,(H) = {H; : i € [1,n]} withn > ¢q (n > 2¢—1)
holding H = H; and admitting an e-labeling h; induced by h with ¢ € [1,n] and hold an additive
operation H; @ H; defined as

hz(x) + h]({L') - hk(a:) = h)\(l') (68)

with A =i+ j — k (mod n) for each element z € V(H) under any preappointed zero Hj,. O

Definition 216. [52] Let {F,(H);®} be an every-zero graphic group based on a graphic set
F.(H)={H;:i€[l,n]} withn > g (n > 2q— 1) and the additive operation “®”. A (p, ¢)-graph
G admits a graceful group-labeling (resp. an odd-graceful group-labeling) F : V(G) — {F.(H); ®}
such that each edge uv is colored by F(uv) = F(u)® F(v) under any preappointed zero Hy, and the
edge color set F(E(GQ)) = {F(uwv) : wv € E(G)} = {H1,Hs,...,Hy} (resp. F(E(G)) = {F(uw) :
UUEE(G)}:{Hl,Hg,...,ng_l}). O

Remark 59. In Definition [216] we have:

(i) If n = ¢ (or n = 2q — 1), then F is called a pure graceful group-labeling (resp. a pure
odd-graceful group-labeling).

(i) If F(z) = F(y) for some vertices z,y € V(G), we call F' a graceful group-coloring (resp. an
odd-graceful group-coloring). I

Definition 217. [52] Let {F,(H);®} be an every-zero graphic group based on a graphic set
Fo(H)={H;: i€ [1,n]} withn > g (n>2q—1), and {H;,}{ be a subset of {F,,(H); ®}. Suppose
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Figure 75: An odd-graceful every-zero graphic group, cited from [52].
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Figure 76: Four networks encrypted by an odd-graceful graphic group shown in Fig cited from [52].

that a (p, ¢)-graph G admits a mapping F : V(G) — {F,,(H); @} such that each edge uv is colored
by F(uv) = F(u) ® F(v) under any preappointed zero Hy. If F(x) # F(y) for any pair of vertices
z,y, and the edge color set F(E(G)) = {H;, 1, we call F an {H;, H-sequence group-labeling; if
F(w) = F(z) for some two distinct vertices w, z, and the edge color set F(E(G)) = {H;;}{, we call
F an {H;,}{-sequence group-coloring. The colored graph made by joining F(u) with F(uv) and
joining F(uv) with F(v) for each edge uv € E(G) is denoted as {Ne:(G; F,,(H)); ®}, see Fig[T7 O

Theorem 82. [52] For any sequence {H;,}{ of an every-zero graphic group {F,(H);®}, any tree
of ¢ edges admits an {H;, }-sequence group-coloring, or an {H;; }-sequence group-labeling.

By the induction proof on Theorem we can set randomly the elements of the set {Hy, Ho, ...,
H,} = {H;}{ on the edges of any tree T having q edges, where H; # H; for i # j, and then color the
vertices of T with the elements of an every-zero graphic group {F,,(H);®}. We provide a sequence
group-coloring F' of T' through the following algorithm.
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Figure 77: An odd-graceful graphic-group group made by the odd-graceful graphic group shown in Fig[75|

TREE-GROUP-COLORING algorithm.

Input: A tree T of q edges, and {H;}] C {F,,(H); ®}.

Output: An {H,}%-sequence group-coloring (or group-labeling) of 7T'.

Step 1. Select an initial vertex u; € V(T), its neighbor set N(u1) = {vi,1,v1,2,...,v1,4, }, Where
dy is the degree of the vertex wp; next, select Hy as any preappointed zero, and color u; with
F(’U,l) = H; and F(Ulej) = Hlvj with j € [1,d1]. From hl(w) + hz(w) — hy (w) = hij (mod n) (w),
where h, is the labeling of H; ;, immediately, we get solutions z = i;, that is F'(v1 ;) = Hy ; with
jel,di). Let Vi < V(T)\ {u1, 11,012, 014, }, L1 < {F(ujv1 )}

Step 2. If V;_1 = 0 (vesp. Ly—1 = {H;}{), go to Step 4.

Step 3. If Vi1 # 0 (resp. Lip—1 # {H:}}), select uy, € Vj—1 such that N(ux) = {ve1,vk2,.-.,
U4, } contains the unique vertex vy ; being colored with F(vy1) = H,. Label F(ugvy ;) = Hyj €
{Hi}{\ L1 with j € [1,dg]. Assume F(ug) = Hy, solve hi(w) +ha(w) —hi(w) = hi1 (moa n)(w),
then k + a — 1 = (k,1) (mod n), thus, k =1 — o+ (k,1) (mod n). Next, solve hy(w) + h,(w) —
hi(w) = hij (mod n)(w), where h, is the labeling of F(vg;) with j > 2. Then k+ 2z — 1 =
(k,7) (mod n), so 2 =1~k + (k,j) (mod n), also, F'(vk;) = Hi_py(kj) (mod n) With j € [2,dy].
Let Vi, <~ V(T)\ (Vk,l U {uk, vg2, - .. 7vk7dk})7 and Ly < L1 U{F (upvg ;) : j € [1,dg]}, and then
go to Step 2.

Step 4. Return an {H;}{-sequence group-coloring F of T'.
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The TREE-GROUP-COLORING algorithm is polynomial and efficient, and it can quickly set
Topsnut-gpws to a tree-like network.

8.2 Connections between Topcode-matrices and graphic groups

Definition 218. [52] For an every-zero graphic group {F,(H); ®} based on a graph set F,(H) =
{H;,H,H}} with n > ¢ > 0, a graphic group-matriz P,e,(G) of a (p,q)-graph G is defined as
Pyer(G) = (Xp, Wp, Yp)T with

XP:(Hlu H27 Ty Hq)7WP:( /17 H/27 T H;),YP:( /1/7 H/217 Ty H;/)J (69)

where each edge w;v; of G with ¢ € [1,¢] is colored with a graph H/, and its own two ends u;
and v; are colored with graphs H; and H !/ respectively, where X p, Yp are called two pan-v-vectors,
Wp is called a pan-e-vector; and G corresponds another graphic group-matriz P,,(G) defined as

Pu(G) = (Xp, Yp)T. 0

Remark 60. Color a (p, g)-graph H with the elements of an every-zero graphic group {F,(G); &} =
{Geyis Geyj, Gyr + 1 < 4,5,k < ¢}, in other view, the graph H is made by the graphic group
{F,.(G);®}. Thereby, we get H’s Topcode-matrix as follows

Ga:,l Ga:,Z T Gx,q GX
Matrix(H) = Ge,l Ge,? T Ge,q = Gg = (GX7 Gp, GY)T (70)
Gy1 Gyo -+ Gyg Gy

where three graph-graphic vectors Gx = (Gy1,Gr2,...,Grq); GE = (Gen, Gep, -..,Geq) and
Gy = (Gy1,Gy2,...,Gy,), also, the matrix Moz (H) is graphicable. I

8.3 Mixed graphic groups

MIXED Graphic-group Algorithm. Let f : V(G) U E(G) — [1, M] be a W-type proper
total coloring of a graph G such that two color sets f(V(G)) = {f(z) : z € V(G)} and f(E(G)) =
{f(uv) : wv € E(G)} hold a collection of restrictions true. We define a W-type proper total
coloring g, by setting gsx(z) = f(z) + s (mod p) for every vertex z € V(G), and g, ,(uv) =
f(uv) + k (mod q) for each edge uv € E(G). Let Ff(G) be the set of graphs G admitting -
type proper total colorings gsj defined above, and each graph G = G in topological structure.
We define an additive operation “@” on the elements of Fy(G) in the following way: Take arbitrarily
an element Gop, € Fy(G) as zero, and Gy, @ G ; is defined by the following computation

95,k (W) + gi.j (W) = gap(w)] (mod &) = g ,(w) (71)

for each element w € V(G) U E(G), where A =s+1i—a (mod p) and p =k +j — b (mod ¢q). As
w =1z € V(G), the form is just equal to

[95,6(7) + i j(x) — gap(2)] (mod p) = gx u(z) (72)
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and as w = wv € E(G), the form is defined as follows:

[9s,k(uv) + g3, (uv) — gap(uv)] (mod q) = gy u(uv). (73)

Especially, as s = ¢ = a = a, we have mod € = mod ¢ in , and

90 (u0) + gaj(uv) = gap(uv)] (mod q) = ga,u(uv) (74)

for wv € E(G); and when k = j = b= $3, so mod & = mod p in (71]), we have

95,5(%) + 9i,5(%) — ga,p(z)] (mod p) = gr g(z), x € V(G). (75)

Remark 61. Sice the graph set Fy(G) made by the MIXED Graphic-group Algorithm holds:

(1) Zero. Each graph G, € F¢(G) can be determined as a preappointed zero such that G ®
Ga,b = Gs,k-

(2) Uniqueness. For Gsp @ Gij = Geq € Fy(G) and G5, @ Gij = Gry € Fy(G), then ¢ =
s+i—a (mod p)=rand c =k +j—b (mod ¢) =t under any preappointed zero Ggp.

(3) Inverse. Each graph Gy € Fy(G) has its own inverse Gy j» € Fy(G) such that G @
Gy i = Ggap determined by [gs x(w) + ¢i,j(w)] (mod €) = 2g,(w) for each element w € V(G) U
E(G).

(4) Associative law. Each triple Gy i, G; j, Ge.a € F(G) holds

Gs,k D [Gm‘ D Gc,d} = [G&k D Giyj] D Gc,d-

(6) Commutative law. Gsi @ Gy ; = Gij ® Gs .

Thereby, we call F¢(G) = {Gs : s € [0,p],k € [0,¢]} an every-zero mized graphic group based
on the additive operation “@” defined in (71)), and write this group by G = {Fy(G); &}.

There are pg graphs in the every-zero mixed graphic group G. There are two particular every-
zero graphic subgroups {F,(G); @} C G and {F.(G);®} C G, where F,(G) = {Gspo : s € [0,p]}
and F.(G) = {Goy : k € [0,q]}. In fact, G contains at least (p + ¢) different every-zero graphic
subgroups. I

Definition 219. [61] For two every-zero graphic groups {F(G); @} based on a graph set Fy(G) =
{G;}7" and {F},(H);®} based on a graph set Fy(H) = {H;}{", suppose that there are graph
homomorphisms G; — H; defined by 0; : V(G;) — V(H;) with ¢ € [1,m]. We define § = |J.", 0;,
and have an every-zero graphic group homomorphism {F¢(G); ®} — {Fy(H); ®} from a graph set
F¢(G) to another graph set Fj,(H). O

8.4 Infinite graphic-sequence groups

Infinite graphic-sequence groups have been introduced in [67]. Suppose that a connected (p, q)-
graph G admits a W-type total coloring f, we define W-type total colorings fs i by setting fs x(x) =
f(z) + s for every vertex z € V(G), and f,p(uv) = f(uv) + k for each edge uwv € E(G) as two
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integers s, k belong to the set Z of integers. So, we have each connected (p,q)-graph G5 = G
admits a W-type total coloring f; 1, defined above, immediately, we get an infinite graphic-sequence
H{Gsk} T2 We take Gop € {{Gsx} 721 as a preappointed zero, and any two Gy and
Gi; in {{Gsk}fg}fg to do the additive computation “G, i ® G;;” in the following way : For
wv € E(G),

[fsge(wv) + fij(uv) — fap(uv)] (mod qw) = fxu(uv). (76)
with u = k+ j — b (mod gw); and for z € V(G),
[for(@) + fij(x) = fap(@)] (mod pw) = fxu(z) (77)

with A = s+ 4 —a (mod py). See Fig for understanding G, ® G;; = G -

Here, py = |V(G)| and q = |E(G)| if the W-type total coloring f is a gracefully total coloring;
and py = qw = 2|E(G)| if the W-type total coloring f is an odd-gracefully total coloring.

Especially, for an edge subsequence Gk, Gs kv1,-- -, Gs ktqy» and a vertex subsequence Gy,
Gsi1ks > Gsipy k, we have two sets F({G57k+j}?":"1;@; (G, f)) and F({Gstin ;@5 (G, f)).
By the operation “@” defined in , we claim that F({Gsk+;}7%;®; (G, f)) is an every-zero
edge-graphic group, since there are the following facts:

(i) Zero. Every graph G p1; of F({G&kﬂ-}g:l; ®) is as a preappointed zero such that Gy, @
Gs,k—i—j = Gs,k+r for any graph Gs,k+r € F({Gs,k—kj}?:l; 69)'

(ii) Closure law. For r =i+ j — jo (mod qw), Gspti ® Gspyj = Gsprr € F({Gsprjtiz; @)
under any preappointed zero G j4j, -

(ili) Inverse. For i+ j = 2jo (mod qw), Gspti ® Gs kit = Gsktj, under any preappointed zero
G ktjo-

(iv) Associative law. G57]{;+1; ® (G57k+j ® G57k+7n) = (Gs,k—i—i & Gs,k+j) ©® Gs,k+r-

(v) Commutative law. Ggpyi ® Gprj = Gy © G pti

Similarly, F({Gs+ik}i2;@; (G, f)) is an every-zero vertex-graphic group by the operation “@®”

i=1
defined in ([77).
As considering some graphs arbitrarily selected from the sequence {{G;x}T22}7%° we have

[fsr(w) + fij(w) = fap(w)] (mod pw,qw) = fi . (w). (78)

with A =s+4—a (mod pw) and p =k + j — b (mod qy) for each element w € V(G) U E(G).

Thereby, we call the set F({{Gsx}T 2} ®; (G, f)) an every-zero infinite graphic-sequence
group under the additive operation “@” based on two modules py and g and a connected (p, q)-
graph G admitting a W-type total coloring, since it possesses the properties of Zero, Closure law,
Inverse, Associative law and Commutative law.

Remark 62. Let F*(G, f) = F({{Gsx}T2}12:; (G, f)) be an every-zero infinite graphic-sequence
group. The elements of an every-zero infinite graphic-sequence group F*(G, f) can tile fully each
point (z,y) of zOy-plane. And moreover, F*(G, f) contains infinite every-zero graphic groups hav-
ing finite elements, such as F({Ggsyix }22; @; (G, f)) and F({Gs 4} @; (G, f)). Also, F*(G, f)

contains infinite every-zero graphic groups of infinite elements.
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Clearly, particular every-zero graphic groups having infinite elements or finite elements can be
used easily to encrypt randomly networks. Suppose that the coloring f of G in F*(G, f) is equivalent
to another Wy-type total coloring g of G. Then we get another every-zero infinite graphic-sequence
group F*(G,g) = F({{Gi;}T2172;®; (G, g)) with G = G;;. Thereby, the every-zero infinite
graphic-sequence group F*(G, f) is a public-key graphic-sequence group, the every-zero infinite
graphic-sequence group F*(G, g) is a private-key graphic-sequence group accordingly.

Since there exists a mapping ¢ : V(G) U E(G) — V(G) U E(G) such that g(w) = ¢(f(w)) for
w € V(G) U E(G), we claim that F*(G, f) admits an every-zero graphic-sequence homomorphism
to F*(@G, g), and moreover

FYG, f) < F'(G,9), (79)

is a pair of homomorphically equivalent every-zero graphic-sequence homomorphisms. I

Definition 220. [67] Let a connected graph G admit a graph homomorphism to another connected
graph H under a mapping ¢ : V(G) — V(H), where H admits a W'-type total coloring g. By
the construction of an infinite graphic-sequence {{Gsx} 2}, we get another infinite graphic-
}JrOO}Jr

sequence {{Hgy , and moreover, we have an infinite graphic-sequence homomorphism as

follows:
{{Gs,k}tg}tg - {{Ha,b}tg}i_§7 (80)

where each H,j is a copy of H and admit a W'-type total colorings g, defined by g, (z) = g(z)+a
for every vertex x € V(H), and gq(zy) = g(xy) + b for each edge xy € E(H), and as two integers
abeZ. 0

- NN\
A&&A &A“§¢ﬂ§

Figure 78: The additive operation on every-zero infinite graphic-sequence groups, cited from [GI].

8.5 Twin-type of graphic group, Matching graphic groups

Wang et al. in [97] introduced the twin odd-graceful labeling as: For two connected (p;, q)-graphs
G; with i = 1,2, and let p = p1 + p2 — 2, if a (p, ¢)-graph G = ©(G1, G2) admits a vertex labeling
f: V(G) — [0, q] such that (i) f is just an odd-graceful labeling of of G1, so f(E(G1)) = {f(uwv) =
[f(u) = f()] s wv € E(G1)} = [1,2¢ —1]% (ii) f(E(G2)) = {f(w) = [f(u) = f(v)| : uwv € E(Ga)} =
11,2 — 1% and (i) |[f(V(G1)) 1 F(V(Ga))| = & and £(V(G1)) U f(V(G2)) € [0,2q — 1]. Then
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f is called a twin odd-graceful labelingof G. Thereby, we get two twin odd-graceful graphic groups
{F;(G);@} and {F,(H);®} based on a twin odd-graceful labeling (f,g). Notice that G % H, in
general.

Definition 221. * Let {F,,(G); @} be an every-zero graphic group based on a graph set F,(G) =
{G; :i € [1,n]} and the additive operation “®” defined in Definition where each G; is a copy
of G and admits a W-type labeling f; induced by the W-type labeling f of G; and let {F,,(H); ®}
be another every-zero graphic group based on the graph set F,(H) = {H; : ¢ € [1,n]} and the
additive operation “®”, where each H; is a copy of H and admits a W-type labeling g; induced by
the W-type labeling g of H. We have the following twin-type every-zero graphic groups:

(i) If both W-type labelings f and g are a twin (k, d)-labeling, and g is a complementary (k, d)-
labeling of f. Then, we call both every-zero graphic groups {F,(G);®} and {F,(H);®} a twin
(k,d)-labeling graphic group.

(ii) If both W-type labelings f and g are a twin odd-graceful labeling. Then, we call both
every-zero graphic groups {F,(G);®} and {F,,(H); ®} a twin odd-graceful graphic group.

(iii) If both W-type labelings f and g are a twin odd-elegant labeling. Then, we call both
every-zero graphic groups {F,(G);®} and {F,,(H); ®} a twin odd-elegant graphic group.

(iv) By Definition if each vertez-coincided graph ©(G;, H;) admits a twin (Wy, Wy)-type
coloring (resp. (Wy, Wy)-type labeling), then both every-zero graphic groups {F,(G);®} and
{F.(H);®} are called a twin (Wy, Wy )-type coloring graphic group (resp. (Wy, Wy )-type labeling
graphic group).

Also, {F,,(H); @} is called an accompanied graphic group of the graphic group {F,(G);®}, and
vice versa. g

Definition 222. * Suppose that each spanning tree T) of a connected (p, q)-graph G = & (T;)"
with k& € [1,m] admits a proper labeling f; induced by an e-set v-proper labeling (F, f) of G, so
we have an every-zero graphic group {G; F,,(T}); @} based on the set F,,(T}) = {T}; : i € [1,n]}
with k € [1,m], such that E(G) = "y E(Tk,), and E(Ty;) N E(Ty;) = 0 for i # j. We call
{G; F,(Th); @}, {G; F,(T2); @}, ..., {G; Fr(Th); @} a matching of multiple-tree graphic groups. O

Definition 223. * Suppose that a (p,q)-graph G admits a W-type coloring f. Let max f =
max{f(w) : w € S C V(G)U E(G)} and min f = min{f(w) : w € S C V(G) U E(G)}. We call
g(w) = max f + min f — f(w) for each element w € S C V(G) U E(G) the dual W-type coloring of
the coloring f. Then, {F,(G); @} is called the dual graphic group of the graphic group {F¢(G); @}
based on a pair of mutually dual W-type colorings f and g. ]

Remark 63. Notice that these two graphic groups defined in Definition were built up on the
same graph G. If a graph G is bipartite and admits a set-ordered graceful labeling f, then there
are a collection of labelings g; being equivalent with f (Ref. [50, 51, 52, 53]), so we get a collection
of matching-labeling graphic groups {Fy(G);®} and {F,,(H;); @} with G = H; for i € [1,m] and
m > 2. For example, these labelings g; are odd-graceful labeling, odd-elegant labeling, edge-magic
total labeling, image-labeling, 6C-labeling, odd-6C-labeling, even-odd separated 6C-labeling, and so
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on (Ref. [53]). Here, we refer to {F(G); ®} as a public-key, and each {F,,(H;); ®} as a private-key
in encrypting networks. Let G¢ be the complementary graph of G, that is, V(G) = V(G¢) = V(K,,),
E(G)UE(G°) = E(K,) and E(G)NE(G°) = 0. So, we have {F(G); @} and {F,(G); @} as a pair
of matching graphic groups. I

8.6 Graphic group sequences, graphic group homomorphisms

Definition 224. [48] Let GS))(H) = {F;(GW); @} be an every-zero graphic group. We get an
encrypted graph G (H) = H « Gg,)(H) to be one graph of the set

i

, 2) ~(2 2 2
{H a0 |Efaf68) : al) € 2°, G e Fy(aM)}

with Zagz > 1 after encrypting a graph H with the elements of the every-zero graphic group
G,(ﬂ}))(H ). Immediately, we get an every-zero graphic group G2 (H) = {F;(G?); @} made by the
graph G®)(H), the operation “®” and the MIXED Graphic-group Algorithm. Go on in this way,
(t)
N

we get an every-zero H-graphic group sequence {Grg(H)} based on the initial every-zero graphic
group Gy (H) = {F;(GW); @} and the graph H, where G (H)=H« Gy(«to_l)(H). O

Clearly, every-zero graphic group each GgO)(H ) is a network at time step t.

Definition 225. [48] Suppose that a graph sequence {L;}}" ; holds graph homomorphisms Lj —
Ly for k € [1,m — 1], and each graph L; admits a Wj-type coloring f; for j € [1,m]. We have
every-zero graphic groups {Fy,(L;); @} for j € [I,m]. If each graph G € {F}, (Lx); ®} corresponds
a graph H € {Fj,  (Lk41);®} to form G — H, and vice versa for k € [1,m — 1], then we define
an every-zero graphic group {FYy, (Lx); ®} is graphic group homomorphism an every-zero graphic
group {Fy, ., (Lg+1); ®}, ie.

{Fy (Li); ©F = {Ffpy (L) ©} (81)

with k € [1,m — 1]. O

9 Graphic lattices with colorings and labelings

9.1 Graphic lattices based on gracefully total colorings

Definition 226. [92] A graphic base H = (Hy)}_, is consisted of n vertex-disjoint connected
bipartite graphs Hy, Ho, ..., H, with n > 2, and

(i) if one edge of a new edge set E* joins a vertex of H; with a vertex of H; together, the resultant
graph is called an edge-joining graph, and denoted as E* @} _; Hy;

(ii) suppose that a graph F' has n vertices x1,xg,...,Z,, we vertex-coincide a vertex x; of F
with a vertex u; of H; into one vertex z; ® u;, the resultant graph is called a F'-graph, written as
F o} Hy. O
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Theorem 83. [92] Suppose that a graphic base H = (Hy)}_, is consisted of n vertex-disjoint
connected bipartite graphs Hy, Ho, ..., H, with n > 2, and e = |E(Hy)| with e; > e2 > -+ > e,.
If each connected bipartite graph Hy is connected and admits a set-ordered graceful total coloring,
then there exists an edge set £*, such that the edge-joining graph E* @} _, Hy admits a set-ordered
graceful total coloring too.

Theorem [83| enables us to construct a graphic lattice as
LEeH)={E*®}_,aHy: a, € Z2° H, e H E* € E}, (82)

where E is a set of isolated edge sets E*. Some graphs of L(E @ H) admit set-ordered graceful
total colorings by Theorem

Theorem 84. [92] If each connected bipartite graph Hj, of a graphic base H = (Hj)}!_, admits
a set-ordered graceful total coloring, and a connected bipartite graph F' with n vertices admits a
set-ordered graceful total coloring, then the F-graph F' ® [}_,;H}, is a connected bipartite graph
and admits a set-ordered graceful total coloring.

Theorem [84] induces a finite F'-graphic lattice
LF'(n)oH)={Fo|;_H,: H,c H,F € F*(n)}, (83)

where F*(n) is a set of connected bipartite graphs of n vertices, and many graphs of F*(n) admit
set-ordered graceful total colorings by Theorem In general, we have a proper F'-graphic lattice
as:

L(F*oH) = {Go [j_jarHy: a, € Z°,H, e H,G € F*}, (84)

where F* is a set of connected bipartite graphs admitting set-ordered graceful total colorings, and
V(G = > k=1 ok

Remark 64. These graphic lattices L(F*(n) ® H) and L(F* ® H) are called to be closed to the
set-ordered graceful total coloring if each graph in them admits a set-ordered graceful total coloring.
Thereby, each graph of L(F*(n) ® H) and L(F* ® H) is a Topsnut-gpw, and can be applied to
actual information encryption. I

We have a connection between graphic lattices and traditional lattices as follows: Suppose that
each connected bipartite graph Hy, of the connected bipartite graph F' © |}_, Hj, of L(F*(n) ©® H)
has just m vertices, and di = (di1,dk2,---,dim) = (dri)ie, with di; > dj 41 is the degree-
sequence of Hj, after vertex-coincide a vertex xj of F' with a vertex wy ; of Hj, into one vertex
T © wy,j, we get a new degree-sequence dj, = (A1 dhg s dim) = (dﬁw-);”:l, where only one
d;w = dy j + degp(z). Thereby, the graph L = F' © |}'_ H}, has its own degree-sequence

n m

dp =) dj,=> (d})j = (Zd;,l,zdz,Q,...,Zd;,m) = (Zdz,]) ,
k=1 k=1 k=1 k=1 k=1

k=1

Jj=1
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and these degree-sequences build up a traditional lattice

L(d) = {Z bedy : by € 20, d), = (d} )7y, Hy € H,F € F*(n)} . (85)
k=1

9.2 Graphic lattices based on ice-follower systems

There are many results based on the ice-flower systems can be found in [4§].

Ice-flower systems. A star K, is a tree with diameter two, and it has its own vertex set
V(Kin) ={x,y; : 1 € [1,n]} and edge set E(K1,) = {zy; : j € [1,n]}, and each one-degree vertex
y; is called a leaf and each edge xy; is called a leaf-edge of the star K ,,, we call vertex x the center
of the star K7 ,. Ice-flower systems based on stars have been introduced in [4§].

Doing the leaf-coinciding operation to a star base K = (K1 m,, K1,my; - - -, K1m,,) in the following
way: We leaf-coincide a leaf-edge x;y; , of a star K1 ;,, with a leaf-edge x;y; s of another star K
into one edge w;x; = x;y; Oy, for i # j, which joins Ki,,, and K, together, the resultant
graph is denoted as Kl,miéK1,mj7 such that any two stars K1, and K, with a,b € [1,n] and
a # b participate the leaf-coinciding operation at most once. If each star has participated the
leaf-coinciding operation, and the resultant graph F' has not any leaf of each star of the star base
K, then we write this graph as F' = 5] K1 ,, and call K an ice-flower system. In general,

©i—1K1,m; produces a set of graphs with the same degree-sequence (my,ma,...,m,) and vertex
set {z1,x2,..., 2y}, where each vertex z; is the center of the star K ,,, of K for i € [1,n].
1
JofoRal

Star-decomposition
Leaf-splitting
operation
—>
-

Star-coincidence
Leaf-coinciding
G operation

Figure 79: A star decomposition.

9.3 Lattices and homomorphisms based on degree-sequences

9.3.1 Complex graphs

Definition 227. [93] A complex graph HSiG has its own vertex set = V(H ), and imaginary vertex
set V(iG), and edge set F(HOiG) = E(H) U E(iG) U Ey /9, where Ey )y = {zy : x € V(H),y €
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V(iG)} is half-half edge set, E(H) is popular edge set, and E(iG) is imaginary edge set. Moreover,
each vertex x € V(H) is called a verter again, each vertex y € V(iG) is called an imaginary vertex;
each edge of E(H) is called an edge again, each edge of E(iG) is called an imaginary edge, and
each edge of the half-half edge set is called a half-half edge. O

A complex graph HSiG has its own complex degree-sequence
Cdeg(HSIG) = (a1, a2, ..., ap.,—b1,—ba, ..., —bp,), (86)

where p, = |V(H)| and p; = |V (iG)|, and complex degree Cdeg(z;) = a; > 0 for each vertex
xj € V(H) with j € [1, p,], and complex degree Cdeg(ys) = bs > 0 for each imaginary vertex
ys € V(iG) with s € [1 pz] and moreover the size of the complex degree-sequence Cdeg(HSiG)
is |Cdeg(HEIR)| = Y 0r a; + Z] 1 bj. In general, the complex degree-sequence of a complex
graph HSiG is written as Cdeg(HSiG) = (ci1,¢,...,¢,) wWith n = p, + p;, where cijca -+ ¢y, is a
permutation of ajas - - - ap, (—b1)(—=b2) - - - (—bp,). In the view of vectors, a complex degree-sequence
Cdeg(HSiG) is just a popular vector, so we call Cdeg(HSiG) a graphic vector . The proper degree-
sequence d = (¢ ¢y, ... ¢} ) with ¢ = [¢;,| for ¢;, € Cdeg(HSiG) and ¢ > ¢! | for s €

[1,7n] holds Erdos-Gallai’s theorem shown in (88]).

e A ahm A e ]
‘ Qi 2 7% %Fii 2,0 9‘
@Séieﬁ—- K o¥a & o m

(5,5,3,3,-4,-3,-2,-1) (4,1,4,1,3,3,-4,-3,-2,-1) (5,5,3,2,1,-2,-2,-3,-2,-1)

Figure 80: Three colored complex graphs have the same Topcode-matrix A shown in and different

degree-sequences and, they admit gracefully total colorings, cited from [93].

0102 6 03 3 2 3 0 1 0
A=|1234 5 6 7 8 9 10 11 12 13 (87)
13 3 6 11 6 10 11 11 13 11 13 13
An integer sequence d = (c1, ¢2,...,¢p) with |¢;| > |¢ip1| > 0 for i € [1,p — 1] is the degree-

sequence of a certain graph G of p vertices and ¢ edges if and only if Y " | |¢;| = 2¢ and

k p
D el <k(k—1)+ > min{k, |c[} (88)
=1 i=k+1

distributed by Erdos and Gallai in 1960 [3], and we write deg(G) = d, and call d proper degree-
sequence, p = Lepgin(d) the length of d and |deg(G)| = D1, |ci| = 2q size of deg(G).
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9.3.2 Complex degree-sequence lattices

Definition 228. [03] For a complex degree-sequence base C* = (CL,C2% ..., C™), where each
ck = Ik Ik2, - Ipn) = (IkJ)?:l with £ € [1,m] is a n-rank complex degree-sequence, then
we get a new complex degree-sequence (bj)?:1 = akC'T’f with a; € Z, where each component
bj =>4, arlyj for j € [1,n]. In [93], the following set

L(ZCY) {Zakck ap € Z,CF ¢ C*} (89)

k=1

is called a complex degree-sequence lattice, and define the following graph set
Comp(L(EC)) = {H : Cdeg(H) € L(3C")} (90)
the accompany graphic lattice of L(XC™). O

Theorem 85. [93] An im-graph HEiG with n vertices has at least n! groups of complex degree-
sequences di,d?,d3,...,d? with t € [1,n!], in which the complex degree-sequences in each group
are linear independent from each other.

Clearly, any two graphs L;, Ly € Copp(L(XC™)) admit a graph base H-similarity, where H =
(Hy,Ha,...,H,) and each complex degree-sequence Cdeg(H;) = C! with i € [I,n]. We have a
result like that in [58] as follows:

Theorem 86. [93] A complex degree-sequence lattice L(XC™) is equivalent to an integer lattice
L(ZB).

Without loss of generality, let ||C}|| = minf{||CE|| : & € [1,m]} and ||C|| = max{||CF|| : k €
[1,m]}, so we have
MGl < Ty

where M = \/ZZ‘ 1 ( rk)Q, and moreover we take ty = 1 for k € [2,m] and tx, = r + 1, so
ly* — w*|| = ||C}]| is smallest.

A complex ice-flower system is CK = (K, K1y, ... K1y, iK1, K1 5,,...,1K75,), where
each iK s; for j € [1,n] is a complex star. Each graph G made by this complex ice-flower system,

=(m.n)

after running the leaf-coinciding operation, is denoted as G = @(T s )(Kl r;» 1K1 s,), such that
G has |V(G)| = m + n vertices and |E(G)| = %(Z;n LT Yoy si) edges. We make graphs
T = @gm ")) (ar; K1r;,bs,1K1 ;) for ar;, b, € Z9 by the leaf-coinciding operation, such that 7" has
no any leaf of ant star of CK, and call the following graph set

L(CK) = {50 {ar, K1 1, bsiK1,5,)  ayy,bs, € 2°) (91)

(r5,54)

a complex graphic lattices based on the complex ice-flower system CK with Z;”Zl ar; > 1 and
Zznzl bsi > 1
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9.3.3 Degree-sequence homomorphisms

Definition 229. [57] The degree-sequence homomorphism “—” is defined as: For two graphs G
and H with G 2 H, if there exists a mapping ¢ : V(G) — V(H) such that each edge uv €
E(G) holds ¢(u)p(v) € E(H), where the degree-sequence deg(G) = d and the degree-sequence
deg(H) = d’, then we say that d is degree-sequence homomorphism to d’, denoted as d — d’, and
Length(d) > Length(d /> if d 7é d’. O

Remark 65. A graph homomorphism G — H from a graph G into another graph H is a mapping
f:V(G) = V(H) such that f(u)f(v) € E(H) for each edge uwv € E(G) [3]. We define a graph-
splitting homomorphism as H —4,;; T' by the vertex-splitting operation, in other words, a graph-
split homomorphism is the inverse of a graph homomorphism. Similarly, d — d’ is accompanied
by d" =it d, called degree-sequence splitting homomorphism. I

Two examples about degree-sequence homomorphism are shown in Fig[81] we have degree-
sequence homomorphisms deg(L;) — deg(L;+1) and deg(T;) — deg(Tj+1) with ¢ = 1,2,3. Let
d=(4,22,22 21,1, 1, 1), since deg(L;) = deg(T1) = d, we have a group of degree-sequence
homomorphisms

d = deg(L1) — deg(L2) — deg(Ls) — deg(Ly) (92)

where deg(Lq) =(4, 3, 2, 2, 2, 2, 2, 1), deg(L3) =(4, 3, 3, 2, 2, 2, 2) and deg(L4) =(4, 4, 4, 3, 3).
We have another group of degree-sequence homomorphisms as follows

d = deg(T1) — deg(T3) — deg(13) — deg(T4) (93)

where deg(7T>) =(4, 3, 3, 2, 2, 2, 1, 1), and moreover deg(Ly) = deg(T}) and Ly = T}, for j = 3,4.
Moreover, deg(Ly) = deg(T}) and Ly = Tj, for k = 2,3. Fig[82 shows us more examples of degree-

sequence homomorphisms:

d = deg(L;) — deg(A1) — deg(A2),
d = deg(T1) — deg(Hy) — deg(Ha),
d = deg(L1) — deg(G1) — deg(G2) — deg(G3),
d = deg(L1) — deg(B1) — deg(B2) — deg(Bs)

Lemma 87. [57] If a simple graph G holds N(u) N N(v) # 0 for any edge uv ¢ E(G) and
u,v € V(Q), then its degree-sequence deg(G) is not degree-sequence homomorphism to any degree-
sequence, except deg(G) itself.

By the vertex-splitting operation and the vertex-coinciding operation, we can prove the following
result:

Theorem 88. [57] Suppose that deg(G) = d and deg(H) = d’ for two graphs G and H, where two
degree-sequences d = (a1, as,...,ap) and d’ = (by,ba,...,bp—1) with a1 + az = by and a; = b;—;
for i € [3,p]. We have a degree-sequence homomorphism d — d’ if and only if we have a graph
homomorphism G — H.
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Remark 66. A degree-sequence d(t) = (a1(t),az(t),...,an(t)) for t € [a,b] is called a dynamic
degree-sequence. In general, the length s(t) = Lengen(d(t)) of a dynamic degree-sequence d(t) is a
function of time ¢, so we write d(t) = (di1(s(t),t), da(s(t),1), ..., ds)(s(t), 1)) with t € [a,b]. Tt may
be interesting to characterize dynamic degree-sequences by means of scale-free degree-sequences of
scale-free graphs [12]. [

9.3.4 Degree-sequence lattices

Definition 230. [55] Suppose that two sequences d = (ay,as,...,ap) and d’ = (b1, ba,...,bp—1)
hold a; + ag = by and a; = b;—1 for i € [3,p] true, we write d’ = ®1(d), and call this operation a
self-contraction operation, and moreover d = Aq(d’) is called a self-splitting degree-sequence under
the self-splitting operation. O

Doing the one-order self-contraction operation, we get d; = ©®1(d), and d;y1 = ©®1(d;) for
i € [1,k — 1], very often, we write dy = ©Or(d), so d; = dj+1, and d — dg. If dy is a degree-
sequence, but any ®;(dy) is no longer a degree-sequence, we get a set e,4(d) of degree-sequences
such that the self-contraction degree-sequence ®1(d*) of any degree-sequence d* € e,q(d) is no
longer a degree-sequence.

Definition 231. [55] For two sequences d = (ay,as,...,ay,) and d’ = (c1, ¢, ..., ¢,), make a new
sequence by adding a degree component a; € d with another degree component ¢; € d’ together,
and put other degree components of two sequences d and d’ into the new sequence as follows

o(d,d’y = (a1,a2, ..., 01,011, ,Qm,C1,C2, . . . 2 Cim15 Cjig s - - - Cny G+ C5) (94)

we call the procedure of obtaining ®(d,d’) a degree-coinciding operation. The following degree-

sequence
@(d,d/> = (al, ag, ..., 0i—1, 1+ a;, i1, Am, C1,C2y. .., Cj—1, 1+ CjyCjglye-- ,Cn) (95)
is the result of a degree-joining operation. O
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Figure 82: More degree-sequence homomorphisms and graph homomorphisms.

Theorem 89. [55] For two sequences d = (a1, as,...,a,) and d’ = (c1,¢2,...,¢y,), the sequence
®(d,d’) (resp. ©(d1,ds)) is a degree-sequence if and only if both sequences d and d’ are degree-
sequences.

Theorem 90. [55] If there are four degree-sequences d,d;,d’,ds holding d — d; and d’ — dq
true, then we have ®(d,d’) — ®(d;,ds), and &(d,d’) — &(d;, d2)

Definition 232. [55] Suppose that {d;,da,...,d;} is a degree-sequence set, and there are degree-
sequence homomorphisms dj — dj41 With Lengein(di) > Lengen(di41) for k € [1,m — 1] (refer
to Definition , we denote them as Homo{dy}},, and call Homo{dr}it, a degree-sequence
homomorphism sequence (Ds-homomorphism sequence). Since each d, € Hypo{dy }j- corresponds
a set Gyqpn(dy) of graphs having their degree-sequences to be the same dy, so we define a graph-set
homomorphism Grapn(di) — Grapn(di+1) if each Hy € Gropn(dy) with deg(Hy) = dj is graph
homomorphism to a graph Hy1 € Grapn(dp41) with deg(Hy41) = dg41 for k € [1,m — 1]. O

In the following statement, we will apply Definition A coloring f:d — {b1,b2,...,b,} with
b;j € Z9 for a p-rank degree-sequence d = (ay,as,...,ap) of a (p, q)-graph with a; € Z°\ {0}, and
a colored degree-sequence matriz (Cds-matrix)

Dsc<d>=< meEe >=<d,f<d>>T, (96)
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Figure 83: Examples on colored degree-sequence homomorphisms.

where color vector f(d) = (f(a1), f(az2),..., f(ap)).

Definition 233. [55] For a p-rank degree-sequence D,.(d) based on d = (a1, as,...,ap), if there
is another colored degree-sequence matrix D.(d’) = (d’, g(d’))? based on a (p — 1)-rank degree-
sequence d’ = (by,ba,...,by,—1) of a (p — 1,q)-graph with b; € Z°\ {0}, such that by = a1 + as
and g(b1) = f(a1) = f(a2), as well as b;—1 = a; and g(b;—1) = f(a;) for i € [3,p]. We say that
the colored degree-sequence matrix Dg.(d) is degree-sequence matriz homomorphism to the colored
degree-sequence matrix D,.(d’), and write this fact as Dg.(d) =™ D,.(d’) (resp. the inverse
Dio(d’) 555 D.o(d)).

Each D,.(d) corresponds a set Grqph(Dsc(d)) of colored graphs having their colored degree-
sequence matrices to be the same Dy.(d). So we have a graph-set homomorphism Graph(Dsc(d)) —

Graph(Dsc(d”)) since Dg(d) —%™ Dy (d). O

Theorem 91. [55] In a degree-sequence matrix homomorphism D,.(d) =™ D, .(d’), if D,.(d) =
(d, f(d))T holds that f induces a graceful (or odd-graceful) coloring of a simple graph G with
deg(G) = d, then Dy.(d’) = (d’,g(d’))T holds that g induces a graceful (resp. odd-graceful)
coloring of a simple graph H with deg(H) = d’, such that G — H.

By the graph 771 shown in Fig[83] we have a Cds-matrix as

4 2 2 2 2 2 1 1 1 1
Dsc(deg(Tm)):((j T 4091060 9>:(deg(Tl,l),f1,1(deg(T1,1))T (97)

and a Topcode-matrix as

7494667109
ToodelTin)=| 12 3 456 7 8 9 (98)
6 6 60100090
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By the graph 711 shown in Fig[83] there are two matrices as follows

5 4 3 2 2 2

DSC(deg(Tl’l’”‘)):(ﬁ 09 47 1

) = (deg(T1,1.4), f1,1(deg(T1,1,4))" (99)

and Troge(T1,1,4) = Teode(Th1), since there is a graph homomorphic chain Ty 1 — T111 — Ti112 —
T3 — 1114

Q O @» ® o

o 50 QPR o a0
@::(@@@ @} 6—2’(% @@ @ &6% @‘J @%\@

& F @cs@

Ll,l — Hl,l L1’2 —> H1,2 Ll,g —> Hl,3
Figure 84: Three colored degree-sequence homomorphisms.

Definition 234. [55] Let D..(d) = (d, fi(d))? be a Cds-matrix defined in Definition and
M = max{a; € d : i € [1,p]} be a positive integer. By fj(as) = fi(as) + j (mod M) for each
degree component ay € d with s € [1,p], we define f;(d) = fi(d) + j (mod M) for each Cds-
matrix Dl.(d) = (d, f;(d))T. A set of Cds-matrices DJ.(d) is denoted by {Dgé\/[)(d),@}. For a
fixed D¥.(d) € {Dgé\/[) (d), @} being consisted of a graph set {D¥,(d)}1L | and an algebraic operation
“®”, we have
fi(d) + f5(d) = fe(d) = fa(d) (100)
with A =i+ j — k (mod M) and a preappointed zero fi.(d) € {Dgéw) (d), ®}, where the formula
is defined by
filas) + filas) = fr(as) = fa(as) (101)
for each degree component as; € d with s € [1,p]. We call the set {D(M) ,@} an every-zero
Cds-matriz group. O

The proof of every-zero Cds-matrix group is similar with that in [53].

Definition 235. [55] Let I = (d;,d2,...,d,,) be a degree-sequence vector, where degree-sequences
di,ds,...,d,, are independent from each other under the degree-coinciding operation “®”. For
S ak > 1 with ag, € Z°, we have a set {a1dy, azds, ..., amdy} = {ardi}7,, and do the degree-
coinciding operation “®” defined in definition to the elements of the set {adj}}", such that
each of aj degree-sequences dj, appears in some ©(dy,d;) if a; # 0 and a; # 0. The resulting
degree-sequences are collected into a set ®(axdy)j-,. We call the following set

L(ZO © <I>) = {@(akdk)?zl oag € ZD,dk S I} (102)

a degree-coinciding degree-sequence lattice. O
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Definition 236. [55] Let I = (d,ds,...,d,,) be a degree-sequence vector, where degree-sequences
di,ds,...,d,, are independent from each other under the degree-coinciding operation “&”. For
S ak > 1 with ag, € Z°, we have a set {a1dy, azds, ..., amdy} = {ardi}7,, and do the degree-
coinciding operation “©” defined in definition to the elements of the set {adj}}", such that
each of as degree-sequences ds appears in some ©(ds,d;) if as # 0 and a; # 0. The resulting
degree-sequences are collected into a set ©(ardy)jr,. We call the following set

L(Z° o (L)) = {&(ardi)iL; : ar € 2°,dy, € I} (103)
a degree-joining degree-sequence lattice. O

Definition 237. [55] If a degree-sequence vector I = (dj,da, ...,d,,) in a degree-coinciding degree-
sequence lattice L(Z°® (1)) (resp. L(Z°S(I))) is degree-sequence vector homomorphism to another
degree-sequence vector I’ = (d,d%,...,d/,) in another degree-coinciding degree-sequence lattice
L(Z°® (I')) (resp. L(Z° & (I'))), such that each degree-sequence homomorphism dy — d/, with
k € [1,m] holds true, then L(Z° ® (I)) is homomorphism to L(Z° ® (I'})) (resp. L(Z° & (I)) is
homomorphism to L(Z° & (I'))), we call

L(Z°o(I) - L(Z° o (1) (104)
(resp. L(Z° & (I)) — L(Z°© (I'))) a degree-sequence lattice homomorphism. O

Remark 67. For (x) € {©,0}, each L(Z%(x)(I)) corresponds a set Gapn(L(Z°(x)(I))) of graphs
O(x)(I)). So we have a graph-set homomorphism
)

having their degree-sequences to be in L(Z

Grapn(L(Z°(+)(1))) = Grapn(L(Z°(+)(1"))) (105)
where Grapn(L(Z°(x)(1'))) is the set of graphs having their degree-sequences to be in L(Z%(x)(I'))
if L(ZO%(*)(I)) — L(Z%(*)(I')) holds true. I
9.4 Connections between graphic lattices

9.4.1 Systems of graphic equations

1. Coefficient matrices are popular integer matrices

Let
a1 ai2 v Gip
as1 Gz -+ Gap
Avoe = (106)
am,1 m,2 " Omn

mXn

be a coefficient matrix with non-negative integer elements a; ; with ¢ € [1,m] and j € [1,n], and
two graph vectors Y (H) = (Hy, Ho, ..., Hy)T and X(G) = (G1, Ga, ..., Gp)T, where G; and H;
are (resp. colored) graphs with i € [1,n] and j € [1,m]. We have a system of graphic equations

Y (H) = | J(Acoe, X (G)) (107)
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with H; = Jj_, a;;G; for i € [1,m], where “(J” is the union operation on graphs of graph theory,
and a; ;G is a disconnected graph having a; ; components such that each component is isomorphic
to G, that is

H,y a1 a2 v Glg G
H, a1 G2 - A Ga

vy = 0o f=1 0 T UL T = U e X(@)) (108)
Hy, am,1 am,2 - Ampn Gn

Remark 68. Substituting by a graphic operation “(e)” the operation “(J” in , so we have
an equation Y (H) = (e)(Acwe, X(G)) with each graph H; of Y(H) is constructed by H; =
(9)2_1b;kGr. It is natural to ask for a problem: If the determinant [Ac.e| # 0, then we have
X(G) = (o) YA_L,Y(H)) for the inverse operation “(e)~!” of the operation “(e)”? I

coe’
2. Coefficient matrices with elements to be graphs

A graphic matriz is one with every element to be a graph or a (resp. colored) graph. A graph
coefficient matriz Gua is defined as

Gii Gi2 -+ Gin
G G i Gan
Guae = | 70 T (109)
Gp,l Gm,Z Gm,n mxn
with each element G ; is a (resp. colored) graph. There are two graph vectors Y (H) = (Hy, Ho,
oy Hp)T and X(G) = (G1, Ga, ..., Gy)T, where G; and H; are (resp. colored) graphs with
i € [1,n] and j € [1,m]. Similarly with (108), we have a system of graphic equations
Y (H) = J(+)(Gmat, X(G)) (110)

with H; = (Ji_,[G;(*)Gj] for i € [1,m], where “(x)” is an operation on (resp. colored) graphs
in topological coding (Ref. [Il [3]). Moreover, we have Y(H) = (o)(%)(Gmat, X (G)) with H; =
(0)?:1[Gz‘,j(*)Gj] for i € [1,m].

9.4.2 Connecting graphic lattices

Before building connection between graphic lattices, we need to do some preparation works.
Preparation-1. Suppose that a graph coefficient matrix Gpa¢ be a matrix of rank n x n, and let
T be a (resp. colored) graph. We define a mized identity matriz I(T) of rank n X n by

Gmat(*)Grilt = I(T) = (T17T27 T 7Tn)T’ (111)

a
under an operation “(x)”, in which each mized vector Ty, = (ar1,ar2, - ,aky) with k € [1,n]
holds ay = T and ay j = 0 if j # k, especially, as a1 = 1, we get an identity matrix I = (¢ij)nxn
with ¢; = 1 and ¢;; = 0 if i # j. We call G}, the inverse matriz of the graph coefficient matrix
Gmat'
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Preparation-2. For two degree sequences d, = (ai1,as,...,a,) and dy = (b1,ba,...,by), we
regard them as vectors, and define the dot-product on d, and d; by d, - dp = 2221 aby like the
dot product of vectors of algebra, the degree-sequence product is a degree sequence d = d, X d
like the vector product in algebra.

Preparation-3. By Definition a complex graph L = HOiG with degree sequence d(L) =
(c1,c2,...,cn) having some integers ¢; < 0, so we can get d(L)-d(L’) = 1 for another complex graph
L' = H'6iG’, and a new complex graph L” having its degree sequence d(L") = d(L) x d(L’) is
denoted as L” = L x L’ directly.

Let L((x)Y(H)) = {(*)1_,BcHr : Br € Z°,H, € Y(H)} be a graphic lattice made by a
graph operation “(*)” and a graph base Y (H) = (Hi, Ho,...,H,)", and another graphic lat-
tice L((x) X (G)) = {(*)7_,axGk : oy, € Z°, Gy € X(G)} is defined on the graph operation “(x)”
and another graphic lattice base X (G) = (G1,Ga,...,Gn)T.

Suppose that there exists a non-negative integer matrix Acoe = (@jj)nxn, such that Y (H) =
U(Acoe, X (G)) with Hy, = i_; ay ;G for k € [1,n]. We get a connection between two graphic
lattices L((%)Y (H)) and L((%)Y (G)) as follows

(pzBeHk = ()1 B | Ak, X (G)) = (#)5=y | J(Brdr, X (G)) (112)

since

Bk U ar ;G | = Brar1G1 U Brag2Ga U - - U BragnGn = Bi U (A, X (G)),
j=1

and Acoe = (A1, A, -+, Ayp) with Ay = (ag1,ak2, - ,ary) for k € [1,n].

Theorem 92. * For a given graphic lattice L((%)Y (G)), there are infinite graphic lattices L((%)Y (H))
such that the graphic lattice base Y (H) of each L((%)Y (H) holds a system of graphic equations
Y(H) = (8)(Acoe, X(G)) based on the graphic lattice base Y(G) of L((x)Y(G)), and two graph
operations “(e)” and “(*)”, and a coefficient matrix A, with elements to be non-negative integers.

Remark 69. If we consider L((%)Y (G)) as a public-key set, then there are infinite private-key sets
L((x)Y(H)) by Theorem [92| and various graph operations. I

9.5 Graphic lattice made by the cycle-type of operations
9.5.1 Cycle-joining operation

In [58], the cycle-joining operation “(55)” on hamiltonian graphs is defined as: Let zy be an edge
of a Hamilton cycle of a Hamilton graph G, uv be an edge of a Hamilton cycle of a Hamilton graph
H, and 12 be an edge of a Hamilton cycle of a Hamilton graph L show in Fig[85] Remove the
edge xy from G and remove the edge uv from H, and join the vertex x with the vertex u by a new
edge ru, next join the vertex y with the vertex v by a new edge yv, the resultant graph is denoted
as G(00)H, so there is a Hamilton cycle in the Hamilton cycle-joining graph G(o0)H (see Fig[3F).
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Moreover, we can do the cycle-joining operation on three Hamilton graphs L, F' and G(o0)H, and
get a Hamilton cycle-joining graph {[G(c0)H](c0)L}(c0)F.

Figure 85: A scheme for illustrating the cycle-joining operation.

Suppose that Gy is a hamiltonian graph satisfied a hamiltonian condition k& with k& € [1, 4],
the hamiltonian graph base H = (Gk.);?:l is linear independent from each other, that is, each
hamiltonian graph Gy is not the result of some G;,,Gi,, ..., G;; under the cycle-joining operation
“(c0)”. Each graph of the following set

L(Z°(@0)H) = {(30)i—,axGy : ar € Z°, Gy, € H} (113)

is a hamiltonian graph, so we call L(Z"(c0)H) a hamiltonian graph lattice. Obviously, each graph
H € L(Z°(55)H) does not obey any one of these A hamiltonian conditions when Z?Zl ag > 2.
Thereby, we have at least Z =24 — 1 = Z‘,?Zl (‘2) different hamiltonian graphs H; € L(Z°(c0)H)
with i € [1, Z], such that (Hy)7_, is a new hamiltonian graph base.

9.5.2 Cycle-coinciding operation

The cycle-coinciding operation “(o ® o)” on hamiltonian graphs is defined in the following way
[58]: Let zy be an edge of a Hamilton cycle of a Hamilton graph G, uv be an edge of a Hamilton
cycle of a Hamilton graph H show in Fig[85] Remove the edge xy from G and remove the edge uv
from H, respectively, and coincide the vertex x with the vertex u into a new vertex x ® u, next
coincide the vertex y with the vertex v into a new vertex y ©® v, the resultant graph is denoted
as G(o ® o)H, which has a Hamilton cycle, immediately, we get another hamiltonian graph lattice

below
L(Z%0 ®o)H) = {(0c ® )i arGy, : ar € Z°, G, € H}. (114)

Remark 70. Let C be a Hamilton cycle of a graph T in a hamiltonian graph lattice L(Z"(c0)H)
(resp. L(Z%0 ® o)H)). We add some edges ;y; to join some pairs of non-adjacent vertices x; and
y; of C for i € [1, 5], the resultant graph T+ E has its own Hamilton cycle C, so that Gy, € T' + Ej
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9.6 Planar graphic lattices

The authors in [54] guessed: A maximal planar graph is 4-colorable if and only it can be tiled
by the every-zero graphic group {Fippern; ®} shown in Fig(c).

(b)

(d)

Figure 86: (a) A triangle; (b) a maximal planar graph H; (¢) an every-zero graphic group {Finnern;®}
cited from [54]; (d) a maximal planar graph H tiled by the every-zero graphic group {Fpignar; ®} shown in

(c)-

Definition 238. [54] Let Fiynern be the set of planer graphs having triangular inner faces. If a
planar graph H with each inner face to be a triangle can be titled by the every-zero graphic group
{ Finern; ®}, write the resultant graph as H A}_, a, T} with a, € Z° and 3" a > 1. The following
set

L(Tr A FinnerA) = {H A%:1 aleg tag € ZO: H e FinnerA} (115>

with Zizl ap > 1 is called a planar graphic lattice, where the planar graphic lattice base is T" =
(17, T3, 13, T7). O

Thereby, each planar graph G € L(T" A Fipnera) is a 4-colorable planar graph with each inner
face to be a triangle.

9.7 Graphic lattices subject to graph operations

9.7.1 Graph lattices based on the vertex-coinciding operation

Definition 239. [48] Let H = (Hy, Ho,...,H,) be a group of n linearly independent graphic
vectors (also, a graphic base) under a graph operation “(e)”, where each H; is a colored/uncolored
graph, and F), ; is a set of colored/uncolored graphs of A vertices and p edges with respect to A < p,
1 < q and 2n — 2 < p. The result graph obtained by doing a graph operation (e) on G and the
base H with a; € Z° is denoted as H(e)G = G(e)"_,a;H;. In general, we call the following graph
set

L(H(s)F,) = {G(o)lyaiH; : a; € 2°, G € Fyg} (116)
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with Y7 a; > 1 a graphic lattice (or colored graphic lattice), H a graphic lattice base, p is the
dimension and n is the rank of L(H(e)F,,). O

Remark 71. Moreover, L(H(e)F, ;) is called a linear graphic lattice if every G € F, 4, each base
H; of H and G(e)}_,a;H; are forests or trees. An uncolored tree-graph lattice, or a colored tree-
graph lattice is full-rank p = n in the equation (116|). Especially, if each H € H is a (colored)
Hanzi-graph, we call L(H(e)F), ;) a (colored) Hanzi-lattice. I

Definition 240. [48] Let ?p q be a set of directed graphs of p vertices and ¢ arcs with n < p, and
let ﬁ ﬁ ﬁ ,ﬁn) be a group of n linearly independent directed-graphic vectors, where
each H; is a dlrected graph. By an operation “(e)” on directed graphs, we have a directed-graphic
lattice (or colored directed-graphic lattice) as follows

L(H(e)Fy,) = {Glo)LiaH:: ae 2, GeTy,} (117)
with 37" a; > 1. O

Definition 241. [48] For a given Topcode-matrix Ti,q. if a graph G admits a W-type coloring f,
such that each x; = f(x) for some vertex z € V(G) and each y; = f(y) for some vertex y € V(G)
and every e; = f(vu) for some edge uwv € E(G), then we say Tpoq. corresponds the graph G,

conversely, G has its own Topcode-matrix, denoted as Troqe(G). Let K = (X;, Ei, Y)

S . o ; ) code 3xq;?
where X; = (27,25, -+ ,7y,), Ei = (e}, €5, ,¢e,,) and V; = (y4, yb, - 7yq¢) with ¢ = 1,2. The
union operation “4@” of two Topcode-matrices Tclo g and Tcode is defined by

Tcode &2 Tcode - (Xl UXs, E1UFE,, Y1 U YQ)gx(qlJqu)- (118)
with Xl U X2 = (1‘%71‘%7' o 7$317x%7x%7"' axgz)a Yl U T2 = (y%ay%a ay;py%ay%f" 7:1/22) and
E1UEy = (el,ed,--- ,e}n,e%,e%, e ,622). Moreover, each Topcode-matrix 17 , corresponds a

graph G;, and each of X1 N Xy # () and Y1 N'Yy # 0 holds true, thus the Topcode-matrix of the
vertex-coincided graph G1 ® Gy is just Tpege(G1 © Go) = T . W T?

code code*

vertex-coincided graph H ©® |I,a;T; with a; € {0, 1} into vertex-disjoint graphs T1,T5,...,T,, H.

So, we vertex-split the

In the expression of Topcode-matrices, we have the Topcode-matrix of a vertex-coincided graph
H ® | a;T; as follows

TCOde(H © |?:1E) = TCOde(H) 2 "?leciode = TCOde(H) & Tcode & Tcode g Tcode? (119>
where Tclode = (X, i, Y)3><q = Tode(T;) with ¢ € [1,n], such that Tepqe(H) = (Xu, Em, YH)gqu

and one of Xy NX; # 0 and Yy NY; # 0 for i € [1,n] holds true, and the size of Tpoqe(H © |1, T;)
is equal to g + Y ;1 ¢;- We call the following set

L(Tcode & Fp,q) = {Tcode(H) t |zn:1aiTi

code *

a; € Z°, H € Fp,} (120)

a Topcode-matriz lattice with Y ;" a; > 1, where Teoqe = (Tcode, Tfode, .., T2 .) is a group of
linearly independent Topcode-matriz vectors under the vertex-coinciding operation. O
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Definition 242. [4§] Let T = (11,75, ...,T,) be a group of n linearly independent graphic vectors
under the vertex-coinciding operation, also, a graphic base, and let H € Fj, ; be a connected graph
of vertices uy, ug, ..., un, and Fp4 is a set of colored/uncolored graphs of X vertices and p edges
with respect to A < p, p < g and 2n — 2 < p. We write the result graph obtained by vertex-
coinciding a vertex v; of some base T; with some vertex u;; of the connected graph H into one
vertex w; = u;; ©v; as H O T = H © [{_a;T; with a; € Z9 and >, a; > 1. Since there are two
or more vertices of the graphic lattice base T; that can be vertex-coincided with some vertex of the
connected graph H, so H ® T is not unique in general, in other word, these graphs H ® T forms a
set. We call the following set

L(TOF,,) ={Ho|"aTi: a;€ Z°, He F,,} (121)

with >, a; > 1 a graphic lattice, and p is the dimension, and n is the rank of the graphic lattice.
Moreover L(T ® F), ;) is called a linear graphic lattice if every H € F), 4, each base T; of the lattice
base T and H ©® T are forests or trees. O

Definition 243. [48] Colored graphic lattices. Let I’y be a set of colored graphs of A vertices
and p edges with respect to A < p, u < g and 2n—2 < p, where each graph H ©“ € F'} _ is colored by
a W-type coloring f, and let T¢ = (T'¢,T5,...,T¢) with n < p be a linearly independent colored
graphic base under the vertex-coinciding operation, we have two particular cases: (i) each graph
T¢ of TC admits a Wi-type coloring g;; (ii) the union graph (J;" ;7§ admits a flawed Wj-type
coloring. Vertex-coinciding a vertex w; of some base T'{ with some vertex y;, of the colored graph
H¢ e Fy , into one vertex z; = y;; © x; produces a vertex-coincided graph H ¢ ® [{_,;T'§ admitting
a coloring induced by g1, 92,...,9, and f, here, two vertices z;,y;, are colored the same color 7,
then the vertex z; = y;; © x; is colored with the color v too. We call the following set

LT°oF)={H 0 aTi: a;cZ’, H € F§_} (122)

with >, a; > 1 a colored graphic lattice, where p is the dimension, and n is the rank of the
colored graphic lattice. We call the colored graphic lattice L(T“® F' ) a linear colored graphic
lattice if every colored graph H ¢ € F'§ , each graph T'¢ of T and the graph H“® [{_a;,T{ are
colored forests, or colored trees. Clearly, each element of the lattice L(T¢® F ;q), each graph T'¢
and each colored graph H ¢ € F'j . may admit the same IW-type colorings. U

9.7.2 Graph lattices based on the edge-coinciding operation

Definition 244. [48] Felicitous-difference star-graphic lattices. Since a colored leaf-coinciding
operation F , D;OF ,, Dy, between two colored stars F , Dy and Fy ,D; produces a graph with di-
ameter three, so each group of colored stars K1 p,, Kin,, .., Kip,, is linearly independent under
the colored leaf-coinciding operation. By the colored leaf-coinciding operation and the felicitous-
difference ice-flower systems Ice(Fl,nDk)iil and I..(SF1 D))y, each graph contained in the
following graphic lattice

L(BL.(FD)) = {é?ﬁla,»FmDi ca; € 20 FinD; € Ice(FLnDk)z’;l} (123)
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is A-saturated, where 21221 a; > 1 and the base is I..(F'D) = Ice(FLnDk)%zl. We call L(E1..(FD))
a felicitous-difference star-graphic lattice. Similarly, by the smallest felicitous-difference ice-flower
system I.o(SF1 nDy)}l_;, we have another felicitous-difference star-graphic lattice defined as follows:

L(EL(SFD)) = {&)_1a;5F12D; : aj € Z°,SF1 nD; € Iee(SF1nDy)i—y } (124)
with Z;;l a; > 1 and the base is 1. (SFD) = I.e(SF1nDg)}_- O

Definition 245. [48] Suppose that F¢,, . is the set of colored stars CE, (& K7 ;) with k < A, in
general. We define a general star-graphic lattice

— —A
L(ngtarA) - {ek:2ak01],<k Lap € Zoacll,(k € ;tarA} (125>

with ZkA:2 ar, > 1, this graphic lattice contains all colored graphs with maximum degrees no more
than A. 0

Clearly, by Definition we have
L(SIee(FD)) C L(EF4rn) L(Slee(SFD)) C L(EF4,4), L(OIee(FD)) C L(SF4,0)-

Definition 246. [48] A 4-color ice-flower system. Each star K; 4 with d € [2, M] admits a
proper vertex-coloring f; with ¢ € [1,4] defined as f;(zo) = 1, fi(z;) € [1,4]\ {3}, and fi(xs) # fi(x)
for some s,t € [1,d], where V(K 4) = {zo,z; : j € [1,d]}. For each pair of d and i, K; 4 admits
n(d, i) proper vertex-colorings like f; defined above. Such colored star K 4 is denoted as PyS; j, we
have a set (PdSi,k)Zfl’i) with i € [1,4] and d € [2, M], and moreover we obtain a 4-color ice-flower

system I..(PS, M) = Ice(PdSi,k)ZS{i))?zl)é\ig, which induces a 4-color star-graphic lattice

L(AEI.(PS,M)) = {Aé@,i,k)ad,i,kpdsi,j DQdik € ZO, P;S;; € I..(PS, M)} (126)

with Y03, 5y @an > 3, and the base is Lie(PS, M) = Le(PaSi )" )io))AL,. where A = [Lo(PS,
M)|, and the operation “AS” is doing a series of leaf-coinciding operations to colored stars
aqikPaSi; such that the resultant graph to be a planar with each inner face being a triangle.
O

Definition 247. [48] Spanning star-graphic lattices. Aa known, a connected graph T is a tree
if and only if ny(T) = 2 4+ Xg>3(d — 2)nq(T") (Ref. [88] 89, 90]). An ice-flower system K¢ defined
as: Bach KT, of K¢ admits a proper vertex coloring g; such that g;(z) # g¢;(y) for any pair of

C

vertices x,y of K and each leaf-coinciding graph 7' = S[7_ K I,m, is connected based on the

1,mj ’
leaf-coinciding operation “K7Y,, ©K Im, »such that
(1) ni(T) = 2+ Xg>3(d — 2)ng(T) holds true; and

2) T admits a proper vertex coloring f = ©|"_, g; with f(u w) for any pair of vertices u, w
=197

of T.
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We get a set L(6&(m, g)K®) containing the above leaf-coinciding graphs T = é‘?:lem,- if
|V(T)| = m. Since each graph T' € L(S(m, g)K°) is a tree, and Cayley’s formula 7(K,,) = m™ 2
in graph theory (Ref. [3]) tells us the number of elements of L(S(n)K°) to be equal to m™ 2. We
call this set

L(©(m, g)K) ={elj_1 K7,,,, Ki,, € K}
a spanning star-graphic lattice. O

Definition 248. [48] Let F,q4(G) be the set of graphs G; with G; = G and admitting odd-
graceful labelings, and let H = (H; J)M‘)dd be the base, where Myqq is the number of twin odd-
graceful matchings (Gy, H; j) for Gy € Foqa(G). Joining a vertex z;, of Gy for s € [1,|V(Gy)|]
with a vertex yﬁj of H;; for k € [1,|V(H;;)|] by an edge xusyf’j produces a graph, denoted as
=G, o |Jk\f[]‘?ddak7ij7j with Y ap; = |V(Gy)|, and the graph L admits a labeling h defined
by h(w) = fi(w) for each element w € V(G;) U E(Gy), h(w) = gi;(w) for each element w €
V(H;;) U E(H; ;) and h(xtsyf’j) = |fe(zes) — gi,j(yf’j)]. We obtain a twin odd-graceful graphic

lattice
L(H © Fodd(G)) = {Gt O ’%ddathkJ Tag € ZO,Gt € Fodd(G)} (127)

with ) ax ; = |V(Gy)|, where each matching (Gy, Hy, ;) is called a twin odd-graceful matching. [

A constructional condition for Hamilton graphs. Let C' = z1z2--- 2,21 be a H-cycle of a
connected (p, ¢)-graph G, where |[E(G)| > p+ 1. Suppose that an edge x;z; of G for j —i > 2 is

not in the H-cycle C, we edge-spht thls edge z;x; into two edges z{z’; and x{z 7, so the H-cycle
C, also, is split into C; = xjxe -+ -2, ].’L']+1 xpry and Co = xwi1@iq0 - - 1ac”:): . Let
!/ / " "
Vlz{.’I,'l,I'Q,"',xi,ij,fL’j_i_l,"',fL'p} and‘é:{xi7xi+1axi+27"'7xj—17 j}a

and we get two graphs G, = [V,] induced by vertex set V. for r = 1,2. It is noticeable, each graph
G, has a H-cycle C; for r = 1,2. Let Vi" = Vi \ {z}, 2}, V5" = Vo \ {2}, 2}, so

E(G1) ={zjz’} U{uww € E(G) :u,v € V' C V(G)}U
U{zsu € BE(G),zjv € E(G) :u,v e Vi CV(G),x; = x4,z = x;}

E(Gq) ={zjz i} U{wz € E(G) :w,z € V5 C V(G)}U
U{zsw € BE(G),zjz € E(G) :w,ze Vs CV(Q),z] =z, z] = x;}

We get an edge set E(G1,Ga) = E(V}*; V"), where E(Vi*; V') = {zq2p € E(G),zqw € E(G),xp2 €
E(G) :w e Vy,z, € Vi';2 € V', 2, € V5'}. Thereby, V(G) = Vi* U V5 U{x;,z;}, and E(G) =
[B(G)\ {12} U[E(Ga) \ {272} U {ziz;} U B(Gh, Ga).

The procedure of obtaining two graphs G, G2 and an edge set F(G1,G2) is denoted as G||z;z;,
conversely, the procedure of doing an edge-coinciding operation to two edges iz’ and 7z of
G1,G2 and add the edges of E(G1,G2) is denoted as G = Gi(z )@Gg( " ”) + E(Gl,Gg)

! ",/

since F(G1,G2) does not contain any one of four edges T, Ty,

Hamilton graphs G; and G2 both are the proper subgraphs of G.

zixy and 2z, Clearly, two
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Theorem 93. * A connected (p, q)-graph G with p > 4 and ¢ > p + 1 is hamiltonian if and only
if there exists an edge x;x; of G, such that doing an edge-splitting operation to the edge z;z;
produces two Hamilton graphs G, G2 and an edge set E(G1,G2) between G; and Go in G||z;z;.

Remark 72. The result in Theorem [93is constructional. Some one of G; and G2 maybe a cycle,
so we can use Theorem to another one, until, each Hamilton graph is a cycle only, we stop to
apply Theorem [93| to graphs. I

Algorithms for construction of Hamilton graphs. Let Ne.(1), Nec(2),..., Nec(m) be the
existing necessary conditions of Hamilton graphs, and let Sy (1), Suf(2),...,Sus(n) be the existing
sufficient conditions of Hamilton graphs. We get graph sets Gpec(i) for i € [1,m] containing all
graphs hold the existing necessary conditions of Ne.(i) for i € [1,m] and graph sets Gg,r(j) for
J € [1,n] containing all graphs hold the existing sufficient conditions of S, ¢(j) for j € [1,n]. Clearly,
Nee(i) N Sup(4) = 0 and Gree(i) N Goup(j) = 0, since no report say that a necessary and sufficient
condition for Hamilton graphs has been found nowadays.

We define a graph operation “(x)” on graphs H]**“ € Gpec(i) and H;uf € Gouf(j), the resultant
graph L is denoted as L = (x) (H**“|™" |, H;uf|;”:1>, such that L is a Hamilton graph.

F = {(){a |7 b 1) < ai by € 20 HP € Greeld), H" € Gl ()} (128)

with ", a; > 1 and Z?:l b; > 1.

It is noticeable, each Hamilton graph T = (*)(ainec\?ll,ij;uf 7_1) € F does not obey two
conditions simultaneously: one is in N.(i) for i € [1,m], and another one is in S, ¢(j) for j € [1,n],
since Nec(1) N Syup(j) = 0.

We define an operation “(x) = 0” on vertex-disjoint Hamilton graphs as: Let wuqu1 41 be an
edge of a H-cycle C1 = uyu1,2- - u1p, w11 of a Hamilton (p1,q1)-graph Gy, and let ug jug j+1 be
an edge of a H-cycle Cy = ug 1ug2 - - ug p,u21 of a Hamilton (pg, g2)-graph G>. Next, we add two
new edges uy ;ug j and w1 ;41u2 j+1 to join the vertex uy; with the vertex ug ; together, and join the
vertex up ;41 with the vertex wg j 1 together, so the resultant graph is a Hamilton graph, denoted
as (G1, Ga), it contains a H-cycle

O(C1 — uaiu i1, Co — U jus j41) =U11U12 " "+ UL U2 jUs,j—1 * ** U2,1U2,py
U2,py—1U2, j4+1ULG+1UL5+2 * - UL,p UL,1-

We say the Hamilton graph [0(G1, G2) is the result of doing a 2e-join-2e operation.
Let H, be a Hamilton (ps, g5)-graph with a H-cycle Cs = v 1052 - - - V5,051 for s € [1,n].

H-CYCLE-CHAIN algorithm. We do a series of 2e-join-2e operations to Hamilton graphs
Hl,HQ,...,Hn in the following way: Gl’g = |:|<H1,H2>, G273 = \:‘<G1’2,H3>, ey anl,n =
O(Gp-2,n—1, Hy). For simplicity, we write Gp—1 5, = Ochain (Hs)7—;.

H-CYCLE-TREE algorithm. Let T be a tree of n vertices, and its maximal degree A(T) <
min{p1,pa,...,pn}. We replace each vertex x; of T' with a Hamilton graph H;, and each edge x;y;
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means [J(H;, H;) under the 2e-join-2e operation, such that each edge v; 4v; 41 of the H-cycle C; of
H; is at most in a unique H-cycle (C; — v; Vi a+1, Cj — v pvjp+1), but other 0(C; — v; qvi 041, Cs —
Vs cUs e+1) for s # j. The result Hamilton graph is denoted as Oipee (Hs)—. Clearly, Ocngin (Hs)o—q
is a particular case of Opec (Hs)" .

Remark 73. In general, we have the following complex Hamilton graph sets by H-CYCLE-CHAIN
algorithm and H-CYCLE-TREE algorithm based on the 2e-join-2e operation:

Funain = {0chain (@ HP [y b, H 7)) - ai, by € Z° HP® € Gree(i), H' € Goup()} (129)
with 37" a; > 1and 7%, b; > 1. And

Ftree — {Dtree<aiH?ec’;‘11a B]H]Suf’?:1> L Oy, ﬁj S ZO7 Hinec € Gnec(i)a H;Uf c Gsuf(J)} (130)
with ", a; > 1 and Z?:l B > 1. [

9.7.3 Graph lattices based on graph anti-homomorphism and non-multiple-edge full-
v-coinciding operation

Considering the inverse of the graph homomorphism defined in Definition [I83] we defined a new
homomorphism as follows:

Definition 249. * A graph anti-homomorphism L — 4 T from a graph L into another graph T is
a mapping g : V(L) — V(T) such that f(u)f(v) € E(T) for each edge uwv € E(L), and xy ¢ E(L)
for each edge f(x)f(y) € E(T). O

Non-multiple-edge full-v-coinciding operation “[®]”. Let L —4,; T be a graph anti-
homomorphism defined in Definition we vertex-coincide each pair of vertices u € V(L) and
g(u) € V(T) into one vertex w = u ® g(u) such that the gah-v-coincided graph (graph anti-
homomorphism vertez-coincided graph) is rewritten as G = [©](L,T) with vertex number |V (G)| =
|[V(T)| and edge set E(G) = E(L)UE(T), where V(G) ={w =u®g(u) : u € V(L),g(u) € V(T)}.
Moreover, T'= G — E(L), and L = G — E(T) when as |[V(L)| = |V(T)|. We call “[®]” a non-
multiple-edge full-v-coinciding operation.

Remark 74. See an example G = G1[0]G2[®]G3 shown in FiglR7 for understanding the non-
multiple-edge full-v-coinciding operation, in which the graph G has two edge-disjoint Hamilton
cycles. If we can cut a Topcode-matrix T p4.(G) of the graph G into three subTopcode-matrices
Teode(G1)s Teode(G2) and Tip4e(G3), where each subTopcode-matrix Teoq.(G;) is a Topcode-matrix
Teode(G;) of the graph G; for i € [1,3]. See Teoqe(G;) = A; for i € [1,3] shown in , and the
Topcode-matrix Teoqe(G) is shown in , such that

Tcode(G) - Tcode (Gl) W Tcode(GQ) W Tcode(GS) (131)

Then we have decomposed G into three graphs GG1, Go and G'3 by decomposing the Topcode-matrix
Teode(G). Thereby, decomposing a Topcode-matrix will produce algorithms for judging Hamilton
graphs and graphs contains more edge-disjoint Hamilton cycles. I
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Figure 87: A graph G has two edge-disjoint Hamilton cycles, and G = G1[®]G2[®]Gs.

047236 15 02146 7 5 3 005 3
Ai=[4 3 915 8 2 9 |, A4=|679 1976 1 |,A4=|387523829 (132)
472 36 10 5 2 1 46 7 50 3 6 7 2 4
047236 1502146753005 3
Teode(G)=| 4 3 9 1 5 2 96 79 1976 1 85 8 9 (133)
47236 1052146750367 2 4

Non-multiple-edge partial-v-coinciding operation “[®]”. Let H be a subgraph of a con-
nected graph L, and let H’ be a subgraph of another connected graph 7. If H is graph anti-
homomorphism to H', H —,; H', under a mapping h, we vertex-coincide each pair of ver-
tices € V(H) and h(xz) € V(H') into one vertex y = = ® h(x), the partial gah-v-coincided
graph is denoted as G* = 9[®)(H C L,H' C T) with |V(G*)| = |V(L)| — |V(H)| + |V(T)],
E(G*) = E(L)U E(T), and we call “0[®]” non-multiple-edge partial-v-coinciding operation.

If the mapping ¢ defined in Definition is a one-one mapping, that is, g=' : V(T) — V(L),
and then we have a graph anti-homomorphism T — 4,4 L, and write this fact as T <>t L.

Graph anti-homomorphism vertex-coincided graph lattices. Let H = (H, H, ..., Hy,)
be a connected graph base with each graph H; bo be connected, and V (H;)NV (H;) and H; <>qnt; H;
if ¢ # j. Notice that p = |V (H;)| = |V (H;)|. We do the non-multiple-edge full-v-coinciding opera-
tion on the connected graphs of the base H, and get the gah-v-coincided graphs G = [®](H1, Ha),
Go = [Ol(G1,Hs), and Gy = [O|(Gs—1,Hsy1) for s € [2,n — 1], and write the last gah-v-
coincided graph G2 = [®]}_,(Hy) with p (= |[V(Gn-2)| = |V(H;)| for i € [1,n]) vertices and
4 (= |E(Gr_2)]) edges with g < p(p— 1)/2, where E(Gy2) = UJ_, E(Hy).

For aj, copies of Hj, with a, € Z° and Hj, € H, we write them as ajHy, and moreover we
do the non-multiple-edge full-v-coinciding operation on a1 Hi,asHs, ..., a,Hy by the way: Let
Gi1,Gip, ..., G m be the ith permutation of graphs a1 Hy,a2Ho, ..., a,Hy, where M = Z’,zzl ag,

so we get a gah-v-coincided graph [®]M  (G;y), we use [®]7_,apHy to represent each gah-v-
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coincided graph [©] (G, k), and call the following set
L(Ganti-ho[©)H) = {[@]}_ arHy : ax € Z°, H), € H} (134)

a gah-v-coincided graph lattice (graph anti-homomorphism vertex-coincided graph lattice) with
> p_q ar > 2, and each graph G € L(Ganti-no|®]H) is simple and holds |E(G)| < |[V(G)|(|[V(G)| —
1)/2 true.

Remark 75. Especially, if each connected graph H; has a H-cycle, we call H a hamiltonian graph
base, then each graph G € L(Gantino[®]H) defined in has m edge-disjoint H-cycles with
m =Y p_; a, so each edge-added graph G + E* C K, is hamiltonian, where E* is subset of edge
set V(G°) of the complementary G¢ of the graph G, and p = |V (H;)| = |V (H;)| for i,5 € [1,n].
We can claim: A connected graph H has m edge-disjoint H-cycles with m > 2 if and only if H
is isomorphic to an edge-added graph G + E* (C Ky,p) with G € L(Ganti-ho[©]H) based on a
hamiltonian graph base H. I

Infinite graph-base graph lattices. Let G = (G1,Ga,...,Gy, ... ) be an infinite graph base
and let G;1,Giz2,...,Gin, be a group of graphs selected from G* for n; € Z* = Z%\ {0}, and
“(%)” be a graph operation. We call the following set

L(Z°(*)G™) = {(#)y1binGik : bix € Z2°mi € ZF,Gip € G™} (135)

an infinite graph-base graph lattice with > 3 b, > 1 such that each graph of L(Z%(x)G™) is
simple.

For example, each graph G; € G™ is a cycle C;19 of (i + 2) vertices, the graph operation “(x)”
is the vertex-coinciding operation “®©”, so ®|;",b; G, is an Euler’s graph. Moreover, suppose
that Egj.,

Thereby, the vertex-coinciding operation “®” produces each graph ©[}¢;, KE with Bl € EX

= (EY,Ey,...,E},...) is an infinite graph base with each graph E}" is an Euler’s graph.

uler
to be an Euler’s graph, and we get an infinite-base Euler-graph lattice as follows

L(ZO © Euler) = {®|Z;1Cz,kEzu7k Gk € Zoani S Z+7Ezy;k: € Eg?er} (136)

with >°3% | ¢, > 1 such that each graph of L(Z° ® E,,) is simple.

Let Hy = (Hp1, Hpo2,...,Hpp,) be a hamiltonian graph base with |V (Hp;)| # [V (Hp;)| for
i # j, in which each edge-added graph H,; = C, + E, ;. consists of a cycle C), of p vertices and a
set E, 1 of edges, where Ej,; = (. Suppose that H* contains any hamiltonian graph base H,, by
the help of the non-multiple-edge full-v-coinciding operation “[®]”, we get an infinite H-graph-base
graph lattice

L(Z°[0H>) = {[0,2 dprHpk : dpy € Z°,np € ZT, Hyy, € Hy C H®} (137)

with 7,7 d, 1 > 1 such that each graph of L(Z°[®]H>) is a Euler’s graph.
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9.8 Graph-splitting families

Doing a series of vertex-splitting operations to a connected graph G produces ng edge-disjoint
graph-splitting families Gy, = (Gr1,Gr2, - - - Gim,,) With my > 2 and |E(Gy ;)| > 1 for k € [1,n¢g],
such that E(Gy;) N E(Gr;) = 0 if i # j, and E(G) = J,¢, E(Gj). Conversely, we can do the
vertex-coinciding operation to an edge-disjoint graph-splitting group Gy, for getting the connected
graph G, written this case by G = O["% Gy, with k € [1,ng]. In general, ®|"% Gy; produces
many connected graphs differing from G. We call the graph set L(AG) = ;¢ {®[" G} as a

G-v-splitting quasi-lattice (Ref. [108]). We have a result as follows:

Theorem 94. [58] For a connected graph G and each edge-disjoint graph-splitting group Gy, €
Spiit(G), we have deg(G) = @]TZ’“ldeg(GkJ) and deg(Gy) = U;n:kl deg(Gl,j), so the degree-sequence
deg(G) has been decomposed into degree-sequences deg(Gy) for k € [1, ng].

Theorem 95. [58] Let G,qpn(d) be the set of graphs having degree-sequence d. Then the degree-
sequence d can be decomposed into the degree-sequence deg(Gy) for each edge-disjoint graph-
splitting group Gy € Spit(G), G € Grapn(d), that is, decom (d) = deg(Gy).

Definition 250. [58] For a connected graph G, there is a graph-splitting family Sy;:(G) = {G) =
(Gk1,Gr2s -, Gim,) @ my > 2,k € [1,ng]}, we have the following particular degree-sequences
deg(Gk):

Par-1. If each connected subgraph Gy ; (i € [1,m4]) holding |V (Gy;)| = 2, call deg(Gy) trivial
degree-sequence.

Par-2. If some connected subgraph Gy ; holds |V (G ;)| > 3 true, call deg(Gy) normal degree-
sequence.

Par-3. If |V(Gi1)| > 3, others |V(Gy ;)| = 2 with ¢ € [2,my], call deg(Gy) unique non-Ks
degree-sequence.

Par-4. If |V(Gj,)| > 3 for i € [1,my], call deg(Gy) non-K» degree-sequence.

Par-5. If |V(Gk,)| > 3 and G} ; is a path for ¢ € [1,my], call deg(Gy) pure-path degree-sequence.

Par-6. If|V(Gk,)| > 3 and Gy, is a cycle for ¢ € [1,my], call deg(Gy) pure-cycle degree-sequence.

Par-7. If |V(Gk,)| > 3 and Gy is a tree for ¢ € [1,my], call deg(Gy) tree-type degree-sequence.
Moreover, if each diameter D(G};) > 3, call deg(Gy) pure tree-type sequence.

Par-8. If |V(Gg;:)| > 3 and Gy is a star K,y with v(k,i) = [V(Gy;)| for i € [1,my], and
some v(k,i) > 2, call deg(Gy) star degree-sequence.

Par-9. If each connected subgraph G, ; is a Hamilton graph for i € [1,my], call deg(G}) hamil-
tonian degree-sequence.

Par-10. If each connected subgraph G, ; has no odd-degree for ¢ € [1,my], call deg(Gy) Euler’s
degree-sequence.

Par-11. If Gp; % Gi; with ¢ # j and 4,5 € [1,my], call deg(Gy) mutually no-isomorphic
degree-sequence.

Par-12. If |E(Gy ;)| > |E(Ggj+1)| with j € [1,my, — 1], call deg(Gy) strictly edge-decreasing

degree-sequence.
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Par-13. If |V(Gi; )| > |V(Gkjt1)| (G € [1,my — 1)), call deg(Gy) strictly vertex-decreasing
degree-sequence.

Par-14. Randomly select aj,ajs,,...,a;, from a degree-sequence d = (a1,as,...,ay), such
that aj, > aj,,, with i € [I,m — 1] and a;, < m — 1, and the new sequence (a;,,a;,,...,a;,) to
be really a degree-sequence. We call d a perfect degree-sequence. For example, (1) a1 = n — 1,
ay=-=ap,=k (2 ar=a=n—-2,a3="---=a, =k; (3) d=deg(Kpp).

Par-15. A base d* = {d},d2,...,d"} with each degree-sequence dX = (bk,j)72, derives a new
degree-sequence (a;)7_; with a; = >} by for j € [1,n]. If sequences (a;)?_; and (bg ;)i with
J € [1,n] are degree-sequences, we call d* a right-angled degree-sequence base. ]

10 Recent problems

Up to today, people do not solve a conjecture “FEvery tree admits a graceful labeling” first proposed
by Rosa in [8], and Gallian in [7] pointed that most graph labeling methods trace their origin to
one introduced by Rosa in 1967. Unfortunately, we do not know what kind of graphs admitting
set-ordered graceful labelings, even for trees, to this day. In this section we have collected some
problems without thorough inspection and verification, maybe part of them are meaningless, maybe
there are errors in them, however, we will be very happy to get criticism and corrections about
them.

10.1 Problems from graph colorings and labelings

Problem 1. Set-ordered odd-graceful (resp. odd-elegant) labelings for caterpillars.
Determine the number of non-isomorphic caterpillars of p vertices. How many set-ordered odd-
graceful /odd-elegant labelings does a caterpillar admit? (see Fig

Figure 88: A caterpillar.

Problem 2. Determine the value of G4 (H) for each simple graph H, refer to Definition

Problem 3. Edge-magic proper total colorings and equitably proper total colorings.
B3] Let f : V(G) U E(G) — [1,x"(G)] be a proper total coloring of a graph G with x"(G) =
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{f(z): 2z € V(G)UE(G)}, and we call f a total chromatic number pure (tcn-pure) coloring. Let
df(uv) = f(u) + f(uv) + f(v), and

Bia(G, f) = uvrggfa){df(uv)} - ngEir(lG){df(uv)}-
Especially, a coloring h is called an edge-magic proper total coloring (edge-magic ten-pure coloring)
if Byoi(G,h) = 0, or an equitably edge-magic proper total coloring (equitably edge-magic ten-pure
coloring) if By (G, h) = 1, refer to Definition [126]

(1) Determine the parameter miny By (G, f) over all ten-pure colorings of G, as well as its
edge-magic proper total colorings or equitably edge-magic proper total colorings. If a total coloring
g of G arrives at Byy(G,g) = miny By (G, ), is x"(G) = {g(z) : ¢ € V(G) U E(G)}| true?

(2) Find connected graphs admitting one of the edge-magic proper total coloring and the equi-
tably edge-magic proper total coloring.

Problem 4. [52] Suppose that a 6-labeling is one of the existing graph labelings, characterize
perfect f-labeling graphs defined in Definition

Problem 5. Characterize twin odd-graceful chains. ([97, O8]) For each tree T; admitting
an odd-graceful labeling (resp. an odd-elegant labeling) f; such that f;(V(7;)) C [0,2¢ — 1] and
Li(E(Ty)) = [1,2g — 1]° with ¢ € [1,m] (Ref. Definition [I5]). If each vertex-coincided graph
Ok, +1<Ti,Tz‘+1> obtained by doing the vertex-coinciding operation on both 7; and 7T;4; admits a
twin odd-graceful labeling f®h (resp. a twin odd-elegant labeling), where f;(V (13))Ufix1(V (Tix1)) =
[0,2¢—1] and |f;(V(T3)) N fi+1(V(Ti+1))| = kijit1 with i € [1,m—1], then we get a twin odd-graceful

m

chain (resp. a twin odd-elegant chain) ©(T;)1".

Problem 6. Find 6C-complementary matchings. For a given (p, q)-tree G admitting a 6C-
labeling f defined in Definition find a (p, q)-tree H admitting a 6C-labeling g such that the
vertex-coincided graph ©(G, H) is a 6C-complementary matching defined in Definition

Problem 7. [53] Find reciprocal-inverse matchings. Suppose that a (p,q)-graph G and a
(¢, p)-graph H admit two edge-magic graceful labelings f and g, respectively, and both f and g are
reciprocal inverse from each other as if f(E(G)) = g(V(H))\ X* and f(V(G))\ X* = g(E(H)) for
X* = f(V(G)) Nng(V(H)). Find such pairs of graphs G and H, and characterize them, refer to
Definition

Problem 8. Parameterized Number-based String Partition Problem (PNBSPP). Given
a number-based string s(n) = cice - - - ¢, with ¢; € [0,9], partition it into 3¢ segments cica - - ¢, =
aijay---azq with aj = cp,cp;41 -y, With j € [1,3q — 1], where ny = 1 and n3q = n. And use aj,
with k € [1, 3¢] to reform a Topcode-matrix Tpoqe(G) (refer to Definition [I1)), and moreover use the
Topcode-matrix Tioq. (G) to reconstruct all of Topsnut-gpws of ¢ edges. By the found Topsnut-gpws
corresponding the common Topcode-matrix Tio4e (G), find the desired public Topsnut-gpws H; and
the desired private Topsnut-gpws G;, such that each mapping ¢; : V(G;) — V(H;) forms a colored
graph homomorphism G; — H; with i € [1,7].
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Remark 76. About PNBSPP we will face the following difficult problems:

H-1. A number-based string s(n) may correspond no matrix, or two or more matrices, or
Topcode-matrices, as well as parameterized Topcode-matrices.

H-2. No method for cutting a number-based string s(n) into 3¢ segments cica - - - ¢, = aras - - - azq
with aj = ¢p;cn 41 enyyy With j € [1,3¢ — 1], where ny = 1 and n3, = n, such that ay, ag, ..., a3,
are just the elements of some Topcode-matrix Troge(G).

H-3. Since a Topcode-matrix Tioq.(G) with parameterized elements is related with one of thou-
sand and thousand of graph colorings and graph labelings, so determining this Topcode-matrix
Tode(G) is not a slight job.

H-4. 1If a parameterized Topcode-matrix Tpq.(G) corresponds a number-based string s(n) has
been determined, finding all non-isomorphic Topsnut-gpws will meet the graph isomorphic problem,
as known, it is NP-hard. I

Problem 9. Colored complete graphs obtained by vertex-coinciding colored trees. For
any group of vertex-disjoint trees Ty, T3, ..., T, with each T} having k vertices for k € [2,n], can
we find a W-type labeling fj for each tree Tk such that fi : V(Tx) — [0,n—1] and {|fx(u) — fx(v)] :
w € E(Ty)} = [1,|V(Tx)| — 1] = [1,k — 1], and then vertex-coincide the vertices of (J_, V(T%)
having been colored the same color into one, such that the resultant graph is just a complete graph
K, = 0l3(Ty) with E(K,) = Uj_, E(T;) and E(T;) N E(Tj) = 0 for i # j? See Fig39 and Fig[o0]
for understanding the complex of this problem.

Problem 10. Colored regular graphs obtained by vertex-coinciding colored trees. What
conditions does a group of vertex-disjoint trees H1, Ho, . .., H,, hold, such that we can find a W;-type
total labeling g; : V/(H;) UE(H;) — [1, M] for each tree H; with i € [1,m], and then vertex-coincide
the vertices of (J;", V(H;) having been colored the same color into one, so we get the resultant
graph to be just a regular (or multiple-edge) graph G = G|{*(H;) with E(G) = (J*| E(H;) and
E(H;) N E(Hj) = 0 for i # j? Problem [9| provides some solutions for this problem.

Ry ¢ o > 208 5 o a “x
éﬁ@@“\@@/ Ol o 6% O b

Ka- Kas

Figure 89: A compound of K4 by three groups of colored trees.

Problem 11. Graphs admitting set-ordered graceful labelings. Characterize graphs ad-
mitting set-ordered graceful labelings, especially, find trees admitting set-ordered graceful labelings
defined in Definition [l

186



Mo 0% %R o 0%
@; gb@ﬁ}i@ﬁ@ 5 4 l>§@ﬁ1—@®
7%@ PR @kH@Mﬂ J
o ggﬁﬂé@ gg@w

e

Figure 90: A compound of K5 by four groups of colored trees.

Problem 12. Color-valued graphic authentication problem (CVGAP). For a given con-
nected non-tree (p, ¢)-graph G, we have two graph sets: A public-key set S, and a private-key
set S., such that each graph H; of S, admits a proper vertex coloring, and each graph L; of S,
admits a proper edge coloring, as well as |E(G)| = |E(H;)| = |E(L;)|. Can we find a graph H; € S,
and another graph L; € S, and do the vertex-coinciding operation to H; and L; respectively, such
that the resultant graphs H; and L’ hold two graph homomorphisms H| — G and L} — G
true, and two colorings of H} and L ; induce just a proper total coloring of G (as a topological
authentication)? Since we can vertex-split the vertices of a (p, ¢)-graph admitting a W-type total
coloring into at least ¢ — p + 1 different connected graphs, so S, # 0 and S, # (), and there exists
a solution for this problem.

Remark 77. According to Definition 202] and Remark [56] we have two every-zero graphic-set
groups Gg* = {F,, ( mp(T )); @}t and Gg~ = {Fn(Grap(TE,4.)); ©}. Since they used the same

code code
set Fo (TP 40) = ATk 1es T2 ges- - - I} of Topcode-matrices with each Topcode-matrix 7, =
(Xi,Ei,Y,) , where v-vector X; = (zi1, %i2, -, Tig), e-vector E; = (e;1, €2, -+, €q) and
v-vector Y; = (yi1, Yi2, ‘-, Yiq) and there are functions f; holding e;, = fi(zi,,vi,) with

i € [1,m] and r € [1,q]. We can set the every-zero graphic-set group Gg™* as a public-key group,
and the every-zero graphic-set group Gg~ as a private-key group. I

Problem 13. Splitting-coinciding total coloring problem (SCTCP). Given two connected
graphs W and U with x /(W) = x”(U) and |E(W)| = |E(U)|, does doing a series of vertex-splitting
operations and vertex-coinciding operations to W (resp. U) produce U (resp. W)?

Problem 14. Optimal set-ordered proper total coloring problem (OSOPTCP). By Def-
inition determine optimal v-set-ordered proper total colorings f and optimal e-set-ordered
proper total colorings g for a connected graph G with f : V(G) U E(G) — [1,x"(G)] and g :
V(G)U E(G) = [1,x"(G)].
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Two graphs G and H shown in Fig[91] do not admit any optimal v-set-ordered proper total
coloring, in which (a) a connected (5, 6)-graph G admits a proper total coloring f with |f(V(G) U
E(@))] =4, x"(G) = 4 = AG) + 1, but [f(V(G))] = 4 (a-1) x(G) = 3; (a-2) X(G) = 3.
(b) A connected (5,7)-graph H admits a proper total coloring g with |g(V(H) U E(H))| = 4,
x"(H)=4=A(H)+ 1, however |¢g(V(H))| =4; (b-1) x(H) = 3; (b-2) x'(H) = 4.

' S éﬁ%

(a) (a-l) (@-2) (b)

Figure 91: Examples for understanding Problem

Problem 15. * Find ve-inverse (Wy, W,)-type labelings (f, g), or ve-inverse (W, W,)-type color-
ings (f,g), such that f(E(G)) = ¢g(V(H)) and f(V(G)) = g(E(H)) if a graph G admits a W-type
labeling (resp. coloring) f and another graph H admits a Wy-type labeling (resp. coloring) g (refer

to Definition .

10.1.1 Multiple dimension total colorings

Problem 16. Does every connected simple graph admit a graceful 3-dimension sub-proper total
coloring (refer to Definition [142])?

Problem 17. By Definition is there a strongly graceful n-dimension sub-proper total coloring
for a tree having a perfect matching?

Problem 18. By Definition a n-dimension text-based string D = ajas - - ayp, where o; =
BiiBiz2 -+ Bin, with B ; is a letter or a number in [0,9]. Consider various W-type total colorings
made by n-dimension text-based strings.

Problem 19. By Definition what is the norm of a tree colored with W-type total colorings
based on n-dimension digital-based strings?

Problem 20. By Definition [142] since every tree T admits a graceful 2-dimension proper total
coloring, how far away from Graceful Tree Conjecture?

Problem 21. By Definition m (1) The distance between two maximal-degree vertices of a
connected graph admitting an edge-magic ten-pure coloring is at lest three. (2) For a fixed positive
integer ¢, characterize connected (p, ¢)-graphs admitting edge-magic tcn-pure colorings. (3) What
is the minimum circle length in a connected graph admitting an edge-magic tcn-pure coloring?
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10.1.2 Conjectures related with colorings and labelings

Conjecture 14. A conjecture related to Four Color Conjecture. [54] A maximal planar
graph G is 4-colorable if and only if four colored triangles shown in Fig(a) can tile fully the

maximal planar graph G.

Conjecture 15. A conjecture on the v-set e-proper labeling. By Definition [I55] each con-
nected graph with no multiple edges and self-loops admits a v-set e-proper (odd-)graceful labeling
defined in Definition [[53] and Definition [I55]

Conjecture 16. [84] A conjecture on (k, \;)-magically total labellins of paths. For each
k € [2,2(n — 1)], each path P, of n vertices admits a magic total labeling f; : V(P,) U E(P,) —
[1,2n — 1] such that fx(u) + fr(v) =k + fi(uv) for each edge uv € E(P,) (refer to Definition [37).

The authors in [84] have verified Conjecture [16] for all trees of order < 9 and Conjecture (16| for
all paths on n < 10 vertices. An example for Conjecture is: A path on n vertices is denoted
as P, = uiejuses - - Up_1€,_1uUn, and we color each vertex u; of P, with a small circle @ colored
with a color m and we color each edge e; of P, with a number, respectively. For a path P;, A\ =1
and each integer k € [2,12] we have

2%10@13@1211@7 k=8 (18127(3)51011(9)2(1)6(13)
i} (Sgi’%ii k=9 ®109@)12@s5D3M1Q)
511®12136@2 k=10 (2)5134(1)30128(6)7@D10(9)
271213@4@6@ k=11 (0522036116719
(3)61012(9)4(2)83)7(1)51D) k=12 (4)30D120139(2)2(6)1(7)5@10)

Conjecture 17. [84] Every tree admits a super (k, A\)-magically total labeling for some integers k
and A\ # 0 defined in Definition

R O R
I
N O O s W N

Problem 22. [84] If a connected (p, ¢)-graph graph admits a (k, A\)-magically total labeling defined
in Definition [37] whether does it have ¢ = 2p — 3 edges at most?

Conjecture 18. [78] Every tree T admits an edge-magic graceful labeling f defined in Definition
such that each edge uv of T" holds f(u) + f(v) — f(uv) = k > 0 for some fixed constant k.

Conjecture 19. [31] Trees having perfect matchings admit an arm-2-parameter totally odd/even-
graceful labeling, an arm-2-parameter totally odd/even-elegant labeling, an arm-2-parameter arith-
metic labeling, an arm-2-parameter super felicitous labeling, an arm-2-parameter super edge-magic
total labeling, and an arm-2-parameter super edge-magic graceful labeling defined in Definition

Conjecture 20. [3I] Strongly Graceful Graph Homomorphism Conjecture. A strongly
graceful tree having perfect matchings can be transformed into a strongly graceful path having
perfect matching (see an example shown in Fig.
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Remark 78. In Conjecture a strongly graceful tree T having perfect matching is graph homo-
morphism to a strongly graceful path P having perfect matching, here, P is as a public-key, and
it has many private-key T, this graph homomorphism is consisted of topological structures having
perfect matchings and strongly graceful labelings. I

@@ \«@ 15{13 @ @
® m%@ @@@H @O

17 19

&
ws%ﬁ b ﬁ @ é%

Figure 92: A strongly graceful tree T having perfect matching is transformed into a strongly graceful path

P having perfect matching.

Conjecture 21. * Each tree admits an odd-graceful ged-labeling (refer to Definition and
Definition [107]).

Conjecture 22. * Any tree admits a k-graceful labeling some k£ > 1 (refer to Definition @

Conjecture 23. It is natural based on Deﬁnition the authors in [51] conjecture: “Each forest
T = U, T; with vertez-disjoint trees Ty, Ts, ..., Ty, admits a flawed graceful (resp. odd-graceful)
labeling”. Determine positive integers A, and B, such that H = E* + T admits a (set-ordered)
graceful (resp. odd-graceful) labeling as A, < |E*| < Be.

Conjecture 24. [51] By Definition [L05} each tree induces a perfect Max-Min difference-sum match-
ing partition and a perfect Max-Min felicitous-sum matching partition (see Fig for understanding
this conjecture).

10.1.3 Parameterized total colorings

Problem 23. For a bipartite graph G, finding three parameters a, b, ¢ holding (a,b,c) # (1,1,1)
under a proper total coloring f : V(G) U E(G) — [1, M] realizes B}(G, f,M)(a,b,c) = 0 holding
each one of the parameterized edge-magic proper total coloring, the parameterized edge-difference
proper total coloring, the parameterized felicitous-difference proper total coloring and the param-
eterized graceful-difference proper total coloring defined in Definition [129

Remark 79. In a parameterized edge-magic proper total coloring f defined in Definition [129]
the number B} (G, f, M) = 0 means that cf(uv) = af(u) + bf(v) + cf(uv) = k for each edge

190



wv € E(G). If there are (ag, bo, o) # (1,1,1) holding cf(uv) = agf(u) + bof(v) + cof(uv) = k,
then we have cy(uv) = Bagf(u) + Bbo f(v) + Beo f(uv) = Bk for each edge uv € E(G) with 5 > 0
and (SBag, Bbo, Bco) # (B, 5, 3). So, there are infinite groups of parameters a, b, ¢ holding (a, b, ¢) #
(1,1,1) for the total colorings. I

Problem 24. Estimate the bounds of the constant k; with i € [1,4] in each especial proper total
coloring defined in Definition [127] where k1 = f(u) + f(uv) + f(v), ko = f(uv) + |f(uw) — f(v)],
ks = |f(u) + f(v) = fuv)| and ks = || (u) — f(v)] = f(uv)].

Problem 25. Multiple-magic proper total coloring. For any group of positive integers
ki, ks, ks, ks, find a connected graph G admitting a {ki}‘ll—magic proper total coloring h defined in
Definition [127] such that there are edges u;v; € E(G) with ¢ € [1,4] holding k1 = h(u1) + h(uiv1) +
h(vl), kg = h(UQUQ) + |h(U2) - h(vg)|, k}3 = ’h(U3) + h(vg) - h(’LL3U3)| and k:4 == Hh(U4) — h(v4)| —
h(U4v4)| true, and each edge holds one of the above four equations true.

Problem 26. Find a simple and connected graph G admitting a proper total coloring f : V(G) U
E(G) — [1,M] and inducing an edge-function c¢(uv) for each edge uv € E(G) according to
Definition m and find constants ki, ko,...,kn,, such that each edge uv € E(G) corresponds
some k; holding cf(uv) = k; true, and each constant k; corresponds at least one edge xy holding
ct(zy) = kj.

Problem 27. For any integer sequence {k;}} with k; < k;y; for ¢ € [1,n — 1], find a simple and
connected graph G such that each k; corresponds a proper total coloring f; : V(G)UE(G) — [1, M]
defined in Definition and f; induces an edge-function cy,(uv) = k; for each edge uwv € E(G).

Problem 28. Since a colored connected (p, ¢)-graph G can be vertex-split into some colored trees,
or be leaf-split into colored trees, we have questions as follows:

Tree-1. Construct graphs or graphic lattices admitting set-ordered gracefully total colorings
defined in Definition 140} or set-ordered graceful labelings.

Tree-2. If a tree T admits a graceful labeling, then does it admit a gracefully total coloring?

Tree-3. Determine each W-type coloring defined in Definition for trees.

Tree-4. Characterize graphs admitting set-ordered gracefully total colorings defined in Defi-
nition

Tree-5. About the parameter vy (G) = ming{|f(V(G))|} over all W-type coloring f of the
(p,q)-graph G for a fixed W € [1,27] based on Definition for each integer m subject to
vw (G) <m < p—1, does there exist a W-type coloring ¢ holding |g(V(G))| = m?

Problem 29. Since each tree T" admits set-ordered gracefully total colorings and set-ordered odd-
gracefully total colorings defined in Definition determine the following parameters:

Msogte(T') = mfm{\f(V(T))\} and Miogte(T) = m?X{’f(V(T»’}
over all set-ordered gracefully total colorings of G, and

sogtc

Mogtc (1) = min{|g(V(T))l} and Mg (T) = max{|g(V(T))[}
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over all set-ordered odd-gracefully total colorings of G. Clearly, Myogtc(T) = |V (T')| and Ms"ogtC(T) =
|[V(T)| means the Graceful Tree Conjecture and the Odd-graceful Tree Conjecture.

Problem 30. We have the following questions about the coloring including L-multiple colorings
defined in Definition [34}

Mul-1. It, by Graceful Tree Conjecture, is natural to guess: “Fvery connected graph G admits
a coloring including a graceful labeling”.

Mul-2. For a complete bipartite graph K , with vertices zo, z;, . .., x, and edge set E(K) ;) =
{xox; : 1 € [1,n]}, we define a graceful labeling f of Ky, as: f(xo) = n, f(z;) = j with j € [1,n],
so we have f(zox;) = |f(xo) — f(z;)] = n —j, and f(E(K1,)) = [1,n]. However, we can see
f(xo) + f(zoz;) + f(xj) = 2n, in other word, f is an edge-magic total labeling of K , too. Is this
going to happen to other graphs (# K ) else?

Problem 31. Observed that the colored graph (a) in Figl5|is equal to the colored graph (a) in
Fig according to Definition If a proper vertex coloring h* holds By, (G, h*) = miny By (G,
f) true, then does h* hold Bgym (G, h*) = ming Beym (G, f) true too?

P P P o P
YIUIYIYS
P P o
Da'Da'D;

(e) 25 (f) 26 (9) 27

Figure 93: The graph C + uv admits a group of consecutive sum proper vertex colorings, which forms a

Topsnut-matching chain, cited from [53].

10.2 Problems with extremal and critical conditions

Problem 32. [48] The gracefully total number Ry,qce(p, s) has been designed by means of the idea
of Ramsey number of graph theory. It seems to be not easy to determine the exact value of a
gracefully total number Rg,qce(p, s) defined in Definition and Definition
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A connected graph G containing a (p, s)-gracefully total matching (H, H™) is just a (p, s)-
gracefully total authentication when H™ is as a public-key and H™~ is as a private-key, and G is
optimal if |V(G)| < |V(H)| and |E(G)| < |E(H)| for any (p, s)-gracefully total authentication H.
So, there are many optimal (p, s)-gracefully total authentications by Proposition find optimal
(p, s)-gracefully total authentications for integers p, s > 6.

Problem 33. * By Definition and Definition an ez-gracefully total number Rgpace(p,s |
A, B) is extremum and holds: Any red-blue edge-coloring of a complete graph K,, of m (>
Rgrace(p,s | A, B)) vertices induces a copy T; of the A-gracefully critical graph G of p vertices,
or a copy L; of the B-gracefully critical graph H of s vertices, where each edge of T; is red
and each edge of L; is blue, and A, B € {Cy.,, Cpes; Cif,, Crp b (vefer to Definition [123).  And,
some red-blue edge-coloring of a complete graph K, with n < Rgrqce(p,s) — 1 does not induce
any one of copies of the gracefully™ critical graph H of p vertices and copies of the gracefully™
critical graph H~ of s vertices. Determine ex-gracefully total numbers Rgqce(p,s | A, B) for
A, Be {C;;s, C'y_eS,Cer

no’

C,.} and integers p, s > 6.

Problem 34. * By Definition and Definition determine optimal (p, s)-W-type (I, J)-
critical authentications and ex-W-type numbers Rgrqce(p,s | I,J) for I,J € {C;’es — W, Cpes —

W,CY — W,C, — W} and integers p,s > 6 defined in Definition and Definition where
W-type is one of the existing colorings and labelings.

Problem 35. By Definition [107] Definition Remark 17| and Remark for a (p, q)-graph G,
determine: graceful ged-labeling number Gy.q(G), odd-graceful ged-labeling number OG cq(G),
graceful ged-coloring M-m-number M, grqc(G), odd-graceful ged-coloring M-m-number Mmoddgm(G);
!/

rime

prime ged-labeling number P, (G), edge-prime ged-labeling number P
labeling M-m-number M,;,4,q:(G) and odd-graceful gcd-labeling M-m-number M,;,o4dgrai (G)-

(G); and graceful ged-

10.3 Sum-type of colorings

Problem 36. * For a (p, q)-graph G admits a proper total coloring f : V(G)U E(G) — [1, M].
Variousum-1. TCysum (G, f) = Z |f(u) — f(v)| is a total coloring difference-sum num-
weE(G)
ber. Find two extremal numbers max s T'Cysym (G, f) and miny T'Cqsym (G, f) over all proper total

colorings of G.
Variousum-2. TCfgm(G,g) = Z [9(u) + g(v)] (mod g + 1) is a total coloring felicitous-

weE(G)
sum number. Determine two extremal numbers maxy T'C'teym (G, g) and ming T'Cfsym (G, g) over

all felicitous-sum colorings of G.
Variousum-3. TC.qsum (G, f) = Z [f(wv)+|f(w)—f(v)]] is a total coloring edge-difference-

weE(G)
sum number, find two extremal numbers maxy T'Ceqsum (G, f) and mins T'Cegeum (G, f) over all

proper total colorings of G.
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Variousum-4. TCyqeum (G, f) = Z }f(u)—i—f(v)—f(uv)‘ is a total coloring graceful-difference
weE(G)
number, determine two extremal numbers max ¢ T'Cygsum (G, f) and ming T'Cygsum (G, f) over all

felicitous-sum colorings of G.
Variousum-5. TCpagicsum (G, f) = Z [f(u) + f(uv) + f(v)] = kq is a total coloring edge-
weE(G)
magic number, compute two extremal numbers max ¢ T'Cpagicsum (G, ) and miny T'Cragicsum (G, f)

over all proper total colorings of G.

10.4 Problems of decomposition and partition

Problem 37. [62] Text-based String Partition Problem (TBSPP). Partition a given text-
based string D (as an authentication) or two given text-based strings D1, Dy into two sequences
An (as a public-key) and By (as a private-key), and then finding a topological structure (graph,
network) G admitting a W-type sequence coloring defined on Ay and By in Definition such
that the Topcode-matrix Teqe(G) defined in Definition can derive the text-based string D or
two text-based strings D1 and Ds.

Problem 38. [65] Number-based String Partition Problem (NBSPP). Suppose that a
number-based string s(n) = cica--- ¢, with ¢; € [0,9] was generated from some Topcode-matrix,
cut s(n) into substrings ajas .. .a3q holding a1 = cica---¢jy, a2 = Cji41Cj 142" Cji 4oy -+ A3 =
Cm+41Cm+2 - - - Cn, Where each ji > 1 for k € [1,3¢], n = m + j3q and m = 22‘1:_11 jk, such that there
exists at least a colored graph H with its own Topcode-matrix Tioq.(H) defined in Definition
(resp. directed Topcode-matrix defined in Definition , which contains each substring a; with
i € [1,3q] as its own elements and can deduces s(n) from Teoge(H).

Problem 39. [48] Number-based Strings and Matrices Problem (NBSMP). In general,
we want to cut a number-based string D = cjca - - - ¢, with ¢; € [0,9] into n? segments a;; such that
these segments a;; are just the elements of the adjacency matrix A(a;j)nxn(G), or the adjacency
e-value matrix (refer to Definition 208)), or the adjacency ve-value matrix (refer to Definition [207)
of a graph G with n vertices.

Problem 40. [48] Infinite Number-based String Problem (INBSP). Let Lying = {ci}3,
be an infinite number-based string with ¢ € [0, 9], and let T.»4.(G) be a Topcode-matrix of a (p, q)-
graph G admitting a W-type total coloring. For each finite number-based string s(n) induced from
Teode(G), is s(n) a segment of Istring?

Problem 41. [57] Integer-Decomposing Topological Authentication Problem (IDTAP).
Decompose an even integer m into positive integers my 1,mg2,..., Mgy, With n > 2 and k €
(1, Deomp(m)] with m = my, 1 +my 2+ - -+my p, , such that a number-based string my 1my 2 - - - Mgy,
is as a public-key, and there exists a uncolored graph Gy, (as a private-key) having its own degree-
sequence dy = (Mmk,1,Mk2, ..., Mkn, ), Where Deomp(m) is the number of different groups of de-
compositions of the even integer m.
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Problem 42. [57] Colored Integer-Decomposing Topological Authentication Problem
(Colored-IDTAP). Given an even integer m companied by a number-based string s(n) (as a
combinatorial public-key), do:

(1) first decompose this even integer m into positive integers my 1, my 2, ..., My n, With ng > 2
and k € [1, Deomp(m)], such that m = my 1 + mp2 + - - - + my,, and there exists a colored graph
G (as a private-key) having its own degree-sequence d = (my, 1, mk2,. .., Mky, ), Where Deomp(m)
is the number of different groups of decompositions of the even integer m, and G is colored by a
total coloring f;

(2) cut the number-based string s(n) = cicz - - - ¢, into 3¢ segments s(n) = ajaz...as,; holding
a1 = C1C2-*-Cj, A2 = Cj41Cj 142" Cji4jor -+-5 A3 = Cm4+1Cm42 " - Cpn, Where each ji > 1 for
ke [1,3q], n = m + j3g and m = Ziqz_ll Jk, which are just the elements of the Topcode-matrix
Teode(G) under the total coloring f, where ¢ = |E(G)|.

Remark 80. It is not easy to answer Problem [4I] and Problem A2} A positive integer m is decom-
posed into a group of k parts mq,ms,--- ,my such that m = my + me + - -+ + my with m; > 0.
Suppose there are P(m, k) groups of such k parts. There is a recursive formula

A(m, k) = A(m, k — 1) + A(m — k. k) (138)

with 0 < k& < m. It is not easy to compute the exact value of A(m,k). As we cut m into a
group of k parts mi,ma, -, my, let m;,, m;,,--- ,m;, be a permutation from a group of k parts
mi,Ma, -+ , Mk, SO the number of such permutations is a factorial k!, finally, we have k! possible
degree-sequences (mj,, Miy, -+ ,m;, ). Thereby, there are k! - P(m, k) degree-sequences of form
(mj,, Miy, - -+ ,m;, ) in total. I

Problem 43. [4§] Decompose an evaluated Topcode-matrix T4 defined in Definition into

: 1 2 m _ m k : i
submatrices T, ;., T 1o, - - -» Tomo, such that Tioqe = W] T2 ., and each submatrices 17, ;.

a Topcode-matrix of a connected graph H; admitting a W;-type coloring h; for i € [1,m].

is just

Problem 44. * Decompose a Topcode-matrix T,oq.(G) of a graph G defined in Deﬁnitioninto

., T ., such that Tepge(G) = Lﬂ]ﬁlefode, and each submatrices Tfode is

: 1 2
submatrices T T e

code’ ~code’ **

just a Topcode-matrix T ckode(Gk) of a particular graph Gy, for k € [1,n] holding a graph property
true.

Remark 81. For understanding Problem [#4] we show an example: A connected graph H of p
vertices contains two edge-disjoint Hamilton cycles C, and C'7,, we have an edge subset E* = E(H)\
[E(Cp)UE(C})], so H* = Cy[®]C'}, by the non-multiple-edge full-v-coinciding operation “[©]” based
on the graph anti-homomorphism defined in Definition and H = H* + E*. Moreover,

Tcode(H) = TCOde(H*) S Tcode(E*) = Tcode(Cp) &2 Tcode(C;;) W Tcode(E*)-

This is an application of Topcode-matrices in graph decomposition. It is meaningful to develop
algebraic technique or other operations for Topcode-matrices, such as coloring Topcode-matrices
directly instead of colored graphs, building connections between matrices and the existing matrices
equipped with rich algebraic technique, and so on. I
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Problem 45. Find conditions for a connected graph G to be a multiple-tree matching partition
G = &p(T;)T" with m > 2 (refer to Definition [21) and [53]). Does each lobster admit a multiple
edge-meaning vertex labeling?

Problem 46. * Number-Based String Partition Into Adjacent E-Value And Ve-Value
Matrices Problem (NBSPAEVEVMP). Partition a number-based string s(n) = cico--- ¢,
with ¢; € [0,9] into m? segments ay,as, ..., a2 With a; = c1ca- -+ Cs;, G2 = Cs;41Cs1 12 Cspy - - -
Ak = Csy_1+1Csj 142" Copy - A2 = Cs 5 41Cs 5 42" Cn, such that a1, a9,...,a,, form just
one of an adjacent e-value matrix, or an adjacent ve-value matrix for some graph GG. See Definition
and Definition for the definitions of adjacent e-value matrix and adjacent ve-value matrix.
Here, we say that the number-based string s(n) is block-cut.

Problem 47. * Number-Based String No-order Decomposition Problem (NBSNODP).
Decomposing a number-based string s(n) = cica--- ¢, with ¢; € [0,9] (as a public-key) produces
smaller number-based strings b1, ba, . .., by such that

(1) b; = Ci,1Ci2 " Cim, with 7 € [1, k’];

(2) if a number ¢; of s(n) appears in b; for some j, then ¢; does not appear in any b; for i # j.

We want that these number-based strings b1,bs,...,b; can construct just one of a Topcode-
matrix Troqe(G), a colored degree-sequence matrix Dg.(d), a degree-sequence deg(G), an adjacent
e-value matrix F.yo-(G), and an adjacent ve-value matrix V E .y (G) for some colored graph G
(as a private-key). Read Definition Definition 209 Definition and Definition for the

definitions of Topcode-matrix, adjacent e-value matrix and adjacent ve-value matrix.

10.5 Sequence-type of colorings and labelings

Problem 48. [73] What conditions do two sets Ay; = {a1,a2,...,an} and By = {b1,ba,..., by}
satisfy such that there exists a (p,q)-graph G admitting one of full sequence labeling, graceful
sequence labeling, edge-magic sequence labeling, F-magic graceful sequence graceful labeling and
M-magic graceful sequence labeling? (refer to Definition

Problem 49. [73] Given an integer set N,, = {a1,az,...,a,} with a; € Z° does there exist a
Topsnut-gpw H admitting a W-type labeling (resp. coloring) f such that one of f(V(H)) = Ny,
f(E(H)) = Np, and f(V(H)UE(H)) = N,, holds true?

Remark 82. As known, a set-ordered gracefully total coloring of a tree is equivalent to many
W-type total colorings of the tree, so this tree admits some W-type abstract-sequence colorings
defined in Definition [152] I

Problem 50. [62] What conditions do two sequences Ay = (a1, az, ...,ay) and B, =
(b1,ba, ..., by) satisfy such that there exists a (p, ¢)-graph G admitting a graceful sequence total
coloring? or a W-type sequence coloring defined on Ay and B, in Definition [I51]?
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Problem 51. [62] Given a group N,, of non-negative integers a1, ag, ..., am, with a; < a;4; for
i € [1,m—1], does there exist a graph H admitting a sequence total coloring f defined in Definition
such that one of f(V(H)) = Ny, f(E(H)) = Ny, and f(V(H)UE(H)) = N,, holds true?

Problem 52. For every (p,q)-graph G, there exists a bijection f : V(G) U E(G) — [1,p + ¢]
and a group of integers 0 < k1 < k2 < --- < ky, such that each edge wv € E(G) holds |f(u) +
f(v) — f(uv)| = k; for some i, and each k; corresponds at least an edge z;y; holding |f(z;) +
fly;) — f(zjy;)| = kj. We call f a (k;)*-edge magic graceful totally labeling (or (k;)*-EMGTL),
determine the following parameters:

(1) Enmgu(G) = min{m : each (k;)7*-EMGTLs of G};

(2) Kimgu(G) = min{ky,, : each (k;)]"°-EMGTLSs of G, mg = Epgu(G)}.

Problem 53. Let Sgpi:(G) be the set of all trees of ¢ 4+ 1 vertices obtained by doing vertex-
splitting operations to a simple and connected (p, ¢)-graph G, so each tree H of Sy,;+(G) is graph
homomorphism to G, that is, H — G.

(1) Estimate the value of | Sy (G)|.

(2) By the colorings defined in Definition compute parameter

min(W,G) = mfln{|{f(:v) |f(z)] > 2, 2 € V(G)} : fisa v-set e-proper W-type coloring of G}

obtained from the W-type colorings of trees in Sy (G). If min(W, G) = 0, then G admits a W-
type coloring, for example, G is a tree admitting a graceful labeling, or GG is a connected bipartite
graph admitting an odd-graceful labeling. And, the case of min(W, G) # 0 means that G does not
admit any W-type coloring.

(3) Suppose that G is a maximal planar graph, a tree T obtained from by vertex-splitting
the vertices of G admits a W-type vertex k-coloring for k£ > 2. So, T is graph homomorphism
to G, which shows that G admits a W-type k-color v-set-coloring defined in Definition If
min(k-color, G) = 0 for some k = 2, 3,4, we get a proper k-coloring of G.

Problem 54. Let V..(n) be the set of n-dimension vectors d; = (a;1,a;2,...,a;,), and let an
integer-vector set V.L(n) be the set of n-dimension vectors with each component to be an integer,
as well as an integer’ -vector set V;51(n) be the set of n-dimension vectors with each component to
be a non-negative integer. Suppose that I (n) is a finite subset of an integer-vector set V,5!(n).
By Definition [162] Definition Definition Definition and Definition there are the
following problems:

Topexp-1. Determine graceful v-vector e-number colorings (resp. odd-graceful v-vector e-
number colorings) of a (p, ¢)-graph G.

Topexp-2. Determine arithmetic v-vector e-number colorings of a (p, ¢)-graph G.

Topexp-3. Find trees G admitting proper-vector labelings F' : V(G) U E(G) — I*(ng) for an
integer ng > 0 as big as possible, where I*(ng) is a finite subset of an integert-vector set V.5 (ng).

Topexp-4. Character an integer™-vector set I (n) if it has a graphic expression.
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Topexp-5. Determine the smallest graph-graphic expressions Sg(I™(n)) for a given graph-full
integer™-vector set 17 (n).

Problem 55. [52] For a subset sequence {S;}% with S; € [1,¢ + 1], here it is allowed S; = S; for
some i # j. Find a vertex labeling f : V(G) — [1,q + 1]? for a (p, ¢)-graph G, and induced edge
color set f(u;v;) = f(u;i) N f(v;) = S;, such that:

(1) Consecutive sets S; = [a;, b;], a;jy1 = a; + 1, biy1 = b; + 1.

(2) Fibonacci sequences |S1| =1, |S2| =1, and [S;+1| = |Si—1| + |Si] for i € [2,¢ — 1].

(3) Generalized rainbow sequence S; = [a,b;] with b; < bjy1, the regular rainbow sequence
S; = [1,i] with i € [2,4].

(4) ‘Sz| = ’i, Where Sz = {CLLl, am, N ,am}.

(5) f: V(G) = [Lag+ 17, f(un) = f(u) U f(v), and f(V(G))U F(E(G)) = [1,N]? with
N <q+1.

Problem 56. As known, Topsnut-gpw sequences {G(ki,di) }* can be used to encrypt graphs/networks
[52], where {G 1, 4,)}1" is defined in Remark Determine what graphs/networks can be encrypted
by what Topsnut-gpw sequences {G 4, 4,)}1"-

10.6 Miscellaneous problems

Problem 57. According to the notation in (44), what connections between Cye{w, A} and Cyc{w, 6}
with A, 0 € F.(G) are there, where F.(G) is the set of all distinguishing-type colorings of a graph
G?

Problem 58. Determine each Vy-type chromatic number (index) x5 ,(G) defined in Definition
1196l

Problem 59. According to the notation in (44), determine a graph H holds Cy[u, h] = Cy[v, h]
for each edge uwv € E(H), where h is a proper coloring f of H; or H admits a proper edge coloring
g holding C¢(u,g) = Ce(v,g) for each edge uv € E(H); or H admits a proper total coloring ¢
holding Cye(u, @) = Cye(v, @) for each edge uv € E(H).

Problem 60. A graph G admits an RC(m)-coloring if a W-type coloring of G holds a group of
restrict conditions RCq, RCy, ..., RC,, true, write RC(m) = {RCy, RCs,...,RCy,}. In general,
the graph G may admit R;C(m)-colorings with R;C(m) = {R;C1, R;Cs, ..., R;Cy,} for i € [1,n].
Analyze the complex of R;C(m)-colorings of G with ¢ € [1,n] for serving quantum cryptography.

10.6.1 Degree sequences

Problem 61. By Definition determine a maximal positive integer M (d) for a given degree-
sequence d, and find:

(1) All of degree-sequence homomorphic chains Homo{d;}p2; for j € [1, M(d)].

(2) All graph-set homomorphisms Giapn(dj) — Grapn(djrt1) for dj; € Homo{d;x}2, and
j e M@

198



Problem 62. Write a degree-sequence d as d = ®(dj, d2), or d = ©(d;, d2) defined in Definition
231 where both d; and ds are degree-sequences.

Problem 63. Suppose that two degree-sequences deg(G) = deg(H) and G % H for two graphs G
and H. Are there two graphs G* and H* with G* =2 H*, such that two graph homomorphisms
G — G* and H — H* hold true?

Problem 64. By Definition characterize a complex degree-sequence accompany graphic
lattice Comp(L(EC™)) of L(XCY).

Problem 65. By Definition [228] a complex degree-sequence d is unique graphic if any two graphs
L and T having complex degree-sequences Cdeg(L) = d = Cdeg(T) hold L = T true. Find
conditions for unique graphic complex degree-sequences.

Problem 66. By Definition for a given complex degree-sequence y* = > ;- t,C¥ € L(XC*)
defined in and Y°pt, [te] # 1, find another complex degree-sequence w* = > L r,CF €
L(XC"), such that the Euclidean norm

ly* =wll = | > (6 =) I (139)
k=1

is smallest, called the closest complex degree-sequence problem (CCDSP) of complex degree-
sequence lattice. We have the shortest complex degree-sequence problem (SCDSP) of complex
degree-sequence lattice: Find a complex degree-sequence z* = Y 7" | s,Ck € L(XC*) and Y 7", |sk]
# 1, such that the Euclidean norm ||z*|| is a smallest one in L(3XC™).

Problem 67. [58] By Definition Characterize and construct: right-angled degree-sequences,
incompressible degree-sequences, equipotential degree-sequences, perfect degree-sequences, right-
angled degree-sequence bases.

Problem 68. [58] Topological Authentication Problem-I (TAP-I) For a given number-based
string s(n) = cicg - - - ¢, with ¢; € [0,9], we cut s(n) into p segments s(n) = ajaz - - - ap, where a; =
C1C2 - - Cpyy A2 = C14b1C24by """ Cbyy -+ -y Ak+1 = Cliby, C24by =" Chys - -+ Op = Cl4b, 1C24b,_1 """ Cn-
What condition does this string-based sequence A = (a1, as,...,ap) satisfy such that it is just a
degree-sequence? Thereby, a graph H has its own degree-sequence deg(H) = A. Here, the given
number-based string s(n) is a public key, and the graph H is just a private key, so they form a
topological authentication.

Remark 83. It is not easy to answer Problem since (i) Judge a number-based string to be
made by a degree-sequence or by a Topcode-matrix; (ii) a degree-sequence may correspond two
or more no-isomorphic graphs; (iii) a Topcode-matrix may correspond two or more no-isomorphic
graphs; (iv) no polynomial algorithm for cutting a number-based string into a degree-sequence, or
(3¢) number-based strings for reconstructing a Topcode-matrix. The complexity of decomposing a
number-based string into a degree-sequence in Problem |68|is NP-hard. I
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Problem 69. [58] Topological Authentication Problem-II (TAP-II). For a number-based
string s(n) = cica - - - ¢, with ¢; € [0,9], how to rearrange the numbers in s(n) into p number-based

. _ / !/ /
strings b1, b2,...,b,, where b; = Ci1Cig " C;

S — \P A
tm; With ¢i; € {c1,e2, ... e} and m = Y 0L my,

such that the sequence d(s(n)) = (b1, b2,...,bp) to be a degree-sequence just?

Problem 70. [58] Topological Authentication Problem-III (TAP-IIT). For a given number-
based string s(n), find another number-based string s* and two graphs H and H* such that the
degree-sequence deg(H ) is made by all numbers of s(n) and the degree-sequence deg(H*) is made
by all numbers of s*, as well as H is graph homomorphism to H*, namely, H — H*. Here, the
given number-based string s(n) is a public key, and the founded number-based string s* is a private
key, and the graph homomorphism H — H™ is just a topological authentication.

Remark 84. In Problem we can replace the graph homomorphism H — H* by the following
topological authentications:

(i) H admits a W-coloring f, and H* admits a W-coloring g, and (f, g) is a W-coloring matching,
H is colored graph homomorphism to H*;

(ii) H and H* admit a graphical similarity; and

(iii) H admits an odd-graceful labeling f, and H* admits a labeling g, so (f,g) is a twin odd-
graceful labeling matching. I

10.6.2 Set, lines

Problem 71. [52] Fold-lines covering all points on lattices. Let P; x P, be a lattice in zOy-
plane. There are points (7, ) on the lattice P3 x P, with ¢ € [1,3] and j € [1,¢]. If a continuous
fold-line L with initial point (a,b) and terminal point (¢,d) on P3 x P, is internally disjoint and
contains all points (i, j) of P3 x P, we call L a total TB-paw line. Find all possible total TB-paw
lines.

In general, let {L;}{* = {L1, Lo, ..., Ly} be a set of m continuous disjoint fold-lines on P3 x P,
where each L; has own initial point (a;,b;) and terminal point (¢;, d;). If {L;}]* contains all points
(,7) of Py x Py, we call {L;}* a group of TB-paw lines, here (a;,b;) # (ci,d;) for each L;. Find
all possible groups {L;}7" of TB-paw lines for m € [1, 3¢].

Problem 72. Given a matrix A3y, with integer elements, by what condition Asxg = (aij)3xq is
a Topsnut-matrix T,.q.(G) of some colored graph G in [52]? (refer to Definition

Problem 73. How to construct a matrix Asx, = (aij)3xq by a given number-based string such
that Az, is just a Topsnut-matrix of some Topsnut-gpw? (refer to Definition

Problem 74. Total colorings with consecutive color sets. Let f : V(G)UE(G) — [1,x"(G)]
be a proper total coloring of a graph G, and let the set f*(E(G)) = {f(u) + f(uwv) + f(v) : uv €
E(G)}. Characterize G if f*(E(G)) = [m,n].
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10.7 Graphic colorings, graphic labelings

Problem 75. Find graph-labelings of graphs [53]. By Definition let H,g be a set of graphs.
A (p,q)-graph G admits a graph-labeling F' : V(G) U E(G) — H,g, and each edge color F(uv) =
F(u)(e)F(v) is just a graph having a ky,-matching based on an operation (e) on graphs. Here,
a kyy-matching may be one of a perfect matching of k,, vertices, ky,-cycle, ky,-connected, k-
edge-connected, k,,-colorable, k,,-edge-colorable, total k,,-colorable, k,,-regular, k,,-girth, k.-
maximum degree, ky,-clique, {a,b},-factor, v-split k,,-connected, e-split k,,-connected, a twin
odd-graceful matching ©(F(u), F'(v)), and so on. The graph (G(e)H,4) obtained by joining F'(u)
with F'(uv) and joining F'(uv) with F'(v) for each edge uv € E(G) under the operation (e) is called
a kyy-matching graph.

Problem 76. Find pan-matching graphs [53]. By Definition let P,; be a set of graphs.
A (p,q)-graph G admits a graph-labeling F' : V(G) — H,4, and induced edge color F(uv) =
F(u)(e)F(v) is just a graph having a pan-matching, where (e) is an operation on graphs. Here,
a pan-matching may be one of a perfect matching of k,, vertices, ky,-cycle, ky,-connected, k-
edge-connected, k,,-colorable, k,,-edge-colorable, total k,,-colorable, k.,-regular, k,,-girth, k.-
maximum degree, ky,-clique, {a,b},,-factor, vertex-split ky,-connected, edge-split k,,-connected.
We call the graph (G(e)FP,y) obtained by joining F'(u) with F(uv) and joining F(uv) with F(v)
for each edge wv € E(G) a pan-matching graph. If each H; of a graph set P,q of graphs admits
a labeling f;, we can color a (p,q)-graph G in the way: F' : V(G) — P,q, such that each edge
u;v; € E(Q) is colored by F'(u;vj) = F(u;) @ F(v;) = H; ¢ Hj = o j(fi, fj), where a; ;(fi, f;) is a
reversible function with f; = o, ;(fi), and f; = a;jl(fj).

Problem 77. Are there infinite kinds of colorings on graphs?

Problem 78. There are the following mathematical problems in the topological authentication:

Iso-1. Find a multivariate function 6 of vertex colors and edges colors of each particular
subgraph H of a graph G such that G admits a proper total coloring h holding 8(h(V(H)UE(H))) =
a constant for each particular subgraph H, where

1-1. H may be an edge, or a face f; having bound B(f;), or a cycle C),, or a path P,, and so on.
1-2. Find more multivariate functions #; of vertex colors and edge colors such that each 6; is
equal to a constant under a proper total coloring of G.

Iso-2. Given a set V., of colored vertices and a set E., of colored edges, how to assemble
some elements of two sets into a graph G such that G is just colored by a W-type total coloring f
holding f(V(G) U E(G)) C Vo U Eco.

Iso-3. J-graphic isomorphic problem. Let G and H be two graphs of p vertices with
h:V(G) — V(H), and let J be a particular graph. If G —V(J) = H — h(V(J)) for each particular
graph J of G and H, can we claim G = H? Here, J may be a path of p vertices, or a cycle of
p vertices, or a complete graph of p vertices, etc. Recall, let G and H be two graphs that have
the same number of vertices. If there exists a bijection ¢ : V(G) — V(H) such that uwv € E(G) if
and only if ¢(u)p(v) € E(H), then we say both graphs G and H to be isomorphic to each other,
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denoted by G = H in [3]. A long-standing Kelly-Ulam’s Reconstruction Conjecture proposed in
1942: Let both G and H be graphs with n vertices. If there is a bijection f : V(G) — V(H) such
that G —u = H — f(u) for each vertex u € V(G), then G = H. This conjecture supports some
cryptosystems consisted of graphic isomorphism to be “Resisting classical computers and quantum
computers”.

Iso-4. A topological coloring isomorphism consists of graph isomorphism and coloring isomor-
phism. For a colored graph G admitting a W-type total coloring f and another colored graph H
admitting a W-type total coloring g, if there is a mapping ¢ such that w’ = p(w) for each element
w € V(G) U E(G) and each element w’ € V(H) U E(H), then we say they are isomorphic to each
other, and write this case by G = H, and moreover if g(w') = f(w) for w’ = p(w), we say they are
subject to coloring isomorphic to each other, so we denoted G = H for expressing the combination
of topological isomorphism and coloring isomorphism.

Problem 79. [54] Let “W -type labeling” be one of the existing graph labelings, and let a connected
graph G admit a W-type labeling. If every connected proper subgraph of G also admits a labeling
to be a W-type labeling, then we call G a perfect W-type labeling graph. We ask for: If every
connected proper subgraph of a connected graph G admits a W -type labeling, then does G admit
this W -type labeling too?

10.8 Graphic groups

Problem 80. An every-zero total graphic group is defined in Definition Find every-zero
total graphic groups for a (p, ¢)-graph admitting magic-type total labelings.

Problem 81. By Definition 216 does any lobster T admit an odd-graceful graphic group-labeling ¢
by any preappointed zero Gy, € {F¢(G); @}, such that p(u) # ¢(v) for distinct vertices u,v € V(T),
and the edge index set {k: ¢(zy) = Gy, zy € E(T)} ={1,3,5, ..., 2|]V(T)| — 3}7?

Problem 82. Let {F(G);®} be an every-zero graphic group. By Definition if a bipartite
graph T admits a set-ordered graceful labeling ([76], [122]), does T admit a graceful graphic group-
labeling 0 by any preappointed zero Gj, € {F¢(G); @}, such that 6(u) # 0(v) for distinct vertices
u,v € V(T), the edge index set {j : 0(zy) = Gj,zy € E(T)} = [1,|E(T)|]?

Problem 83. By Definition find W-type graphic group-labelings, such as, W-type is one of
edge-magic total, elegant, felicitous, and so on.

Conjecture 25. Motivated from Graceful Tree Conjecture (Alexander Rosa, 1966), we guess:
Every tree admits a graceful graphic group-labeling defined in Definition [216

Problem 84. By Definition find W -type graphic group colorings ¢ with ¢(x) = ¢(y) for some
distinct vertices z,y (resp. p(uv) = p(wz) for some non-adjacent edges uv,wz), and the number
of these vertex pairs (z,y) (resp. the number of edge pairs (uv,wz) ) is as less as possible.
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Problem 85. Consider various graphic group proper total colorings related with the famous Total
Coloring Conjecture (Behzad, 1965; Vadim G. Vizing, 1964).

Problem 86. [52] An every-zero graphic group {F,(H,h); ®} made by a graph H admitting an
e-labeling h contains its elements H; holding H = H; and admitting an e-labeling h; induced by h
with ¢ € [1,n] and hold an additive operation H; & H; defined as

hi(z) + hj(x) — hi(x) = hy(x) (140)

with A =i+ j — k (mod n) for each element x € V(H) under any preappointed zero Hj.

For a sequence {Hj, }{ of an every-zero graphic group {F,(H, h); ®}, determine: (1) an {H;, }{-
sequence group-labeling of a tree having ¢ edges; (2) an {Hij}(f—sequence group-labeling or an
{H;, }{-sequence group-coloring of a connected (p, q)-graph. Does the graph H in {F,(H, f); ®}
admit an odd-graceful (an { Hj;, }{-sequence) group-coloring under each self-zero H; € F,,(H, f) with
index set {i1, 42,13, ... ,iq} =[1,2q — 1]°7

Problem 87. A graphic group sequence {ng)(H )} is defined in Definition [224

Ggseq-1. Characterize the topological structure of {Gg«?(H)} Is G%)(H) scale-free? Is

&9 (H) self-similar?
Ggseq-2. Determine colorings admitted by each element of {Gg,) (H )}

Ggseq-3. Estimate the cardinality of {Gq(a';)(H )}

Ggseq-4. Study every-zero H-graphic group sequence {Gq(ato)(H)} for a base H = (Hy, Ho, .. .,

Hy).

Problem 88. [52] Suppose that two trees T\, H of p vertices are 6C-complementary matching from
each other, refer to Definition[89} We use two every-zero graphic groups F,, (T, f) and F,,(H, g) to en-
crypt a connected (p, ¢)-graph G respectively, and then get two encrypted networks N, (G, F,, (T, f))
and N (G, F,(H,g)). Does F,(T, f) match with F,(H,g)? Moreover, does N (G, F,(T, f))
match with N (G, F,,(H,g))?

10.9 Graphic lattices

Problem 89. If a Topcode-matrix base T¢oge = {Téode 1 is an every-zero graphic group, show
properties of the Topcode-matrix lattice L(Tcoqe ¥ Fp ) defined in Definition 241]

Problem 90. [4§] Characterize the connection between the graphic lattice base H and the graph
set F} 4, in other words, the graphic lattice L(H(e)F), ;) defined in Definition is not empty as
F,, 4 holds what conditions.

Problem 91. [48] Find a graph G* of a graphic lattice L(H(e)F, ) defined in Definition [243]
such that G* has the shortest diameter, or G* is hamiltonian, or G* contains a spanning tree with
the most leaves in L (H(e) F'), ;) defined in Definition and so on.
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Problem 92. [48] About Topcode-matrix lattices, we have the following questions:

Pro-1. If {TZ}O de ST is an every-zero graphic group, show properties of the Topcode-matrix lattice
L(Tcoge W Fp ) defined in Definition

Pro-2. Find some connections between two Topcode-matrix lattices L(T¢oqe®F) q) and L(T
F, ) defined in Definition

Pro-3. Define Topcode-matrix lattices for other graphic lattices.

W

*
code

Problem 93. [48] Determine a graph G* of a graphic lattice L(T ® F}, ;) defined in Definition
such that diameters D(G*) < D(G) for any G € L(T © F, ).

Problem 94. [48] Estimate the cardinality of a graphic lattice L(T ® F}, ;) defined in Definition
however this will be related with the graph isomorphic problem, a NP-hard problem.

Problem 95. [48] By Definition do we have H' © |\ T, 2 H" o |, T; it H' = H"?

Problem 96. [48] By Definition let T; be the complementary graph of each graph T; of
a graphic base T, and let H be the complement of H € F,,. Is the graph H ® [*;T; the
complementary graph of the graph H ® | | T;7

Problem 97. [48] The 4-coloring star-graphic lattice helps us to ask for the following questions:

GTC-1. Find various sublattices of the general star-graphic lattice L(EF¢,,, o) by graph col-
orings (resp. labelings) defined in Definition m

GTC-2. Let L(EGyqce(T)) be the set of graceful trees of L(EF¢,,,») defined in Definition 245]
Does L(©G4ce(T)) contains every tree with maximum degree A?

GTC-3. A gracefully total coloring f of a tree T is a proper total coloring f : V(T)U E(T) —
[1, M] such that such that f(x) = f(y) for some pair of vertices x,y € V(T), f(uv) = |f(u) — f(v)]
for each edge uv € E(T), and the edge color set f(E(T)) = [1,|V(T)| — 1]. A star-graphic
sublattice L(ETgpqce) C L(EFS,,A) is formed by all trees admitting gracefully total colorings in
L(SF¢,,,A) defined in Definition Does each tree H with maximum degree A correspond a
tree H' € L(ST grqce) such that H = H'?

GTC-4. 1Isevery planar graph isomorphic to a group of 4-colored planar graphs of the 4-coloring
star-graphic lattice L(EL(PS, M)) defined in Definition 246f

GTC-5. Find connection between a planar graphic lattice L(T " A Fipnera ) defined in Definition
and a 4-coloring star-graphic lattice L(E1..(PS, M)) defined in Definition [246]

GTC-6. Tree and planar graph authentication. As known, each tree T" admits a proper
k-coloring f with k > 2, we do a vertex-coinciding operation to some vertices z,y with f(x) = f(y),
such that w = ¢ ® y and f(w) = f(x) = f(y), and the resultant graph T™* obtained by doing a
series of vertex-coinciding operations to those vertices of T colored with the same color is just a
k-colorable graph with some particular properties. For instance, T™ is a k-colorable Euler’s graph
holding the chromatic number x(T*) = k, or a k-colorable planar graph with each inner face to be
a triangle, or a k-colorable Hamilton graph, etc. Characterize a 4-colorable tree T' (as a public-
key) such that T (as a private-key) is a 4-colorable planar graph, or a 4-colorable planar graph
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with each inner face to be a triangle, that is, T" admits a 4-colorable graph homomorphism to T,
namely, T — T™.

GTC-7. Tree topological authentication. Each connected graph G corresponds a tree T'
based on the vertex-splitting operation and the leaf-splitting operation, denoted as (A, <)(G) =T
Conversely, a tree T can produce a connected graph G by means of the vertex-coinciding operation
and the leaf-coinciding operation, or a mixed operation of them, for the convenience of statement,
we write this process as (©,0)(T) = G. Suppose that a tree T' (as a public-key) admits a W-type
coloring fr and G (as a private-key) admits a W-type coloring hg too, if (®,8)(fr) = hg in
the process (©,9)(T) = G, we say (©,5)(T) = G to be a topological authentication. Oppositely,
(A, <)(G) =T is called a topological authentication if (A, <)(hg) = fr. For a given public tree T,
find a W-type coloring fr of T', and determine a connected graph G admitting a W-type coloring
hg such that (©,6)(T) = G and (®,9)(fr) = hg hold true.

Problem 98. [48] By the notation and terminology introduced in Definition there are the
following problems:

4C-1. Determine {H A [F(H) — 1] -1} : H € Fiynerna }, where F(H) is the face number of
H € Fipnern and a fixed T}, € {Finnera; @} In other word, each H A [F(H) —1]- T} is tiled by one
T} only, so H is 3-colorable.

4C-2. Find conditions for a planar graph H € Finern, such that H must be tiled with all
elements of the planar graphic lattice base T only.

4C-3. Estimate the cardinality of a planar graphic lattice L(T" A Fippera)-

4C-4. For each uncolored planar graph H € Fijnera, does there exist a 4-colorable planar graph
G=T Ai:l a1} with ay, € Z% and 3" ay > 1 such that H = G?

4C-5. Use the elements of the planar graphic lattice base T" defined in Definition [238] to tile
completely the entire zOy-plane, such that the resultant plane, denoted as P,c, is 4-colorable, and
the plane Pyc contains infinite triangles T} for each k € [1,4], we call Pyc a 4-colorable plane, see
examples shown in Fig[94l For any given planar graph G, prove G in, or not in the plane Pyc.
Similarly, we can consider: Any 3-colorable planar graph is in the plane Ps¢ tiled completely by
one element of the planar graphic lattice base T .

Problem 99. Definition [248] enables us to propose two problems as follows:
Twin-1. Find an algorithm for figuring all graphs H;; of the base H, that is, find all twin
odd-graceful matchings (G, H; ;) for each colored graph G € Fqq(G), and determine Mqqq.
Twin-2. Find the smallest > h(xt7syﬁj) in all graphs L = Gy @izl |]k\flj‘?ddak7ij7j of a twin odd-
graceful graphic lattice L(H © Foqq4(G)).

Problem 100. For the research of various topological coding lattices and directed topological
coding lattices, we present the following questions:

D-1. Determine the number of trees corresponding a common Topcode-matrix T,,qe.

D-2. Let IS(n) be the set of trees of n vertices. We define a graph Grg with vertex set V(Grs) =
IS(n), two vertices T, and T, of Grg are adjacent from each other if doing a vertex-coinciding
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Figure 94: xOy-plane can be titled with four colored triangles shown in (a).

operation to two non-adjacent vertices u and v, and obtain a unicycle graph H = T,(u ® v), and
then vertex-split a vertex w of the unicycle graph H into two vertices, such that the resultant
graph H A w is just T}, and vice versa. Find the shortest path connecting two vertices L, (as a
public-key) and L, (as a private-key) of Grs. Consider this question about the graph Gjge having
the vertex set V(Grge) = 15%(n), where 15°(n) is the set of colored trees of n vertices, each tree
T, of I5°(n) admits a W-type total coloring f, such that a unicycle graph H = T, (u ® v) holds
f(w) = f(v).

D-3. Connections between traditional lattices and graphic lattices. Translate a tra-
ditional integer lattice L(ZB) into some (colored) graphic lattice.

D-4. Translate some problems of traditional lattices into graphic lattices, such as: Shortest
Vector Problem (SVP, NP-hard), Shortest Independent Vector Problem (IVP), Unique Shortest
Vector Problem, Closest Vector Problem (CVP, NP-C), Bounded Distance Decoding (BDD), Short-
est Independent Vector Problem (SIVP, NP-hard), and so on.

D-5. There are many methods to build up topological vectors of graphs, for example, a spider
tree Spiger with m legs P; of length p; for i € [1,m], so this spider tree Sp;4er has its own topological
vector Vee(Spider) = (P1,P2,--.,Pm); directly, a graph G has its own topological vector Ve (G) =
(di,da,...,dy), where di,da,...,d, is the degree sequence of G. Find other ways for making
topological vectors of graphs.

D-6. By Definition|146, determine vgm(a) = miny {|f(V(a))|} over all of directed gracefully

total colorings of a connected digraph 8
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D-7. Define more directed W-type total colorings according to Definition [146]

Problem 101. Let vyeakgtc(G) = ming{|f(V(G))|} over all weak gracefully total colorings of a
connected graph G, refer to Definition Then try to claim that any tree 7" with diameter at
least three holds vweakgtc(T') > 5|V (T)| true.

Problem 102. By Definitions we present the following questions:
FDQ-1. Characterize the structures of two graphic lattices L(SI..(F D)) and L(SI.(SFD)).
FDQ-2. Find all k£ with |fx(z) + fe(y) — fr(zy)| = k for max{fy(w) : w € V(F) U E(G)} =
X 141 (G), see examples shown in Fig
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Figure 95: A cycle Cy admits four pairs of all-dual felicitous-difference proper total colorings (k) and (k')
with k € [1,4], refer to Definition [127]

FDQ-3. Does every planar graph H belong to the felicitous-difference star-graphic lattice
L(Ele(SFD)), in other word, x4, (H) < 14 2A(H)?

FDQ-4. Since each graph H € L(S1.(SFD)) holding X’Jﬁdt(H) < 1+ 2A(H), so find other
subset S C L(EF{,, ) such that each graph L € S holding x 5, (L) <1+ 2A(L).

FDQ-5. Since a caterpillar T' corresponds a topological vector V..(T), can we characterize a
traditional lattice by some graphic lattices?

FDQ-6. Plant some results of a traditional lattice L(B) to the felicitous-difference star-graphic
lattices.

FDQ-7. Optimal felicitous-difference ice-flower system. Find a L-magic felicitous-difference
ice-flower system Ice(LFl,nDk)Zi ‘if , such that each graph G is colored well by G = @?ﬁtajLFljnDj
with color set [1, x 74,(G)], where LI ,,D; € Ie(LFy D)t Z?ﬁt aj > 1and a; € Z°. In other
word, this felicitous-difference ice-flower system Ice(LFLnDk)Zi df is optimal.

Problem 103. For a colored graphic lattice L(T“® F'j ) defined in Definition we propose
the following complex problems:

C-1. Classify a colored graphic lattice L(T“® F'§ ) defined in Definition into some par-
ticular subsets L,i"b with k € [1,m], find particular subsets, such as each graph of Lf“b is a tree, or
an Euler’s graph, or a Hamiltonian graph; if the colored graphic lattice base T ¢ admits a flawed
W-type coloring, then each graph of Lj-“b admits a W-type coloring too.

C-2. Find a graph of L(T O F'j ) with the shortest diameter D(G*), such that D(G*) < D(G)
for any graph G € L(T“© Fy ).

C-3. List possible W-type colorings for constructing a colored graphic lattice L(T“® F ;Q).
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C-4. Do we have the topological coloring isomorphism H ¢® [ T'¢ = G°® [, T¢ in a colored
graphic lattice L(T“® Fy ) when H = G or H % G°?

C-5 UT{=T$and T§= H¢ for some distinct i,j € [1,n], characterize H“® |?_,T¢.

C-6. Since a tree admits a set-ordered graceful labeling if and only if it admits a set-ordered
odd-graceful labeling, we consider: For two colored graphic lattices L(T§ ® F'y ) and two bases
T¢ = (Tﬁl, T5oy ey Tfn) with i = 1,2, each X; = H¢® |;~L:1Tf7j admits a W;-type coloring, if
both X; and X3_; are equivalent from each other. Is L(T§® F'j ) equivalent to L(T§_;, © F'j )
with i = 1,27

C-7. If the graphic lattice base T¢ = (T',T§,...,T¢) forms an every-zero graphic group based
under a W-type coloring, does the corresponding colored graphic lattice form a graphic group too?

C-8. If each graphic base of the graphic lattice base T¢ = (T'§,T5,...,T) admits a W-type
coloring defined in Definition determine a subset S(L) of the graphic lattice L(T“® Fj, ),
such that each connected graph of S(L) admits a rainbow proper total coloring defined in Definition
131

C-9. Find a graph G € L(T“® Fy ), such that for any H € L(T“® F7 ), we have

(1) the proper total chromatic numbers satisfy x”(G) < x”(H); or

(2) the edge-magic total chromatic number x” . the edge-difference total chromatic number
X 7, the felicitous-difference total chromatic number X’Jﬁ 4 and the graceful-difference total chro-
matic number ngt hold xZ(G) < xZ(H) for € € {emt, edt, fdt, gdt} defined in Definition m
Definition and Definition [129}; and or

(3) the diameters obey Diameter(G) < Diameter (H ).

Problem 104. [74] Suppose that each graph T; of ¢ edges with ¢ = 1,2 admits an (resp. even)odd-
harmonious labeling f; defined in Definition Find the vertex-coinciding graph ®4(71,T>) made
by an (resp. even)odd-harmonious s-matching pair of 7} and T5.

Problem 105. A vector x = (z1,%2,...,%,) has its norm ||x|| = %/>_7 ;2. Minimization
min ||x|| = /> .,z is regarded by computer scientist as an NP-hard problem. Definition m
induces some parameters v; and e; for a (p,q)-graph G. So, we can borrow the word ‘norm’ to

optimize

minmax ¢ ||F(u)n|| = 7 - (141)

for F(u) = {u1,ug,...,ur,} for u € V(G) s.t. Rg(m),
m}n{vl + e; : each total set-coloring F' of G} s.t.Rs(m). (142)

Problem 106. Definition can derivative so-called set-matrices by adjacent and incident matri-
ces of graphs, in these set-matrices each element is a set only. Find more properties of set-matrices.

Problem 107. By Definition [224]
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Seq-1. Characterize the topological structure of {G&Q(H)} Is Gﬁto)(H) scale-free? Is GS}(H)
self-similar?

Seq-2. Determine colorings admitted by each element of {Gﬁ)(H )}

Seq-3. Estimate the cardinality of {Gguto)(H )}

Seq-4. For H = (Hi, Hs,...,Hy,), study every-zero H-graphic group sequence {GS:O)(H)}

Problem 108. [59] We vertex-split some vertices of a connected graph G¢ (resp. a connected
graph GY) to obtain connected graphs admitting real-valued edge colorings (resp. real-valued edge
colorings). After doing vertex-splitting operation on G¢ and GY, we get a set S¢(G, g;)} containing
all connected graphs admitting real-valued edge colorings, and another set S¥(G,g;)Y containing
all connected graphs admitting real-valued vertex colorings defined in Definition and Definition
We propose:

Que-1. A topological color-valued authentication problem with the vertex-splitting
and vertex-coinciding operations. For any graph A, € S¢(G, gl){v , we want to find another
graph A, € SY(G, g;)YV, and then doing the vertex-coinciding operation to A and A,, respectively,
produces two graphs B, and B,, such that B, =2 G = B,, and the real-valued vertex coloring of B,
and the real-valued edge coloring of B, both induce just a C-edge-magic real-valued total coloring
of G.

Que-2. As an application of real-valued total colorings, we build two graph sets X(G) and
Y (G) based on a connected (p, q)-graph G, such that each graph H; € X(G) admits a real-valued
vertex coloring and H; = G, and each graph Tj € Y(G) admits a real-valued edge coloring and
T; =2 G. As known, G admits a C-edge-magic real-valued total coloring f defined in Definition
Then we remove the vertex colors of GG, the resultant graph is denoted as 7™, so it admits a
real-valued edge coloring induced by f; next we remove the edge colors of G to make a graph H*
admitting a real-valued vertex coloring induced by f. Clearly, H* € X(G), and T* € Y(G). For
designing topological color-valued authentications, we propose the following questions:

(i) Does each graph H; € X(G) admitting a real-valued vertex coloring f; correspond a graph
T; € Y(G) admitting a real-valued edge coloring g;, such that combing two real-valued colorings
fi and g; produces just a real-valued total coloring of G?

(ii) Does there exist two subsets X¢(G) C X(G) and Yo(G) C Y(G) such that each graph
H} € Xc(G) admitting a real-valued vertex coloring f} corresponds a graph T'; € Y (G) admitting
a real-valued edge coloring g;-, and furthermore two real-valued colorings f/ and g;- produces a
(C-edge-magic real-valued total coloring of G?

(iii) Suppose that a graph set X™* contains all graphs of p vertices, and each graph of X* admits
a real-valued vertex coloring; and another graph set Y* contains all graphs of p vertices, and each
graph of Y* admits a real-valued edge coloring. Clearly, X (G) C X* and Y(G) C Y*. For a given
graph H of p vertices, do there exist two graphs T € X* and L € Y* such that T =2 H = L,
and the real-valued vertex coloring fr of T" and the real-valued edge coloring f;, of L induce just a
(C-edge-magic) real-valued total coloring fr of H? Of cause, the existences of T and L are true,
we have difficult points as: (1) no polynomial algorithm for judging 7'~ H = L; (2) no existing
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way for determining the real-valued vertex coloring fr and the real-valued edge coloring fr, such
that they compose fgr.

10.10 Problems on set partitions

Since many readers do not learn graph theory and cryptographs, topological coding cryptosys-
tems, it should do translate colorings and labelings into set language, so we will meet new problems
and new motivation from set theory. In [75], the authors introduce the so-called Set Partition
that is a natural phenomenon in mathematics. For instance, an integer set [1,10] contains two
subsets [1,10]° ={1,3,5,7,9} and [1,10]° = {2, 4,6, 8,10}, conversely, [1,10]°U[1,10]¢ = [1, 10], so
both sets [1,10]° and [1,10]° match with each other, and are called a set partition of [1,10]. We
say a p-set S if the cardinality of the set S is just |S| = p.

Definition 251. [74] By Definition Definition [56] if there are two subsets S, L C [0,2¢] holding SU
L =[0,2¢] and |SNL| = k such that there are two induced sets S* = {s; = x+y (mod 2¢q) : z,y €
Stand L* = {l; = v +y (mod 2q) : z,y € L} holding S* C [0,2¢] and L* C [0,2q], then we
call two pairs (S, 5%), (L, L*) a harmonious k-matching set-pair, denoted as ®((S,S*), (L, L*)). If
S*=1{1,3,5,...,2¢— 1}, and L* = S* or L* = S*\ {2¢ — 1}, we say O((S,S*), (L, L*)) to be an
odd-harmonious k-matching set-pair; if S* = {2,4,6,...,2q}, and L* = S* or L* = S*\ {2¢}, we
say Ok((S,S5%), (L, L*)) to be an even-harmonious k-matching set-pair. O

Problem 109. For two integers p > 2 and ¢ > 1, there are the following set partition problems of
topological coding:

Set-1. Find set-ordered graceful partition and strongly graceful partition ([7, 122]). Partition
a set [0, ¢] into two sets X and Y such that X UY C [0,¢] and X NY = 0. If [1,q] C{la—b|: a €
X,b € Y}, we say the partition (X,Y) is a graceful partition, and (X,Y") is called a set-ordered
graceful partition if max X < minY .

A perfect set A(X,Y) = {(ai,b;) : a; € X,b; € Y} holds no one of a; = a5 and b; = b; for
any two (a;,bj), (as,b¢) € A(X,Y). As (X,Y) is an odd-graceful partition, and a; + b; = ¢ for
each (aj,bj) € A(X,Y), we call (X,Y) a strongly graceful partition, and moreover (X,Y") is called
a set-ordered strongly graceful partition if max X < minY.

Set-2. Find set-ordered odd-graceful partitions and strongly odd-graceful partitions (|7, [122]).
Partition a set [0,2¢ — 1] into two sets X and Y such that X UY C [0,2¢ — 1] and X NY = (. If
[1,2¢ —1]° C{la—b|: a € X,be Y}, wesay the partition (X,Y) an odd-graceful partition, and
(X,Y) is called a set-ordered odd-graceful partition if max X < minY'.

A perfect set A(X,Y) = {(a;,bj) : a; € X,b; € Y} holds no one of a; = as and b; = b; for any
two (a;, bj), (as,br) € A(X,Y). As (X,Y) is an odd-graceful partition, and a; +b; = 2¢ — 1 for each
(ai, b;) € A(X,Y), we call (X,Y) a strongly odd-graceful partition, and moreover (X,Y’) is called a
set-ordered strongly odd-graceful partition if max X < minY.

Set-3. Find perfect odd-graceful partitions and perfect e-partitions [52]: (1) Suppose that
(X,Y) is an odd-graceful partition of [0,2¢ —1]. If {|z—y|: z € X,y € Y} = [1,p], we call (X,Y)
a perfect odd-graceful partition of [0,2q — 1].

210



(2) Partitioning [0,p + ¢] into V' and E such that each ¢ € E corresponds a,b € V holding an
e-restriction ¢ = €(a, b), we call (V, E) an e-partition, and moreover if {|a —b| : a,b € V} = [1,p],
we call (V, E) a perfect e-partition.

Set-4. Find mirror-images. Partition [0, ¢| into (V;, E;) with ¢ = 1,2 such that each ¢; € E;
corresponds a;,b; € V; holding ¢; = |a; — b;|, and |E;| = ¢. If there is a constant k such that
¢i + c3—; = k with ¢ = 1,2, then we call (V;, E;) the mirror-image of (V3_;, E3_;) with i = 1, 2.

Set-5. Find twin odd-graceful and odd-elegant KL-partitions ([97, 98]).

(A) Partition [0, 2¢] into two sets X and X such that: (1) X;UXs = [0,2¢] and {0} C X;NXy C
[0,2q]; (2) {la—b]: a€ X?,be XF} =[1,2¢ — 1]°, where X? is an odd subset and X¢ is an even
subset of X; such that X? U Xf = X; and X? N X¢ = 0 with ¢ = 1,2. We say (X1, X2) to be an
odd-graceful KL-partition.

(B) Suppose that Y1 UY; = [0,2¢ — 1] and {0,k} = Y1 NY, C [0,2¢ — 1] for some k € [1,2g — 1];
and the set {a +b (mod 2¢) : a € Y?,b € Y} = [1,2¢ — 1]°, where Y,° is an odd subset and Y
is an even subset of ¥; holding YUY =Y, and Y NY* = () with ¢ = 1,2. We call (Y1,Y3) an
odd-elegant KL-partition.

Set-6. [53] Partition [1,p + ¢ into two disjoint subsets V' and E with V U E = [1,p + ¢] such
that: (i) each ¢ € E corresponds to distinct a,b € V holding ¢ = |a — b|; (ii) there exists a constant
k, each ¢’ € E matches with distinct a’,b" € V holding a’ + ¢’ + b’ = k true. We call (V,E) a
relaxed edge-magic total partition of [1,p+ q]. Find all possible relaxed edge-magic total partitions
(V,E) of [1,p +g].

Set-7. [53] Select two subsets V, E C [1,2¢—1] with E' = [1,2p—1]° such that there is a constant
k, each ¢ € E corresponds two distinct a,b € V holding a + b + ¢ = k true. We call (V,E) an
odd-edge-magic partition of [1,2q — 1]. Find all possible odd-edge-magic partitions of [1,2q — 1].

Set-8. [53] Selecting two subsets V, E C [1,2¢ — 1] with E = [1,2p — 1]° holds: (i) each ¢ € E
corresponds a,b € V' to form an ev-matching (acbh); (ii) each ¢ € E corresponds to z € E with its
ev-matching (zzy) such that ¢ = |z —y|; (iii) each ¢ € E with the ev-matching (acb) corresponds to
¢’ € E with its ev-matching (a’c’b’) holding (Ja—b|—c)+(Ja’—b'|—¢’) = 0 true. We call (V, E) an
ee-difference odd-edge-magic partition of [1,2q — 1]. Find all possible ee-difference odd-edge-magic
partitions (V, E) of [1,2q — 1].

Set-9. [53] Partition [1,p + ¢] into two subsets V' and E, such that: (i) each ¢ € E corresponds
a,b € V to form an ev-matching (acbh); (ii) (e-magic) each ¢ € E with the ev-matching (acb) hold
¢+ |a —b| = k; (iil) (ee-difference) each ¢ € E corresponds to z € E with the ev-matching (zzy)
such that ¢ = |z — y[; (iv) (ee-bandwiden) each ¢ € E with the ev-matching (acb) corresponds to
¢’ € E with the ev-matching (a’c’d’) such that (jJa—b| —¢)+ (Ja’=b'| —¢’) = 0; (iv) (EV-ordered)
max V' < min £ (resp. maxV > min F); (v) (ve-matching) each ev-matching (acb) matches with
another ev-matching (uwwv) such that a + w =k’ or b+ w = k’, a constant, except the singularity
L%J. We call (V, E) a 6C-partition of [1,p + ¢q]. Find all possible 6C-partitions (V, E) of
[1,p+4q].

For a given 6C-partition (V, E) of [1,p + ¢], if there exists another 6C-partition (V' E') of
[1,p+gq] such that V\ (VNV/) = E", E=V'\(VNV') for VNV’ = {{Z |} we get a
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partition (VUE', EUV), and call it a 6C-complementary partition of [1,p+ g]. Find all possible
6C-complementary partitions (VUE', EUV).

Set-10. [53] Partitioning [0, p+¢— 1] into two subsets V and E with E' = [1,¢] and V' C [0, ¢—1]
satisfies: (i) each ¢ € E corresponds a,b € V' to form an ev-matching (acb); (ii) (ee-difference) each
¢ € E corresponds to z € E with the ev-matching (zzy) such that ¢ = |z — y|; (iii) (ee-bandwidth)
each ¢ € F with the ev-matching (acb) corresponds to ¢’ € F with the ev-matching (a’c’d’) such
that (la—b| —¢)+ (la’ = b'| —¢’) =|a—b|+ |a’ —b'| — (¢4 ¢’) = 05 (iv) there exists a constant k
such that each ¢ € E with its ev-matching (acb) holds ¢ + |a — b| = k; (v) each ¢ € E corresponds
another ¢’ € E with its ev-matching (a’c’d’) such that ¢+ a’ =p or ¢+ b’ = p. We call (V, E) an
ee-difference graceful-magic partition of [0,p+ q—1]. Find all possible ee-difference graceful-magic
partitions of [0,p 4+ ¢ — 1].

Set-11. [53] Partition [1,p + ¢] into two disjoint subsets V and E with V U E = [1,p + ¢| such
that each ¢ € E corresponds a,b € V' to form an ev-matching (acb) holding ¢ = |a — b|, and there
exists a constant k satisfying a + ¢ + b = k for each ¢ € F and its ev-matching. We call (V, E)
an edge-magic graceful partition of [1,p + ¢q|. If (E,V) is another edge-magic graceful partition of
[1,p+q], we say (V, E) (resp. (E,V)) to be a ve-exchanged matching partition of [1,p+ ¢|. Find
all possible edge-magic graceful partitions and ve-exchanged partitions of [1,p + ¢|.

Set-12. [53] There are two subsets V' C [0, ¢]? (resp. [0,2¢—1]?) and E C [1,¢] (resp. [1,2¢—1])
such that each ¢ € E with its ev-matching (acb) holds ¢ = |a — b|, wherea € ACV andbe BCV
with AN B = (), then we call (V, E) a v-set e-proper graceful (resp. odd-graceful) partition. Find
all possible v-set e-proper graceful (resp. odd-graceful) partition of [0, g]2.

Set-13. [53] Partition [0,2¢] into two subsets Si, Sy such that S C [0,2¢ — 1], S2 C [1,2q],
|S1 NS2| > 1 and S; U Sy = [0,2¢g]. If there are By = Ey = [1,2q — 1]°, such that each ¢; € E;
corresponds two numbers a;, b; € S; holding ¢; = |a; —b;| (resp. ¢; = a;+b; (mod 2q)) with i = 1,2,
then we call (S1,.52) a twin odd-graceful (resp. odd-elegant) partition of [0, 2¢]. Characterize twin
odd-graceful (resp. odd-elegant) partitions, and find them.

Set-14. [53] Select a subset £ C [0,p — 1] such that each ¢ € E corresponds two distinct
a,b € V. = [0,p — 1] to hold ¢ = |a — b|] (resp. ¢ = a + b (mod |E|)), we call fp = (V,E)
a graph matching partition, and call Sy, (G, fg) = > .cpla — b a difference-sum number (resp.
Fun(G, fE) = > ccpla+b) (mod |E|) is a felicitous-sum number). Determine maxy, Sum(G, fE)
and ming, Sum (G, fg) over all difference-sum partitions fr = (V, E) of [0,p — 1]. For all felicitous-
sum partitions fr = (V, E) of [0,p — 1], find maxy, Fun,(G, fg) and mings, Fu,,(G, fE).

Set-15. [52] Let V and E be two subsets of [1,g]? (resp. [1,2q — 1]?), such that each set c € E
corresponds two subsets a,b C V' to form an ev-matching (acb). Suppose that c=aNb and d, € ¢
is a representative of c. If {d.: c € E} =[1,q| (resp. [1,2q — 1]°), then we call (V, E) a graceful-
intersection (an odd-graceful-intersection) total set-partition of [1,q]? (resp. [1,2q — 1]?). Find all
graceful-intersection (an odd-graceful-intersection) total set-partition of [1,q]? (resp. [1,2q — 1]?).

Set-16. [52] Suppose that E and V = [0,q — 1] are two subsets of [0,2¢ — 1], such that each
¢ € E corresponds a,b € V to form an ev-matching (ach). We call (V, E) a multiple-meaning vertex
partition of [0,2q — 1], for each ¢ € E and its ev-matching (acb), if:
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(1) a + ¢+ b =a constant k, and E = [1,¢q|;

(2) a+ ¢+ b=a constant k', and E = [p,p+ ¢ — 1];

(3) c=a+b (mod ¢), and E = [0,q — 1];

(4) la+b— ¢| =a constant k", and E = [1, ¢];

(5) ¢ =an odd number for each ¢ € E holding £ = [1,2¢ — 1]°, and {a + c+ b : ¢ €
E and its ev-matching (acb)} = [o, 5] with f —a +1=gq.

Find all multiple-meaning vertex partitions (V, E') of [0,2q — 1].

Theorem 96. For a W-type partition (X,Y) (resp. (V,E)) defined in Set-i for i € [1,14] in
Problem there exists a graph H admitting a W-type labeling (resp. W-type coloring) f holds
f(V(H)) =X UY (resp. f(V(H)) =X and f(E(H)) = E) true.

Problem 110. For a W-type partition (X,Y) (resp. (V,E)) introduced above, find conditions
for a graph G admitting a W-type labeling (resp. W-type coloring) f holding f(V(G)) = X UY
(resp. f(V(G)) =X and f(E(G)) = E) true.

Remark 85. Partition [0,n] into (X,Y") as follows:

Exa-1. X =[0,k], Y =[k+1,n|,s0[l,n] C{la—b: ac X,bcY}for0<k <% and
max X < minY, then (X,Y) is a set-ordered graceful partition.

Exa-2. X = {0,a1,a2,...,a;} with 0 < a1 < az < --- < a5, Y = [0,n] \ X, so [1,n] C
{la—=bl: a€e X,beY} for 0<a; <7, then (X,Y) is a graceful partition.

Exa-3. Asnisodd, X = [0,k], Y = [k+1,n],s0 [1,n]° C {la—b]: a€ X,beY}for0 <k <7,
and max X < minY, then (X,Y") is a set-ordered odd-graceful partition.

Exa-4. Asnisodd, X = {0}U[1,n—2]°, Y = {n}U[2,n—1]¢so[1,n]° C {la—b|: a € X,be Y},
then (X,Y") is an odd-graceful partition. [
Problem 111. ([84], Definition The (k,\)-magically Total Partition Problem. Let U =
[1,p(p+1)/2] for some integer p > 2. Let @ be a p-set of U, we wish to find a g-set S C U\ Q with

respect to p — 1 < ¢ and two integers k and A (# 0) such that QU S = [1,p + ¢| and each w € S
satisfies the following equation

x +vy =k + Aw for some distinct z, y € Q. (143)

We call (Q,S) a (k, \)-magically total partition. Find all (k, A)-magically total partitions (@, S)
for U = [1,p(p + 1)/2] with integer p > 2.

Problem 112. (* Deﬁnition The (k, \)-edge-difference Magically Total Partition Prob-
lem. Let U = [1,p(p+ 1)/2] for some integer p > 2. Let X be a p-set of U, we wish to find a g-set
Y C U\ X with respect to p — 1 < ¢ and two integers k and A (# 0) such that X UY = [1,p + ¢|
and each w € Y satisfies the following equation

|lu —v| = k + Aw for some distinct u, v € X. (144)
We call (X,Y) a (k, \)-edge-difference magically total partition. Find all (k, \)-edge-difference
magically total partitions (X,Y) for U = [1,p(p + 1)/2] with integer p > 2.
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10.11 Problems without colorings

Problem 113. Number of Euler graphs. For integer ¢ > 3, determine the number of connected
Euler graphs of g edges, since such connected Euler graphs can be obtained by doing a series of
vertex-coinciding operations to a Hamilton cycle of g edges or to a group of vertex-disjoint cycles
having ¢ edges in total.

Problem 114. New connectivities of graphs. [I106] For a simple and connected graph H,
Yos(H) (resp. ves(H)) is the smallest number of & for which we vertex-split k vertices (resp. edge-
split and leaf-split k& edges) of H such that the resultant graph is disconnected (see Section 1). We
call v,s(H) and ~es(H) vertex-split connectivity and edge-split connectivity of H, respectively. It
is not hard to show 7,s(H) = k(H) and 7.s(H) = k'(H), where k(H) and x'(H) are the vertex-
connectivity, edge-connectivity, respectively, [3]. Characterize new properties of connected graphs
under the vertex-split connectivity and the edge-split connectivity of graphs.

Problem 115. Find particular spanning trees. Since a Topsnut-gpw G is a network, find: (i)
all possible non-isomorphic caterpillars of Gj (ii) all possible non-isomorphic lobsters of G (iii) all
possible non-isomorphic spanning trees of G with the maximum number of leaves; (iv) all possible
non-isomorphic unicyclic graphs of G.

Problem 116. Lobster-pure on graphs. If each spanning tree of a connected graph G is a
lobster, we call G to be lobster-pure, a lobster-pure graph. Since lobsters admit many meaningful
colorings and labelings, find the necessary and sufficient conditions for a graph G to be lobster-pure.

Problem 117. Build up algorithms for enumerating trees obtained by adding randomly
leaves. Adding randomly m leaves to a given tree produces new trees, and enumerate these new
trees.

Problem 118. Meta-regular graphs for odd-integer decomposition. A meta-regular graph
G with vertex set V(G) = {z1,22,...,2p—1,w} such that degrees degg(x;) = k for i € [1,p — 1]
and deg,(w) = 1. Characterize meta-regular graphs, since such graphs are related with Integer
Decomposition Problem.

Definition 252. A multiple-edge complete graph K™ of n vertices has its vertex set V(Km) =
{z1,22,..., 2y}, each pair of vertices z; and z; for i # j is joined by a; ; edges e; j(k) with k € [1, a; ;]
for a; ; > 1, and there exists some a,, > 2 for » # s. A multiple-edge complete graph KZ‘“l is
shown in Figl96] O

Problem 119. By Definition for what conditions held by a; ; with i, j € [1,n] and i # j, can
a multiple-edge complete graph K™ (as a public-key) be vertex-split into a predicated graph H
(as a private-key) such that H — K7

Problem 120. By Definition for n = 4, what conditions do a1 2, a13,a1.4,0a23,a24,a34 hold
such that KZ“” can be vertex-split into maximal planar graphs, or out-planar graphs, or half-
maximal planar graphs?
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Figure 96: Simple graph homomorphisms: G — G for k € [1,4], and a multiple graph homomorphism
G — H = K. Conversely, H =it G, G —spiir G, for k € [1,4].

11 Hanzi-graphs and Hanzi-colorings

Is your password secure? How to design a password that others can’t guess and they can remem-
ber easily? Our Hanzi-gpws can help Chinese people to design themselves passwords by speaking
and writing Hanzis without learning computer technique.

11.1 Hanzi-graphs

In [5I], the authors introduce the construction of Hanzi-graphs based on simplified Chinese
characters, here, we omit it. See Fig[97 Figl98 and Fig[99] for knowing some Hanzi-graphs.

11.2 Hanzi-idiom colorings

Definition 253. [51] Let H;giom be the set of Hanzi-idioms and phrases. A (p, ¢)-graph G admits
a Hanzi-idiom labeling ¢ : V(G) — H;giom, such that each edge uv € E(G) is colored with
d(uv) = ¢(u)(e)p(v), where (o) is an operation on two Hanzi-idioms and phrases. O

Fig shows two graphs admitting two Hanzi-idiom labelings.

Definition 254. [5I] For a given graph G, we color its vertices or edges by Chinese phrases
and idioms, so we called this labeling as a Chinese phrase/idiom labeling, and get a new graphic
password, called a Hanzi-password made by topological structure plus Chinese phrases/idioms. [
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Simplified Chinese characters Traditional Chinese characters

Al B X RER— AR C R Bl. B: B E REA— MEBIR
A2. B0 B2 BRI B & ELiE B2. % B0 B S BLEE
A3k AkiE Ak k& B3. B Bil BB (k&

A4 R B, F B4. B BRfE,ARE E

A5 B RERK = B A%, AL BS. #: EERE EHENESE, A%
A6. T —H T, TH, T A B6. Bgt: — [ BEAR AR, T A2

A7, i I B7. & w5 e

A8 E: Ak, RAE BS. 4 =L, R

A9, Rk BY. Jii: WET, % R

h=%j, A =4, M=%, H=/, T=5%, M=, 5=k, ({={%, ==54,
JT=h8, T=48, I\=R%, ik=a%, B=5, J+=F, 7, =%, &, 1%

Figure 97: Differences between the simplified Chinese characters (left) and the traditional Chinese characters
(right).

The right graph G in Fig[l00] admits an idiom labeling ¢ : V(G) — CI, where C1I is the set of
all Chinese idioms, such that ¢(uv) = ¢(u) N P(v) for each edge uv € E(G).

11.3 Colorings on Hanzi-graphs

We use Hgpeq to denote a Hanzi with number-based string abed defined in [15], and T,peq to be
the structure (also Hanzi-graph) of the Hanzi Hypeq, and H%(b) to be the Hanzi-gpw of the Hanzi
Hpeq, namely, HP" (b) is the result of coloring Hanzi-graph T,p.q by one of the existing W-type
colorings and the existing W-type labelings.

11.3.1 Hanzi labelings and colorings

Fig[l01] shows a (78,55)-Hanzi-graph G admitting a flawed set-ordered graceful labeling. In
Fig[102] a Hanzi-graph T5551 made by a Hanzi Hsss1 admits the following labelings:

(a) The Hanzi-gpw HZE: (a) admits a graceful labeling 1 [T1;

(b) the Hanzi-gpw Hi%: (b) admits an odd-graceful labeling B2 [T1;

(c) the Hanzi-gpw HZ%:| (c) admits an edge-magic total labeling B3 [7);

(d) the Hanzi-gpw HZY (d) admits a 6C-labeling B, defined in [53];
(e) the Hanzi-gpw HZY (e) admits a felicitous labeling 85 (mod 7) [7];
( (f) admits an odd-edge-magic matching labeling (B¢, ) defined in [54];
(g) the Hanzi-gpw HZYZ () admits an edge-magic total graceful labeling B [7]; and
(h

)

f) the Hanzi-gpw HIE
)
) the Hanzi-gpw HZE: (h) admits a (k, d)-graceful labeling Bs [T].
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Figure 98: A group of mathematical models of Hanzis components and radicals.

Ak ﬁ} %ﬁ%) %;%ﬁ%

\x

a (78,55)—Hanzi—graph G a (75,53)—Hanzi-graph H a (56,55)-Hanzi-tree T
Figure 99: An example for illustrating the complex of Hanzi-graphs.

11.3.2 Hanzi group-labelings

A every-zero Hanzi-group is shown in Figl[lI03|and a graphic group-labeling is shown in Fig[I04]
Observe Figll04] carefully, we can see the following facts:

GL-1 G admits a graceful graphic group-labeling 61, since 01(E(G1)) = {T1,T>,...,T7}.

GL-2 G is a bipartite graph with vertex bipartition (X,Y’), and max{i : T; € 62(X)} < min{j :
Tj € 62(Y)}, so we say 62 to be set-ordered.

GL-3 G3 admits a graphic group-labeling 65 holding 03(x) # 63(y) for any pair of vertices
T,y < V(Gg)

GL-4 The graphic group-labeling 04 of G4 is the dual labeling of 02, since the indexes of 0a(u) =
T; and 04(u) = Ty_; for u € V(G2) = V(G4) hold i + (9 — i) = 9.

GL-5 Because 0y(u;) # 0p(uj) for u;,u; € N(u) with & € [1,4], so we call each 6 to be
edge-proper graphic group-labeling.

GL-6 Because {0;(u;) : u; € N(u)} # {0k(vi) : v; € N(v)} for any edge uwv € E(G;) with
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Figure 100: Two graphs admitting two Hanzi-idiom labelings, cited from [51].

k € [1,4], so we call each 0 to be adjacent edge distinguishing.
We write a number-based string from G; shown in Fig[T04] as follows

Ty(G1) =Ty (T7) Ty (T7) Ty (T ) To (T ) To (T ) T (T ) T (T ) T (T8) T (T2) T (T3)

To(T0)To(T7)To(T5) T (Th) T (T3) Ty (T3) Ty (Ty) (145)

where each number-based string T(T;) for i € [1, 8] is:
Ty(T1) =77066651231254134, T,(T2) =01167752241364235,
Ty(T3) =11220033251474336, T,(T4) =21321134261504437,
Ty(Ts) =31422235271614550, T, (Ts) =41523336607724651,
Ty(T7) =51624437611034752, T, (T3) =61725550221244033.
Notice that T3(G1) consists of 17 x 17 = 289 numbers in [0, 9].

11.3.3 Hanzi randomly labelings

By adding randomly lecwes to Hanzi-gpws, we can make probabilistic number-based strings. In
Flgn7 a Hanzi-gpw H3%. 635 admlttmg a flawed set-ordered odd-graceful labeling (refer to Defi-
nition _ and Definition is added randomly leaves, the resultant graph L admits a flawed
odd-graceful labeling, which produces a Topcode-matrix for generating probabilistic number-based
strings as desired.

Theorem 97. [I18] Suppose that a graphic group Group = {Ff(G), @} is equivalent to another
graphic group Lyoyp = {F,(L),®}. Then a graph R admits a graphic group-labeling ¢ on Goyp,
which is equivalent to another graphic group-labeling w of the graph R based on L,yp, that is,
P~ w.
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Figure 101: A scheme for illustrating the procedure of finding a flawed set-ordered graceful labeling of the
(78,55)-Hanzi-graph G shown in Fig[99]
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Figure 102: Some labelings of a Hanzi-graph Tsss1, cited from [T18].

11.3.4 Derivative hanzi-systems for generating Hanzi-gpws

In fact, determining the O-rotatable gracefulness of trees is not slight, even for caterpillars (Ref.
[123]). A hz-e-graph G (see Figl[l06] and Fig[107) has its vertices corresponding Hanzi-gpws, and
two vertices of G are adjacent to each other if the corresponding Hanzi-gpws Hi’" having its e-
labeling f; and topological structure T}, with ¢ = 1,2 can be transformed to each other by the
following rules, where both f; and f are the same W-type of labelings, for example, both f; and
fo are flawed graceful labelings, and so on.

Rule-1. The labeling of H{’" is the dual labeling of the labeling of HIEY, with i = 1,2, so
Ty, = Ty, here T, is the topological structure of the Hanzi-gpw Hyt" with i = 1, 2.

Rule-2. H" is obtained by adding (reducing) vertices and edges to Hy:",, such that f; can
be deduced by f3_; with i =1, 2.

Rule-3. H¥ = H¥" namely, f; = fo and Ty, = T,,.
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Figure 103: An every-zero Hanzi-group made by a Hanzi-gpw HZYY| under modular 8, cited from [118§].
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Figure 104: Each Hanzi-graph G; admits a graphic group-labeling 6; for i € [1, 4] based on the Hanzi-group
shown in Fig cited from [I18].

Rule-4. H{"" is an image of Hanzi-gpw Hy,", with i = 1,2.

Rule-5. Hi" is the inverse of Hanzi-gpw Hyl", with i =1,2.

Rule-6. T,, =T,,, but fi # fa.

A generalized Hanzi-gpw system shown in Fig[I00] is based on a Hanzi-graph Tys7¢ shown in
Fig (1). Based on the Hanzi-graph Tyz6, four Hanzi-gpws Hjjz¢ with j € [1,4] are (b)= H{jre!,
()= H{Z¢, (d)= H{17@ and (e)= Hilrg respectively, which tell us that the Hanzi-graph Tusze
admits flawed graceful 0-rotatable labelings, since each vertex of the Hanzi-graph Tyu7¢ can be
labelled with 0 by some graceful labeling of Ty47¢ under Rule Because each Hanzi-gpws H, ﬁ%j
admit a flawed set-ordered graceful labeling f; with j € [1,4], so f;(V(H{4¢)) = [0,10] for 5 € [1,4].

Clearly, our hz-e-graphs are Hanzi-gpws too. In Fig[I06] we can see the following facts:

(1) Two flawed set-ordered graceful labelings in Fig[106|c) and (h) are dual from each other.
Again, adding a new vertex and a new edge makes (i)= Hihs; then (n)= HJs is obtained by
adding 8 new vertices and 7 new edges to (i).

(2) By Rulef2| H{{7 — HiL: from (b) to (g) after adding a vertex and an edge to H{}r.

(3) Do Rule{l] to (g)= H%;, and adding two vertices and two edges produces (1)= H{§j; by
Rulef2]
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Figure 105: (a) A Hanzi-gpw H3bs. admitting a flawed set-ordered odd-graceful labeling; (b) adding ran-
domly leaves to Hiks: for forming a new graph L; (c) a flawed odd-graceful labeling of the graph L, cited

from [I18].

(4) Deleting two vertices and two edges from (b)= H{}r, under Rule2] so obtaining (f)= Hi5g;
and deleting a vertex and an edge of (f)= H3}¢; produces (k)= Hih-; and do Rule two times
for getting (a)= Hiks.

(5) The Hanzi-gpw (q)= H3b is the result of adding four new vertices and two new edges, and
deleting an old vertex and an old edge to (m)= Hit,q.

11.4 Hanzi-matrices and their operations

A pan-matriz has its own elements from a set W, for instance, W is a letter set, or a Hanzi
(Chinese characters) set, or a graph set, or a poem set, or a music set, even a picture set, etc.

Definition 255. [51] A GB-Hanzi-matriz ([15]) Apen(H) of a Hanzi-sentence H = {Hg;p,c,d, } 11

made by m Hanzis Hy p,c1d,, Hasbocodss - - > Hapbmemd,, 15 defined as
ar as -+ Qm A
by by - by B T
A H) = = =(A,B,C,D
han(H ) 1 e - Cm C (A,B,C,D) (146)
dy dy - dwm ), D

with A = (a1,a2,...,am), B = (b1,b2,...,by), C = (c1,¢2,...,¢m), and D = (di,da,...,dn),
where each Chinese code a;b;c;d; is defined in [15]. O

We have a GB-Hanzi-matrix
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Figure 106: A derivative hanzi-system built on a Hanzi Hy47e, cited from [51].

Ahan (G*)

4
4
= - (147)

w oA O A~
LW R O A

2
5
1
1

Tt W O N
N CO N Ot
=~ W N &~
[l NN
© D o W

6 4x9

a Hanzi-sentence G* = Hyo43 Haoa3 Ho63s Hos11 Hsoso Haare Harza Haar11 Hageg. This

Hanzi-sentence G* induces a CCD-Hanzi-matrix as follows:

4 4 5 5 5 5 4 5 5
F E 9 1 29 F 9 FE
A )=
cen(@) BB 7 612017 (148)
A A D C 99 B A 3
4x9
by the Chinese code of Chinese dictionary. Furthermore, in GBK Coding [16], this Hanzi-sentence
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(l) % H4476

Figure 107: (1) A Hanzi-graph Tus7e; (2) a hz-e-graph made by the derivative Hanzi-system shown in
Fig where ¢ is the graceful labeling, cited from [51].

G* produces a GBK-Hanzi-matrix

Acr (G*) = (149)

~ Qs W
e oWm
oo e
Q=3 AQQ
o QM Q
e QQ
O WwoQ

C
8
C
B

Qe qQ

4x9

Each of three Hanzi-matrices Apq,(G*), Acop(G*) and Agpr (G*) introduced above can pro-
duces a group of 36! number-based/text-based strings, so a number-based string Spq,(k) gener-
ated from the Hanzi-matrix Ap,,(G*) corresponds a text-based string scop(k) generated from
the Hanzi-matrix Acop(G*), or a text-based string sgpr (k) generated from the Hanzi-matrix
Acpr (G*). However, it is not easy to find out the Hanzi-sentence G* from these number-based /text-
based strings span (i), scop(j) and sgpi (k) if a Hanzi-sentence made by tens of thousands of

Chinese characters.

For two GB-Hanzi-matrices A} = and Aj = defined as follows:
al b1 C1 d1 Xl
b d X
P I I IO € S SRS L LY

am bm Ccm dm Xm

mx4

where X, = (a by ¢m di) with k € [1,m] corresponds a Hanzi Hy,p,c,.q4, in [15], and

c Yyi Y2 0 Un
_ = (Y7. Y. ---. Y, 151
han 21 2y e Z ( 1, 12, ) n) ( 5 )
w1 w9 Wn,

4xn
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where Y; = (z; y; zj w;)” with j € [1,n] corresponds a Hanzi Hy,y . ., in [15], the authors in [68]
define an operation on GB-Hanzi-matrices as follows:

AT Ar (@) AG = (X1 Xa oo X)) D (9 (Y1 Ya - Yi)asen = (i )mxn (152)

han — “‘han

where A7*¢ = (0 j)mxn and “(e)” is an abstract operation. Two operations are defined as follows:

(i) Multiplication “e” on components of two vectors. We define
Xk L] Y} = (ak bk Ck dk) ® (CL‘j Y; =4 U}j)T = ak,jb/ﬁjc/ﬁjd/ﬁj (153)

where ay; = ay - x; (mod 10), by ; = by - y; (mod 10), ¢ ; = ¢ - z; (mod 10) and di; = dy, -
w; (mod 10). So

rec
han

= Zan b A(}:Lan = (ai,j)mxn- (154)
(ii) Addition “®” on components of two vectors. We define
Xe ®Y) = (ag by cm di) @ (x5 95 25 w;)" = 0k BrjVh,jOk,j (155)

where oy ; = ap + ; (mod 10), By ; = by + y; (mod 10), v4; = cm + 2; (mod 10) and 6 ; =
di, + w; (mod 10), that is

A;LQG,BTCL = Zan @ A?Lan = (Bi,j)an- (156)
See examples shown in Figl[108§]
2 6 35 /a8 :)1 g é
Agan:4190=$At$an:441:(}\}\%)
2 7 7 8 e
2 2 3
B Hagas E Haz0lf Hars AHa0s2 NHa042%2 Hig13

8020 8020 2635\ (FE HE If
A, ® AL, =| 6060 6060 4690 |=|TH [
8086 8086 2274 |F& FE M
6677 6677 3248\ (It fF £
oo=AL, ® AL, =| 8132 8132 5703 =| & £ R
6710 6710 3381) (& & W

Figure 108: Two GB-Hanzi-matrices A7*¢ and A% obtained by the multiplication “e” and the addition

han han

“ 7 : . . r c
@®” operations to two GB-Hanzi-matrices A}, and Af .

Thereby, each element of the matrix A% = (v j)mxn, Or A;;fg = (Bi,j)mxn is a number of four
numbers which corresponds a Hanzi in [I5], so we call both A7%° and A} two GB-Hanzi-matrices.
On the other hands, we can regard A7%°  or Aﬁz as a Hanzi-matrix authentication from the public

key A} and the private key AS ., see example shown in Fig

han han>
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Remark 86. Various Hanzi-matrices differing from Topcode-matrices are new and introduce Chi-
nese characters into mathematical regions, and will be liked by Chinese people, since Chinese
characters are easily put into computer and equipments by speaking and hand-writings. I

11.5 Hanzi-Lattices

In [93], the authors point out that lattice not only has its important applications in informa-
tion security and mathematics, but also its potential in other fields. As known, there are 250
“Pianpang” (see Fig and “Bushou” in Chinese characters (Hanzis) according to “Chinese
Character GB18030-2000” containing 27484 Chinese characters, where “Pianpang” is the right
and left part of a Chinese character, and “Bushou” can arrange Chinese characters; we have 299
“Dutizi”; and there are 16 punctuation being the marks to clarify meaning by indicating sepa-
ration of words into sentences and clauses and phrases. Let Hgy,(1), Hon(2), ..., Hqpn(565) indi-
cate all of “Pianpang”, “Bushou”, “Dutizi” and punctuation in Chinese characters, so we call
H., = (Han(1), Han(2), . .., Han(565)) a Hanzi-Pianpang base. Thereby, we can build up a Hanzi-
literary lattice L(Z°Hy,,) of various Chinese writings by

565
L(Z°H,,) = { U zrHan(k) - 2x € Z°, Han(k) € Han} (157)

with 226:51 xp > 1. Let Cparq = 226:51 2 Han (k) in L(Z°Hg,,). We can confirm the following facts:

Theorem 98. [93] (1) Chinese paragraphs Cprq can be used in text-based passwords to make
more complicated public-keys and private-keys for increasing the cost of decryption and attackers.

(2) Each Chinese writing limited in Chinese Character GB18030-2000 has been contained in the
Hanzi-literary lattice L(Z"H,,), such as poems, novels, essay, proses, reports et al.

For example, Fig shows us a Hanzi-sentence H,, (G) = 6P U2P,U6P3U2P;U2P;U2Ps made
by six Pianpangs shown in Fig which is a disconnected graph, and this Hanzi-sentence Hyy, (G)
admits a flawed graceful labeling f shown in Fig And the connected graph H,,(G)+ E* admits
a graceful labeling induced by the flawed graceful labeling f, where E* is a set of 19 disjoint colored
edges. It is not hard to see that there are many connected graph H,,(G) + E* admitting graceful
labelings. See examples shown in Fig[T12] and Fig[TT3]

ol O ©--0 Ll @“@F@ @;i

o o & b @ O

P1 P2 P3 P4 P5 P6

Figure 109: Six Pianpangs in Chinese characters.
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Figure 110: A Hanzi-sentence H,, (G) made by six Pianpangs shown in Fig admits a flawed graceful
labeling, cited from [93].

Theorem 99. [93] If each Pianpang H !, (k) of a Hanzi-Pianpang base H/,, = (H !, (1), H/,,(2), ...,
H',(m)) admits a set-ordered graceful labeling for k € [1,m], then each disconnected graph of the
lattice L(Z°H/,,) = {UjL; 2k Han (k) : 2 € Z2° H,,, (k) € H),,,} admits a flawed graceful labeling.

Remark 87. We need to consider the following problems:

Prob-1. List all Chinese paragraphs in L(Z°H,,,) with 226:51 zr < M for a fixed integer M €
Z%\ {0}.

Prob-2. Judge whether each Cp,yq defined in (157)) is meaningful or meaningless in Chinese. ||

Considering the above Prob-1 and Prob-2, we can build another Hanzi-literary lattice
27500
L(Zoccha) = { U ykccha(k) YUk € Zoaccha(k) € Ccha} (158)
k=1

based on a Hanzi-base Ccpg = (Cena(1), Cena(2), ..., Cena(27500)) and Eif’fg yr > 1, where each
Cene(i) with 7 € [1,16] is a punctuation, and each Cepq(7) for j € [17,27500] is a Chinese character
in Chinese Character GB18030-2000.

According to Fig we have Hanzis Cy, for k € [1, 8], and get the following Hanzi-sentences:
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(1):ClUClUCQU03U04UC5UCGUC7U08;
(2)2ClLJCQUClUCgUC4UC5UCGUC7U08;
(3):C1UCQU01UC3UC4UC5UCGUC7U08;
(4)2C1UCQU01UC4UCgUC7UCsUC5UCG.

A et Bl TR A

(I)J\Aﬁ?‘/z}, UU?:T?HT: 2) Aﬁ?)\/z}, JR”J%TK?: 3) J\Aﬁ?, EJ%TK/\J?;
A NFANZ, KFPRT: (5) 2R T, NFART: (6) K2, WAL AR

() KPRT, MAIFANZ; (8) AN, WK (9) KRR, MANEF2;
(10) NF N2, KRR s () AR, MERTEHRT: (12) NFAR, WRFRT
(13) RN, WAL AL (14)]\}\/\:F TR K5 (15) %Tki(ihz PN/
(16) AP, MR FAKRE 5 AR AR, WMACKE; (18) K FAXRLS, AT

Figure 111: Nine Hanzis and their combinations, cited from [93].
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Figure 112: A Hanzi-sentence made by Eight Hanzis shown in Fig admits a flawed graceful labeling,
cited from [51].

Theorem 100. [93] If each Hanzi-graph C'/, (k) of a Hanzi-graph base C/, = (C'’, (1),C", (2),...,
C/

cha\T

(n)) admits a set-ordered graceful labeling (resp. set-ordered odd-graceful labeling) for k €
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Figure 113: Another Hanzi-sentence made by Eight Hanzis shown in Figllll| admits a flawed graceful
labeling, cited from [51].

[1,n], then each disconnected graph of the lattice

(ZO U Ccha = {U ykcéha(k) "YUk € Zov /cha(k) € Ccha}
k=1

admits a flawed graceful labeling (resp. flawed odd-graceful labeling).

11.6 Transformation between six every-zero graphic groups

Let Tyy76 = G,O0,M,L,E,C in the following discussion [51]. Based on Hanzi-graph Ty47¢ and
some graph labelings, we have the following six every-zero graphic groups {F, (X),®} with X =
G,O,M,L,E,C:

Group-1. {Fy,(G),®} With flawed set-ordered graceful labelings fg) with ¢ € [1,11], where
G = (1 shown in Flg-

Group-2. {Fy,(0),®} Wlth flawed set-ordered odd-graceful labelings fO with j € [1,21], where
O = O; shown in Flg-

Group-3. {Fy,, (M), ®} Wlth flawed set-ordered edge-magic total labelings fM with k € [1,21],
where M = M; shown in Flg-

Group-4. {Fy, (L), ®} with flawed set-ordered odd even separable edge-magic total labelings fL
with i € [1,21], where L = Ly shown in Fig[115 (d
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Figure 114: A Hanzi-sentence made by Hanzi-graphs shown in Fig admits a flawed graceful labeling,
cited from [51].

Group-5. {Fy,(F),®} with flawed set-ordered odd-elegant labelings fg) with j € [1, 11], where
E = F shown in Flg-

Group-6. {Fy.(C),®} Wlth flawed set-ordered odd-elegant labelings fo with k € [1,20], where
C = (1 shown in Flg-

Let V/(Tys76) = X UY be the set of vertices of a Hanzi-graph Ty47¢ shown in Fig where

X ={z1, 20,23, 24, 25,26}, Y = {y1,Y2,93,y4,Ys }; E(Taare) = {e; : i € [1,9]}. (159)

where e = 71y5, €2 = T1Y4, €3 = T1Y3, €4 = Y3T2, €5 = Y3T3, €6 = Y3T4, €7 = Y2T4, €8 = Y15,
€9 = Y1%6-
The property of “set-ordered” tells us:

1 @) < 1@ i), 1Dwe) < 1) 19 w) < 1L (wen)
for Tys76 = G = G shown in Fig{l16| and j € [1,11]. Also, we have

W) < @), 1 @e) < 1P W), 1P w5) < 1 (wi41)

for X = Oy, My, Ly, E1,Cy shown in Fig[T15] Thereby, G = G; admits its own flawed set-ordered
graceful labeling as: fg)(xi) =1¢—1 for ¢ € [1,6], and fél)(yj) =6+j—1fori e [1,5], and the
induced edge labels f(()l)(es) =11 — s for s € [1,7], as well as f(()l)(es) =10 — s for s = 8,9. We
write fU)(x;) = k+i—2 with i € [1,6] and k € [1,11], fF(y;) = k+i — 2 with j € [1,5] and
k€ [1,11]. Hence, 3 (w) = f&(w) + k — 1 for w € V(G) and k € [1, 11].

We have the following equivalent relationships:
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Figure 115: Six every-zero graphic groups, cited from [51].

(Rel-1) {Fy,(G),®} and {F},(0),®} under (mod 21): f(ol)(:ci) = Qfél)(xi) for z; € X and
fg)(yi) = 2fé1)(yi) —1for y; € Y, and the induced edge labels fg)(es) = 2fé1)(es) —1for s e[1,9]
(see Fig. Thereby, we get f(()k)(z) = f(()l)(z)—l—k:— 1for z € V(G), fék)(ej) = |fék) (y1) —fék) ()]
for e; = 2y € E(G) and k € [1,21], and G; corresponds with OQJ 1 for i E [1,11].

(Rel-2) {Fy,(G),®} and {FYy,, (M), }under ( mod 21) ( i) = f (xﬁ_z-“)—i—l for i € [1, 6]
and fj(\})(yi) = fg)(yi) +1 for y; € Y, and fM (ej) = fG (66_]+1) + 11 for i € [1,9] (see Fig.
Hence, f](\l;)(z) = ](Vl[)(z) +k—1for z € V(G), fj(\];)(ej) = f](vl[)(ej) +k —1 for e; € E(G) and
ke [1,21].

(Rel-3) {Ff,(G),®} and {Fy, (L), ®} under (mod 21): fL (x;) = 2fG (x6—ir1)+1fori e [1,6]
and fél)(yi) = Qfé (y,) + 1 for yZ €Y, and f(l)( i) = 2f (66 ]+1) for i € [1,9] (see Flg.
In general, fjgk)(z) = fL (2) + k—1for z € V(G), f; (k) (e;) = fL (e;) + k—1 for e; € E(G) and
ke [1,21].

(Rel-4) {Fy,(G),®} and {Ff,(F),®} under (mod 10): g)(mi) = fél)(:nﬁ,iﬂ) for i € [1,6]
and 1 (y;) = fg)(yi) for y; € Y, and fg)(ej) = fg)(xg i+1) —i—f(1 (y;) (mod 10) for i €[1,9] (see
Fig. We obtain f](fk)( )= (1)( )+k—1for z e V(QG), fék)(e]) (k)( )—i—fE (y1) (mod 10)
for e; = z;y; € E(G) and k € [1,11].

(Rel-5) {Ff,(G),®} and {Fy,(C),®} under (mod 20): fél)(w) = fél)(w) + 1 for w € V(G),
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Figure 116: An every-zero graphic group {Fy,(G), ®} made by Hanzi-graph Ty47¢ admitting a set-ordered
graceful labeling, cited from [51].

and fél)(ei) = fél)(eg_i+1) +9 for i € [1,9] (see Fig. The above transformation enables us to
caim [P (2) = fP(2) + k=1 for 2 € V(Q), [P (er) = £ (es) + k for e; € B(G) and k € [1,20].
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Figure 117: The first Topsnut-gpw of six every-zero graphic groups shown in Fig cited from [51].

Hanzi-graph Ty476, in fact, admits a flawed set-ordered 0-rotatable system of (odd-)graceful label-
ings, see Fig[T18] namely, each vertex of Hanzi-graph Ty47¢ grows new vertices and edges. Thereby,
we have at least eight every-zero graphic groups {Fy,(G),®} based on Ty476.

By the writing stroke order of Hanzis, a Topsnut-gpw shown in Fig (a) enables us to obtain

a number-based string
D(G1) = 101009917862088534742615 (160)

with 24 numbers. Furthermore, a Hanzi-network Tys7¢ shown in Fig[119| (a), which was encrypted

by an every-zero graphic group {Fy,(G),®}, and induces a number-based string
D(Tyu76) =D(G11)D(G4)D(G1)D(G3)D(G10)D(G2)D(G3)D(Gg)D(G4)D(G3)D(G1) (161)

D(G2)D(G9)D(G5)D(Ga)D(G4)D(Gs)D(G5)D(G4) D(G7)D(G5)D(Ge)
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Figure 118: Hanzi-graph Ty47¢ admits a set-ordered O-rotatable system of (odd-)graceful labelings, cited
from [51].

with at least 500 numbers (500 x 8 = 4000 bits). Moreover, this number-based string D(7T4476) has
its own strong-rank H(D(Tu47¢)) computed by

H(D(T4476)) = L(D(T4476)) . log2 |X| =500 - 10g2 10 =~ 1661 (bitS), (162)

here X = [0,9] in (162)). If X = [0,9]U{a,b,...,2}U{A, B,..., Z}, then log, | X| = log, 62 ~ 5.9542
bits. A string = has its own strong-rank H(z) computed by the strong-rank formula H(z) =
L(x) - logy | X|, where L(zx) is the number of bytes of the string x written by the letters of X.

We have known: Each permutation G4, G, ...Gq,, of G1Ga... G in the every-zero graphic
group {Fy,(G),®} can be used to label the vertices of the Hanzi-network Tys76, and each per-
mutation Gg, G, . ..Gq,, has 11 zeros to encrypt the Hanzi-network Ty476, so we have at least
11 - (11)! (= 439,084,800 > 228) different approaches to encrypt the Hanzi-network Tyy76. More-
over, this Hanzi-network Ty476 induces a matrix A, as follows:

G1 Gi1 Gy Gz Gg Gg G4 G5 Gy
A(a) = Gy Gy Go Gy Gy G5 Gy G4 G5 (163)
G11 Gio Gg Gg G3 G4 Gg G7 G

So, we have 27! (> 2%) permutations obtained from the matrix A(q) shown in 1} and each
permutation distributes us a number-based string with at least 648 numbers.
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Figure 119: A Hanzi-network Tys76 is encrypted by six every-zero graphic groups shown in Fig respec-
tively, cited from [51].

Theorem 101. If a (p, ¢)-graph G admits two mutually equivalent labelings f, and fp, then two
every-zero graphic groups {Fy,(G),®} and {F},(G),®} induced by these two labelings of G are
equivalent to each other.

11.7 Problems for Hanzi-graphs and Hanzi-colorings

Problem 121. [I1I8] Color a graph (digraph) G with Hanzis, such that there is a decomposi-
tion G1,Go, ..., Gy, of G by the vertex-splitting operation, where each Hanzi-colored subgraph G;
induces a meaningful paragraph in Chinese.

Problem 122. [118] List all Chinese paragraphs in a Hanzi-writing lattice L(Z°H,,,) defined in
with 3229 2, < M for a fixed integer M € Z°\ {0}.

Problem 123. [118] Let Cparq = 26:51 wpHyn(k) in L(Z°Hy,,,), a Hanzi-writing lattice defined in
(157)). Judge whether each Cpqrq is meaningful or meaningless in Chinese.

Problem 124. [II8] Does there exist a Hanzi-graphic lattice containing any Chinese essay with
m Chinese letters?

Problem 125. [118§] Constructing Chinese phrases. A vertex-coinciding operation is a process
of coinciding two vertices x,u into one, where z is the end of an edge zy, u is the end of another
edge uv, and N(z) N N(u) = 0. Given n edges ey, ea,...,e,, we, by means of the vertex-splitting
operation, can use them to construct Hanzi groups Cy, = {Hy 1, Hi2, ..., Hy 4, }, find a,b forming
a range a < dj < b. For example, we use seven edges shown in Fig[120(a) and (b) to make
some Chinese words and phrases shown in Fig (c). It is not hard to see: There are horrible
possibilities for this problem based on the combination of view.

Problem 126. [5I[Characterizing connected graphs admitting idiom labelings or phrase
labelings. As an example, we show a pan-Topsnut-gpw by a graph admitting a an idiom labeling
shown in Fig[I00} This problem may become a subbranch of graph labeling, since there is no result
on this problems in our memory. However, this problem is restricted in Hanzis, on the other hands,
this problem can be generalized to e-labelings defined on essays, proses, poems, novels, reports and
news etc.

233



Oneword: I, X, 5, 4, &, #, =, &, &, N, 12,
(a) I\, 2, T, 5,7, X, 5, F, S AT AL N, 3, 4, K
Two words: —f—, =/, =T, —+, —+, —F, =
+,h s, s, B, SN, S 2 A
oot N B T S Wi =N
operation operation Z, _‘F" E)\, E}ll, :)L, é:, _,TE:’ _{:’ _)\A,
o—oo/o —DPL, A, AR
(b) O_Ogo_o Three words: — —H, —— A&, ——+, ——>, —
m—, —hk— =T == A== JI|—=, —JL
o) LT

S VA

- (€)

Figure 120: Several Hanzi groups in (c) can be made as Hanzi-graphs of seven edges shown in (b).

Problem 127. [5I]Estimating spaces of various Hanzi-gpws. Clearly, the space of Hanzi-
gpws is related with provable security and computational security in cryptography. It is not hard
to see the Constructing Chinese phrases’ problem induces terrible computational complex as the
size is enough large. No more research on this problem because of Hanzi-gpw does not last long.

Problem 128. [51]Characterizing text-based string groups. Given a group Siring of strings
$1,82,...,S, with the numbers of the same length, find an operation 6 between them such that
String becomes a group under the operation 6. An example of text-based string groups is given by
a matrix A({Ty(T;)}}) shown in (145). Eight strings Ty(T1), Ty(T3), . . ., Tp(Ts) form a text-based
string group under the the additive operation “@®”.

Problem 129. [110] Decomposing graphs into Hanzi-graphs (DGIHG). Let Syitan(G) be
a set of all edge-disjoint Hanzi-graphs obtained by doing vertex-split operation to a given (p, q)-
graph G (as a public-key).

(i) How many different groups of Hanzi-graphs Gj1,Gi2, -, G, (as private-keys) having
Chinese meanings are there in SpitHan(G)?

(ii) Compute min{k, } over all groups of Hanzi-graphs G; 1, G;2,- - - , Gi k, having Chinese mean-
ings. Consider particular graphs, for example, GG is one of complete graphs K,, Euler graphs,
bipartite graphs, maximal planar graphs, and trees.

(ili) Determine Spyitran(G) and compute min{k, }.

In Fig a graph (a) is made by a group of Hanzi-graphs (b) (resp. a group of Hanzi-graphs
(c)) through a series of vertex-coinciding operations. Conversely, the graph (a) can be vertex-split

into the group of Hanzi-graphs (b) (resp. another group of Hanzi-graphs (c)). Thereby, we have
(b)—(a) and (c)—(a), as well as (a)—p¢(b) and (a)—gpie(c).
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Remark 88. In [I18], the authors pointed that Hanzis have the solid advantages as the following:

1. Reading and thinking speeds. Chinese people uses 1200 sounds for reading Hanzis, and each
Hanzi is a voice. The more kinds of voices there are, the faster the thinking speed is. English has
20 vowels and 20 consonants, so the types of English voices will not exceed 20 x 20 = 400.

2. Language stability and remembering efficiency. Chinese does not make new words for new
things. The emergence of new things is always accompanied by English new words. For example,
“rocket” is not “fire-driven-arrow” in English, there is no connection between arrow and fire in
English. However, we have “rocket = HovggHo2g93” in Chinese, since “arrow = Hoggs” driven by
“fire = Hargp” (Ref. [15]). So, Hanzis keep the inheritance of language and civilization, only with
such stable characters we can understand our ancestors’ civilization and make continuous succession
and progress.

3. Topological figures. Hanzis are naturally topological structures, that is, “¢two-dimensional” on
paper and “image” language making Chinese people’s thinking curve, thereby, the biggest advantage
of Hanzis is that the information density is very high.

4. Vast space. China Online Dictionary includes Xinhua Dictionary, Modern Chinese Dictionary,
Modern Idiom Dictionary, Ancient Chinese Dictionary in 12 dictionaries total about 20950 Hanzis;
360,000 words (28,770 commonly used words); 520,000 word groups; 31920 idioms; 4320 synonyms;
7690 antonyms; 14000 allegorical sayings; 28070 riddles; 19420 aphorisms; and countless essays,
poems, novels, poems, reports, news, and so on.

5. Convenience for Chinese people. Hanzis are easily impute into computer, mobile equipments
with touch screen by speaking, writing and key-input. I
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