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Abstract—We study the secure decentralized Pliable Index
CODing (PICOD) problem with circular side information sets
at the users. The security constraint forbids every user to decode
more than one message while decentralized setting means there
is no central transmitter in the system. Compared to the secure
but centralized version of the problem, a converse bound from
one of our previous works showed a factor of three difference
in optimal code length under the constraint of linear encoding.
In this paper, we first list the linearly infeasible cases, that is,
problems where no linear code can simultaneously achieve both
correctness/decodability and security. Then, we propose linear
coding schemes for all remaining cases and show that their
attained code length is to within an additive constant gap from
our converse bound.

I. INTRODUCTION

In this paper we study the Secure Decentralized Pliable
Index CODing (SD-PICOD) problem. PICOD is a variant
of the Index Coding (IC) problem, motivated by broadcast
systems where users have message side information sets to
help reduce the number of transmissions needed to satisfy the
users’ demands [2].

Index Coding: The traditional IC setting consists of m
messages, one central transmitter, and n users. The transmitter
and the users are connected by an error-free broadcast channel.
Each user has some messages locally stored as its side infor-
mation set and has one pre-determined message to decode. The
structure of the side information sets and the desired messages
are known to the transmitter and all the users. The transmitter
broadcasts coded symbols to all users. The users decode based
on the received coded symbols and their own side information
set. The goal for IC is to find the smallest code-length / number
of transmitted coded symbols such that all users can decode
correctly their desired messages.

Pliable Index Coding: PICOD is a variant of IC moti-
vated by the scenarios where the desired message at the users
is not be pre-determined [3] such as for example streaming
services and online advertisement systems. In PICOD a user is
satisfied whenever it can correctly decode at least one message
that is not in its side information set. Therefore, the transmitter
can leverage the freedom of choosing the desired messages for
the users so as to reduce the code-length. Compared to the IC
with the same number of users and the same side information
sets, PICOD needs less number of transmissions to satisfy all
the users [9].

Decentralized Problems: The decentralized IC problem
is motivated by peer-to-peer communication systems where

there is no central transmitter and instead coded symbols
are generated by the users based on their side information
and sent through a common time-sharing noiseless broadcast
channel. The goal again is to find the minimal code-length
that allows every user to correctly decode its desired message.
Under linear encoding constraint, the minimum code-length
of the decentralized IC is shown to be no more than twice
that of its centralized counterpart [1]. The pliable version
of decentralized IC was studied in [4], where information
theoretical bounds on the optimal code-length were given for
several cases. For the solved cases, the multiplicative gap
between centralized and decentralized PICOD is usually much
less than two.

Secure Centralized Problems: Security in IC means that
the users can only decode their desired message while all
other messages that are not in their side information set must
remain unknown to the users. The secure IC problem was first
proposed in [7], where private one-time-pad keys were used
to meet the security demand. A weaker definition of security
which can be achieved without security keys has also been
discussed in [7] and has been extended to PICOD setting [8].
Achievable and converse bounds for the case of circular side
information structure and linear encoding were derived in [5].

Secure Decentralized Problems: In this paper we are
interested in the secure and decentralized setting. Recently,
the secure PICOD problem in [5] has been extended to the
decentralized setting in [6], where a converse bound under the
constraint of linear encoding showed a multiplicative gap of
roughly three between the secure centralized and decentralized
versions of PICOD. This gap is strictly larger than the one
between the centralized and decentralized versions of IC
without security which equals two [1].

Contributions: We continue here the line of study initi-
ated in [6], where we found: (i) there are infeasible cases
when m, the number of users, is odd, and (ii) the proposed
achievable scheme does not match the converse bounds (in
a multiplicative or additive gap sense) in general. This paper
completely answers the question posed in [6] by (i) providing
a complete list of infeasible cases, which shows that most
cases when m is odd are actually feasible, and (ii) showing
achievable schemes for all feasible cases. We conclude that
the new schemes achieve the converse bounds in [6] to within
an additive constant gap.

Paper Organization: The rest paper is organized as fol-
lows. Section II introduces the problem. Section III summa-
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rizes the main results in this paper. In Section IV we prove
the infeasible cases. In Section V we illustrate the main ideas
for the achievable scheme by way of examples to provide the
intuitions for the general scheme. Section VI concludes the
paper. The details of the proofs can be found in the Appendix.

II. PROBLEM FORMULATION

We consider the (m, s) secure decentralized PICOD prob-
lem with circular side information structure at the users. The
system consists of m messages and m users. The messages
are vectors of length κ ∈ N of independent and uniformly
distributed bits. W := {w1, . . . , wm} denotes the set of all
messages. WA := {wi, i ∈ A} denotes the set of messages
with indices in set A. U := {u1, . . . , um} denotes the set of
the users. User ui has message WAi

as its side information,
where Ai = {i, i − 1 . . . , i − s + 1}. The entries in the
side information set are intended modulo m. The collection
A = {A1, . . . , Am} is globally known to all users. The
coded symbols are generated by the users based on their side
information set. The encoding function at user i is

xκ`i := ENCi(WAi ,A), i ∈ [m], (1)

where `i ∈ N is the code length. The overall transmission is
represented by the vector xκ` = {xκ`1 , . . . , xκ`1} with total
normalized length ` =

∑
i∈[m] `i.

Each user must correctly acquire a message that is not in
its side information set. The decoding function at user i is

ŵi := DECi(xκ`,WAi), i ∈ [m]. (2)

The decoding is correct if ŵi = wdi for some di ∈ [m] \Ai.
The security constraint requires user i decodes no more than

one message. Specifically, we have I(wj ;xκ`,WAi) = 0 for
all j ∈ [m] \ {Ai ∪ {di}} and i ∈ [m].

The goal is to find the smallest ` so that all users can
correctly decode and the security constraints are satisfied.

III. MAIN CONTRIBUTIONS

For the (m, s) secure decentralized PICOD with circular
side information at the users, the converse bound in [6] gives

`∗ ≥


m
s ,

m
m−s ∈ Z,

3m
2s ,

m
m−s /∈ Z, linear encoding,m > 2s,

2, m
m−s /∈ Z, linear encoding,m < 2s.

(3)

In [6] we found several cases where the problem is infea-
sible, that is, no linear scheme exists such that every user can
decode one and only one message outside its side information
set. For such cases, the converse bound in (3) is not tight.
In this paper, we first give a list of infeasible cases and
show scheme that attain the converse bound in (3) to within
an additive constant gap. Specifically, we have the following
theorems.

Theorem 1 (All infeasible cases). The secure (m, s) decen-
tralized PICOD with circular side information sets and linear
encoding is infeasible if

1) m ≥ 2s+ 1, s = 1 or 2;

2) Odd m ≥ 7, s = 3 or 4;
3) Odd m, s = m− 2.

Theorem 2 (Achievability to within an additive gap of 7).
For the (m, s) secure decentralized PICOD with circular shift
side information sets that are not described in Theorem 1, the
following is attainable

`∗ ≤


m
s ,

m
m−s ∈ Z,

3m
2s + 3, m

m−s /∈ Z, linear encoding,m > 2s,

2 + 5, m
m−s /∈ Z, linear encoding,m < 2s.

(4)

IV. PROOF OF THEOREM 1
The two infeasible cases in the centralized secure PICOD

setting in [5], namely (i) Odd m, s = 1, and (ii) Odd m,
s = m − 2, are infeasible also in the decentralized setting.
In [6] we showed the infeasiblility in the decentralized setting
of (iii) Even m ≥ 3, s = 1, (iv) m ≥ 5, s = 2, (v) Odd m,
s = 3. In the rest of this section we prove the last infeasible
case (vi) odd m ≥ 7, s = 4, and we split it into two cases.

A. Case Odd m ≥ 9, s = 4

Assume we have an achievable scheme that satisfies all
constraints. Since here m > 2s, from [5, Proposition 1], one
transmission involves at least 2 messages. The number of
messages in one transmission is either 2 or 3, since involving
s = 4 consecutive messages in one transmission is insecure
as shown in [6]. For a linear code, the user can decode its
desired message if there exists one linear combination of the
messages such that all the messages but its desired message
that are involved in the linear combination are in the user’s
side information set. Therefore, if two transmissions do not
satisfy one user and involve no messages in common, the linear
combination of these two transmissions will not satisfy the
user. Each transmission involving 2 or 3 consecutive messages
satisfies 2 users. Each transmission involving 2 nonconsecutive
messages satisfies 4 users. Thus if no transmissions have
common messages the total number of satisfied users are even,
which contradicts to the condition that m is odd. Therefore,
there must exists two transmissions that have messages in
common. We consider the following three sub-cases.

a) Both transmissions involve 2 messages: There exists
a user that can decode the common message by one transmis-
sion then decode another message by the other transmission.
Therefore the user can decode two messages and violates the
security constrain.

b) One transmission involves 2 messages and the other
3 messages: Let g(.) denote a linear combination of its
argument. We have the following cases:

1) g1(W4,5) and g2(W4,5,6): the user with side information
W1,2,3,4 can decode W5,6, which is insecure;

2) g1(W4,5) and g2(W5,6,7): the user with side information
W6,7,8,9 can decode W4,5, which is insecure;

3) g1(W4,6) and g2(W4,5,6): the user with side information
W1,2,3,4 can decode W5,6, which is insecure;

4) g1(W4,6) and g2(W5,6,7): the user with side information
W6,7,8,9 can decode W4,5, which is insecure;



5) g1(W3,5) and g2(W5,6,7): the user with side information
W6,7,8,9 can decode W3,5, which is insecure.

c) Both transmissions involve 3 consecutive messages:
We have the following cases:

1) g1(W4,5,6) and g2(W4,5,6): a linear combination of these
two transmissions can generate a linear combination
of W4,5. This case is insecure as shown in case 1 of
IV-A0b;

2) g1(W4,5,6) and g2(W5,6,7): the user with side informa-
tion W2,3,4,5 can decode W6,7, which is insecure;

3) g1(W4,5,6) and g2(W6,7,8): a linear combination of these
two transmissions can generate a linear combination of
W4,5,6,7,8. This is the only case that does not violate
the security constraint. However, this case does not
allow any new users to decode. Therefore, the number
of satisfied users is the the sum of the number of
users satisfied by each transmission, which even. This
contradicts the condition that m is odd.

This concludes the proof that the case odd m ≥ 9 and s = 4
is infeasible.

B. Case m = 7, s = 4

Assume we have an achievable scheme that satisfies all the
constraints. If all the transmissions are linear combinations of
at least 2 messages, the argument for the case s = 4, odd
m ≥ 9 holds and thus the case is infeasible. Therefore, it
is enough to show that the case s = 4,m = 7 is insecure
if there is one transmission that involves only one message.
Without loss of generality, assume one transmission is a linear
function of w4. Users u1, u2, u3 will decode w4 since they
do not have it in their side information set. User u3 have
all the side information of user u4 after decoding. Therefore,
the desired message of user u4 needs to be inside the side
information of u3. The desired message of u4 can only be
w7. The the argument applies to u7 and its desired message
can only be w1 Thus, only the desired message of user u5
and user u6 are not fixed yet. Consider the following cases for
the desired message of user u5.

a) d5 = 1: User u5 can mimic u4 and decode w7.
b) d5 = 7: There must exists a linear combination of

codewords that is a linear combination of messages W2,3,5,7

by the decoding condition of the linear index code, where w7

has non-zero coefficient. Let k ∈ {2, 3, 5} be the largest index
in {2, 3, 5} so that wk has non-zero coefficient in said linear
combination. User uk−1 can decode wk when k = 2, 3, user
u3 can decode w5 when k = 5. Since these users already
have other desired messages, they now decode more than one
messages.

c) d5 = 6: There must exist a linear combination of
codewords that is a linear combination of messages W2,3,5,6

by the decoding condition of the linear index code, where
the coefficient of w6 is non-zero. Therefore, there exists one
transmission involving w6. We consider all possible linear
combinations that involve w6.
• Linear combination of w6, or W4,6, or W1,6, or W6,7, or
W1,6,7. It will allow user u3 to decode parts of w6.

• Linear combination of W5,6 or W4,5,6. It will allow user
u2 to decode of w5 since user u2 has w4 as the desired
message.

Therefore, the case s = 4,m = 7 is infeasible.
Overall, we conclude that the case s = 4, odd m ≥ 7 is

infeasible. This completes the proof of the infeasible case list
in Theorem 1.

V. PROOF OF THEOREM 2

In this section, we give examples to demonstrate the key
ideas in our achievable schemes. The details on the general
case can be found in Appendices.

A. Case m
m−s ∈ Z: `∗ = m

s

The information theoretical converse was derived in [6] for
the centralized case. The achievable scheme is the one for
the decentralized PICOD without security constraint discussed
in [4], which satisfies the security constraint because for each
user, among all the messages that are involved in the encoding
function, there is one and only one message that is not in its
side information set. Therefore, the scheme is also information
theoretically optimal with an additional security constraint.

B. Case m
m−s /∈ Z,m > 2s: ` ≤ 3m

2s + 3

The converse bound in this regime is 3m
2s [5]. Therefore, in

order to have an achievable scheme that is optimal to within
an additive constant gap, we aim to satisfy on average 2s

3 users
in one transmission.

It has been shown that, for the cases where m
2s ∈ Z, an opti-

mal secure centralized scheme is {w1+2sk+w2+2sk, w3+2sk+
ws−2+2sk, ws−3+2sk + ws−4+2sk}, k ∈ {0, 1, . . . , m2s − 1},
for a total 3m

2s transmissions [6]. In this section, by ways of
examples, we show how this scheme can be extended to all
feasible cases in the regime m

m−s /∈ Z,m > 2s.
To make the exposition easier, we shall use the case m = 26

in the following and represent the scheme in a “matrix” form
figures. In the figure, a row with X’s represents a transmission
that is a linear combination of the messages marked by the
X. A row with U’s shows the users that are satisfied by
the transmission shown by the row right above. The user
represented by the U in position i is the user with side
information set WAi

= {wi−s+1, . . . , wi}.
a) Case m = 26, s = 6: The scheme is illustrated in

Fig. 1. We have two groups of 2s = 12 users each. Six
transmissions are used to satisfy the 24 users in these groups.
The transmissions are w1 + w2, w3 + w7, w8 + w9, w13 +
w14, w15 + w19, w20 + w21. The two remaining users are
satisfied by the last transmission w22+w23+w24+w25+w26.
The total number of transmissions is ` = 7.

b) Case m = 26, s = 10: We have one group of 2s = 20
users, and 6 remaining users. The transmissions and the users
that are satisfied by each transmission are illustrated in Fig. 2.
Three transmissions satisfy the 20 users’ group. The transmis-
sions are w1 + w2, w3 + w12, w13 + w14. For the remaining
users, we use two transmissions w15+w17+w18+w19+w20+
w21 + w22 and w18 + w19 + w20 + w21 + w22 + w23 + w25,
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Fig. 1: Achievable scheme for m = 26, s = 6.

U U
X X XXX X X

U U U
XXX X XX X

U UU
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U U

X X
UU U UUU U U U UUU U UUU
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1 432 5 876 9 121110 13 161514 17 201918 21 242322 25 26

Fig. 2: Achievable scheme for m = 26, s = 10.

Each satisfying three of the remaining users. The total number
of transmissions is ` = 5.

Remark 1. The key ideas here are as follows. In the regime
m > 2s we use the scheme that satisfies 2s users by using
three transmissions. In the first step, we group the users
into disjoint groups of size 2s and satisfy the users in each
group with 3 transmissions. In the second step, we satisfy
the remaining users, which are less than 2s. Our scheme
guarantees that the number of transmissions needed to satisfy
the remaining users is a constant that does not grow with the
system parameter (m, s). Therefore, for the feasible cases, the
proposed scheme can achieve the converse bound to within an
additive constant gap that equals the number of transmissions
in the second step.

C. Case m
m−s /∈ Z, s < m < 2s: ` ≤ 9

In this regime the scheme in [6] does not work because the
number of users is m < 2s, thus no group of size 2s users
can be formed. Here we aim for satisfying all users with a
constant number of transmissions that does not grow with the
system parameters (m, s). We treat two sub-cases separately.

1) Subcase m
m−s /∈ Z, s < m ≤ 3s

2 : In this case we
consider the complement of the side information set of every
user, which is of size m−s. The proposed scheme guarantees
that among every consecutive m− s messages, the codewords
contain one and only one message that is linearly independent
of the remaining m − s − 1 messages. In the following, we
provide examples to demonstrate the scheme. The detailed
proof can be found in Appendix B.

a) Case m = 26, s = 20: The codewords contain two
parts:

U U
X X

UUU U U UU

X XXX X X XXX X
U U U

X X X
U UU UUU U U U UUU U U

XX X XX

1 432 5 876 9 121110 13 161514 17 201918 21 242322 25 26

Fig. 3: Achievable scheme for m = 26, s = 20.
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X
U UUU U U U

XXX X X X
UUU U U UU U UUU

X X XX
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Fig. 4: Achievable scheme for m = 26, s = 19.

• Part A with the structure wi+1 + . . . + wi+(m−s−1),
wm−s + wi+2(m−s−1). It takes totally 2k1(m − s − 1)
consecutive messages, where k1 ≥ 2, k1 ∈ Z.

• Part B with the structure wj , wj+1 + . . . + wj+(m−s).
It takes totally k2(m − s) consecutive messages, where
k2 ≥ 0, k2 ∈ Z.

Therefore, this scheme works for the case m = k12(m− s−
1) + k2(m− s), where k1 ≥ 2, k2 ≥ 0, k1, k2 ∈ Z.

In the case of s = 20,m = 26 = 2(10) + 6, the proposed
scheme takes 4 transmissions: 1) w1 +w2 +w3 +w4 +w5 +
w21 +w22 +w23 +w24 +w25; 2) w6 +w10+w26; 3) w11 +
w12 + w13 + w14 + w15; 4) w16 + w20, as shown in Fig. 3.

For the cases where m 6= k12(m−s−1)+k2(m−s),∀k1 ≥
2, k2 ≥ 0, k1, k2 ∈ Z, we propose the following examples to
show how the scheme can be modified.

b) Case m = 26, s = 19: In this case the proposed
scheme takes 4 transmissions: 1) w5; 2) w2+w3+w4+w6+
w11+w22; 3) w12+w13+w14+w15; 4) w18+w21+w24; as
shown in Fig. 4. One can check that for every 7 consecutive
messages, there exists one and only one message that is
linearly independent of the other 6 messages. The scheme can
be seen as a modified version of the scheme in Section V-C1a:
the part from w6 to w17 is a modified Part A; the part from
w25 to w5 is a modified Part B; and the rest is a new structure
that combines these two modified pieces.

c) Case m = 26, s = 18: In this case the proposed
scheme takes 4 transmissions: 1) w1 + w4 + w5 + w6 + w7;
2) w8 +w13; 3) w15 +w16 +w17 +w18 +w19; 4) w22 +w26,
as shown in Fig. 5. One can check for every 8 consecutive
messages, there exists one and only one message that is
linear independent from the other 7 messages. The scheme
can be seen as a modified version of the scheme used in
Section V-C1a: the part from w1 to w14 is a modified part
A; the part from w15 to w26 is a modified and shrunk part A.

Remark 2. The key ideas here are as follows. In this regime
our proposed scheme is designed such that every consecutive
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Fig. 5: Achievable scheme for m = 26, s = 18.

UUU U U U UU
X XXX X XX

U UU U U U U
X XXX X X X

U U UUU U U

X XXX X XXX X XXX X XX
U U

XX X XXX X XXX X XXX X
U U

X X
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Fig. 6: Achievable scheme for m = 26, s = 16.

m − s messages have one and only one messages that is
linearly independent of the rest. The scheme treats the users
is a “sliding window” fashion, where the window is of size
m − s. The scheme for case m > 2s can not be extended
straightforwardly in this case because to satisfy users less
than 2s the scheme has transmissions that takes more than 2s
consecutive messages. This is not an issue in the case m > 2s.
But when m < 2s this means the transmissions will have
messages in common as the indices of the messages are in
modulo m. The common messages among the transmissions
will cause insecurity as it could allow one user to decode
more than one message. The security constraint does not hold
anymore. The sliding window idea does not have such issues
when considering about the security constraint.

2) Subcase m
m−s /∈ Z, 3s2 < m < 2s: Here we propose the

scheme that can be thought of as a combination of the ideas
we presented in Sections V-B and V-C1. That is, we first use
a finite number of transmissions to satisfy a finite number of
users with the scheme in [6]. Then, we use a scheme similar
to the one proposed for the case m > 2s in Sections V-B for
the remaining users. The total number of transmissions is thus
finite and the scheme achieves the converse bound to within a
constant gap. The following example illustrates the proposed
scheme. The detailed proof of the scheme can be found in
Appendix C.

a) Case m = 26, s = 16: The first two transmissions
are: 1) w1 + · · ·+ w15; 2) w3 + w17. Four users are satisfied
by these two transmissions. The remaining users are grouped
into 6 groups and are satisfied by 3 transmissions, where each
transmission aims to satisfy 2 groups. The transmissions are:
3) w20+w24; 4) w8+w14+ · · ·+w19; 5) w1+ · · ·+4+w10+
w25 +w26. The transmissions and the corresponding satisfied
users are shown in Fig. 6. The scheme uses 5 transmissions
to satisfy all users.

We thus proposed schemes that are to within a constant gap

from the converse bound in (3). We summarize all cases and
the corresponding bounds in Table I.

TABLE I: All cases and the corresponding achievable
schemes. m|a represents m mod a, where a is an integer;

“infea.” is the abbreviation of “infeasible”.

Condition Subcase Converse `
m

m−s
∈ Z all m/s m/s

m
m−s

/∈ Z,
m− 4 ≥
s ≥ 5,
m > 2s

m|2s = 0

3m
2s

3m
2s

m|2s = 1 3m
2s

+ 4s−3
2s

m|2s = 2 3m
2s

+ s−3
s

m|2s = 3 3m
2s

+ 6s−3
2s

m|2s ∈ [4 : s] 3m
2s

+
4s−3m|2s

2s

m|2s ∈ [s+ 1 : 2s− 2] 3m
2s

+
6s−3m|2s

2s

m|2s = 2s− 1 3m
2s

+ 2s+3
2s

m
m−s

/∈ Z,
m− 4 ≥
s ≥ 5,
m < 2s

s < m ≤ 3s/2
2

≤ 4

3s/2 < m < 2s ≤ 9

s ≤ 4,
m

m−s
/∈ Z

s = 1 infea. ∞
s = 2 infea. ∞

s = 3, even m m
2

m
2

s = 3, odd m infea. ∞
s = 4, even m 3m

8
3bm

8
c+ m8

2

s = 4, odd m infea. ∞

s ≥ m− 3,
m

m−s
/∈ Z

m− s = 2, odd m infea. ∞
m− s = 3, even m 3

2
+ 9

2s
3

m− s = 3, odd m 3
2
+ 9

2s
4

VI. CONCLUSION

In this paper we studied the secure decentralized PICOD
with circular side information at the users. We first proved
that some settings, unknown in the literature priori to this
work, are infeasible. For all the remaining cases, we proposes
achievable schemes that use the same number of transmissions
as predicted by our converse bound under the constraint of
linear encoding up to a constant additive gap. Ongoing work
includes extending the setting to other type of side information
structures.
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APPENDIX A
CASE m > 2s, m− 4 ≥ s ≥ 5

We show that for all cases in this region, there exists a
scheme that achieves the converse bound within a constant
gap. In this region our converse bound is 3m/2s. In order to
achieve the optimality, we need to have the achievable scheme
satisfy roughly 2s/3 users in each transmission. We therefore
propose the following scheme.

A. Achievable schemes

1) Scheme 1 satisfies 2s users: One round of scheme 1
consists of 3 transmissions:

1) wi + wi+1,
2) wi+3 + wi+s,
3) wi+s+1 + wi+s+2.
Here i is the index of the first user among the 2s users that

are satisfied by the 3 transmissions. The 2s satisfied users are
ui, U[i+2:i+2s−1],ui+2s+1

. The transmissions and the satisfied
users are shown in Fig. 7. As we can see the satisfied users
can be seen in three groups. The two groups on the left and
right contain one user each, while the middle group contains
2s−2 users. The scheme can be used repeatedly. The number
of users that are satisfied is thus 2ks where k ∈ Z+.

U

X X
U U

X X
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<latexit sha1_base64="WPp6t/vsNyWJ4Sfx1tWlr98vLDw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDd4vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPyjGM2w==</latexit>

i
<latexit sha1_base64="xQdBrzsLK72sBAs0l/l4Jcv8zFc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBqJTdouix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DbzO09UaSbFg5nG1I/wSLCQEWys1GbVuq56g3LFrblzoFXi5aQCOZqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4Y2fMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAJRuCt/zyKmnXa95Vzb2/rDQu8jiKcAKncA4eXEMD7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdN9o45</latexit>

i + 2s + 1
<latexit sha1_base64="nTb5x5ax/tPJHJ/4j3bHEJKWKJw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBUEsiih4LXjxWMG2hDWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR3dRvPqHSPJaPZpxgENGB5H3OqLGSz8/0hdctV9yqOwNZJl5OKpCj3i1/dXoxSyOUhgmqddtzExNkVBnOBE5KnVRjQtmIDrBtqaQR6iCbHTshJ1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqenfBhmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadkQ/AWX14mjcuqd111H64qtfM8jiIcwTGcggc3UIN7qIMPDDg8wyu8OdJ5cd6dj3lrwclnDuEPnM8f3xON/w==</latexit>

i + s � 1

Fig. 7: Scheme 1.

Scheme 1 satisfies 2s users using 3 transmissions. The
messages that are involved in one transmission of scheme 1 do
not appear in the other transmissions of scheme 1. Therefore,
all transmissions in all rounds of scheme 1 satisfy the security
constraint.

Note that on average each transmission satisfies 2s/3 users
in this scheme. This scheme is therefore optimal under the
linear encoding constraint. If m

2s ∈ Z this is the linear optimal
scheme that achieves `∗ = 3m

2s .
The schemes in the rest of this section are proposed to

address the cases where m
2s /∈ Z and m > 2s.

2) Scheme 2 for 2s + 2 users: Scheme 2 satisfies 2s + 2
users using 4 transmissions. Let i be the index of the first
users that are satisfied. The 4 transmissions are

1) wi−(d 1−s
2 e−1) + · · ·+ wi+1,

2) wi+2 + wi+d s+1
2 e−1,

3) wi+d s+1
2 e + wi+s+2,

4) wi+s+3 + · · ·+ wi+s+d s+1
2 e.

The satisfied users are ui, U[i+2:i+2s+1],ui+2s+3
. The trans-

missions and the satisfied users are shown in Fig. 8.
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<latexit sha1_base64="WPp6t/vsNyWJ4Sfx1tWlr98vLDw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDd4vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqtu46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPyjGM2w==</latexit>

i
<latexit sha1_base64="0lycFTSH0W9GKKkicyf2tu+ScCU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBqJTdVtFjwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqcXKVV2u9Yslt+LOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCW/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5JWteJdVdz7y1L9IosjDydwCufgwTXU4Q4a0AQCj/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AUP6OOw==</latexit>

i + 2s + 3
<latexit sha1_base64="9ZlFjwq94pxJt2GJXuRX08xM4lM=">AAAB7HicbZDLSgMxFIbP1Futt1qXboJFKIhlpiC6s+DGZQWnLbRDyaSZNjSTGZKMUIY+gxsRRQRX3fky7nwLN+5NLwtt/SHw8f/nkHOOH3OmtG1/WpmV1bX1jexmbmt7Z3cvv1+oqyiRhLok4pFs+lhRzgR1NdOcNmNJcehz2vAHV5O8cUelYpG41cOYeiHuCRYwgrWxXHaiTp1OvmiX7anQMjhzKF5+fb8/jt8KtU7+o92NSBJSoQnHSrUcO9ZeiqVmhNNRrp0oGmMywD3aMihwSJWXTocdoWPjdFEQSfOERlP3d0eKQ6WGoW8qQ6z7ajGbmP9lrUQHF17KRJxoKsjsoyDhSEdosjnqMkmJ5kMDmEhmZkWkjyUm2twnZ47gLK68DPVK2Tkr2zd2sVqCmbJwCEdQAgfOoQrXUAMXCDC4hyd4toT1YL1Yr7PSjDXvOYA/ssY/QfeStg==</latexit>

i + s � 1
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X X XX
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Fig. 8: Scheme 2.

3) Scheme 3 for s + 2 users: Scheme 3 satisfies s + 2
users using 3 transmissions. Let i be the index of the first
user satisfied by this scheme.
• When s is even. The 3 transmissions are

1) wi−s+3+wi+2−s/2+wi+2−s/2+1+· · ·+wi+wi+1,
2) wi+1 + wi+2 + wi+3,
3) wi+3 + wi+4 + · · ·+ wi+s/2+2 + wi+s+1.
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<latexit sha1_base64="imr7AHIZxMKzj8c9c6O0ClNoxnU=">AAAB6nicbZDNSgMxFIXvVK21/lVdugkWQVDKTEF0Z8GFrqSi/YF2KJk004ZmMkOSEcrQR3DjQlG3vowbF+58Dl/ATNuFth4IfJxzL7n3ehFnStv2l5VZWFzKLudW8qtr6xubha3tugpjSWiNhDyUTQ8rypmgNc00p81IUhx4nDa8wXmaN+6oVCwUt3oYUTfAPcF8RrA21g07LHcKRbtkj4XmwZlC8ez7/SJ79fFS7RQ+292QxAEVmnCsVMuxI+0mWGpGOB3l27GiESYD3KMtgwIHVLnJeNQR2jdOF/mhNE9oNHZ/dyQ4UGoYeKYywLqvZrPU/C9rxdo/dRMmolhTQSYf+TFHOkTp3qjLJCWaDw1gIpmZFZE+lphoc528OYIzu/I81Msl57hkX9vFyhFMlINd2IMDcOAEKnAJVagBgR7cwyM8Wdx6sJ6t10lpxpr27MAfWW8/AFuRRg==</latexit>

i + 2
<latexit sha1_base64="vQDtQ6Vn8mjXkWvztN6H1CJArjY=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVXg7X7CL9lhkHpwpFC7evu723yvf5Xb+o9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebBkMaoHLT8aBDcmicDvEjaV6oydj93ZHSQKlB4JnKgOqems1G5n9ZM9H+uZvyME40hmzykZ8IoiMy2pp0uESmxcAAZZKbWQnrUUmZNrfJmSM4syvPQ+2k6JwW7YpdKB3DRFnYgwM4AgfOoARXUIYqMEC4h0d4sm6sB+vZepmUZqxpzy78kfX6A8UfkUo=</latexit>

i
<latexit sha1_base64="d9v4SFRjgtYdDdCj3WPgIqwq9Qc=">AAAB7HicbZDLSgMxFIbPVK213qou3QSLIFTKjCK6s+BCV1LBaQvtUDJppg3NZIYkI5Shz+DGhRfc+i5uXLjzOXwB08tCW38IfPz/OeSc48ecKW3bX1ZmYXEpu5xbya+urW9sFra2aypKJKEuiXgkGz5WlDNBXc00p41YUhz6nNb9/sUor99RqVgkbvUgpl6Iu4IFjGBtLJeVVOm4XSjaZXssNA/OFIrn3++X2euP52q78NnqRCQJqdCEY6Wajh1rL8VSM8LpMN9KFI0x6eMubRoUOKTKS8fDDtG+cTooiKR5QqOx+7sjxaFSg9A3lSHWPTWbjcz/smaigzMvZSJONBVk8lGQcKQjNNocdZikRPOBAUwkM7Mi0sMSE23ukzdHcGZXnofaUdk5Kds3drFyCBPlYBf24AAcOIUKXEEVXCDA4B4e4ckS1oP1Yr1OSjPWtGcH/sh6+wE9cZH5</latexit>

i + s + 3

Fig. 9: Scheme 3 for even s.

• When s is odd. The 3 transmissions are
1) wi−s+4 + wi+2−(s−1)/2 + wi+2−(s−1)/2+1 + · · ·+

wi + wi+1,
2) wi+1 + wi+2 + wi+4,
3) wi+3 + wi+4 + · · ·+ wi+(s+1)/2+2 + wi+s+1.
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<latexit sha1_base64="vQDtQ6Vn8mjXkWvztN6H1CJArjY=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVXg7X7CL9lhkHpwpFC7evu723yvf5Xb+o9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebBkMaoHLT8aBDcmicDvEjaV6oydj93ZHSQKlB4JnKgOqems1G5n9ZM9H+uZvyME40hmzykZ8IoiMy2pp0uESmxcAAZZKbWQnrUUmZNrfJmSM4syvPQ+2k6JwW7YpdKB3DRFnYgwM4AgfOoARXUIYqMEC4h0d4sm6sB+vZepmUZqxpzy78kfX6A8UfkUo=</latexit>

i
<latexit sha1_base64="r/XWfNvNYJoeual33xdQmyajZSs=">AAAB7HicbZDLSgMxFIbPVK213qou3QSLIKhlRhTdWXChK6ngtIV2KJk004ZmMkOSEcrQZ3DjwgtufRc3Ltz5HL6A6WWhrT8EPv7/HHLO8WPOlLbtLyszN7+QXcwt5ZdXVtfWCxubVRUlklCXRDySdR8rypmgrmaa03osKQ59Tmt+72KY1+6oVCwSt7ofUy/EHcECRrA2lssO1f5xq1C0S/ZIaBacCRTPv98vs9cfz5VW4bPZjkgSUqEJx0o1HDvWXoqlZoTTQb6ZKBpj0sMd2jAocEiVl46GHaBd47RREEnzhEYj93dHikOl+qFvKkOsu2o6G5r/ZY1EB2deykScaCrI+KMg4UhHaLg5ajNJieZ9A5hIZmZFpIslJtrcJ2+O4EyvPAvVo5JzUrJv7GL5AMbKwTbswB44cApluIIKuECAwT08wpMlrAfrxXodl2asSc8W/JH19gNCA5H8</latexit>

i � s + 4
<latexit sha1_base64="d9v4SFRjgtYdDdCj3WPgIqwq9Qc=">AAAB7HicbZDLSgMxFIbPVK213qou3QSLIFTKjCK6s+BCV1LBaQvtUDJppg3NZIYkI5Shz+DGhRfc+i5uXLjzOXwB08tCW38IfPz/OeSc48ecKW3bX1ZmYXEpu5xbya+urW9sFra2aypKJKEuiXgkGz5WlDNBXc00p41YUhz6nNb9/sUor99RqVgkbvUgpl6Iu4IFjGBtLJeVVOm4XSjaZXssNA/OFIrn3++X2euP52q78NnqRCQJqdCEY6Wajh1rL8VSM8LpMN9KFI0x6eMubRoUOKTKS8fDDtG+cTooiKR5QqOx+7sjxaFSg9A3lSHWPTWbjcz/smaigzMvZSJONBVk8lGQcKQjNNocdZikRPOBAUwkM7Mi0sMSE23ukzdHcGZXnofaUdk5Kds3drFyCBPlYBf24AAcOIUKXEEVXCDA4B4e4ckS1oP1Yr1OSjPWtGcH/sh6+wE9cZH5</latexit>

i + s + 3

Fig. 10: Scheme 3 for odd s.

4) Scheme 4 for n′+2 ∈ {2} ∪ [4 : 2s− 2] users: Here n′

is the number of satisfied users in the middle group.
• n′ = 0: 2 users are satisfied by one transmission:

1) wi−s+3 + · · ·+ wi + wi+1

• n′ ∈ [2 : s − 2]: n′ + 2 users are satisfied by two
transmissions:

1) wi+dn′/2e−s+wi+n′−s+2+wi+n′−s+3+ · · ·+wi+
wi+1.
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<latexit sha1_base64="vQDtQ6Vn8mjXkWvztN6H1CJArjY=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVXg7X7CL9lhkHpwpFC7evu723yvf5Xb+o9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebBkMaoHLT8aBDcmicDvEjaV6oydj93ZHSQKlB4JnKgOqems1G5n9ZM9H+uZvyME40hmzykZ8IoiMy2pp0uESmxcAAZZKbWQnrUUmZNrfJmSM4syvPQ+2k6JwW7YpdKB3DRFnYgwM4AgfOoARXUIYqMEC4h0d4sm6sB+vZepmUZqxpzy78kfX6A8UfkUo=</latexit>

i
<latexit sha1_base64="ADSkeENxSskCmFnsofVONIgrB/w=">AAAB6nicbZDLSgMxFIbPVK213kZdugkWQVDKjCK6s+BCV1LRXqAdSibNtKGZzJBkhDL0Edy4UNStL+PGhTufwxcwvSy09YfAx/+fQ845fsyZ0o7zZWXm5heyi7ml/PLK6tq6vbFZVVEiCa2QiEey7mNFORO0opnmtB5LikOf05rfOx/mtTsqFYvEre7H1AtxR7CAEayNdcP2j1p2wSk6I6FZcCdQOPt+v8hefbyUW/Znsx2RJKRCE46VarhOrL0US80Ip4N8M1E0xqSHO7RhUOCQKi8djTpAu8ZpoyCS5gmNRu7vjhSHSvVD31SGWHfVdDY0/8saiQ5OvZSJONFUkPFHQcKRjtBwb9RmkhLN+wYwkczMikgXS0y0uU7eHMGdXnkWqodF97joXDuF0gGMlYNt2IE9cOEESnAJZagAgQ7cwyM8Wdx6sJ6t13Fpxpr0bMEfWW8/Ad+RRw==</latexit>

i + 3
<latexit sha1_base64="CNeoQ3jrrcYRyb06wFVNcNYIiEQ=">AAAB7HicbZDLSgMxFIbPVK213qou3QSLIKhlRhHdWXChK6ngtIV2KJk004ZmMkOSEcrQZ3DjwgtufRc3Ltz5HL6A6WWhrT8EPv7/HHLO8WPOlLbtLyszN7+QXcwt5ZdXVtfWCxubVRUlklCXRDySdR8rypmgrmaa03osKQ59Tmt+72KY1+6oVCwSt7ofUy/EHcECRrA2lssO1f5xq1C0S/ZIaBacCRTPv98vs9cfz5VW4bPZjkgSUqEJx0o1HDvWXoqlZoTTQb6ZKBpj0sMd2jAocEiVl46GHaBd47RREEnzhEYj93dHikOl+qFvKkOsu2o6G5r/ZY1EB2deykScaCrI+KMg4UhHaLg5ajNJieZ9A5hIZmZFpIslJtrcJ2+O4EyvPAvVo5JzUrJv7GL5AMbKwTbswB44cApluIIKuECAwT08wpMlrAfrxXodl2asSc8W/JH19gNAf5H7</latexit>

i � s + 3

Fig. 11: Scheme 4, n′ = 0
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<latexit sha1_base64="vQDtQ6Vn8mjXkWvztN6H1CJArjY=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVXg7X7CL9lhkHpwpFC7evu723yvf5Xb+o9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebBkMaoHLT8aBDcmicDvEjaV6oydj93ZHSQKlB4JnKgOqems1G5n9ZM9H+uZvyME40hmzykZ8IoiMy2pp0uESmxcAAZZKbWQnrUUmZNrfJmSM4syvPQ+2k6JwW7YpdKB3DRFnYgwM4AgfOoARXUIYqMEC4h0d4sm6sB+vZepmUZqxpzy78kfX6A8UfkUo=</latexit>

i
<latexit sha1_base64="KiYPMteDtirHNl6LK84sYAlHp2A=">AAACBnicbVA9SwNBEN2LXzFGPbUUZTEIghrvAqJlwMYyAfMBuRj2NpNkyd7esbsnhJDKxs7efyCIhSK2/gY7/4y4+Sg08cHA470ZZub5EWdKO86XlZibX1hcSi6nVtKra+v2xmZZhbGkUKIhD2XVJwo4E1DSTHOoRhJI4HOo+N2LoV+5AalYKK50L4J6QNqCtRgl2kgNe4cdepwC41hce5FkAZzksCdHyrFq2Bkn64yAZ4k7IZl8+r749PC9W2jYn14zpHEAQlNOlKq5TqTrfSI1oxwGKS9WEBHaJW2oGSpIAKreH70xwPtGaeJWKE0JjUfq74k+CZTqBb7pDIjuqGlvKP7n1WLdOq/3mYhiDYKOF7VijnWIh5ngJpNANe8ZQqhk5lZMO0QSqk1yKROCO/3yLCnnsu5p1imaNI7QGEm0jfbQAXLRGcqjS1RAJUTRLXpEL+jVurOerTfrfdyasCYzW+gPrI8fPhqbTw==</latexit>

i + dn0/2e � s
<latexit sha1_base64="VwPnLA8J9aCAg2pY5+cEDXF0ITI=">AAAB83icbVDLSgMxFM1UrbW+qi7dBIsgVMqMIrqz4EJXUsE+oDOWTJppQ5NMSDJCGfobLnShiFs/xI0Ld36HP2DautDWAxcO59zLvfeEklFtXPfTyczNL2QXc0v55ZXVtfXCxmZdx4nCpIZjFqtmiDRhVJCaoYaRplQE8ZCRRtg/G/mNW6I0jcW1GUgScNQVNKIYGSv5tCRufKkoJ6XDdqHolt0x4Czxfkjx9OvtPHv5fl9tFz78TowTToTBDGnd8lxpghQpQzEjw7yfaCIR7qMuaVkqECc6SMc3D+GuVTowipUtYeBY/T2RIq71gIe2kyPT09PeSPzPayUmOglSKmRiiMCTRVHCoInhKADYoYpgwwaWIKyovRXiHlIIGxtT3obgTb88S+oHZe+o7F65xco+mCAHtsEO2AMeOAYVcAGqoAYwkOAOPIInJ3EenGfnZdKacX5mtsAfOK/fm6mVEQ==</latexit>

i + n0 + 3

Fig. 12: Scheme 4, n′ ∈ [2 : s− 2]

2) wi+n′−s+3+wi+n′−s+4+ · · ·+wi+2+wi+dn′/2e+2

• n′ = s−1: s+1 users are satisfied by three transmissions:
1) wi−s+3 + wi+bn′/2c−s+2 + wi+bn′/2c−s+3 + · · · +

wi + wi+1.
2) wi + wi+1 + wi+2 + wi+3.
3) wi+2 + wi+3 + · · ·+ wi+1+bn′/2c+1 + wi+1+n′ .
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<latexit sha1_base64="aTNQmA3+2bbkoHq3ntfNk5s9Suc=">AAAB7HicbZDLSgMxFIbPVK213qou3QSLIFTKTEF0Z8GFrqSC0xbaoWTSTBuayQxJRihDn8GNCy+49V3cuHDnc/gCppeFtv4Q+Pj/c8g5x485U9q2v6zM0vJKdjW3ll/f2NzaLuzs1lWUSEJdEvFINn2sKGeCupppTpuxpDj0OW34g4tx3rijUrFI3OphTL0Q9wQLGMHaWC4rqVKlUyjaZXsitAjODIrn3++X2euP51qn8NnuRiQJqdCEY6Vajh1rL8VSM8LpKN9OFI0xGeAebRkUOKTKSyfDjtChcbooiKR5QqOJ+7sjxaFSw9A3lSHWfTWfjc3/slaigzMvZSJONBVk+lGQcKQjNN4cdZmkRPOhAUwkM7Mi0scSE23ukzdHcOZXXoR6peyclO0bu1g9hqlysA8HcAQOnEIVrqAGLhBgcA+P8GQJ68F6sV6npRlr1rMHf2S9/QA77ZH4</latexit>

i + s + 2
<latexit sha1_base64="vQDtQ6Vn8mjXkWvztN6H1CJArjY=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVXg7X7CL9lhkHpwpFC7evu723yvf5Xb+o9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebBkMaoHLT8aBDcmicDvEjaV6oydj93ZHSQKlB4JnKgOqems1G5n9ZM9H+uZvyME40hmzykZ8IoiMy2pp0uESmxcAAZZKbWQnrUUmZNrfJmSM4syvPQ+2k6JwW7YpdKB3DRFnYgwM4AgfOoARXUIYqMEC4h0d4sm6sB+vZepmUZqxpzy78kfX6A8UfkUo=</latexit>

i
<latexit sha1_base64="CNeoQ3jrrcYRyb06wFVNcNYIiEQ=">AAAB7HicbZDLSgMxFIbPVK213qou3QSLIKhlRhHdWXChK6ngtIV2KJk004ZmMkOSEcrQZ3DjwgtufRc3Ltz5HL6A6WWhrT8EPv7/HHLO8WPOlLbtLyszN7+QXcwt5ZdXVtfWCxubVRUlklCXRDySdR8rypmgrmaa03osKQ59Tmt+72KY1+6oVCwSt7ofUy/EHcECRrA2lssO1f5xq1C0S/ZIaBacCRTPv98vs9cfz5VW4bPZjkgSUqEJx0o1HDvWXoqlZoTTQb6ZKBpj0sMd2jAocEiVl46GHaBd47RREEnzhEYj93dHikOl+qFvKkOsu2o6G5r/ZY1EB2deykScaCrI+KMg4UhHaLg5ajNJieZ9A5hIZmZFpIslJtrcJ2+O4EyvPAvVo5JzUrJv7GL5AMbKwTbswB44cApluIIKuECAwT08wpMlrAfrxXodl2asSc8W/JH19gNAf5H7</latexit>

i � s + 3

Fig. 13: Scheme 4, n′ = s− 1

• n′ = s: s+2 users are satisfied by three transmissions:
1) wi−s+3 + wi+bn′/2c−s+2 + wi+bn′/2c−s+3 + · · · +

wi + wi+1.
2) wi+1 + wi+2 + wi+3.
3) wi+3 + · · ·+ wi+1+bn′/2c+1 + wi+1+n′ .
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<latexit sha1_base64="d9v4SFRjgtYdDdCj3WPgIqwq9Qc=">AAAB7HicbZDLSgMxFIbPVK213qou3QSLIFTKjCK6s+BCV1LBaQvtUDJppg3NZIYkI5Shz+DGhRfc+i5uXLjzOXwB08tCW38IfPz/OeSc48ecKW3bX1ZmYXEpu5xbya+urW9sFra2aypKJKEuiXgkGz5WlDNBXc00p41YUhz6nNb9/sUor99RqVgkbvUgpl6Iu4IFjGBtLJeVVOm4XSjaZXssNA/OFIrn3++X2euP52q78NnqRCQJqdCEY6Wajh1rL8VSM8LpMN9KFI0x6eMubRoUOKTKS8fDDtG+cTooiKR5QqOx+7sjxaFSg9A3lSHWPTWbjcz/smaigzMvZSJONBVk8lGQcKQjNNocdZikRPOBAUwkM7Mi0sMSE23ukzdHcGZXnofaUdk5Kds3drFyCBPlYBf24AAcOIUKXEEVXCDA4B4e4ckS1oP1Yr1OSjPWtGcH/sh6+wE9cZH5</latexit>

i + s + 3
<latexit sha1_base64="vQDtQ6Vn8mjXkWvztN6H1CJArjY=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVXg7X7CL9lhkHpwpFC7evu723yvf5Xb+o9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebBkMaoHLT8aBDcmicDvEjaV6oydj93ZHSQKlB4JnKgOqems1G5n9ZM9H+uZvyME40hmzykZ8IoiMy2pp0uESmxcAAZZKbWQnrUUmZNrfJmSM4syvPQ+2k6JwW7YpdKB3DRFnYgwM4AgfOoARXUIYqMEC4h0d4sm6sB+vZepmUZqxpzy78kfX6A8UfkUo=</latexit>

i
<latexit sha1_base64="hRbu/z3CUaAhUPYD6dZpRDVRuIU=">AAAB7HicbZDLSgMxFIbPVK213qou3QSLIKhlpiC6s+BCV1LBaQvtUDJppg3NZIYkI5Shz+DGhRfc+i5uXLjzOXwB08tCW38IfPz/OeSc48ecKW3bX1ZmYXEpu5xbya+urW9sFra2aypKJKEuiXgkGz5WlDNBXc00p41YUh z6nNb9/sUor99RqVgkbvUgpl6Iu4IFjGBtLJcdq8Nyu1C0S/ZYaB6cKRTPv98vs9cfz9V24bPViUgSUqEJx0o1HTvWXoqlZoTTYb6VKBpj0sdd2jQocEiVl46HHaJ943RQEEnzhEZj93dHikOlBqFvKkOse2o2G5n/Zc1EB2deykScaCrI5KMg4UhHaLQ56jBJieYDA5hIZmZFpIclJtrcJ2+O4MyuPA+1csk5Kdk3drFyBBPlYBf24AAcOIUKXEEVXCDA4B4e4ckS1oP1Yr1OSjPWtGcH/sh6+wE++5H6</latexit>

i � s + 2

Fig. 14: Scheme 4, n′ = s

• n′ ∈ [s + 1 : 2s − 4]: n′ + 2 users are satisfied by three
transmissions:

1) wi+1+n′−s−s + wi+bn′/2c−s+2 + wi+bn′/2c−s+3 +
· · ·+ wi + wi+1.

2) wi+2 + wi+1+n′−s.
3) wi+1+n′−s+1 + wi+1+n′−s+2 + · · · +

wi+1+bn′/2c+1 + wi+2+s.

B. Decodability
We the proposed schemes can satisfy all m > 2s users in

the system.
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<latexit sha1_base64="d9v4SFRjgtYdDdCj3WPgIqwq9Qc=">AAAB7HicbZDLSgMxFIbPVK213qou3QSLIFTKjCK6s+BCV1LBaQvtUDJppg3NZIYkI5Shz+DGhRfc+i5uXLjzOXwB08tCW38IfPz/OeSc48ecKW3bX1ZmYXEpu5xbya+urW9sFra2aypKJKEuiXgkGz5WlDNBXc00p41YUhz6nNb9/sUor99RqVgkbvUgpl6Iu4IFjGBtLJeVVOm4XSjaZXssNA/OFIrn3++X2euP52q78NnqRCQJqdCEY6Wajh1rL8VSM8LpMN9KFI0x6eMubRoUOKTKS8fDDtG+cTooiKR5QqOx+7sjxaFSg9A3lSHWPTWbjcz/smaigzMvZSJONBVk8lGQcKQjNNocdZikRPOBAUwkM7Mi0sMSE23ukzdHcGZXnofaUdk5Kds3drFyCBPlYBf24AAcOIUKXEEVXCDA4B4e4ckS1oP1Yr1OSjPWtGcH/sh6+wE9cZH5</latexit>

i + s + 3
<latexit sha1_base64="vQDtQ6Vn8mjXkWvztN6H1CJArjY=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVXg7X7CL9lhkHpwpFC7evu723yvf5Xb+o9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebBkMaoHLT8aBDcmicDvEjaV6oydj93ZHSQKlB4JnKgOqems1G5n9ZM9H+uZvyME40hmzykZ8IoiMy2pp0uESmxcAAZZKbWQnrUUmZNrfJmSM4syvPQ+2k6JwW7YpdKB3DRFnYgwM4AgfOoARXUIYqMEC4h0d4sm6sB+vZepmUZqxpzy78kfX6A8UfkUo=</latexit>

i
<latexit sha1_base64="hRbu/z3CUaAhUPYD6dZpRDVRuIU=">AAAB7HicbZDLSgMxFIbPVK213qou3QSLIKhlpiC6s+BCV1LBaQvtUDJppg3NZIYkI5Shz+DGhRfc+i5uXLjzOXwB08tCW38IfPz/OeSc48ecKW3bX1ZmYXEpu5xbya+urW9sFra2aypKJKEuiXgkGz5WlDNBXc00p41YUhz6nNb9/sUor99RqVgkbvUgpl6Iu4IFjGBtLJcdq8Nyu1C0S/ZYaB6cKRTPv98vs9cfz9V24bPViUgSUqEJx0o1HTvWXoqlZoTTYb6VKBpj0sdd2jQocEiVl46HHaJ943RQEEnzhEZj93dHikOlBqFvKkOse2o2G5n/Zc1EB2deykScaCrI5KMg4UhHaLQ56jBJieYDA5hIZmZFpIclJtrcJ2+O4MyuPA+1csk5Kdk3drFyBBPlYBf24AAcOIUKXEEVXCDA4B4e4ckS1oP1Yr1OSjPWtGcH/sh6+wE++5H6</latexit>

i � s + 2

Fig. 15: Scheme 4, n′ ∈ [s+ 1 : 2s− 4]

To achieve the converse bound ` ≥ 3m/2s, we aim to
satisfy 2s/3 users in one transmission. Therefore, the intuition
is to use scheme 1 as much as possible. Then we use schemes
that involve a constant number of transmissions to satisfy the
remaining users.

Note that scheme 1 satisfies 2s users in each round, so the
number of remaining users is less than 2s after using scheme 1.
Scheme 4 can satisfy users of size 2 or [4 : 2s−2]. By applying
scheme 4 after scheme 1, we can deal with the cases where
m mod 2s ∈ {0, 2, 4, 5, . . . , 2s − 2}. For the case m mod
2s = 2s − 1, we use possibly scheme 1, then scheme 2 and
scheme 4. For the cases m mod 2s ∈ {1, 3}, we use possibly
scheme 1, then scheme 3 and scheme 4.

The required numbers of transmissions are addressed as the
follows.

• m mod 2s 6= 1, 3, 2s − 1. In this case we use scheme
1 k times to satisfy 2sk users. The remaining users are
satisfied by scheme 4. The total number of transmissions
used is

` =


3bm2sc+ 1 m mod 2s = 2

3bm2sc+ 2 m mod 2s ∈ [4 : s]

3bm2sc+ 3 m mod 2s ∈ [s+ 1 : 2s− 2]

(5)

• m mod 2s = 2s−1. In this case m ≥ 4s−1. We first use
scheme 1 until the number of remaining users becomes
4s − 1. We then use scheme 2 to satisfy 2s + 2 users.
The number of remaining users after applying scheme 2
is 2s− 3. We then use scheme 4 to satisfy these 2s− 3
users. The total number of transmissions is

` = 3
m+ 1

2s
+ 1 =

3m

2s
+

2s+ 3

2s
. (6)

• m mod 2s = 1. In this case m ≥ 2s + 1. We first use
scheme 1 until the number of remaining users becomes
2s+1. We then use scheme 3 to satisfy s+2 users. The
number of remaining users after applying scheme 3 is
s− 1. We then use scheme 4 to satisfy these s− 1 users.
The total number of transmissions is

` = 3
m− 2s− 1

2s
+ 3 + 2 =

3m

2s
+

4s− 3

2s
. (7)

• m mod 2s = 3. In this case m ≥ 2s + 3. We first use
scheme 1 until the number of remaining users becomes
2s+3. We then use scheme 3 to satisfy s+2 users. The
number of remaining users after applying scheme 2 is



s+1. We then use scheme 4 to satisfy these s+1 users.
The total number of transmissions is

` = 3
m− 2s− 1

2s
+ 3 + 3 =

3m

2s
+

6s− 3

2s
. (8)

C. Security constraint

In this part we show that the proposed schemes are secure.
By definition, the scheme is secure if all users can not decode
any single message after decoding the desired messages. Since
the encoding function is linear, the security constraint is
equivalent to that there does not exist any standard basis in
the row span of the submatrix of the generation matrix which
is reduced by the columns which correspond to the interfering
messages of a user.

We details the arguments for each scheme.
1) Scheme 1 satisfies 2s users using 3 transmissions. The

messages in different transmissions are all different.
Therefore, the submatrix obtained from the columns
of interfering messages of a user has all rows vectors
orthogonal. None of the row vectors are standard basis.
Therefore, the row span of the submatrix does not
include any standard basis. The scheme 1 is thus secure.
Note that it is also secure to repeat scheme 1 repeatedly
since the row span of the submatrix obtained for one user
does not contain any standard basis as well. This shows
that the case m mod 2s = 0 can be satisfied securely
using scheme 1.
When followed by other schemes, the transmissions of
scheme 1 also do not share any common messages to
the transmissions of the other schemes. Therefore, the
security holds for the case m mod 2s = 2 and m mod
2s ∈ [4 : 2s− 2].

2) Scheme 2 satisfies 2s + 2 users using 4 transmissions.
Note that all 4 transmissions do not have common
messages involved. By the same argument for scheme
1, the 2s + 2 users that are satisfied by scheme 2 will
not decode more than one message by the transmissions
in scheme 2.
When followed by scheme 4, there are exactly two
transmissions which shared an exactly one message.
Since the transmissions evolve strictly more than 2
messages, the interfering subspace does not contain any
standard basis and the security constraint still holds.

3) Scheme 3 satisfies s+2 users using 3 transmissions. The
3 transmissions have at most one message in common
pairwise. The 3 rows in the submatrix by the interfering
messages contains at least 2 non-zero elements. There-
fore, the linear combination of the rows can not be the
standard basis. Therefore, the row span of the submatrix
does not contain any standard basis. The s+2 users that
are satisfied by scheme 3 will not decode more than one
message by the transmissions in scheme 3.
Again, when followed by scheme 4, one can check that
the interfering subspace does not contain any standard
basis. The user can not decode any message other than
its desired message. The security constraint is satisfied.

4) Scheme 4 uses different number of transmissions for
different subcases
• When n′ = 0, 2 users are satisfied by 1 transmis-

sion. It is thus secure.
• When n′ ∈ [2 : s − 2], the scheme involves 2

transmissions. There are 2 messages in common of
these 2 transmissions. Since each row contains at
least 4 non-zero elements, any standard basis can
not be a linear combination of the 2 rows.

• When n′ = s − 1, the scheme involves 3 trans-
missions. There are at most 2 messages in common
pairwise. Since each row contains at least 4 non-
zero elements, any standard basis can not be a linear
combination of the 3 rows.

• When n′ = s, the scheme involves 3 transmissions.
There is at most 1 message in common pairwise.
Since each row contains at least 3 non-zero el-
ements, any standard basis can not be a linear
combination of the 3 rows.

• When n′ ∈ [s+ 1 : 2s− 4], the scheme involves 3
transmissions. There is no message in common of
these 3 transmissions. It is thus secure.

Overall, we conclude that no user is going to decode more
than one message. The proposed scheme is secure.

APPENDIX B
CASE s < m ≤ 3s/2, m− 4 ≥ s ≥ 5

In this regime we consider another type of achievable
scheme. We generate the codewords that satisfy the following
two conditions:

1) After subtracting the messages in the side information
set, each user observes one and only one transmission
that contains only one message.

2) No common message between any two transmissions.
That is, one message only appears in at most on trans-
mission.

These two conditions guarantee the decodability as well as the
security since linear combinations of the transmissions do not
help to decode any new message. Therefore, the security per
transmission provides the security of the whole transmissions.

A. Case m = k1(2p− 2) + k2(p)

For the simplicity of notation, define p := m− s, which is
the size of the complement of side information set. We first
provide a basic structure of the codewords, which works for
the case m = k1(2m − 2s − 2) + k2(m − s), where k1 ≥
2, k2 ≥ 0, k1, k2 ∈ Z.

The scheme takes 4 transmissions:
•

∑p−1
i=1 wi +

∑k1+k2−1
j=2

∑p−1
i=1 w2j(2p−2)+i.

• wp + w2p−2 +
∑k1−1
j=2 (wj(2p−2)+p + w(j+1)(2p−2)) +∑k2−1

j=0 wm−jp.
•

∑3p−3
i=2p−1 wi.

• w3p−2 + w4p−4.
The transmissions are illustrated in Fig. 16.
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<latexit sha1_base64="hdhg1Ubyo8MaXq6YpO+/T7dD9Hc=">AAAB6nicbVDLSgNBEOyNGmN8RT16cDQIHkzYFUSPAS8eI5oHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5H36Ak8dBEwsaiqpuuruCRHBtXPfLyaysrmXXcxv5za3tnd3C3n5dx6liWGOxiFUzoBoFl1gz3AhsJgppFAhsBIObid94RKV5LB/MMEE/oj3JQ86osdJ9UvI6haJbdqcgy8Sbk2IlWxffR8elaqfw2e7GLI1QGiao1i3PTYw/ospwJnCcb6caE8oGtIctSyWNUPuj6aljcmqVLgljZUsaMlV/T4xopPUwCmxnRE1fL3oT8T+vlZrw2h9xmaQGJZstClNBTEwmf5MuV8iMGFpCmeL2VsL6VFFmbDp5G4K3+PIyqV+Uvcuye2fTOIcZcnAIJ3AGHlxBBW6hCjVg0IMneIFXRzjPzpvzPmvNOPOZA/gD5+MH63KPuQ==</latexit>

p � 1
<latexit sha1_base64="da+bPlcCnI4evJFM+S5agyKh/eI=">AAAB63icbVBNSwMxEJ2tWmv9qnr0YLQIHmzZLYgeC148VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M3/4Q8w2/agrQ8GHu/NMDMviDnTxnW/nNza+kZ+s7BV3N7Z3dsvHRy2dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7Gt5nffqRKs0g+mElMfYGHkoWMYJNJtbhS65fKbtWdAa0Sb0HK9XyLf5+cVhr90mdvEJFEUGkIx1p3PTc2foqVYYTTabGXaBpjMsZD2rVUYkG1n85unaJzqwxQGClb0qCZ+nsixULriQhsp8BmpJe9TPzP6yYmvPFTJuPEUEnmi8KEIxOh7HE0YIoSwyeWYKKYvRWREVaYGBtP0YbgLb+8Slq1qndVde9tGpcwRwGO4QwuwINrqMMdNKAJBEbwBC/w6gjn2Xlz3uetOWcxcwR/4Hz8AF5Lj/Y=</latexit>

2p � 2
<latexit sha1_base64="T2rnDtVDW/aKL5ILlhB9pTGK2Ho=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2DaLHgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5ldW19I79Z2Nre2d0r7h80dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGt5nfeqRKs0g+mHFMfYEHkoWMYJNJ1bhc7RVLbsWdAi0Tb05KtfUm/z4+Kdd7xc9uPyKJoNIQjrXueG5s/BQrwwink0I30TTGZIQHtGOpxIJqP53eOkFnVumjMFK2pEFT9fdEioXWYxHYToHNUC96mfif10lMeOOnTMaJoZLMFoUJRyZC2eOozxQlho8twUQxeysiQ6wwMTaegg3BW3x5mTQvK95Vxb23aVzADHk4glM4Bw+uoQZ3UIcGEBjCE7zAqyOcZ+fNeZ+15pz5zCH8gfPxA2FWj/g=</latexit>

3p � 3
<latexit sha1_base64="YeK8wOl4nkC6yG4ir8ZjCZyMKPU=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2JaLHgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5ldW19I79Z2Nre2d0r7h80dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGt5nfeqRKs0g+mHFMfYEHkoWMYJNJ1bhc7RVLbsWdAi0Tb05KtfUm/z4+Kdd7xc9uPyKJoNIQjrXueG5s/BQrwwink0I30TTGZIQHtGOpxIJqP53eOkFnVumjMFK2pEFT9fdEioXWYxHYToHNUC96mfif10lMeOOnTMaJoZLMFoUJRyZC2eOozxQlho8twUQxeysiQ6wwMTaegg3BW3x5mTQvK95Vxb23aVzADHk4glM4Bw+uoQZ3UIcGEBjCE7zAqyOcZ+fNeZ+15pz5zCH8gfPxA2Rhj/o=</latexit>

4p � 4
<latexit sha1_base64="0kYhMQoCMEXY9+PRXNSjmOA/rUE=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2xaDHgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5ldW19I79Z2Nre2d0r7h80dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGt5nfeqRKs0g+mHFMfYEHkoWMYJNJ1bh81SuW3Io7BVom3pyUautN/n18Uq73ip/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjq9dYLOrNJHYaRsSYOm6u+JFAutxyKwnQKboV70MvE/r5OY8MZPmYwTQyWZLQoTjkyEssdRnylKDB9bgoli9lZEhlhhYmw8BRuCt/jyMmleVrxqxb23aVzADHk4glM4Bw+uoQZ3UIcGEBjCE7zAqyOcZ+fNeZ+15pz5zCH8gfPxA2Xoj/s=</latexit>

5p � 4
<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>

1

Fig. 16: Scheme for case m = k1(2p− 2) + k2(p)

By manipulating the parameters k1, k2, the scheme can
satisfy all cases of m ≥ 4p except the following cases:

• m = 5p− 1, 5p− 2, 7p− 3.
• m = 5p− 3, 6p− 3.

B. Case m = k2(2p− 2) + q

For the proposed scheme for case m = k1(2p−2)+k2(p) in
Appendix B-A, call the part associated with k1 part A, which
consists of blocks of size 2p− 2; the part associated with k2
part B, which consists of blocks of size p. We modify the
scheme such that it works for m = k2(2p − 2) + q, where
k1 ≥ 1, p + 2 ≤ q ≤ 2p − 2, k1, q ∈ Z. The modification is
done by shrink one block in part A to size q.

The scheme takes 4 transmissions:

• w1 + w2p−q + · · ·+ wp−1 +
∑k1−1
j=1

∑p−1
i=1 wj(2p−2)+i.

• wp + w2p−2 +
∑k1−1
j=1 (wj(2p−2)+p + wj(2p−2)+2p−2).

•
∑m−p+1
i=m−q+1 wi.

• wm−q+p + wm.

The transmissions are illustrated in Fig. 17.
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<latexit sha1_base64="hdhg1Ubyo8MaXq6YpO+/T7dD9Hc=">AAAB6nicbVDLSgNBEOyNGmN8RT16cDQIHkzYFUSPAS8eI5oHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5H36Ak8dBEwsaiqpuuruCRHBtXPfLyaysrmXXcxv5za3tnd3C3n5dx6liWGOxiFUzoBoFl1gz3AhsJgppFAhsBIObid94RKV5LB/MMEE/oj3JQ86osdJ9UvI6haJbdqcgy8Sbk2IlWxffR8elaqfw2e7GLI1QGiao1i3PTYw/ospwJnCcb6caE8oGtIctSyWNUPuj6aljcmqVLgljZUsaMlV/T4xopPUwCmxnRE1fL3oT8T+vlZrw2h9xmaQGJZstClNBTEwmf5MuV8iMGFpCmeL2VsL6VFFmbDp5G4K3+PIyqV+Uvcuye2fTOIcZcnAIJ3AGHlxBBW6hCjVg0IMneIFXRzjPzpvzPmvNOPOZA/gD5+MH63KPuQ==</latexit>

p � 1
<latexit sha1_base64="da+bPlcCnI4evJFM+S5agyKh/eI=">AAAB63icbVBNSwMxEJ2tWmv9qnr0YLQIHmzZLYgeC148VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M3/4Q8w2/agrQ8GHu/NMDMviDnTxnW/nNza+kZ+s7BV3N7Z3dsvHRy2dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7Gt5nffqRKs0g+mElMfYGHkoWMYJNJtbhS65fKbtWdAa0Sb0HK9XyLf5+cVhr90mdvEJFEUGkIx1p3PTc2foqVYYTTabGXaBpjMsZD2rVUYkG1n85unaJzqwxQGClb0qCZ+nsixULriQhsp8BmpJe9TPzP6yYmvPFTJuPEUEnmi8KEIxOh7HE0YIoSwyeWYKKYvRWREVaYGBtP0YbgLb+8Slq1qndVde9tGpcwRwGO4QwuwINrqMMdNKAJBEbwBC/w6gjn2Xlz3uetOWcxcwR/4Hz8AF5Lj/Y=</latexit>

2p � 2
<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>

1
<latexit sha1_base64="GmouiotK18cyRZjAWHonCt+UXRQ=">AAAB7XicbVDLSgNBEOyNrxhfUY8eHA2CoAm7AdFjwIvHCGYTSJYwO5kkY2Zn1plZISz5By8eFPHq/3jzP/wAJ4+DJhY0FFXddHeFMWfauO6Xk1laXlldy67nNja3tnfyu3u+lokitEYkl6oRYk05E7RmmOG0ESuKo5DTeji4Hvv1R6o0k+LODGMaRLgnWJcRbKzkl+Ni+eyhnS+4JXcCtEi8GSlUVn3+fXhUrLbzn62OJElEhSEca9303NgEKVaGEU5HuVaiaYzJAPdo01KBI6qDdHLtCJ1YpYO6UtkSBk3U3xMpjrQeRqHtjLDp63lvLP7nNRPTvQpSJuLEUEGmi7oJR0ai8euowxQlhg8twUQxeysifawwMTagnA3Bm395kfjlkndRcm9tGucwRRYO4BhOwYNLqMANVKEGBO7hCV7g1ZHOs/PmvE9bM85sZh/+wPn4AZbNkKY=</latexit>

2p � 2 + q

Fig. 17: Scheme for case m = k2(2p− 2) + q

By taking k1 = 2, q = p+3, k1 = 2, q = p+2, k1 = 3, q =
p + 3, the cases m = 5p − 1, 5p − 2, 7p − 3 can be solved
using the this scheme. Moreover, by taking k1 = 1, the case
3p ≤ m ≤ 4p− 4 can be solved by this scheme as well.

C. Case by case study

We are now left with the case m = 5p − 3, 6p − 3 and
m = 4p− 3, 4p− 2, 4p− 1. Since there are only 5 cases, we
address them case by case.

1) m = 5p− 3: The scheme takes 3 transmissions:

•
∑p−2
i=2 wi + wp + w2p−2 + w4p.

•
∑2p+1
i=2p−1 wi + w3p+1 + w4p−2 + w4p−1 + w5p−4.

• wp−1 + w3p−2 + w3p.

The transmissions are illustrated in Fig. 18.
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<latexit sha1_base64="da+bPlcCnI4evJFM+S5agyKh/eI=">AAAB63icbVBNSwMxEJ2tWmv9qnr0YLQIHmzZLYgeC148VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M3/4Q8w2/agrQ8GHu/NMDMviDnTxnW/nNza+kZ+s7BV3N7Z3dsvHRy2dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7Gt5nffqRKs0g+mElMfYGHkoWMYJNJtbhS65fKbtWdAa0Sb0HK9XyLf5+cVhr90mdvEJFEUGkIx1p3PTc2foqVYYTTabGXaBpjMsZD2rVUYkG1n85unaJzqwxQGClb0qCZ+nsixULriQhsp8BmpJe9TPzP6yYmvPFTJuPEUEnmi8KEIxOh7HE0YIoSwyeWYKKYvRWREVaYGBtP0YbgLb+8Slq1qndVde9tGpcwRwGO4QwuwINrqMMdNKAJBEbwBC/w6gjn2Xlz3uetOWcxcwR/4Hz8AF5Lj/Y=</latexit>

2p � 2
<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>
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<latexit sha1_base64="VdtUVtw4cZM5zHgVMthHKIdSCd4=">AAAB6XicbVDLSgNBEOyNGmN8RT16cDQIHjTsKqLHgBePUcwDkhBmJ73JkNnZZWZWCEv+wIsHRbz6R978Dz/AyeOgiQUNRVU33V1+LLg2rvvlZJaWV7KrubX8+sbm1nZhZ7emo0QxrLJIRKrhU42CS6wabgQ2YoU09AXW/cHN2K8/otI8kg9mGGM7pD3JA86osdL9RdwpFN2SOwFZJN6MFMvZmvg+ODyrdAqfrW7EkhClYYJq3fTc2LRTqgxnAkf5VqIxpmxAe9i0VNIQdTudXDoix1bpkiBStqQhE/X3REpDrYehbztDavp63huL/3nNxATX7ZTLODEo2XRRkAhiIjJ+m3S5QmbE0BLKFLe3EtanijJjw8nbELz5lxdJ7bzkXZbcO5vGKUyRg304ghPw4ArKcAsVqAKDAJ7gBV6dgfPsvDnv09aMM5vZgz9wPn4AhIaPhA==</latexit>

3p
<latexit sha1_base64="TlZ894Fii9HB0xVSMdlFyIGlQ8c=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2laDHgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5ldW19I79Z2Nre2d0r7h80dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGt5nfeqRKs0g+mHFMfYEHkoWMYJNJ1bh81SuW3Io7BVom3pyUautN/n18Uq73ip/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjq9dYLOrNJHYaRsSYOm6u+JFAutxyKwnQKboV70MvE/r5OY8MZPmYwTQyWZLQoTjkyEssdRnylKDB9bgoli9lZEhlhhYmw8BRuCt/jyMmleVrxqxb23aVzADHk4glM4Bw+uoQZ3UIcGEBjCE7zAqyOcZ+fNeZ+15pz5zCH8gfPxA2Rkj/o=</latexit>

5p � 3

Fig. 18: Scheme for case m = 5p− 3

2) m = 6p − 3: The scheme can be seen as modified
scheme for the case m = 5p− 3 by adding a block of size p.
The scheme takes 3 transmissions:

•
∑p−2
i=2 wi + wp + w2p−2 + w3p−2 + w5p.

•
∑1
j=0

∑2p+1
i=2p−1 wi+jp+w4p+1+w5p−2+w5p−1+w6p−4.

• wp−1 + w4p−2 + w4p.

The transmissions are illustrated in Fig. 19.

U UU

XX X X
UUU U

U
X

U

X X X
U U U

U U

U

X X

<latexit sha1_base64="da+bPlcCnI4evJFM+S5agyKh/eI=">AAAB63icbVBNSwMxEJ2tWmv9qnr0YLQIHmzZLYgeC148VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M3/4Q8w2/agrQ8GHu/NMDMviDnTxnW/nNza+kZ+s7BV3N7Z3dsvHRy2dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7Gt5nffqRKs0g+mElMfYGHkoWMYJNJtbhS65fKbtWdAa0Sb0HK9XyLf5+cVhr90mdvEJFEUGkIx1p3PTc2foqVYYTTabGXaBpjMsZD2rVUYkG1n85unaJzqwxQGClb0qCZ+nsixULriQhsp8BmpJe9TPzP6yYmvPFTJuPEUEnmi8KEIxOh7HE0YIoSwyeWYKKYvRWREVaYGBtP0YbgLb+8Slq1qndVde9tGpcwRwGO4QwuwINrqMMdNKAJBEbwBC/w6gjn2Xlz3uetOWcxcwR/4Hz8AF5Lj/Y=</latexit>

2p � 2
<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>
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<latexit sha1_base64="lO51EFdfuxkHvJzQSnL5E6hnSBo=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2I6LHgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5ldW19I79Z2Nre2d0r7h80dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGt5nfeqRKs0g+mHFMfYEHkoWMYJNJl3G52iuW3Io7BVom3pyUautN/n18Uq73ip/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjq9dYLOrNJHYaRsSYOm6u+JFAutxyKwnQKboV70MvE/r5OY8MZPmYwTQyWZLQoTjkyEssdRnylKDB9bgoli9lZEhlhhYmw8BRuCt/jyMmlWK95Vxb23aVzADHk4glM4Bw+uoQZ3UIcGEBjCE7zAqyOcZ+fNeZ+15pz5zCH8gfPxA1/Sj/c=</latexit>

3p � 2
<latexit sha1_base64="JfoPEtm+R622onxLuE13wyRx1sU=">AAAB6XicbVDLSgNBEOyNGmN8RT16cDQIHjTsiqLHgBePUcwDkhBmJ73JkNnZZWZWCEv+wIsHRbz6R978Dz/AyeOgiQUNRVU33V1+LLg2rvvlZJaWV7KrubX8+sbm1nZhZ7emo0QxrLJIRKrhU42CS6wabgQ2YoU09AXW/cHN2K8/otI8kg9mGGM7pD3JA86osdL9RdwpFN2SOwFZJN6MFMvZmvg+ODyrdAqfrW7EkhClYYJq3fTc2LRTqgxnAkf5VqIxpmxAe9i0VNIQdTudXDoix1bpkiBStqQhE/X3REpDrYehbztDavp63huL/3nNxATX7ZTLODEo2XRRkAhiIjJ+m3S5QmbE0BLKFLe3EtanijJjw8nbELz5lxdJ7bzkXZbcO5vGKUyRg304ghPw4ArKcAsVqAKDAJ7gBV6dgfPsvDnv09aMM5vZgz9wPn4AhguPhQ==</latexit>

4p
<latexit sha1_base64="IFHrX8mdlffCur/AqUr/55UX6JA=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2FR/HgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5peWV1Lb9e2Njc2t4p7u41dJQoQusk4pFqBVhTziStG2Y4bcWKYhFw2gyGt5nffKRKs0g+mFFMfYH7koWMYJNJV3H5olssuRV3ArRIvBkpVVcb/PvwqFzrFj87vYgkgkpDONa67bmx8VOsDCOcjgudRNMYkyHu07alEguq/XRy6xidWKWHwkjZkgZN1N8TKRZaj0RgOwU2Az3vZeJ/Xjsx4Y2fMhknhkoyXRQmHJkIZY+jHlOUGD6yBBPF7K2IDLDCxNh4CjYEb/7lRdI4r3iXFffepnEGU+ThAI7hFDy4hircQQ3qQGAAT/ACr45wnp03533amnNmM/vwB87HD2Xrj/s=</latexit>

6p � 3

Fig. 19: Scheme for case m = 6p− 3

3) m = 4p− 3: The scheme takes 3 transmissions:

• wp−1+w3p−2+w3p−1+w4p−4 or wp−1+w3p−2+w3p−1
if p = 4.

•
∑p−2
i=2 wi + wp + w2p−2 + w3p.

• w2p−1 + w2p.

The transmissions are illustrated in Fig. 20.
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<latexit sha1_base64="da+bPlcCnI4evJFM+S5agyKh/eI=">AAAB63icbVBNSwMxEJ2tWmv9qnr0YLQIHmzZLYgeC148VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M3/4Q8w2/agrQ8GHu/NMDMviDnTxnW/nNza+kZ+s7BV3N7Z3dsvHRy2dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7Gt5nffqRKs0g+mElMfYGHkoWMYJNJtbhS65fKbtWdAa0Sb0HK9XyLf5+cVhr90mdvEJFEUGkIx1p3PTc2foqVYYTTabGXaBpjMsZD2rVUYkG1n85unaJzqwxQGClb0qCZ+nsixULriQhsp8BmpJe9TPzP6yYmvPFTJuPEUEnmi8KEIxOh7HE0YIoSwyeWYKKYvRWREVaYGBtP0YbgLb+8Slq1qndVde9tGpcwRwGO4QwuwINrqMMdNKAJBEbwBC/w6gjn2Xlz3uetOWcxcwR/4Hz8AF5Lj/Y=</latexit>

2p � 2
<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>
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<latexit sha1_base64="lO51EFdfuxkHvJzQSnL5E6hnSBo=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2I6LHgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5ldW19I79Z2Nre2d0r7h80dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGt5nfeqRKs0g+mHFMfYEHkoWMYJNJl3G52iuW3Io7BVom3pyUautN/n18Uq73ip/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjq9dYLOrNJHYaRsSYOm6u+JFAutxyKwnQKboV70MvE/r5OY8MZPmYwTQyWZLQoTjkyEssdRnylKDB9bgoli9lZEhlhhYmw8BRuCt/jyMmlWK95Vxb23aVzADHk4glM4Bw+uoQZ3UIcGEBjCE7zAqyOcZ+fNeZ+15pz5zCH8gfPxA1/Sj/c=</latexit>

3p � 2

U

<latexit sha1_base64="cNJDIFXp4xyuNHUixLMvvU1HOJQ=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2faDHgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5peWV1Lb9e2Njc2t4p7u41dJQoQusk4pFqBVhTziStG2Y4bcWKYhFw2gyGt5nffKRKs0g+mFFMfYH7koWMYJNJl3H5olssuRV3ArRIvBkpVVcb/PvwqFzrFj87vYgkgkpDONa67bmx8VOsDCOcjgudRNMYkyHu07alEguq/XRy6xidWKWHwkjZkgZN1N8TKRZaj0RgOwU2Az3vZeJ/Xjsx4Y2fMhknhkoyXRQmHJkIZY+jHlOUGD6yBBPF7K2IDLDCxNh4CjYEb/7lRdI4r3hXFffepnEGU+ThAI7hFDy4hircQQ3qQGAAT/ACr45wnp03533amnNmM/vwB87HD2Ldj/k=</latexit>

4p � 3

Fig. 20: Scheme for case m = 4p− 3

4) m = 4p− 2: The scheme takes 3 transmissions:

• wp−1 + w3p−2 + w3p + w4p−3 or wp−1 + w3p−2 + w3p

if p = 4.
•

∑p−2
i=2 wi + wp + w2p−2 + w3p+1.

• w2p−1 + w2p + w2p+1.

The transmissions are illustrated in Fig. 21.
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<latexit sha1_base64="da+bPlcCnI4evJFM+S5agyKh/eI=">AAAB63icbVBNSwMxEJ2tWmv9qnr0YLQIHmzZLYgeC148VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M3/4Q8w2/agrQ8GHu/NMDMviDnTxnW/nNza+kZ+s7BV3N7Z3dsvHRy2dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7Gt5nffqRKs0g+mElMfYGHkoWMYJNJtbhS65fKbtWdAa0Sb0HK9XyLf5+cVhr90mdvEJFEUGkIx1p3PTc2foqVYYTTabGXaBpjMsZD2rVUYkG1n85unaJzqwxQGClb0qCZ+nsixULriQhsp8BmpJe9TPzP6yYmvPFTJuPEUEnmi8KEIxOh7HE0YIoSwyeWYKKYvRWREVaYGBtP0YbgLb+8Slq1qndVde9tGpcwRwGO4QwuwINrqMMdNKAJBEbwBC/w6gjn2Xlz3uetOWcxcwR/4Hz8AF5Lj/Y=</latexit>

2p � 2
<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>
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<latexit sha1_base64="lO51EFdfuxkHvJzQSnL5E6hnSBo=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2I6LHgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5ldW19I79Z2Nre2d0r7h80dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGt5nfeqRKs0g+mHFMfYEHkoWMYJNJl3G52iuW3Io7BVom3pyUautN/n18Uq73ip/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjq9dYLOrNJHYaRsSYOm6u+JFAutxyKwnQKboV70MvE/r5OY8MZPmYwTQyWZLQoTjkyEssdRnylKDB9bgoli9lZEhlhhYmw8BRuCt/jyMmlWK95Vxb23aVzADHk4glM4Bw+uoQZ3UIcGEBjCE7zAqyOcZ+fNeZ+15pz5zCH8gfPxA1/Sj/c=</latexit>

3p � 2

U
X

<latexit sha1_base64="4gaT/6++xtz6asY4JPzirATmwkk=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2g6LHgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5ldW19I79Z2Nre2d0r7h80dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGt5nfeqRKs0g+mHFMfYEHkoWMYJNJl3G52iuW3Io7BVom3pyUautN/n18Uq73ip/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjq9dYLOrNJHYaRsSYOm6u+JFAutxyKwnQKboV70MvE/r5OY8MZPmYwTQyWZLQoTjkyEssdRnylKDB9bgoli9lZEhlhhYmw8BRuCt/jyMmlWK95Vxb23aVzADHk4glM4Bw+uoQZ3UIcGEBjCE7zAqyOcZ+fNeZ+15pz5zCH8gfPxA2FZj/g=</latexit>

4p � 2

U

Fig. 21: Scheme for case m = 4p− 2

5) m = 4p− 1: The scheme takes 3 transmissions:
• wp−1+w3p−2+w3p+1+w4p−2 or wp−1+w3p−2+w3p+1

if p = 4.
•

∑p−2
i=2 wi + wp + w2p−2 + w3p+2.

• w2p−1 + w2p + w2p+1 + w2p+2.
The transmissions are illustrated in Fig. 22.
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<latexit sha1_base64="da+bPlcCnI4evJFM+S5agyKh/eI=">AAAB63icbVBNSwMxEJ2tWmv9qnr0YLQIHmzZLYgeC148VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M3/4Q8w2/agrQ8GHu/NMDMviDnTxnW/nNza+kZ+s7BV3N7Z3dsvHRy2dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7Gt5nffqRKs0g+mElMfYGHkoWMYJNJtbhS65fKbtWdAa0Sb0HK9XyLf5+cVhr90mdvEJFEUGkIx1p3PTc2foqVYYTTabGXaBpjMsZD2rVUYkG1n85unaJzqwxQGClb0qCZ+nsixULriQhsp8BmpJe9TPzP6yYmvPFTJuPEUEnmi8KEIxOh7HE0YIoSwyeWYKKYvRWREVaYGBtP0YbgLb+8Slq1qndVde9tGpcwRwGO4QwuwINrqMMdNKAJBEbwBC/w6gjn2Xlz3uetOWcxcwR/4Hz8AF5Lj/Y=</latexit>

2p � 2
<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>
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<latexit sha1_base64="lO51EFdfuxkHvJzQSnL5E6hnSBo=">AAAB63icbVDLSgNBEOyNrxhfUY8eHA2CBxN2I6LHgBePEcwDkiXMTmaTITOzy8ysEJb8ghcPinj1h7z5H36As0kOmljQUFR1090VxJxp47pfTm5ldW19I79Z2Nre2d0r7h80dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGt5nfeqRKs0g+mHFMfYEHkoWMYJNJl3G52iuW3Io7BVom3pyUautN/n18Uq73ip/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjq9dYLOrNJHYaRsSYOm6u+JFAutxyKwnQKboV70MvE/r5OY8MZPmYwTQyWZLQoTjkyEssdRnylKDB9bgoli9lZEhlhhYmw8BRuCt/jyMmlWK95Vxb23aVzADHk4glM4Bw+uoQZ3UIcGEBjCE7zAqyOcZ+fNeZ+15pz5zCH8gfPxA1/Sj/c=</latexit>

3p � 2

U

X

<latexit sha1_base64="5E9lMWZdpUeg7/J3Ears6LVy9UM=">AAAB63icbVBNSwMxEJ2tWmv9qnr0YLQIHmzZFUWPBS8eK9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ub/8AeYbXvQ1gcDj/dmmJkXxJxp47pfTm5ldS2/Xtgobm5t7+yW9vabOkoUoQ0S8Ui1A6wpZ5I2DDOctmNFsQg4bQWj28xvPVKlWSQfzDimvsADyUJGsMmky7ji9Uplt+pOgZaJNyflWr7Jv4+OK/Ve6bPbj0giqDSEY607nhsbP8XKMMLppNhNNI0xGeEB7VgqsaDaT6e3TtCpVfoojJQtadBU/T2RYqH1WAS2U2Az1IteJv7ndRIT3vgpk3FiqCSzRWHCkYlQ9jjqM0WJ4WNLMFHM3orIECtMjI2naEPwFl9eJs2LqndVde9tGucwQwEO4QTOwINrqMEd1KEBBIbwBC/w6gjn2Xlz3metOWc+cwB/4Hz8AF/Vj/c=</latexit>

4p � 1
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Fig. 22: Scheme for case m = 4p− 1

Therefore, all the cases in the regime s < m ≤ 3s/2, 4 ≤
s ≤ m−5 can be satisfied securely by the proposed scheme in
this section using a finite number of transmissions. The linear
converse bound can be achieved within an additive constant
gap

APPENDIX C
CASE 3s/2 < m < 2s, m− 4 ≥ s ≥ 5

In this regime we aim to satisfy m users securely by a
constant number of transmissions. The idea is to satisfy a small
amount of the users at first such that the remaining users can be
satisfied using the existing scheme securely. Specifically, we
want to have the remaining users such that the schemes for the
case m ≥ 2s can be applied and the security constraint can
be satisfied We use the notation p := m− s which is defined
in Appendix B.

A. Case p ≥ 7

The scheme we proposed can be split into two parts. The
first part contains a transmissions, where a = 2 or 3 and will
be decided later. The transmissions are

∑s−1
i=1 wi,

∑s+1
i=3 wi

when a = 2 and
∑s−1
i=1 wi,

∑s+1
i=3 wi,

∑s+3
i=5 wi when a = 3.

Therefore, the first part satisfies 2a users. The number of
remaining users are m− 2a.

In the second part, we use the scheme that is similar to
scheme 4 in Appendix A-A4 that has been used for case m ≥
2s. The second part takes 3 transmissions as the follows.
• ws+2a + wm−2.
• wm−s−2 +

∑s+2a−1
i=a1+dm2 e−1 wi.

•
∑s+a−bm2 c−1
i=1 wi + w2s−m+2a + wm−1 + wm.

Note that the first transmission needs m − 2 ≥ s + 2a + 1,
which implies the condition m − s = p ≥ 2a + 3 ≥ 7. By
the 3 transmissions, the second part satisfies all the remaining
m− 2a users. The schemes are illustrated in Fig.23.
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<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>
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<latexit sha1_base64="F1W3ETAoCa6TqKfDF/Txgnn6sE0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5ZEFD0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPSTnXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDG/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdK8qHpXVff+slI7y+MowhEcwyl4cA01uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w+uK41U</latexit>

p � 1
<latexit sha1_base64="8RAZk1rOq/zMURAmP2CrmAFt1gQ=">AAAB7XicbVBNSwMxEJ2tX7V+tOrRS7AIglp2q6LHghePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tktlvb2m1omitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hbqt56o0kyKBzOOqR/hgWAhI9hYqalPq/j8olcquxV3BrRMvIyUIUO9V/rq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfo2Cp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjjp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0qxXvquLeX5ZrZ1kceTiEIzgBD66hBndQhwYQeIRneIU3RzovzrvzMW/NOdnMAfyB8/kDR/aONQ==</latexit>

s + 2a � 3
<latexit sha1_base64="cnxwQ0T9s+FP+gcfGgg8Z5M+eyM=">AAAB6nicbVBNSwMxEJ34WetX1aOXYBE8aNktih4LXjxWtB/QLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfq0Y4TFkgyUDzilFgnPciLaq9U9ireDHiZ+DkpQ456r/TV7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2SzUyf41Cl9HMXalbJ4pv6eyIg0ZixD1ymJHZpFbyr+53VSG90EGVdJapmi80VRKrCN8fRv3OeaUSvGjhCqubsV0yHRhFqXTtGF4C++vEya1Yp/VfHuL8u18zyOAhzDCZyBD9dQgzuoQwMoDOAZXuENCfSC3tHHvHUF5TNH8Afo8werHY1S</latexit>

m � 2

<latexit sha1_base64="7G03B4gZPjIUW63NYsXcPYTC9eE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBgy27paLHghePFdy20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxfDTThAYCjySLGMHGSr6o6mp9UK64NXcBtE68nFQgR2tQ/uoPY5IKKg3hWOue5yYmyLAyjHA6K/VTTRNMJnhEe5ZKLKgOssWxM3RhlSGKYmVLGrRQf09kWGg9FaHtFNiM9ao3F//zeqmJboOMySQ1VJLloijlyMRo/jkaMkWJ4VNLMFHM3orIGCtMjM2nZEPwVl9eJ+16zbuuuQ+NSvMqj6MIZ3AOl+DBDTThHlrgAwEGz/AKb450Xpx352PZWnDymVP4A+fzB+nFjgY=</latexit>

m � s � 2
<latexit sha1_base64="6eq3rxAibaBYvcpS7HhYk7x/xs0=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBEEtewWRY8FLx4r2A9ol5JNs21okl2SrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0crq2vrGZmGruL2zu7dfOjhsmjjVlDVoLGLdDolhgivWsNwK1k40IzIUrBWO7qZ+64lpw2P1aMcJCyQZKB5xSqyTWlVzKc+rpFcqexVvBrxM/JyUIUe9V/rq9mOaSqYsFcSYju8lNsiItpwKNil2U8MSQkdkwDqOKiKZCbLZuRN86pQ+jmLtSlk8U39PZEQaM5ah65TEDs2iNxX/8zqpjW6DjKsktUzR+aIoFdjGePo77nPNqBVjRwjV3N2K6ZBoQq1LqOhC8BdfXibNasW/rngPV+XaRR5HAY7hBM7AhxuowT3UoQEURvAMr/CGEvSC3tHHvHUF5TNH8Afo8wcSIY6r</latexit>

2s � m + 2a

Fig. 23: Scheme for the case 3s/2 < m < 2s

We now decide the value of a, which will make the security
constraint satisfied.

The security constraint can not be satisfied when the second
part allows some users to decode more than one message. Note
that the transmissions in the second part are the scheme used
in Appendix A-A4. In Appendix A-A4 we have the condition
m > 2s, thus the last two transmissions are guaranteed to not
have common messages. However, when the scheme is used
in the case m < 2s, it is possible that these two transmissions
contain the common messages. The users can possibly decode
an extra message after decoding their desired messages thus
making the scheme possibly insecure.

Specifically, when m − s − 2 = 2s − m + 2a the last
two transmissions have wm−s−2 as the common message.
User us+a1−bm2 c−1 has the desired message as wm−s−2
and can decode wm−s−2 by the last transmission. Note that
a1+ dm2 e− 1− (s+a1−bm2 c− 1) = m− s = p. That means
that user us+a1−bm2 c−1 can decode wa1+dm2 e−1 by the second
transmission since there only two messages involved in the
second transmission that are not in the side information set
of user us+a1−bm2 c−1 and one of the messages is its desired
message. This violates the security constraint.

To secure the scheme, we choose a such that m− s− 2 6=
2s −m + 2a, that is, a 6= p − s/2 − 1. By such choice of a
the scheme becomes secure. If we have the freedom to choose
a to be either 2 or 3, the security constraint can be satisfied.
Therefore, the scheme does not work only if a can only be 2
and p − s/2 − 1 = 2. That is, 7 ≤ p < 9 and p = s/2 + 3.
Two cases are included:

1) p = 7, s = 8,m = 15.
2) p = 8, s = 10,m = 18.

a) Case p = 7, s = 8,m = 15: We propose a
scheme with 6 transmissions that works for this case. The
transmissions are:



•
∑7
i=1 wi.

•
∑9
i=3 wi.

•
∑11
i=5 wi.

•
∑13
i=7 wi.

• w10 + w13 + w14 + w15.
• w1 + w3 + w14 + w15.

The transmissions are illustrated in Fig.24.
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<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>

1

U U

U
X

U
X XX

X X
UU

X XXX X

UU U U
X XX X

U U U
X X X XX

<latexit sha1_base64="HuzOoheye/5DaGei7QzgGKnOu1E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevDcfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9a6q7n2tUr/I4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+MmjN0=</latexit>

10
<latexit sha1_base64="RVmhQxqF8QRTzu0DcjGwbtiZlRs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RELHosePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD16tX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6tWq7v1VpX6Rx1GEEziFc/DgGupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+q6jOI=</latexit>

15
<latexit sha1_base64="Vun4E1MzmiuEeGQiw62pZMejIrk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIRY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrVfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66riVStu47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fe2GMpw==</latexit>

5

Fig. 24: Scheme for the case p = 7, s = 8,m = 15

b) Case p = 8, s = 10,m = 18: Note that this is the
case where m and s are even. By the result in [6] we know that
there exists scheme with m/2 transmissions that can securely
satisfy all users. Since here we are only interested in a single
case and we are satisfied by a scheme with a finite number of
transmissions. The scheme with m/2 transmissions, although
suboptimal, is enough for us to claim that for the case p =
8, s = 10,m = 18 can be securely satisfied with a finite
number of transmissions.

Therefore, for all cases with p ≥ 7, we show the feasibility.

B. Case 4 ≤ p ≤ 6

We now study the remaining cases in the regime 3s/2 <
s < 2s, m− 4 ≥ s ≥ 5.

Note that in this regime we have p < s < 2p. Therefore,
for 4 ≤ p ≤ 6, the number of possible cases are finite. We
address them cases by case.

a) Even m: The cases with even m include p = 4, 6,
even s and p = 5, odd m. The largest m in this case is
p+s = 6+10 = 16. By the result in [6], the scheme with m/2
transmissions can securely satisfy these cases. The number of
transmissions needed is upper bounded by 16/2 = 8.

The remaining cases are the cases where m is odd.
b) Case p = 4, s = 5,m = 9: We propose a scheme with

4 transmissions that works for this case. The transmissions are:

•
∑4
i=1 wi.

•
∑6
i=3 wi.

• w5 + w7 + w8.
• w1 + w8 + w9.

The transmissions are illustrated in Fig.25.

U U U

X XXX
U U

XX XX
U U

XX X

<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>

1

U
X X

U
X

<latexit sha1_base64="Vun4E1MzmiuEeGQiw62pZMejIrk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIRY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrVfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66riVStu47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fe2GMpw==</latexit>

5
<latexit sha1_base64="K/YUIsqQEiV8lYy1o7yG28urX28=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIot4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6nkeRwGO4QTOwINrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIFxjKs=</latexit>

9

Fig. 25: Scheme for the case p = 4, s = 5,m = 9

c) Case p = 4, s = 7,m = 11: We propose a
scheme with 4 transmissions that works for this case. The
transmissions are:
• w2 + w4 + w6.
• w5 + w6 + w7 + w9.
• w1 + w7 + w8 + w9 + w10 + w11

• w1 + w2 + w3 + w10 + w11.
The transmissions are illustrated in Fig.26.

U

XX X
U U

XXX
U U U
X X X

<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>

1

U

U U
X

X XX

U U
X XX XX

<latexit sha1_base64="HuzOoheye/5DaGei7QzgGKnOu1E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevDcfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9a6q7n2tUr/I4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+MmjN0=</latexit>

10
<latexit sha1_base64="Vun4E1MzmiuEeGQiw62pZMejIrk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIRY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrVfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66riVStu47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fe2GMpw==</latexit>

5
<latexit sha1_base64="UQoGZwGQDZJSVE5Cs8ONYUWTwSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevC8frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9a6q7n2tUr/I4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+SqjN4=</latexit>

11

Fig. 26: Scheme for the case p = 4, s = 7,m = 11

d) Case p = 5, s = 6,m = 11: We propose a
scheme with 5 transmissions that works for this case. The
transmissions are:
•

∑5
i=1 wi.

•
∑7
i=3 wi.

•
∑9
i=5 wi.

• w7 + w9 + w10 + w11.
• w1 + w2 + w11.

The transmissions are illustrated in Fig.27.

U

X XXX X
U U
XX XXX

U
XXX X

<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>

1
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U
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UU
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U
X XX

U U
X X X

<latexit sha1_base64="HuzOoheye/5DaGei7QzgGKnOu1E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevDcfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9a6q7n2tUr/I4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+MmjN0=</latexit>

10
<latexit sha1_base64="Vun4E1MzmiuEeGQiw62pZMejIrk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIRY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrVfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66riVStu47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fe2GMpw==</latexit>

5
<latexit sha1_base64="UQoGZwGQDZJSVE5Cs8ONYUWTwSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevC8frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9a6q7n2tUr/I4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+SqjN4=</latexit>
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Fig. 27: Scheme for the case p = 5, s = 6,m = 11



e) Case p = 5, s = 8,m = 13: We propose a
scheme with 5 transmissions that works for this case. The
transmissions are:
•

∑7
i=1 wi.

•
∑9
i=3 wi.

•
∑11
i=5 wi.

• w8 + w11 + w12 + w13.
• w1 + w3 + w12 + w13.

The transmissions are illustrated in Fig.28.

X XXX XX
U

XX XXX X
U

XXX X

X

<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>

1
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X XX
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U
XX X

U U U
X X X X

<latexit sha1_base64="HuzOoheye/5DaGei7QzgGKnOu1E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevDcfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9a6q7n2tUr/I4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+MmjN0=</latexit>

10
<latexit sha1_base64="Vun4E1MzmiuEeGQiw62pZMejIrk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIRY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrVfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66riVStu47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fe2GMpw==</latexit>

5
<latexit sha1_base64="LN3yW0VSsTPOM8eELpj14V6+l74=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuD/QY8OIxinlAsoTZyWwyZHZ2mekVwpI/8OJBEa/+kTf/xkmyB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9OBd9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5tdOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MbPhEpS5IrNF4WpJBiT6dukLzRnKMeWUKaFvZWwIdWUoQ2nZEPwFl9eJs3zqndVde8vK7WzPI4iHMExnIIH11CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AHnsozg</latexit>
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Fig. 28: Scheme for the case p = 5, s = 8,m = 13

f) Case p = 6, s = 7,m = 13: We propose a scheme
with 6 transmissions that works for this case. The transmis-
sions are:
•

∑6
i=1 wi.

•
∑8
i=3 wi.

•
∑10
i=5 wi.

•
∑12
i=7 wi.

• w1 + w9 + w11 + w12 + w13

• w1 + w2 + w3 + w12 + w13.
The transmissions are illustrated in Fig.29.

X XXX XX
U U

XX XXX X
U
XXX X

<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>

1

U U

U
X X

U
X X

U
X XXX

UU
X

U
X XX X

U U
X XX X X

<latexit sha1_base64="HuzOoheye/5DaGei7QzgGKnOu1E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevDcfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9a6q7n2tUr/I4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+MmjN0=</latexit>

10
<latexit sha1_base64="Vun4E1MzmiuEeGQiw62pZMejIrk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIRY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrVfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66riVStu47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fe2GMpw==</latexit>

5
<latexit sha1_base64="LN3yW0VSsTPOM8eELpj14V6+l74=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuD/QY8OIxinlAsoTZyWwyZHZ2mekVwpI/8OJBEa/+kTf/xkmyB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9OBd9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5tdOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MbPhEpS5IrNF4WpJBiT6dukLzRnKMeWUKaFvZWwIdWUoQ2nZEPwFl9eJs3zqndVde8vK7WzPI4iHMExnIIH11CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AHnsozg</latexit>

13

Fig. 29: Scheme for the case p = 6, s = 7,m = 13

g) Case p = 6, s = 9,m = 15: We propose a
scheme with 6 transmissions that works for this case. The
transmissions are:
•

∑8
i=1 wi.

•
∑10
i=3 wi.

•
∑12
i=5 wi.

•
∑14
i=7 wi.

• w1 + w10 + w13 + w14 + w15

• w1 + w2 + w4 + w14 + w15.
The transmissions are illustrated in Fig.30.

X XXX XX X
U

XX XXX X

XXX X

X

U

<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>

1

U

U
X X
U U
X XXX

U
X X X

U
X XXX X

U UU
X

U
X XX X

UU U
X XX X X

<latexit sha1_base64="HuzOoheye/5DaGei7QzgGKnOu1E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevDcfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9a6q7n2tUr/I4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+MmjN0=</latexit>

10
<latexit sha1_base64="RVmhQxqF8QRTzu0DcjGwbtiZlRs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RELHosePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD16tX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6tWq7v1VpX6Rx1GEEziFc/DgGupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+q6jOI=</latexit>

15
<latexit sha1_base64="Vun4E1MzmiuEeGQiw62pZMejIrk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIRY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrVfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66riVStu47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fe2GMpw==</latexit>

5

Fig. 30: Scheme for the case p = 6, s = 9,m = 15

h) Case p = 6, s = 11,m = 17: We propose a
scheme with 6 transmissions that works for this case. The
transmissions are:
•

∑10
i=1 wi.

•
∑12
i=3 wi.

•
∑14
i=5 wi.

•
∑16
i=7 wi.

• w1 + w1 + w15 + w16 + w17.
• w1 + w2 + w5 + w16 + w17.

The transmissions are illustrated in Fig.31.

X XXX XX X

XX XXX X

XXX X

X

U
X

<latexit sha1_base64="kZrfiQuxSjvS8v5s4pbVheARk7c=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsJCwK4h2BmwsEzAXSJYwOzmbjJm9MDMrhCWllY2FIra+gZ3PYecz6EM4uRSa+MPAx/+fw5xzvFhwpW3708osLC4tr2RXc2vrG5tb+e2dmooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71L0d5/Ral4lF4rQcxugHthtznjGpjVZx2vmAX7bHIPDhTKFy8fd3tv1e+y+38R6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GH5NA4HeJH0rxQk7H7uyOlgVKDwDOVAdU9NZuNzP+yZqL9czflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZleeh9pJ0Tkt2hW7UDqGibKwBwdwBA6cQQmuoAxVYIBwD4/wZN1YD9az9TIpzVjTnl34I+v1B3A/kRI=</latexit>

1

U

X X
U U
X XXX

U
X XXX X

U
X X

U
X XX XXX X

UUU U
XX

UUU
X X X

U

<latexit sha1_base64="HuzOoheye/5DaGei7QzgGKnOu1E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevDcfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9a6q7n2tUr/I4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+MmjN0=</latexit>

10
<latexit sha1_base64="RVmhQxqF8QRTzu0DcjGwbtiZlRs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RELHosePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD16tX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6tWq7v1VpX6Rx1GEEziFc/DgGupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+q6jOI=</latexit>

15
<latexit sha1_base64="Vun4E1MzmiuEeGQiw62pZMejIrk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIRY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrVfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66riVStu47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fe2GMpw==</latexit>

5

U
X

U
X X

X X

<latexit sha1_base64="TDT1ESag9vgBcdoN1gDkjS6rRxU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RElHosePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD16tX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6l1X3furSv0ij6MIJ3AK5+BBDepwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+3CjOQ=</latexit>
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Fig. 31: Scheme for the case p = 6, s = 11,m = 17

We address all cases in the regime where 3s/2 < m < 2s,
m − 4 ≥ s ≥ 5, and 4 ≤ m − s ≤ 6 and show all cases are
feasible. In this regime, the maximum number of transmissions
needed is 9 for the case m = 18, s = 10.

APPENDIX D
CASE s ≤ 4 OR m− s = p ≤ 3

In this section we consider the cases where the size of the
side information set s is “small” or “large” when compared



to the number of users m. These cases are studied separately
because this regime contains all infeasible cases. Yet not all
cases in this regime are infeasible. Specifically, the feasible
cases include s = 3, 4, even m and s = m− 3.

A. s = 3 and even m

In this case we use the scheme that takes m/2 transmissions
in [6]. This scheme is actually optimal in this case since
3m/2s = m/2 in this case.

B. s = 4 and even m

Note that m mod 2s ∈ {0, 2, 4, 6} in this case. Therefore,
by applying scheme 1 in Appendix A-A1, there will be 0 or 2
or 4 or 6 users remain. Then by scheme 4 in Appendix A-A4
we can satisfy the remain users with 0, 1, 2, 3 transmissions,
respectively. Note that in this case the condition s ≥ 5 on
scheme 4 can be relaxed since the number of remaining users
is always even so that the number of users need to be satisfied
by scheme 4 will never be s+ 1. Also, note that in this case
s + 1 > 2s − 4, therefore the last subcase in scheme 4 will
never happen.

C. s = m− 3 and even m

3 transmissions can securely satisfy all users:∑s−1
i=1 wi,

∑s+1
i=3 wi,

∑m
i=5 wi. Note that by this scheme

every user decodes one message, which is its desired
message, and a sum of the other two messages that are not
in its side information.

D. s = m− 3 and odd m

Note that m = 5, 7 are infeasible as shown in Section IV.
m = 9 is the case m

m−s = 9
3 = 3 ∈ Z. Therefore, this case

contains odd m ≥ 11. We use the scheme for odd m = s +
3 and m ≥ 11 proposed in [6]. We satisfy all users by 4
transmissions. The 4 transmissions are {w1 +

∑m−7
2

i=1 w2i +

wm−6,
∑m−9

2
i=1 w2i+1+wm−5+wm4

, wm−3+wm−2, wm−1+
wm}.
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