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Abstract

In this paper, we consider the quantum error correction tverdepolarizing channels with non-binary LDPC codes ddfine
over Galois field of siz&”. The proposed quantum error correcting codes are basecedrirthry quasi-cyclic CSS (Calderbank,
Shor and Steane) codes. The resulting quantum codes autpetfe best known quantum codes and surpass the perforriiuitce
of the bounded distance decoder. By increasing the sizeeotitiderlying Galois field, i.e2”, the error floors are considerably
improved.
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I. INTRODUCTION

In 1963, Gallager invented low-density parity-check (LDR©des [[1]. Due to the sparseness of the code representation
LDPC codes are efficiently decoded by the sum-product dlyariBy a powerful optimization methodiensity evolution2],
developed by Richardson and Urbanke, messages of sumgtmdeicoding can be statistically evaluated. The optimizB&C
codes can approach very close to the Shannon lirmit [3]. Rec&DPC codes have been generalized from a point of view of
Galois fields, i.e. non-binary LDPC codes are proposed. binary LDPC codes were invented by Gallager [1]. Davey and
MacKay [4] found non-binary LDPC codes can outperform bynames.

Quantum LDPC codes, which are quantum error-correctinggolave been developed in a similar manner to (classical)
LDPC codes. By the discovery of CSS (Calderbank, Shor andn®8)ecodes| [5],[[6] and stabilizer codés [7], the notion of
parity-check measurement, which is a generalized notigmaoty-check matrix, is introduced to quantum informattheory.

In particular, a parity-check measurement for a CSS codbasacterized by a pair of parity-check matrices which Batise
following condition: the product of one of the pair and thansposed other is subjected to be a zero-matrix.

Quantum LDPC codes are first introduced by MacKay et allir].[TBe above constraint on the parity-check matrices
makes the design of the quantum LDPC codes difficult. MacKagl.eproposed theicycle codes [[10] and Cayley graph
based CSS codes [11]. 1 ]12], Poulin et al. proposed seauidot codes for the quantum error correction. To the best of
the authors’ knowledge, these codes![10],] [11], [12] are liBst known quantum error correcting codes among efficiently
decodable quantum LDPC codes so far.[In| [13], Hagiwara aral proposed a construction method of CSS code pair that
has quasi-cyclic (QC) parity-check matrices with arbitreegular even row weighL > 4 and column weight/ such that
L/2 > J > 2. However, the resulting codes do not outperform the codepgsed by MacKay el all [10], [11].

Generally, LDPC CSS codes tend to have poor minimum distaFfoe minimum distance of an LDPC CSS code is upper-
bounded by the row weight of the parity-check matrix. Thisdige to the dual and sparse constraint on the parity-check
matrices. When the LDPC CSS codes are used with large codéhlehe poor minimum distance leads to high error floors.
Therefore, it is desired to establish the construction weif quantum LDPC codes with large minimum distance. We khou
note that it is important to study quantum LDPC codes witlygdaminimum distance which grows with code lendth [9] for
constructing quantum LDPC codes with vanishing decodimgregrobability.

Non-binary LDPC codes are defined as codes G#f2”) with p > 2. The parity-check matrices of non-binary LDPC codes
are given as sparse matrices o@r(2?). In this paper, we investigate non-binary LDPC codes fomtua error correction.

It is empirically known that the best classical non-binalyRC codes have column weighit= 2 from a point of view of
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error-correcting performance [14]. Moreover, due to tharsp representation of non-binary parity-check matridesobumn
weight J = 2, the non-binary LDPC codes are efficiently decoded by FFSedasum-product algorithrm [115].

In this paper, we propose a construction method of binary €& pairs which can be viewed also as non-binary LDPC
codes. More precisely, the proposed construction methoduses a binary code pajc’, D) such thatC > D+, and C
and D are also defined by non-binary sparse parity-check matdeesGF (2P) of column weightJ = 2. This satisfies the
constraint of CSS codes. To this end, we first constRiétx PL binary QC parity-check matrix pa(rflc, FID) with column
weight J = 2 and row weightZ such thathcI?ILT, = 0 by the method developed in_[13]. Solving some linear equatio
on Zsr_1, We getPJ x PL non-binary parity-check matrix paitHr, Ha) with column weightJ = 2 and row weightL
such thatHrH} = 0. It is known that a natural linear map frofF(2™) to GF(2)™*™ is given so that through this map,
the non-binary LDPC matrix paifHr, Ha) can be viewed as a binary LDPC matrix péiic, Hp) such thatHcHJ, = 0.

The resulting CSS codes outperform the best known quantuon eorrecting codes and surpass the performance limit of
the bounded distance decoder. By increasing the size ofrtlerlying Galois field, i.e.2?, the error floors are considerably
improved.

The rest of this paper is organized as follows. Sedfibn Ikcdbes the construction method of a non-binary twisted LDPC
parity-check matrix pai{ Hr, Ha) of column weight/ = 2. Sectior{1l] explains how to represent a non-binary LDPQtpar
check matrix paif Hr, Ha) as a binary parity-check matrix pdiflc, Hp), i.e., a CSS code. SectibnllV describes the decoding
algorithm of the binary twisted code pdi€, D). Sectior ¥ demonstrates the decoding performance of theogesl codes.

Il. CONSTRUCTION OFNON-BINARY MATRIX PAIR WITH COLUMN WEIGHT 2

In this session, we construct two non-binary sparse matfiGeand H a defingd 0veQF(2P) such thatHrHZ = 0. To this
end, we use binary QC matrices and extend them to matrices(vee?). Let Ho and Hp be PJ x PL binary parity-check
matrices defined as follows:

He = (I(cj0))osj<ro<e<r,
Hp (I(d77€))0<J<J 0</¢<L;
010 0 0
001 0 0
IM):=10 0 o ol € {0,1}7%F,
000 0 1
1 00 0 0

I(cje) = I(1)5*,

We refer to such matrices ad,(L, P)-QC matrices.

Hagiwara and Imai proposed [13] the following method for stoucting a QC parity-check matrix peﬂﬁc,ﬁD). In the
original paper[[13], the construction method is more flexibbout the row size of the matrices, i.&l and Hp can have
different row sizes. For simplicity, in this paper, we foaus H- and H, with the same row size/ P.

Theorem 11.1 ([13, Theorem 6.1]) DefineZ}, := {z € Zp | 3a € Zp,za = 1}, andord(c) := min{m > 0 | 6™ = 1}. For
integersP > 2,J,L,0 <o < P and0 < 7 < P such that

o, T €ZLp, (1)
L/2 = ord(o), (2)
1< J < ord(o),
ord(o) # #Zp,
1—of €7} forall 1 <j<ord(o), (3)
T# 1,0, o?,... god)-1 4)

let Ho and Hp be two (J, L, P)-QC binary matrices such that

Heo = (I(cj0))o<j<to<e<L,
Hp = (I(dj¢))o<j<so<e<Ls
oIt 0<(l<L/)2
KA { To It L)2<(< L, (5)
. —7097t 0<{l{<L)2
%”_{ —oi™t Lj2<i<L (6)



Fig. 1. An example of binaryJ = 2, L = 6, P = 7)-QC parity-check matrix pai(ﬁc, I:ID) constructed by the method in Theormlil.1 with= 2 and
7 = 3. It holds thatH¢ AT, = 0.

then it holds thatflcﬁ}, =0 and there are no cycles of size 4 in the the Tanner grapﬁl@fand Hp.

_ From TheoreniL L1, we obtain twdP x LP binary matricestc and Hp such thatH ¢, = 0 and the Tanner graphs of
He and Hp are free of cycles of size 4. We give an example.

Example I1.1. With parameters/ =2, L = 6, P = 7,0 = 2 and 7 = 3, from Theoreny [L11, we are given.AP x LP binary
matrix pair (He, Hp) such thatHcHLT, = 0 as follows.

.- (I 1) I(4) I3) I(6) I()\ 7 _ (I(4) I(2) I(1) I(6) I(3) I(5)
C=\u@ 100) 1(2) I1(5) I(3) I(6))' P~ \1(1) I(4) I(2) I(5) I(6) I(3).

The binary representation of these matrices are given in[Eigrhe fifth row offf, has non-zero entries at the, = 2,y =
7,n4 = 20,01 = 25,n5 = 29 and ng = 38-th columns. Note that the index starts from 0. At these codyfi has non-
zero entries at(mg = 1,n9 = 2), (mp = 1,n1 = 25). (my = 13,n1 = 25), (m1 = 13,n2 = 7), (ma = 5,n3 = 7),
(mg = 5,”3 = 38), (m3 = 11,”3 = 38), (m3 = 11,”4 = 20), (m4 = 2,n4 = 20), (m4 = 2,n5 = 29), (m5 = 12,”5 = 29),
and (ms = 12,n9 = 2), It can be seen that those non-zero entries consist of a ofcéze2L in the Tanner graph ofic.
We claim that this holds for any:’-th row of He.

Define M := JP and N := LP. From the matriced7c = (ém.n)o<menrro<n<y aNd Hp = (dp.n)o<m<rro<n<n, We
will construct two non-binand/ x N matricesHr = (Ymn)o<m<M,0<n<N @NdHA = (§pn)o<m<m,o<n<n OVEr GF(27)
such thaty,, , # 0 iff ¢, ,, # 0 andd,, , # 0 iff dAmm # 0. Obviously, the Tanner graphs é&fr and Ha are free of cycles of
size 4. We will determine the non-zero entriestHf and Ha such thathHZ = 0 in the rest of this section. For preparation,
we show the following lemma:

Lemma I1.1. Let H¢, Hp be the two (2, L, P)-QC binary matrices dealt in Theofem ILét N = {n{™" .. n{™)
be the set ofl, non-zero entry indices in the/-th row of Hp. To be precise,
N = {nf™, ™)y = {0 < n < LP | dyy  # 0},

Let E(™") be the set of non-zero entry positionsff: associated withV(™"). To be precise,
E™) = {(m,n) | Cmon #0,n € Ny,

In this setting, in the Tanner graph &f ¢, for anym’ = 0,..., L — 1, the L variable nodes corresponding to the column index

in N(™) and theL adjacent check nodes form a cycle of lengfh In other words, there exist distinctmy, ..., mz_1 and
L distinctng, ..., n;_1, such that
{(mo,n0), (mo,n1), (m1,n1),(m1,n2),...,(mr—1,nr-1), (Mr—1,n0)} = E(Mm). (7)

Sketch of proofFor simplicity, we focus ord < m’ < L/2. The proof forL./2 < m/ < L is essentially the same. For
x € Z, we definelz]; € Z as0 < [z]; < t such thafz]; = = (mod t). Then, from[6), it follows that we can rewrity (™"
foro<m/ < P as

N(m/) = {n07n17 cee 7nL—1}a
nge = [—1o ¢ +m'|p + (P,
Nyl = [—U[_E]L/2 + ml]p + ([_E]L/Q + L/Q)P



It is obvious that thews, andng,1-th column are in the and ([—/]., /5 + L/2)-th sub-matrix column of sizé, respectively.
To be precise,
(P <ng < ({L+1)P,
([=€rs2 + L/2)P <nser < ([pj2 + L/2+1)P.

From [8), it can be seen that, fgr= 0,1, and0 < ¢ < L/2, in the (j,£)-th sub-matrix column ofil ., the m-the row
has non-zero entry at thgo—7+¢ + m]p + £P)-th column. Therefore, frony = 2, for 0 < ¢ < L/2, it can be seen that
(m =i+ 7P ny) € EC™) if and only if

[0 +i]p + 4P = [—10 " +m/]p + LP,
for0<j< J=2i.e.,j=1,2. Therefore, it follows thain = mq, or m = moy_1, where

Moy = [—ae —rot+ m']p,

Moy := |-t =707  +m']p+ P.
and we denoteéh_; := my_;. Similarly, from [5), it can be seen that, fpr= 0,1, and0 < ¢ < L/2, in the(j, [—/]/2+L/2)-
th sub-matrix column ofi¢, the m-the row has non-zero entry at tifro =7 +=4c/2+L/2 4 ] p + ([—€]1, ;o + L/2)P)-th
column. Therefore, fromy = 2, for 0 < ¢ < L/2, it can be seen thdtn =i+ jP,nary1) € EM") if and only if
[TUﬁjH*E]L/ﬁL/Q +ilp + ([=lL/2 + L/2)P = [—0[%]’“/2 +m'lp+ ([=0L/2 +L/2)P,

for 0 < j < J. Therefore, it follows thatn = mga, OF m = myy11)—1 = maet1, Where we denotedny, 1 := my. From
(@), (3) and [(4), a routine calculation reveals tliaty, ng), (mo,n1), (m1,n1), (m1,n2),...,(mr_1,nr_1),(mr_1,n0) are
distinct. Thus, we obtairf{7), which concludes the proof. O

For HFHZ = 0, it is required that for each < m’ < JP, them/-th row of H, is in the null-space ofir, i.e.,

Oy
Ymo,no Ymo,n1 Mmoo

=0 (8)
Ymp_2mnp_2 TYmp_anp_1

’Ym2L—17n0 ’YmL—lynL—l 5m/_’nL71

In order to find the non-zero entries éfr and H, this equation needs to have non-trivial solutions, ilee, determinant of
the left matrix, denoted b¥,,,/, in (8) is 0:

det(T'nr) = Ymo,no *** Ymr—1inz—r = Ymoma = Ymp_1me = 0 9)
Divide E(™") in (7) into two parts as in the proof of Lemrhall.1:
E™) = By B,
E§m/) :={(mo,no), (Mm1,n1),...,(mr_1,n5-1)},
Eém/) = {(mo,n1), (Mm1,n2),...,(mr_1,n0)}
Then [9) can be transformed to
I v I b=t (10)
(m.n)eE{™) (m.n)e B

For o® € GF(2?P), definelog,(a”) := x (mod 2P — 1). Thenlog, is well-defined. The equation above is equivalent to the
following linear equation oveZyy 1.

Y 10gaYma— Y. 1084 Yk = 0. (11)
(m,n)EEim,) (m,n)GEéml)
Thus, we haveJP linear equations ove¥,,_; for m’ = 0,...,JP — 1. Solving these linear equations by the Gaussian
elimination, we get the candidate solution space of the zemo-entries ofAf such that[(I11) holds fom’ =0,...,JP — 1.

Picking non-zero entries ofir randomly from the candidate solution space and solMifgW@)obtain non-zero entries of
Ha. We give an example.



Fig. 2. An example of non-binary matricd8t = (vm,n)o<m<M,0<n<N aNd HA = (dm,n)o<m<M,0<n<N OVEr GF(2%) such thathHZ =0
with M = 14 and N = 42. Each non-zero entry is represented as the hexadecimal eruofilog,, (vm,»), Wherea is a primitive element such that
ot +a+1=0.E.g.,a’ anda!! are represented as 0 and b, respectively.

Example I1.2. Using Hc and Hp given in Exampl&1LlL, we get al/ x N non-binary matrix pair(Hr, Ha) over GF(27)
such thathHg =0 with M = JP =14 and N = LP = 42. The resulting(Hr, Ha) is depicted in Fig[P.

This construction can be viewed as pickitfr, Ha) randomly from{(Hr, Hp) | HFHX = 0}, whereHr and Ha are
constrained to have non-zero entries at the same positoh&-aand H, respectively. Sincéd and Hp is equivalent with
some column permutation [13], the construction has symmfelr Hr and Ha. This symmetry leads to almost the same
decoding performance which will be observed by computeesrpents in Sectioh V.

Il1. BINARY QUASI-CycLIc CSS LDPC ©DEs

So far, M x N sparse non-binar¢F(2P) parity-check matrice$x and Hr, whereN := PL and M := PJ. It is known
that non-binary codes have the binary representation af plaeity-check matrices. In this section, we show that tvewity-
check matriceddr and Ha over GF(2?) such thathHZ = 0 can be represented by two binary matridés and Hp such
that HoHJ, = 0.

Let GF(27) has a primitive element with its primitive polynomialr(z) = Zf;ol mxt 4+ 2P, It is known [16] that the
following map A from GF(2P) to GF(2)?*? is bijective and its image is isomorphic @F(2?) as a field by sum and multiple
as matrices.

GF(2°) 3 o' = A(a') := A(a)" € GF(2)P*?,

A(0) =0,
0 0 0 0 m
1 0 0 0 m
01 0

Ala) := 0 m
00 0 1 m,
Moreover, it holds that
Al )u(a?) = v(a™™),
wherea' = Y ?~a;al € GF(2?),
andu(a’) := (ag, ..., am-_1)" € GF(2)P.

Furthermore, with an abuse of notation we defiti@(a?)) := v(a?).

Fact I11.1. Let Hr and Hr be matrices oveGF(2?)M*N and let Ho and He be two matrices oveGF(2)PM*PN such that

Hr = (Ym,n)0o<m< M,0<n<Ns
HA = (0m,n)o<m<M,0<n<N»
He = (A(Vm,n))0§m<1\1,0§n<Na

Hp = (AT (0m.n))o<m<M.0<n<N-
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Fig. 3. An example of binarp M x pN matricesHc and Hp such thatHcHE = 0 with p =4, M = 14 and N = 42. Non-zero entries are represented
in black. The codes have many cycles of size 4 as binary c@egshe other hand, the codes have no cycles of size 4 as naryhindes.

Then, it holds that ifir H = 0, then HoH], = 0.

Proof: Let (HcHJ,)m.» be the(m,n)-th p x p binary sub-matrix offcH},, and let(HrH} ), be the(m,n)-th entry
of HrHJ. Then, for any0 < m < M and0 < n < N,

(HeHD ) mn = Xnco Am ) AlGk,n)
= EkN:_ol A(Ym,k0n k)

= A(ThZ0 Ymkn,k)
= A((HFHZ)m,n) = A(O) =0.

Example I11.1. Using Hr and Ha given in Examplé 112, we get @M x pN binary matrix pair (Hc, Hp) such that
HcHY =0 with p = 4,pM = pJP =56 and pN = pLP = 168. The resulting(H¢, Hp) is depicted in Fig[1.

IV. DECODINGALGORITHM

In this section, we describe the decoding algorithm for ti8SQode paifC, D) constructed by the proposed method in
Sectior 1l andTll. The decoding algorithm is based on theodéwy algorithm of classical non-binary LDPC codes|[15]eTh
input of the decoding algorithm is the syndrome. We assureedtipolarizing channels [10, Section V] with depolarizing
probability 2 f,, /3, where f,,, can be viewed as the marginal probability foandZz errors.

Let M x N be the size of the non-binary parity-check matfifx over GF(2?). The code length i9N qubits. We deal
with a p-bit sequence as a non-binary symbol which is simply refeteeas symbol. Moreover, we deal with the symbol
interchangeably as a symbol &F (2?).

Note that the channel is the normal depolarizing channela¥geime the decoder knows the depolarizing probablifity/ 2.
The decoder is given the syndrome symhg|se GF(2)P for m = 1,..., M. To be precise, the decoder does not know the
flipped qubits but their syndromes:

Sn= Y Alma)y,, (12)

neN,,

where A is the isomorphism defined in Sectibn] Il a@g € GF(2)? is ap-bit sequence corresponding to theth p-qubit
sequence of flippedN qubits. B

For simplicity, we concentrate on the decoding algorithmdg since the decoding algorithm fdp is given by replacing
I with A, and A(-) with AT(-) in the following algorithm.
The decoding algorithm of C

initjialization:
For each columm = 1,..., N in Hp, let M,, be the set of the non-zero entry indices in th#h column. To be precise,
M, = {m | ym.n # 0}. For each columm in Hr forn =1,..., N, calculate the initial probabilityoﬁlo) (e) as follows.

p(e) = Pr(e, = ¢|Y,, = 0) = f"1O(1 - f)¥ul

for e € GF(2)?, where f,, is the flip probability of the channel and’y(¢) is the Hamming weight oé. For each column
n=1,...,N in Hr, copy the initial messagp%o,zI = p5?> € [0,1]*" for m € M,. Set the iteration round as:= 0.



horizontal step':

For each rowm = 1,...,M in Hr, let N,, be the set of the non-zero entry indices in theth row. To be precise,
Ny :={n | Ym.n # 0}. Each rowm hasL incoming messagqéf,)n for v € N,,,. Them-the row sends the following message
(4+-1) 2P
gmn € [0,1]* to each columm € N,,.

Blam(€) = Pi (A(vm)e) for e € GF(2)7, (13)

@V =1 QR B

n’€Np\{n}
aer V() = @ (A(yam)e) for e € GF(2)P. (14)

wherel, is a probability onGF(2)” such thatl, (e) = 1for e = 5,, and 0 otherwise, angi ® ¢ € [0,1]>" is a convolution
of ¢; €[0,1]*" andg € [0,1]?". To be precise,

(B @p)e)= > alf)elg) forecGF2)Pr.

The convolutions are efficiently calculated via FFT and IHET], [18]. Increment the iteration round ds= ¢ + 1.

vertical step:
Each columm =1,...,N in Ha hasJ = 2 non-zero entries. Let/,, be the set of the column indices of the non-zero entry.
The messagpnm € [0,1]*" sent fromn to m € M,, is given by

PO =6 JI e forze GFE),

m’ €M, \{m}

where{ is the normalization factor so that . .qp a)» pﬁf,)n(g) =1
tentative decision: -

For eachn = 1,..., N, the tentatively estimated-th transmitted symbol is given as
Sf) = argmaxp H q(é)
eeGF(2)p mEMn
If (&,...,&y) has the same syndrome @s, ..., s,,) which is defined in[(12), in other words, for = 1,...,LP,
> Al =5, € GF(2)F
neEN,
forall c=1,..., M, the decoder outputg,, ..., é,) as the estimated error. Otherwise, repeat the latter 3 degsteps. If

the iteration round reaches a pre-determined number, the decoder outpuLs.

Not that, in this algorithm, the correlations betweeerrors andz errors are neglected. Ih_[10, Section VI, C] MacKay et
al. used the the knowledge about the channel propertiesefooding, which improved the decoding performance. The most
complex part of the decoding is the horizontal step, whiciuresO (N ¢ log(q)) multiplications and additions when calculated
via FFT, whereg = 2P.

V. NUMERICAL RESULT

In this section, we demonstrate the proposed CSS code paoddd by the algorithm described in the previous sectioe. Th
proposed CSS code pdif’, D) is constructed as follows. First, by TheorEmlIl.1, constti® x LP binary matricesd and
Hp with J = 2, L, and P. Secondly, by the scheme described in Sedfibn II, constfiittc L Pw non-binary matricesd
and Ha over GF(2?). Finally, by the scheme described in Section Ill, we have® x pLP binary matricesH and Hp.
Thus, we obtairC' and D are defined by the parity-check matricEg: and Hp, respectively. Note that’ and D can not only
be viewed as binary codes defined Hy: and Hp but also be viewed as non-binary codes definedfpyand Ha. The code
length of the the proposed CSS code is givemas pL P qubits or equivalently’. P symbols. The quantum ratgq of the
the proposed CSS code is given as

Rq=1-2J/L.

Fig.[4 shows the block error probability of the constituendiesC and D of the proposed CSS code p&i¥, D) over the
depolarizing channel with marginal flip probabiliffz, of X andZ errors. Parameter are chosén= 2, L = 6,8 and 14 for
Rq =1/3,1/2 and 5/7, respectively. The depolarizing probability isegivby 3 f,, /2. The correlations between errors and



Z errors are neglected. Due to the symmetry of constructioff @hd D, the block error probability of the constituent codes
C and D are almost the same, hence we plot the block error probabilieitherC or D. It is observed that for fixeqg = 27

and Rq, the codes with larger code length tend to have higher eroordl This is due to the fact that the proposed codes
have poor minimum distance which is upper-boundecby The error floors can be improved by using largei.e., larger
field GF(2P), which leads to the requirements of more complex decodimgpetationsO(Nqlog(q)), whereg = 2.

Fig.[3 compares the proposed quantum codes with the bestuqnaiodes so far. The horizontal axis is the flip probability
at which the block error probability of one of the constitietassical code i$.5 x 10~4. The vertical axis is the quantum
rate Rq of quantum codes. Since the proposed CSS codes have censtifassical code€’ and D of the same classical
rate Rc = 1 — J/L, the quantum rateRq is given asRq = 2Rc —1 =1 —2J/L. It can be seen that the proposed codes
outperform the best-so-far codes. In fact, the proposeds<edrpass the BDD curve which is the limit of the boundecdis
decoder, while the other codes fall inside the BDD curve.
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Fig. 4. The block error probability of the constituent codgsand D of the proposed CSS code p&if’, D) over the depolarizing channel with marginal
flip probability fm of X andz errors. These codes are defined ol (q) for ¢ = 28,29, 219 and have quantum ratBq = 1/3,1/2,5/7. The code length
is n qubits.

VI. CONCLUSION

We proposed a novel construction method of CSS codes. ThiingsCSS codes can be viewed as non-binary LDPC codes
over GF(2P). Due to the sparse representation of the parity-check ceatrithe proposed codes are efficiently decoded. The
simulation results over the depolarizing channels showttieproposed codes outperform the other quantum erroeatimg
codes which exhibited the best decoding performance sdtiarerror floors are lowered by increasing the size of the ilyidg
Galois field, i.e.,2P.
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