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Abstract

We study the K = 3 user multiple input single output (MISO) broadcast channel (BC) with
M = 3 antennas at the transmitter and 1 antenna at each receiver, from the generalized degrees
of freedom (GDoF) perspective, under the assumption that the channel state information at the
transmitter (CSIT) is limited to finite precision. In particular, our goal is to identify a parameter
regime where a simple layered superposition (SLS) coding scheme achieves the entire GDoF
region. With «;; representing the channel strength parameter for the link from the j* antenna
of the transmitter to the i‘" receiver, we prove that SLS is GDoF optimal without the need for
time-sharing if max(ag;, @im) < i and ag; + Qim < ay; + Qg for all 4.k € [3],m € [M]. The
GDoF region under this condition is a convex polyhedron. The result generalizes to arbitrary
M > 3.

1 Introduction

Capacity characterizations of broadcast and interference channels are among the most important
open problems in network information theory. Especially significant for wireless networks are
the K user Gaussian interference channel (IC) and the corresponding K user MISO BC that
is obtained by allowing full cooperation between all the transmitters of the K user interference
channel. Macroscopic insights into the performance limits of wireless networks can be obtained
through generalized degrees of freedom (GDoF) studies. These studies often lead to sophisticated
but fragile schemes such as dirty paper coding, zero forcing, and interference alignment which have
limited practical relevance. Arguably what matters most in practice is robustness and simplicity.
For robust insights it is desirable to restrict the channel state information at the transmitter(s)
(CSIT) to finite precision. However, in spite of the tremendous practical significance of the finite
precision CSIT assumption, finding tight information theoretic bounds under this model has been
surprisingly challenging even in the DoF sense. The difficulty is exemplified by the conjecture of
Lapidoth, Shamai, and Wigger [I] made at Allerton 2005 (also a featured open problem at the
inaugural ITA workshop in 2006) that the DoF of a MISO BC should collapse to unity under finite
precision CSIT. The conjecture remained open for nearly a decade in spite of a variety of efforts
that include — employing the Csiszar sum lemma in the original work by Lapidoth, Shamai and
Wigger [I] which produced a loose outer bound; harnessing extremal inequalities in [2] by Rassouli
and Clerckx which could not effectively accommodate channel uncertainty; extension to a stronger
conjecture in [3] by Weingarten, Shamai and Kramer under a compound setting, where the channel
states are drawn from a set of large but finite cardinality (the conjecture under the compound



setting was shown to be false by Gou, Jafar and Wang in [4] and by Maddah-Ali in [5]); extension
to a stronger conjecture under the PN setting in [6] by Tandon, Jafar, Shamai and Poor, where
perfect CSIT is available for one user and no CSIT for another (this conjecture also remained
open); and blind interference alignment schemes by Jafar [7] that achieve more than 1 DoF under
finite precision CSIT but only if different users experience different channel coherence patterns.
The conjectures were settled in the affirmative in 2016 in [8] based on an aligned image sets (AIS)
argument. The approach taken by the AIS argument is essentially a combinatorial accounting of the
number of codewords that can align at one receiver while remaining resolvable at another receiver,
under finite precision CSIT. Over n channel uses, this number is bounded by O(log(SNR)™) so that
its contribution to rate is bounded by O(loglog(SNR)) which is negligible in the DoF sense, thus
proving that the DoF do collapse as conjectured. Since its introduction, generalizations of the AIS
argument have produced GDoF characterizations for various canonical settings that include — 2
user fully asymmetric MISO BC parameterized by arbitrary channel strength levels and arbitrary
channel uncertainty levels in [9]; K user symmetric MISO BC under arbitrary cross channel strength
and channel uncertainty levels also in [9]; K user MIMO interference channel under finite precision
CSIT and symmetric channel strengths in [I0]; and the 2 user symmetric MIMO interference
channel under arbitrary cross channel strength and channel uncertainty levels [II]. AIS has also
been employed recently in the context of topological interference management [12] to settle open
problems highlighted by Naderializadeh and Avestimehr in [13] and a conjecture by Gou et al. in
[14]. In order to facilitate direct applications of AIS arguments in the future, a collection of basic
sumset inequalities based on AIS is presented in [24] as essential instruments for robust GDoF
bounds. To illustrate their utility, in this work will directly utilize these sumset inequalities to
prove our outer bounds.

In addition to robustness, the second issue that motivates this work is the need for simple
schemes. In particular, the need for simplicity motivates the search for broad regimes where simple
coding schemes are provably optimal. As a case in point, for the K user interference channel, this
approach is exemplified by recent studies that have found broad regimes where simple schemes such
as orthogonal access [15],[16] or treating interference as noise (TIN) [I7] are optimal in a GDoF sense.
Reference [16] shows that in a partially connected K user interference network, orthogonal access
(such as TDMA) is DoF optimal for all unicast message sets if and only if the network topology is
chordal bipartite. Remarkably this also solves the corresponding class of index coding problems due
to an equivalence between index coding and topological interference management identified in [12].
Reference [I7] shows that joint power control and treating interference as noise is GDoF optimal
in an interference network where the strength of each desired link is stronger than the sum of the
strengths of the strongest interference that can be caused by the corresponding transmitter and
the strongest interference that can be heard by the corresponding receiver. Notably, these insights
have found use in information-theoretically inspired scheduling algorithms [18] [19]. In contrast, for
the corresponding K user MISO BC, much less is known about the optimality of simple schemes
under finite precision CSIT. This is the motivation for our work.

Our goal is to identify broad regimes where simpleﬂ layered superposition (SLS) coding schemes
are GDoF-optimal for the K user MISO BC under finite precision CSIT. By simple layered su-
perposition coding schemes we mean the following. In the K user MISO BC there are K inde-
pendent messages, one for each receiver. Let us partition each message into several independent
sub-messages, intended to be decoded by various subsets of users that must always include the

!There is no non-trivial regime where TIN is GDoF optimal in the K user MISO BC under finite precision CSIT
[20]. SLS is therefore the natural choice for the simplest scheme of interest.



desired user of the original message (cf. Han-Kobayashi scheme for the interference channel [21]).
These sub-messages are independently coded. Each transmit antenna sends a weighted sum (su-
perposition) of these independent codewords. The weights assigned to the codewords are primarily
for power control. In the GDoF sense, the codewords transmitted from an antenna are mapped to
various partitions (layers) of the signal dimension according to power levels (cf. ADT determinis-
tic models [22]). Furthermore, we restrict the codebook design to single-letter?] Gaussian (simple)
codebooks, over the input random variables corresponding to one channel use. This is the class of
coding schemes that we call simple layered superposition, or SLS in short, in this work.

The possibility that SLS could be GDoF-optimal in the K user MISO BC over a potentially
large regime under finite precision CSIT is intriguing. For example, consider the K = 2 user case.
Reference [20] has shown that SLS achieves the entire GDoF region of the 2 user MISO BC under
finite precision CSIT for all choices of channel strength parameters. The optimality of SLS remains
unexplored for K > 3. As the next step forward, in this work we focus primarily on the K = 3
user MISO BC setting with finite precision CSIT. The main technical challenge is two-fold. First,
we apply recent generalizations of the aligned image sets [8, 9, [11] 24] 25] argument to generate an
outer bound. Then, we prove that in the appropriate parameter regime, the bound is achievable
by SLSE| Our main result, reported in Theorem (1} identifies a broad parameter regime where SLS
achieves the entire GDoF region. This parameter regime is significantly larger than the parameter
regime where the GDoF optimality of TIN was established for the corresponding K user IC in [17].
A direct representation of the GDoF region in this regime is also presented, which eliminates all
power control and rate partitioning variables, automatically optimizing over all such choices within
the scope of SLS. In this parameter regime, the GDoF region shows a surprising duality property,
i.e., it remains unchanged if the roles of all transmit and receive antennas are switched. Finally,
a natural extension of the GDoF outer bounds from the K = 3 user MISO BC to the K > 3
user MISO BC is presented in Theorem [2] These bounds may be useful to find a a corresponding
parameter regime where SLS is GDoF-optimal in the K user setting.

Notation: Forn € N, we use the notation [n] = {1,2,--- ,n} and X"l = {X (1), X(2),---, X(n)}.
The cardinality of a set A is denoted as |A|. If A is a set of random variables, then H(A) refers
to the joint entropy of the random variables in A. Conditional entropies, mutual information and
joint and conditional probability densities of sets of random variables are similarly interpreted.

The notation f(x) = o(g(z)) denotes that limsup,_, ., gg;f = 0. We define ()™ = max(z,0). The

transpose of a matrix M is represented by M.

2 Definitions

The following definitions are needed for aligned image sets arguments.

Definition 1 (Bounded Density Channel Coefficients [8]) Define a set of real valued random vari-
ables, G such that the magnitude of each random variable g € G 1is bounded away from infinity,
lg| < A < o0, for some positive constant A, and there exists a finite positive constant fmax, such
that for all finite cardinality disjoint subsets G1,Gs of G, the joint probability density function of all
random variables in G1, conditioned on all random variables in Go, exists and is bounded above by

IL?;J( Without loss of generality we will assume that fuax > 1, A > 1.

2This rules out multi-letter schemes such as space-time rate-splitting schemes of [6, 2, 23] that can potentially
outperform single-letter coding schemes.
3We also show through an example that strictly tighter GDoF outer bounds may be found outside this regime.



Definition 2 Define a set of real valued random variables, H where each random variable h € H
is bounded away from infinity, |h| < A < co.

Definition 3 (Power Levels) An integer valued random wvariable X has power level not more
than A if it takes values over alphabet X,

X)\ £ {071,2,---7]5)‘—1} (1)
where P is a compact notation for {\/ P)‘J.

Note that if X € &), then it is also true that X € X4, for all € > 0.

Definition 4 For any nonnegative real numbers X, A1 and A2, define (X)y, and (X)ii as,
_ X
N 2)
X - ph {LJ
A P2
ooy 2 - 3)

In words, for any X € X, 1,, (X)ifr)‘2 retrieves the top Ay power levels of X, while (X),, retrieves

the bottom \; levels of X. (X )if retrieves only the part of X that lies between power levels A1 and
As3. Note that X € X\ can be expressed as X = PM (X)i1 + (X)y, for 0 < A1 < A Equivalently,
suppose X; € Xy, Xo € X),, 0 < Ag and X = X + XoP*. Then X; = (X))\l, X, = (X)ii”L)‘Q.
Also note that if X € X then (X)3 = (X)3" for all € > 0.

1

Definition 5 For zi,29,--- ,x; € X\, define the notations Lg’-(xi, 1<i<k)and Lj(z;,1 <i<k)
as,

Li(xy, 29, 21) = Y |gjwi (4)
1<i<k
Lj(wy, o, k) = Y by (5)

1<i<k

for distinct random variables g;, € G, and h;, € H. The subscript j is used to distinguish among
various linear combinations. We refer to the L and L functions as the arbitrary linear combinations
and boundeﬁ density linear combinations, respectively.

3 System Model

While in this section we define the system model for arbitrary K, M, note that our focus is primarily
on the K = 3 user MISO BC with M = 3 antennas at the transmitter as shown in Fig. The

4Note that throughout this paper, the superscript (-)b is used to signify the bounded density assumption, which
is the most critical assumption about the channel model. Thus, wherever the superscript (-)? is present, the channel
coefficients involved in those expressions are drawn from G and only their probability density functions are known to
the transmitters.
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Figure 1: K = 3 user MISO BC with M = 3 antennas at the transmitter.

channel is defined by the following input-output equation over 7' channel uses, ¢t € [T7].
M
Vilt) = 3 VPGl (8) Xon(t) + Zi(2). (6)
m=1

Over the ' channel use, Y;(t) is the signal observed by the k' receiver (user), k € [K], Zx(t)
is the zero mean unit variance additive white Gaussian noise (AWGN), X,,,(¢) is the symbol sent
from the m' transmit antenna, m € [M], Gy, (t) are random variables representing the fading
coefficient for the channel between the m! antenna of the transmitter and the k" receiver, oy, is
the channel strength parameter for the same channel, and P is the nominal power parameter that
is allowed to approach infinity in the GDoF limit while the ay,, parameters are held fixed. The
transmitted signals X, (t) are each subject to unit power constraint. All symbols take real values.

3.1 CSIT and CSIR

The channel coefficients are distinct random variables from the bounded density set, i.e., G (t) €
G, Vk € [K],m € [M],t € [T]. Channel state information at the receivers (CSIR) is assumed to
be perfect, while the CSIT is limited to finite precision. Thus, the transmitter is only aware of
the joint probability density functions of the channel fading coefficients Gy, (t) and not the actual
realizations of the channel coefficients. The receivers know all channel realizations.

3.2 GDoF

Achievable rates R;(P) and capacity region C(P) are defined in the standard Shannon-theoretic
sense. The GDoF region is defined as

D :{(dl,dg,--- ,d[() : H(Rl(P),RQ(P),-” ,RK(P)) c C(P),

P
st. dp, = lim By (P)

P Thog(p) T € K1 (7)

3.3 Simple Layered Superposition (SLS) Coding

Let us partition User k’s message as Wy = (Wé«“ : S C [K],k € S). Here, V_ka} acts as a private

sub-message to be decoded only by user k& while Wg for | S| > 1 acts a common sub-message to be
decoded by each User j, such that j € S. Further, define Wg = (I/VéC : k € S). The message Wy



carries dg DoF which may be arbitrarily divided among the users in S, so that a fraction ,u'gds is
assigned to user k, for each k € S.

dp = Y plds (8)
S:kesS
> us=1 9)
k:keS
pk >0, Vk € [K],VS C [K]. (10)

For example, when K = 3, we have
Wi = (WL WL vl Wi
1= Wiy Waay Wasy Waesy)

W{1,273} = (W{11,2,3}a W{21,2,3}a W{31,2,3})

dy = dpy + ppygydiey + i s dinsy + R0y 92,8y (11)
dy = dpoy + 151 9ydi10y + a5y drasy + 103 d(1,2.3) (12)
d3 = dysy + i}y 5yd sy + o s diasy + 103y d.2.3) (13)
L= iz + i) (14)
1= Mh,s} + M?l,Q} (15)
1= N%Q,S} + N?2,3} (16)
1=y + 0123 T H{123) (17)
0< Nh,Q}vN%m}aNh,:’,}aN?1,3}vM%m}vM?Q,?,}aNh,m}»N%1,273}vﬂz{))1,2,3} (18)
Messages W{l}, V_V{2}, W{LQ}, ceey V_V[K] are encoded according to independent Gaussian code-
books into X1y, Xay, X{1 2}, -, X[k] With powers P~ p~M2y pmMu2y ... PTAIK] respec-
tively, such that,
Y P <1, Vke[K) (19)
SCIK],keS

The transmitted and received signals are,

Xm = Y VPmsXgVme[M] (20)
SCIK]

Vi = Y VP%nGrpnXm+ Zi,Vk € [K], (21)
me[M]

where Ag, v, 5 and dg are some arbitrary non-negative numbers depending on S which should be
optimized for each point in the GDoF region separately. Note that power control is integral to SLS.



4 Main Result

Definition 6 Define the parameters 6;, d; ; and 6 as follows.

di = max wm,Vié€ [K], (22)
me[M]
5i g = m im +7v‘7 j K ) ) .7 23
J n?éf[i]\)f[](a Qjm) i,j € [K],i# j (23)
5 = min min <(5i + 05 + Ok 4, 0i & Ok + 0ij + 0y + O + 5k’i> . (24)
{i.d.k}=[3] 2

4.1 Three User MISO BC
Theorem 1 In the K = 3 user MISO BC with M = 3 transmit antennas defined in Section[3, if
the following conditions are satisfied for all i,k € [3],m € [M],
max (Qim, ki) < Qi (25)
Qi + Qi < Qi+ Qe (26)

then simple layered superposition (SLS) coding achieves the whole GDoF region, which is described
as follows.

D= {(dl,dg,dg) € R, such that Y distinct i,k € [3],

di S 5i7
di + dy. < min (6; + 0k, Ok + Gike) (27)
dy+dy+d3 < 6 }

The following remarks are in order.

1. The result of Theorem [l generalizes to M > 3 transmit antennas. The converse proof of
Theorem (I} provided in Section[4.2] allows M > 3, and since the achievability proof, presented
in Section [f] utilizes only the first three transmit antennas, it applies to M > 3 as well, simply
by switching off the remaining antennas. Note that if , are satisfied, then the GDoF
region in does not depend on «y,, for m > 3.

2. The converse proof of Theorem |1| shows that the region described by is a valid outer
bound on the GDoF region for all a;; values. The parameter regime identified by and
is the regime where the outer bound is tight, and is achieved by SLS. In this parameter
regime, 6; = ao;; and 9; ; = a; — ;. Condition is illustrated in Fig.

3. Subject to conditions and , the GDoF region shows a surprising duality property.
Specifically, the GDoF region remains unchanged if the roles of transmitters and receivers are
switched, i.e., if a;; and «j; values are switched. The top of Fig. 3| shows an example of a 3
user MISO BC and its dual. It is easy to verify that conditions and are satisfied
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Figure 2: The six conditions implied by are illustrated. The sum of blue channel strengths («;;) must
be greater than or equal to the sum of the red channel strengths in each case.

and the GDoF region (sketched at the bottom of Fig. [3)) is the following.

D = {(dy,ds, ds) :

0<d; <12, 0<dy<1.3, 0<d3<1,
di+dy <14, dy+ds<1.3, dy+ds <14,
di +dy +d3 < 1.6}

It is also easy to construct examples where such a duality does not hold and and are
not satisfied. As a simple example, consider the case where all channel strength parameters
a;j = 0 except, a2 = 1,91 = 2. Note that is not satisfied because max(ajg, ag1) =2 >
0 = aq1. For this example, the GDoF region is {(d1,dz2,d3) : di < 1,d2 < 2,d3 = 0}, but in
its dual (reciprocal) setting the GDoF region is {(d1,d2,ds) : di < 2,ds < 1,d3 = 0}. Thus,
the dual setting does not have the same GDoF region.

o5 o5
dual

o «— |o

o4 o4

2 13T  os d, o0

Figure 3: (Top): A 3-user MISO BC that satisfies the SLS-optimality conditions and , and its dual
channel where values of «;; and «ay; are switched. The duality property implies that both have the same
GDOF region. (Bottom): The GDoF region.



4. The GDoF region of a MISO BC does not depend on the labeling of transmit antennas, i.e.,
it remains the same if we substitute each agmy with agz(,) where 7 is any permutation on
[M]. However, note that the conditions and do depend on the labeling of transmit
antenna indices. Therefore, in order to determine if a given MISO BC setting satisfies the
SLS optimality conditions and , it is necessary to check these conditions for all
permutations of transmit antenna indices. Furthermore, if the conditions are satisfied for
one of these permutations, say 71, and not for another permutation, say s, then the duality
property described above is claimed for the labeling of transmit antenna according to 1, but
not for ms.

5. It would be useful to consider as a special case of Theorem 1} a 3 user cyclic (1,a,b) MISO BC
sketched in the left half of Fig. @ In the parameter regime 0 <a<b<landb—a<1-b,
the GDoF region for this channel is achieved by SLS and is represented as follows.

D = {(d1,d2,d3) : 0<d; <1,d; +d; <2-b,
dy+da +ds < 3—2b,Vi,j € [3],i # j} (28)

R

£

Figure 4: (Left): 3 user cyclic (1,a,b) MISO BC with channel strength levels (a;;) shown for each link.
(Right): Gray shaded region shows the regime where SLS is optimal in the 3 user cyclic (1, a,b) MISO BC.
The slanted line pattern is the regime where TIN is optimal for the corresponding 3 user IC.

6. From [17], TIN is optimal in the 3 user 1C if max;¢(3) j£; ij + MaXpe[3) i Wi < g, Vi € [3].
It is easily observed that the region of ;; where SLS is optimal in the 3 user MISO BC is
larger than the one where TIN is optimal in the corresponding 3 user IC. For instance, as
shown on the right half of Fig. |4] in the 3 user cyclic (1,a,b) MISO BC, the region in the
(a,b) plane where TIN is optimal has an area of 1/4 while the region where SLS is optimal

has an area of 1/2.

7. For a challenging example outside the parameter regime identified by and , consider
the three user cyclic (1,2,2) MISO BC where the condition is not satisfied. From
Theorem [I} the best sum GDoF bound for this channel is equal to 4. However, this bound is
not tight because we are able to establish a tighter bound of %, see Appendix |Al Thus, (27)
does not describe the GDoF region when conditions , are not satisfied.



4.2 Proof of Theorem [I Converse

The bounds d; < §; follow from the single user bounds. For the remaining bounds, the first step
in the converse proof is the transformation into a deterministic setting such that a GDoF outer
bound on the deterministic setting is also a GDoF outer bound on the original setting. This step
is identical to [26]. To avoid repetition, let us start our proof after this step.

4.2.1 Deterministic Model
The following input-output relationship holds in the deterministic model,
M
Yilt) = 3 | Grm (D)L= Ko (1)) (29)
m=1

for all k € [3],t € [T], where Vm € [M],t € [T], we have

Xm(t) € X)\m? (30)
)\m é m s 31
max ay (31)
A 2 max A\ (32)
me[M]

Thus, the signal from the m'* transmit antenna, X,,, has power level no more than \,,, which is
the highest power level with which X,,, can be heard by any receiver k, k € [3]. Furthermore, \ is
the maximum of all \,,, so that for all m € [M], we can also write that X,,(t) € X\. Note that
can be equivalentlyﬁ expressed as follows.

Vi) = S0 [Gron) (KR, |- (33)

4.2.2 A Key Lemma and an Observation

To invoke the aligned image sets argument, we need the following lemma from [10].

Lemma 1 ([I0], Lemma 1) Define the two random variables Uy and Uy as,
U, = (U1[711}7 l[g]a T aUl[jjz;) (34)
= T) ;T T
Us = (U2[1}aU2[2]a o =U2[1\;) (35)
where for alln € [N], t € [T], Uin(t) and Usy(t) are defined as,
Uin(t) = L4 ((GO)]_y, (O] (W), ) (36)

Uon(t) = Lh,(t) (Vi) (o)) s> (Tar(®)] o, ) - (37)

"From @) and @), we have Vi(t) = i, |Gin(®) | 7228 ]| = L0l [Gun &R, | =
MG O(Xm ()R, |-

10



The Vi (t) € X,), m € [M], are all independent of G, and ¥Ym € [M], 0 < iy, Aom < 1. Without
loss of generality, (A1m —Aam) ™ are sorted in descending order, i.e., (Am —Aam) T > (A1 — Ao )T
if 1<m<m' <M. For any acceptablﬁﬁ random variable W, if N < M, then we have,

N
H(U, |W,G)—H(Uy |W,G) < T (Z (Aim — )\Qm)+> log P+ T o (log P). (38)

m=1

Lemma is a simple generalization from M = 2 to M > 2 of the bound in [20]. For proof of Lemma
see [10]. The proof is presented in Appendix |C| for the sake of completeness. Lemma (1| may be
intuitively understood as follows. Consider a transmitter with M antennas, with transmit symbol
V;, originating at the m!* antenna, m € [M]. The transmitted signals have power levels no more
than 1. Consider 2 receivers, Uy, Uy, each equipped with N receive antennas, that see different
bounded density linear combinations of the M transmitted symbols, scaled by channels of different
strengths, so that the n'” receive antenna of the k" receiver, k € [2], sees only the power levels above
N — Al of the transmitted signal Vj,. If the CSIT is limited to finite precision, CSIR is perfect, and
N < M, then the greatest difference in entropies that can be created between the two receivers in
the GDoF sense is no more than the sum of the NV largest terms of the pairwise differences between
strengths of signals seen at the two receivers from the same transmit antenna. The random variable
W generalizes this statement to conditional entropies provided that the bounded density character
of the linear combinations is maintained even after conditioning on W.

Now consider the specialization of Lemma [l to the system model in this paper. Our transmitter
has M antennas, each receiver has N = 1 antenna, all transmitted signals V;,, = X,,, m € [M], have
power levels no more than 7 = X, and the k** receiver sees only the power levels above A, — v
from X,,, so that

N—=Aem = Am— Qkm (39)
= Mem = [/ Am + Qpm (40)
= A= Apn + Q- (41)

Furthermore, M > N, the CSIT is limited to finite precision, and the CSIR is perfect. Therefore,
for any ki, ko € [3], and for any acceptable W, from Lemma [I} we conclude,

H | W,6) = HY [ W.6) < T max (atum = agum) " log P+T 0 (log P). (42)

where we used the fact that based on (41)), we have (Agym — Akgm) ™ = (Qym — Qym) T

4.2.3 Proof of bound: di +dy +d3 < 01 + 02,1 + 932

Suppressing o(T")and o(log(P)) terms that are inconsequential for GDoF,

TR, < 1V, wy0) (43)
TR, < IV LWy | Wi,0) (44)
TR; < ](_3[T];W3|W1,W27g) (45)

SLet G (Z) C G denote the set of all bounded density channel coefficients that appear in I_Jl, U,. Wis acceptable
if conditioned on any G, C (G/G(Z)) U{W}, the channel coefficients G(Z) satisfy the bounded density assumption.
For instance, any random variable W independent of G can be utilized in Lemma m

11



Summing over , and , we have,

3
S rre < HE G+ BT | Wa,6) - HYT | WA, 6)
k=1

FH(V | Wi, W, G) — H(Y,™ | Wi, W2, G) (46)
< HY™|G)+ (621 + 632)Tlog P (47)
S (61 + 52,1 + 53,2)T10g]5 (48)

follows from (42)), and for we use the fact that |Y;(¢)| < MAP® and that the entropy of
any discrete random variable is bounded by the logarithm of the cardinality of its support. From
" we obtain the GDoF bound dy +ds+dz < 61 +5271 +(5372. Similarly, the bound dy +ds < 01 +5271

follows by summing and ,

TR +TRy < HY|G)+HY | Wi,6) - HE | Wi,6) (49)

<
< (61 +021)T log P. (50)

4.2.4 Proof of bound: d; +ds + d3 < (61 + 3+ 012+ 021 + 931 + I23)/2

TR, < IV Wy |G) (51)
TRy < I(Y{";Wi|Wy,0) (52)
TRy, < IVi";Wy|G) (53)
TRy < I(Y;";Wa|Ws3,G) (54)
TRy < I(Y;';Ws|G) (55)
TRy < Iy, W5 | Wi, W2,0) (56)

Using the fact that I(A; B) < I(A; B | C) if B and C are independent of each other, we have
H(Y" | G) — HY™ | W, Ws, G) < B | Wh,G) (57)

Moreover, applying we have,

gHY"g) < TélogP (58)
HY | G) < ToslogP (59)
H(Y™ | Wh,6) = BT [ W1,G) < Tdylog P (60)
HY Wy, 6) — BV | Wa,G) < T61olog P (61)
H(}_/?,[T] | Wla W27 g) — H(Y/l[ﬂ ‘ Wl, WQ, g) < T5371 IOgP (62)
HY  Ws,6) - HY | Ws,G) < Téyslog P (63)

Summing over (—), the bound dy +da +d3 < (61 + 93+ 01,2+ 02,1 + 3.1 +92,3)/2 is obtained.
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4.3 K > 3 User MISO BC

In this section we generalize the outer bounds of Theorem [I] to the MISO BC with K > 3 users.
For ease of exposition, we will introduce the main elements one by one before combining them into
a general theorem. Let us start with some definitions.

Definition 7 For any S C [K], let p = (ki,ko,--- , k) denote an ordered arrangement of the
elements of S = {ky, ks, -+ ,km}. Then p is called a permutation of the set S. The it element
of p is denoted by p(i), and the number of terms in p is denoted equivalently as |p| = |S| = m.
Since the set S is a function of p we may denote it as S(p). Furthermore, the set [K|/S is denoted
equivalently as [K]/S = S¢ = p°.

For example, suppose K = 6 and S = {2,4,5} C [6], then p; = (2,4,5), p2 = (4,5,2) are two
of the six possible permutations of S, |p1| = |p2| = 3, pi1(1) = 2,p2(2) = 5, and S¢ = p{ = p§ =
{1,3,6}.

Definition 8 For any permutation p = (k1,ka, -+ ,km) of S C [K], define the function

_ Okyky FOks ket Ok ks U [P > 2
fle) = { 0, if Ip| = 1. (64)

For example, if p = (2,4,5,6), then f(p) = 42+ 5.4 + 065

Definition 9 Define the notation

_ . . H(Y[T]|Wk7Wk77ka7g)
H (Y | Wik oo pyy) = Jim Jim —= Tloa(P) (%)

Lemma 2 For any k € [K],

dy < 0y —H(Yy | Wy). (66)

Proof: Lemma [2)is trivially obtained from Fano’s inequality, TRy < I(Wj; Ykm | G) +To(T)
and bounding H (Y)) by 0. [ ]

Lemma[2)can be used for the immediate bound dj, < dj, by simply dropping the negative entropy
term in . However, it can also be combined with other bounds that produce corresponding
positive entropy terms that can be cancelled by the negative terms from . This is facilitated
by the next lemma.

Lemma 3 Ifp = (k1, ko, -+ ,km) is a permutation of S C [K], such that |p| > 1, then
diy +dpy + -+ +di,, < H(Yiy | Wiy, Wer) + f(p) = H(Yy,, | Ws, We). (67)

for any S’ C S°.

13



Proof: Adding the chain of Fano’s inequalities: T'Ry; < I(ij;Y,g] | Wik 1<i<j—1y, W, g)+
To(T) for j € [2: m], and applying GDoF limits, we have,

m m

dej < Z Ve, | Wia<i<j—13> W) = H(Yi, | Wi a<i<it, Wsr)) (68)
=2 e

m
FI(Ykz | WkUWS’ +Z Yk |Wk1,k27 kj— 17WS’) - (ij 1 | Wkl,k2, kj— 1?WS’)
71=3

<5,

—H(Yy,, | Ws, W) (69)
< HYiy | Wiy, Wer) + f(P) = Ok — H(Yi,, | Ws, Wer) (70
< H(Yp | Wiy, Wsr) + f(p) — H(Ys,, | Ws, Wy) (71

where each of the difference of entropy terms inside the summation in is bounded by 9 ;1 by
applying the result of Lemma 1 in [I0], (reproduced in this work as Lemma [I] for convenience). W

Note that for any permutation p = (ki,ka,--- ,kp) such that |p| > 1, the two lemmas can
be combined to cancel the negative entropy term of Lemma [2] with the positive entropy term of
Lemma [3] and dropping the negative entropy term of Lemma [3] to produce the bound

dk1+dk2+"'+dkm < 5k1+f(p) (72)

However, instead of dropping the remaining negative entropy terms, it is possible to combine them
with other bounds that produce corresponding positive entropy terms. These new bounds utilize
the notion of merging two permutations, defined as follows.

Definition 10 (Merge) Consider two permutations p = (p(1),--- ,p(k)) andq = (q(1),--- ,q(1)),
such that k > 1,1 > 1, and p(k') = q(I') for some k' € [k],I" € [l]. A merge of p and q at p(k')
produces four permutations ui, Us, us, Uy such that

w = (p(1),---,p(k)) (73)
w = (q(1),---,q() (74)
uz = (P(k') 1,92, 5 pLngyl)s (75)
W = (Q(l/)vjl)]%'” >j|p+Uq+|)7 (76)
where

p+ = {p(k'+1),---,p(k)}, (77)

ar = {q'+1),--,a()}, (78)
p+Nay = {i, ’i|p+ﬂq+|}v (79)
P+rUar = {ji, " dpruas|}- (80)

There may be more than one possible merge for the same p and q even with the same choice
of p(k'),q(l'). For instance, suppose we merge the two permutations (1,2,3,4) and (4,3,2,1), at
p(k') = q(I') = 2. Then one possible merge is uj,us,ug,us = (1,2),(4,3,2),(2),(2,3,4,1) while
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another possible merge is uy, ug, ug, uy = (1,2),(4,3,2),(2), (2,1, 4, 3). In fact in this case there are
6 possible merges corresponding to 6 different choices for uy = (2, a, b, ¢), where {a,b,c} = {1, 3,4}.

Applying Lemma [3] to the merge of two permutations produces the next set of bounds, repre-
sented in Lemma [l

Lemma 4 If p,q are permutations whose merge produces uy, g, us, uy as stated in Definition[10,
then

k 4
D dy +qu<n < HYpy | Woay, W) + H(Yyy | Woy, W) + Y f(un)

n=2 n=1

—H(Yi,, a,i | Wsus)» Wstuy)us(us), Ws)

T

(YZ\NU%I W S(ua)s Ws(u)ns(uz): W) (81)
for any S" C (S(p) U S(q))*.

Proof: Applying Lemma [3| to each of the permutations uj, usg, us, uy, we obtain,

uy Zd ) | Wy, Wer) + f(ur) = H(Ypuer) | Wu,), Wsr) (82)
uy : Zd ) | Weay, Wer) + f(ug) — H(Yy@ry | Weuy), W) (83)
|P+ﬂ<11+| B B
up: Y di < HYp) | Wayus(us), Wsr) + f(us) — H(Yiy a1 Wsug): Wsun)us(us), Ws)
i=1
(84)
[P+Uq+ | - B
w Y di < HY 0 | Wunsus), W) + f(ua) - H(Yi, tay i | W) Ws(uns(ue): Wsr)
(85)

Note that p(k") = q(I'). From Definition [10|it is easily verified that S(u;)US(u2) has no elements in
common with p4yNqy, and that S(u;)N.S(uz) has no elements in common with pyUqy, facilitating
the application of Lemma [3] Adding all four inequalities, and using the submodularity property of
entropy, H(X|A) + H(X|B) > H(X|AU B) + H(X|AN B), to cancel the positive entropy terms
of and with the negative entropy terms of and , we obtain the result of Lemma I

By dropping the negative entropy terms in Lemma [4 and canceling the positive entropy terms
in Lemma {4] with the corresponding negative entropy terms from Lemma [2| we obtain the bound

k l

4
D dymy + D oy < Gp) 0,y + Y, fun) (86)

n=1 n=1 n=1

For example, consider a K = 7 user setting, and let us merge the permutations (1,2,3,4,5,6,7) and
(1,2,5,4,3,6,7) at 4 to obtain u; = (1,2,3,4), ue = (1,2,5,4), us = (4,6,7) and ug = (4,5,3,6,7).
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According to Lemma [4] corresponding to this merge we obtain the following bounds.

wo=(1,2,34): Y & <HY W)+ £((1,2,3,4) = HYa | Wii23,43) (87)
1€{2,3,4}
up=(1,2,54): > & <HN W)+ £((1,2,5,4) — HYa | Wii2543) (88)
ie{2,5,4}
uz = (4,6,7) : Z di <HYs|Wposas) + f((4,6,7) — H(Y7 | Wii234567)) (89)
ie{6,7}
uy = (4,5,3,6,7) : Z di < HYy | Wpioay) + f((4,5,3,6,7) — H(Y7 | Wi 234567) (90)
i€{5,3,6,7}

By dropping the negative entropy terms in , and canceling the positive entropy terms in
, with the corresponding negative entropy terms from Lemma |2} i.e., d; < 61 — H(Y1|Wh),
we obtain the bound

7

23 dn < 200+ flw) + f(ug) + fus) + £ua). (91)

n=1

Remarkably, we can also perform additional merge steps to obtain new bounds. Continuing with
our K = 7 example, if we merge us = (4,6,7) and ug = (4,5,3,6,7) at 6, then we obtain u} = (4, 6),
u), = (4,5,3,6), uy = (6,7), u), = (6,7). Bounds corresponding to u}, u), us, u) now replace the
bounds , . Proceeding according to Lemma

up = (17 27374) : Z di < H(Yl | Wl) + f((lv 2, 374)) - H(Y4 | W{1,2,3,4}) (92)
i€{2,3,4)

w = (1,2,5,4): Z di < HY1 | Wi)+ f((1,2,5,4)) — H(Y4 | Wi 25.43) (93)
i€{2,5,4}

u; = (4,6):  de < H(Ya| Wyosasy) + f((4,6)) — H(Ys | Wi 23456}) (94)

uy = (4,5,3,6) : > di <HYa| Wiga) + £((4,5,3,6)) — H(Ys | Wiip3456) (95)
ie{5,3,6)

uz = (6,7):  dr <H(Ys | Wyosase) +f((6,7) —HY7 | Wiio34567)) (96)

wy = (6,7):  dr < HYs | Wyosaser) + f((6,7) — H(Y7 | Wi234567)) (97)

Adding all 6 inequalities, dropping the negative entropy terms in , and canceling the
positive entropy terms in , with the corresponding negative entropy terms from Lemma
ie., di <01 — H(Y1|W7), we obtain the bound

7

2) dy <261+ fw) + fluz) + f(0]) + fuh) + fuh) + fu)). (98)

n=1

Proceeding in this manner, we can obtain potentially infinitely many bounds. We conjecture that
only a finite number of these bounds will be non-redundant, but identifying the precise set of
redundant bounds, or even proving that there are only finitely many of them, remains an open
problem. We also conjecture that these bounds will be sufficient to identify a regime where SLS is
optimal for the K > 3 user setting, however, given the difficulty of this settling this question for
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K = 3 with our current approach, the generalization to K > 3 also remains open. What remains
is to formalize the complete set of bounds that can be obtained through the application of Lemma
[l Lemma [3] and Lemma [4] in the final theorem of this section. To this end, we need the following
definition.

Definition 11 (Bounding Pattern) Let A = {p1,p2, - ,Pm}, B = {q1,92, " ,qn} be mul-
tisets[] of permutations of subsets of {0} U [K]. For compact notation, let us represent the tuple
(A,B) as

(A7B) = {plap2a"' 7pmaQI7€12a"' 7€1n}7 (99)

where we use the overhead bar to identify elements of B separately from the elements of A. We say
that (A, B) is a bounding pattern if it can be generated from the following three properties.

1. If p is a permutation of S C [K], and |p| > 1, then (A,B) = ((0,p(1)),p) is a bounding
pattern. For example, for K > 4, it follows that (A, B) = {(0,3),(3,2,4)} is a bounding
pattern.

2. If (A1, B1) and (Ag, B2) are bounding patterns, then (A1 W Ag, B1 W Ba) iﬂ a bounding pat-
tern. For example, for K > 4, from the first property we know that {(0,3),(3,2,4)} and
{(0,1),(1,2,3)} are valid bounding patterns. Then, from the second property it follows that

{(0,3),(0,1),(3,2,4),(1,2,3)} is also a bounding pattern.

3. If (A, B) is a bounding pattern with A = {p1,pP2, -+ ,Pm} and B = {qi,q2, - ,dn}, and
permutations qi,qa can be merged to obtain uy,us,us,uy as described in Definition[10, then
(A’, B') is a bounding pattern where

A/ = {p17p27"' 7pm7u17u2} (100)
BI = {q37q47'” 7qn7u37u4} (101)

For example, for K > 4, from the first two properties we know that {(0,3),(0,1),(3,2,4),
(1,2,3)} is a bounding pattern. We can merge (3,2,4) and (1,2,3) at 2 to obtain u; =
(3,2), ua = (1,2), uz = (2), wg = (2,3,4). Therefore, the third property implies that

{(0,3),(0,1),(3,2),(1,2),(2), (2,3,4)} is also a bounding pattern.

Theorem 2 In a K user MISO BC with M antennas at the transmitter, if (A, B) is a bounding
pattern for A = {p1,p2, - ,Pm}, B=1{q1,q92, - ,qn}, then the GDoF region is bounded by,

Ip|

YD dhn < Y [ (102)

pEAYB i=2 pEAYB

where for any permutation p, f(p) is defined as,

0, if Ip| =1
@) = ¢ P Smpten, i [Pl >1,p(1) #0 (103)

and 9; ; and 6; are defined in Definition @
The proof of Theorem [2]is relegated to Appendix

"Unlike a set, multiple instances of elements are allowed in a multiset, e.g., {Pa, Pa, P»} and {Pa, P} are different
multisets although they are the same set.

8For inStance7 {l_ga,f)ayl_gC} S} {I_)a71_3b} = {ﬁa,f)a7ﬁa7f)b7f)c}'
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5 Proof of Theorem [1I} Achievability

Since SLS is a simple achievable scheme, it is not difficult to characterize its achievable GDoF
regionﬂ Recall that SLS allows arbitrary power control, as well as arbitrary partitioning of sub-
messages across arbitrary decoding subsets of users. These choices are represented by auxiliary
variables. In terms of these auxiliary variables a description of the SLS achievable GDoF' region
is straightforward. However, note that our GDoF outer bound does not involve any auxiliary
variables, i.e., it represents a direct characterization of the GDoF region optimized over all auxiliary
variables. Eliminating the auxiliary variables from the achievable regions, and then proving that
the union of those achievable regions matches the outer bound is the key technical challenge for
proving the achievability result of Theorem What is required is essentially a Fourier-Motzkin
(FM) elimination, but the number of variables is large enough to make a direct application of
the FM algorithm prohibitively complex. Recall that in [I7] the elimination of auxiliary power
control variables was accomplished by the use of the Potential Theorem, in order to find a direct
characterization of the achievable region of TIN. For SLS the potential theorem seems less useful
due to the added complexity of layered rate-partitioning on top of power control. We will need a
bit more tedious reasoning to navigate through this challenge. As it turns out, we need 12 different
specializations of SLS schemes. We will present two of them, leading to achievable GDoF regions
labeled 75123 and ]:"123. The remaining 10 cases are obtained from these two by switching indices.
We start with 15123.

5.1 Diy

For this achievable scheme, we consider the parameter regime where

max g, < min(aig, age). (104)
k,me(3),k#m

5.1.1 SLS Coding

C_onsider_four non-negative values A\, \',v,7/, and five independent messages W{l}, W{Q}, W{g},
Wii2), Wyi2,3), carrying non-negative values of dyy,day, dg3y, d1,2), d{1,2,33 GDOF, respectively.
The messages W1y, Wiay, Wizy, Wiy 2y, Wiy 2.3y are encoded into independent Gaussian codebooks
X{l}, X{Q}, X{g}, X{LQ}’ X{Lg’g} with powers,

ElXpaml? = 1-2P7 (105)
ElXuyl? = P (106)
ElXm? = P (107)
ElX@n? = P (108)
ElX@)? = P (109)

9 Note that, when conditions and are true the GDoF region given in does not depend on channel
strengths of the links associated with the m'" antenna for all m > 3 and will remain the same if we remove all the
transmit antennas except the first 3. Therefore, it is sufficient to derive the achievability for the 3 user MISO BC
where only the first three antennas are present.
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The transmitted and received signals are,

X1 = P_VI(X{1,2,3} + X2y + X(1y) (110)
Xo = Xpagy + X+ X (111)
X3 = Xpogz+ X3 (112)
3
Vi = Z VPGl Xom + Zi, Yk € [3] (113)
m=1

This SLS coding is illustrated in Figure

e e e
i Xl X2 X3

1~

i {l_IA- X (1,2,3) (X123 i
i)" X (12,3 - !
1 L

1 ~-

| A [ X2z || X133 a
1

:X- X123

| L

1 L —~
1 3
1

1

1

1

1

Figure 5: SLS coding for Dia3.

5.1.2 Decoding

The decoding proceeds as follows.

1.

At the first receiver, Xy 5 3y, X{1 2}, X1} are decoded sequentially with successive interference
cancellation while treating X5y and Xy3) as Gaussian noise.

. At the second receiver, X(1,2,3}, X{1,2}, X2} are decoded sequentially with successive inter-

ference cancellation while treating Xy and X3 as noise.

. At the third receiver, Xy 53y, X(3} are decoded sequentially with successive interference can-

cellation while treating X1y, X1 and Xy; 2y as noise.
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5.1.3 Achievable Region D3

As shown in Appendix [D] the following GDoF region is achievable.

D123()\’ )‘/7 e ’}/) = {(dla d27 d3) :

—_
[\
=~

d1 = dpy + padg gy + §1dg 2,3} (114)

dy = dy9y + podpy 2y + §2dg1 2,3} (115)

d3 = dgzy + &3dg1 2.3 (116)

pa A+ 2 =1 (117)
S +&+&=1 (118)
dpy <anp—A=XN—y—+ (119)
dppy <agm—A=N (120)
dizy < asz— A (121)
dg gy <N (122)
di12,3) = A (123)
(124)

0 < 1, p2, 61, 82,83, di1y, d2y, di3y, d1,2y, d{1,2,3)

|

for all choices of A, \',~,7’ such that

AN +y+9 < an (125)
A+ N < ag (126)

A < ags (127)

ag < A+ N +7v (128)

a3 < A+vy (129)

an < A+ N+ (130)

923 S A (131)

as; < A+9 (132)

Q32 S A (133)

0 < \MN,v. 9 (134)

Note that this achievable region (which is one of 12 different regions) involves 14 auxiliary random
variables that do not appear in the outer bound, namely, 1, p2, &1,82,83, A, N, 7,75 dpy, dyay,
dg3y, di1,2y, df1,2,33- The union over the regions corresponding to all feasible choices of these 14
auxiliary variables is also achievable. Furthermore, there are 12 such regions and their union gives
us the overall achievable region. To show that the overall achievable region matches the outer
bound we will need to eliminate the auxiliary variables. In the next step, we eliminate pq, o,
£1,&9,&3, d{l}, d{g}, d{g}, d{LQ}, d{17273} from Dj93 to obtain the simplified region Dias.

20



5.1.4 Achievable Region Djs3

As shown in Appendix @, elimination of Mmi, U2, 51,52,53, d{1}7 d{Q}, d{g}, d{172}’ d{172’3} gives us

the following equivalent region Djs3 which retains only 4 auxiliary variables A\, \',~,~'.

Dias(M N, 7,7) = {(d17d2,d3) eR?

dq
d2
ds
di + da
dy +d3
do + d3

VAN VAN VAN VANRE VAN VAN

dy +dy+ds

an —y =7,

22,

o33,

o +ag —A =N —y—+/,
ap +az —A—v -7,

Qo2 + agz — A,

0411+0422+0433—2)\—)\/—’Y—7/} (141)

such that A\, \',~,~' satisfy conditions ((125)) to (134]).

5.1.5 Achievable Region 15123

As shown in Appendix [F] the union of the regions Dja3 over all possible choices of A, N, ~,~/ gives

us the following region Dja3.

Digs = {(d17d27d3) eR3 :

dl S a11,
d2 S 29,
ds < ags,

di+do < o1 +a9g— max  qpp
I,me(3],l#m

di + ds < aq1 + azz — max(ae3, a2,

da + d3 < aga + azz — max(azs, a32)

Max; me[3],i#m MUm + InaX(0432, 0523),

di +da +d3 < a1 + age + agz — max

5.2 Fios

Assume that

as1, a13),

Y

a3 + o1,
Q1o + a3y,
Q13 + a3y

max g, < min(aig, ag).

k,me(3),k#m
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5.2.1 SLS Coding

Similar to consider four non-negative values A\, \', 7, 7/, and five independent messages V_V{l},
Wiy, Wigy, Wii gy, Wy 23y each carrying non-negative Valu_es of dy1y, dygy, dyzy, d{1,2}, d{12,3)
GDoF, respectively. The messages Wy, Wiay, Wisy, Wiy 9y, Wiy 23y are encoded into independent
Gaussian codebooks X1y, Xqay, X3y, X{1,2), X{1,2,3) With powers,

EJP({LQ,S”2 = 1—2P_>‘ (150)
El Xy = P (151)
ElXyl = P (152)
ElXg? = PN (153)
E| X = P (154)
The transmitted and received signals are,
X1 o= Xppgy + X+ X (155)
X2 = p—’\//(X{LQ’g}ﬁLX{LQ}+X{2}) (156)
Xz = Xpagy + X (157)
3
Yo = D VPWGLX;+ 2,k €3 (158)
j=1

This SLS coding is illustrated in Figure [6]

e
i X1 Xo X3

: [ ’Y/{.E

A PXA12,3) X (1,23 "
L M Ki1.2,31 |
Bl

i _
| X{1,2} A X2 || Xay 2
1

Pl

I L

]

1

1

]

1

1

]

Figure 6: SLS coding for ]:'123

5.2.2 Decoding

The decoding proceeds similar to [5.1.2
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5.2.3 Achievable Region Fis3

As shown in Appendix [G] the following GDoF region is achievable.

F123()‘7 )‘/7757/) = {(d17d27d3) :

di = dpiy + padp oy + &1di 233 (159)

dz = dggy + p2dg1 9y + E2dia 2,3y, (160)

d3 = dgzy + E3dq1 2,3}, (161)

p1+ pp =1, (162)
S t&+8=1 (163)
dpy <o = A= XN =7, (164)
dppy <am—A=N =7/, (165)
dgz) < ass — A, (166)
dr oy < N, (167)
d123) < A, (168)
0 < pa, p2, 61,2, €3, dg1y, dpay, dysy, dir 2y, g1 2,3y (169)

} -

for all choices of A, \',~,7’ such that

A+ N+ < an (171)
AN+ < ax (172)
A < ass (173)

aiz < A+ XN +y+4 (174)

a3 < A4y (175)

a1 < A+ N (176)

a3 <A (177)

a1 <A (178)

azg < A+ (179)

0 < MN.v9 (180)

Similar to this achievable region involves 14 auxiliary random variables that do not appear in
the outer bound, namely, pi1, p2, &1,€2,83, M, N, 7,7, dg1y, diay, dysy, dg1,2y, dg1,2,3p. The union over
the regions corresponding to all feasible choices of these 14 auxiliary variables is also achievable.
In the next step, we eliminate 1, po, £1,&2,&3, Cl{l}, d{g}, d{g}, d{L?}’ d{1’2,3} from Fio3 to obtain
the simplified region Fios.
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5.2.4 Achievable Region Fj3

Similar to ([5.2.4)), eliminat{on of w1, pa, &1,8&2,¢&3, d{l}, d{2}, d{3}, d{l,g}, d{172,3 gives us the
following equivalent region Fj23 which retains only 4 auxiliary variables A, X, ~, v

Fras(A\ N, y,9) = {(d1,d27d3) eR?

di < a1 —7, (181)

dy < o —7, (182)

ds < ass, (183)

di+dy < anntan—-A-XN-v-—7, (184)
di+d3 < aipt+asgz—A—7, (185)
do+d3 < ag+azz—\—7, (186)

di +dy+d3 < 0411+0422+0433—2>\—>\/—V—7/} (187)

such that A\, \',~,~' satisfy conditions (171]) to (175]).

5.2.5 Achievable Region ]3123

Similar to the union of the regions Fiag over all possible choices of X\, X, ~,~" gives us the
following region Fjo3.

Fioz = {(dl,dz,dg) eRY :

di < an, (188)
d2 < g, (189)
ds < ass, (190)
di+dy < a1 +ase— max  Quy, (191)
I,me(3],l#m
di + d3 < a1 + az3 — max(aes, asi, a13), (192)
dy + d3 < g2 + a3z — max (a3, 31, a32), (193)
mMax; me(3],l£m Um + maX(Oé31, 0623),
a3 + aoq,
dy +do + d3 < a11 + a2 + a3z — max aszg + g, (194)
a3z + a3,
a12+a13;a32+a21

The equivalence of Fio3 = U A, /\/’%7/.7?123(/\, X.7,7') is proved similar to the equivalence of Diog =
Un vy D12 (A Ny, 97).

10The proof follows similar to Appendix
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5.3 All 12 Achievable GDoF Regions
By symmetry, switching the indices, e.g., (1,2,3) — (2,3, 1) in ((142) — (148))) and ((188) — (194]))),

ten other achievable regions are obtained. Therefore, the following region is achievable.

D, = U (f?ijk U E;k) (195)
(g k}={1,2,3}

where for distinct values of {i,j,k} = {1,2,3}, ﬁijk and ﬁijk are defined as follows.

ﬁz‘jk = {(dudj,dk) : 0<dy <a11,0 < de < ag,0<dg < ass, (196)
di+d; < o+ aj— ng[l??]t’)l(#m A, (197)
di +di <y + o — max(ag, g, O, Q) (198)
di +di, < ajj + ape, — max(ojk, agj), (199)
MAaX] e (3], istm Cm + MaX(k, Apj)s
di+dy+d3 < o171+ @+ a3z —max ZZ 1_ Z’Z: 200)
Qji + Qg

if maxy ,,e(3],1m Um < min(ag;, aj;). Otherwise, we define ﬁijk = 0.

Fije = {(diadjvdk‘) o 0<di S on1,0 < dp < 22,0 < ds < asg, (201)
d; + dj < oyt oy — ng{lﬁ?ﬁl{#m Al (202)
di+d < ay+ g — max(ag, g, k), (203)
dj +dp < ajj+ ok — max(ajk, ki, agj), (204)
MAX] (3], 1£m Clm + Max(k;, ),

Qi + Qg
di+do+ds < a1+ agg + asz — max akj + g, 205)

Qfj + Qs

Qo 10
2

if maxy ;e (3)1£m m < min(a;;, ). Otherwise, we define ﬁijk = .

6 Achievability Matches the Outer Bound

Finally, D, is shown to produce reglon . Specifically, for each value of parameters oz”, we show
that one of the 12 regions Djj, Fijx, V{i, j, k} = {1,2,3} subsumes all others and matches . For
example, in the 3 user MISO BC illustrated at the top of Fig. [3] it is not difficult to verify that the
GDOoF region (27)) turns out to be identical to the region Fia3 described in ((188) — (194)). In this
section, we prove that the GDoF region D, defined in and D defined in are equivalent.

1. D, CD.
In order to show that D, C D, we prove ﬁijk C D and ﬁijk C D for any {i,7,k} = {1,2,3}.
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For instance, consider the region Dyos. Any tuple (dy,ds,d3) € D193 satisfies the inequalities

((142) — (148)). Comparing ((142)) — (148))) and (27), it is verified that (di,d2,ds) € D. For
instance from (145 we have,

di+de < a1+ — max (206)
l,me[3],l£m
< air + az — max(ai, o) (207)

Therefore, we conclude that 15123 C D. Similarly, ﬁijk C D and ]%k C D is concluded for
any {i,j,k} = {1,2,3}.

. DCD,.
Without loss of generality assume ags is the largest of all cross links.

Q2 = Mmax  Qm.
l,me[3],l#m

Therefore, from (25)), max; ;e (3] 1£m ¥m < min(air, azs). Consider the following three cases.

(a) max(aq3,a31) < ags. Consider any tuple (di,ds,ds) € D. From , D is represented

as
D = {(dy,d2,d3) : 0<di <o11,0<dy < a,0<ds < ass, (208)
di+ds < i1+ ag —agg, (209)
di +d3 < a11+ agz —max(ai3, as1), (210)
do+ds < a2+ azz —max(ags, as2), (211)
di +do+ds < 11+ age + azz — max {ai2 + ass, ass + 0421} (212)
On the other hand, from ( — ) as MAaXy (3], i2m Mm < min(aq1, ag2), Doy is
equal to,
Doz = {(di,do,d3) : 0<di <a11,0<dy<a,0<d;s<ass, (213)
di+dy < a1+ @ — aga, (214)
di+d3 < oq1+ o33 — max(alg, agl), (215)
do+ds < o9+ g3 — max(alg, a31, 93, 0432), (216)
a2 + max(aq3, a3y),
di+do+ds < a1+ a4 azz — max 23 + Qs (217)
32 + 21,
a12 + 23

In this case, D = 25213 as max(ai3, ag1) < ag3 and a9 is the biggest one among all cross
links.
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(b) max(aas, asz) < asi. From (27), (([142) — (148)) and max; e (3] 1£m Qim < min(o1, ags),

we conclude that D = Dja3.

D =Dy =
di+dy <
di+ds <
do +ds <

di+dys+ds <

a1 + o — a2,
ai1 + asz — max(asi, a13),

a2 + a3z — max(aes3, asa),

a11 + gz + agz — max(o3 + oo, a2 + a31)}

{(dl,d%d:’)) :0<d; <ai1,0 <dp < a,0<d;<az, (218)

(219)
(220)
(221)

(222)

(¢) a3 < max(ags, a32), a3 < max(ags, asr). In this case from , D is represented as

D = {(dy, d, d3)
di +da
dy +ds
da + d3

dy +dy+ds

Therefore, D = Fia3 from ((I88) — (194)) and max; ,e(s) izm Cim < min(an1, ag).

7 Conclusion

INIACIA

IN

0<di <a11,0 <dy <a,0<ds < ass,

a1 + oo — a2,

ai1 + azz — max(aq3, a31),

a2 + a3z — max(ao3, a32),

11 + Q92 + 3z — max

a12 + max(ags, as1),
a3 + o1,
a3o + (o1,

013 + (32,
aj2tajztazatasy
2

A broad regime of channel strength parameters is identified where simple layered superposition
coding achieves the GDoF region of a 3 user MISO BC with M antennas at the transmitter, under
finite precision CSIT. The parameter regime is larger than the corresponding regime for the 3 user IC
where treating interference as noise (TIN) is shown to be GDoF-optimal, and reveals an interesting
duality property in that the region remains unchanged if the roles of all transmit antennas and
receive antennas are switched. Extensions to K > 4 users for the MISO BC, is studied in Theorem
2l The combination of simplicity, robustness and information theoretic optimality imparts this
research avenue the potential for both theoretical and practical impact.
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A Proof of Sum GDoF Bound of 15/4 in the Three User Cyclic
(1,2,2) MISO BC

Consider the three user cyclic (1,2,2) MISO BC in Fig. 4l From the deterministic model in Section
the following input-output relationship holds,

Vi) = [Gu(@®) [PTX@®] ]+ D [Grm(B)Xm(t)] (228)
me|[3],m#k

= [Gu® (@) ]+ Y (G Xn ()] (229)
me|(3],m#k

where X}, (t) € &s for all k € [3],¢ € [T]. Define the random variables Y/;(t) as,

Yht) = Ze[::ﬂt 1m ()Xo (1) (230)
Yo(t) = %LG m(t)] (231)
Yis(t) = |Ghs()[ P~ Xs(t)] | + e%: ¢3L B () Xon (1) (232)

= [Gh(D)(Xs()7] + egj #;LGém(t)Xm(t)J (233)

where for all k,m € [3], G}, (t) are distinct random variables chosen from G and are different from
the random variables G, (), Vk, m € [3]. Writing Fano’s inequality for all three users, we obtain
the following bounds /]

TR +TRy, < IV v/ wy, wy | Ws,6) (237)
TRy < I(Vy'Ws|9) (238)
From , we have,
9TR; < 2I(Y; ;W3 |G)
< 4TlogP — 2H(Y3 | W3,G) + T o (log P) (239)
= 4Tlog P — HVT | Ws,G) — HV'Y | Ws,G) + T o (log P) (240)

where (239) is true as similar to ([48) we have H (Y, 2 | G) < 2T1log P + T o (log P). In order to
check whether (240)) is true or not observe that, Y’ ( ) is a bounded density copy of Y3(t). So, we
expect that

| H (Y | Ws,0) = HYV [ Ws,G) | < T o (log P) (241)
1 Suppressing o(T) terms for simplicity, we have
TRy +TRy < I(Yl[T];W \g)+1( W, | ) (234)
< 1" v wn we | 6) (235)
< I(YF%YJT];Wl,Wz | W, ) (236)

(235) and (236] follow from the facts that I(A; B) + I(D;C) < I(A,D; B,C) and I(A; B) < I(A;B| C) if B and C
are independent of each other.
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which is truﬂ from (42). Summing over (237) and (240), we have,
TR1 + TRy + 2T Rs3

< ATlogP + (H(YJT], 7 | Wy, 0) — BTV | W, g)) FTo(ogP)  (244)

With the aid of Lemma [1} let us prove that
gy v ws,6) - BET vy Wy, 6) < TlogP+1T o (log P) (245)
(245|) is proved in the following three steps.

1. Consider the random variables Y;(¢) and Y’1(¢). Yi(t) is a bounded density linear com-
bination of |[P~1X;(t)] = (Xl(t))f , Xo(t), X3(t) while Y’1() is a bounded density linear
combination of X7(t), Xa(t), X3(t). Now, compare the terms H(Y/I[T] | YQ[T},Wg,g) and
H(Y' [1T] | YQW, W3,G). Due to the bounded density assumption, we expect that

H T | W, 6) YT [ Ws.6)
= H(Yl[ﬂ | YQ[T]’ Ws, g) - H(Y/[IT} | YQ[T]’ Ws, g)
< T o (log P) (246)
which is true from .
2. Similarly, we have
a1y | W g) — By wh,6)
= 1" VW 6) - H T YW, 6)
< T o (logP) (247)
where (247)) follows from similar to (246)).

3. Now, let us prove the following inequality.
gy oyl wy, g) - BV, YT Ws,G) < TlogP+T o (logP)  (248)
To apply Lemma set [ =3, N =2 and n = 2. The random variables Ul[:f], Ul[g], (_]2[:{], U'Q[g},
Vlm, VQ[T] and ng are interpreted as Y/ [1T}, Y’ [QT], }73[T] % gﬂ, X I[T], X éT} and X ?[)T], respectively.
Thus, from Lemmawe conclude (248) as (A11 —A21)T =1, (A12 — Aaa) ™ = (A3 — A23)T = 0.

(245) is concluded by summing (246]), (247) and (248)). By symmetry from (244]) and (245)) we

have,
TRy +TRy+2TR; < 5TlogP+T o (log P) (249)
TRy +2TRy +TR3; < 5TlogP+T o (log P) (250)
2TRy + TRy +TR3 < 5TlogP +T o (log P) (251)

Summing , and and applying the GDoF limit, we conclude that d;+ds+ds < 15/4.
"*Note that from we have,

HYY" | Ws,§) - HY'Y! | W3,G) < T o (log P) (242)

g ws,6) - HY™ | Ws,G) < T o (logP) (243)

29



B Proof of Theorem [2

Consider a K user MISO BC with M antennas at the transmitter. Our goal is to prove that,
if (A, B) is a bounding pattern for A = {p1,p2,- - ,Pm}, B = {d1,92, - ,qn}, then the GDoF
region is bounded by,

Ip|

Yo D < D fp), (252)

PEAWYB i=2 pEAWB

where f(p) is defined in (103)). The first step of the proof is the transformation into a deterministic
setting which is the same as the one in |4.2

B.1 Deterministic Model
Similar to the following relationship is assumed between the transmitted and received signals,
Y](t) :Lg(t)((Xl(t))maxke[K] 7531 (XQ(t))manE[K] A2 . (XM(t))maxke[K] QM ) (253)

maXge[K] ®k1— 051 maxpe([K] ®k2—Qj2” maXgc[K]) ¥kM —O5M

for all j € [K],t € [T]. Moreover, we assume X, (t) € Xmaxyc g apm> VM € [M],t € [T].

(K]

B.2 Some Observations

In order to prove (252)), consider some arbitrary bounding pattern (A, B) where A = {p1,p2, -+ ,Pm},

B ={a1,92, - ,q,}. Consider two permutations p = (p(1),p(2),--- ,p(|p|)) and q = (¢(1),4(2),--- ,¢(|q]))
with non-zero elements. From Lemma [3| we have

dpa) +dpzy + -+ dppy < H(Ypay | Wy, Wsp) + f(P) = H(Yp(pp) | Ws,,, Wsy,) (254)
dg2) +dgz) + -+ dgqay < HYa) | W), Weg) + f(a) (255)
where W, WSQ and WSS satisfy

Ws, ={Wisi € [K],i € {p(1),p(2),--- . p(IP)}} (256)
We, C{Wisi e [K],i ¢ {p(1),p(2),--- ,p(Ip))}} (257)
Wse = {Wisi € [K] i ¢ {q(1),q(2),- - ,q(la)}} (258)
Consider any permutation r = (0,7(2)) € A. Similarly, we have
dezy < f(r) = H(Yo(2) | Wi2)) (259)

We choose the sets Wgy in a way that the following condition is satisfied for the bounding pattern
(A, B).

> {H Yy | Wir), W) = H(Yp(p)) | W, Wy )}

pEA,p(k)#0,7ke|p]

= > A{H@) | W)} + D _{H ) | Wya), Wsg)} <0 (260)
recA,r(1)=0 qeB
Summing (254)), (255)), (259) for all permutations in AW B and (260) we conclude (252)) as follows.
Ip|
S D dyy < > f(p) (261)
pPEAWB =2 pEAWB
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B.3  Proof of (260)

Our goal is to choose Wy for any p € A in a way that (260)) is satisfied. From Definition any
bounding pattern AW B satisfy the three conditions specified in Definition We prove the bound
(260) for any bounding pattern AW B by induction over |A & BHE

B.3.1 |s]=2

From Definition (11} any AwB where |AWB| = 2 is of the form of {p, p’} where p = (p(1), p(2),--- , p(I(P)))
is a permutation of some subset of [K] and p’ = (0,p(1)). In this case, (260) is simplified as follows
by choosing Wy, = {Wi;i € [K],i & {p(2),---,p(l(P))}}-

—H(Yp) | Wp1) + H(Yp) | W1y, Wsg) <0 (262)

which is true as conditioning decreases the entropy.

B.3.2 |AWB|=2cforall 2<c¢

Let us assume that the bound is true for any AW B where |AW B| < 2¢ and prove for
|AWw B| = 2c. Consider some arbitrary multiset A W B where |s| = 2c. Two cases are possible for
this multiset. It is either created by multiset sum in Definition or by merging two permutations
of a multiset.

1. (A =A1 WAy, B=B L‘UBQ).
As (A1, B1) and (Ag, Ba) are bounding patterns, we have

> {H V) | Wo1), Wey) = H(Yp(p)) | Wy, Wy )}
pEAL,p(k)#0,vkE|pl]
— Y {H) | W)t + D A{H a0 | Wyay, Weg)} <0 (263)
I‘EA1,7’(1):0 q€eB;
> {H(Yp) | W), Way) = H(Yy(p)y | W, Wy )}
pEA2,p(k)#0,VkE]|pl]
- > {HV@ | Wee)}+ D {HVq) | Wyay, Wsg)} <0 (264)
r€Az,r(1)=0 qebB2

Summing (263)) and (264)), (260) is concluded for (A = AjWAs, B = B1WBs) as ) s, [(T) =
erﬂ f(z) + Zx652 f(x) for any function f(x).

2. AW B is obtained from merging two permutations.
Consider a bounding pattern A W B obtained from merging two permutations of bounding
pattern (A’, B'), i.e.,

A = {p1,p2,"** ,Pm,us, uz} (265)
B = {a3,q4, - ,qn,u3, us} (266)
A" = {p1,p2.- . Pm} (267)
B" = {ai,q2, - ,qn} (268)

3Note that, for any Aw B, |AW B| is an even number from Definition
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where two permutations qi, qs are merged to obtain uj, ug, us, uy as described in Definition
From the induction assumption is true for the multiset A'wW B’ as |[A'W B'| = 2¢—2,
i.e., for any p € A’ there exists WS]/) that the following condition is satisfied for the bounding
pattern (A’, B).

> {H(Ypq) | Wpay, Wsy,) = H(Yp(pp) | Wy W)}
pEA’,p(k)#0,Vke||p]

- Z {H(Y,2) | W)} + Z{H Yoy | W), Wsg)} <0 (269)

reA’,r(1)=0 qeb’
On the other hand, writing (260) for the multiset AW B we need to prove that
> {H Vo) | Wyr), W) = HYy(pp)) | W, W)}
PEA,p(k)#0,vke[|pl]
= Y {He) | W)t + D {H ) | Woy, Wsg)} <0 (270)
reA,r(1)=0 qebB
Decreasing (269)) from , it is sufficient to prove the following bound.
H(Y, | ) Wsg ) = H(Yg01) | Wop 0y, Wsg, ) + H(Yugay | Wag(1) W, )
+ H(Y,, 1) | WU4(1),WSC )+ H (Y, ) | Wy 1) Wy, ) = H Yy (uy) | WSUNWSHI)
+ H (Y1) | Waa(1), Wy, ) = H(Yas(jua) | WsuQaWSQ.Z) <0 (271)

Note that from Definition q1(1) = u1(1), g2(1) = uz(1) and uq(jui]) = ua(|uz|) = uz(l) =
u4(1). Let us choose WS/ = Wgc and WS/2 = WSEQ' Therefore, we have

H(Yy, ) | Wo,):Wss,) = HYu) | Wu), Wsy,) (272)
H(Yy) | Weo(1): Wsg,) = H(Yup0) | W1y, Wy, ) (273)
(Vs (1) | W1y, Wg, ) + HYuyay | Way), W, )
—H (Y, (juy)) | Wsul,Ws' )—H( wa(fuzl) | Wy Wy, )
= Huyq) | Wag) Wsg,) + H (Y1) | W1y, Wsg,)
—H(Yyy) | Wsul,W5c ) — H( us()) | Wy W)
<0 (274)

(274) follows similar to proof of Lemma 4| using the submodularity property of entropy,
H(X|A)+ H(X|B) > H(X|AUB) + H(X|AN B) as follows. Consider the merge of two
permutations q; = (p(1),--- ,p(k)) and q2 = (¢(1),--- ,q(l)) for the two numbers k" and I,
ie.,

p(k") = q(l') (275)
u = (p(l),--,p(k)) (276)
u = (q(1),--,q(") (277)
a3 = (p(K'),i1,02, -, ip,na.)) (278)

{in, - Jip gyt =P+ Nas
wy = (q(), 51,02, s dipsuas))s (279)

{j17 T 7j|p+Uq+|} =P+ Uq-'r
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where p; and q4 are defined as {p(k¥' + 1),--- ,p(k)} and {q(I' + 1), - ,q(])}, respectively.
Remember that

Wsu,» Wsg, = {Wisi € [K],i ¢ ps} (280)
W Wse, = (Wai€[KlLi¢a) (281)
Wiy, Wsg, = {WaielK]i¢pinagy} (282)
Wiy, Wsg, = {Wiie[Kli ¢ prUay} (283)

From (280), (281), (282), (283) and the submodularity property of entropy, H(X|A) +
H(X|B) > H(X|AUB)+ H(X|AN B), (274) is concluded.

C Proof of Lemma [1] ([10], Lemma 1)

Before proceeding to prove , note that for any e x 1 vector discrete random variable V and
e X e matrix A,

H(V) = H(AV) if |A| #0. (284)

Since multiplying a vector discrete random variable with an invertible matrix does not change its
entropy, it is sufficient to prove for the random variables U; and Uy which are defined as,

o = (oL ulf- o)) (285)
U, = (U505 U (236)
where for any i € [2],¢ € [T], Us,(t) are defined as,
Uint) = Lh(t) (Vi) n <1< M) (287)
Thus, we have,
H(Uy | W,G) — H(Uy | W,G)
= YU ie [N} | W.6)~ H{UL i e [N]} | W,G) (288)

(H{UIT O Vi i e [N],i' < n < i} | W,6)

[
Mz

1

3
I

~H({U}, U5}, ¥i,# € [N],i' <n <i} | W,0)) (289)
N
= N (HU | W, W, G) — HUL | W, Wy, 6)) (200)
n=1
N
< T Z()qn —X2n) ") log P+ T o (log P) (291)
n=1

where W), is defined as the set of random variables {U 7] U[T],u i e [N ],i" < n <i}. (289) follows

1é’
from definition of Um ) and ( is a result of the chain rule. is true as for any n € [N] we
have,

HUE W, w,,6) - HUE | W, W,,G) < T(Mn — Asn)tlog P+ NT o (log P)  (292)
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C.1 Proof of (292))

Without loss of generality, let us prove (292)) for n = 2 as (292)) follows for the other n € [N]
similarly.

H(U, 12 N WWe,G) — H(Uy, | W, W2,G)
< H(U | W, Wa,G) — H(UE) | W.Wa,G) (293)
= H((, ”53?’:“;;5 PO () eyt | W W, G) — H(USY | W.Wa, G) (294)
= H(U; : ,<U32 Yoz | W W2, G) = H(Uy' | W, W2,6) (205)
= H((U] )(Am Aoa)t | Ul W, 6) (296)
< T(A2 — A2) T log P +n o (log P) (297)
where for any t € [T], Usy(t) is defined as,
Usalt) = Lha(0)(Ta(a)) "), (7 1) moxusns) plhva—den) s sl
- (Vg () dzan) pOaa=Az2) =(amr—Aea) ™) (298)

(294)) follows from Definition I and (295) is true from definition of the random variable (732(75).
)

Aai+(A12—A . -
Note that (U [T])I(T)lj?e/[\;;ﬂ 2t 2=z captures the top max;ep ;21 A2 level of Ug] which is equal

to U22 . - yields from chain rule and is true as the entropy of a discrete random variable
is bounded by logarithm of the cardmahty of it. (293) follows from the following observation.

C.1.1 An observation
Setting M = 1,1y =1, K =1 and I;; = {1} in Theorem 4 in [24], we have

Theorem 3 (Theorem 4 in [24]) Consider non-negative number A and random variables X;(t) €
X\, j € [N], t € [T)], independent of G, and define

Z(t) = L'(t)(X1(t), Xa(t), -~ Xn (1)) (299)
Z'(t) = LX), (Xa®))g, - (Xn0)IY) (300)

where k;,7y; are arbitrary non-negative real valued constants. The channel uses are indexed by
t € [T)]. Then,

H(Z[T] | W,G) > H(Z’[T] | W)+ T o(log ]3) (301)

Note that, from (301), H(U,; [T] | W, Wa,G) can be bounded by H(ﬁg] | W, Wa,G) from above with
the penalty equal to T o logP ie.,

HUL W, Wa,6) — HUE | W,W,,6) < TologP (302)
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D Achievability of Dio3

L. Xq1y, X{1,2), X{1,2,3) are decoded with successive interference cancellation at the first receiver
treating X9y and X3 as noise.

(a)

The SINR for decoding Xy 53y at the first receiver treating the other signals as white
Gaussian noise is equal to
PP~ (1 — 2P ) |Gy |?
1+ PO‘HP_MP_A’GH’Q + PO‘12P_>"G12‘2 + PO‘13P_>"G13‘2
~ pmin(han—y Atan—y —aiz AHan—y' —ai3) (303)

The codeword Xy o 31 which carries dy; 531 GDoF is decoded successtully if
d{17273} < min(\, 11 — 'y/, A+ a — 'y' — a2, A+ a1 — 'y' — aq3) (304)

From and we have A < aj; — /. Adding and we have a1 —
~' — aq2 > 0, and similarly, adding and we have a;1 — ' — a3 > N > 0.
Therefore, the RHS of is equal to A. From we have dg; 233 < A, therefore
holds and X{y 3y is successfully decoded at Receiver 1.

After decoding the messages V_V{ng,}, the first receiver reconstructs the codeword Xy 5 3}
and subtracts its contribution from the received signal. The SINR for decoding Xy 2)
at the first receiver while treating the other signals as white Gaussian noise is equal to
Pa11p—7’p—)\|GH|2
1+ Pa11P*'Y'P7)\fX|GH’2 + Pa12Pf)\f/\’|G12|2 + Pa13Pf/\|G13|2
~  pmin(X,on-A=y Nta—y'—a1z,011—7 —a13) (305)

The codeword Xy ) which carries dy; 3y GDoF is decoded successfully if

diioy < min(N, a1 — A=+, N +an -7 —aiz, 011 = — a3) (306)

From (125]), (128)), (129)) it is easy to verify that the RHS of (306]) is equal to \'. However,
from (122) we have dg; 93 < X, therefore (306) holds and Xy oy is successfully decoded

at Receiver 1.

After decoding the messages W{Lg}, the first receiver reconstructs the codeword Xy 9}
and subtracts its contribution from the received signal. The SINR for decoding Xy} at
the first receiver while treating the other signals as white Gaussian noise is equal to
poir p—y p—A=X |G11|2
1 4 P P=AN|G | 4+ Pois P=AG )2

H ! ! ! ! !
s Pmln(auf)\f)\ —v a1 —ai2—y ,a11—aiz—y =X

The message X1} which carries dgjy GDoF is decoded successfully if
dpy < min(a —A=XN =y =9 a1 —a1a =7, 011 —aiz =7 = X)  (307)

From ((128)) and ([129)), we conclude that the RHS of (307)) is equal to a;; —A— N —v—+".
However, from (119) we have d(;y < a1; —A— X —v —+/, therefore (307) holds and X,

is successfully decoded at Receiver 1.
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2. X0y, X129}, X{1,2,3) are decoded with successive interference cancellation at the second re-
ceiver treating Xy and X3, as noise.

. ) . .
(a) The SINR for decoding X {1,2,3} at the second receiver treating the other signals as noise
is equal to

Po22(1 — 2P72)|Gao|?
/ 2( G| 2 7 ~ P (308)
1+ Pa21 P~ P_/\’Ggl‘ +PO‘22P_/\’G22‘ +PO‘23P_)"G23‘

(308) follows as max(aj;, ;) < oy is true for all 4,j,k € [3] from (25). Therefore,
the message X 93y which carries df 931 GDoF is decoded successfully at the second
receiver.

(b) After decoding the messages W{1,273}, the second receiver reconstructs the codeword
X{1,2,3y and subtracts its contribution from the received signal. The SINR for decoding
X{1,2y at the second receiver treating the other signals as noise is equal to

PO‘QQP_)“GQQ‘2
1+ PO‘21P_7/P_)‘_)‘/|G21’2 + Paggp—/\—,\/|G22’2 +Pa23P—>‘|G23’2
~  pmin(N,oz—Xas+N 4y —az1,a20—as3) (309)

The message Xy 2y which carries dy; oy GDoF is decoded successtully if
d{172} S min()\', Qo9 — )\, 29 + )\/ + ’}’/ — (21, (x92 — 0123) (310)

Adding ([126]) and (133) we have X' < 9o — ag3. From (126]) and (130), the RHS of

(310) is equal to \'. Moreover, from (122) we have dy; 9y < X', therefore (310]) holds and
X{1,2y 1s successfully decoded at Receiver 2.

(c) After decoding the messages W{Lg}, the second receiver reconstructs the codeword Xy; 23
and subtracts its contribution from the received signal. SINR for decoding X9, at the
second receiver is equal to

Po22 Pf)\f)\’|G22|2
1+ Po2t P=v' P=A=X |Gy |2 4 Po23 P=A|Gos?
~ Pmin(agg7)\7)\’,&2270(21+’yl,01227a237A/) (31 1)

Thus, the message X9y which carries dyy; GDoF is decoded successfully if
drpy < min(agy — A — N, ag — ag1 + 9/, o — gz — X) (312)

From ([130) and (131)), we conclude that the RHS of (312) is equal to ags — A — X.
However, from (120) we have dgy < a2 — A — X, therefore (312) holds and X9y is
successfully decoded at Receiver 2.

3. X3y, X{1,2,3) are decoded with successive interference cancellation at the third receiver treat-
ing X1y, X{9y and Xy 9y as noise.
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(a) The SINR for decoding X{; o3y at the third receiver treating the other signals as noise
is equal to

Pesi (1 — 2P7)|Gigs ~ P> (313)
14+ PaslP—W’P—/\’Gm‘Q + PO‘32P_/\’G32‘2 + PO‘33P_)"G33‘2 b

where (313)) follows as from ([25)) we have max(cj;, o) < a; for all ¢, j, k € [3]. Therefore,
the message X123, which carries dy; 533 GDoF is decoded successfully at the third
receiver.

(b) Finally, the third receiver decodes X3y treating X1y, X{9 as noise with SINR equal to,

Pa33P7A’G33‘2
1+ Pasi P=Y P=A|Gsy1|? + P32 P—| Gy

~ min(oc33—)\,oc33—0¢31+’Y/70¢33—0432)(314)

Therefore, the message X3y which carries d33 GDoF is decoded successfully if
d{g} < min(ass — A\, a3z —as; + v, a3 — asz) (315)

From :132; and (133)), we conclude that the RHS of (315)) is equal to ag3 — A. However,
from ((121]) we have dy3) < a3 — A, therefore (315]) holds and X3y is successfully decoded
at Receiver 3.

E  Dis(\XN,7,9) = Dias(M\, X, 7,7)

Consider some arbitrary quadruple (A, X', v,7’) satisfying ((125) —(134))) and the regions Dya3(\, X', v,7’)

and Diag(\, N, 7,7") given in ((114) — (123))) and ((135) —(141)). In order to show Dizz(A, X', v,7) =
Di2s(A\, N, v,7), let us prove Dyag(A, N, 7v,7") C Diag(A, N, ~v,v") and Diag(A, N, 7,) C Diag(A, N, 7v,7)
separately as follows.

E.1 D123()\7 X,%’Y’) - 1_)123()\7)\/77a7/)

Consider some arbitrary triple (di,da,ds) € Diaz(\, N,7,7). From ((114) — (123)) there exists
some tuple (dy1y,dyay, dgsy, dg12), d1,2,3), 1, H2, €1, 2, §3) where

dpy < an—A=XN-y—9 316
dgy < am—A—N 317
dzy < azz— A 318
dpgy < XN 319
diiozy < A 320

di = dpy+mdpgy +&dges)

P N N T e T T N N e N e N
w
[\)
—

N N e e e T e N N N

dy = dggy + padp gy + adi1 3 322

dy = dgzy +&3dposzy 323

0 < p1,p2,81,62,83 3924

ptpe =1 325
S +&+8 =1 326
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Now, we claim that (di,ds,ds3) € Diaz(A, N, 7,7'). In order to prove the claim, it is sufficient to
check the following bounds.

0<di < ain—7—7,0<dy <, 0<ds<ass, (327)
di+dy < an+oan—A-XN-—y—79, (328)
di+ds < an+oasz—A—y—7, (329)
do+ds < a9+ as3— A, (330)

di+dy+d3 < oapn+apta—22-XN—v—+ (331)

which are true from ((316) — (326])) as follows.

di < dpy+dpgy +dpgzy <an—v—9 (332)

dy < dpgy+dpgy Fdpggy < o (333)

d3 < dgzy+dpasy < as3 (334)
di+dy < dgy+dgy +dpgy +dpagy (335)
< (o= A=N=7=9)+(an-A=N)+ XN+ (336)

= aipt+am—A=-N—-—vy—+ (337)

di+ds < dpy+dpytdpgy +dags (338)
< (= A=XN—=7—=9)+(ass =N+ XN+ (339)

= antag—A—v—° (340)

da+ds < dpgy+dgzy +dpgy +daas (341)
< (am—A=XN)+(aszs—A)+ XN + A (342)

= agtag3— A (343)
di+dy+dy < dpy +dpgy +dggy +dpgy +dpag (344)
< (an=A=-XN-y=9)+(an-A=-XN)+(azs =N+ N+ A (345)

= anfaptazy—22-N—v—+ (346)

Therefore, for any triple (d1,d2, d3) € Di23(A, \',7,7') we conclude that (d1,d2,d3) € Draz(\, N, 7, ).
Thus, D123()‘7 >‘,7 Vs 7,) C DIQS()\a >‘,7 7> 7/)

E.2 D\ N,v,7) and Dias(A, N, 7,7') are convex sets

The set D123(A\, X, 7,7") is a convex polyhedron by deﬁnitionE In fact, since it is bounded, it is a
convex polytope [27].
Let us consider the set Dya3(\, N, 7,7’) and two arbitrary members of it, e.g., (dy,d2,ds) and
(dll, d/2, d- ) FI‘OIIl - - there exists (d{1}7 d{g}, d{g}, d{l 2} d{l 2,3}» M1, (12, §1, 62, 53) where
- - ) are satisfied for (dy, dg, d3) and there exists (d{l}, d{Q}, d{s}’ d{1 2} d{1 53} TN RININSY

where ((114) — (123)) are satisfied for (d},d5,d}). Consider 0 < ¢ < 1. Let us prove that
(Cdy + (1 = ¢Q)d), ¢do + (1 — {)dfy, ¢ds + (1 - C)d’) € Dlgg()\ )\’,7 7). In order to do so, we
derive the variables (df{’l}, df{’Q}, df{’3}, df{’l 2> df{’l 2.3 wl s, 4) satisfying (( - - for

A convex polyhedron in R™ is defined as {x | Az < b}, A € R™*™, bc R™*L,
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the point (¢dy + (1 — ¢)d},{da + (1 — ¢)d5, (ds + (1 — ¢)df) as follows.

Ty = Cdpy + (1= Qdy,y, Yk € [3] (347)
I{/1,2} = Cd{1,2} +(1-9) /{1,2} (348)
G2y = Cdpagy+ (1= Odpag (349)
Cﬂld{l,Q} + (1 - C)Mlld/1 2
Wi = 7 o (350)
{1,2}
no Cgld{1,2,3} + (1 - C)fidl{l,zg} (351)
1 - d"
{1,2,3}
no C§2d{1,2,3} + (1 - C)fédh,z,g}
2 = 7 (352)
d
{1,2,3}
py = 1—pf (353)
g = 1-4-& (354)
Note that, the variables (df{’l}, d’{’Q}, dl{ls}’d/{/m}v dl{/1,2,3}7//1/7/i/2/a 1,65, &%) satisfy ((114) — (123)). For

instance,

di = (di+(1-)d;
= (Cdpy+ (11— Qd/{1}) + (Curdgy 9y + (1 — C)Hlld,{m}) + (C&rdgi 3y + (1 — 0)& /{1,2,3})

" gl 11 gl

= /{/1} + Hydiy 0y + €1 {1,2,3} (355)

Therefore, Dya3(\, X, 7,7') is a convex set.

E.3 @123(/\7 )‘,7777/) - D123()‘7)‘/7’777,)

Consider a feasible quadruple (X, N, ~,7'). It is sufficient to show that all the corner points of the
convex polytope Diag(A, X', 7,7’) reside in the convex set Diag(A, N, 7, 'y’)E

1. di = a;1 — v — 4. Consider the hyperplane d; = a1 — v — 7' and the set of all the points
contained in this hyperplane which satisfy all the other inequalities ((135]) — (141])), i.e.,

S1 = {(di,da,d3);di =g —v—7,0<dy <ag—A—XN,0<d3 <ass— A} (356)

In order to check that S; C Diag(A, N, v,7/), it is sufficient to prove that for any (di,ds,ds) €
S1 there exists some tuple (dg1y,dgay,dgsy, di2y dg1,2,3) 115 12, €1, €2, §3) where ((114) —
(123)) are satisfied. This is true by choosing (di1y, dy2y, dsy, di 2y, dg1,2,33: 115 H25 €15 €2, €3)
as follows.

(dg1y, dg2y, dgsy, g2y, dga 2,33 1, p2, €15 €2, €3)
= (all _)\_)\/_’Y_’y/,dQ,d?”)\/,)\,1,0,17070) (357)

5For any convex polytope A and a convex set B, A C B if and only if the vertices of A are members of B. While
the statement is obvious, a short proof is included in Appendix |E| for the sake of completeness.
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2. dy = ag9. Consider the hyperplane do = a9y and the set of all the points contained in this
hyperplane which satisfy all the other inequalities ((135)) — (141)), i.e.,

Se = {(dl,d27d3);0§d1SOJU—A—A/—’Y—’Y/,d2:042270§d3§a33_)‘} (358)

Similarly, we show that So C Diag(A\, N, v,7') as for any (dy,da,d3) € Sy there exists some

tuple (dq1y,d{2y, disy, dpi 2y A2,y 115 H2, €1, 62, §3) where ((114]) — (123))) are satisfied. This
is true by choosing (dy1y, djay, dyay, di1 .2y, dg1,2,3y5 1, 12, €1, €2, €3) as follows.

(dg1y, dgay, disy, dg1 2y, dia2,3) 115 12, €15 €2, €3)
= (dl,agg - A= )\/,d3,>\/,)\,0,1,0,1,0) (359)

3. d3 = as3. Consider the hyperplane d3 = a33 and the hyperplane S3 as follows.
S3 = {(d17d2’d3);d3:a335 0§d1§ all—)\—'y—r)/7

In order to prove that S3 C Diag(A, N,v,7/), it is sufficient to show that the line I3 C
Di2s(A, N, 7,7") where I3 is defined as followsm

I3 = {(dl’dz,ds);daza% 0<di < ann—A—v—7,
0<dy < 0422—/\,d1+d2=0411+0422—2)\—)\I—7—7/} (362)

Now, let us prove that I3 C Dias(A,N,7v,7), i.e., for any (dy,ds,ds) € l3 there exists some

tuple (d{l}v d{2}7 d{3}7 d{1,2}7 d{1,2,3}7 By p2, &1, §2, 53) where ‘) - " are satisfied. This
is verified to be true by choosing (dy1}, dgoy, dygsy, di12y, dg1,2,3), K1, p2, €1, €2, €3) as follows.

(d{1}7 d{2}7 d{3}7 d{1,2}7 d{1,2,3}7 By 2, §1, €2, 63)
dy— dpyy dy —

:<Of11—)\—)\/—7_')/,0[22—A—A/,Ck33—)\,>\/,)\, V 2\

dya)
- ,0,0, 1) (363)

4. Tt is trivial to verify that the corner point (0,0,0) € Dia3(\, N',7,7) by choosing d;y =
dioy = dgzy = dp 2y = d103 =0

5. Surprisingly, all the corner points are already considered in the previous cases. For instance

5To see why I3 C Diasz(A, X, v,7’) results in Sz C Di23(A, N, ¥,7’), consider the tuples (d},db,ds) and (di, dz, d3)
where 0 < d; < d; for any ¢ € [3]. From ((114) — (123))), we have

(d17 d27 d?)) € D123()‘7 >\/7 7 fyl) = (d/17 d/27 dl3) € D123()‘7 A/v Y 7/) (361)

Therefore, if I3 C D123(\, X, 7,7’) then we conclude that S5 C Dias(\, N, v, 7).

40



consider the point s obtained from the intersection of the following three facetsEl

di+ds = an+agz—A—y—+ (367)
doy+d3 = g+ ass— A (368)
di+dy+ds = anntamtazg—22-—N—v—+ (369)

From ((367) — (369)), we have d3 = a3 + X' which contradicts the condition d3 < ass.

~ M ! !
F  Dis3 = Uy Dias(M N, 7,9)
Let us prove that Uy y . Diaz(A\, N, 7,7) C Dig3 and Diag C Unx v D123(A, N, 7, 7') separately.

F.1 Uyx~~+Diss(A\N,7,7) C Dias

In order to prove that Uy x v D123(A, N, 7,7) C Dias, it is sufficient to prove that Diaz(\, N, 7,7) C
Diag for any A, X, ~,~" satisfying ((125]) — (134))). In other words, we need to prove that (125])-(134))
and (135)-(141) together imply (142)-(148). But this is easily verified as follows.

(134), (135) = (142) (370)

(136) = (143 (371)

= (372)

(123), (129), (30, (3D), (152), (I39). (13) = (373)
(129), (131), (32), (133). (139). (39) = (374)

131), (133), (140) = (147) (375)

(129), (129), ([130), ([131)), ([132), ([133)), (134), (141) = (14]) (376)

F.2 15123 and UA,X,%W’@123(>\7 X,v,7') are convex sets

Similar to Dias is a convex polytope by definition. Next we have UA)\/’%V/@Q?,()\, N.v,7).
Consider two members of it, e.g., (cfl, do, cZg) and (dy,ds,d3).

1. As ((Zl, CZQ, 653) S U)\’Xﬂﬁ/ﬁlgg()\, )\,, v, ’}/,), there exists (5\, ;\,, y, "A)/) where (621, sz, (ig) € 25123(5\, 5\/, 9, ’Ay’),

1"We are considering the points not considered in the previous cases. Thus, we assume that

di < oi1—7v-— ’Y’, (364)
da < o2, (365)
dz3 < «33. (366)
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i.e.,

d < o —4-% (377)

dy < am (378)

d3 < ass, (379)

di+dy < anp+am—A-XN-4-4, (380)
di+dy < antapm—A—5-7%, (381)
dy+d3 < g+ asz— A, (382)
di+dy+ds < or1tamtapg—22-N-—5-4 (383)

such that A, N, 4,4’ satisfy conditions (125) to (134).

2. Similarly, as (d1,da,d3) € Uy x~.Dir2s(A, N, 7,7"), there exists (A, N, 7, 7') where (d1,da, d3) €
D123()\a >‘,7 ’77 /7,)’ ie

di < oan—y-79 (384)

dy < a (385)

ds < ass, (386)

di+dy < aptap—-A-—N-5-7, (387)
di+d; < an+azz—A—5-—7, (388)
do+ds < a9+ g3 — A\, (389)
di+dy+ds < anntamtapm—22-XN-5-—% (390)

such that \, X, 7,7 satisfy conditions (125) to (134]).

Now, consider the point d u:V(Cdl + (1 = O)dy,Cdy + (1 — ¢)da, Cd3 + (1 — ¢)d3). We claim that
d € D1az(M\, N, %5,4") where \, N, 5,4 are defined as

A= A+1-0O (392)
No= N4+a-0X (393)
Y= ¢Gv+QA-=0y (394)
¥ o= G+ A-07 (395)

This is verified by checking - - For instance, we check the inequalities ¢ d1 +(1-¢ )c_zl +
Cdz—l—(l QOdy < apy+agg—A—N—5—% and Cdl—i—(l C)dl—i-Cdz—l—(l C)dg—&—Cdg—i-(l—C)d <

¥Note that, A, X', ¥, satisfy conditions (125 to (134). For instance, (125) is verified as,

A+ XN +5+4
= OV +5+3)+ -0+ X +7+7)
< Can+ (1 —={an =an (391)

All the other conditions (125) to (134) are also true as they are linear combinations of A, X', ¥,¥'.
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11 + Qoo + gz — 25\ — 5\/ -5 — ’v}// as follows.

Cdi + (1= Q)dy + Cda + (1 — )do
= ((di+do) + (1= )(dy + da)
< Clom+oam—-A-N-4-9)+1-lan+oan-A-N-5-7)
= 0411+Oé22—5\—5\/—5’—’7/
Cdi 4 (1= ¢)dy + Cda 4 (1 = Q)da + Cds + (1 — ()ds
= ((dy+do+d3) + (1= ¢)(dy + da + d3)

(396)
(397)
(398)

(399)

< Cloar+am+ass — 20— N =4 =) + (1 = {)(e11 + ass + asz — 2X — X — 7 — 7/(400)

o v/

= antamtag—2A-N-5-5

(401)

Therefore, as d € Dias(\, N, 5,5, we conclude that d € Ua vy D123(A, X', 7,7'). This proves that

the set U>\7,\/7%7/@123()\, N, v,7') is convex.

F.3 Dy C Un v Draz (N N, )

In this section, let us use the compact notation

A~

A _
123 = Uy Drzs(M\ N, 7,7)

(402)

It is sufficient to show that all the corner points of the convex polytope @123 reside in the convex

S/
set Digs.

1. consider the tuples (d,dy,d3) and (di,d2,d3) where 0 < d; < d; for any i € [3]. We claim
that, if (dy,d2,ds) € Djys then (dy,d, dy) € Djys. This is true as from ((135]) — (141)), we

have
(dv,da, d3) € Draz(M\, N, 7,7') = (dy, da, d3) € Diag(A, N7, 7))
Therefore, as D)ys = Un 7y D123(A, N, 7, 7') we have

(d1,d, d3) € Digy = I\, N, 7,7') s.t. (di,da, ds) € Diag(A, N, 7,7)
= (d},db, dy) € Dias(\, N, 7,7) = (di, dy, ds) € Diyg
Therefore, if (di,ds,ds3) € 15’123 then (dy,db, ds) € 75’123_

(403)

(404)
(405)

2. di = aq1. Consider the hyperplane di = aj1 and the set of all the points contained in this

hyperplane which satisfy all the other inequalities ((142) — (148)), i.e.,

S1 = {(di,da,d3);di =1, 0<do < age— max gy,
I,me(3],l#m
0 <ds < ag3 —max(aos3, asa, a3y, a13)} (406)
Consider the following corner point.
A = (d1 = 11, dg = (99 — max Almy d3 = (33 — HlaX(Oézg, 32, (31, 0113)) (407)
l,me[3],l£m
S C @/123 since A € Diaz(\, N, 7,7) Where
(AN, 7,9) = (max(ags, ase, 31, a13),  max  aqyy, — max(ags, as2, asi, aiz),0,0) (408)

I,me[3],l#m

9This is true from (@04) and ([@0F)).
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3. do = ag2. The hyperplane dy = aigo is represented as,

Sy = {(d1,d2,d3);d2 =agp, 0<d; < a;1 — max  om,
L,me[3],i#m
0 <ds < a3z — max(ags, asz),d1 +ds < o1 + sz — a} (409)

where « is equal to

MaX; me(3],i£m Qm + Max(asg, a23),
a3 + o
a = max 18l (410)
a12 + a3,

Q13 + a3y

In order to show that S C 75323, it is sufficient to show that the two corner points B and C
belong to the set D},; where B and C' are equal to

B = (d1 =011 — & + maX(OQg, Oé32), dg = (X292, d3 = (33 — max(ozgg, 0132)) (411)
C = (dy=a;1— max oup,de =a,d3=a33+ max aqp, —a) (412)
l,me[3],l#£m l,me[3],l#m

(a) In order to prove that B € D)y, it is sufficient to show that B € Diaz(\, N,v,7)
for a quadruple (A, X,v,7) satisfying ((125)) — 2 Let us show how the variables
(A, N, v,7) are derived. First of all, note that as B € Dya3(\, X, v,7') and as (A, X, v,7/)

satisfies ((125)) — (134))), we have

d2 = (92, d3 = (v33 — max(agg, 0432), 140 = A< InaX(Oégg, 0423) (413)
(131), (133) = A > max(asz, azs3) (414)
di+dy+dy=an+ap+tag—o 4 = 2X+N+y+79 <a  (415)
([128), ([29), (130), (131), (132), (133), @10) = 22+ N +7++ >a (416)
Therefore, we conclude that
A = maX(Ckgg, 0523) (417)
A+ N +v+9 = «a (418)
Next, (v,7/,\') satisfying ((125]) — (134])), (417) and (418) are obtained as follows.
i. If g3 4+ a1 = «, then
(7.7, N) = (ou3 — max(asz, a3), a1 — max(asg, ag3), 21 — azy)  (419)
ii. If caqg + @31 = «, then
(7,7, N) = (13 — max(azz, ags), ez — max(aze, as3),0) (420)
ii. If 12 + 031 = Q@ then
(7,7, X) = (o3 — max(asz, a3), 31 — max(as, a23), a2 — a3)  (421)

20This is true from ([#04) and ([@05).
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iv. If maxy ,,e(3),i4m m + A = @ and maxy (3] 1£m Um = 12, then
(7,7, N) = (a12 — max(ao1, aza, a23), 0, max (o1, aze, az) — A)  (422)

v. If max; (3] 14m Qm + A = @ and maxg ,,¢(3),1£m m = 13, then
(7,7, N) = (a13 — max(asz, as3),0,0) (423)

vi. If maxy ,,e(3),i4m m + A = @ and maxy (3] 1£m Um = @21, then
(7,7, N) = (0,91 — max(aia, 23, az2), max (o, o, aze) — A)  (424)

vil. If maxy pe(3]1m Um + A = a and max; (3] 14m Mm = @31, then
(7,7, N) = (0,31 — max(azz, as3),0) (425)

viil. If maxy pe(3)itm Qm + A = a and max; ,,¢(3) j£m Um = Mmax(ao3, azz), then
(7.7, X) = (0,0,0) (426)
(b) C € D),y since C' € Digz(A, N, 7,7') for a quadruple (X, X,~,7’) where

A= a— max o, (427)
l,me[3],l#m

and (7,7, \') is represented as follows.

1. If max; ,,,e[3],14m Qm = 012, then

(7,7, N) = (a12 — max(ao1, ase, ag3), 0, max(agg, age, ag) — A)  (428)

—

i If MaXy jne(3],l£m Cm = 021, then
('y, ’)/,, /\/) = (0, a921 — max(alg, 32, 0423), max(alg, 32, 0423) — /\) (429)

ii. If maxlme[;ﬂ,l#m Al — (31, then

(7,7, N) = (0,a31 — \,0) (430)
iv. If mathe[guygm Al — (13, then
(7,7, N) = (a13 = A,0,0) (431)
v. If max; (3] im Qum = max(ags, az2), then
(7,7, \) = (0,0,0) (432)
4. d3 = as3. The hyperplane d3 = a3 is represented as,
83 = {(dh da,d3) : d3 = as3,d; < o1 — max(aas, a3z, 31, 013), (433)
dy < g —max(ags, as2),di +d2 < o11 + g — Oé} (434)
Let us consider the two corner points D and F,
D = (di = 11 — max(ag3, @32, 31, 13), d2 = o2 + max(ags, @32, a31, @13) — @, d3 = 33)
E = (di = a1 — a+max(as, asz),ds = aze — max(ag3, asz),d3 = as3) (435)
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(a) D e 15323 since D € D1a3(A, N, 7,7/) for the following quadruple (X, X, ~,7").

i. If max(aas, age, a3y, 13) = ags, then
A7, N) = (max(ass, ase, as1),a13 — A, 0, — a3 — )
ii. If max(aas, age, a3y, a13) = agy, then
A7, N) = (max(ass, ase, a13),0,a31 — A\, — agp — )
iii. If max(aes, ass, asi, a13) = max(asgs, asz), then
A7, N) = (max(ass,as2),0,0,a — 2)\)

Note that, max; ;e (3)im Qim < min(ai1, agz) is assumed in

(436)

(437)

(438)

(b) £ € 25’123 since E € Diaz(A, N, 7v,7) for the quadruple (A, \,~,7) given in ((419) —

(326))).

5. Consider the point F' obtained from the intersection of the following three facets.

di+dy = o1 +ax— max ap,
I,me(3],l#m
di +d3 = ai1+ asz — max(aos, a32, 031, 013),
di+dy+d3 = a11+oap+ozs—o

F e ZA?’123 as F € D1ag(\, N, 7,7’) for the following quadruple (\, X, ~,7").

A = a— max o
I,me[3],l#m
!
A= max gy, — max(aas, 32, a31, 13)
I,me(3],l#m

v = max(aiz — A\ a;z— A —N,0)
!
v o= max gy, + max(aes, 32, 31, 13) — @ — 7y
I,me(3],l#m

(439)

(440)
(441)

6. Trivially, the corner point (0,0,0) € Diaz(\, N,v,7') by choosing A = N = 4 = + =

max; je[3] &ij-

7. Note that all the corner points are already considered in the previous cases@ For instance,

consider the point s obtained from the intersection of the following three facets.

di+ds = aj1+ap— max oqpy
I,me(3],l#m
dy+d3 = g + azz — max(ass, a32)
Max; me[3],l#m MUm + HlaX(Oé?,Q, 0523),
a13 + o1
di+do+ds = a1+ oo + g3 — max ’
a12 + @31,
a13 + 31

21'We are considering the points not considered in the previous cases. Thus, we assume that

di < oan
do < o2
ds < 33
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From ((449) — (451))), we have agy < dy which contradicts the condition dy < age. Thus, all
the corner points are already considered in the previous cases.

G Achievability of Fio3
As the derivation of ((171)) — (180)) is similar to the derivation of ((125) — (134)) in Appedix D] we

briefly go over it.
1. Xq1y, X127, X{1,2,3) are decoded with successive interference cancellation at the first receiver

treating X(9) and X3} as noise.

(a) The SINR for decoding Xy 3y at the first receiver treating the other signals as noise is
equal to
Poi(1 - 2P)|Gyy|?
1+ Pot P=AGyy [ + Pz P=Y P=A|Gya|* + Pois P2 |Gy
~ Pmin(a11,)\,>\+0411+7/—06127>\+0611—0413) (452)

The codeword X 5 33 which carries dyj 531 GDoF is decoded successfully if
dpiogy < min(ag, A +o11 +9 — o192, A + 11 — aa3) (453)
which is true as we have A < aq; from (171). From (168) we have dg; 931 < A, therefore

holds and Xy 3y is successfully decoded at Receiver 1.

(b) After decoding the messages Wy 5 33, the first receiver reconstructs the codeword Xy 5 33
and subtracts its contribution from the received signal. The SINR for decoding Xy 2)
at the first receiver treating the other signals as noise is equal to

Pon PGy ?
1+ Paui P=A-N|Gyy |+ Peaz P=Y P=A=X |Gy |? + Pz P2 |Gy
~  prin(Non-AN+an+y —az,001—a3) (454)

Therefore, Xy; 2y which carries dy; 5y GDoF is decoded successfully if
dipgy < min(N, a1 — AN +ann +9" = awg, a1 — aa3) (455)

which is true from (167), (171), (174) and (175)). Therefore, Xy 9y is successfully decoded
at Receiver 1.

(c¢) After decoding the messages W{LQ}, the first receiver reconstructs the codeword Xyq oy
and subtracts its contribution from the received signal. SINR for decoding X1y is equal
to,

poa P—A—X |G11 |2
1+ Pa12P_7/P_’\_)‘/‘G12|2 + PO‘13P_)“G13|2

~ Pmin(au—/\—/\',a11—a12+’y',a11—0513—/\/)
~

Therefore, Xy which carries dy;y; GDoF is decoded successfully if
dpy < min(a — A= XN, a1 —ap+9, 011 — g3 — X)) (456)

which is true from (164), (171), (174) and (175). Therefore, Xy is successfully decoded
at Receiver 1.
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2. X0y, X129}, X{1,2,3) are decoded with successive interference cancellation at the second re-
ceiver treating Xy and X3, as noise.

. ) . .
(a) The SINR for decoding X {1,2,3} at the second receiver treating the other signals as noise
is equal to

pazzp—7'(1 — 2P_>‘)|G22’2
14 Po21 P=A|Gyy | + P22 P~ P=A|Gya|* + P23 P~ Gag|?
~ Pmin(a22—’y',)\,)\+a22—’7/—a21)\"!‘0122—’7/—0(23) (457)

Therefore, Xy 53y which carries dy; 5 31 GDoF is decoded successfully if
d{17273} < min(age — ’)/, A A+ aog — ’y/ — 91, A+ Qo — ’y/ — ao3) (458)

which is true from (168), (172), (176) and (177). Therefore, Xy 53 is successfully
decoded at Receiver 2.

b) After decoding the messages Wi 551, the second receiver reconstructs the codeword
{ ’ 73}
X{1,2,3y and subtracts its contribution from the received signal. The SINR for decoding
X{1,2) at the second receiver treating the other signals as noise is equal to

P22 P PGy [?
1+ Pazlp—)\—)\"G21|2 + P22 Py p—=A=X |G22’2 + PO‘23P_>‘|G23’2
~ Pmin()\’,agg—'y’—)\,)\’—l-agz—7’—0421,0422—’7/—0123) (459)

Therefore, Xy 2y which carries dy; 5y GDoF is decoded successfully if
d{172} < min()\', 9o — ’}/ — A, N+ 99 — ’)// — (91, (X9 — ’)// — Oé23) (460)

which is true from (167), (172), (176) and (177). Therefore, Xy 9} is successfully decoded
at Receiver 2.

(c¢) After decoding the messages W{LQ}, the second receiver reconstructs the codeword Xyq o3
and subtracts its contribution from the received signal. SINR for decoding X1y is equal
to,

P22 p—y p—A-X ’GQQ‘Q
1 4 Po21 P=A=X |Gy |* + P23 P~ |G
_ Pmin(a22—A—)\’—W’,am—am—”/10122—1123—X—W') (461)

~

Therefore, Xy which carries dy9y GDoF is decoded successfully if
d{g} S min(OéQQ — )\ — )\/ — ’)/, a99 — (¥91 — ’)/, o9 — (93 — )\/ — ’)//) (462)

which is true from ([165)), (172)), (176) and (177). Therefore, X4y is successfully decoded
at Receiver 2.

3. X3y, X{1,2,3) are decoded with successive interference cancellation at the third receiver treat-
ing X(1y, X{9y and Xy 9y as noise.
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(a) The SINR for decoding X{; o3y at the third receiver treating the other signals as noise
is equal to
Pass(1 —2P~)|Gss _
14 Pasi P=2 |G |2 4 Pas2 P=Y P2 |Ga|? + P33 P~A|Gas)?

P> (463)

(463) follows from (<25)), i.e., max(ajm,ak;) < g is true for all i,k,m € [3]. There-
fore, X{ 3y which carries dy; 533 GDoF is decoded successfully as from ([168) we have
di1,23) < A

i ) i i 3 ) )
(b) Finally, the third receiver decodes X3} treating Xy}, X{} as noise with SINR equal to

PO‘33P7)"G33‘2
1+ Pasi P=A |Gy |* + Pas2 P=Y P |Gy |?

~ Pmin(a33—/\,a33—a31,0133—06324‘”/,)(464)

Therefore, X3y which carries dy3y GDoF is decoded successfully if

d{3} < min(agg — A\, 33 — 31,33 — aigo + ’Y/) (465)
which is true from (166)), (178) and (179). Therefore, Xy3) is successfully decoded at

Receiver 3.

H Convex Polyhedron

Lemma 5 Consider a compact convex polyhedron A and a convex set B. Define U as the set of
all vertices of A. Then, the following statement is true.

A C B if and only if U C B.

H.1 Proof of Lemma [l

If AcC B,thenld C BasU C A. So, let us prove the converse part i.e., A C B if { C B. Note that,
A is the convex hull of U as it is a compact convex polyhedron. On the other hand, the convex
hull of a given set U is defined as the set of all convex combinations of points in U/ (the union of all
simplices with points in /). Consider m € A. Let us prove that m € B. As m € A, there exist the

coefficients 0 < ¢, where
m = ZCUU s.t. ch =1 (466)
veU veU

As U C B, we infer that > cyv € B as B is a convex set. Thus, m € B is concluded.

veU
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