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Abstract

In the area of systems biology, dynamical models of biochemical reaction networks are
used to derive model-based predictions about the related biological processes. This thesis
provides new methods to study how parametric uncertainty affects such predictions. The
focus of this study is on predictions about the steady states and the type of dynamical
behaviour, such as bistability or oscillations.

Concerning steady states, the problem of uncertainty analysis is investigated. For
a given extent of parametric uncertainty, the objective is to compute bounds on the
variations in the steady states. In view of an underlying feasibility problem, a method
based on semidefinite programming is developed to solve this problem. The approach is
also applied to compute a measure for the robustness of the location of steady states in
the presence of parametric uncertainty.

Regarding the effect of parametric uncertainty on the type of dynamical behaviour,
the robustness problem is considered. A robustness measure is defined by the extent
of parametric uncertainty for which no local bifurcations occur. An approach to solve
the robustness problem with frequency domain methods is investigated. The proposed
feedback loop breaking method allows to characterise parametric uncertainties for which
the type of dynamical behaviour is robust. On the one hand, a lower bound on the
corresponding robustness measure is computed by providing Positivstellensatz infeasibility
certificates for the underlying equations. On the other hand, the feedback loop breaking
concept is adopted for the design of a bifurcation search algorithm in a high-dimensional
parameter space. The results of the search algorithm thereby provide an upper bound on
the robustness measure.

In addition, the novel concept of kinetic perturbations is introduced. This is a class of
specific parametric uncertainties which are particularly useful for the analysis of biochem-
ical reaction networks. It is shown that a robustness analysis is performed efficiently for
kinetic perturbations by use of the structured singular value. As a side result, the direct
relation between kinetic perturbations and changes to the sensitivity of steady states in
a biochemical reaction network is demonstrated.

To complement the methodological results, a novel model for a specific biochemical
signal transduction system within the TNF induced signalling network is constructed.
The model is analysed with methods developed in this thesis. In addition to an illustrative
application of the new methods, the findings of this analysis also provide new biological
insight into TNF signal transduction.
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Deutsche Kurzfassung

Forschungsfrage dieser Arbeit

Viele Vorgéinge in lebenden Organismen basieren auf biochemischen Reaktionsnetzwerken.
Fiir Aussagen iiber das Verhalten solcher Netzwerke werden meist dynamische Modelle,
beispielsweise in der Form von gewohnlichen Differentialgleichungen, benétigt. In diesen
Modellen werden Modellparameter verwendet, deren Werte allerdings oft einer grofien
Unsicherheit unterliegen.

Parameterunsicherheiten beeintriachtigen die Mo6glichkeit, mittels des Modells Aussa-
gen iiber das betrachtete biochemische Reaktionsnetzwerk zu treffen. Das Thema dieser
Arbeit ist die Analyse solcher Auswirkungen von Parameterunsicherheiten in Modellen
biochemischer Reaktionsnetzwerke. Dabei werden besonders Aussagen iiber die Ruhelagen
sowie den Typ des dynamischen Verhaltens, beispielsweise Oszillationen und Bistabilitét,
betrachtet.

Fiir die Analyse werden zwei komplementéare Wege betrachtet: die Unsicherheitsanalyse
und die Robustheitsanalyse. Bei einer Unsicherheitsanalyse geht man davon aus, dass be-
stimmte Schranken bekannt sind, innerhalb derer die Parameterwerte unsicher sind. Das
Ziel ist dann, einen Bereich fiir das mogliche Modellverhalten, beispielsweise die Position
der Ruhelagen, zu bestimmen. In einer Robustheitsanalyse wird der umgekehrte Ansatz
verfolgt. Dabei wird ein bestimmtes gewiinschtes Modellverhalten vorgegeben, beispiels-
weise aufgrund einer Beobachtung am realen Prozess. Zu diesem Modellverhalten wird
ein Parameterbereich bestimmt, innerhalb dessen jede mogliche Wahl der Parameter zum
gewiinschten Modellverhalten fiithrt. Hieraus erhélt man Grenzen fiir die Parameterunsi-
cherheiten, welche keinen Einfluss auf eine entsprechende Aussage zum Modellverhalten
haben. Beispielsweise lassen sich mit den in dieser Arbeit entwickelten Verfahren Para-
meterbereiche bestimmen, innerhalb derer das Auftreten von Oszillationen sichergestellt
werden kann.

Einfilhrung in das Thema der Arbeit

Mathematische Modellierung biochemischer Reaktionsnetzwerke

Zentrale Prozesse auf zellularer Ebene, wie etwa der Stoffwechsel, biochemische Si-
gnaliibertragung und Genregulation, lassen sich in abstrakter Form als (bio-)chemische
Reaktionsnetzwerke beschreiben. Die Struktur eines solchen Reaktionsnetzwerkes wird
iiber eine Liste von chemischen Reaktionen definiert. Jede Reaktion beschreibt dabei ein
Umwandlungsgesetz, durch das eine Menge chemischer Molekiile (die Reaktanden) in ei-
ne andere solche Menge (die Produkte) umgewandelt wird. Die Reaktionsliste legt jedoch



nur die Struktur des Netzwerkes fest, die Dynamik ist dabei nicht beriicksichtigt. Oh-
ne Betrachtung der Dynamik kénnen jedoch nur sehr beschrinkte Aussagen iiber den
Prozess gemacht werden, dem das Reaktionsnetzwerk zugrunde liegt. Nur mittels der Dy-
namik kann jeweils die Anzahl oder Konzentration der im System vorhandenen Molekiile
und deren zeitliche Entwicklung beschrieben werden. Die Konzentrationen sind jedoch
entscheidend fiir die Funktion des jeweiligen Prozesses. Beispielsweise hingt die Wachs-
tumsrate von Organismen von der Menge der erzeugten Stoffwechselprodukte ab, und
die Aktivitéit einzelner Gene wird entscheidend von der Konzentration der fiir diese Gene
spezifischen Transkriptionsfaktoren im Zellkern beeinflusst.

Fiir die dynamische Modellierung ist die Festlegung von Reaktionsraten erforderlich.
Diese beschreiben, wie oft jedes Reaktionsgesetz pro Zeiteinheit zur Ausfithrung kommt.
Die Reaktionsraten hé&ngen typischerweise von der Konzentration der jeweiligen Reak-
tanden ab. Aus der Struktur des Netzwerkes und den Reaktionsraten kann dann mittels
Massenbilanzierung eine Differentialgleichung aufgestellt werden, welche die Entwicklung
der Molekiilmengen oder -konzentrationen iiber der Zeit beschreibt. Eine solche Differen-
tialgleichung ist ein vollstdndiges Modell fiir die Dynamik des betrachteten Netzwerkes.

Dynamische Modelle in der Form von Differentialgleichungen beinhalten meist mehrere
Parameter, d.h. Systemgrofien, deren Werte sich nicht aus dem Modell ergeben, sondern
extrinsisch vorgegeben werden miissen. In biochemischen Reaktionsnetzwerken iibliche
Parameter sind beispielsweise Reaktionskonstanten, die fiir den Zusammenhang zwischen
den Reaktionsraten und der Konzentration der Reaktanden erforderlich sind. Reakti-
onskonstanten hidngen unter anderem von physikalischen Eigenschaften der Reaktanden
ab, die bei der hier beschriebenen Modellierung nicht eigens beriicksichtigt werden, und
miissen daher als Parameter in das Modell integriert werden. Weitere Parameter, die
etwa bei Stoffwechselnetzwerken verwendet werden, sind die Konzentrationen von Enzy-
men. Diese katalysieren zwar Reaktionen, werden dabei aber nicht verbraucht oder neu
gebildet.

Analyse von Unsicherheiten in dynamischen Modellen

In vielen Féllen wird ein mathematisches Modell verwendet, um Aussagen iiber einen
realen Prozess zu machen. Dabei tritt das Problem auf, dass ein Modell nie exakt die
realen Zusammenhénge beschreibt, sondern immer Unsicherheiten auftreten. In bioche-
mischen Reaktionsnetzwerken kann bereits die Struktur des Netzwerkes unsicher sein.
Dies betrifft sowohl das Vorhandensein einzelner Reaktionen im Netzwerk wie auch die
Beteiligung einzelner Molekiile an den Reaktionen. Zusétzlich besteht eine Unsicherheit in
der Form des Reaktionsratengesetzes, d.h. des mathematischen Zusammenhangs zwischen
Reaktionskonstanten, Konzentration der Reaktanden und Reaktionsrate. Unsicherheiten
solcher Art werden als strukturelle Unsicherheiten bezeichnet.

Weiterhin treten oft sogenannte Parameterunsicherheiten auf, bei denen statt genauer
Parameterwerte nur Bereiche bekannt sind, in denen Parameterwerte liegen konnen. Fiir
biochemische Prozesse auf zelluldrer Ebene sind Parameterunsicherheiten im Vergleich zu
physikalischen oder technischen Systemen oft besonders ausgeprégt. Hierfiir gibt es meh-
rere Griinde. Einige Parameter konnen zwar direkt experimentell gemessen werden, jedoch
sind Messungen auf zelluldrer Ebene oft mit groflen Messfehlern behaftet. Falls Parame-
ter nicht direkt gemessen werden konnen, miissen sie indirekt aus potenziell fehlerhaften
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Deutsche Kurzfassung

Messungen anderer Systemgrofien ermittelt werden. Oft beinhalten Parameterwerte auch
Umgebungsgriéfien, etwa die Temperatur, von deren Wert die Dynamik des Reaktionsnetz-
werkes abhéngt. Héufig ist allerdings die Umgebung, in welcher der modellierte Prozess
ablauft, nicht genau bekannt, wodurch zusétzliche Unsicherheiten generiert werden.

Ein elementarer Teil der Modellanalyse besteht darin, die Auswirkungen der Unsicher-
heiten auf die modellbasierten Aussagen iiber den betrachteten Prozess abzuschéitzen.
Wichtige modellbasierte Aussagen betreffen beispielsweise mogliche Ruhelagen, d.h. sta-
tiondre Zustédnde, die sich bei konstanter duflerer Einwirkung nach einiger Zeit einstellen.
Die Auswirkung von kleinen Parameterunsicherheiten auf die Ruhelagen kann mittels ei-
ner (lokalen) Sensitivitédtsanalyse berechnet werden. Fiir grofie Parameterunsicherheiten,
wie sie in biologischen Systemen oft bestehen, gibt es jedoch keine etablierten determi-
nistischen Methoden fiir eine entsprechende Untersuchung. Es werden daher oft nicht-
deterministische Ansétze verwendet, bei denen die Variation der Ruhelagen nur probabi-
listisch bestimmt wird. Allerdings kénnen bei diesen Ansétzen keine sicheren Schranken
fiir die Variation berechnet werden.

Eine weitere fiir biologische Systeme relevante modellbasierte Aussage betrifft komple-
xes dynamisches Verhalten in einem biochemischen Reaktionsnetzwerk. Damit bezeichnet
man die Eigenschaft, dass der Zustand des Systems nicht zu einer eindeutigen Ruhelage
strebt, sondern beispielsweise Bistabilitdt oder Oszillationen aufweist. Unter Bistabilitét
versteht man die Eigenschaft, dass ein System in Abhéngigkeit vom Anfangszustand und
duBeren Einfliissen unterschiedliche Ruhelagen erreichen kann. Im Hinblick auf Parame-
terunsicherheiten ist fiir das dynamische Verhalten vor allem das Problem der Robustheit
interessant. Die Fragestellung ist dabei, wie grofy eine Parameterunsicherheit sein kann,
ohne dass sie sich auf den Typ des dynamischen Verhaltens auswirkt. Falls nur weni-
ge (iiblicherweise maximal zwei) Parameter unsicher sind, wird das Robustheitsproblem
durch eine Bifurkationsanalyse teilweise gelost. Dabei werden Kurven im Parameterraum
berechnet, auf denen sich der Typ des dynamischen Verhaltens verandert. Solche Kurven
bilden Grenzen fiir Bereiche, in denen sich das dynamische Verhalten nicht &ndert. Meist
kann allerdings nicht ausgeschlossen werden, dass es abseits der berechneten Kurven noch
weitere Parameterwerte gibt, fiir die eine Anderung des dynamischen Verhaltens auftritt.

Forschungsbeitriage und Gliederung der Arbeit

In dieser Arbeit werden Methoden zur Unsicherheits- und Robustheitsanalyse fiir bio-
chemische Reaktionsnetzwerke mit Parameterunsicherheiten entwickelt. Die entwickelten
Methoden betreffen die Analyse moglicher Ruhelagen sowie die Robustheit des dynami-
schen Verhaltens bei unsicheren Parametern.

Fiir die Untersuchung der Ruhelagen wird in erster Linie eine Unsicherheitsanalyse
vorgeschlagen. Dabei werden fiir einen gegebenen Parameterbereich Schranken fiir die
Variation der Ruhelagen ermittelt. Aufgrund des zugrundeliegenden Erreichbarkeitspro-
blems eignen sich fiir dieses Problem Ansitze der konvexen Optimierung, speziell der
semidefiniten Programmierung. Dieselben Ansétze lassen sich auch zur Untersuchung der
Robustheit von Ruhelagen gegeniiber unsicheren Parametern verwenden.

Fiir die Auswirkungen von Parameterunsicherheiten auf den Typ des dynamischen Ver-
haltens wird das Robustheitsproblem betrachtet. Eine wesentliche Rolle fiir das komple-
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xe dynamische Verhalten spielt die Riickkopplungsstruktur des Netzwerkes. Da sich die
Regelungstheorie auf abstrakter Ebene ausfiihrlich mit den Eigenschaften dynamischer
Riickkopplungen befasst, wird in dieser Arbeit zur Losung des Robustheitsproblems fiir
das dynamische Verhalten ein Ansatz entwickelt, der auf etablierten Konzepten der robu-
sten Regelungstheorie beruht. Ein entscheidender Schritt bei der Verwendung dieser Kon-
zepte ist die Transformation des Problems in den Frequenzbereich. Die Frequenzbereichs-
Transformation wird dabei mit dem neu vorgeschlagenen Verfahren des Aufschneidens
einer Riickkopplung erreicht, durch welches das biochemische Netzwerk regelungstechni-
schen Ansétzen zugénglich wird.

Kapitel 2 — Dynamische Modellierung biochemischer Reaktionsnetzwerke In diesem
Kapitel wird die dieser Arbeit zugrundeliegende Modellklasse zur Beschreibung bioche-
mischer Reaktionsnetzwerke eingefithrt. Zusétzlich werden Differentialgleichungsmodelle
fiir zwei in der Literatur intensiv behandelte Netzwerke vorgestellt, die in den folgenden
Kapiteln mit den neu entwickelten Methoden beispielhaft untersucht werden.

Kapitel 3 — Unsicherheits- und Robustheitsanalyse stationarer Zustande Dieses Ka-
pitel behandelt die Auswirkungen von Parameterunsicherheiten auf die Ruhelagen des
Netzwerkes. Es werden Methoden zur Losung des Unsicherheits- und des Robustheitspro-
blems fiir diese Fragestellung entwickelt. Mittels sogenannter Nichterreichbarkeitszertifi-
kate werden zur Losung des Unsicherheitsproblems Schranken bestimmt, innerhalb derer
alle moglichen Ruhelagen fiir eine vorgegebene Parameterunsicherheit liegen. In dhnlicher
Weise wird zur Losung des Robustheitsproblems ein Parameterbereich bestimmt, fiir
den garantiert werden kann, dass eine vorgegebene Variation in den Ruhelagen nicht
iiberschritten wird.

Kapitel 4 — Robustheitsanalyse des dynamischen Verhaltens In diesem Kapitel wer-
den Methoden zur Quantifizierung der Robustheit des dynamischen Verhaltens gegeniiber
Parameterunsicherheiten entwickelt. Da die Ruhelagen selbst das dynamische Verhalten
wesentlich beeinflussen, basieren diese Methoden teilweise auf den Ergebnissen des vo-
rigen Kapitels. Zur Untersuchung komplexen dynamischen Verhaltens wird ein Ansatz
vorgeschlagen, der durch ein Aufschneiden der Riickkopplung einfach zu treffende Aus-
sagen iiber Anderungen des dynamischen Verhaltens zulidsst. Mit diesem Ansatz ist es
moglich, fiir bestimmte Parameterbereiche zu garantieren, dass in diesen Bereichen keine
Anderung des dynamischen Verhaltens auftritt. Somit kann eine untere Grenze fiir die Pa-
rameterunsicherheit berechnet werden, bis zu der Robustheit des dynamischen Verhaltens
sichergestellt ist.

Kapitel 5 — Bifurkationssuche in hochdimensionalen Parameterraumen Der im vo-
rigen Kapitel entwickelte Ansatz mit einem Aufschneiden der Riickkopplung wird hier
verwendet, um in hochdimensionalen Parameterrdumen Punkte zu finden, an denen sich
der Typ des dynamischen Verhaltens éndert. Da solche Punkte eine obere Grenze fiir die
Robustheit des betrachteten Systems ergeben, ist diese Methode komplementér zu dem
im vorigen Kapitel entwickelten Ansatz. Zusétzlich ldsst sich mit dieser Methode ermit-
teln, welche Parameter besonders relevant fiir Anderungen im dynamischen Verhalten des
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Netzwerkes sind.

Kapitel 6 — Robustheitsanalyse und Verdnderung der Sensitivitat mit kinetischen
Perturbationen In diesem Kapitel werden kinetische Perturbationen als neuer, fiir bio-
chemische Netzwerke relevanter Unsicherheitstyp eingefiihrt. Kinetische Perturbationen
nehmen eine Mittelstellung zwischen strukturellen und parametrischen Unsicherheiten
ein. Es wird gezeigt, dass sich kinetische Perturbationen effizient zur Robustheitsanaly-
se des dynamischen Verhaltens nutzen lassen. Hierfiir kann der in der Regelungstechnik
etablierte Ansatz der strukturierten Singulédrwerte verwendet werden. Zusétzlich wird ein
Zusammenhang zwischen kinetischen Perturbationen und einer Anderung der Sensitivitit
von Ruhelagen hergestellt.

Kapitel 7 — Erstellung und Analyse eines Modells fiir die TNF Signaliibertragung
Es wird ein neues Modell zur Beschreibung eines TNF induzierten Signalweges vorgestellt,
wobei im Gegensatz zu fritheren Modellen besonders die Interaktionen zwischen zwei un-
terschiedlichen Rezeptortypen beriicksichtigt werden. Das Modell dient als Fallbeispiel fiir
die Anwendung der in dieser Arbeit entwickelten Methoden. Die Ergebnisse der verwen-
deten Analysemethoden erlauben dabei von biologischer Seite neue Erkenntnisse iiber das
untersuchte System.
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Chapter 1

Introduction

1.1 Research motivation

Many processes in living organisms are based on biochemical reaction networks. On the
cellular level, biochemical reaction networks describe central elements like metabolism,
biochemical signal transduction or gene regulation in an abstract way. Most predictions
about the behaviour of such networks require the use of dynamical models. A common
framework for the dynamical modelling of biochemical reaction networks is the use of
ordinary differential equations, which describe the temporary evolution of the amount of
the chemical species considered in the network.

Differential equations describing biochemical reaction networks usually include model
parameters. However, the parameter values corresponding best to the features of the real
network are typically not exactly known. This effect is denoted by the term parametric
uncertainty. Often, the uncertainty stems from insufficient biological knowledge about
the modelled network. Another source of uncertainty are the experimental difficulties
involved in measuring model parameters in vivo. Despite the uncertainty, a dynamical
model may be used to make predictions about the behaviour of the real network. However,
in such a situation, model-based predictions need to be complemented by an additional
analysis to assess their reliability. One option for such an assessment is to compute the
range of possible model behaviours for a given uncertainty directly. We refer to this
approach as uncertainty analysis. Another option, commonly called robustness analysis,
is to estimate up to which level of uncertainty a specific model behaviour is not affected
by the uncertainty. A robustness analysis thereby yields bounds on the magnitude of
uncertainty for which predictions remain reliable.

In the following, we will argue that current methods to deal with parametric uncertainty
in models of biochemical reaction network are insufficient in many cases. This insufficiency
opens a methodological gap which is addressed in this work. To fill this gap, this thesis
provides computational methods for evaluating the effect of parametric uncertainty on
the dynamics of biochemical reaction networks. The focus is on two network properties
which play major roles in the analysis of a dynamical model: the locations of steady states
and the emergence of complex dynamical behaviour, such as sustained oscillations.
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1.2 Research topic overview

1.2.1 History of modelling biochemical reaction networks

Mathematical modelling of biochemical reaction networks has accompanied general re-
search in intracellular biological chemistry for decades, but has received varying appreci-
ation from experimental biologists over time. An early landmark paper in this respect is
A. M. Turing’s (1952) paper on basic mechanisms in development, one of the first papers
where a dynamical model for an intracellular signalling process based on chemical reac-
tions was constructed. Also, gene regulation mechanisms have been modelled and anal-
ysed mathematically shortly after the discovery of the underlying molecular mechanisms
(Griffith, 1968a,b). However, most of the early studies were concerned with networks
of biochemical reactions in metabolism. Researchers in the 1960s and 70s worked on
mathematical models of metabolic pathways (Savageau, 1976), using basic mathematical
formulations for chemical reaction rates, such as the law of mass action or the Michaelis-
Menten mechanism (Michaelis and Menten, 1913). An important impulse for these efforts
was the discovery of the allosteric regulation of enzyme activity (Monod et al., 1965),
which set the basis for the construction of metabolic networks with complex regulatory
interactions. Mathematical modelling permitted to realise that such regulatory interac-
tions may induce a loss of stability, which has led to the study of stability conditions for
metabolic pathways (Dibrov et al., 1982). In this context, also the chemical reaction net-
work theory should be mentioned, which provides a thorough treatment of steady states
and their stability in certain classes of reaction networks (Feinberg, 1988, 1987). Due to
an increase in mechanistic biological knowledge, mathematical modelling of the dynam-
ics of biochemical signal transduction started to flourish in the 1990s, forming the basis
for systems biology as a new research field. This is for example marked by important
papers like the Goldbeter (1991) model of the mitotic oscillator, describing a process at
the core of the eukaryotic cell cycle, or the presentation of the first dynamical model for
the MAPK (mitogen activated protein kinase) cascade by Huang and Ferrell (1996). In
the last decade, increasingly complex dynamical models for complete pathways have been
constructed, as exemplified by a model for the EGF (epidermal growth factor) induced
MAPK cascade proposed by Schoeberl et al. (2002). Yet, small models remain useful in
order to understand various dynamical phenomena in biological signal transduction, like
bistability in the lac operon (Ozbudak et al., 2004). In recent years, the benefits of using
dynamical models to understand biochemical processes are increasingly recognised also
by experimental biologists (Eungdamrong and Iyengar, 2004).

1.2.2 Analysis tools for models of biochemical reaction networks

Let us next give an overview of established mathematical analysis tools for models of
biochemical reaction networks, also pointing out problems in relation to parametric un-
certainty analysis. Given the availability of very efficient numerical solvers for ordinary
differential equations, the most straightforward tool for model analysis is the numerical
simulation. To account for different environmental or internal conditions the system may
face, simulations are often performed for a wide range of corresponding parameter values.
The collection of all simulation results indicates the range of possible model behaviour.
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However, in most cases it will not be known whether this range is well represented by the
simulations. It is for instance possible that parameter values for which no simulation has
been performed would put the model behaviour beyond the estimated range.

Apart from numerical simulation, many analysis techniques are concerned with steady
states of the dynamical model. This is not only because steady states are more accessible
mathematically, but also due to the significant relevance of steady states for the bio-
logical interpretation of the model. However, steady states can often only be computed
numerically, and the computation of steady states for nominal parameter values is already
challenging in many cases.

Given a specific steady state, a frequent question in relation to parametric uncertainty
is how the steady state changes under variations of parameter values. The basic tool to
answer this question is local sensitivity analysis, which uses the implicit function theorem
to evaluate steady state changes in a neighbourhood of the nominal state (Rabitz et al.,
1983; Streif et al., 2009; Varma et al., 1999). For the analysis of metabolic networks,
this basic approach has opened up a whole field of research, which is commonly referred
to by the term metabolic control analysis. The origins of this field date back to 1973
(reprinted in Kacser et al., 1995), when the basic principles of this approach were first
introduced. In the following decades, various generalisations and extensions have been
proposed (Heinrich and Schuster, 1996; Kahn and Westerhoff, 1991; Klipp et al., 2005;
Reder, 1988). In practice, the methods based on local sensitivity analysis have found
widespread application in the field of metabolic engineering. They are commonly used to
suggest genetic modifications of microorganisms which may improve a metabolic process
with respect to a specific biotechnical objective (Stephanopoulos, 1999).

With respect to parametric uncertainty, local sensitivity analysis is a valuable tool,
providing basic information about how a steady state is affected by small parameter
variations. Thus, it allows to obtain a first estimate for the effect of parametric uncertainty
on the variation in steady state values. Large uncertainties, which are frequently present in
models of biochemical reaction networks, can however not be handled by local sensitivity
analysis (Streif et al., 2009).

In addition to the steady state location and local sensitivity, the dynamical properties
of the network are of interest for many systems ranging from metabolism to signal trans-
duction. This involves local stability of steady states (Dibrov et al., 1982; Prill et al.,
2005), but also different types of instability related for example to switch-like, excitable
or oscillatory behaviour (Tyson et al., 2003). With respect to variations in model param-
eters, bifurcation analysis is the major tool to evaluate how dynamical properties of a
steady state in the model depend on parameter values (Angeli et al., 2004; Breindl et al.,
2009; Conradi et al., 2007a; Eissing et al., 2007b; Miiller et al., 2009; Tyson et al., 2002).
Stability of steady states and bifurcations are directly related to complex dynamical be-
haviour in biochemical reaction networks, such as bi- or multistability, i.e. the existence of
two or several stable steady states, limit cycle oscillations, and non-periodic oscillations.
There are many examples in which it is possible to relate complex dynamical behaviour in
a biochemical reaction network to a biological function. Some examples from the specific
area of biochemical signal transduction within living cells are the bistability in the MAPK
pathway to induce developmental processes (Ferrell and Xiong, 2001), rapid activation of
caspases upon an over-threshold stimulus in programmed cell death (Eissing et al., 2004),
and sustained oscillations in circadian clocks (Leloup and Goldbeter, 2003).
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For a model in which one or two parameters are uncertain, a characterisation of the dy-
namical behaviour of the system within the relevant parameter range may be achieved by
bifurcation analysis. However, bifurcation analysis can often only give a first estimate for
possible dynamical properties, because more than two parameters are uncertain in most
models, and simultaneous variations in all uncertain parameters need to be considered for
a thorough analysis (Kim et al., 2006; Stelling et al., 2004).

1.2.3 Robustness of biochemical reaction networks

As indicated in Section 1.1, the effects of parametric uncertainty may also be evaluated
by a robustness analysis. Generally, the aim of robustness analysis is to quantify the per-
turbations which a system can tolerate before losing a specific function (Kitano, 2004).
Robustness analysis thereby allows to evaluate up to which level of uncertainty the func-
tion is maintained. A robustness analysis for a given system requires a specification of the
function to be maintained as well as the type of perturbations which are taken into ac-
count. Due to the observation that the function of biological systems is inherently robust
to many, possibly large, perturbations (Kitano, 2007; Stelling et al., 2004), robustness
issues are of particular relevance for such systems. On a biochemical level, robustness
with respect to parametric uncertainty was first noticed in the adaptation of chemotac-
tic receptors to different stimulus strengths (Barkai and Leibler, 1997). Robustness of
complex dynamical behaviour has e.g. been suggested for the circadian clock, where oscil-
lations need to be maintained to ensure biological function (Trané and Jacobsen, 2007),
or in programmed cell death, where robust bistability ensures a reliable execution of pro-
grammed cell death (Eissing et al., 2005). Robustness analysis is therefore a valuable tool
for model validation: if a biochemical network is robust, but the corresponding model is
not, then the model is not an adequate representation of the real network (Cimatoribus
et al., 2005; Morohashi et al., 2002). In addition, robustness analysis may yield insights
into the role of cellular regulation mechanisms, thereby improving our understanding of
biological systems (Trané and Jacobsen, 2007).

However, biological systems are also fragile to certain perturbations, as pointed out by
Carlson and Doyle (2002) with their concept of highly optimised tolerance. Robustness
analysis is useful in this respect, because it allows to detect fragilities, i.e. perturbations
for which the function of the system breaks down (Chaves et al., 2005; Shoemaker and
Doyle III, 2008). Knowledge of fragilities may help to find targets for pharmaceutical
intervention, either by attacking malicious systems at weak points, or by protecting the
weak points of beneficial systems which are perturbed in a disease.

With the growing industrial usage of engineered biosystems, the relevance of robustness
analysis will further increase in the future. From an analysis perspective, it will be
important to know the level of uncertainty, e.g. in the cellular environment, for which the
system maintains the function it has been designed for. In addition, robustness issues will
also directly be incorporated into the design strategies (Purnick and Weiss, 2009), with
similar goals as in today’s robust controller design methods.

Quantification of the robustness for a given system, function, and class of perturbations
requires the definition of an appropriate robustness measure. If a suitable norm for the
considered perturbations is available, a straightforward definition of a robustness measure
is the norm of the smallest perturbation leading to a loss of function. Such a definition



1.3 Contribution of the thesis

is for example used by Ma and Iglesias (2002), where the function is defined by the
qualitative dynamical behaviour, the considered perturbations are variations in a single
parameter, and the perturbation norm is the factor by which the parameter value is varied.
In this case, it is possible to perform the robustness analysis by numerical bifurcation
analysis. Extending the same concept to variations in several parameters turned out to
be quite difficult. Using the structured singular value approach from robust control theory
(Zhou et al., 1996), only partly conclusive results could be obtained (Kim et al., 2006;
Ma and Iglesias, 2002). Yet, a robustness analysis with the structured singular value can
be used efficiently for structural perturbations, although it remains difficult to relate the
considered perturbation class to physically justified variations in the biochemical network
(Jacobsen and Cedersund, 2008; Trané and Jacobsen, 2008).

1.2.4 Methodological challenges

In general, methods from control engineering seem to provide efficient means to address
the outlined problems of parametric uncertainty. However, the parametric uncertainty
and robustness analysis of biochemical reaction networks generally faces three challenges,
the combination of which is typically not dealt with adequately in control engineering
methods. First, dynamical models for biochemical reaction networks are mostly non-
linear. Second, as mentioned above, one needs to consider simultaneous uncertainty of
several parameters. Third, uncertainty in parameter values almost always implies an
uncertainty in the steady states of the model. An additional point concerns the type of
dynamical behaviour being considered. Robustness analysis methods in control theory
almost exclusively focus on stability. However, for many biological systems, complex
dynamical behaviour like multistability or oscillations is of high relevance. Therefore,
methods for the analysis of these cases clearly have to go beyond the robustness of stability
usually sought for in control engineering. These observations can be seen as main reasons,
why the transfer of uncertainty and robustness analysis methods from control engineering
to systems biology is more challenging than the apparent similarity of the considered
problems may suggest.

1.3 Contribution of the thesis

To address the outlined problems of parametric uncertainty in models of biochemical
reaction networks, we develop methods for uncertainty and robustness analysis of these
models. The methods proposed in this thesis are essentially based on two concepts stem-
ming from the field of control engineering: set-based uncertainty descriptions and analysis
of feedback systems in the frequency domain. The developed methods aim at the analysis
of steady states and the qualitative dynamical behaviour. All methods developed in this
thesis are illustrated by examples, where the methods are applied to models from the
literature.

The first part of the thesis builds on set-based uncertainty descriptions. Concerning
the uncertainty of steady states, we propose the use of infeasibility certificates for the
underlying feasibility problem. Infeasibility certificates are well suited in this context,
because they can be obtained from the solution of a semidefinite program, for which
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efficient numerical algorithms are available. For the steady state uncertainty analysis,
we develop an algorithm to compute bounds on the steady state variability for a given
parametric uncertainty, making use of the proposed infeasibility certificates. In a similar
manner, we provide a robustness analysis method, for computing bounds on the para-
metric uncertainty which guarantee that a given limit on the steady state variability is
not exceeded. In contrast to previous approaches, the proposed methods for the analysis
of steady states directly consider uncertainty sets and do not rely on extrapolation from
the local sensitivity. Thus, they offer an advantage for the analysis of large parametric
uncertainties compared to sensitivity based methods.

For the qualitative dynamical behaviour, we focus on the robustness problem. To
approach this problem, a robustness measure in parameter space is proposed, yielding
bounds on a multi-dimensional parametric uncertainty which does not affect the qualita-
tive dynamical behaviour. In the specific case of robust stability, we show how classical,
Lyapunov based robustness tests can be applied to approximate the proposed robustness
measure. In particular, this requires to make use of the previously described method for
quantifying the steady state uncertainty. Otherwise, classical Lyapunov based methods
could not cope with the problem of steady state variability under parametric uncertainty.

Concerning the robustness of instability, a feedback loop breaking approach is devel-
oped, building on frequency domain methods and concepts from robust control theory
which form the core of the second part of the thesis. In particular, the feedback loop
breaking approach allows to characterise parametric uncertainties for which the dynami-
cal behaviour is robust. For typical models of biochemical reaction networks, the resulting
equations are polynomial. This motivates the development of a method where the Pos-
itivstellensatz is combined with linear programming to obtain robustness certificates for
the dynamical behaviour. Our method thus enables the robustness analysis of complex
dynamical behaviour such as sustained oscillations or bistability. Based on the feed-
back loop breaking approach, we also develop an algorithm to search for bifurcations in
a high-dimensional parameter space via a gradient-directed continuation method. This
complements the methods for robustness analysis of the dynamical behaviour by providing
upper bounds on the corresponding robustness measure.

Furthermore, the concept of kinetic perturbations is introduced as a new uncertainty
class for biochemical reaction networks. It is shown how this concept allows a stringent
robustness analysis. Thereby we use classical tools from robust control theory, in partic-
ular the structured singular value. A further application of kinetic perturbations is the
computation of small variations in the system which shape the steady state behaviour
with respect to an adjustable parameter in a specified way.

Beyond the methodological contributions, a novel model for a specific biochemical signal
transduction pathway is developed, involving the tumor necrosis factor (TNF) receptors
and the pro-inflammatory NF-xB! pathway. The application of the proposed analysis
methods to this model gives new insights into oscillatory modes of the NF-xB pathway, as
well as into mechanisms governing the network’s response in the adaptor protein TRAF22
to a stimulation with the TNF ligand. In addition, the TNF signalling model serves as a
comprehensive and realistic case study for part of the methods.

INF-£B — nuclear factor -light-chain-enhancer of activated B cells (a mammalian transcription factor)
2TRAF2 — TNF receptor associated factor 2
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Above, we have argued that a direct application of classical control engineering analy-
sis methods to the problem of parametric uncertainty in biochemical reaction networks
is often not possible. The results of this thesis show that, after overcoming the afore-
mentioned challenges, taking a control engineering perspective is nevertheless an efficient
way to approach the outlined problems. However, this requires that the concepts used
in control are brought into a framework which is compatible with the special features of
biochemical reaction networks.

1.4 OQOutline of the thesis

Chapter 2 contains fundamental concepts which are referred to from the remainder of the
thesis. First, the modelling framework used throughout the thesis is presented, and some
preliminaries concerning the model analysis, such as removal of conservation relations
and local sensitivity analysis, are introduced. Second, two classical dynamical models
describing specific biochemical signal transduction pathways are discussed. These models
serve as application examples for the analysis methods developed in later chapters of the
thesis.

In Chapter 3, a novel approach to the analysis of steady state location with respect to
uncertain parameters is developed. This includes the computation of guaranteed bounds
on the steady states for a given region where parameters may vary, and the computation
of parameter sets for which it can be guaranteed that the corresponding steady states are
located in a specified region.

Chapter 4 deals with the robustness of dynamical properties with respect to para-
metric uncertainty. In the first part of the chapter, we are considering specifically the
robustness of stability. Based on the results of Chapter 3, a method for computing robust
parameter sets is suggested. In the second part, the focus is turned towards the robust-
ness of instability, which is related to complex dynamical behaviour like oscillations or
bistability in biochemical reaction networks. Based on a newly introduced feedback loop
breaking approach, a robustness analysis method in the frequency domain is developed,
using the Positivstellensatz and linear programming to evaluate the robustness of stability
or instability in a biochemical reaction network.

The methods suggested in Chapter 4 provide lower bounds on the size of the parametric
uncertainty up to which the dynamical behaviour of the network remains robust. In
Chapter 5, we consider the problem of finding an upper bound, which is solved by
explicitly searching a bifurcation close to the nominal parameter values. Using again
the feedback loop breaking approach presented in Chapter 4, we suggest a gradient-
directed continuation method which is able to find nearby bifurcations from some nominal
parameters.

In Chapter 6, a new uncertainty class called kinetic perturbations is introduced.
Thereby we denote parametric or structural perturbations not affecting the nominal steady
state of the system. Such perturbations may however still affect the dynamical properties
and stationary stimulus—response characteristics of the system. We discuss the robustness
of dynamical properties of a steady state with respect to kinetic perturbations in terms
of the structured singular value. In addition, an approach to change the system’s local
sensitivity at the nominal point via kinetic perturbations is developed.
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Chapter 7 provides an exemplary application for methods developed in earlier chap-
ters. First, a novel model for a part of the tumor necrosis factor (TNF) signalling network
is constructed. Then, methods developed in this thesis are used to analyse oscillatory be-
haviour and sensitivity of the system with respect to a TNF stimulus. In this way, the
chapter provides a case study which combines new biological insight and an illustrative
application of methods developed in this thesis.



Chapter 2

Dynamical models for biochemical reaction
networks

This chapter provides some background material concerning the dynamical modelling of
biochemical reaction networks. Section 2.1 describes the derivation of ODE models, and
how to eliminate conservation relations, which may otherwise complicate the analysis of
dynamical properties, from the model. Section 2.2 contains a short summary of local
sensitivity analysis as the most basic technique to study the effect of parameter variations
on a model. Finally, in Section 2.3, we describe some established models of biochemical
signalling pathways, which will be used in examples throughout this thesis.

2.1 Basic modelling techniques

2.1.1 Construction of dynamical models

Biochemical reaction networks are composed of two main elements: Chemical species,
each of which represents an ensemble of chemically identical molecules in a specific com-
partment of the cell, and chemical reactions, which are processes transforming one group
of species into another one.

The structure of a biochemical reaction network is characterised completely by the list
of involved species, denoted as X7, X5..., X, and the list of reactions, denoted as

n

Ssx -3 SPX, j=1,...m, (2.1)

=1 =1

where m is the number of reactions in the network, and the factors SZ(; ) e Ny and Si(f ) e
Ny are the stoichiometric coefficients of the reactant and product species, respectively
(Higham, 2008; Klipp et al., 2005). Reversible reactions can always be written in the form
(2.1) by splitting the forward and reverse path into two separate irreversible reactions.

The structural information of the reaction network is usually subsumed in the stoichio-
metric matrix, given by

$=(s0-s9) e R, (2.2)

The state vector of the system consists of the concentrations of the involved chemical

species and is denoted by
= ([Xil)izy 0 € RY,
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where [X;] represents the concentration of species X;.

The kinetic information for the reaction network is represented by reaction rate func-
tions, which depend on the state x € R™ and the kinetic parameters p € R?. The reaction
rates are given by the vector

-----

where v;(z,p) is the rate of the j—th reaction in (2.1). A common model for the reaction
rate functions is the law of mass action, given by

n ()

S
Uj(xap) = kj sz N ) (23)
=1

where k; > 0 is the reaction rate constant, which is integrated into the model as an element
of the parameter vector p. In metabolic networks, reaction rates are often modelled
with Michaelis-Menten expressions, which are derived from the law of mass action for
an enzymatic reaction by singular perturbation (Keener and Sneyd, 2004). A Michaelis-
Menten reaction rate where X; is the substrate of the enzymatic reaction is given by

kj.’EZ'
vi(z,p) = ———, 2.4
0 = T (24)
where k; > 0 and M; > 0 are kinetic parameters.
Independently of the chosen reaction rate mechanisms, a model for the dynamics of
the reaction network is obtained by mass balancing. The dynamics are described by an

ordinary differential equation given as

& = Sv(z,p). (2.5)

2.1.2 Elimination of conservation relations

Biochemical reaction networks are subject to the law of mass conservation. Specifically,
the amount of entities which are neither added to nor removed from the system will
not change with time. Mathematically, conservation relations in a biochemical reaction
network are described by a vector 8 € R™ such that

03 = 0T Sv(x,p) = 0. (2.6)

For a conservation relation, (2.6) is required to hold true for all possible reaction rate
vectors v(z, p). The space spanned by all conservation relations is thus given by ker ST
(Heinrich and Schuster, 1996).

If the biochemical reaction network (2.5) satisfies a conservation relation, the dimension
of the state space can be reduced by introducing the initial concentration of the concerned
species as an additional parameter py = 6Tx(0). We shortly outline the procedure to
achieve this reduction (see Heinrich and Schuster, 1996, for more details). Without loss

of generality, assume that 6; # 0. Denote 0z = (0,...,0,) and zp = (29,...,2,)T.
From (2.6) and the definition of py, we obtain
1
1(t) (po — Orzr(t)).

2

10
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Thus, a reduced model of the biochemical reaction network (2.5) is given by

b= S0 — 5en(0). 20 p) = Sen(an. . o) (27)

A conservation relation has an important effect on the dynamical properties of equ