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Abstract

Sparse principal component analysis (sparse PCA) aimsdih@ra sparse basis to improve the interpretability
over the dense basis of PCA, meanwhile the sparse basisdstoer the data subspace as much as possible. In
contrast to most of existing work which deal with the probleyradding some sparsity penalties on various objectives
of PCA, in this paper, we propose a new method SPCArt, whog&ation is to find a rotation matrix and a sparse
basis such that the sparse basis approximates the basisfodfRAC the rotation. The algorithm of SPCArt consists
of three alternating steps: rotate PCA basis, truncatelsnties, and update the rotation matrix. Its performance
bounds are also given. SPCArt is efficient, with each iterasicaling linearly with the data dimension. It is easy to
choose parameters in SPCArt, due to its explicit physicplasations. Besides, we give a unified view to several
existing sparse PCA methods and discuss the connectionSHArt. Some ideas in SPCArt are extended to
GPower, a popular sparse PCA algorithm, to overcome itslulalv Experimental results demonstrate that SPCArt
achieves the state-of-the-art performance. It also aehiawgood tradeoff among various criteria, including sparsi
explained variance, orthogonality, balance of sparsitgrgrioadings, and computational speed.
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1 Introduction

In many research areas, the data we encountered are usughy digh dimensions, for examples, signal processing,
machine learning, computer vision, document processioigypeiter network, and genetics etc. However, almost all
data in these areas have much lower intrinsic dimensionss,Tfow to handle these data is a traditional problem.

1.1 PCA

Principal component analysis (PCA) [1] is one of the mostpapanalysis tools to deal with this situation. Given a set
of data, whose mean is removed, PCA approximates the da&gpbysenting them in another orthonormal basis, called
loading vectors. The coefficients of the data when represemging these loadings are called principal components.
They are obtained by projecting the data onto the loadings,imner products between the loading vectors and the
data vector. Usually, the loadings are deemed as a set ofeardectors, in that the variances of data explained by
them are in a decreasing order, e.g. the leading loadingptarthe maximal-variance direction. If the data lie in a
low dimensional subspace, i.e. the distribution mainlyesin a few directions, a few loadings are enough to obtain a
good approximation; and the original high-dimensionaadaiw can be represented by the low-dimensional principal
components, so dimensionality reduction is achieved.

Commonly, the dimensions of the original data have someipalysxplanations. For example, in financial or
biological applications, each dimension may corresporadsjoecific asset or geri€e [2]. However, the loadings obtained
by PCA are usually dense, so the principal component, gohbgriproduct, is a mixture of all dimensions, which
makes it difficult to interpret. If most of the entries in theatings are zeros (sparse), each principal component
becomes a linear combination of a few non-zero entries. fekifitates the understanding of the physical meaning of
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the loadings as well as the principal components [1]. Furthe physical interpretation would be clearer if differen
loadings have different non-zero entries, i.e. correspuni different dimensions.

1.2 Sparse PCA

Sparse PCA aims at finding a sparse basis to make the resudtinterpretable[3]. At the same time, the basis is
required to represent the data distribution faithfully.uShthere is a tradeoff between the statistical fidelity dred t
interpretability.

During the past decade, a variety of methods for sparse P@& lisen proposed. Most of them have considered
the tradeoff between sparsity and explained variance. Mexryéhere are three points that have not received enough
attentions yet: the orthogonality between loadings, tHarzz of sparsity among loadings, and the pitfall of deffatio
algorithms.

e Orthogonality. PCA loadings are orthogonal. But in purguparse loadings, this property is easy to lose.
Orthogonality is desirable in that it indicates the indegemce of physical meaning of the loadings. When the
loadings are sufficiently sparse, orthogonality usuallplies non-overlapping of their supports. So under the
background of improving the interpretation of PCA, now e&mdding is associated with distinctive physical
variables, so are the principal components. This makesthepretation much easier. Besides, if the loadings
are not an orthogonal basis, the inner products betweersatiaeathd the loadings that are used to compute the
components do not constitute an exact projection. For aeme example, if two loadings are very close, the
two components would be similar too. This is meaningless.

e Balance of sparsity. There should not be any member of thdiriga highly dense, particularly those leading
ones that take account of most variance, otherwise it is mgkass. We emphasize this point, because quite a
few of existing algorithms yield loadings with the leadinges highly dense (close to those of PCA) while the
minor ones highly sparse; so sparsity is achieved by the mines while variance is explained by the dense
ones. This is unreasonable.

o Pitfall of deflation. Existing work can be categorized inteotgroups: deflation group and block group. To
obtainr sparse loadings, the deflation group computes one loadiagimte; more are got via removing com-
ponents that have been compuied [4]. This follows tradii®CA. The block group finds all loadings together.
Generally, the optimal loadings found when we restrict thiespace to be of dimensiemmay not overlap with
ther + 1 optimal loadings when the dimension increases #01 [5]. This problem does not occur for PCA,
whose loadings successively maximize the variance, antbéttings found via deflation are always globally
optimal for anyr. But it is not the case for sparse PCA, the deflation methodeisdy and cannot find optimal
sparse loadings. However, the block group has the potential

Finally we mention that by deflation the obtained loadingsragarly orthogonal, while the block group usually
does not equip with mechanism to ensure the orthogonality.

1.3 Our Method: SPCArt

In this paper, we propose a new approach called SPCArt (SB¥€# via rotation and truncation). In contrast to
most of traditional work which are based on adding some gggrenalty on the objective of PCA, the motivation of
SPCArt is distinctive. SPCArt aims to find a rotation matnirdaa sparse basis such that the sparse basis approximates
the loadings of PCA after the rotation. The resulting aldnoni consists of three alternative steps: rotate PCA loading
truncate small entries of them, and update the rotationixnatr

SPCArt turns out to resolve or alleviate the previous threi@tp. It has the following merits. (1) It is able to
explain as much variance as the PCA loadings, since theespasss spans almost the same subspace as the PCA
loadings. (2) The new basis is close to orthogonal, singegt@imates the rotated PCA loadings. (3) The truncation
tends to produce more balanced sparsity, since vectoreabtated PCA loadings are of equal length. (4) It is not
greedy compared with the deflation group, it belongs to tbekogroup.

The contributions of this paper are four-fold: (1) we propas efficient algorithm SPCArt achieving good per-
formance over a series of criteria, some of which have beenlasked by previous work; (2) we devise various
truncation operations for different situations and previxkrformance analysis; (3) we give a unified view for a se-
ries of previous sparse PCA approaches, together with ¢irsinder the unified view, we find the relation between



Table 1: Time complexities for computingloadings fromn samples of dimensiop. m is the number of iterations.

k is the cardinality of a loading. The preprocessing andahi#tation overheads are omitted. ST and SPCArt have the
additional cost of PCA. The complexities of SPCArt listedoeare of the truncation types & and T4;. Those of
T-sp and T-en ar®(rplog p + r2p + r3).

GPower[[6], GPowerB|[[6]
PCA[ | ST SPCA[9] PathSPCAI2] | ALSPCA[IO] | rSvD-GP, ' SPCArt
rSVD-GPB
TPower[[11]
n>p O(np2) O(rp) mO(7'2p + 7'p3) O(rkp? + rk®) mO(7'p2) mO(7'p2) mO (rpn + 7'271) mO(7'2p +7r9)
n <p O(pn?) | O(rp) | mO(r®p +rnp) | O(rknp + rk%) mO (rnp) mO(rnp) mO(rpn + r°n) | mO(rZp + r°)

GPower, rSVD, and our method, and extend GPolner [6] and r&&} Bb[a new implementation, called rSVD-GP, to
overcome their drawbacks—parameter tuning problem andlanbe of sparsity among loadings.

The rest of the paper is organized as follows: Sedilon 2 dhices representative work on sparse PCA. SeLtion 3
presents our method SPCArt and four types of truncationatipers, and analyzes their performance. Seéfion 4 gives a
unified view for a series of previous work. Sectidn 5 shows#hation between GPower, rSVD, and our method, and
extends GPower and rSVD to a new implementation, called F®HMDExperimental results are provided in Sedfibn 6.
Finally, we conclude this paper in Sect{dn 7.

2 Related Work

Various sparse PCA methods have been proposed during thequasle. We give a brief review below.

1. Post-processing PCAn early days, interpretability is gained via post-praieg the PCA loadings. Loading
rotation (LR) [5] applies various criteria to rotate the P@&adings so that 'simple structure’ emerges, e.g. varimax
criterion drives the entries to be either small or large,clihig close to a sparse structure. Simple thresholding (ST)
[8] instead obtains sparse loadings via directly settirgghtries of PCA loadings below a small threshold to zero.

2. Covariance matrix maximizatiorMore recently, systematic approaches based on solvinicixbjectives
were proposed, starting from SCoTLASS [3] which optimizes tlassical objective of PCA, i.e. maximizing the
guadratic form of covariance matrix, while additionallygosing a sparsity constraint on each loading.

3. Matrix approximation SPCA [9] formulates the problem as a regression-type dgdition, so as to facilitate
the use of LASSO[T12] or elastic-net |13] techniques to sahe problem. rSVD[[7] and SPC[14] obtain sparse
loadings by solving a sequence of rank-1 matrix approxiomati with sparsity penalty or constraintimposed.

4. Semidefinite convex relaxatioMost of the methods proposed so far are local ones, whidhrsubm getting
trapped in local minima. DSPCATL5] transforms the probleto ia semidefinite convex relaxation problem, thus
global optimality of solution is guaranteed. This distirghes it from most of the other local methods. Unfortunately
its computational complexity is as high &§p*\/log p) (p is the number of variables), which is expensive for most
applications. Later, a variable elimination methbdl [16]cofmplexity O(p*) was developed in order to make the
application on large scale problem feasible.

5. Greedy methodsdn [17], greedy search and branch-and-bound methods atttasolve small instances of the
problem exactly. Each step of the algorithm has a compléXiipy?), leading to a total complexity aP(p*) for a full
set of solutions (solutions of cardinality ranging from IpjoLater, this bound is improved in the classification settin
[18]. In another way, a greedy algorithm PathSPCA [2] was@néed to further approximate the solution process
of [17], resulting in a complexity o) (p*) for a full set of solutions. For a review of DSPCA, PathSPCA( their
applications, se¢ [19].

6. Power methodsThe GPower method|[6] formulates the problem as maxinumatf a convex objective function
and the solution is obtained by generalizing the power ntef#@)] that is used to compute the PCA loadings. Recently,
a new power method TPower [11], and a somewhat differentédatad power method ITSPCA[21] that aims at
recovering sparse principal subspace, were proposed.

7. Augmented lagrangian optimizatio®MLSPCA [10] solves the problem based on an augmented lggman
optimization. The most special feature of ALSPCA is thairitdtaneously considers the explained variance, orthog-
onality, and correlation among principal components.

Among them only LR[[5], SCoTLASS [3], ALSPCA10] have considd the orthogonality of loadings. SCoT-
LASS, rSVD [1], SPCI[[14], the greedy methods|[LV, 2], one ioero©f GPower|[[6], and TPower [11] belong to the



Table 2: Major notations.

| notation || interpretation |
AeR™P data matrix withn samples op variables
V = [Vi,Va,...] || PCAloadings arranged column-wisk; denotes théth column.Vi.,. denotes the first columns
R rotation matrix
7z rotated PCA loadings, i.6/ R”
X spare loadings arranged column-wise, similavto
Polar(-) for amatrixB € R"*?, n > p, let the thin SVD béV DQ™, D € RP*?, thenPolar(B) = WQT
S () 0 < X\ < 1. For a vector, Sx(x) is entry-wise soft thresholding (z;) = sign(z:)(|z:| — A+,

where[y]+ = y if y > 0 and[y];+ = 0 otherwise
0 < X\ < 1. For avector, Hx(x) is entry-wise hard thresholdind? s (z;) = zi[sign(|z:|— \)]+,

Hx() i.e. Hx(z;) = 0if |z;] <\, Hx(x;) = z; otherwise
Py(+) A€ {0,1,2,---}. For avector, P (z) sets the smallest entries (absolute value) to be zero

0 < X\ < 1. For a vectorz, Ex(x) sets the smallest entries, whose energy take up at mogst
Ex(") A, to be zero.k is found as following: sortx:|, |z2|,... in ascending order to bei, z», ...,

k = max; 1, s.t. Zi.:l z3/|zll3 < A

deflation group. Only DSPCA's solution [115] is ensured to kEbglly optimal.
The computational complexities of some of the above algoritare summarized in Taljle 1.

3 SPCArt: Sparse PCA via Rotation and Truncation

We first give a brief overview of SPCArt, next introduce thetivetion, and then the objective and optimization, and
then the truncation types, and finally provide performamadyesis.

The idea of SPCArt is simple. Since any rotation of thBCA loadings[Vi,...,V,] € RP*" constitutes an
orthogonal basis spanning the same subspsice, VR (R € R™*", RT R = I), we want to find a rotation matrir
through whichV is transformed to a sparsest baXislt is difficult to solve this problem directly, so instead weuld
find a rotation matrix and a sparse basis such that the spasée dpproximates the PCA loadings after the rotation
V~XR.

The major notations used are listed in Td0le 2.

3.1 Motivation

Our method is motivated by the solution of the Eckart-Youmgprem[[22]. This theorem considers the problem of
approximating a matrix by the product of two low-rank ones.

Theorem 1. (Eckart-Young Theorem) Assume the SVD of a mattike R"*Pis A = UXVT, in whichU € R"*™,
m < min{n,p}, ¥ € R™*™ is diagonal with¥1; > Yoo > -+ > X,,,,, andV € RP*™. Arankr (r < m)
approximation ofA is to solve the following problem:

n|[A—YXT|2, st. XTX =1 1

whereY € R"*" and X € RP*". A solution is
X" =V, V¥ = AX", 2)
whereV.,. is the firstr columns ofl/.
Alternatively, the solution can be expressed as
Y* = Uy, 21, X* = Polar(ATY™), 3)

where Polar(-) is the orthonormal component of the polar decomposition wfadrix [6]. From the more familiar
SVD perspective, its equivalent definition is provided irlEé2.



Note that if the row vectors afl have been centered to have mean z&ig, are the loadings obtained by PCA.
Clearly, VR € R™*" andRTR = I, X* = V., RandY* = AX* = U,.,X,.. R is also a solution of{1). This implies
that any rotation of the orthonormal leading eigenvectdrs,. € RP*" is a solution of the best rankapproximation
of A. Thatis, any orthonormal basis in the corresponding egéispace is capable of representing the original data
distribution as well as the original basis. Thus, a natwtahifor sparse PCA is to find a rotation matfixso that
X = Vi..R becomes sparse, i.e.,

min |[Vi.,R|lo, s.t. RTR =1, (4)
RGRTXT

where|| - || denotes the sum df, (pseudo) norm of the columns of a matrix, i.e. it counts the-neros of a matrix.

3.2 Objective and optimization

Unfortunately, the above problem is hard to solve. So we@pprate it instead. Sinc& = V;.,R < Vi.,., = XR”,
we want to find a rotation matrik through which a sparse basisapproximates the original PCA loadings. Without
confusion, we usé” to denotel;.,. hereafter. For simplicity, thé, version will be postponed to next section, we
consider the; version first:

1 )
win §HV_XRHF+)‘Z:HXZ'”M -
sit.Vi, | Xila=1, R"R=1I.

|| - |l1 is the¢; norm of a vector, i.e. sum of absolute values. It is well-kndwat¢; norm is sparsity inducing,
which is a convex surrogate of thig norm [23]. Under this objective, the solution may not be ogibnal, and may
deviate from the eigen-subspace spanned’byHowever, if the approximation is accurate enough, esx X R,
thenX ~ V RT would be nearly orthogonal and explain similar varianc& adlote that the above objective turns out
to be a matrix approximation problem as Eckart-Young thenréhe key difference is that sparsity penalty is added.
But the solutions still share some common features.

There is no closed-form solutions fét and X simultaneously. We can solve the problem by fixing one and
optimizing the other alternately. Both subproblems hawesedl-form solutions.

3.2.1 FixX, solveR
WhenX is fixed, it becomes a Procrustes probléim [9]:
m}%nHV—XRH%, st.RTR=1. (6)

R* = Polar(XTV). It has the same form as the right of (3).

3.2.2 FixR, solveX

WhenR is fixed, it becomes

1 :
min §HVRT — X%+ )\Z 1 Xill1, s.t. Vi, || X2 = 1. )

There are independent subproblems, one for each columiniy, 1/2||Z; — X;||2 + M| Xi||1, s.t. || X;||2 = 1, where
Z = VRT. Itis equivalent tamaxy, ZI X; — A\||X;||1, s.t. || Xi||2 = 1. The solution isX} = Sx(Z;)/[|Sx(Z:)||2
[6]. S, (-) is entry-wise soft thresholding, defined in Table 2. Thigimtation typel-¢;: soft thresholding.

It has the following physical explanations? is rotated PCA loadings, it is orthonormalX is obtained via
truncating small entries of. On one hand, because of the unit length of each colum#,ia single threshold
0 < X < 1is feasible to make the sparsity distribute evenly amongtiiemns inX'; otherwise we have to apply
different thresholds for different columns which are hardétermine. On the other hand, because of the orthogonality
of Z and small truncationsX is still possible to be nearly orthogonal. These are the rms$inctive features of
SPCArt. They enable easy analysis and parameter setting.

The algorithm of SPCArt is presented in Algoritfin 1, where thuncation in line 7 can be any type, including
T-¢; and the others that will be introduced in next section.

The computational complexity of SPCArt is shown in TdOle kcé&pt the computational cost of PCA loadings,
SPCArt scales linearly about data dimension. When the nunfdeadings is not too large, it is efficient.



Algorithm 1 SPCArt

. Input: data matrixA € R™*?, number of loadings, truncation typ€el’, truncation parametey.
: Output: sparse loadingX = [X,..., X,] € RP*",
. PCA: compute rank-SVD of A: ULV, V € RP*",
- Initialize R: R = 1.
repeat
Rotation:Z = VRT.
Truncation:Vi, X; = TA(Zz)/HTA(Zz)HQ
UpdateR: thin SVD of XTV: WDQT, R = WQT.
: until convergence

[Eny

3.3 Truncation Types

In this section, given rotated PCA loadings we introduce the truncation operati@i(Z;), whereT) is any of the
following four types: T¢; soft thresholdingS), T-¢y hard thresholdindg?,, T-sp truncation by sparsit§y, and T-en
truncation by energy,. T-¢1 has been introduced in last section, which is resulted ffppenalty.

T-4y: hard thresholding. Set the entries below thresholdto be zero: X = H\(Z;)/||Hx(Z:)|l2. Hx(-) is
defined in Tabl€l2. Itis resulted frofg penalty:

1}(1}2||V—XR||%+AQZ|\Xi|\O, st.RTR=1, (8)

K2

The optimization is similar to thé; case. FixingX, R* = Polar(XTV). Fixing R, the problem becomes
miny [|[VRT — X||% + X?||X|lo. LetZ = VRT, it can be decomposed o x r entry-wise subproblems, and
the solution is apparent: [7;;| < A, thenX; = 0, otherwiseX; = Z;;. Hence the solution can be expressed as
X =H\(Z).

There is no normalization faK* compared with thé, case. This is because if unit length constrdif||» = 1
is added, there will be no closed form solution. However, fiactice, we still letX = Hyx(Z;)/||Hx(Z;)]||2 for
consistency, since empirically no significant differerselserved.

Note that bothy and/; penalties only result in thresholding operationand nothing else (only make line 7 of
Algorithm[T different). Hence, we may devise other heuristiincation types irrespective of explicit objective:

T-sp: truncation by sparsity. Truncate the smallestentries: X; = P\(Z;)/||Px(Zi)||2, A € {0,1,...,p—1}.
Table[2 gives the precise definition Bf(-). It can be shown that this heuristic type is resulted fronvtheonstraint:

min ||V — X R,

€)
st.Vi, | Xillo <p—A\ | Xil2=1, R"TR=1.

When X is fixed, the solution is the same &g and ¢; cases above. WheR is fixed, the solution isX;} =
P\(Z:)]||Px(Z;)]]2, whereZ = V RT. The proof is put in AppendixA.

T-en: truncation by energy. Truncate the smallest entries whose energy (sum of sqtakeup\ percentage:
X = Ex(Z)/||Ex(Z;)||2- E\ is described in Tablel2. However, we are not aware of any tigassociated with
this type.

Algorithm[1l describes the complete algorithm of SPCArt veitty truncation type.

SPCArt promotes the seminal ideas of simple thresholdihgriél loading rotatior [5]. When using s, the first
iteration of SPCAr, i.eX; = H,(V;), corresponds to the ad-hoc simple thresholding ST, whifiteigiently used in
practice and sometimes produced good results [9, 17]. Ithanavay, the motivation of SPCArt, i.d.1(4), is similar
to the loading rotation, whereas SPCArt explicitly seekarse loadings vid, pseudo-norm, loading rotation seeks
'simple structure’ via various criteria, e.g. the varimaiterion, which maximizes the variances of squared loasling
I Z3 —1/p(X, Z3)), whereZ = VR, drives the entries to distribute unevenly, either smallaoge (see
Section 7.2 in[[1]).

3.4 Performance Analysis

This section discusses the performance bounds of SPCAtrteaith truncation type. Fot; = T)(Z;)/||T\(Z:)||2,
i =1,...,r, we study the following problems:



(1) How much sparsity o ; is guaranteed?

(2) How muchX; deviates from?;?

(3) How is the orthogonality ok ?

(4) How much variance is explained B§?

The performance bounds derived are functiona.ofhus, we can directly or indirectly control sparsity, atjo-
nality, and explained variance vidl we give some definitions first.

Definition 2. Vx € RP, thesparsity of = is the proportion of zero entriesi(z) = 1 — ||z]|o/p-

Definition 3. Vz € RP, z # 0, z = Ti\(2)/||TA(2)]|2, thedeviation of = from z is sin(0(z, z)), wheref(z, z) is the
included angle betweenandz, 0 < 0(z,z) < w/2. If . =0, 0(x,y) is defined to ber/2.

Definition 4. Vx, y € RP, x # 0, y # 0, thenonorthogonality between: andy is | cos(0(z,y))| = |zTy|/(||z|2 -
lly||2), wheref(x, y) is the included angle betweerandy.

Definition 5. Given data matrixA € R"™*P containingn samples of dimension V basisX € RP*", r < p, the
explained variance of X is EV (X) = tr(XT AT AX). LetU be any orthonormal basis in the subspace spanned by
X, then thecumulative percentage of explained varianceis CPEV (X) = tr(UT AT AU) /tr(AT A) [17].

Intuitively, larger\ leads to higher sparsity and larger deviation. When twodated vectors deviate from their
originally orthogonal vectors, in the worst case, the ntdmzgonality of them degenerates as the ‘sum’ of their devia-
tions. In another way, if the deviations of a sparse basiw fiee rotated loadings are small, we expect the sparse basis
still represents the data well, and the explained variamaimulative percentage of explained variance maintains
similar level to that of PCA. So, both the nonorthogonalitgldhe explained variance depend on the deviations, and
the deviation and sparsity in turn are controlledbyWe now go into details. The proofs of some of the following
results are included in Appendit B.

3.4.1 Orthogonality
Proposition 6. The relative upper bound of nonorthogonality betweégrand X ;, i # j, is
| cos(0(X:, X;))| <
{sin(@(Xi, Z)+0(X;,7,) ,0(X:, Z) +0(X;,Z;) < T, (10)

1 , otherwise.

The bounds can be obtained by considering the two conictdeas generated by axé&s with rotational angles
0(X;, Z;). The proposition implies the nonorthogonality is deteradirby the sum of deviated angles. When the
deviations are small, the orthogonality is good. The demiedlepends on, which is analyzed below.

3.4.2 Sparsity and Deviation

The following results only concern a single vector of theid©agve will denoteZ; by z, and X; by « for simplicity,
and derive bounds of sparsityz) and deviatiorsin(0(z, z)) for eachT. They depend on a key valu¢, /p, which is
the entry value of a uniform vector.

Proposition 7. For T-¢y, the sparsity bounds are

Ogs(m)gl—% A<
l—p%<s(:r)§1 JA >

(11)

sk

1TheorenIB is specific to SPCArt, which concerns the imporsaplained variance. The other results apply to more gémséations:
Proposition 6-11 apply to any orthonormal TheorenIP applies to any matriX. To obtain results specific to SPCArt, we may have to make
assumption of the data distribution. Nevertheless, theystl the absolute performance bounds of SPCArt and caslegus to sef for some
performance guarantee.



Deviationsin(f(zx, z)) = ||z||2, wherez is the truncated partz; = z; if x; = 0, andz; = 0 otherwise. The absolute

bounds are:
Vp—1X A<
1 S >

0 <sin(f(x,z)) < { (12)

shsh

All the above bounds are achievable.

Because when < 1/,/p, there is no sparsity guaranteejs usually set to bé/,/p in practice. Generally it
works well.

Proposition 8. For T-¢;, the bounds of(z) and lower bound ofin(6(z, z)) are the same as T. In addition, there

are relative deviation bounds
[Zll2 < sin(0(z, 2)) < \/IIZ]13 + A2[|z]lo- (13)

It is still an open question that whether/T-has the same upper boundsfi(6(zx, z)) as Ty. By the relative
lower bounds, we have

Corollary 9. The deviation due to soft thresholding is always larger tttzat of hard thresholding, if the sameis
applied.

This implies that results got by @ have potentially greater sparsity and less explained negidhan those of
T-4p.

Proposition 10. For T-sp,\/p < s(z) < 1, and
0 <sin(f(z, 2)) < VA/p. (14)

Except the unusual case thahas many zeros,(z) = A/p. The main advantage of T-sp lies in its direct control
on sparsity. If specific sparsity is wanted, it can be applied

Proposition 11. For T-en,0 < sin(A(z, z)) < v/\. In addition

LAp]/p < s(x) <1-1/p. (15)
If X < 1/p, there is no sparsity guarantee. Wheis moderately large| A\p| /p =~ A.

Due to the discrete nature of operand, the actually trudcatergy can be less than But in practice, especially
whenp is moderately large, the effect is negligible. So we usuadlyesin(6(z, z)) ~ v/X. The main advantage of
T-en is that it has direct control on deviation. Recall ttnet dleviation has direct influence on the explained variance.
Thus, if it is desirable to gain specific explained variaricen is preferable. Besides,jifis moderately large, T-en
also gives nice control on sparsity.

3.4.3 Explained Variance

Finally, we derive bounds on the explained variafdé(X ). Two results are provided. The first one is general and is
applicable to any basi& not limited to sparse ones. The second one is tailored to $PCA

Theorem 12. Let rank+ SVD ofA € R™*P peUXVT, ¥ € R™*". GivenX € RP*", assume SVD akTV is
WDQT, D e R™", Amin = min; Dj;. Then

d%,.. -EV(V) < EV(X), (16)
andEV (V) =3, %2,

The theorem can be interpreted as followsXlfs a basis that approximates rotated PCA loadings well, dhen
will be close to one, and so the variance explainedhg close to that explained by PCA. Note that variance explin
by PCA loadings is the largest value that is possible to béegell by orthonormal basis. ConverselyXifdeviates
much from the rotated PCA loadings, thép;,, tends to zero, so the variance explained¥ys not guaranteed to be
much. We see that the less the sparse loadings deviatesdtatad PCA loadings, the more variance they explain.

When SPCArt converges, i.&; = T\(Z:)/||IT\(Z:)|2, Z = VRT, andR = Polar(XTV') hold simultaneously,
we have another estimation. It is mainly valid for T-en.



Theorem 13. LetC = Z7 X, i.e. C;; = cos(0(Z;, X;)), and letC be C with diagonal elements removed. Assume
0(Zi, Xi) =6 andy_; C% < 1,Vi, then

(cos?(0) — v/r — 1sin(20)) - EV(V) < EV(X). (17)
Whend is sufficiently small,
(cos?() — O(0)) - EV(V) < EV(X). (18)

Since the sparse loadings are obtained by truncating smiaiés of the rotated PCA loadings, afids the de-
viation angle between these sparse loadings and the rd®&@dloadings, the theorem implies, if the deviation is
small then the variance explained by the sparse loadindsss to that of PCA, asos?(f) ~ 1. For example, if the
truncated energlyz||3 = sin®(6) is about 0.05, then 95% EV of PCA loadings is guaranteed.

The assumption8(Z;, X;) = 6 and Z; C? < 1, Vi, are roughly satisfied by T-en using small Uniform
deviationd(Z;, X;) = 0, Vi, can be achieved by T-en as indicated by Proposfidn C’fj < 1 means the sum
of projected length is less than 1, wh&nis projected onto each;. It must be satisfied iX is exactly orthogonal,
whereas itis likely to be satisfied ¥ is nearly orthogonal (not&; may not lie in the subspace spanned¥); which
can be achieved by setting smalaccording to Propositidd 6. In this case, abQut- \) EV (V) is guaranteed.

In practice, we prefer CPEV/][7] to EV. CPEV measures the vaeaxplained by subspace rather than basis. Since
it is also the projected length of onto the subspace spanned.¥ythe higher CPEV is, the bettéf represents the
data. If X is not an orthogonal basis, EV may overestimates or underatsts the variance. However Xf is nearly
orthogonal, the difference is small, and it is nearly projpoal to CPEV.

4 A Unified View to Some Prior Work

A series of methods: PCA1], SCoTLASSI[3], SPCA [9], GPow@}, [[SVD [7], TPower [[11], SPC[[14], and
SPCArt, though proposed independently and formulated iilowa forms, can be derived from the common source
of TheorenflL, the Eckart-Young Theorem. Most of them can ke ss the problems of matrix approximatibh (1),
with different sparsity penalties. Most of them have two nixatariables, and the solutions of them usually can be
obtained by an alternating scheme: fix one and solve the.diailar to SPCArt, the two subproblems are a sparsity
penalized/constrained regression problem and a Prosrpstélem.

PCA [d]. SinceY* = AX*, substitutingt” = AX into (I) and optimizingX, the problem is equivalent to

max tr(XTATAX), st. XTX = 1. (19)

The solution is provided by Ky Fan theorem [24}:* = V;..R, VRTR = I. If A has been centered to have mean
zero, the special solutioR * = V3., are exactly the loadings obtained by PCA.
SCoTLASS[3]. ConstrainingX to be sparse in(19), we get SCotLASS

m)%xtr(XTATAX), st XTX =1, Vi, [| Xill <\ (20)

However, the problem is not easy to solve.
SPCAJQ]. If we substituteY = AX into (1) and separate the twk'’s into two independent variable$ and Z
(so as to solve the problem via alternating), and then imposee penalties of, we get SPCA

min | A~ AZXT(E + X Z)F + Y Aill Zill,
: ; (21)
st. XTX =1,

where 7 is treated as target sparse loadings aisdare weights. WherX is fixed, the problem is equivalent to
elastic-net problemsining, [|AX; — AZ;||% + M| Zi||3 + M\iil|Zil|:. WhenZ is fixed, it is a Procrustes problem:
miny [|[A — AZXT|%, s.t. XTX = I, andX* = Polar(AT AZ).

GPower [6]. Except some artificial factors, the original GPowevgsl the following/y and/; versions of objec-
tives:

T 2 T .
IQ%Z(YZ- AW:)* = Xi|[Willo, s .Y TY = I, Vi, [[Will2 = 1, (22)



T T .
I%(ZY AW; — N||[Will1, 5.t YTY = I, Vi, |[Wi|2 = 1. (23)
They can be seen as derived from the following more fundaahenes (details are included in Appendix C).

. o T2 ) ) Ty _
win |4 = VXT3 Ail[ Xillo, s:t.YTY =1, (24)

1 T2 T
win 5[4 - VX HﬁZMHxinl, st.YTY =1. (25)

These two objectives can be seen as derived ffdm (1): a miersion of Theorer1 existginy x |4 —Y X7T||2,
s.t. YTY = I, whereA € R™*? is still seen as a data matrix containingamples of dimensiop. The solution is
X* =V, X1 RandY* = Polar(AX*) = Uy.,-R. Adding sparsity penalties t&, we get[24) and(25).

Following the alternating optimization scheme. WhEris fixed, in both case¥™ = Polar(AX). WhenY is
fixed, the¢, case becomesiny [[A"Y — X|[|% + 3=, \i[[ Xillo. LetZ = ATY', thenX[ = H /5. (Z;); the!; case
becomesniny 1/2||ATY — X||% 4+ Y, \il| Xill1, X; = Sx(Z;). Theith loading is obtained by normalizingj; to
unit length.

The iterative steps combined together produce essentiiedlgame solution processes to the original on€ls|in [6].
But, the matrix approximation formulation makes the relatof GPower to SPCArt and others apparent. The three
methods rSVD, TPower, and SPC below can be seen as spe@alafaSPower.

rSVD [[7]. rSVD can be seen as a special case of GPower, i.e. thiesingiponent case = 1. Here Polar(-)
reduces to unit length normalization. More loadings candtevi deflation[[4[ 7], e.g. updaté < A(I — z*2*7T)
and run the procedure again. Now, sinte* = 0, the subsequent loadings obtained are nearly orthogon#l to

If the penalties in rSVD are replaced with constraints, weawbT Power and SPC.

TPower [11]]. The/, case is

sednin (A =y |F st flzo < A llylle = 1. (26)
There are closed form solutions = Az /||Az||s, z* = P,_»(ATy). Py(-) sets the smallest entries to zerf. By
iteration,z(**+1) oc P,_, (AT Az()), which indicates equivalence to the original TPower.

SPC[14]. Thet; case isming 4., ||A — ydaT||%, s.t. |z]l1 < A, [lyll2 = 1, |z]2 = 1, d € R. d serves as the
length ofxz in (28). If the other variables are fixed; = y Axz. If d is fixed, the problem ismax, , tr(y’ Az), s.t.
[lz]lr < A Jlyll2 = 1, ||z|l2 = 1. A small modification leads to SPC:

max tr(y" Av), st [l <l < 1, lall2 < 1

which is biconvexy* = Ax /|| Az||2. However, there is no analytic solution ferit is solved by linear searching.

5 Relation of GPower to SPCArt and an Extension

5.1 Relation of GPower to SPCArt

Note that[[2#) and(25) are of similar forms fd (8) and (5) ezspely. There are two important points of differences.
First, SPCArt deals with orthonormal PCA loadings rathantlriginal data. Second, SPCArt takes rotation matrix
rather than merely orthonormal matrix as variable. TheSerdnces are the key points for the success of SPCArt.

Compared with SPCArt, GPower has some drawbacks. GPoweraon both the deflation mode & 1, i.e.
rSVD) and the block moder(> 1). In the block mode, there is no mechanism to ensure the gothedity of the
loadings. HereZ = ATY is not orthogonal, so after thresholding,also does not tend to be orthogonal. Besides, it
is not easy to determine the weights, since lengths,sfusually vary in great range. E.g., if we initializeé = Uy...,
thenZ = ATY = V., 3., which are scaled PCA loadings whose lengths usually degagrentially. Thus, if we
simply set the thresholds;’s uniformly, it is easy to lead to unbalanced sparsity amioaglings, in which leading
loadings may be highly denser. This deviates from the gosppafse PCA. For the deflation mode, though it produces
nearly orthogonal loadings, the greedy scheme makes iti@ohot optimal. And there still exists a problem of how
to set the weights appropriat@)Besides, for both modes, performance analysis may be diffacobtain.

2[7] did implement this version for rSVD, but using as a hetisifrick.
SEven ify is initialized with the maximum-length column of as [6] does, it is likely to align witfi/; .
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5.2 Extending rSVD and GPower to rSVD-GP

A major drawback of rSVD and GPower is that they cannot uséotmi thresholds when applying thresholding
x = T\(z). The problem does not exist in SPCArt since the inputs arenitfiength. But, we can extend the similar
idea to GPower and rSVD: lat = ||z||2 - Tx(z/]|z||2), which is equivalent to truncatingaccording to its length, or
using adaptive thresholds = T, (z). The other truncation types T-en and T-sp can be introdutedGPower
too. T-sp is insensitive to length, so there is no troublearameter setting; and the deflation version happens to be
TPower.

The deflation version of the improved algorithm rSVD-GP iswh in Algorithm[2, and the block version rSVD-
GPB is shown in Algorithni13. rSVD-GPB follows the optimizati described in Sectidd 4. For rSVD-GP, since
Polar(-) reduces to normalization of vector, and the extended ttiorc insensitive to the length of input, we can
combine thePolar step with theZ = ATY step and ignore the length during the iterations. Besidds,more
efficient to work with the covariance matrix,if > p.

Algorithm 2 rSVD-GP (deflation version)

1: Input: data matrixA € R™*P (or covariance matribxC' € RP*P), number of loadings, truncation typel’,
parameten.
2: Output: r sparse loading vectors € RP.
3: fori=1tordo
Initialize z;: j = argmaxy, | Ag||2 (or arg maxy, Cki), Setz;; = 1, zi, = 0, Vk # J.
repeat
2= AT Az; (or z = Cux;).
Truncation:z; = Th(z/]|z||2)-
until convergence
Normalization:z; = z;/||x;||2-
10:  Deflation: A = A(I — z;2) (or C = (I — z;21)O(I — z;21)).
11: end for

© 0N gk

Algorithm 3 rSVD-GPB (block version)

1: Input: data matrixA € R™*P, number of loadings, truncation typel’, parameten.
2: Output: sparse loadingX = [X4, ..., X,] € RP*",

3: PCA: compute rank-SVD of A: YX V7,

4: repeat

5. Z=ATY.

6 Truncation:Vi, X; = HZlHQ : TA(Zz/”ZzHQ)

7:  UpdateY: thin SVD of AX: WDQT,Y = WQT.

8

9

. until convergence
: NormalizeX: Vi, X; = X;/|| X2

6 Experiments

The data sets used include: (1) a synthetic data with somerlyimty sparse loading51[9]; (2) the classical Pitprops
data[25]; (3) a natural image data with moderate dimensiairalatively large sample size, on which comprehensive
evaluations are conducted; (4) a gene data with high dirnaressid small sample size [26]; (5) a set of random data
with increasing dimensions for the purpose of speed test.

We compare our methods with five methods: SPCA [9], PathSEALAALSPCA [10], GPower([6], and TPower
[17]. For SPCA, we use toolbok [27], which implemefgsand/; constraint versions. We use GPowerB to denote the
block version of GPower, as rSVD-GPB. We use SPCAf)Tto denote SPCArt using Ay; the other methods use the
similar abbreviations. Note that, rSVD-GP(T-sp) is eqlénato TPower[[1l1]. Except our SPCArt and rSVD-GP(B),
the codes of the others are downloaded from the authors’itesbs

There are mainly five criteria for the evaluation. (1) SP: mebsparsity of loadings. (2) STD: standard deviation
of sparsity of loadings. (3) CPEV: cumulative percentagexgflained variance (that of PCA loadings is CPEV(V)).
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Table 3: Recovering of sparse loadings on a synthetic data2. CPEV(V) = 0.9973. Loading pattern 5-10; 1-4,9-10
means the nonzero support of the first loading vector is 5 t@d@ the second is 1 to 4 and 9 to 10.

algorithm A loading CPEV
pattern
SPCA T-sp 4 5-10; 1-4 0.9848

0, || 2.2 | 1-4,9-10,5-8 | 0.8286
PathSPCA| T-sp || 4 | 5-10; 1-4,9-10] 0.9960

ALSPCA 0.7 5-10,1-4 | 0.9849
Tl || 1/yp | 510,14 | 0.9849

o [T [1//5| 510,14 | 0.9808
ISVD-GP \ o514 [ 5-10; 1-4,9-10] 0.9960
T-en 0.1 5-10; 1-4 0.9849

T4, || 1/ | 510,14 | 0.0848

T4 || 1/y5 | 510,14 | 00728

SPCAM T~ 4 [ 5-10; 1-4,9-10] 0.9968
T-en 0.1 5-10; 1-4 0.9848

(4) NOR: nonorthogonality of loadings,/ (r(r — 1)) >_,_,; [ cos 0(X;, X;)[ wherer is the number of loadings. (5)
Time cost, including the initialization. Sometimes we mag the worst sparsity among loadingsgyn; (1— || X;|lo/p),
instead of STD, when it is more appropriate to show the imizadaf sparsity.

All methods involved in the comparison have only one paramethat induces sparsity. For those methods that
have direct control on sparsity, we view them as belonging-$p and let\ denote the number of zeros of a vector.
GPowerB is initialized with PCA, and its parameters are sgt;a= 1, Vj and X's are uniform for all loadingH.
For ALSPCA, since we do not consider correlation among fpalccomponents, we se;; = 400, €7 = 400,
eg = 0.03, andep = 0.1. In SPCArt, for T, and T4; we set\ = 1/, /p by default, since it is the minimal threshold
to ensure sparsity and the maximal threshold to avoid titimgcto zero vector. The termination conditions of SPCArt,
SPCA are the relative change of loadings®) — X =1 || /\/r < 0.01 or iterations excee?00. rSVD-GP(B) uses
similar setting. All codes are implemented using MATLABHron a computer with 2.93GHz duo core CPU and 2GB
memory.

Table 4: A comparison of algorithms on the Pitprops date. 6, CPEV(V) = 0.8700. Loading patterns here describe
the cardinality of each loading vector.

algorithm A | Nz | 'eading | o | NoRr | cPEV
patterns
| ALSPCA ][ 0.65 | 17 [ 722213 0.1644 | 0.0008] 0.8011 |

GPower 0.1 19 | 712162 | 0.2030 | 0.0259 | 0.8111
rSVD-GP 0.27 | 17 | 612422 | 0.1411| 0.0209 | 0.8117
T-¢p | GPowerB || 0.115| 17 | 724112 | 0.1782| 0.0186 | 0.8087
rSVD-GPB 0.3 18 | 534132 | 0.1088 | 0.0222 | 0.7744

SPCArt 1//p | 18 | 424332 | 0.0688 | 0.0181 | 0.8013

SPCA 10 18 | 333333 0 0.0095| 0.7727
PathSPCA 10 18 | 333333 0.0484 | 0.7840
T-sp | rSVD-GP 10 18 | 333333 0.0455| 0.7819
rSVD-GPB 10 18 | 333333 0.0525| 0.7610

SPCArt 10 18 | 333333 0.0428 | 0.7514

[elje] o]

6.1 Synthetic Data

We will test whether SPCArt and rSVD-GP can recover some tlyidg sparse loadings. The synthetic data was
introduced by[[9] and became classical for sparse PCA pnoblé considers three hidden Gaussian factdrs:~

4The original random initialization for r-1 vectoiis| [6] maglifout of data subspace and result in zero solution. WhetguBCA as initialization,
distinct u; setting in effect artificially alters data variance.
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Figure 1: Convergence of SPCArt(}) on image data. The convergence is relatively stable, andriteria improve
along with the iteration.

N(0,290), ha ~ N(0,300), hg = —0.3h1+0.925ho+¢€, € ~ N(0,1). Then ten variables are generated= h;+¢;,

€ ~N(0,1),i=1,...,10,withj=1fori=1,...,4,j =2fori =5,...,8,7 =3fori =9, 10. Inwords,h; and

ho are independent, whiles has correlations with both of them, particulakly. The first 1-4 variables are generated
by h1, while the 5-8 variables are generated/y So these two sets of variables are independent. The laables
9-10 are generated by, so they have correlations with both of the 1-4 and 5-8 véemlparticularly the latter. The
covariance matrixC determined by:;’s is fed into the algorithms. For those algorithms that cadgept data matrix,
an artificial datad = Vx~1/2V7 is made wherd’ 2V = (' is the SVD ofC. This is reasonable since they share
the same loadings.

The algorithms are required to find two sparse loadings.d@ssSCPEYV, the nonzero supports of the loadings are
recorded, which should be consistent with the above gengratodel. The results are reported in Tdble 3. Except
SPCA(T41), the others, including SPCArt and rSVD-GP, successfidiyorvered the two most acceptable loading
patterns 1-4,9-10; 5-10 and 1-4; 5-10, as can be seen fro@REy/d

6.2 Pitprops Data

The Pitprops data is a classical data to test sparse PCA T2fre is a covariance matrix of 13 variables available:
C € R'3x13_ For those algorithms that only accept data matrix as irugrtificial data matrid = V=12V 7 s
made wherd’~V7T = C. The algorithms are tested to find= 6 sparse loadings. For fairnesss are tuned so that
each algorithm yields total cardinality of all loadingsndéed by NZ, about 18; and mainly T-sp andgTalgorithms
are tested. Criteria STD, NOR, and CPEYV are reported. Thitsesre shown in Tabld 4. Forff, SPCArt does best
overall, although its CPEV is not the best. The others, aafpe&Power(B), suffer from unbalanced cardinality, as
can be seen from the loading patterns and STD; their CPEV mdngh but they are mainly contributed by the dense
leading vector, which aligns with the direction of maximaliance, i.e. leading PCA loading. The improvements of
rSVD-GP(B) over GPower(B) on this point is significant, as t& seen from the tradeoff between STD and CPEV.
For T-sp, focusing on NOR and CPEYV, the performance of rS\WDiggood while that of SPCArt is somewhat bad,
for the CPEV is the worst although the NOR ranks two.

5Setting\ = 6 for T-sp, all recover another well accepted 5-8; 1-4 patteee[[7] for detalil.
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Figure 2: Performance bounds of SPCArt(T-en) for 3 levels @f image data. The legends of (c) and (d) are similar
to that of (e). EV is a normalized version EVi=(XT AT AX)/tr(AT A) so that it can be compared with CPEV.
Evdmin =d2,,,EV(V)/tr(AT A) and EVcos =cos?(0)EV (V) /tr(AT A). We see EVcos is better than EVdmin
in estimation, and EVcos meets empirical performance wedlt NOR, the algorithm performs far optimistic than
those upper bounds. Owning to the good orthogonality, E\taneparable to CPEV. For eachas iteration goes, SP
improves a lot while CPEV sacrifices little.

6.3 Natural Image Data

The investigation of the distribution of natural image et is important for computer vision and pattern recogmitio
communities. On this data set, we will evaluate the convergef SPCArt, the performance bounds, and make a
comprehensive comparisons between different algorithéestandomly select 5000 gray-scalex 13 patches from
BSDS [28]. Each patch is reshaped to a vector of dimension T66 DC component of each patch is removed first,
and then the mean of the data set is removed.

6.3.1 Convergence of SPCArt

We will show the stability of convergence and the improvehwrlSPCArt over simple thresholdingl[8]. We take
T-£y, r = 70 as example. CPEV(V) = 0.95. The results are shown in Figu@radually, SPCArt has found a local
optimal rotation such that less truncated energy from tteted PCA loadings is needed (Fig[Qire 1(b)) to get a sparser
(Figure[I(c)), more variance explained (Figbre JL(d)), amderorthogonal (Figurfe I(e)) basis. Note that, the results
in the first iteration are equal to those of simple threshmd8]. The final solution of SPCArt significantly improves
over simple thresholding.

6.3.2 Performance Bounds of SPCArt

We now compare the theoretical bounds provided in SeEfidnv&h empirical performance. T-en with = 0.15 is
taken as example, in which about 85% EV(V) is guaranteed chigese a more systematic evaluation, three levels of
subspace dimension are testeds [3 14 70] with the corresponding CPEV(V) = [0.42 0.71 0.9%he results are
shown in FiguréR. Note that most of the theoretical boundstlae absolute bounds without assuming the specific
distribution of data, so they may be very different from thepérical performance.
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First, for sparsity, the lower bound given [n{15) is abou¥d But as seen in Figufe 2[a), the empirical sparsity is
far better than expectation, especially whes larger.

Similar situation occurs for nonorthogonality, as seenigufe[2(b). The upper bounds are far too pessimistic to
be practical. It may be caused by the high dimension of data.

Finally, for explained variance, it can be found from Figdfe),[2(d)[ 2(€) that there is no large discrepancy be-
tween EV and CPEYV, owning to the near orthogonality of thesphaasis as indicated in Figyre 2(b). On the other
hand, the specific bound EVcos is better than the universald&Vdmin. In contrast to sparsity and nonorthogonal-
ity, EVcos meets the empirical performance well, as analyaeSectio 3.4.
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Figure 3: rSVD-GP v.s. GPower(B) on image data. From (c), eethat for GPower(B), the uniform parameter
setting leads to unbalanced sparsity, the worst case isrrdémse. rSVD-GP significantly improves over GPower(B)
on the balance of sparsity as well as the other criteria.
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Figure 4: rSVD-GP v.s. rSVD-GPB on image data. Both aredhited with PCA. From (b), we see the block version
gets much worse orthogonality than the deflation versiom. Gther criteria are comparable except time cost.
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Figure 5: SPCArt v.s. rSVD-GP on image data. The two methbtiiio comparable results on these criteria.

6.3.3 Performance Comparisons between Algorithms

We fix » = 70 and run the algorithms over a range of paramgterproduce a series of results, then the algorithms are
compared based on the same sparsity. We first verify the wmeprent of rSVD-GP over GPower(B) on the balance

15



=
o
4

* x&(x q« 4
N N TN o0d] & SPCAR(T L)) *x 014 * o PN
X - e
4 4 < A #* PathSPCA * 014 x q <K<
‘e “tq L4 MAZA 0.024] * ALSPCA Pl - % N a4 4
089 . SPCA(1) & 0.1} e 1 2 e <
2 0.04| . SpCA(T- % i o3 4
N T e T E e, .
0. 0.0 % LS A 5| Eoad g P
. X ¢J
¥| <
0.04 A 4 %ﬁw “
0.74 I 20 %ﬁ* LW
0.02 % Y P
o LY . S ban
0.75 0.8 0.85 0.9 0.95 1 0. 0.4 0.6 0.8 0.2 0.4 0.6 0.8
sP sP 53
(a) CPEV (b) NOR (c) STD (d) Time cost

Figure 6: SPCArt v.s. SPCA, PathSPCA, ALSPCA on image datamake the figures less messy/iTis taken
as representative for SPCArt. SPCArt performs best ovyavhile PathSPCA performs best at CPEV. ALSPCA and
SPCA are unstable. PathSPCA and SPCA are time consuming.

of sparsity, and take rSVD-GP(B) as example to show that tbeklgroup produces worse orthogonality than the
deflation group. Then we compare SPCArt with the other allgors.

(1) rSVD-GP v.s. GPower(B), see Figlke 3. For GPower(B),uhiform parameter setting leads to unbalanced
sparsity. In fact, the worst case is usually achieved by ¢ladihg loadings. rSVD-GP significantly improves over
GPower(B) on this criterion as well as the others.

(2) rSVD-GP v.s. rSVD-GPB, see Figurk 4. The block versiavegk gets worse orthogonality. This is because
there is no mechanism in it to ensure orthogonality.

(3) SPCArt v.s. rSVD-GP, see Figurk 5. The two methods olzmmparable results on these criteria.

(4) SPCArt v.s. SPCA, PathSPCA, and ALSPCA, see Figlre 6.A8R8&rforms best overall. Generally, Path-
SPCA performs best at CPEV, but its time cost increases vaticality. ALSPCA is unstable and sensitive to
parameter, so is SPCA. Besides, SPCA is time consuming.
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Figure 7: Evolution of solution as increases on image data, SPCArt v.s. PathSPCA, ALSPCA, SBURArSVD-
GP(T4p). In (f), only SPCArt and rSVD-GP are shown. SPCArt is instvesto parameter setting. Compared with the
deflation algorithms (PathSPCA, rSVD-GP), the loadingsPCArt are adaptive with, whose properties gradually
improve. Whenr becomes the full dimension, 7I- perfectly recovers the natural basis which is globally ot

as can be seen from SP, worst sparsity, and NOR. Both the tarsigpcriteria reactip — 1)/p = 0.994 and NOR
touches bottom 0. T-en achieves similar results.
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Figure 8: Images of the first 10 and the last 10 loadings amloagdtal 70 loadings on image data. 1st line: PCA;
2nd line: rSVD-GP(T-sp); 3rd line: SPCArt(T-sp). = |0.85p|. rSVD-GP is greedy, and the results of it are more
confined to those of PCA, while SPCArt is more flexible.
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Figure 9: SPCATrt(T,) vs. rSVD-GP(T¢,), ALSPCA, and SPCA on gene data,= 6. To be less messy, the
other truncation types are not shown. ALSPCA is much mordéycss it is not shown in (d). SPCArt(fy) and
rSVD-GP(T+,) perform best, and both finish within 1 second in such highedisional data.

6.3.4 Evolution of Solution as- Increases

Finally, we evaluate how the solution evolves-dacreasesr is sampled so that CPEV(V) =[0.30.50.7 0.8 0.9 0.95
0.99 1]. For simplicity, the\'s are kept fixed, they are set as follows/gE-1/,/p; T-sp: [0.85p|; T-en: 0.15; T-/;:
SPCArt1/,/p, SPCA4, ALSPCAQ.7. The results are plotted in Figure 7. We can observe that:

(1) Using the same threshold /T4s always more sparse and orthogonal thaly, while explaining less variance.

(2) SPCArt is insensitive to parameter. A constant settioglpces satisfactory results acre%s But it is not the
case for rSVD-GP.

(3) In contrast to the deflation algorithms (PathSPCA, rS8B}, SPCArtis a block algorithm. Its solution evolves
asr. The sparsity, explained variance, orthogonality, an@me of sparsity improve asincreases, and it has the
potential to get optimal solution. This is evident for T-emdar-¢; whenr becomes the full dimension 169. (1-
perfectly recovers the natural basis which is globally md; and T-en obtains similar results. Visualized images of
the loadings of the deflation and block algorithm are showFigure[8. Due to the greedy nature, the results obtained
by deflation algorithm are more confined to those of PCA; aeditist 10 loadings differ significantly from the last
10 loadings.

6.4 Gene Dataf < p)

We now try the algorithms on the Leukemia datasel [26], whimhtains 7129 genes and 72 samplespi.g: n data.

This is a classical application that motivates the develapof sparse PCA. Because from the thousands of genes,
a sparse basis can help us to locate a few of them that detstfia distribution of data. The results are shown in
Figure[9. For this type of data, SPCA is run on the> n mode [9] for efficiency. PathSPCA is very slow except
when SB> 97%, so it is not involved in the comparison. SPCAr{} and rSVD-GP(T¢,) perform best (the later is
slightly better).

6.5 Random Data ¢ > p)

Finally, we test the computational efficiency on a set of mndlata with increasing dimensiops= [100 400 700
1000 1300]. Following([15,10,]6], zero-mean, unit-variar@aussian data is used for the test. To make how the
computational cost depends prlear, we letv = p + 1. For fair comparison, only T-sp with = |0.85p| are tested.

r is set to 20. The results are shown in Figuré 10. rSVD-GP atldSPLA increase nonlinearly againstwhile
SPCArt grows much slowly. Remember in Fig{ire $(d), we alyegttbwed that the time complexity of PathSPCA
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increases nonlinearly against the cardinality, and frogufé[7(f), we saw SPCArt increases nonlinearly against
All these are consistent with Talflé 1. When dealing with idghensional data and pursuing a few loadings, SPCArt
is advantageous.
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Figure 10: Speed test on random data with increasing diroepsiSPCArt grows much slowly gs

7 Conclusion

According to the experiments, SPCArt significantly impresanple thresholding. rSVD-GP(B) improves GPower(B).
rSVD-GP obtains loadings more orthogonal than rSVD-GPBC/&R®, rSVD-GP, and PathSPCA generally perform
well. PathSPCA consistently explains most variance, bigttihe most time-consuming among the three. rSVD-GP
and SPCArt perform similarly on sparsity, explained vacigrorthogonality, and balance of sparsity. However rSVD-
GP is more sensitive to parameter setting (except rSVD-GPBJJTi.e. TPower), and it is a greedy deflation algorithm.
SPCArt belongs to the block group, its solution improveslite target dimension, and it has the potential to obtain
globally optimal solution.

When the sample size is larger than the dimension, the tirseaéd®athSPCA and rSVD-GP go nonlinearly with
the dimension, while SPCArt increases much slowly. Theydeal with high dimensional data under different situa-
tions, SPCArt: the number of loadings is small; rSVD-GP:shmple size is small; PathSPCA: the target cardinality
is small.

The four truncation types of SPCArt work well in differenpasts: T¢, hard thresholding performs well overall;
T-¢; soft thresholding gets best sparsity and orthogonalityp Trard sparsity constraint directly controls sparsity and
has zero sparsity variance; T-en truncation by energy gteea explained variance, and the performance bound is
tight.

There are two open questions unresolved. (1) Under whatitbmmsl can SPCArt, with each truncation type,
recover the underlying sparse basis? Efforts have been reaestly on this probleni [29, 80, 111,121]. (2) Is there any
explicit objective formulation for T-en?

A Proof of the solution of T-sp
WhenR is fixed, defineZ = VR, (@) becomes independent subproblems:

min [|Z; = Xill%, st | Xifo <p— A [|Xifl2 = 1. 27)

Proposition 14. X* = P\(Z;)/||Px(Z;)|)2 is the solution of[(27).

Proof. The problem is equivalent tmaxx, Z X;, s.t. || X;[lo < p — A, || Xil2 = 1. We first prove that the non-
zeros of X are the normalized entries &f, in the same support @, then provd| X *||o = p — A and the support
corresponds to the largest entriesff Assume the support of* is S. Divide Z; into two partsZ; = Zi + Z;,
whereZ; has the same support &5, andZ; has the remaining support. The problem is reduceddex, ZlTXZ
s.t. suppoitX;) = S, || X;||2 = 1. The solution isX} = Z; /|| Zi||2. Next, sinceZ! Z;/|| Zi||2 = || Zi||2, to achieve a
minima, || Z;||» should be as large as possible. That is the langest entries ofZ;. O
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B Proofs of Performance Bounds of SPCArt

Many of the results can be proven by studying the special casé1,0,...,0)" andz = 1/, 1/\/1‘))T
mainly focus on the less straightforward ones.

B.1 Sparsity and Deviation

Proposition 7. For T-¢y, the sparsity bounds are

0<s(z)<1-— 1—17 A<
1- /\2<s()§ JA>

Shg-

Deviationsin(f(x, z)) = ||z||2, wherez is the truncated partz; = z; if ; = 0, andz; = 0 otherwise. The absolute

bounds are:
Vp—1XN A<
0 <sin(f(x, 2)) < {1 b

JA >

%I %I

All the above bounds are achievable.

Proof. We only provel — p% < s(x), if A > \/_ The others are easy to obtain. et z — z, i.e. the part abovg,
and letk = ||Z]|o, thenkA? < ||Z]|3 < 1. Sok < 1/A2. Since||z|lo = ||Z]|0, s(z) =1 — ||z]lo/p > 1 —1/(pA?). O

Proposition 8. For T-¢;, the bounds of(x) and lower bound ofin(f(z, z)) are the same as Ty. In addition, there

are relative deviation bounds
[Zll2 < sin(0(z, 2)) < \/lIZ]13 + A2[|z]lo-

Proof. LetZ = z — z, 2 = S)(z) andy = Z — 2. Note that the absolute value of nonzero entrya$ )\, and

lyll2 = A/12l0 = A/][2]lo- Then,
cos(0(x, 2)) = cos(0(2, 2)) = 272/ 2o (28)

Expandz = Z + y + z and note that is orthogonal taZ andZ, since their support do not overlap. We have,

2Tz = 12112 + 27y. (29)

By the soft thresholding operation,
0< 2%y < |12ll2llyll2- (30)

Combining [28),[(20) and (30), we hayié||> < cos(d(z, z)) < ||2]]2 + ||y||2- Note that the upper bound &f{30) is

achieved whert andy are in the same direction, and in this calsgl|s + [|yll2 = ||Z]|2. So||2]|2 < cos(f(z, 2)) <

|Z]l2- Thenl — ||Z||3 < sin®(0(x, 2)) < 1 — ||2]|3. The upper bound is approached whebecomes orthogonal to

y, in this case| 2|3 + [|lyll5 + [|23 = [[z[|3 = 1. Hence,l — |23 = ||2][5 + [lyll3 = [12]13 + A*[|z[lo. Besides,
|

1— |22 = ||Z||2. The final result ig)z]» < sin(6(z, 2)) < /2 + A2]]lo.

Propositio ID can be proved in a way similar to T-en.

Proposition 11. For T-en,0 < sin(#(x, z)) < v/\. In addition

[Ap]/p < s(z) <1-1/p.
If A < 1/p, there is no sparsity guarantee. Wheis moderately large| A\p| /p =~ A.
Proof. Sort squared elements ofin ascending order, and assume they gre< 23 < ... < 2 and the firstt of
them are truncated. K is un|f0rm i.e.2? = z = 1/p, then the number of truncated entnesk(i)s | Ap]. Suppose
Jz achieves: < ko, thenzl | 22is greaterthan that of uniform case |E > ko/p. By the orderingzy is
above the mean of the firkg entries,z; > 1/ko " 22 > 1/p. Buton the other hand,% +1 is below the mean of

111
52

the remaining part;? , < 1/(p — ko)zl ko1 Ze < 1/(p—ko)(1 — ko/p) = 1/p < 2, 1.e. 2% o1 < 2, which
is a contradiction. Thusp\pj /p < s(x). O

zlz
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B.2 Explained Variance

Theorem 12. Let rankr SVD of A € R"*? pe ULVT, ¥ € R™*". GivenX € RP*" assume SVD ak”V is
WDQT, D e R™", dppin = min; Dy;. Then

dpin - EV(V) < EV(X),
andEV (V) =3, %%,

T
Proof. Let SVD of AT A be [V, V4] A VT
Aol |V

loadings. Then

}, whereA = X2 and subscript 2 associates with the remaining

tr(XTATAX) = tr(XT[V, Vi) [A A } Eﬁ;] X)

=tr(XTVAVTX) 4+ tr(XTVo Ao VI X)
> tr(XTVAVTX)

= tr(WDQTAQDWT)

= tr(QTAQD?)

tr(QTAQ) min

i

O

Theorem 13. LetC = ZT X, i.e. C;; = cos(0(Z;, X;)), and letC be C with diagonal elements removed. Assume
0(Zi, X;) = 0andy_7 CF < 1,Vi, then

1] —
(cos*(0) — v/r — 1sin(26)) - EV(V) < EV(X).
Whend is sufficiently small,
(cos?(0) —O(0)) - EV(V) < EV(X).
Proof. Following the notations of the previous theorem,

tr(XTATAX)

> tr(XTVAVTX)

=tr(XTVRTRARTRVTX)

tr(CT RART C)

tr(RARTCCT)

tr(RART (I cos(0) + C)(I cos(0) + CT))

r(RAR” (I cos®(0) + (C' + CT) cos(0) + CCT))
(

=1
> tr(A) cos®(0) + tr(RART (C + CT)) cos(6).

We estimate the minimum eigenvaldg,;,, of the symmetric matrixd = C + C”'. By Gershgorin circle theorem,

20



|)\mzn| < Z;#l |Sij|1 VZ, SinceSZ-Z- =0.

Z|SZJ|fZ|cos (Zi, X;)) + cos(0(X;, Z;))|

J#i J#i
<D leos(0(Zi, X))+ | cos(0(Xi, Z5))|
J#i =
<Vr-— 1(2 | cos(é’(Zi,Xj))|2)_1/2
J#i
V1Y eos(0(Xs, Z;))2) 2,
J#i
The last inequality holds sincez € R?, ||z||; < \/p||z||.. Because is ther orthonormal vectorg) Z7 X; ||, <
[Xilla = 1, and Z X; = cos(6(X, Z;)), hence}’ ;| cos(0(X;, ZN? < 1 —cos?(0) = sin*(). And by
assumptiony " CZ < 1, so we also havd ", | cos(6(Z;, X;))|* < sin®(6). Thus,>>" ;1S5 < 2v/r — 1sin(0),
and\.in, > —2v/r — 1sin(0). Finally,
tr(XTATAX) > tr(A) cos?(0) + tr(RART (C + CT)) cos(0)
> EV (V) cos®(0) + EV(V)Apin cos(6)
= (cos®(0) — 2v/r — Lcos(0) sin(0)) BV (V)
= (cos*(#) — Vr — 1sin(20)) EV (V).
Whend is sufficiently small, such thain(20) ~ 20, we havetr(XT AT AX) > (cos?(0) — O(0))EV (V). O

C Deducing Original GPower from Matrix Approximation Formu lation

First, we give the original GPower. Fixirig, (Z2) and[(ZB) have solution$;" = H - (A"Y;)/|H /5 (A"Y;)|]2 and
= S (ATY:)/]1Sx; (ATY;)| 2 respectively. Substituting them into original objectivie® ¢, problem becomes

maxzz [(ATY:)? = N4, s.t.YTY =1, (31)
and the/; problem becomesiaxy Y, >~ [|ATY| — Xi] 4, s.£. YTV = I. Actually, it is to solve
maxzz 1ATY;| = N)2, st YTY =1 (32)

Now the problem is to maximize two convex functions, [6] appmately solves them via a gradient method which is
generalized power method. Thid iteration is provided by

Y = Polar(AH ;5-(ATY(71)), (33)
and
Y® = Polar(ASy, (ATY 1)), (34)

We now see how these can be deduced from the matrix appragimfatmulations[(24) and(25). SpliX into
X =WD, s.t.||[W;]]2 = 1,ViandD > 0 is diagonal matrix whose diagonal eleménin fact models the length of
the corresponding column &f. Then they become

: _ T2 . :
i A=Y DWT|G 37 Al Will,
=A%+ dF = 2> dYTAW; + > X[ Willo, (35)

st. Y'Y =1, D > 0is diagonal |W;|» = 1, Vi,
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and

: 1 T2
min Sll4 = YDWT|E+ 37 AilditWil.

71 2 1 2 T (36)
=5 Al%+ 5 ;di - ;diYi AW; + Z Aids || Wil
s.t.YTY =1, D > 0is diagonal |W;|s =1, Vi.

Fix Y andW, and solveD. For thel, cased; = Y, AW;. Substituting it back, we gei(22).

For thel; cased; = Y;" AW, — \;||[W;||1. Assume); is sufficiently small, them; > 0 is satisfied. Substituting
it back we getnaxy,w Y, (Y, AW; — )\iHWi”1)27 st.YTY =1, Vi, |[Wi]|2 = 1. When we fixY" and solvelV/,
under the previous assumption it is equivalenftd (23). switisg W, = S, (ATY;)/||Sx, (ATY;)|2 back, we obtain

(32).
Finally, we can see that the solutiois](33) ahd (34) litgrabbmbine the two solution steps ¢f {24) andl(25)

respectively.

Acknowledgment

This work was partly supported by National 973 Program (ZEB329500), National Natural Science Foundation of
China (No. 61103107 and No. 61070067), and Research Futitef@octoral Program of Higher Education of China
(No. 20110101120154).

References

[1] 1. Jolliffe, Principal component analysis Springer, 2002.

[2] A. d’Aspremont, F. Bach, and L. Ghaoui, “Optimal solut®for sparse principal component analysigurnal
of Machine Learning Researctol. 9, pp. 1269-1294, 2008.

[3] I. Jolliffe, N. Trendafilov, and M. Uddin, “A modified prizipal component technique based on the lasknjtnal
of Computational and Graphical Statistjol. 12, no. 3, pp. 531-547, 2003.

[4] L. Mackey, “Deflation methods for sparse pcaAflvances in Neural Information Processing Systerok 21, pp.
1017-1024, 2009.

[5] I. T. Jolliffe, “Rotation of ill-defined principal compments,"’Applied Statisticspp. 139-147, 1989.

[6] M. Journée, Y. Nesterov, P. Richtarik, and R. SepudchiGeneralized power method for sparse principal com-
ponent analysisJournal of Machine Learning Reseataclol. 11, pp. 517-553, 2010.

[7]1 H. Shen and J. Huang, “Sparse principal component aisalya regularized low rank matrix approximation,”
Journal of multivariate analysjsrol. 99, no. 6, pp. 1015-1034, 2008.

[8] J. Cadima and I. Jolliffe, “Loading and correlations iretinterpretation of principle compenentdgurnal of
Applied Statisticsvol. 22, no. 2, pp. 203-214, 1995.

[9] H. Zou, T. Hastie, and R. Tibshirani, “Sparse principahgponent analysis,Journal of computational and
graphical statisticsvol. 15, no. 2, pp. 265-286, 2006.

[10] Z.Luand Y. Zhang, “An augmented lagrangian approackparse principal component analysiAthematical
Programming pp. 1-45, 2009.

[11] X. Yuan and T. Zhang, “Truncated power method for spaigenvalue problemsJournal of Machine Learning
Researchvol. 14, pp. 899-925, 2013.

[12] R. Tibshirani, “Regression shrinkage and selecti@ntlie lasso,Journal of the Royal Statistical Society. Series
B (Methodological)pp. 267—-288, 1996.

22



[13] H. Zou and T. Hastie, “Regularization and variable gt via the elastic netJournal of the Royal Statistical
Society: Series B (Statistical Methodologydl. 67, no. 2, pp. 301-320, 2005.

[14] D. Witten, R. Tibshirani, and T. Hastie, “A penalized tmadecomposition, with applications to sparse principal
components and canonical correlation analy8#gstatistics vol. 10, no. 3, p. 515, 2009.

[15] A. d’Aspremont, L. El Ghaoui, M. Jordan, and G. Lanckri@ direct formulation for sparse pca using semidef-
inite programming,SIAM Reviewvol. 49, no. 3, pp. 434-448, 2007.

[16] Y. Zhang and L. El Ghaoui, “Large-scale sparse princgmmponent analysis with application to text data,”
2011.

[17] B. Moghaddam, Y. Weiss, and S. Avidan, “Spectral boufodsparse pca: Exact and greedy algorithnigy*
vances in Neural Information Processing Systevos 18, p. 915, 2006.

[18] ——, “Generalized spectral bounds for sparse Ida,Phoceedings of the 23rd international conference on
Machine learning ACM, 2006, pp. 641-648.

[19] Y. Zhang, A. dAspremont, and L. Ghaoui, “Sparse pca:vearnelaxations, algorithms and applicatiortdgnd-
book on Semidefinite, Conic and Polynomial Optimizatagm 915-940, 2012.

[20] G. Golub and C. Van LoamMatrix computations Johns Hopkins Univ Pr, 1996, vol. 3.

. Ma, “Sparse principal component analysis and i resholding, The Annals of Statisticsol. 41, no. 2,
21] Z.Ma, “S incipal lysi d iteesthresholding, The Annals of Statisticsol. 41 2
pp. 772-801, 2013.

[22] C. Eckart and G. Young, “The approximation of one mabixanother of lower rank,Psychometrikavol. 1,
no. 3, pp. 211-218, 1936.

[23] D. L. Donoho, “For most large underdetermined systefiimear equations the minimélL-norm solution is also
the sparsest solutionCommunications on pure and applied mathematios 59, no. 6, pp. 797-829, 2006.

[24] K. Fan, “A generalization of tychonoff’s fixed point tbeem,” Mathematische Annalewol. 142, no. 3, pp.
305-310, 1961.

[25] J. Jeffers, “Two case studies in the application of gipal component analysisipplied Statisticspp. 225-236,
1967.

[26] T. Golub, D. Slonim, P. Tamayo, C. Huard, M. Gaasenbeekylesirov, H. Coller, M. Loh, J. Downing,
M. Caligiuri, et al, “Molecular classification of cancer: class discovery ata$g prediction by gene expres-
sion monitoring,"Sciencevol. 286, no. 5439, p. 531, 1999.

[27] K. Sjostrand, “Matlab implementation of lasso, latise elastic net and spcdjiformatics and Mathematical
Modelling, Technical University of Denmark (DT\2005.

[28] D. Martin, C. Fowlkes, D. Tal, and J. Malik, “A databasehmman segmented natural images and its applica-
tion to evaluating segmentation algorithms and measuigotpgical statistics,” innternational Conference on
Computer Vision |EEE, 2001, pp. 416-423.

[29] A. Amini and M. Wainwright, “High-dimensional analysof semidefinite relaxations for sparse principal com-
ponents,"The Annals of Statisticsol. 37, no. 5B, pp. 2877-2921, 2009.

[30] D. Paul and I. M. Johnstone, “Augmented sparse prin@dpaponent analysis for high dimensional dataXiv
preprint arXiv:1202.12422012.

23



	1 Introduction
	1.1 PCA
	1.2 Sparse PCA
	1.3 Our Method: SPCArt

	2 Related Work
	3 SPCArt: Sparse PCA via Rotation and Truncation
	3.1 Motivation
	3.2 Objective and optimization
	3.2.1 Fix X, solve R
	3.2.2 Fix R, solve X

	3.3 Truncation Types
	3.4 Performance Analysis
	3.4.1 Orthogonality
	3.4.2 Sparsity and Deviation
	3.4.3 Explained Variance


	4 A Unified View to Some Prior Work
	5 Relation of GPower to SPCArt and an Extension
	5.1 Relation of GPower to SPCArt
	5.2 Extending rSVD and GPower to rSVD-GP

	6 Experiments
	6.1 Synthetic Data
	6.2 Pitprops Data
	6.3 Natural Image Data
	6.3.1 Convergence of SPCArt
	6.3.2 Performance Bounds of SPCArt
	6.3.3 Performance Comparisons between Algorithms
	6.3.4 Evolution of Solution as r Increases

	6.4 Gene Data (np)
	6.5 Random Data (n>p)

	7 Conclusion
	A Proof of the solution of T-sp
	B Proofs of Performance Bounds of SPCArt
	B.1 Sparsity and Deviation
	B.2 Explained Variance

	C Deducing Original GPower from Matrix Approximation Formulation

