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Abstract—We consider two-way amplify and forward relaying,
where multiple full-duplex user pairs exchange information via a
shared full-duplex massive multiple-input multiple-output (MIMO)
relay. We derive closed-form lower bound for the spectral efficiency
with zero-forcing processing at the relay, by using minimum mean
squared error channel estimation. The zero-forcing lower bound for
the system model considered herein, which is valid for arbitrary
number of antennas, is not yet derived in the massive MIMO
relaying literature. We numerically demonstrate the accuracy of the
derived lower bound and the performance improvement achieved
using zero-forcing processing. We also numerically demonstrate the
spectral gains achieved by a full-duplex system over a half-duplex
one for various antenna regimes.

Index Terms— Full-duplex, relay, spectral efficiency.

I. INTRODUCTION

Relay based communication is being extensively investigated

to expand the coverage, improve the diversity, increase the data

rate and reduce the power consumption of wireless communica-

tion systems [1], [2]. The current generation relays are mostly

half-duplex due to their implementation simplicity. Full-duplex

technology is becoming popular after recent studies, e.g., [3],

[4], demonstrated a significant reduction in the loop interference,

caused due to transmission and reception on the same channel.

A full-duplex relay [5], commonly known as full-duplex one-

way relay, transmits and receives on the same channel, and can

theoretically double the spectral efficiency, when compared with

a half-duplex one-way relay [1], [2].

Full-duplex two-way relaying [6], wherein two users exchange

two data units in one channel use via a relay, further improves

the spectral efficiency. Two-way full-duplex relaying is recently

extended to multi-pair two -way full-duplex relaying [7]–[9]

wherein multiple user pairs exchange data via a shared relay

in a single channel use. A multi-pair two-way full-duplex relay

system has following interference sources: i) co-channel (inter-

pair) interference due to multiple users simultaneously accessing

the channel; ii) loop interference at the relay and at the users;

and iii) inter-user interference caused due to simultaneous trans-

mission and reception by full-duplex nodes.

Massive multiple-input multiple-output (MIMO) systems have

become popular as they cancel co-channel interference by using

simple linear transmit processing schemes e.g., zero-forcing

transmission (ZFT) and maximal-ratio transmission (MRT) [10],

[11], and significantly improve the spectral efficiency. Mas-

sive MIMO technology is also being incorporated in multi-

pair full-duplex relays to cancel the loop interference at the

relay, and inter-pair co-channel interference [7]–[9], [12], [13].

Reference [7] derived the achievable rate and a power allocation

scheme to maximize the ergodic sum-rate for one-way decode

and forward full-duplex massive MIMO relaying. Zhang et al.

in [8] proposed four power scaling schemes for two-way full-

duplex massive MIMO relaying to improve its spectral and

energy efficiency. Reference [9] developed a power allocation

scheme to maximize the sum-rate for multi-pair two-way full-

duplex massive MIMO amplify-and-forward (AF) relaying by

using maximal-ratio combining (MRC)/MRT processing at the

relay, and by using least squares (LS) channel estimation.

Dai et al. in [12] considered a half-duplex multi-pair two-way

massive MIMO AF relay and derived closed-form achievable rate

expressions and a power allocation scheme to maximize the sum-

rate with imperfect channel state information (CSI). The authors

in [13] developed power scaling schemes for half-duplex massive

MIMO one-way relay systems.

The authors in [9] have derived the spectral-efficiency lower

bound for MRC/MRT relay processing with LS channel estima-

tion. We extend the work done in [9], and next list the main

contributions of this paper.

• We derive closed-form lower bound for the spectral effi-

ciency of the multi-pair two-way AF full-duplex massive

MIMO relay for arbitrary number of relay antennas. We

consider zero-forcing reception (ZFR)/zero-forcing trans-

mission (ZFT) processing at the relay and minimum-mean-

square-error (MMSE) relay channel estimation. We note

that the bound obtained for MRC/MRT processing based on

LS channel estimation in [9] cannot be trivially extended

to the ZFR/ZFT processing with MMSE channel estima-

tion, considered herein. This closed-form spectral-efficiency

lower bound, with arbitrary number of relay antennas, to

the best of our knowledge, have not yet been derived in the

massive MIMO relaying literature.

• We also numerically demonstrate the considerable spectral

efficiency gains achieved due to MMSE channel estimation

and ZFR/ZFT processing.

II. SYSTEM MODEL

We consider multi-pair two-way AF full-duplex relaying as

shown in Fig. 1, where K full-duplex user pairs communicate via

a single full-duplex relay on the same time-frequency resource.

We assume that the user S2m−1 for m = 1 to K on one side

of the relay, wants to send as well as receive from the user S2m

that is on the other side of the relay. We also assume that there is

no direct link between the user-pairs (S2m−1, S2m) on the either

side of the relay due to large path loss and heavy shadowing.

Also the relay has N transmit and N receive antennas, while

each user has one transmit and one receive antenna. The users on

either side of the relay, due to full-duplex architecture, interfere
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with each other; the interference caused is termed as inter-user

interference.

Fig. 1: Multi-pair two-way full-duplex AF massive MIMO relay system.

At time instant n, each user Sk, k = 1 to 2K , transmits

the signal
√
pkxk(n) to the relay, and simultaneously the relay

broadcasts xR(n) ∈ CN×1 to all users. Here pk denotes the

transmit power of the kth user. The received signal at the relay

and the user Sk are given as

yR(n) =

2K∑

k=1

√
pkgkxk(n) +GRRxR(n) + zR(n)

= G̃x(n) +GRRxR(n) + zR(n), (1)

yk(n) = fTk xR(n) +
∑

i,k∈Uk

Ωk,i
√
pixi(n) + zk(n). (2)

We denote the matrix G = [g1, g2, g3, · · · , g2K ] ∈ CN×2K

and the matrix (to be used later in the sequel) F =
[f1, f2, f3, · · · , f2K ] ∈ CN×2K , where gk and fk denote the

channels from the transmit antenna of the kth user to the relay

receive antenna array, and from the relay’s transmit antenna

array to the receive antenna of the kth user, respectively. Fur-

ther, G̃ = GP where P = diag
{√

p1,
√
p2, · · · √p2K

}
with

0 ≤ pi ≤ P0 and
∑2K

i=1 pi = P . The receive signal at the

relay and the users are interfered by their own transmit signal,

which is called as the self-loop interference. Here GRR and Ωk,k

denote the self-loop interference at the relay and the user Sk. The

entries of the matrix GRR and the scalar Ωk,k are independent

and identically distributed (i.i.d.) with distribution CN (0, σ2
LIR)

and CN (0, σ2
k,k), respectively. The term Ωk,i (k, i ∈ Uk, i 6= k)

denote the inter-user interference channel, which is modeled

as i.i.d. CN (0, σ2
k,i), where the set Uk = [1, 3, 5, · · · , 2K − 1]

for odd k and Uk = [2, 4, 6, · · · , 2K] for even k. The vector

x(n) = [x1(n), x2(n), x3(n), · · · , x2K(n)]
T ∈ CN×1 with

E
[
x(n)xH(n)

]
= I2K . The vector zR(n) ∈ CN×1 and the

scalar zk(n) are additive white Gaussian noise (AWGN) at the

relay and the user Sk. The elements of zR and the scalar zk(n)
are modeled as i.i.d. CN (0, σ2

nr) and CN (0, σ2
n), respectively.

The channel matrices account for both small-scale and large-

scale fading; we therefore express G = HuD
1/2
u and F =

HdD
1/2
d . Here the small-scale fading matrices Hu and Hd have

i.i.d. CN (0, 1) elements, while the kth element of large-scale

diagonal fading matrices Du and Dd are denoted as σ2
g,k and

σ2
f,k, respectively. The inter-element distance is assumed to be

smaller than the distance between the transmit array and the

receive array which leads to the channel between the transmit

and receive antennas to be independent.

In the first time slot (n = 1), the relay only receives the signal

and does not transmit. The signals received at the relay and the

user Sk are given respectively as

yR(1) = G̃x(1) + zR(1)

yk(1) =
∑

i,k∈Uk

Ωk,i
√
pixi(1) + zk(1). (3)

At the nth time slot, the relay linearly precodes its received

signal yR(n− 1) using a matrix W such that

xR(n) = αWyR(n− 1), (4)

where α is the scaling factor chosen to satisfy the relay power

constraint. The relay transmit signal xR, similar to [8], can be

re-expressed using (1) as

xR(n) = s (x(n− ν) + x(n− 2ν) + · · ·
+ zR(n− ν) + zR(n− 2ν) + · · · ) . (5)

Here s(·) is a function involving vector and matrix operation,

and ν is the relay processing delay (ν = 1 in this paper). There

are various solution proposed in the relaying literature, e.g.,

[14], that significantly suppress the self-loop interference caused

due to xR such that the residual self-loop interference can be

replaced with x̃R(n), an additional Gaussian noise source with
{
E
[
x̃R(n)x̃

H
R (n)

]}
= PR

N IN [8]. Therefore, the relay receive

signal in (1) can be re-expressed as

ỹR(n) = G̃x(n) +GRRx̃R(n) + zR(n). (6)

We re-write the relay transmit signal in (4), using (6), as

xR = αWỹR(n− 1). (7)

For the sake of brevity, we will drop the time labels. Using (6),

we re-write (4) as

xR = αWỹR = αWG̃x+ αWGRRx̃R + αWzR. (8)

The relay transmit signal should satisfy its transmit power

constraint such that

PR = Tr
{
E
[
xRx

H
R

]}

=E

[

‖αWG̃x‖2
]

+E
[
‖αWGRRx̃R‖2

]
+E

[
‖αWzR‖2

]
, (9)

which leads to the following value of the scaling factor α

α=

√
√
√
√

PR

E

[

‖WG̃x‖2
]

+E [‖WGRRx̃R‖2]+E [‖WzR‖2]
. (10)

We next re-express the received signal after self-interference

cancellation (SIC) at the user Sk given in (2), using (8), as

ỹk = αfTk W
√
pk′gk′xk′

︸ ︷︷ ︸

desired signal

+ α
√
pkλkxk

︸ ︷︷ ︸

residual interference

+ αfTk W

2K∑

i6=k,k′

√
pigixi

︸ ︷︷ ︸

inter-pair interference

+ αfTk WGRRx̃R
︸ ︷︷ ︸

amplified loop interference

+ αfTk WzR
︸ ︷︷ ︸

amplified noise from relay

+
∑

i,k∈Uk

Ωk,i
√
pixi

︸ ︷︷ ︸

self loop interference
and inter-user interference

+ zk
︸︷︷︸

AWGN at Sk

. (11)

Here (k, k
′

) = (2m − 1, 2m) or (2m, 2m − 1), for m =



1, 2, 3, · · · ,K denotes the user pair which exchange information

with one another. The scalar λk = fTk Wgk − f̂Tk Wĝk is the

residual self-interference. In this work we assume that the relay

estimates channels G and F and uses them to design the precoder

W. The relay then transmits the SIC coefficient f̂Tk Wĝk for each

user, where f̂k and ĝk are the estimated channel coefficients.

Before designing the relay precoder W, we briefly digress to

discuss the MMSE channel estimation process.

III. CHANNEL ESTIMATION

Assuming the coherence interval for transmission to be T
symbols, all users simultaneously transmit pilot sequence of

length τ ≤ T symbols to the relay. During pilot transmission

phase, the relay will receive the following signal at the receive

and transmit antenna array

YR,R=
√

τPρGϕ+NR,R, andYR,T =
√

τPρFϕ+NR,T (12)

where
√
τPρϕ ∈ C2K×τ denotes the pilot symbols transmitted

from all users with Pρ being the transmit power of each pilot

symbol. The matrices NR,R and NR,T denote the AWGN noise

whose elements are i.i.d. and distributed as CN (0, 1). The pilots

are assumed to be orthogonal such that ϕϕH = I2K for τ ≥ 2K
[15]. The MMSE channel estimate of G and F are given by [16]

Ĝ =
1

√
τPρ

YR,Rϕ
HD̄u = GD̄u +

NR,Rϕ
H

√
τPρ

D̄u

F̂ =
1

√
τPρ

YR,Tϕ
HD̄d = FD̄d +

NR,Tϕ
H

√
τPρ

D̄d. (13)

The matrices Ĝ = [ĝ1, ĝ2, · · · , ĝ2K ] ∈ CN×2K and F̂ =
[

f̂1, f̂2, · · · , f̂2K
]

∈ CN×2K , D̄u =
(

D−1

u

τPρ
+ I2K

)−1

and

D̄d =
(

D
−1

d

τPρ
+ I2K

)−1

.

We note that the elements of NH
R,Rϕ and ÑH

R,Tϕ
are distributed as CN (0, 1). We therefore have

Ĝ = G−Eg and F̂ = F−Ef , where Eg and Ef are estimation

error matrices. The channel matrices Ĝ and F̂ are independent

of the error matrices Eg and Ef , respectively [16]. The matrices

Ĝ and F̂ are distributed as CN (0, D̂u) and CN (0, D̂d),
respectively; the matrices D̂u = diag

{
σ̂2
g,1, σ̂

2
g,2, · · · , σ̂2

g,2K

}

and D̂d = diag
{

σ̂2
f,1, σ̂

2
f,2, · · · , σ̂2

f,2K

}

, with

σ̂2
g,k =

τPρσ
4

g,k

τPρσ2

g,k
+1

and σ̂2
f,k =

τPρσ
4

f,k

τPρσ2

f,k
+1

. Hence,

Eg ∼ CN (0,Du − D̂u) and Ef ∼ CN (0,Dd − D̂d),

with Du − D̂u = diag
{

σ2
ξ,g,1, σ

2
ξ,g,2, σ

2
ξ,g,3, · · · , σ2

ξ,g,2K

}

and Dd − D̂d = diag
{

σ2
ξ,f,1, σ

2
ξ,f,2, σ

2
ξ,f,3, · · · , σ2

ξ,f,2K

}

with

σ2
ξ,g,k =

σ2

g,k

τPρσ2

g,k
+1

and σ2
ξ,f,k =

σ2

f,k

τPρσ2

f,k
+1

.

IV. RELAY PRECODER DESIGN

We design relay precoder based on ZFR/ZFT processing. The

ZFR/ZFT matrix using estimated CSI is given by

W = ˆ̄F∗T ˆ̄GH , (14)

where ˆ̄F = F̂
(

F̂HF̂
)−1

and ˆ̄G = Ĝ
(

ĜHĜ
)−1

. We next state

the following proposition to simplify the relay scaling factor α
in (10).

Proposition 1. For ZFR/ZFT precoder

α =

√
√
√
√
√

PR

λ̂+ η̂

(
2K∑

i=1

piσ2
ξ,g,i + σ2

nr + PRσ2
LIR

) , (15)

where λ̂ =
2K∑

i=1

p
i
′

(N−2K−1)σ̂2

f,i

, η̂ =
∑2K

j=1
1

(N−2K−1)2σ̂2

f,j
σ̂2

g,j
′

.

Proof. To derive this result, we will first simplify E

[

‖WG̃x‖2
]

using (14).

E

[

‖WG̃x‖2
]

= E

[

‖ ˆ̄F∗T ˆ̄GHG̃x‖2
]

= Tr
{

E

[

( ˆ̄F∗T ˆ̄GH(Ĝ+Eg)PPH(ĜH +EH
g ) ˆ̄GTH ˆ̄FT )

]}

(a)
= Tr

{

E

[
ˆ̄F∗TPPHT ˆ̄FT

]}

+

2K∑

i=1

piσ
2
ξ,g,iTr

{

E

[
ˆ̄GTH ˆ̄FT ˆ̄F∗T ˆ̄GH

]}

(b)
=

2K∑

i=1

pi′E
[
ˆ̄fHi

ˆ̄fi

]

+

2K∑

i=1

piσ
2
ξ,g,iTr

{

E

[

Λ̂∗
FTΛ̂GT

]}

(c)
= λ̂+

2K∑

i=1

piσ
2
ξ,g,iη̂, (16)

The equality in (a) is obtained by using the fact that ˆ̄GHĜ =

ĜH ˆ̄G = I2K , and E

[

EgPPHEg
H
]

=
2K∑

i=1

piσ
2
ξ,g,iIN . In

equality (b), we define Λ̂F , ( ˆ̄FH ˆ̄F) =
(
F̄HF̄

)−1
and

Λ̂G ,

(
ˆ̄GH ˆ̄G

)

=
(
ḠHḠ

)−1
and use the fact that TPPHT =

diag{p2, p1, · · · , p2K , p2K−1}. To derive equality in (c), we

first note that the random matrices Λ̂F and Λ̂G have in-

verse Wishart distribution, where Λ̂F ∼ W−1(D̂−1
d , 2K),

Λ̂G ∼ W−1(D̂−1
u , 2K), with ŵf,i,j =

(

Λ̂F

)

i,j
, ŵg,i,j =

(

Λ̂G

)

i,j
, ∀i, j = 1, 2, 3, ..., 2K and E

[

Λ̂F

]

=
D̂

−1

d

N−2K−1 ,

E

[

Λ̂G

]

=
D̂−1

u

N−2K−1 [17]. We also have E

[
ˆ̄fHi

ˆ̄fj

]

=

E [ŵf,i,j ] = 1
(N−2K−1)σ̂2

f,i

, ∀i = j and 0, otherwise, and

similarly, E
[
ˆ̄gH
i
ˆ̄gj

]
= E [ŵg,i,j ] = 1

(N−2K−1)σ̂2

g,i

, ∀i =

j and 0, otherwise. With the above equalities, we obtain the

equality in (c), where λ̂ =
∑2K

i=1

p
i
′

(N−2K−1)σ̂2

f,i

. The expression

Tr
{

E

[

Λ̂∗
FTΛ̂GT

]}

is simplified as Tr
{

E

[

Λ̂∗
FTΛ̂GT

]}

=
∑2K

j=1
1

(N−2K−1)2σ̂2

f,j
σ̂2

g,j
′

, η̂. On similar lines, we have

E
[
‖WGRRx̃R‖2

]
= PRσ

2
LIRη̂. (18)

The last term in the denominator of (10) can be simplified as

E

[

‖ ˆ̄F∗T ˆ̄GHzR‖2
]

= σ2
nr η̂. (19)

By using (16), (18) and (19), we get (15).

V. SPECTRAL EFFICIENCY OF ZFR/ZFT PRECODER

In this section, we calculate lower bound on the instantaneous

spectral efficiency for ZFR/ZFT precoder. The instantaneous

SNRk at the user Sk can be expressed using (11) as in (20)



SNRk =
α2pk′ |fTk Wgk′ |

α2pk|λk|2 + α2
2K∑

i6=k,k′

|fTk Wgi|2 + α2‖fTk WGRR‖2 PR

N + α2‖fTk W‖2σ2
nR

+
∑

i,k∈Uk

σ2
k,ipi + σ2

n

(20)

SNRk,lower =
α2pk′

∣
∣E
[
fTk Wgk′

]∣
∣
2

α2pk′ var
[
fTk Wgk′

]
+ α2pkSIk + α2IPk + α2NRk + α2LIRk + UIk + NUk

(25)

(shown at the top of this page). The spectral efficiency of the

system which includes the channel estimation overhead is

R =
(

1− τ

T

)

E

{
2K∑

k=1

log2 (1 + SNRk)

}

. (21)

Next we derive a lower bound on the achievable rate using

the method in [18], [19]. For the k− k
′

pair, the signal received

by the kth user can be written as (see (11))

ỹk = α
√
pk′E

[
fTk Wgk′

]
xk′ + ñk, (22)

where

ñk = α
√
pk′

(
fTk Wgk′ − E

[
fTk Wgk′

])
xk′ + α

√
pkλkxk

+αfTk W

2K∑

i6=k,k′

√
pigixi + αfTk WGRRx̃R

+αfTk WzR +
∑

i,k∈Uk

Ωk,i

√

p(k)xi + zk. (23)

The value of E
[
fTk Wgk′

]
can be calculated from the knowledge

of channel distribution. We observe that the desired signal and

effective noise are uncorrelated. According to [20], [21], we only

exploit the knowledge of the E
[
fTk Wgk′

]
in the detection, and

treat uncorrelated additive noise ñ(k) as the worst-case Gaussian

noise when computing the spectral efficiency. We, consequently

obtain lower bound on the achievable rate as

R lower =
(

1− τ

T

) 2K∑

k=1

log2

(

1 + SNRk,lower

)

, (24)

where SNRk,lower is given by (25) as shown at the top of this

page. In (25), the residual self-interference after SIC (SI), the

inter-pair interference (IP), the amplified noise from the relay

(NR), amplified loop interference (LIR), self-loop interference

and inter-user interference (UI), and the noise at user (NU), are

given as following.

SIk = E

[

|fTk Wgk − f̂Tk Wĝk|2
]

, IPk =

2K∑

i6=k,k′

piE
[
|fTk Wgi|2

]
,

NRk = E
[
|fTk WzR|2

]
, LIRk = E

[
|fTk WGRRx̃|2

]
,

UIk =
∑

i,k∈Uk

piE
[
|Ωk,ixi|2

]
, NUk = E

[
|zk|2

]
. (26)

Theorem 1. The spectral efficiency for a finite number of receive

antenna at the relay with imperfect CSI based ZFR/ZFT process-

ing is lower bounded as
(
1− τ

T

)
log2

{

1 + SNRzf
k (pk, PR)

}

,

where SNRzf
k (pk, PR) is given by (27), shown at the top of this

page, with

d
(1)
k,i =

1

(N − 2K − 1)

(

σ2
ξ,f,k

σ̂2
f,i′

+
σ2
ξ,g,i

σ̂2
g,k′

)

+ σ2
ξ,f,kσ

2
ξ,g,iη̂

d
(2)
k,i = σ2

n

(

1

(N − 2K − 1) σ̂2
f,i′

+ η̂σ2
ξ,g,i

)

d
(3)
k,i = σ2

k,i

(

1

(N − 2K − 1) σ̂2
f,i′

+ η̂σ2
ξ,g,i

)

v
(1)
k = σ2

nr

(

1

(N − 2K − 1)σ̂2
g,k′

+ σ2
ξ,f,kη̂

)

+ η̂σ2
LIRσ

2
n

v
(2)
k = σ2

LIR

(

1

(N − 2K − 1)σ̂2
g,k′

+ σ2
ξ,f,kη̂

)

v
(3)
k = η̂σ2

nrσ
2
n, w

(1)
k,i = η̂σ2

k,iσ
2
LIR, w

(2)
k,i = η̂σ2

k,iσ
2
nr , uk = 1.

Proof. Refer to Appendix A.

VI. SIMULATION RESULTS

We investigate the performance of the multi-pair two-way full

duplex AF relay system by using Monte-Carlo simulations. We

will validate the lower-bound expression derived for the spectral

efficiency in Theorem 1. In [22], we have derived the lower-

bound expression for MRC/MRT processing considering MMSE

based channel estimation for the system under consideration.

In this paper, we have used the results from [22] to compare

the performance of ZFR/ZFT with MRC/MRT processing. For

this study, we choose, noise variances as σ2
n = σ2

nr = σ2,

and the SNR is defined as SNR = PR/σ
2. We define the pilot

signal to noise ratio as SNRρ = Pρ/σ
2, and set the length of

the coherence interval T = 200 symbols, the training length

τ = 2K . We begin by comparing the analytical lower bound for

the spectral efficiency, obtained in Theorem 1 with their exact

expression in (21) using Monte-Carlo simulations. We compare

the bound for N = 64 and N = 256 relay antennas and set

K = 10 user pairs, σ2
g,i = σ2

f,i = σ2, for i = 1, 2, 3, · · · , 2K ,

σ2
LIR = σ2, σ2

UI , σ2
k,j = σ2 for k, j = 1, 2, 3, · · · , 2K ,

SNRρ = 10 dB and all users are allocated equal power i.e.,

pi = PR/2K, ∀i = 1, 2, 3, · · · , 2K . We see from Fig. 2 that the

derived lower bound and exact expression overlap for ZFR/ZFT

processing for N = 256 relay antennas. For MRC/MRT, the

lower bound marginally differs from the exact expression. We

also observe that the spectral efficiency, for high SNR values,

saturates for both MRC/MRT and ZFR/ZFT. This is because the

loop interference also increases proportionally with increase in

SNR.



SNRzf
k (pk, PR) =

ukpk′

2K∑

i=1



d
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k,i +d

(2)
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−1
R +

∑
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R d
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(
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k + v
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k PR + v

(3)
k P−1

R
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+
∑
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(
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(1)
k,i + P−1

R w
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(27)
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Fig. 2: Spectral efficiency versus SNR for MRC/MRT and ZFR/ZFT, where
SNRρ = 10 dB.
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Fig. 3: Spectral efficiency versus the number of relay antennas for MRC/MRT
and ZFR/ZFT processing, where SNRρ = 10 dB.
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Fig. 3 compares the spectral efficiency versus N for
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Fig. 5: Spectral efficiency versus number of relay antennas for ZFR/ZFT
processing comparing half-duplex and full-duplex systems, where SNR = 10 dB,
SNRρ = 10 dB. Here the values of σ2

LIR
and σ2

UI
are with respect to σ2.

MRC/MRT and ZFR/ZFT processing with SNR = 10 dB and

SNR = −10 dB. The performance of MRC/MRT and ZFR/ZFT

processing is almost same for SNR = −10 dB. The spectral-

efficiency versus K for different value of SNR is shown in Fig. 4.

As the number of multi-pairs increases the SNR of each user

decreases and hence noise dominates. The ZFR/ZFT neglects

the effect of noise which degrades the spectral-efficiency as

K increases. In contrast MRC/MRT works well at low SNR

as it maximizes the received SNR while neglecting the inter-

pair interference. Fig. 5 compares the spectral efficiency versus

number of relay antennas for half-duplex and full-duplex system

with ZFR/ZFT processing. As we increase the value of self-loop

interference σ2
LIR and inter-user interference σ2

UI , the spectral

efficiency of full-duplex system decreases. For N < 650, the

half-duplex relay with σ2
LIR = 0 dB, σ2

UI = 5 dB performs

better than full-duplex relay. We also observe that with the

increase in the the number of relay antennas the rate of increase

of spectral efficiency in case of full-duplex relay is higher as

compared to half-duplex relay.

VII. CONCLUSION

We considered a multi-pair AF full-duplex massive MIMO

two-way relay with full-duplex users with single transmit and

receive antenna. We derived closed-form spectral efficiency

expression for ZFR/ZFT relay processing with MMSE channel

estimation, and for arbitrary number of relay antennas, which

have not yet been derived in the literature. We showed the

accuracy of these lower bounds for different number of relay

antennas, user pairs and relay transmit power. We also numeri-

cally investigated the loop and inter-user interference values for

which the full-duplex relay outperforms a half-duplex relay.
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APPENDIX A

Starting with the numerator of (25), we have

E

[

fk
TWgk′

]

= E

[(

f̂k + ef,k

)T
ˆ̄F∗T ˆ̄GH

(

ĝk′ + eg,k′

)]

(a)
= E

[

1T
f,kT1g,k′

]
(b)
= E[1] = 1, (28)

The equality in (a) is obtained by using the following results:

ĝH
k′

ˆ̄G = 1T
g,k′ ,

ˆ̄GH ĝk′ = 1g,k′ , f̂Tk
ˆ̄F∗ = 1T

f,k, ˆ̄FT f̂∗k = 1f,k.

Equality in (b) is because 1T
f,kT1g,k′ = 1. The expression

for var
[

fk
TWgk′

]

is given by (36) (solved at the top of

this page). The equality in (a) therein is because F̂TWĜ =
T, i.e., f̂Tk Wĝj = 1, ∀j = k

′

and 0, otherwise. Equalities in

(b) are obtained by substituting the value of W from (14)

and by simple manipulations. The equality in (c) is because

E [ŵf,k,k] =
1

(N−2K−1)σ̂2

f,k

, E
[

ŵg,k′ ,k′

]

= 1
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′

, and

η̂ ,
∑2K

j=1
1

(N−2K−1)2σ̂2

f,j
σ̂2

g,j
′

. Remember that there is no need

to perform SIC in the case ZFR/ZFT processing, and hence the

self-interference term can be re-written as

SIk =
1

(N − 2K − 1)

(

σ2
ξ,f,k

σ̂2
f,k′

+
σ2
ξ,g,k

σ̂2
g,k′

)

+σ2
ξ,f,kσ

2
ξ,g,kη̂. (30)

Similarly, the other terms in the denominator of (25) can be

written as follows

IPk=

2K∑

i6=k,k′
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, (32)

LIRk = PRσ
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, (33)

UIk =
∑

i,k∈Uk

piσ
2
k,i, NUk = σ2

n. (34)

Substituting the values obtained from (36-34) in (25), we ob-

tain (27).
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