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Abstract

We consider the problem of recovering a complete (i.e., square and invertible) matrix Ao, from
Y € R"*P with Y = Ay X, provided X is sufficiently sparse. This recovery problem is central
to the theoretical understanding of dictionary learning, which seeks a sparse representation for
a collection of input signals, and finds numerous applications in modern signal processing and
machine learning. We give the first efficient algorithm that provably recovers Ay when X has
O (n) nonzeros per column, under suitable probability model for X. In contrast, prior results
based on efficient algorithms provide recovery guarantees when X has only O (n'~°) nonzeros
per column for any constant ¢ € (0, 1).

Our algorithmic pipeline centers around solving a certain nonconvex optimization prob-
lem with a spherical constraint, and hence is naturally phrased in the language of manifold
optimization. To show this apparently hard problem is tractable, we first provide a geometric
characterization of the high-dimensional objective landscape, which shows that with high prob-
ability there are no “spurious” local minima. This particular geometric structure allows us to
design a Riemannian trust region algorithm over the sphere that provably converges to one local
minimizer with an arbitrary initialization, despite the presence of saddle points. The geomet-
ric approach we develop here may also shed light on other problems arising from nonconvex
recovery of structured signals.
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1 Introduction

Given p signal samples from R", i.e., Y = [yi,...,y,], is it possible to construct a dictionary
A = [ay,...,ay] with m much smaller than p, such that Y &~ AX and the coefficient matrix X
has as few nonzeros as possible? In other words, this model dictionary learning (DL) problem seeks
a concise representation for a collection of input signals. Concise signal representations play a
central role in compression, and also prove useful for many other important tasks, such as signal
acquisition, denoising, and classification.

Traditionally, concise signal representations have relied heavily on explicit analytic bases con-
structed in nonlinear approximation and harmonic analysis. This constructive approach has proved
highly successfully; the numerous theoretical advances in these fields (see, e.g., [DeV98, Tem03,
DeV(09, Can02, MP10a] for summary of relevant results) provide ever more powerful representations,
ranging from the classic Fourier to modern multidimensional, multidirectional, multiresolution
bases, including wavelets, curvelets, ridgelets, and so on. However, two challenges confront prac-
titioners in adapting these results to new domains: which function class best describes signals at
hand, and consequently which representation is most appropriate. These challenges are coupled,
as function classes with known “good” analytic bases are rare.

Around 1996, neuroscientists Olshausen and Field discovered that sparse coding, the principle
of encoding a signal with few atoms from a learned dictionary, reproduces important properties
of the receptive fields of the simple cells that perform early visual processing [OF96, OF97]. The
discovery has spurred a flurry of algorithmic developments and successful applications for DL in
the past two decades, spanning classical image processing, visual recognition, compressive signal
acquisition, and also recent deep architectures for signal classification (see, e.g., [Elal0, MBP14] for
review this development).

The learning approach is particularly relevant to modern signal processing and machine learning,
which deal with data of huge volume and great variety (e.g., images, audios, graphs, texts, genome
sequences, time series, etc). The proliferation of problems and data seems to preclude analytically
deriving optimal representations for each new class of data in a timely manner. On the other
hand, as datasets grow, learning dictionaries directly from data looks increasingly attractive and
promising. When armed with sufficiently many data samples of one signal class, by solving the
model DL problem, one would expect to obtain a dictionary that allows sparse representation for
the whole class. This hope has been borne out in a number of successful examples [Ela10, MBP14]
and theories [MP10b, VMB11, MG13, GJB*13].

! As Donoho et al [DVDD98] put it, “...in effect, uncovering the optimal codebook structure of naturally occurring data
involves more challenging empirical questions than any that have ever been solved in empirical work in the mathematical
sciences.”



1.1 Theoretical and Algorithmic Challenges

In contrast to the above empirical successes, the theoretical study of dictionary learning is still
developing. For applications in which dictionary learning is to be applied in a “hands-free” manner,
it is desirable to have efficient algorithms which are guaranteed to perform correctly, when the input
data admit a sparse model. There have been several important recent results in this direction, which
we will review in Section 1.5, after our sketching main results. Nevertheless, obtaining algorithms
that provably succeed under broad and realistic conditions remains an important research challenge.

To understand where the difficulties arise, we can consider a model formulation, in which we
attempt to obtain the dictionary A and coefficients X which best trade-off sparsity and fidelity to
the observed data:

1
minimize gegncn xepmcr A Xy + 5 [AX — Y ||%, subject to A € A. (1.1)

Here, | X|[|; = >, ; | Xi;| promotes sparsity of the coefficients, A > 0 trades off the level of coefficient
sparsity and quality of approximation, and .A imposes desired structures on the dictionary.

This formulation is nonconvex: the admissible set A is typically nonconvex (e.g., orthogonal
group, matrices with normalized columns)?, while the most daunting nonconvexity comes from
the bilinear mapping: (A, X) — AX. Because (A, X ) and (AILY, ¥~ 'IT* X) result in the same
objective value for the conceptual formulation (1.1), where II is any permutation matrix, and X
any diagonal matrix with diagonal entries in {£1}, and (-)* denotes matrix transpose. Thus, we
should expect the problem to have combinatorially many global minima. Because there are multiple
isolated global minima, the problem does not appear to be amenable to convex relaxation (see
similar discussions in, e.g., [GS10] and [GW11]).? This contrasts sharply with problems in sparse
recovery and compressed sensing, in which simple convex relaxations are often provably effective
[DT09, OH10, CLMW11, DGM13, MT14, MHWG13, CRPW12, CSV13, ALMT14, Can14]. Is there
any hope to obtain global solutions to the DL problem?

1.2 An Intriguing Numerical Experiment with Real Images

We provide empirical evidence in support of a positive answer to the above question. Specifically,
we learn orthogonal bases (orthobases) for real images patches. Orthobases are of interest because
typical hand-designed dictionaries such as discrete cosine (DCT) and wavelet bases are orthogonal,
and orthobases seem competitive in performance for applications such as image denoising, as
compared to overcomplete dictionaries [BCJ13]*.

For example, in nonlinear approximation and harmonic analysis, orthonormal basis or (tight-)frames are preferred;
to fix the scale ambiguity discussed in the text, a common practice is to require that A to be column-normalized. There is
no obvious reason to believe that convexifying these constraint sets would leave the optima unchanged. For example,
the convex hull of the orthogonal group O,, is the operator norm ball { X € R™*" : || X|| < 1}. If there are no effective
symmetry breaking constraints, any convex objective function tends to have minimizers inside the ball, which obviously
will not be orthogonal matrices. Other ideas such as lifting may not play together with the objective function, nor yield
tight relaxations (see, e.g., [BKS13, BR14]).

*Semidefinite programming (SDP) lifting may be one useful general strategy to convexify bilinear inverse problems,
see, e.g., [ARR14, CM14]. However, for problems with general nonlinear constraints, it is unclear whether the lifting
always yield tight relaxation, consider, e.g., [BKS13, BR14] again.

#See Section 1.3 for more detailed discussions of this point. [LGBB05] also gave motivations and algorithms for
learning (union of) orthobases as dictionaries.
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Figure 1: Alternating direction method for (1.2) on uncompressed real images seems to al-
ways produce the same solution! Top: Each image is 512 x 512 in resolution and encoded in
the uncompressed pgm format (uncompressed images to prevent possible bias towards standard
bases used for compression, such as DCT or wavelet bases). Each image is evenly divided into
8 x 8 non-overlapping image patches (4096 in total), and these patches are all vectorized and
then stacked as columns of the data matrix Y. Bottom: Given each Y, we solve (1.2) 100 times
with independent and randomized (uniform over the orthogonal group) initialization Ag. The
plots show the values of || A% Y'||; across the independent repetitions. They are virtually the
same and the relative differences are less than 10~3!

We divide a given greyscale image into 8 x 8 non-overlapping patches, which are converted
into 64-dimensional vectors and stacked column-wise into a data matrix Y. Specializing (1.1) to
this setting, we obtain the optimization problem:

1
minimize gegncn, xerre A Xy + 5 [AX — Y ||%, subject to A € O,,. (1.2)

To derive a concrete algorithm for (1.2), one can deploy the alternating direction method (ADM)?,
i.e., alternately minimizing the objective function with respect to (w.r.t.) one variable while fixing
the other. The iteration sequence actually takes very simple form: for k = 1,2,3,...,

X, =8\ [A;_Y], A,=UV*for UDV* = sVD (Y X})

where S), -] denotes the well-known soft-thresholding operator acting elementwise on matrices,
i.e., Sy [z] = sign () max (|| — A, 0) for any scalar z.

Figure 1 shows what we obtained using the simple ADM algorithm, with independent and
randomized initializations:

5This method is also called alternating minimization or (block) coordinate descent method. see, e.g., [BT89, Tse01]
for classic results and [ABRS10, BST14] for several interesting recent developments.

5



The algorithm seems to always produce the same solution, regardless of the initialization.

This observation implies the heuristic ADM algorithm may always converge to one global minimizer!
Equally surprising is that the phenomenon has been observed on real images’. One may imagine
only random data typically have “favorable” structures; in fact, almost all existing theories for DL
pertain only to random data [SWW12, AAJ*13, AGM13, AAN13, ABGM14, AGMM15].

1.3 Dictionary Recovery and Our Results

In this paper, we take a step towards explaining the surprising effectiveness of nonconvex opti-
mization heuristics for DL. We focus on the dictionary recovery (DR) setting: given a data matrix
Y generated as Y = Ag Xy, where Ag € A C R™™ and X, € R™*? is “reasonably sparse”, try
to recover A and X. Here recovery means to return any pair (AOHE, 2_1H*X0), where ITis a
permutation matrix and X is a nonsingular diagonal matrix, i.e., recovering up to sign, scale, and
permutation.

To define a reasonably simple and structured problem, we make the following assumptions:

e The target dictionary Ag is complete, i.e., square and invertible (m = n). In particular, this
class includes orthogonal dictionaries. Admittedly overcomplete dictionaries tend to be
more powerful for modeling and to allow sparser representations. Nevertheless, most classic
hand-designed dictionaries in common use are orthogonal. Orthobases are competitive in
performance for certain tasks such as image denoising [BCJ13], and admit faster algorithms
for learning and encoding. ®

e The coefficient matrix X follows the Bernoulli-Gaussian (BG) model with rate 0: [Xo];; =
Qi;Vij, with Q;; ~ Ber (0) and Vj; ~ N (0,1), where all the different random variables are
mutually independent. We write compactly Xy ~; ;4. BG (0).

We prove the following result:

Theorem 1.1 (Informal statement of our results) Forany 6 € (0,1/3), given Y = Ay X, with Aga
complete dictionary and Xo ~;;.q. BG (0), there is a polynomial time algorithm that recovers Ay and X
with high probability (at least 1 — O(p~®)) whenever p > p, (n,1/0,k (Ao),1/p) for a fixed polynomial
s (), where k (Ap) is the condition number of Ay and yu is a parameter that can be set as cn™>/* for a fixed
positive numerical constant c.

Obviously, even if X is known, one needs p > n to make the identification problem well posed.
Under our particular probabilistic model, a simple coupon collection argument implies that one
needs p > 2 (4 logn) to ensure all atoms in A are observed with high probability (w.h.p.). To

®Technically, the converge to global solutions is surprising because even convergence of ADM to critical points is
atypical, see, e.g., [ABRS10, BST14] and references therein. Section 6 includes more detailed discussions on this point.

7 Actually the same phenomenon is also observed for simulated data when the coefficient matrix obeys the Bernoulli-
Gaussian model, which is defined later. The result on real images supports that previously claimed empirical successes
over two decades may be non-incidental.

SEmpirically, there is no systematic evidence supporting that overcomplete dictionaries are strictly necessary for
good performance in all published applications (though [OF97] argues for the necessity from neuroscience perspective).
Some of the ideas and tools developed here for complete dictionaries may also apply to certain classes of structured
overcomplete dictionaries, such as tight frames. See Section 6 for relevant discussion.



ensure that an efficient algorithm exists may demand more. Our result implies when p is polynomial
inn, 1/6 and k(Ay), recovery with efficient algorithm is possible.

The parameter 6 controls the sparsity level of X. Intuitively, the recovery problem is easy for
small § and becomes harder for large 0. It is perhaps surprising that an efficient algorithm can
succeed up to constant 6, i.e., linear sparsity in Xy. Compared to the case when Ay is known, there
is only at most a constant gap in the sparsity level one can deal with.

For DL, our result gives the first efficient algorithm that provably recovers complete Ay and X
when X has O(n) nonzeros per column under appropriate probability model. Section 1.5 provides
detailed comparison of our result with other recent recovery results for complete and overcomplete
dictionaries.

1.4 Main Ingredients and Innovations

In this section we describe three main ingredients that we use to obtain the stated result.

1.4.1 A Nonconvex Formulation

Since Y = ApX( and Ay is complete, row (Y) = row (Xy) (row (-) denotes the row space of a
matrix) and hence rows of X are sparse vectors in the known (linear) subspace row (Y'). We can
use this fact to first recover the rows of X, and subsequently recover A by solving a system of
linear equations. In fact, for Xy ~; ;.4 BG (6), rows of X are the n sparsest vectors (directions) in
row (Y') w.h.p. whenever p > 2 (nlogn) [SWW12]. Thus one might try to recover rows of X by
solving

minimize ||g"Y||, subject to g # 0. (1.3)

The objective is discontinuous, and the domain is an open set. In particular, the homogeneous
constraint is nonconventional and tricky to deal with. Since the recovery is up to scale, one can
remove the homogeneity by fixing the scale of q. Known relaxations [SWW12, DH14] fix the scale by
setting ||¢*Y ||, = 1, where |||, is the elementwise /> norm. The optimization problem reduces
to a sequence of convex programs, which recover (Ag, Xo) for very sparse X, but provably break
down when columns of X has more than O (y/n) nonzeros, or § > Q(1//n). Inspired by our
previous image experiment, we work with a nonconvex alternative'’

1
minimize f( qY 72 1« (@"Yk) , subject to ||q| =1, (1.4)
k=1

’B

where Y € R™? is a proxy for Y (i.e., after appropriate processing), k indexes columns of Y, and
||| is the usual ¢? norm for vectors. Here h,, (+) is chosen to be a convex smooth approximation to
|-|, namely,

hy (2) = plog <exp (z/1) +2€Xp (_Z/M)> = plogcosh(z/p), (1.5)

“Indeed, when 6 is small enough such that columns of X, are predominately 1-sparse, one directly observes scaled
versions of the atoms (i.e., columns of Xy); when X is fully dense corresponding to § = 1, recovery is never possible as
one can easily find another complete Aj and fully dense X such that Y = A{ X with A{ not equivalent to Ao.

1A similar formulation has been proposed in [ZP01] in the context of blind source separation; see also [QSW14].
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Figure 2: Why is dictionary learning over S" ! tractable? Assume the target dictionary Ao
is orthogonal. Left: Large sample objective function Ex, [f (g)]- The only local minima are the
columns of Ay and their negatives. Center: the same function, visualized as a height above the
plane ai (a; is the first column of Ag). Right: Around the optimum, the function exhibits a
small region of positive curvature, a region of large gradient, and finally a region in which the
direction away from a, is a direction of negative curvature.

which is infinitely differentiable and 1 controls the smoothing level.!! The spherical constraint is
nonconvex. Hence, a-priori, it is unclear whether (1.4) admits efficient algorithms that attain global
optima. Surprisingly, simple descent algorithms for (1.4) exhibit very striking behavior: on many
practical numerical examples!?, they appear to produce global solutions. Our next section will
uncover interesting geometrical structures underlying the phenomenon.

1.4.2 A Glimpse into High-dimensional Function Landscape

For the moment, suppose Ay is orthogonal, and take Y =Y = Ay X, in (1.4). Figure 2 (left) plots
Ex, [f (g;Y)] over g € S? (n = 3). Remarkably, Ex, [f (g; Y)] has no spurious local minima. In
fact, every local minimizer q produces a row of Xy: g*Y = ae} X for some o # 0.

To better illustrate the point, we take the particular case Ay = I and project the upper hemisphere
above the equatorial plane ez onto e3. The projection is bijective and we equivalently define a
reparameterization g : (33L — R of f. Figure 2 (center) plots the graph of g. Obviously the only
local minimizers are 0, £e;, *ey, and they are also global minimizers. Moreover, the apparent
nonconvex landscape has interesting structures around 0: when moving away from 0, one sees
successively a strongly convex region, a nonzero gradient region, and a region where at each point
one can always find a direction of negative curvature, as shown schematically in Figure 2 (right).
This geometry implies that at any nonoptimal point, there is always at least one direction of descent.
Thus, any algorithm that can take advantage of the descent directions will likely converge to one
global minimizer, irrespective of initialization.

Two challenges stand out when implementing this idea. For geometry, one has to show similar
structure exists for general complete Ay, in high dimensions (n > 3), when the number of obser-
vations p is finite (vs. the expectation in the experiment). For algorithms, we need to be able to

"In fact, there is nothing special about this choice and we believe that any valid smooth (twice continuously differen-
tiable) approximation to |-| would work and yield qualitatively similar results. We also have some preliminary results
showing the latter geometric picture remains the same for certain nonsmooth functions, such as a modified version of the
Huber function, though the analysis involves handling a different set of technical subtleties. The algorithm also needs
additional modifications.

12_.. not restricted to the model we assume here for Ay and X.



take advantage of this structure without knowing A ahead of time. In Section 1.4.3, we describe a
Riemannian trust region method which addresses the latter challenge.

Geometry for orthogonal Ay. In this case, we take Y =Y = ApXy. Since f(q; ApXo) =
f (Afg; Xo), the landscape of f (q; ApXy) is simply a rotated version of that of f (g; Xo), i.e., when
A = I. Hence we will focus on the case when Ay = I. Among the 2n symmetric sections of sn—1
centered around the signed basis vectors ey, . .., te,, we work with the symmetric section around
e, as an example. The result will carry over to all sections with the same argument; together this
provides a complete characterization of the function f (q; Xo) over S 1.

We again invoke the projection trick described above, this time onto the equatorial plane e
This can be formally captured by the reparameterization mapping;:

q(w) = <w, V11— \wH?) ,w e B (1.6)

where w is the new variable in e;- N B"~! and B" ! is the unit ball in R"~!. We first study the
composition g (w; Xo) = f (q (w) ; Xo) over the set

1
o

I = {w lw]| < 41;1}. (1.7)

It can be verified the section we chose to work with is contained in this set!3.

Our analysis characterizes the properties of g (w; Xo) by studying three quantities

w*Vg (w; Xo)  w*V3g (w; Xo) w

)

2
[

respectively over three consecutive regions moving away from the origin, corresponding to the three
regions in Figure 2 (right). In particular, through typical expectation-concentration style argument,
we show that there exists a positive constant ¢ such that

* . N ‘
Vzg(uﬂXo)ticﬁI, w'Vg(wiXo) o wVg(wi Xo)w

] < —ch (1.8)

— Y

[0
over the respective regions w.h.p., confirming our low-dimensional observations described above.
In particular, the favorable structure we observed for n = 3 persists in high dimensions, w.h.p., even

when p is large yet finite, for the case A is orthogonal. Moreover, the local minimizer of g (w; Xo)
over I' is very close to 0, within a distance of O (u).

Geometry for complete Ayg. For general complete dictionaries A, we hope that the function f
retains the nice geometric structure discussed above. We can ensure this by “preconditioning” Y’
such that the output looks as if being generated from a certain orthogonal matrix, possibly plus

PIndeed, if (g, en) > |(g,e;)| forany i # n, 1 — |w|* = g2 > 1/n, implying ||lw||* < %=1 < 42=1 The reason we

have defined an open set instead of a closed (compact) one is to avoid potential trivial local minimizers located on the
boundary.



a small perturbation. We can then argue that the perturbation does not significantly affect the
properties of the graph of the objective function. Write

Y — (1%9YY*)71/2Y. (1.9)

Note that for X ~; ;4. BG (0), E [X¢X{]/ (pf) = I. Thus, one expects p%YY* = p%AOXoXE';Ag to
behave roughly like AgA} and hence Y to behave like

(AgAL) Y2 Ag Xy = UV* X, (1.10)

where we write the SVD of Ag as Ag = UXV™. It is easy to see UV™ is an orthogonal matrix.
Hence the preconditioning scheme we have introduced is technically sound.
Our analysis shows that Y can be written as

Y =UV*X, + 2 X, (1.11)

where = is a matrix with small magnitude. Simple perturbation argument shows that the constant
cin (1.8) is at most shrunk to ¢/2 for all w when p is sufficiently large. Thus, the qualitative aspects
of the geometry have not been changed by the perturbation.

1.4.3 A Second-order Algorithm on Manifold: Riemannian Trust Region Method

We do not know A ahead of time, so our algorithm needs to take advantage of the structure
described above without knowledge of Ay. Intuitively, this seems possible as the descent direction
in the w space appears to also be a local descent direction for f over the sphere. Another issue is
that although the optimization problem has no spurious local minima, it does have many saddle
points (Figure 2). We can use second-order information to guarantee to escape saddle points. We
derive an algorithm based on the Riemannian trust region method (TRM) [ABG07, AMS09] over
the sphere for this purpose.
For a function f : R” — R and an unconstrained optimization problem

min f (),

typical (second-order) TRM proceeds by successively forming second-order approximations to f at
the current iterate,

F(2¢0) = 7 (a50) + 97 (a47D) 5+ 16°Q (2*1) o, (1.12)

where Q (m(k_l)) is a proxy for the Hessian matrix V2 f (m(k_l)), which encodes the second-order

geometry. The next movement direction is determined by seeking a minimum of f(é; z*=1) over
a small region, normally a norm ball ||§]|, < A, called the trust region, inducing the well studied
trust-region subproblem:

o) = arg min f(d;w(kfl)» (1.13)
SeRn 8|, <A

10



where A is called the trust-region radius that controls how far the movement can be made. A ratio

(k=1)y _ (k—1) (k)
e L @) g @Y o) L

F(0) = F (801

is defined to measure the progress and typically the radius A is updated dynamically according to
Pk to adapt to the local function behavior. Detailed introductions to the classical TRM can be found
in the texts [CGT00a, NWO06].

Figure 3: Illustrations of the tangent space 7,S"~! and exponential map exp,, (8) defined on
the sphere S" 1.

To generalize the idea to smooth manifolds, one natural choice is to form the approximation over
the tangent spaces [ABG07, AMS09]. Specific to our spherical manifold, for which the tangent space
at an iterate ¢*) € S is T, (yS" ™! = {w : v*q®) = 0} (see Figure 3), we work with a “quadratic”
approximation f: Tq(k)S"_l — R defined as

- ' 1.,
F6:a%) = 1@+ (V@) 8) + 56 (V@) — (V(@®).qP) 1) 5. (115)
To interpret this approximation, let Py gn-1 = (I —q® (q(k))*> be the orthoprojector onto
q
Tq(k>S”_1 and write (3.2) into an equivalent form:
F6:a®) = £(@™) + (Pr 51 VF(@™),5)
i (v2 F(g®) - <v F(g™) q(k)>I> Pr  snd.
2 q(F) ’ q(F)
The two terms
gradf (¢) = Pr 501V f(a™),

Hessf (¢9) = Pr oo (V2F(@®) = (VF(@®).q®) I) Pr 50

are the Riemannian gradient and Riemannian Hessian of f w.r.t. S"~1, respectively [ABG07, AMS09];
the above approximation is reminiscent of the usual quadratic approximation described in (1.12).
Then the Riemannian trust-region subproblem is

min f(é; q(k)) , (1.16)

-1
O€T, (1)S™~1, [I8]I<A

11



where we take the simple ¢ norm ball for the trust region. This can be transformed into a classical
trust region subprolem: indeed, taking any orthonormal basis U, for T,)S™ !, the above problem
is equivalent to

in f (k) 1.17
min, F (Uyn€,a®), (1.17)

where the objective is quadratic in €. This is the classical trust region problem (with ¢? norm ball
constraint) that admits very efficient numerical algorithms [MS83, HK14]. Once we obtain the
minimizer &, we set §, = U&,, which solves (1.16).

One additional issue as compared to the Euclidean setting is that now d, is one vector in the
tangent space and additive update leads to a point outside the sphere. We resort to the natural
exponential map to pull the tangent vector to a point on the sphere:

gD = expy (8.) = g™ cos [18,]] + B sinl|6. . (1.18)
As seen from Figure 3, the movement to the next iterate is “along the direction"*
over the sphere.

Using the above geometric characterizations, we prove that w.h.p., the algorithm converges to a
local minimizer when the parameter A is sufficiently small'®. In particular, we show that (1) the
trust region step induces at least a fixed amount of decrease to the objective value in the negative
curvature and nonzero gradient region; (2) the trust region iterate sequence will eventually move
to and stay in the strongly convex region, and converge to the local minimizer contained in the
region with an asymptotic quadratic rate. In short, the geometric structure implies that from any
initialization, the iterate sequence converges to a close approximation to the target solution in a
polynomial number of steps.

of 6, while staying

1.5 Prior Arts and Connections

It is far too ambitious to include here a comprehensive review of the exciting developments of DL
algorithms and applications after the pioneer work [OF96]. We refer the reader to Chapter 12 - 15 of
the book [Elal0] and the survey paper [MBP14] for summaries of relevant developments in image
analysis and visual recognition. In the following, we focus on reviewing recent developments on
the theoretical side of dictionary learning, and draw connections to problems and techniques that
are relevant to the current work.

Theoretical Dictionary Learning. The theoretical study of DL in the recovery setting started only
very recently. [AEBO6] was the first to provide an algorithmic procedure to correctly extract the
generating dictionary. The algorithm requires exponentially many samples and has exponential
running time; see also [HS11]. Subsequent work [GS10, GW11, Sch14a, Sch14b, Sch15] studied when
the target dictionary is a local optimum of natural recovery criteria. These meticulous analyses
show that polynomially many samples are sufficient to ensure local correctness under natural
assumptions. However, these results do not imply that one can design efficient algorithms to obtain
the desired local optimum and hence the dictionary.

“Technically, moving along the geodesic whose velocity at time zero is ..
For simplicity of analysis, we have assumed A is fixed throughout the analysis. In practice, dynamic updates to A
lead to faster convergence.

12



[SWW12] initiated the on-going research effort to provide efficient algorithms that globally solve
DR. They showed that one can recover a complete dictionary A from Y = Ay X, by solving a
certain sequence of linear programs, when X is a sparse random matrix with O(y/n) nonzeros
per column. [AAJ*13, AAN13] and [AGM13, AGMM15] give efficient algorithms that provably
recover overcomplete (m > n) and incoherent dictionaries, based on a combination of {clustering or
spectral initialization} and local refinement. These algorithms again succeed when X, has 5(\/5)
16 nonzeros per column. Recent work [BKS14] provides the first polynomial-time algorithm that
provably recovers most “nice” overcomplete dictionaries when X has O(n'~%) nonzeros per col-
umn for any constant § € (0, 1). However, the proposed algorithm runs in super-polynomial time
when the sparsity level goes up to O(n). Similarly, [ABGM14] also proposes a super-polynomial
(quasipolynomial) time algorithm that guarantees recovery with (almost) O (n) nonzeros per col-
umn. By comparison, we give the first polynomial-time algorithm that provably recovers complete
dictionary Ap when X has O (n) nonzeros per column.

Aside from efficient recovery, other theoretical work on DL includes results on identifiabil-
ity [AEB06, HS11, WY15], generalization bounds [MP10b, VMB11, MG13, GJB*13], and noise sta-
bility [G]B14].

Finding Sparse Vectors in a Linear Subspace. We have followed [SWW12] and cast the core
problem as finding the sparsest vectors in a given linear subspace, which is also of independent
interest. Under a planted sparse model'”, [DH14] shows solving a sequence of linear programs
similar to [SWW12] can recover sparse vectors with sparsity up to O (p/y/n), sublinear in the
vector dimension. [QSW14] improved the recovery limit to O (p) by solving a nonconvex spherical
constrained problem similar to (1.4)!® via an ADM algorithm. The idea of seeking rows of Xy
sequentially by solving the above core problem sees precursors in [ZP01] for blind source separation,
and [GN10] for matrix sparsification. [ZP01] also proposed a nonconvex optimization similar to (1.4)
here and that employed in [QSW14].

Nonconvex Optimization Problems. For other nonconvex optimization problems of recovery
of structured signalslg, including low-rank matrix completion/recovery [KMO10, JNS13, Har14,
HW14, NNS*14,]N14, SL14, ZL15, TBSR15, CW15], phase retreival [N]JS13, CLS15, CC15, WWS15],
tensor recovery [JO14, AGJ14b, AGJ14a, AJSN15], mixed regression [YCS13, LWB13], structured
element pursuit [QSW14], and recovery of simultaneously structured signals [LWB13], numerical
linear algebra and optimization [JJKN15, BKS15], the initialization plus local refinement strategy
adopted in theoretical DL [AAJ"13, AAN13, AGM13, AGMM15, ABGM14] is also crucial: near-
ness to the target solution enables exploiting the local geometry of the target to analyze the local
refinement.”’ By comparison, we provide a complete characterization of the global geometry, which
admits efficient algorithms without any special initialization. The idea of separating the geometric
analysis and algorithmic design may also prove valuable for other nonconvex problems discussed
above.

1®The O suppresses some logarithm factors.

'7... where one sparse vector embedded in an otherwise random subspace.

'8The only difference is that they chose to work with the Huber function as a proxy of the ||-||, function.

This is a body of recent work studying nonconvex recovery up to statistical precision, including, e.g., [LW11, LW13,
WLL14, BWY14, WGNL14, LW14, Loh15, SLLC15].

“The powerful framework [ABRS10, BST14] to establish local convergence of ADM algorithms to critical points applies
to DL/DR also, see, e.g., [B]JQS14, BQJ14, BJS14]. However, these results do not guarantee to produce global optima.
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Optimization over Riemannian Manifolds. Our trust-region algorithm on the sphere builds
on the extensive research efforts to generalize Euclidean numerical algorithms to (Riemannian)
manifold settings. We refer the reader to the monographs [Udr94, HMG94, AMS09] for survey
of developments in this field. In particular, [EAS98] developed Newton and conjugate-gradient
methods for the Stiefel manifolds, of which the spherical manifold is a special case. [ABGO07]
generalized the trust-region methods to Riemannian manifolds. We cannot, however, adopt the
existing convergence results that concern either global convergence (convergence to critical points)
or local convergence (convergence to a local minimum within a radius). The particular geometric
structure forces us to piece together different arguments to obtain the global result.

0016

(a) Correlated Gaussian, § = 0.1  (b) Correlated Uniform, § = 0.1
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(d) Correlated Gaussian, # = 0.9  (e) Correlated Uniform, 6 = 0.9 (f) Independent Uniform, § = 1

Figure 4: Asymptotic function landscapes when rows of X, are not independent. W.lo.g.,
we again assume Ay = I. In (a) and (d), Xy = 2 © V, with Q ~; ; 4. Ber(#) and columns of
X ii.d. Gaussian vectors obeying v; ~ N (0, £?) for symmetric ¥ with 1’s on the diagonal
and i.i.d. off-diagonal entries distributed as N'(0,/2/20). Similarly, in (b) and (e), X, =
Qe W, with Q ~;; 4 Ber(f) and columns of X i.i.d. vectors generated as w; = Zu’ with
u; ~;.i.4. Uniform[—0.5,0.5]. For comparison, in (c) and (f), X = Q © W with Q ~; ; 4 Ber(6)
and W ~; ; 4. Uniform[—0.5,0.5]. Here ® denote the elementwise product, and the objective
function is still based on the log cosh function as in (1.4).

Independent Component Analysis (ICA) and Other Matrix Factorization Problems. DL can
also be considered in the general framework of matrix factorization problems, which encompass the
classic principal component analysis (PCA), ICA, and clustering, and more recent problems such
as nonnegative matrix factorization (NMF), multi-layer neural nets (deep learning architectures).
Most of these problems are NP-hard. Identifying tractable cases of practical interest and providing
provable efficient algorithms are subject of on-going research endeavors; see, e.g., recent progresses
on NMF [AGKM12], and learning deep neural nets [ABGM13, SA14, NP13, LSS514].

ICA factors a data matrix Y as Y = AX such that A is square and rows of X are as independent
as possible [HO00, HOO1]. In theoretical study of the recovery problem, it is often assumed that
rows of X are (weakly) independent (see, e.g., [Com94, FJK96, AGMS12]). Our i.i.d. probability
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model on X implies rows of X are independent, aligning our problem perfectly with the ICA
problem. More interestingly, the log cosh objective we analyze here was proposed as a general-
purpose contrast function in ICA that has not been thoroughly analyzed [Hyv99], and algorithm and
analysis with another popular contrast function, the fourth-order cumulants, indeed overlap with
ours considerably [FJK96, AGMS12]?!. While this interesting connection potentially helps port our
analysis to ICA, it is a fundamental question to ask what is playing the vital role for DR, sparsity or
independence.

Figure 4 helps shed some light in this direction, where we again plot the asymptotic objective
landscape with the natural reparameterization as in Section 1.4.2. From the left and central panels,
it is evident even without independence, X with sparse columns induces the familiar geometric
structures we saw in Figure 2; such structures are broken when the sparsity level becomes large.
We believe all our later analyses can be generalized to the correlated cases we experimented with.
On the other hand, from the right panel??, it seems with independence, the function landscape
undergoes a transition as sparsity level grows - target solution goes from minimizers of the objective
to the maximizers of the objective. Without adequate knowledge of the true sparsity, it is unclear
whether one would like to minimize or maximize the objective.?® This suggests sparsity, instead of
independence, makes our current algorithm for DR work.

Nonconvex Problems with Similar Geometric Structure Besides ICA discussed above, it turns
out that a handful of other practical problems arising in signal processing and machine learn-
ing induce the “no spurious minimizers, all saddles are second-order” structure under natural
setting, including the eigenvalue problem, generalized phase retrieval [SQW15a], tensor decompo-
sition [GHJY15], linear neural nets learning [BH89]. [SQW15b] gave a review of these problems,
and discussed how the methodology developed in this and the companion paper [SQWDb] can be
generalized to solve those problems.

1.6 Notations, Organization, and Reproducible Research

We use bold capital and small letters such as X and x to denote matrices and vectors, respectively.
Small letters are reserved for scalars. Several specific mathematical objects we will frequently work
with: O, for the orthogonal group of order k, S*~! for the unit sphere in R", B" for the unit ball in
R"™, and [m] = {1, ...,m} for positive integers m, n, k. We use ()" for matrix transposition, causing
no confusion as we will work entirely on the real field. We use superscript to index rows of a matrix,
such as x for the i-th row of the matrix X, and subscript to index columns, such as ;. All vectors
are defaulted to column vectors. So the i-th row of X as a row vector will be written as (") *. For
norms, ||-|| is the usual £2 norm for a vector and to the operator norm (i.e., /> — ¢2) for a matrix; all
other norms will be indexed by subscript, for example the Frobenius norm ||-|| » for matrices and
the element-wise max-norm ||-|| .. We use « ~ £ to mean that the random variable z is distributed

ZNevertheless, the objective functions are apparently different. Moreover, we have provided a complete geometric
characterization of the objective, in contrast to [FJK96, AGMS12]. We believe the geometric characterization could not
only provide insight to the algorithm, but also help improve the algorithm in terms of stability and also finding all
components.

ZWe have not showed the results on the BG model here, as it seems the structure persists even when 6 approaches 1.
We suspect the “phase transition” of the landscape occurs at different points for different distributions and Gaussian is
the outlying case where the transition occurs at 1.

S For solving the ICA problem, this suggests the log cosh contrast function, that works well empirically [Hyv99], may
not work for all distributions (rotation-invariant Gaussian excluded of course).
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according to the law £. Let N denote the Gaussian law. Then  ~ N (0, I) means that x is a
standard Gaussian vector. Similarly, we use  ~;; 4. £ to mean elements of = are independently
and identically distributed according to the law L. So the fact  ~ N (0, I) is equivalent to that
x ~i;q N (0,1). One particular distribution of interest for this paper is the Bernoulli-Gaussian with
rate 0: Z ~ B - G, with G ~ N (0,1) and B ~ Ber (6). We also write this compactly as Z ~ BG (9).
We frequently use indexed C and c for numerical constants when stating and proving technical
results. The scopes of such constants are local unless otherwise noted. We use standard notations
for most other cases, with exceptions clarified locally.

The rest of the paper is organized as follows. In Section 2 we present major technical results
for a complete characterization of the geometry sketched in Section 1.4.2. Similarly in Section 3
we present necessary technical machinery and results for convergence proof of the Riemannian
trust-region algorithm over the sphere, corresponding to Section 1.4.3. In Section 4, we discuss the
whole algorithmic pipeline for recovering complete dictionaries given Y, and present the main
theorems. After presenting a simple simulation to corroborate our theory in Section 5, we wrap
up the main content in Section 6 by discussing possible improvement and future directions after
this work. All major proofs of geometrical and algorithmic results are deferred to Section 7 and
Section 8, respectively. Section 9 augments the main results. The appendices cover some recurring
technical tools and auxiliary results for the proofs.

The codes to reproduce all the figures and experimental results can be found online:

https://github.com/sunju/dl_focm

2 High-dimensional Function Landscapes
To characterize the function landscape of f (g; Xo) over S"~1, we mostly work with the function

9w = £ (a(w): X0) = " g ()" (@0)y). 1)
k=1

induced by the reparametrization

q@@zz(mA/l—wwW>, we B L 2.2)

In particular, we focus our attention to the smaller set

in —1
F—{wﬂmH< n }, (2.3)
4n

because g (T") contains all points g € S"~! with n € arg maX;c [, ¢"€; and we can characterize
other parts of f on S"~! using projection onto other equatorial planes. Note that over I, ¢,, =

(1 fwl?) = 2

2.1 Main Geometric Theorems

Theorem 2.1 (High-dimensional landscape - orthogonal dictionary) Suppose Ay = I and hence
Y = AoXo = Xj. There exist positive constants c, and C, such that for any 6 € (0,1/2) and
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< min {c,n=1, n=/*}, whenever p > o &andlog 2 =, the following hold simultaneously with high
probability:

cy 0 7
Veg(w; Xo) = —1 Vw st ||w| <—%, 2.4
2g(wi Xo) = ol < 155 24
* : X 1
wVo(w; Xo) 5 (g Vw st P <) < 25)
[|w] 4f 20v/5
*Vig(w; X 1 4n —1
'wvg(“’; 0w _ g Vw st —— < |lw| </ 27, (2.6)
[|w| 20v/5 dn

and the function g(w; Xo) has exactly one local minimizer w, over the open set I = {w wl < /42t },

which satisfies
. Ce nlo
lw, — 0] < mm{ = pgpjl“ﬁ}. (2.7)

In particular, with this choice of p, the probability the claim fails to hold is at most 4np=1° + (np)~" +
exp (—0.30np) + cqexp (—cepp®6?/n?). Here c, to c. are all positive numerical constants.

Here g (0) = e,,, which exactly recovers the last row of X, (j. Though the unique local minimizer
w, may not be 0, it is very near to 0. Hence the resulting g (w,) produces a close approximation
to . Note that g (T') (strictly) contains all points g € S"~! such that n = arg maX;e [, ¢*€i- We

can characterize the graph of the function f (g; Xo) in the vicinity of other signed basis vector +e;
simply by changing the plane e, to e;-. Doing this 2n times (and multiplying the failure probability
in Theorem 2.1 by 2n), we obtam a characterization of f (g; Xo) over the entirety of S"~1.2* The
result is captured by the next corollary.

Corollary 2.2 Suppose Ay = I and henceY = AgXo = X. There exist positive constant C, such that
forany 6 € (0,1/2) and p < min {caOn~t, cyn =/}, whenever p > uz—cégn?) log 75, with probability at
least 1 — 8n?p~10 — O(np)~7 — exp (—0.30np) — c.exp (—cdpu292/n2), the function f (q; Xo) has exactly
2n local minimizers over the sphere S, In particular, there is a bijective map between these minimizers
and signed basis vectors {+e; },, such that the corresponding local minimizer q, and b € {+e;}, satisfy

. ) oce nlogp
||Q*b||S\/§m1n{ QMU pg ,1/:3} (2.8)

Here ¢, to ¢4 are numerical constants (possibly different from that in the above theorem).

Proof By Theorem 2.1, over g (I'), g (w,) is the unique local minimizer. Suppose not. Then there exist
q' € q(I') with ¢’ # q (w,) and € > 0, such that f (¢'; Xo) < f (g; Xo) for all g € ¢ (T') satisfying
ld’ — gl < e. Since the mapping w +— ¢q(w) is 24/n-Lipschitz (Lemma 7.7), g (w (¢') ; Xo) <
g(w(q);Xyp) for all w € T satisfying ||lw (q') —w (q)| < ¢/ (2y/n), implying w (¢’) is a local
minimizer different from w,, a contradiction. Let ||w, — 0|| = 7. Straightforward calculation shows

2
lg(w) = el = (1= VI=1P) +n2 =22/ 1= < 29",

*In fact, it is possible to pull the very detailed geometry captured in (2.4) through (2.6) back to the sphere (i.e., the g
space) also; analysis of the Riemannian trust-region algorithm later does part of these. We will stick to this simple global
version here.
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Repeating the argument 2n times in the vicinity of other signed basis vectors +e; gives 2n local
minimizers of f. Indeed, the 2n symmetric sections cover the sphere with certain overlaps, and
a simple calculation shows that no such local minimizer lies in the overlapped regions (due to
nearness to a signed basis vector). There is no extra local minimizer, as such local minimizer is
contained in at least one of the 2n symmetric sections, resulting two different local minimizers in
one section, contradicting the uniqueness result we obtained above. |

Though the 2n isolated local minimizers may have different objective values, they are equally
good in the sense any of them produces a close approximation to a certain row of Xy. As discussed
in Section 1.4.2, for cases Ay is an orthobasis other than I, the landscape of f (g;Y') is simply a
rotated version of the one we characterized above.

Theorem 2.3 (High-dimensional landscape - complete dictionary) Suppose Ay is complete with its
condition number k (Ag). There exist positive constants c, and C, such that for any 6 € (0,1/2) and p <

min {c,0n~t, cyn=>/*}, whenp > 29 max { T, MQ} (Ap) log* (%) andY = \/pf (YY*) /2y,
UXV* = SVD (Ay), the following hold simultaneously with high probability:

- 0
Vig(w; VUY) = =—1I Vw st |w] <=, 2.9
o )= ol < 155 29)
* VUYY) _ 1 1
wVygw:VU'Y) 1 g Vw st L <|w| < —— (2.10)
[[w]| 2 4/2 20V/5
w*V? Y 1 1 4n —1
Vg(w; VU w1 g Vw st —— < |lw| </, 2.11)
]l 2 20v/5 4n
and the function g(w; VU*Y ) has exactly one local minimizer w. over the open set ' = { lw] < 4;1}
which satisfies
lw, —0] < & 2.12)

=
In particular, with this choice of p, the probability the claim fails to hold is at most 4np~1 + 0(np)~7 +
exp (—0.30np) + p~® + cgexp (—cepp?6? /n?). Here c, to c. are all positive numerical constants.

Corollary 2.4 Suppose Ay is complete with its condition number k (Ag). There exist positive constants c,

and C, such that forany € (0,1/2) and ju < min {c,0n~, c;n=>/*}, whenp > 0 max{u4 ;7} K% (Ag)

log* ( (AO) )andY Vo (YY™*)™ 2y, UsV* = s (Ao), with probability at least 1 — 8n?p~19 —

O(np)~ - —exp (—0.30np) — p~8 — cqexp (—cepp®6? /n?), the function f (q; VU*Y') has exactly 2n local
minimizers over the sphere S*~. In particular, there is a bijective map between these minimizers and signed
basis vectors {+e;},, such that the corresponding local minimizer q, and b € {+e;}, satisfy

\fu

g« — bl < — (2.13)

Here c, to cq are numerical constants (possibly different from that in the above theorem).

We will omit the proof as it is almost identical to that of corollary 2.2.
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2.2 Useful Technical Lemmas and Proof Ideas for Orthogonal Dictionaries

The proof of Theorem 2.1 is conceptually straightforward: one shows that Ex, [g (w; X()] has the
claimed properties, and then proves that each of the quantities of interest concentrates uniformly
about its expectation. The detailed calculations are nontrivial.

The next three propositions show that in the expected function landscape, we see successively
strongly convex region, nonzero gradient region, and directional negative curvature region when
moving away from zero, as depicted in Figure 2 and sketched in Section 1.4.2. Note that in this case

Ex, [9(q; X0)] = Eqn,, . BC(0) [hy (@ (w)" )] .

Proposition 2.5 There exists a positive constant c, such that for every 6 € (0, 1) andany Ry, € (0, Aot ) ,

if p < emin {ORZn~, Ryn=5/*}, it holds for every w satisfying Ry, < |w| < /22~ that

w*VE [h, (¢ (w) )] w < 4
|w]|? VoY

Proof See Section 7.1.1 on Page 47. ]

Proposition 2.6 For every 0 € (0, 3) and every i1 < 9/50, it holds for every w satisfying ry < ||w|| < Ry,

where 4 = 6%/5 and R, = ﬁ, that
w Vo E[h(g" (w)z)] 0
[ 202
Proof See Section 7.1.2 on Page 52. ]

Proposition 2.7 For every 6 € (0, 3), and every p < ﬁ, it holds for every w satisfying ||w|| < 4“%
that

L
T 25V 2mpu

Proof See Section 7.1.3 on Page 54. ]

E [Vahu (@ (w) )]

To prove that the above hold qualitatively for finite p, i.e., the function g (w; Xy), we will need
first prove that for a fixed w each of the quantity of interest concentrate about their expectation
w.h.p., and the function is nice enough (Lipschitz) such that we can extend the results to all w via a
discretization argument. The next three propositions provide the desired pointwise concentration
results.

1
NG

*v72 . 242
w*V g(w,Xo)w” Zt] §4exp( pp’t )

Proposition 2.8 Suppose 0 < p < For every w € T, it holds that for any t > 0,

51202 + 32nut
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Proof See Page 58 under Section 7.1.4. [ ]

Proposition 2.9 For every w € I, it holds that for any t > 0,

e [ s 2).

Proof See Page 59 under Section 7.1.4. ]

Proposition 2.10 Suppose 0 < p < ﬁ For every w € I'N{w : ||w| < 1/4}, it holds that for any t > 0,

242
ppt

Proof See Page 60 under Section 7.1.4. ]

The next three propositions provide the desired Lipschitz results.

Proposition 2.11 (Hessian Lipschitz) Fixanyr. € (0,1). Over theset TN{w : ||w|| > 7.}, w'Vig(wiXo)w

2
[[wll

is L~-Lipschitz with

16n3

8n3/2 48n>/2
L.< Xl 2
= Mg || OHOO + pr

2
| Xoll5 + P | X0l|2, +96n°/% || Xo|| . -

~

Proof See Page 65 under Section 7.1.5. ]

Proposition 2.12 (Gradient Lipschitz) Fixanyry € (0,1). Over theset TN{w : [|w| > r,4}, %
is L4-Lipschitz with

4n?

24/n Xo
< 20l g2 0, + 2 30 2

9

Ly
Proof See Page 65 under Section 7.1.5. ]

Proposition 2.13 (Lipschitz for Hessian around zero) Fixanyr_ € (0, 3). Overtheset I'n{w : ||w| < r_},
V2g(w; Xo) is L -Lipschitz with

4n? 5 4n 5 8V2yn 9
L, < ?HXoHoo+;HXoHoo+THXoHoo+8HXoHoo-

Proof See Page 65 under Section 7.1.5. ]

Integrating the above pieces, Section 7.2 provides a complete proof of Theorem 2.1.
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2.3 Extending to Complete Dictionaries

As hinted in Section 1.4.2, instead of proving things from scratch, we build on the results we have
obtained for orthogonal dictionaries. In particular, we will work with the preconditioned data
matrix

o 1 —-1/2
Y = (p&YY*> Y (2.14)

and show that the function landscape f (g;Y’) looks qualitatively like that of orthogonal dictionaries
(up to a global rotation), provided that p is large enough.

The next lemma shows Y can be treated as being generated from an orthobasis with the same
BG coefficients, plus small noise.

Lemma 2.14 Forany 6 € (0,1/2), suppose Ay is complete with condition number r (Ag) and Xo ~; ;.q.
BG (). Provided p > Cr* (Ag) On? log(nfk (Ay)), one can write Y as defined in (2.14) as

Y =UV*X, + E2X,,
for a certain E obeying ||E|| < 20x* (A) \/%lpﬂ, with probability at least 1 — p~8. Here ULV* =
SVD (Ay), and C' is a positive numerical constant.

Proof See Page 69 under Section 7.3. ]

Notice that UV * above is orthogonal, and that landscape of f(g;Y) is simply a rotated version
of that of f(q; VU*Y), or using the notation in the above lemma, that of f(g; Xo + VU*EX)) =

f(g; Xo + EX)) assuming E = VU*E. So similar to the orthogonal case, it is enough to consider
this “canonical” case, and its “canonical” reparametrization:

g (’LU; Xo+ éXo) = 219 zp: hy, (q* (w) (z0);, + ¢ (w) B (aco)k> :
k=1

The following lemma provides quantitative comparison between the gradient and Hessian of
g ('w; Xo + éX()) and that of g (w; X)).

Lemma 2.15 There exist positive constants Cy, and Ch, such that for all w € T,

~ n ~
[ Frstw: Xo + EX0) — Vg (w: Xo)|| < € o (np) 2],

| Vaotae: Xo+ EX0) = Vg (s Xo)|| < Comane§ “ . " 1082 () 2]
with probability at least 1 — 0 (np)~" — exp (—0.30np).
Proof See Page 70 under Section 7.3. ]
Combining the above two lemmas, it is easy to see when p is large enough, IZ]| = ||Z| is then

small enough (Lemma 2.14), and hence the changes to the gradient and Hessian caused by the
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perturbation are small. This gives the results presented in Theorem 2.3; see Section 7.3 for the
detailed proof. In particular, for the p chosen in Theorem 2.3, it holds that

HEH < ccib (max {n:f, 722} log?/? (np)) h (2.15)

for a certain constant ¢ which can be made arbitrarily small by making the constant C in p large.

3 Finding One Local Minimizer via the Riemannian Trust-Region Method

The above geometric results show every local minimizer of f(gq; f’) over S"~! approximately recovers
one row of X. So the crucial problem left now is how to efficiently obtain one of the local minimizers.
The presence of saddle points have motivated us to develop a (second-order) Riemannian trust-
region algorithm over the sphere; the existence of descent directions at nonoptimal points drives the
trust-region iteration sequence towards one of the minimizers asymptotically. We will prove that
under our modeling assumptions, this algorithm efficiently produces an accurate approximation®
to one of the minimizers. Throughout the exposition, basic knowledge of Riemannian geometry is
assumed. We will try to keep the technical requirement minimal possible; the reader can consult
the excellent monograph [AMS09] for relevant background and details.

3.1 The Riemannian Trust-Region Algorithm over the Sphere

We are interested to seek one local minimizer of the problem
~ 1L
minimize  f(q;Y) = — Z h.(q*y:;) subjectto g€ S" 1. (3.1)
p
k=1

For a function f in the Euclidean space, the typical TRM starts from some initialization ¢(*) € R", and
produces a sequence of iterates g1, ¢(?), . . ., by repeatedly minimizing a quadratic approximation
fto the objective function f(q), over a ball centered about the current iterate.

Here, we are interested in the restriction of f to the unit sphere S*~1. Instead of directly
approximating the function in R", we form quadratic approximations of f in the tangent space of
S"~1. Recall that the tangent space of a sphere at a point g € S" ! is T,S""! = {§ € R" | ¢*§ = 0},
i.e., the set of vectors that are orthogonal to q. Consider § € T,S" ! with ||§]| = 1. The map
v(t) : t — gcost + dsint defines a smooth curve on the sphere that satisfies v(0) = g and
4 (0) = 4. The function f o v (t) obviously is smooth and we expect Taylor expansion around 0 a
good approximation of the function, at least in the vicinity of 0. Taylor’s theorem gives

2
Fory(t)=f(a)+t{Vf(a),0)+ 5 (8"V'f(a)d - (Vf(a),q) +O(t).
We therefore form the “quadratic” approximation F(6:q): T,S" ! — Ras

F(6:0.9) = fla) + (Vi@ ¥),8) + 36" (Vi@ V)~ (Vi@ ¥).a)T)s. (2

»By “accurate” we mean one can achieve an arbitrary numerical accuracy € > 0 with a reasonable amount of time.
Here the running time of the algorithm is on the order of loglog(1/¢) in the target accuracy ¢, and polynomial in other
problem parameters.
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Given the previous iterate ¢* 1), the TRM produces the next iterate by generating a solution b to

min Aé; (k=1)y, 3.3
O€T (i—1)S"~H, 18] <A /(99 ) 5.3)

and then “pull” the solution $ from T,S™! back to S"~1. Moreover, for any vector § € T,S"!, the
exponential map exp,, (9) : Tan—1 s g

o .
exp, (8) =qcos|d| + WsmHéH )

If we choose the exponential map to pull back the movement 6%, the next iterate then reads

~

= g%V cos ||5]| + \EHSjanH' (3.4)

We have motivated (3.2) and hence the algorithm in an intuitive way from the Taylor approximation
to the function f over S"~!. To understand its properties, it is useful to interpret it as a Riemannian
trust-region method over the manifold S"~!. The class of algorithm is discussed in detail in the
monograph [AMS09]. In particular, the quadratic approximation (3.2) can be obtained by noting
that the function f o exp,(d; f") : T4S" ! — R obeys

q®

o expg(8:¥) = f(a: V) + (3, grad f(g: V) + 16 Hess f(g; ¥)5 + O(8]°),

where grad f(g; ff) and Hess f(q; 17) are the Riemannian gradient and Riemannian Hessian [AMS09]
respectively, defined as

grad f(q;Y) = Prgn1Vf(q;Y),
Hess f(q; Y) = Pr,gn-1 (sz(q; Y) - <Vf(q; Y), q> I) Prsn—1,
with Pr, gn—1 = I —qq”* the orthoprojector onto the tangent space T,S™ 1. We will use these standard

notions in analysis of the algorithm.

To solve the subproblem (3.3) numerically, we can take any matrix U € R™* (1)

whose columns
form an orthonormal basis for T’ q(k_l)Snfl, and produce a solution £ to

' A7 k=1
nin, f(U& g ), (3.5)

where by (3.2),

FUg ") = fa) + (U ("), €) +

2 (U@ U = (9(a%05), 6% ) 1) €

*The exponential map is only one of the many possibilities; also for general manifolds other retraction schemes may
be more practical. See exposition on retraction in Chapter 4 of [AMS09].
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Solution to (3.3) can then be recovered as 5= Ug. The problem (3.5) is an instance of the classic trust
region subproblem, i.e., minimizing a quadratic function subject to a single quadratic constraint, which
can be solved in polynomial time, either by root finding methods [MS83, CGT00b] or by semidefinite
programming (SDP) [RW97, YZ03, FW04, HK14]. As the root finding methods numerically suffer
from the so-called “hard case” [MS83], we deploy the SDP approach here. We introduce

A b } , (3.6)

é-lear o—ée m—| 1 o

where A = U*(V2f(q*D;Y) — <v f(q<k*1>;?),q<k*1>>1)U and b = U*Vf(g*;¥). The
resulting SDP to solve is

minimize @ (M, @), subject to tr(®) < A?+1, (E,11,0)=1, © =0, (3.7)

where E, 1 = e,;1€, ;. Once the problem (3.7) is solved to its optimal ©,, one can provably

recover the optimal solution &, of (3.5) by computing the SVD of ©, = UXV*, and extract as a
subvector by the first n — 1 coordinates of the principal eigenvector u; (see Appendix B of [BV04]).

The choice of trust region size A is important both for the convergence theory and practical
effectiveness of TRMs. Following standard recommendations (see, e.g., Chapter 4 of [NWO06]), we
use a backtracking approach which modifies A from iteration to iteration based on the accuracy
of the approximation . The whole algorithmic procedure is described as pseudocode as Algo-
rithm 1. In our numerical implementation, we randomly initialize g9 and set A® = 0.1, Nys =
0.9, s = 0.1, vg = 1/2, v = 2, Apax = 1 and Ay, = 10716, and the algorithm is stopped when

(f@ — f(g*D)) /18]l < 107C.

3.2 Main Convergence Results

By using general results on the Riemannian TRM (see, e.g., Chapter 7 of [AMS09]), it is not difficult
to prove that the iterates q(¥) produced by Algorithm 1 converge to a critical point of the objective
f(q) over S"~!. In this section, we show that under our probabilistic assumptions, this claim can
be strengthened. In particular, the algorithm is guaranteed to produce an accurate approximation
to a local minimizer of the objective function, in a number of iterations that is polynomial in the
problem size. The arguments described in Section 2 show that with high probability every local
minimizer of f produces a close approximation of one row of Xy. Taken together, this implies that
the algorithm efficiently produces a close approximation to one row of Xj,.

Our next two theorems summarize the convergence results for orthogonal and complete dictio-
naries, respectively.

Theorem 3.1 (TRM convergence - orthogonal dictionary) Suppose the dictionary Ay is orthogonal.
Then there exists a positive constant C, such that for all 6 € (0,1/2), and p < min {c,0n"", cbn_5/4}, when-
ever exp(n) > p > Cn3log ﬁ/(uQHQ), with probability at least 1 —8n*p~10 — O (np)~" —exp (—0.30np) —
p10 — coexp (—cqpu®6? /n?) | the Riemannian trust-region algorithm with input data matrix Y =Y, any

initialization q(°) on the sphere, and a step size satisfying

cec*0u2 Cfc}?eg,u }

, 3.8
n®/21og*? (np) n™/21og™? (np) 9

Agmin{
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Algorithm 1 Riemannian TRM Algorithm for Finding One Local Minimizer

Input: Data matrix Y € R"*?, smoothing parameter ; and parameters 7,5, s, Vi, Yds Amaxs Dmin
Output: g € S*!

1: Initialize ¢© € "1, A® and k =1,

2: while not converged do

3: Set U € R™ ("1 to be an orthonormal basis for Tyte-1) Sn—t

4: Solve the trust region subproblem

€= argmin f(U&q* YY)
el <At-

5: Set

~

- - S
0+ UE q+ q(k_l) cos ||0]] + — sin ||d]|.

il

6: Set

if pj, > nus and ||€]] = A then

8: Set ¢*) «+ gand A «+ min (%A(k_l), Amax). > very successful
: else if p; > 7 then

10: Set ¢®) « gand AK)  AG-D), > successful

11: else

12: Set ¢®) « g*=Y and A®) + max (g A*Y Apin). > unsuccessful

13: end if

14: Setk =k + 1.
15: end while

returns a solution g € S*~! which is & near to one of the local minimizers qx (i.e., || — q.|| < &) in

6103
cgn®log” (np)  cpn 0) cick O
m — + logl .

a { gt PNz } <f(q ) f(q*)> 088 8 log*/? (np) 42

iterations. Here c,, cy as defined in Theorem 2.1 and Lemma 3.9 respectively (c, and c; can be set to the same
constant value), and c,, c, are the same numerical constants as defined in Theorem 2.1, c. to c; are other
positive numerical constants.

Theorem 3.2 (TRM convergence - complete dictionary) Suppose the dictionary Ay is complete with
condition number k (Ag). There exists a positive constant C, such that for all § € (0,1/2), and p <
min {c,0n~t, cyn=>/*}, whenever exp(n) > p > c%% max {Z—i, Z—z} kS (Ag) log? (%), with proba-
bility at least 1 — 8n?*p~10 — O(np) =" — exp (—0.30np) — 2p~8 — c.exp (—cdp,u292/n2) , the Riemannian
trust-region algorithm with input data matrix Y = /pf (YY*)"V/2Y where USV* = SVD (Ay), any
initialization q'°) on the sphere and a step size satisfying

cec*0u2 Cfc}?eg,u
n®/21og*? (np) n™/21og™? (np) |

A< min{ (3.10)
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returns a solution g € S*~! which is & near to one of the local minimizers qx (i.e., || — q.|| < &) in

61003
cgn®log® (np)  cpn ©n cicOp
max { BBt C?QZAQ } (f(q ) f(Q*)) + log log ey log3/2 (np) (3.11)

iterations. Here c,, cy as defined in Theorem 2.1 and Lemma 3.9 respectively (c, and cy can be set to the same
constant value), and c,, ¢, are the same numerical constants as defined in Theorem 2.1, c. to ¢; are other
positive numerical constants.

Our convergence result shows that for any target accuracy € > 0 the algorithm terminates within
polynomially many steps. Our estimate of the number of steps is pessimistic: our analysis has
assumed a fixed step size A and the running time is relatively large degree polynomial in p and
n, while on typical numerical examples (e.g., u = 1072, n ~ 100, and € = O(p)), the algorithm
with adaptive step size as described in Algorithm 1 produces an accurate solution in relatively
few (20-50) iterations. Nevertheless, our goal in stating the above results is not to provide a tight
analysis, but to prove that the Riemannian TRM algorithm finds a local minimizer in polynomial
time. For nonconvex problems, this is not entirely trivial — results of [MK87] show that in general it
is NP-hard to find a local minimum of a nonconvex function.

3.3 Useful Technical Results and Proof Ideas for Orthogonal Dictionaries

The reason that our algorithm is successful derives from the geometry depicted in Figure 2 and
formalized in Theorem 2.1. Basically, the sphere S"~! can be divided into three regions. Near
each local minimizer, the function is strongly convex, and the algorithm behaves like a standard
(Euclidean) TRM algorithm applied to a strongly convex function — in particular, it exhibits a
quadratic asymptotic rate of convergence. Away from local minimizers, the function always exhibits
either a strong gradient, or a direction of negative curvature (an eigenvalue of the Hessian which is
bounded below zero). The Riemannian TRM aglorithm is capable of exploiting these quantities to
reduce the objective value by at least a constant in each iteration. The total number of iterations
spent away from the vicinity of the local minimizers can be bounded by comparing this constant
to the initial objective value. Our proofs follow exactly this line and make the various quantities
precise.

3.3.1 Basic Facts about the Sphere

For any point g € S*!, the tangent space 7;,S"~! and the orthoprojector Py, gn-1 onto T,S" ! are
given by

T,S" ' ={6 eR" | g*6 = 0},

Prsn—1 = —qq")=UU",
where U € R™("~1) is an arbitrary orthonormal basis for 7,S"~! (note that the orthoprojector

is independent of the basis U we choose). Moreover, for any § € 7,S""1, the exponential map
expg(8) : TgS™ ! — S" 1 is given by

o
exp4(d) = qcos |4 + Wsm 6] -
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Let Vf(q) and V2 f(q) denote the usual (Euclidean) gradient and Hessian of f w.r.t. ¢ in R". For
our specific f defined in (3.1), it is easy to check that

p *x
v <q;?>:32tanh Y1) 5., (3.12)
p H
k=1
. 1N 1 U\ | ~ ~
V2§ <q; Y) =-3 - {1 — tanh? (qy’fﬂ e (3.13)
p=u 7

Since S"~! is an embedded submanifold of R", the Riemannian gradient and Riemannian Hessian
defined on T,S" ! are given by

grad (¢:Y) = Pr,gi1 V(g Y), (3.14)
Hess f(¢:Y) = Pror (V2A(a:Y) = (VH(@:Y),a) I) Pryn (3.15)

so the second-order Taylor approximation for the function f is
- ~ ~ ~ 1 ~
f (5; q. Y) =flq;Y)+ <5,grad f(q; Y)> + 55* Hess f(q;Y)9, VéeT, S
The first order necessary condition for unconstrained minimization of function f over T,S"tis

grad f(q; IA/) + Hess f(q; }/})6* =0; (3.16)

if Hess f(q) is positive semidefinite and has full rank n — 1 (hence “nondegenerate"?’), the unique
solution 4, is

8, = —U (U* [Hess f(q)]U) ' U* grad f(q),

which is also invariant to the choice of basis U. Given a tangent vector § € T,S" 1, lety(t) = exp, (td)
denote a geodesic curve on S"~!. Following the notation of [AMS09], let

IP;'HO : Tanfl — T,Y(T)Snil

denotes the parallel translation operator, which translates the tangent vector § at ¢ = v(0) to a
tangent vector at y(7), in a “parallel” manner. In the sequel, we identify P 0 with the following
n x n matrix, whose restriction to 7,S" ! is the parallel translation operator (the detailed derivation
can be found in Chapter 8.1 of [AMS09]):

- 7+7 R
I 1ol 1l Il

00" . qo*
—— —sin (7| .
jae D

56° . & 8 g*
Pt = (122 - asnirla cos (7 181}

= I+ (cos(T|d]])—1) (3.17)

Similarly, following the notation of [AMS09], we denote the inverse of this matrix by PS*T, where
its restriction to T, (;)S" ! is the inverse of the parallel translation operator P7*°.

ZNote that the n x n matrix Hess f(g; f’) has rank at most n — 1, as the nonzero g obviously is in its null space. When

Hess f(q; Y') has rank n — 1, it has no null direction in the tangent space. Thus, in this case it acts on the tangent space
like a full-rank matrix.
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3.3.2 Key Steps towards the Proof

Note that for any orthogonal Ay, f (g; Ao Xo) = f (Ajq; Xo). In words, this is the above established
fact that the function landscape of f(q; A¢X)) is a rotated version of that of f(gq; Xo). Thus, any local
minimizer g, of f(q; Xo) is rotated to A(g,, one minimizer of f(q; AgXy). Also if our algorithm
generates iteration sequence qo, q1, g2, . .. for f(q; Xy) upon initialization qo, it will generate the
iteration sequence Ayqo, Aoq1, Aogz, ... for f(q; ApXo). So w.lo.g. it is adequate that we prove
the convergence results for the case Ay = I. So in this section (Section 3.3), we write f(g) to mean
f(g; Xo).

We partition the sphere into three regions, for which we label as R;, R11, R, corresponding
to the strongly convex, nonzero gradient, and negative curvature regions, respectively (see Theo-
rem 2.1). That is, R consists of a union of 2n spherical caps of radius 4%/5, each centered around a

signed standard basis vector +e;. R11 consist of the set difference of a union of 2n spherical caps of

radius 201—\/5, centered around the standard basis vectors +e;, and R;. Finally, Rr11 covers the rest of

the sphere. We say a trust-region step takes an R; step if the current iterate is in Ry; similarly for
Ri1 and Rppg steps. Since we use the geometric structures derived in Theorem 2.1 and Corollary 2.2,
the conditions

0€(0,1/2), p < min {caﬁn_l, cbn_5/4} , D> 1592”3 log % (3.18)
are always in force.

Ateach step k of the algorithm, suppose §(¥) is the minimizer of the trust-region subproblem (3.3).
We call the step “constrained” if ||& (k) | = A (the minimizer lies on the boundary and hence the
constraint is active), and call it “unconstrained” if ||6%*)|| < A (the minimizer lies in the relative
interior and hence the constraint is not in force). Thus, in the unconstrained case the optimality
condition is (3.16).

The next lemma provides some estimates about V f and V? f that are useful in various contexts.

Lemma 3.3 We have the following estimates about ¥V f and V> f:

sup ||V (q)ll = My < vn || Xol|

qES”_l
. n
sup [|V2f (@) = Mgz < = || Xl ,
qesn—1 12
Vi(q)—Vf(qd)l . n
wp W@ -VI@ e
q,9'€S"1,q#q’ lg — 4| v
V2f(q) - V2f(d)| . 2
sup | , | = Ly2 < —n*? || Xoll2, .
4,9'€S" 1 q#q lg — 4 H
Proof See Page 72 under Section 8. |

Our next lemma says if the trust-region step size A is small enough, one Riemannian trust-region
step reduces the objective value by a certain amount when there is any descent direction.

Lemma 3.4 Suppose that the trust region size A < 1, and there exists a tangent vector § € T,S" ! with
|6]] < A, such that

f(expg(d)) < f(q)—s
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for some positive scalar s € R. Then the trust region subproblem produces a point d, with

1
f(equ((s*)) S f(q) -5+ gan?)a
where ny = My + 2My2 + Ly + Ly2 and My, M2, Ly, Ly2 are the quantities defined in Lemma 3.3.

Proof See Page 73 under Section 8. |

To show decrease in objective value for Rir and Ri11, now it is enough to exhibit a descent
direction for each point in these regions. The next two lemmas help us almost accomplish the goal.
For convenience again we choose to state the results for the “canonical” section that is in the vicinity
of e,, and the projection map q (w) = [w; (1 — ||w||?)"/?], with the idea that similar statements hold
for other symmetric sections.

Lemma 3.5 Suppose that the trust region size A < 1, w*Vg(w)/ |[w|| > B, for some scalar 34, and that

w*Vg(w)/ ||w|| is Lg-Lipschitz on an open ball B (w A) centered at w. Then there exists a tangent

> 2/
vector & € TyS" 1 with ||8]| < A, such that

2L, Am\/n

Proof See Page 74 under Section 8. ]

2
F(expy(8) < f(q)—min{ﬁg ?’M}-

Lemma 3.6 Suppose that the trust-region size A < 1, w*V2g(w)w/ |w|* < —B-, for some 3., and

that w*V2g(w)w/ ||w||* is L~ Lipschitz on the open ball B (w, %) centered at w. Then there exists a

tangent vector & € TyS™* with ||| < A, such that

2632 3A%8.
3L27 8m2n [

F(expy(8)) < f(Q)—min{

Proof See Page 75 under Section 8. ]

One can take 3, = 3. = c,0 as shown in Theorem 2.1, and take the Lipschitz results in Section 2.2
(note that || Xo|, < 41og?(np) w.h.p. by Lemma 7.11), repeat the argument for other 2n — 1
symmetric regions, and conclude that w.h.p. the objective value decreases by at least a constant
amount. The next proposition summarizes the results.

Proposition 3.7 Assume (3.18). In regions Rrr and Rq11, each trust-region step reduces the objective value
by at least

1 cea?u  3Ac,0 1 Se®Put  3A%c,0
di; = = mi £ 2 a d dir = - mi - * 19
=y (e oy g ) o= g (G (np) 87 ) e

respectively, provided that

ceCO?

, 3.20
5/ 10g? (np) (3.20)

where c, to c. are positive numerical constants, and c, is as defined in Theorem 2.1.
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Proof We only consider the symmetric section in the vicinity of e,, and the claims carry on to
others by symmetry. If the current iterate g™ is in the region R, by Theorem 2.1, wh.p., we have
w*g (w) / ||wl|| > .0 for the constant c,. By Proposition 2.12 and Lemma 7.11, wh.p., w*g (w) / ||w||
is Cyn?log (np) /p-Lipschitz. Therefore, By Lemma 3.4 and Lemma 3.5, a trust-region step decreases
the objective value by at least

. 0% 3c A con®/?1og®? (np) 5
dir = min , - A°.
20912 log (np)’ 4my/n 3u?
Similarly, if q(k) is in the region R1r1, by Proposition 2.11, Theorem 2.1 and Lemma 7.11, w.h.p.,
w*V2g (w)w/ ||w|? is C3n3log®? (np) /u2-Lipschitz and upper bounded by —c,6. By Lemma 3.4
and Lemma 3.6, a trust-region step decreases the objective value by at least

. 2303 1 3A2%c,0 con?/? log®/? (np) 3
dIII = min 3 , B - 5 A°.
3C2nSlog® (np) 8m’n 3
It can be easily verified that when A obeys (3.19), (3.20) holds. [ |

The analysis for Ry is slightly trickier. In this region, near each local minimizer, the objective
function is strongly convex. So we still expect each trust-region step decreases the objective value.
On the other hand, it is very unlikely that we can provide a universal lower bound for the amount of
decrease - as the iteration sequence approaches one local minimizer, the movement is expected to be
diminishing. Nevertheless, close to the minimizer the trust-region algorithm takes “unconstrainted”
steps. For constrained R; steps, we will again show reduction in objective value by at least a fixed
amount; for unconstrained step, we will show the distance between the iterate and the nearest local
minimizer drops down rapidly.

The next lemma concerns the function value reduction for constrained Ry steps.

Lemma 3.8 Suppose the trust-region size A < 1, and that at a given iterate k, Hess f (q(k)) = mgPr (S
q

and ||Hess f (q®)|| < My. Further assume the optimal solution 8, € Ty S™" to the trust-region sub-
problem (3.3) satisfies ||0,|| = A, i.e., the norm constraint is active. Then there exists a tangent vector
8 € TyS™ ! with ||8]] < A, such that

LAT 1
< R _ MHE 2 A3
Flexpgon () < f (V) = T+ Gnsa?,
where 1y is defined the same as Lemma 3.4.
Proof See Page 75 under Section 8. ]

The next lemma provides an estimate of my. Again we will only state the result for the “canonical”
section with the “canonical” g(w) mapping.

Lemma 3.9 There exist positive constants C and cy, such that for all 0 € (0,1/2) and p < 6/10, whenever
p > Cn?log %/(u(ﬁ), it holds with probability at least 1 — 6 (np) ™" — exp (—0.30np) — p~1° that for all

q with [lw ()] < 755,

0
Hess f (q) = Cﬁ;PTanfl.
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Proof See Page 78 under Section 8. ]
We know that || Xyl < 4 log!/?(np) w.h.p., and hence by the definition of Riemannian Hessian
and Lemma 3.3,
: 2 2n 2 16n
My = |Hess f(q)|| < [[V*f(a)]| + IVF(@)ll < My: + My < " [ Xoll5% < e log(np),
Combining this estimate and Lemma 3.9, and Lemma 3.4, we obtain a concrete lower bound for the
reduction of objective value for each constrained R step.

Proposition 3.10 Assume (3.18). Each constrained Ry trust-region step (i.e., |6 = A) reduces the
objective value by at least

202
dy = G0 A2 (3.21)
pn log(np)
provided
dc20%u
#
= nb/210g®?(np) (3.22)

The constant cy is as defined in Lemma 3.9 and c, ¢ are a positive numerical constants.

Proof We only consider the symmetric section in the vicinity of e,, and the claims carry on to others
by symmetry. We have that w.h.p.

1
[fess f(@)] < " log(np), and Hessf(qmcﬁzpmn-l,

where ¢; is as defined in Lemma 3.9. Combining these estimates with Lemma 3.4 and Lemma 3.8,
one trust-region step will find next iterate g(**1) that decreases the objective value by at least

6%/ A2 con?log*? (np)

- 3
~ 2nlog (np) /p 12 A%

I

Finally, by the condition on A in (3.22) and the assumed conditions (3.18), we obtain

6302 9 Con3/2 log3/2 (np) 3 6392

di> ot - > ?
2pnlog(np) I 4pnlog(np)

)

as desired. n

By the proof strategy for R; we sketched before Lemma 3.8, we expect the iteration sequence
ultimately always takes unconstrained steps when it moves very near to a local minimizer. We will
show that the following is true: when A is small enough, once the iteration sequence starts to take
unconstrained R; step, it will take consecutive unconstrained R; steps afterwards. It takes two
steps to show this: (1) upon an unconstrained R; step, the next iterate will stay in Ry. It is obvious
we can make A € O(1) to ensure the next iterate stays in Rr U Rrr. To strengthen the result, we use
the gradient information. From Theorem 2.1, we expect the magnitudes of the gradients in Ri;
to be lower bounded; on the other hand, in R; where points are near local minimizers, continuity
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argument implies that the magnitudes of gradients should be upper bounded. We will show that
when A is small enough, there is a gap between these two bounds, implying the next iterate stays
in Ry; (2) when A is small enough, the step is in fact unconstrained. Again we will only state the
result for the “canonical” section with the “canonical” g(w) mapping. The next lemma exhibits an
absolute lower bound for magnitudes of gradients in Ryz.

Lemma 3.11 Forall g satzsfyzng = < |w(g)] < 20\/, it holds that
9 w*Vyg (w)
lgrad f (@)l = 75—
10 ]
Proof See Page 81 under Section 8. ]

Assuming (3.18), Theorem 2.1 gives that w.h.p. w*Vg(w)/ |w| > c.0. Thus, wh.p, ||grad f(q)|| >
9¢,0/10 for all g € Rr1. The next lemma compares the magnitudes of gradients before and after
taking one unconstrained R: step. This is crucial to providing upper bound for magnitude of
gradient for the next iterate, and also to establishing the ultimate (quadratic) sequence convergence.

Lemma 3.12 Suppose the trust-region size A < 1, and at a given iterate k, Hess f (¢®)) = myPr LS

and that the unique minimizer 6, € Tyx)S™™ L to the trust region subproblem (3.3) satisfies ||0.]| < A (i.e.,
the constraint is inactive). Then, for gt = expyr (0x), we have

lgrad f(g**) (@)%,
where Ly = 500 || Xol% + §n | Xoll%, +9v/n || X0l
Proof See Page 82 under Section 8. |

We can now bound the Riemannian gradient of the next iterate as

L
| grad f(g* V)| < =2 || grad f(g™))|

2miy;
L * * —
< 5o U7 Hess f(¢")UIU™ Hess f(¢")U] ™" grad f(q™))?
H
2
= 2m H N L;mj\gH A%
H H

Obviously, one can make the upper bound small by tuning down A. Combining the above lower
bound for ||grad f(q)| for q € Ry, one can conclude that when A is small, the next iterate g(*+1)
stays in R;. Another application of the optimality condition (3.16) gives conditions on A that
guarantees the next trust-region step is also unconstrained. Detailed argument can be found in
proof of the following proposition.

Proposition 3.13 Assume (3.18). W.h.p, once the trust-region algorithm takes an unconstrained Ry step
(ie., ||6]] < A), it always takes unconstrained Ry steps, provided that

cc§’93u
~ n"/2log™? (np)’

Here c is a positive numerical constant, and cy is as defined in Lemma 3.9.

(3.23)
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Proof We only consider the symmetric section in the vicinity of e,, and the claims carry on to others
by symmetry. Suppose that step k is an unconstrained R; step. Then

[w(g* ) — w(@™)| < [lg* ™) — ¥ = || expy 5 —a®|
— /2~ 2cos||8]| = 2sin([|8]| /2) < ||5]| < A.
Thus, if A < W - F’ q*+t1) will be in Ry U Ryz. Next, we show that if A is sufficiently small,
q(k“) will be indeed in R;. By Lemma 3.12,
2
(k+1)
mad f (a40) | < 5% a1 ()]
Ly M3, -1 2 LyM?
<=1 H U* Hess f ( ) U} U* grad f (q(k)> < ZHTHA2 (3.04)
2mH 2 H

where we have used the fact that
6] = o tess 1 (a) 0] 07 graa 1 () | <

as the step is unconstrained. On the other hand, by Theorem 2.1 and Lemma 3.11, w.h.p.

.9
llgrad f (q)|| > Berad = EC*H, vV q € Rir. (3.25)
Hence, provided
myg 2Bgrad
A< — .
< My Ly (3.26)

we have g(*t1) e R;.
We next show that when A is small enough, the next step is also unconstrained. Straight forward
calculations give

-1 Ly M?
HU [U* Hess f (q(k+1)) U} U~ grad f (q(k+1)> H < 2H U H A2
mH
Hence, provided that
2m3
A< —H_ 3.27
L (3.27)

we will have
HU [U* Hess f (q(k'H)) U} - U~ grad f (q(k+1)) H < A;

in words, the minimizer to the trust-region subproblem for the next step lies in the relative interior
of the trust region - the constraint is inactive. By Lemma 3.12 and Lemma 7.11, we have

o = C1n*log®? (np) /12, (3.28)
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w.h.p. for some numerical constant ;. Combining this and our previous estimates of mg, Mg, we
conclude whenever

A < i 1 i clucuci/293/2 cz,uch?’
min - , , .
- 20v5  4v2 nT/410g™* (np)’ n7/210g"/? (np)
for some positive numerical constants ¢; and ¢z, w.h.p. our next trust-region step is also an un-

constrained R; step. Noting that ¢, and c; can be made the same by our definition, we make the
claimed simplification on A. This completes the proof. [

Finally, we want to show that ultimate unconstrained R; iterates actually converges to one
nearby local minimizer rapidly. Lemma 3.12 has established the gradient is diminishing. The next
lemma shows the magnitude of gradient serves as a good proxy for distance to the local minimizer.

Lemma 3.14 Let g, € S" ! such that grad f(q.) = 0, and § € Ty, S L. Consider a geodesic ~(t) =
expy, (td), and suppose that on [0, 7], Hess f(y(t)) = myPr,  sn-1. Then

lgrad f(y(T))I = maT 4]

Proof See Page 82 under Section 8. |

To see this relates the magnitude of gradient to the distance away from the critical point, w.l.o.g.,
one can assume 7 = 1 and consider the point g = exp,_(d). Then

la. — all = [Jexpg, (&) — || = /2 — 2cos||d]| = 2sin([|8]| /2) < ||6]] < [[grad f(q)l| /s,

where at the last inequality above we have used Lemma 3.14. Hence, combining this observation
with Lemma 3.12, we can derive the asymptotic sequence convergence result as follows.

Proposition 3.15 Assume (3.18) and the conditions in Lemma 3.13. Let ¢*0) € Ry and the ko-th step the
first unconstrained Ry step and q, be the unique local minimizer of f over one connected component of Ry
that contains q*°). Then w.h.p., for any positive integer k' > 1,

hotk) _ o || < ceyfp —o¥
provided that
dc20%u
i
—_ 3.30
> n5/2 10g5/2 (np) ( )

Here cy is as defined in Lemma 3.9 that can be made equal to cyx as defined in Theorem 2.1, and c, ¢ are
positive numerical constants.

Proof By the geometric characterization in Theorem 2.1 and corollary 2.2, f has 2n separated local
minimizers, each located in R; and within distance v/2:/16 of one of the 2n signed basis vectors
{*ei}icn)- Moreover, it is obvious when 1 < 1, Ry consists of 2n disjoint connected components.
We only consider the symmetric component in the vicinity of e,, and the claims carry on to others
by symmetry.
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Suppose that kg is the index of the first unconstrained iterate in region Ry, i.e., q(ko) € R:. By
Lemma 3.12, for any integer k' > 1, we have

: 2m?, [ L
eraa r (g +)| < mH( .

L H 2m 2
where Ly is as defined in Lemma 3.12, m; as the strong convexity parameter for R; defined above.
Now suppose g is the unique local minimizer of £, lies in the same R; component that ¢(%0)
is located. Let yi(t) = exp,, (td) to be the unique geodesic that connects g, and gkt with

) =
v (0) = g, and (1) = gk t%) . We have

Hq<ko+k’> - q*H < [|expq, (8) — g.|| = /2 — 2cos ||8]| = 2sin(]|4] /2)

: omy (L ?
(ko+k') H H (ko) H
gradf( )H =In (2m§q gradf(‘l ) >
where at the second line we have repeatedly applied Lemma 3.14.

By the optimality condition (3.16) and the fact that ||& (ko) | < A, we have

gy 1 (a2 <

grad f ( k0)> H) (3.31)

k/

1
<loff < —
mpg

LyMpy
Qm%{

A.

H U* Hess f < (ko) ) U}il U*grad f <q(k°)) H <

2mH

Thus, provided

(3.32)

we can combine the above results and obtain

(ko+k')
Ja .

Based on the previous estimates for mpy, My and Ly, we obtain that w.h.p.,

(ko+K") agbp o

] S g

o

Moreover, by (3.32), w.h.p., it is sufficient to have the trust region size
020202
= nb/2 log5/2( p)
Thus, we complete the proof. [

Now we are ready to piece together the above technical proposition to prove Theorem 3.1.
Proof [of Theorem 3.1] Assuming (3.18) and in addition that

3
) cre 0’ CQCﬁQ
A < min ,
{n5/ 21og®? (np)  n/21og"/? (np)
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for small enough numerical constants c; and ¢z and c,, ¢; as defined in Theorem 2.1 and Lemma 3.9
respectively (c, and c; can be set to the same constant value), it can be verified that the conditions
of all the above propositions are satisfied. Since each of the local minimizers is contained in the
relative interior of one connected component of R; (comparing distance of local minimizers to their
respective signed basis vector, as stated in Corollary 2.2, with size of each connected R; component
yields this ), we can define a threshold value

¢= min{ min___f(q), maXf(Q)}
q € Ri1UR111 q € R:
where overline - here denotes set closure. Obviously ( is well-defined as the function f is continuous,
and both sets Ri; U Ry and Ry are compact. Also for any of the local minimizers, say g, it holds
that ¢ > f(g.)-

By the four propositions above, a step will either be Ri1r, R11, or constrained R; step that
decreases the objective value by at least a certain fixed amount (we call this Type A), or be an
unconstrained R step (Type B), such that all future steps are unconstrained R; and the sequence
converges to one local minimizer quadratically. Hence, regardless the initialization, the whole
iteration sequence consists of consecutive Type A steps, followed by consecutive Type B steps.
Depending on the initialization, either the Type A phase or the Type B phase can be absent. In
any case, in a finite number of steps, the function value must drops below ¢ and all future iterates stay in
R;. Indeed, if the function value never drops below ¢, by continuity the whole sequence must be
of entirely Type A - whereby either the finite-length sequence converges to one local minimizer,
or every iterate of the infinite sequence steadily decreases the objective value by at least a fixed
amount - in either case, the objective value should ever drop below ( in finitely many steps; hence
contradiction arises. Once the function value drops below (, type A future steps decreases the
objective value further down below ¢ - by definition of ¢, these iterates stay within R, and type B
future steps, aka unconstrained R steps obviously keep all subsequent iterates in Ry.

There are three possibilities after the objective value drop below ¢ and all future iterates stay
in Rr. Assume g, is the unique local minimizer in the same connected component of R as the
current iterate: (1) the sequence always take constrained R; steps and hits g, exactly in finitely
many steps; (2) the sequence takes constrained R; steps until reaching certain point ¢’ € Ry such
that f(q’) < f(g«) + d1, where d; is as defined in Proposition 3.10. Since each constrained Rz step
must decrease the objective value by at least dr, the next and all future steps must be unconstrained
R; steps and the sequence converges to g,; (3) the sequence starts to take unconstrained R; steps
at a certain point ¢” € Rp such that f(q”) > f(qg.) + di. In any case, the sequence converges to
the local minimizer g,. By Proposition 3.7, Proposition 3.10, and Proposition 3.15, the number of
iterations to obtain an e-near solution to g, can be grossly bounded by

£ (@) — f(q.) —
Iter < - + loglo
# min {dr, drz, dr1r} 6708 en3/210g3/2 (np)

< |win c3c303 pt 040392 2 -1 (f ( (0)> iy )) loalo cseyfp

where we have assumed p < exp(n) when comparing the various bounds. Finally, the claimed
failure probability comes from a simple union bound with careful bookkeeping. |
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3.4 Extending to Convergence for Complete Dictionaries

Note that for any complete Ay with condition number « (Ay), from Lemma 2.14 we know when p
is large enough, w.h.p. one can write the preconditioned Y as

Y =UV*X,+EX,
for a certain = with small magnitude, and UXV™* = SVD (Ay). Since UV* is orthogonal,
f(qUV*Xy+EXy) =f(VU"q; X0+ VU'EX)) .

In words, the function landscape of f(q; UV * X, + ZX)) is a rotated version of that of f(g; Xo +
VU*EX)). Thus, any local minimizer g, of f(q; Xo + VU*EX)) is rotated to UV *q,, one mini-
mizer of f(q; UV * Xy + EX)). Also if our algorithm generates iteration sequence qo, q1, g2, . . . for
f(g; Xo + VU*EX)) upon initialization qq, it will generate the iteration sequence UV *qy, UV *q,
UV*q,... for f(q;UV*Xy+ EX)). So wlo.g. it is adequate that we prove the convergence
results for the case f(q; Xo + VU*EX)), corresponding to Ay = I with perturbation = = VU*E.
So in this section (Section 3.4), we write f(gq; Xvo) to mean f(g; Xo + ZX).
Theorem 2.3 has shown that when

1 (el o C nt nd) g 4 [(k(Ag)n
- < ca” > - = — .
06(0,2>,M_m1n{n,n5/4},p_czemax{u4,u2}/<; (Ap) log ) ,  (3.33)

the geometric structure of the landscape is qualitatively unchanged and the ¢, constant can be
replaced with ¢, /2. Particularly, for this choice of p, Lemma 2.14 implies

-1
I~ — ~ n3/2 n2
I8 = Ive s < [[&] < ce <max {ﬂ M} log? <np>) 630

for a constant ¢ that can be made arbitrarily small by setting the constant C' in p sufficiently large.
The whole proof is quite similar to that of orthogonal case in the last section. We will only sketch
the major changes below. To distinguish with the corresponding quantities in the last section, we
use - to denote the corresponding perturbed quantities here.

e Lemma 3.3: Note that
1X0 + EXolloo < [1Xolloo + [EX0lloo < [1Xolloo + VRIE[ 1 Xolloo < 3] Xolloo/2,
where by (3.34) we have used IZ]| < 1/(2/n) to simplify the above result. So we obtain
My < ng, Mg: < %Mv% Ly < ZLV, Lz < %va‘
e Lemma 3.4: Now we have

ﬁf = Mv + QMVQ + EV + sz < 477f.

e Lemma 3.5 and Lemma 3.6 are generic and nothing changes.
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e Proposition 3.7: We have now w*g(w)/ ||w|| > ¢,.0/2by Theorem 2.3 and w.h.p. w*Vg(w)/ ||w||
is C1n?log(np)/u-Lipschitz by Proposition 2.12 and the fact HXO + éXOH < 3| X0l /2

shown above. Similarly, w*g(w)/ ||w| < —c.8/2 by Theorem 2.3 and w*V2g(w)w/ ||w|?
is Cyn®log®/?(np)/ p2-Lipschitz. Moreover, 7j; < 47 as shown above. Since there are only
multiplicative constant changes to the various quantities, we conclude

(/iIVI = c1dr1, JII\JI = c1dr11 (3-35)
provided

coc,Op?

' 3.36
n5/2log*? (np) (3:36)

e Lemma 3.8: 7); is changed to 7y with 7y < 47 as shown above.
e Lemma 3.9: By (3.13), we have

Y 1 - — 1 * oo ok
|V 7@ X0) = v 5(a: Xo) | < 037 {Lﬁn:n e L wkwu}
k=1

p
—_— —_ 2 — 2
<IEN (2 + 2/ + 1EN/1) 3 Iall® < IEN (L +3/m) n | Kol
k=1

where L; is the Lipschitz constant for the function Bu (1) and we have used the fact that
|Z|| < 1. Similarly, by 3.12,

|V f(a: Xo) - Vf(a: Xo)|| < ;Z {3, JZ1 el + 1E] 26l } < (L4, +1) IE1v7 1 Xoll

where L; is the Lipschitz constant for the function hy (-). Since Lj <2/p*and Lj < 1/p, and
1 X0l < 44/log(np) wh.p. (Lemma 7.11). By (3.34), wh.p. we have

|97(a: X0) ~ Vf(a: Ko)| < 5ed. and |V 7(a: Xo) ~ 9% f(a: Xo)| < et

provided the constant C'in (3.33) for p is large enough. Thus, by (3.15) and the above estimates
we have

| Hess £(g: Xo) — Hess f(g: Xo)|| < || V(s X0) = Vf(g: Xo) | + | V2 (q: X0) = V2f(q: Xo)|

1 6
< Cﬁg < icﬁ;7

provided p < 1/2. So we conclude

e 1 6 146
Hess f(q; Xo) = icjj;PTqS"_l = mpy > 5%;' (3.37)
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e Proposition 3.10: From the estimate of M above Proposition 3.10 and the last point, we have
X, 36 X 10 n—1
[ tess (a5 Xo)| < = tog(np), and  Hess f(g; Xo) = 5er' Pr,S" .
I I

Also since 77y < 4ny in Lemma 3.4 and Lemma 3.8, there are only multiplicative constant
change to the various quantities. We conclude that

dr = c3ds (3.38)
provided that
cac20?
< 411—”‘ (3.39)
n/2log™? (np)

e Lemma 3.11 is generic and nothing changes.
e Lemma 3.12: Ly < 27Ly /8.

e Proposition 3.13: All the quantities involved in determining A, mg, My, and Ly, Bgraq are
modified by at most constant multiplicative factors and changed to their respective tilde
version, so we conclude that the RTM algorithm always takes unconstrained R; step after
taking one, provided that

056393,u

' 3.40
T /2 log7/2 (np) (3.40)

e Lemma 3.14:is generic and nothing changes.

e Proposition 3.15: Again my, My, Ly are changed to my, ]\/4\;1, and E;{, respectively, differing
by at most constant multiplicative factors. So we conclude for any integer &’ > 1,

cecyOp 2_2k/

(ko+k") _ . , 3.41
o T = 210872 (np) o4
provided
202
creg0°
< ﬂ—5/2 (3.42)
n5/2log>*(np)
The final proof to Theorem 2.3 is almost identical to that of Theorem 2.1, except for
2 coc363
A < min e’ %G 2“ : (3.43)
n>/210g*? (np) " n7/?log"/? (np)
¢ = min { min__f (¢; Xo) , max f (a5 Xo) } , (3.44)
q € RitUR11 q € R1
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and hence all ¢ is now changed to z , and also dy, di1, and drr1 are changed to d~1, (ilv;[, and df;[; as
defined above, respectively. The final iteration complexity to each an e-near solution is hence

3093, 4 202 -1
. cloc,0°p” €116 9 0) cracs0p
Iter < |m A - * log 1 .
#lter < [ in {n6 log® (np)” }] (f (q ) f(q )) + loglog =n3/2 10g* 2 (np)

Hence overall the qualitative behavior of the algorithm is not changed, as compared to that for the
orthogonal case. Above c; through ¢ are all numerical constants.

4 Complete Algorithm Pipeline and Main Results

For orthogonal dictionaries, from Theorem 2.1 and its corollary, we know that all the minimizers
g, are O(p) away from their respective nearest “target” q., with qu’ = ae; X for certain o # 0
and ¢ € [n]; in Theorem 3.1, we have shown that w.h.p. the Riemannian TRM algorithm produces
a solution g € S"~! that is € away to one of the minimizers, say g,. Thus, the g returned by the
TRM algorithm is O(e + i) away from g,. For exact recovery, we use a simple linear programming
rounding procedure, which guarantees to exactly produce the optimizer g,. We then use deflation to
sequentially recover other rows of X. Overall, w.h.p. both the dictionary A, and sparse coefficient
X are exactly recovered up to sign permutation, when 6 € (1), for orthogonal dictionaries. We
summarize relevant technical lemmas and main results in Section 4.1. The same procedure can be
used to recover complete dictionaries, though the analysis is slightly more complicated; we present
the results in Section 4.2. Our overall algorithmic pipeline for recovering orthogonal dictionaries is
sketched as follows.

1. Estimating one row of X by the Riemannian TRM algorithm. By Theorem 2.1 (resp.
Theorem 2.3) and Theorem 3.1 (resp. Theorem 3.2), starting from any, when the relevant
parameters are set appropriately (say as p, and A, ), w.h.p., our Riemannian TRM algorithm
finds a local minimizer g, with g, the nearest target that exactly recovers one row of X
and ||g — ¢.]| € O(p) (by setting the target accuracy of the TRM as, say, € = p).

2. Recovering one row of X by rounding. To obtain the target solution g, and hence recover
(up to scale) one row of Xy, we solve the following linear program:

minimizeq Hq*?Hl, subject to  (r,q) =1, 4.1)

with r = q. We show in Lemma 4.2 (resp. Lemma 4.4) that when (q, q.) is sufficiently large,
implied by . being sufficiently small, w.h.p. the minimizer of (4.1) is exactly g,, and hence
one row of X is recovered by ¢}Y .

3. Recovering all rows of X by deflation. Once ¢ rows of Xy (1 < ¢ < n — 2) have
been recovered, say, by unit vectors q., ... ,q’, one takes an orthonormal basis U for
[span (g, ...,q%)]*, and minimizes the new function h(z) = f(Uz;Y) on the sphere
Sn—*~! with the Riemannian TRM algorithm (though conservative, one can again set pa-
rameters as /., A, as in Step 1) to produce a z. Another row of X is then recovered
via the LP rounding (4.1) with input r» = UZ (to produce g*!). Finally, by repeating the
procedure until depletion, one can recover all the rows of X.
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4. Reconstructing the dictionary A. By solving the linear system Y = A X, one can obtain
the dictionary Ag = Y X (X0 X)) ™"

4.1 Recovering Orthogonal Dictionaries

Theorem 4.1 (Main theorem - recovering orthogonal dictionaries) Assume the dictionary A is or-

thogonal and we takeY =Y. Suppose § € (0,1/3), e < min {can1, cbn*5/4},andp > Cn3log ﬁ/ (120

The above algorithmic pipeline with parameter setting

. *9 2 393
A, < min{ G b CdCy 5 } : (4.2)

n5/210g®? (np)’ n7/21og™? (n

recovers the dictionary Ay and X in polynomial time, with failure probability bounded by c.p~5. Here c, is
as defined in Theorem 2.1, and c, through c., and C' are all positive numerical constants.

Towards a proof of the above theorem, it remains to be shown the correctness of the rounding
and deflation procedures.

Proof of LP rounding. The following lemma shows w.h.p. the rounding will return the desired
g, provided the estimated g is already near to it.

Lemma 4.2 (LP rounding - orthogonal dictionary) There exists a positive constant C, such that for
all § € (0,1/3), and p > Cn?log(n/0)/0, with probability at least 1 — 2p~ 1% — O(n — 1)""p~ 7 —
exp (—0.30(n — 1)p) , the rounding procedure (4.1) returns q., for any input vector r that satisfies

(r,q.) > 249/250.

Proof See Page 85 under Section 9. ]

Since (g, q.) =1 — ||g — q.||?/2, and || — q.|| € O(p), it is sufficient when 1 is smaller than some
small constant.

Proof sketch of deflation. We show the deflation works by induction. To understand the deflation
procedure, it is important to keep in mind that the “target” solutions {q*} are orthogonal to
each other. W.1.o.g., suppose we have found the first ¢ unit vectors q, . . ., q Wthh recover the first
¢ rows of Xy. Correspondingly, we partition the target dictionary Ay and X as

1 x}
AO = [Va \4 ]7 XO = x4 |0 (43)
0

where V € R, and X ([)Z] € R denotes the submatrix with the first £ rows of Xo. Let us define
a function: fi—e : R Rby

Pz W) = Zuzwk (44)
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for any matrix W € R("=OXP_ Then by (1.4), our objective function is equivalent to

h(z) = f(Uz Ao Xo) = ' (U AoXo) = f*_ (U VXD + U vix[),

Since the columns of the orthogonal matrix U € R™* ("~ forms the orthogonal complement of

span (qi, cee qf), it is obvious that U*V = 0. Therefore, we obtain
* n—~{
hz) = f_(z U vix,

Since U*V' 1 is orthogonal and X [[)"_K] ~;i.i.d. BG(0), this is another instance of orthogonal dictionary
learning problem with reduced dimension. If we keep the parameter settings s, and A, as Theorem
4.1, the conditions of Theorem 2.1 and Theorem 3.1 for all cases with reduced dimensions are still
valid. So w.h.p., the TRM algorithm returns a z such that |2 — z,|| € O(u.) where z, is a “target”
solution that recovers a row of Xj:

sz*VLX([)”_Z] =2, U Ao Xy = ae; Xy, forsome: ¢ [(].

So pulling everything back in the original space, the effective target is gt = U z,, and UZ is our
estimation obtained from the TRM algorithm. Moreover,

IUZ = Uz =z - 2] € O(ps).

Thus, by Lemma 4.2, one successfully recovers U z, from Uz w.h.p. when i, is smaller than a
constant. The overall failure probability can be obtained via a simple union bound and simplification
of the exponential tails with inverse polynomials in p.

4.2 Recovering Complete Dictionaries

By working with the preconditioned data samples Y=Y =6p (YY*)_l/ 2y, we can use a
similar procedure described above to recover complete dictionaries.

Theorem 4.3 (Main theorem - recovering complete dictionaries) Assume the dictionary Ag is com-
plete with condition number r (Ag) and we take Y =Y. Suppose § € (0,1/3), pr. < min {c,0n=t, cpn=>/1},

and p > C,%% max {Z—i, Z—Z} K8 (Ag) log? ("“(‘:78)"). The algorithmic pipeline with parameter setting

(4.5)

A, < min cecs O cac303
*x = )
n%/21og”? (np) n™/21og™? (np)

recovers the dictionary Ay and X in polynomial time, with failure probability bounded by c.p~5. Here c, is
as defined in Theorem 2.1, and c, through cy, and C are all positive numerical constants.

Similar to the orthogonal case, we need to show the correctness of the rounding and deflation
procedures so that the theorem above holds.

3In practice, the parameter § might not be know beforehand. However, because it only scales the problem, it does not
affect the overall qualitative aspect of results.
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Proof of LP rounding The result of the LP rounding is only slightly different from that of the
orthogonal case in Lemma 4.2, so is the proof.

Lemma 4.4 (LP rounding - complete dictionary) There exists a positive constant C, such that for all

6 € (0,1/3),andp > C?% max {Z—j, Z—z} 8 (Ap) log* (””(’:73)"), with probability at least 1 — 3p~8 — O (n —

1)~ "p~ 7" —exp (—0.30(n — 1)p) , the rounding procedure (4.1) returns q, for any input vector r that satisfies
(7, qx) > 249/250.

Proof See Page 86 under Section 9. |

Proof sketch of deflation. We use a similar induction argument to show the deflation works.
Compared to the orthogonal case, the tricky part here is that the target vectors {qi}?zl are not
necessarily orthogonal to each other, but they are almost so. W.l.o.g., let us again assume that
ql,...,q. recover the first £ rows of X, and similarly partition the matrix X as in (4.3).

By Lemma 2.14 and (2.15), we can write Y = (Q + E) X for some orthogonal matrix Q and
small perturbation Z with ||Z|| < § < 1/10 for some large p as usual. Similar to the orthogonal case,

we have
h(z) = f(Uz(Q +E)Xo) = f1_,(z:U"(Q +E)Xy),

where fi_ ; is defined the same as in (4.4). Next, we show that the matrix U*(Q + E) X, can be

decomposed as U* VXO[n_g] + A, where V' € R("=9*" ig orthogonal and A is a small perturbation

matrix. More specifically, we show that

Lemma 4.5 Suppose the matrices U € R™ ("0 Q € R™ " are orthogonal as defined above, E is a
perturbation matrix with ||E|| < 1/20, then

U (Q+8) X, =U VX! +A, (4.6)

where V' € R™ ("4 is q orthogonal matrix spans the same subspace as that of U, and the norms of A is
bounded by

1Allp e < 16vn Bl [ X0l 1A < 16[IE] | Xoll, 4.7)
where [[W |12 = supy, =1 [|W z|| = maxy, ||wg|| denotes the max column (%-norm of a matrix W.
Proof See Page 87 under Section 9. ]

Since UV is orthogonal and Xo["fa ~i.id. BG(f), we come into another instance of perturbed

dictionary learning problem with reduced dimension
hz) = fr (U vl L)

Since our perturbation analysis in proving Theorem 2.3 and Theorem 3.2 solely relies on the fact
that [|Al|,1_ .2 < C||E] vn | X0l it is enough to make p large enough so that the theorems are

still applicable for the reduced version fi_ (2 U*VX([)n_E] + A). Thus, by invoking Theorem 2.3
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and Theorem 3.2, the TRM algorithm provably returns one z such that 2 is near to a perturbed
optimal z, with

A*U*VX[n - z,U" VX[n a4 z;A = ae; Xy, forsomei ¢ [{], (4.8)
where z, with ||z,|| = 1 is the exact solution. More specifically, Corollary 2.4 implies
12— 2| < V7.
Next, we show that Z is also very near to the exact solution z,. Indeed, the identity (4.8) suggests
. —z) U VX =z2a
— 2z, = [(X[" Oyrys U} A*z, = UV [(X(E”*“})*FA*Z* (4.9)

where W1 = (W*W)~!W* denotes the pseudo inverse of a matrix W with full column rank.
Hence, by (4.9) we can bound the distance between z, and z, by

~ n—~{ n—~
12 - =0 < | [ =] | nai < ot b
By Lemma B.3, when p > Q(n%logn), w.h.p.,
0p/2 < (X0 (X5 < | X5 xg 0y i < 30p/2.

Hence, combined with Lemma 4.5, we obtain

n— 2 —
o (X0 </ 5y A1 < 28V0pI=] V2.

which implies that ||z, — z.|| < 28||E||. Thus, combining the results above, we obtain
12— 2l SN2 = Zull + 12 — 2l < V2u,/7+ 28| .

Lemma 2.14, and in particular (2.15), for our choice of p as in Theorem 2.3, |E| < cu2n=3/2, where
c can be made smaller by making the constant in p larger. For 1, sufficiently small, we conclude that

IUZ = Uz = |2 = 2| <2p/7.

In words, the TRM algorithm returns a Z such that UZ is very near to one of the unit vectors {q’}._,
such that (¢2)*Y = ae} X for some a # 0. For p1, smaller than a fixed constant, one will have

(Uz,q.) > 249/250,
and hence by Lemma 4.4, the LP rounding exactly returns the optimal solution g% upon the input
Uz.
The proof sketch above explains why the recursive TRM plus rounding works. The overall

failure probability can be obtained via a simple union bound and simplifications of the exponential
tails with inverse polynomials in p.
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Phase Transition: p = 5n°

Sparsity Level k

0 20 40 60 80 100 120
Dictionary Dimension n

Figure 5: Phase transition for recovering a single sparse vector under the dictionary learning
model with the sample complexity p = 5n?

5 Simulations

To corroborate our theory, we experiment with dictionary recovery on simulated data. For simplicity,
we focus on recovering orthogonal dictionaries and we declare success once a single row of the
coefficient matrix is recovered.

Since the problem is invariant to rotations, w.l.o.g. we set the dictionary as Ag = I € R"*". We
fix p = 5n3, and each column of the coefficient matrix X, € R"*? has exactly k£ nonzero entries,
chosen uniformly random from ([Z]). These nonzero entries are i.i.d. standard normals. This is
slightly different from the Bernoulli-Gaussian model we assumed for analysis. For n reasonably
large, these two models produce similar behavior. For the sparsity surrogate defined in (1.5), we fix
the parameter ;1 = 1072. We implement Algorithm 1 with adaptive step size instead of the fixed
step size in our analysis.

To see how the allowable sparsity level varies with the dimension, which our theory primarily is
about, we vary the dictionary dimension n and the sparsity k both between 1 and 120; for every pair
of (k,n) we repeat the simulations independently for 7' = 5 times. Because the optimal solutions
are signed coordinate vectors {e;};._,, for a solution ¢ returned by the TRM algorithm, we define
the reconstruction error (RE) to be

RE = min (G eil, |3+ el). 6.1
The trial is determined to be a success once RE < p, with the idea that this indicates q is already very
near the target and the target can likely be recovered via the LP rounding we described (which we
do not implement here). Figure 5 shows the phase transition in the (n, k) plane for the orthogonal
case. It is obvious that our TRM algorithm can work well into the linear region whenever p € O(n?).
Our analysis is tight up to logarithm factors, and also the polynomial dependency on 1/, which
under the theory is polynomial in n.
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6 Discussion

For recovery of complete dictionaries, the LP program approach in [SWW12] that works with
0 < O(1/4/n) only demands p > Q(n? log n?), which is recently improved to p > Q(nlog*n) [LV15],
almost matching the lower bound Q(nlogn) (i.e., when 6 ~ 1/n). The sample complexity stated in
Theorem 4.3 is obviously much higher. It is interesting to see whether such growth in complexity is
intrinsic to working in the linear regime. Though our experiments seemed to suggest the necessity of
p ~ O(n?) even for the orthogonal case, there could be other efficient algorithms that demand much
less. Tweaking these three points will likely improve the complexity: (1) The ¢! proxy. The derivative
and Hessians of the log cosh function we adopted entail the tanh function, which is not amenable
to effective approximation and affects the sample complexity; (2) Geometric characterization and
algorithm analysis. It seems working directly on the sphere (i.e., in the g space) could simplify and
possibly improve certain parts of the analysis; (3) treating the complete case directly, rather than
using (pessimistic) bounds to treat it as a perturbation of the orthogonal case. Particularly, general
linear transforms may change the space significantly, such that preconditioning and comparing to
the orthogonal transforms may not be the most efficient way to proceed.

It is possible to extend the current analysis to other dictionary settings. Our geometric structures
and algorithms allow plug-and-play noise analysis. Nevertheless, we believe a more stable way
of dealing with noise is to directly extract the whole dictionary, i.e., to consider geometry and
optimization (and perturbation) over the orthogonal group. This will require additional nontrivial
technical work, but likely feasible thanks to the relatively complete knowledge of the orthogonal
group [EAS98, AMS09]. A substantial leap forward would be to extend the methodology to recovery
of structured overcomplete dictionaries, such as tight frames. Though there is no natural elimination
of one variable, one can consider the marginalization of the objective function wrt the coefficients
and work with hidden functions. 2° For the coefficient model, as we alluded to in Section 1.5, our
analysis and results likely can be carried through to coefficients with statistical dependence and
physical constraints.

The connection to ICA we discussed in Section 1.5 suggests our geometric characterization
and algorithms can be modified for the ICA problem. This likely will provide new theoretical
insights and computational schemes to ICA. In the surge of theoretical understanding of nonconvex
heuristics [KMO10, JNS13, Har14, HW14, NNS*14, JN14, NJS13, CLS15, JO14, AGJ14b, YCS13,
LWB13, QSW14, LWB13, AAJ*13, AAN13, AGM13, AGMM15, ABGM14], the initialization plus
local refinement strategy mostly differs from practice, whereby random initializations seem to work
well, and the analytic techniques developed are mostly fragmented and highly specialized. The
analytic and algorithmic we developed here hold promise to provide a coherent account of these
problems. It is interesting to see to what extent we can streamline and generalize the framework.

Our motivating experiment on real images in Section 1.2 remains mysterious. If we were to
believe that real image data are “nice” and our objective there does not have spurious local minima
either, it is surprising ADM would escape all other critical points — this is not predicted by classic or
modern theories. One reasonable place to start is to look at how gradient descent algorithms with
generic initializations can escape local maxima and saddle points (at least with high probability).
The recent work [GHJY15] has showed that randomly perturbing each iterate can help gradient

*This recent work [AGMM!15] on overcomplete DR has used a similar idea. The marginalization taken there is
near to the global optimum of one variable, where the function is well-behaved. Studying the global properties of the
marginalization may introduce additional challenges.
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algorithm to escape saddle points with high probability. It would be interesting to know whether
similar results can be obtained for gradient descent algorithms with random initialization. The
continuous counterpart seems well understood; see, e.g., [HMG94] for discussions of Morse-Bott
theorem and gradient flow convergence.

7 Proofs of Main Technical Results for High Dimensional Geometry

In this section, we provide complete proofs for technical results stated in Section 2. Before that, let us
introduce some notations and common results that will be used later throughout this section. Since
we deal with BG random variables and random vectors, it is often convenient to write such vector

explicitly as = [Qqv1,...,Q,v,] = Q © v, where Q4. .., Q, are i.i.d. Bernoulli random variables
and vy,...,v, are ii.d. standard normal. For a particular realization of such random vector, we
will denote the support as Z C [n]. Due to the particular coordinate map in use, we will often refer
tosubset J = Z \ {n} and the random vectors T = [Qyv1,...,Qp_1v,—1] and © = [v1,...,v,—1] In
R"~!. By Lemma A.1, it is not hard to see that
; ¢ (w)z\ ([

Vwh, (@" (w) x) tanh< . ) <m o (w) 'w> , (7.1)

1 *(w) x Tn _ Tn *

a0 0)2) = 1= o (TG (2 - 2] (2 25050

q (w)x 1 1 *
— x, tanh I+ ww” | . (7.2)
< [ > <qn (w)" g (w) >

7.1 Proofs for Section 2.2
7.1.1 Proof of Proposition 2.5

The proof involves some delicate analysis, particularly polynomial approximation of the function
f) = ﬁ over t € [0,1]. This is naturally induced by the 1 — tanh? (-) function. The next lemma
characterizes one polynomial approximation of f (¢).

Lemma 7.1 Consider f(t) = ﬁfor t € [0,1]. Forevery T > 1, there is a sequence by, b, . .., with

1b]|,2 = T < oo, such that the polynomial p(t) = > 3o, bt" satisfies

1 1
||f—PHL1[0,1} < ﬁa ||f—pHLoo[o,1} < ﬁa

In particular, one can choose by = (—1)*(k + 1)B* with 8 = 1 — 1//T < 1 such that

IR SR < Ve ook
p(t)_(lJrﬁt)Q_kZ::O( 1)%(k +1)8%t".

Moreover, such sequence satisfies 0 < > 7~ (pbri’ck)g <> o % <2

Lemma 7.2 Let X ~ N (0,0%) and Y ~ N (0,0%). We have
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X+Y
E [(1 — tanh? < : >) X2]1X+y>0:| <
2

1 ;wg(a}z/ n u? O'XO'Y n 3 Ug(,u3
V2T (0% 4+ 0%)° 2 (UX+JY)3/2 W(UXJFUY)S/Q

(3u® +40%) .

Proof Forz+y > 0, let = = exp (222 ) € [0,1], then 1 — tanh? (£ ) =
be determined later, by Lemma 7.1, we choose the polynomial ps (z) =

to upper bound f (z) = (1+ i . So we have

E [(1 — tanh? (M>> X?1 X+y>0] =4E [Zf(Z) X*1x1y>0]

(1+ 2 . Fixany 7' > 1 to

(1+B RS with g =1—-1/VT

ol
<4E [Zpg (Z) X*1x4v>0)

o0
—4y" {bkE [Zk+1X2]lX+y>o} } ,
k=0

where by, = (—1)*(k + 1)8%, and the exchange of infinite summation and expectation above is
justified in view that

o oo
> k| E [Zk+1X21X+Y>O] <Y | E [XPIx1yso) <0 Z |bi| < o0
k=0 k=0

and the dominated convergence theorem (see, e.g., theorem 2.24 and 2.25 of [Fol99]). By Lemma B.1,
we have

e}

> {BE [ 24 X240 }

k=0
> 4(k+1)° 2 (k+1)° 2(k+1
S k1) | (o TETDT 4 o (2EE DT (2 4 02 9 <<> ag(—l—a%,)
k=0 K e L
2(k+1) o
H \/%1/03(—1—0%
1 i k:—l—l agfu B Jg(u?’ B ;w%(
Vor 2(k+1)\/o% + 0 8(k+1)° (JX+UY)3/2 2(k:+1)(aX+oY)3/2
3 N\ ak o Ak+1)? p
+ ZB (k“i‘l)(@'x‘i‘ 2 Ox 572
V2T 3 K 32 (k+1)° (UX—I-UY)/

where we have applied Type I upper and lower bounds for ®¢(-) to even k and odd k respectively
and rearrange the terms to obtain the last line. Using the following estimates (see Lemma 7.1)

> (s

k=0 =0 k=0

o0




we obtain

3 {bkE [Z’fﬂx%l X+Y>0] } <
k=0
1 /w%(a%, 1 3 Jg(,u?’

VB R+ )PP IV (B o)

3u® + 403() .
Noticing ﬁ < % + ﬁ and choosing T' = 11, we obtain the desired result. [
Lemma 7.3 Let X ~ N (0,0%) and Y ~ N (0,0% ). We have

o (5)1)

20% B 4,u2(7§( _ 20§< u? B 303( u
3/2 5/2°
V2myJo% + 03 V2m\Jo%k +oi V2T (c% +0}) S Nor (% +03) /

Proof By Lemma B.1, we know

2
E{tanh <X+Y> X} = U—XE [1—tanh2 <X+Y>}
I u I

Similar to the proof of the above lemma, for x +y > 0, let 2 = exp (—2%”’) and f (z) = ﬁ
Fixing any T' > 1, we will use 4zpg (2) = (1;1#)2 to approximate the 1 — tanh? (%) = 4zf (2)

function from above, where again 8 = 1 — 1/v/T. So we obtain

E [1 ~ tanh? (X : Y)] — 8E[f (Z) Z1x+y0)
=8E [ps (Z2) Z1x1y>o] = 8E[(ps (2) — [ (Z)) ZLx+y>0]-

Now for the first term, we have

o0
E(ps (Z) Z1x1ysol = Y biE [Zk+1]lX+Y>O ,
k=0

justified as Y77 [bx| E [ZF ! 1 x ys0] < Yopep |bk| < oo making the dominated convergence the-
orem (see, e.g., theorem 2.24 and 2.25 of [Fol99]) applicable. To proceed, from Lemma B.1, we
obtain

S b |25 v o
k=0
0 e (5 0+ 17 (o) ) o (R ) oo
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I & 3
Z Fk+1) a — f” 75
V2r & 2(k+1) /ot +02  8(k+1)* (o} +02)

5

Ic K
\/ﬂzﬁ 32(k+1)° (UX+UY)5/2

where we have applied Type I upper and lower bounds for ®€ () to odd % and even k respectively
and rearrange the terms to obtain the last line. Using the following estimates (see Lemma 7.1)

77 0 S S S S 2,
kzo + kzo(/c+1)3 ];)(k:~l—1)5 kzo(lﬁ—l)?’
we obtain
Y bE [Z"““]l X+Y>0} >
k=0
K 1 I 3ub

24/ 21 UX+02 1+B 4/ 27 (JX+UY)3/2 1627 (O’XJFO'Y)S/Q.

To proceed, by Lemma B.1 and Lemma 7.1, we have

I

2V2rTy\[o% + o

where we have also used Type I upper bound for ¢ (-). Combining the above estimates, we get

el () 5]

El(ps(Z2) = f(2)) Z1x+y>0] < llp = fllzoejo 1) E[Z1x4v>0] <

4o% ( > 20% u? B 303 ut
\/27n/0 —i—a 1+5 \/> ous (03(—1-052/)3/2 2427 (JX+UY)5/2
Noticing ﬁ > % and taking 7 = p~*, we obtain the claimed result. [
Proof [of Proposition 2.5] For any i € [n — 1], we have
i a—wihu (¢" (w)x)|p(de) dw; < / / < o (w )> (dx) dw; < oco.

Hence by Lemma A.4 we obtain 8‘9 E[h,(g* (w)x)] = E [ Fo; 1t (@ (W) )] Moreover for any
j€n-1],

9w, 0w, p (@ (w) )| p(de) dw; <
jOW;

/” (i 2y ) (1 2y ) o (g + )| 00 <.
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Invoking Lemma A.4 again we obtain

2
aw(j@wiE [y (q" (w) )] = aiJE 818uzh (q" (w) 93)} =K {

The above holds for any pair of 7, j € [n — 1], so it follows that
VoE [ (0" (w) )] = E [Vi,hy (q" (w) )] .
Hence it is easy to see that

w*Vo,E by (¢ (w) x)] w

i (1o (57)) (o g o)

=_FE —-E [tanh <q (w)az) an HwHQ} .
0 an (w)
Now the first term is

m
(1 (£522)) (w3 )

= 2(1/;9)1}2 [(1 — tanh? <w;x>> (w*E)? ]]-'w*m>0:|

1
—E
1

2
_ ZZQ%E [(1 — tanh? (w T+ g ( )) (w) xy,) HW*w+qn(w)xn>0:|
n 29E3E [(1 — tanh? ( W5V + gn ( >> wjv+qn(w)vn>0:|
R o () ]
L 80-0)p [exp (—2“’*””) (wE)? nw*m}
1 [
86 ||w|’

2 o .
E {exp (—u (w'F + g (w) m) (0 + g (w) 1)’ nw*mﬂn(w)wo]

g (w)
20 X+Y
+ EJEXY |:<1 — tanh? <+>> Y2]lx+y>0:|
u p
2 4 X+Y
+ % |LwH EsExy [(1 — tanh? (+)> X21X+Y>O] ;
1 qp (w) ft

where conditioned on each support set 7, we let X = ¢,, (w) v, ~ N (0, ¢ (w)) and Y = w* o ~
N (O, H'CUJHQ). Noticing the fact t — exp (—2t/u) ¢ for t > 0 is maximized at ¢t = p with maximum

value exp (—2) 2, and in view of the estimate in Lemma 7.2, we obtain

(1 (£522)) (w5 )

1
—-E
"
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20 1 2g3 3wy ¢ 3 *
N [ plwg | g () | p g 6 () [0 (32 4 4w P

Iz V2w gzl gzl Wor o gz
2
L 20 Jwll* L1 plwsl* @ (w) | wlws*(w) 3 g (w)p (342 + 4¢2 (w))
1 gy (w) V2r gzl lgzl® W2r gzl "

11 1 3 1 3
< +u<2+>+29,ﬁ<1+ + + )
V2mq2 (w) lgzl® | 20 q; (w) Vorg (w) g (W) V2rg) (w)

where we have used i < ¢y, (w) < ||qz]| and ||w7| < ||gz|| and |Jw| < 1and # € (0,1/2) to simplify
the intermediate quantities to obtain the last line. Similarly for the second term, we obtain

B o (TE2) L ol

2
= o] GEJE»U [tanh ( WY+ Gn (W) vn> Tndn (w)}

20 o [HwJHQ

@y (w) I
lw|* 6 2, (w)  4p’q (w)  2¢p (w)p®  3gp (w) pt
~ gy (w) Vorllgzll  V2rllgzll  Vewllal®  2v2r gzl

2 0 K S 1
5 ﬁqa ()™ [HQIH] 7 )

Collecting the above estimates, we obtain

*v2 (
6 w2 |er2 (Il I + g2 (w))
= %( lazl lazl?
3 2 )
+292<1+ + + >
e ( q%<w>> T Varg, (w) T al(w) T Varg (w)
Jwge|? 1 ( 6 )
< —/=20E M +20p° (14—
\/; lalP | 710" 20, () T U g ()
2 111 p 2( 6 >
< —4 /261 — E =20 1+ —— ), 7.3
2000l e ||] 0" 202w T ) 7

where to obtain the last line we have invoked the association inequality in Lemma A.3, as both
|wze|* and 1/ | gz||® both coordinatewise nonincreasing w.r.t. the index set. Substituting the upper
bound for p into (7.3) and noting R, < ||w|| and also noting the fact ¢, (w) > ﬁ (implied by the

4n1

assumption ||w|| < ), we obtain the claimed result. ]

7.1.2 Proof of Proposition 2.6
Proof By similar consideration as proof of the above proposition, the following is justified:

VwE [h (¢ (w) 2)] = E [Vwh, (¢" (w) z)].
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Now consider
w*VE [h,(q" (w) z)] = VE [w”h,(q" (w) z)]
o (209 (] - B g, (£908), ] g

an

For (7.4), we next provide a lower bound for the first expectation and an upper bound for the second
expectation. For the first, we have

E [tanh (q(;")'r> (w*w)]
= 0E; [Ev [tanh <w~*7 vt Z” ) U”) (w?}v)H +(1-0)Es [Ev [tamh (w:fv> (v v)”

— 0, [EX,Y [tanh (X : Y) Y” + (1-0)Eg [Ey [tanh (Z) Y” ,

where X = ¢, (w)v, ~ N (0,¢2 (w)) and Y = who ~ N (O, H'lUj||2). Now by Lemma A.3 we
obtain

£ tant (S0 ) v 2 (S5 ) 2wy =0,

"
tanh (z) > (1 — exp (—2z)) /2 lower bound for z > 0 and integral results in Lemma B.1, we obtain

o ()] (2 v

as tanh (X +Y) and X are both coordinatewise nondecreasing function of X and Y. Using the

V
S |w
q
N
B
/-~
—_
+
“i;\ﬁo
|
S)
=[S
N——

2
20% [w[”  [lwl|
2 1 + 92 - I
pV2m 1% Iz

where at the second last inequality we have used Type III lower bound for Gaussian upper tail ® (-)
(Lemma A.5), and at the last we have used the fact that ¢ — /1 + ¢? — ¢ is a monotonic decreasing
function over ¢ > 0 and that oy = |[wy| < ||Jw]||. Collecting the above estimates, we have

F(w)x wrl? wl|? w
o (25w gt 552

53




> (1-0)E, [2uwju2 ! ]

pv/2m 10 [Jw]]
0(1—0)|wl
N (7.5)

where at the second line we have used the assumption that ||w| > 6—\"/5 and also the fact that

\/1+x22x+10%f0rx2$.

For the second expectation of (7.4), we have

(207 1] el o

as tanh (-) is bounded by one in magnitude. Plugging the results of (7.5) and (7.6) into (7.4) and
noticing that g, (w)? + ||w||? = 1 we obtain

tan (4127

7

w*VE [h(q* (w)z)] > I {19 2| jw] ] L 000wl

T2 5 1— ||w||2 1027
where we have invoked the assumption that ||lw| < ﬁ (1 —0) to provide the upper bound
2||wl|

=l < L1 ). i

e = 10 (1 — 6). We then choose the particular ranges as stated for ;2 and 6 to ensure ry < Ry,
completing the proof. |
7.1.3 Proof of Proposition 2.7

Proof By consideration similar to proof of Proposition 2.5, we can exchange the hessian and
expectation, i.e.,

Vil [y (6" (w) )] = E [V, h (q" (w) @)] .

We are interested in the expected Hessian matrix

e (1o (429) (o) (o)
E [tanh (q* 2 m) (qf{iv o )ww*ﬂ

- - n_
in the region that 0 < ||w|| < YNGL

When w = 0, by Lemma B.1, we have

E [Vah (q" (w)2)]|,_,

o[ o ()] o (5)-

B 2
=0, Py [1 — tanh? (”")] -5, [1 — tanh? (”")] I
p p p p p
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LU= T (000

Simple calculation based on Lemma B.1 shows

o ()] (oo (2) (2) 220 )

Invoking the assumptions p < o5 f <1/20 and 6 < 1/2, we obtain

N 0(1—0) 4 0 1
V(0" )2l = O (20 ) 1= (1 )

When 0 < [lw]| < f’ we aim to derive a semidefinite lower bound for

E [Vahy (¢ (w) )]

L[ (£)) ] (2

- ,uq%l(w)E [(1 — tanh? <q(;v):v>> ¢n (W) T, (WT* +ww*)}

st (1 (7)) o] o (122

(7.7)

We will first provide bounds for the last two lines and then tackle the first which is slightly more
tricky. For the second line, we have

21 E (1 — tanh? <‘1(lt”):':)> an (W) 2, (WT* +a:w*)] H

[ () ] o]

\ ol

IN

2 [ — an2 M w) T,
Sw%(’w) ]E_(l tanh ( n >)q"( ) "]
2 2 v||| ||w
Suqn( )«9 E [lvp[] E[|[0]]] [Jwl|
- 462 AP | < 0 46yn|w| _f1
~ Tpgn (w)

=l A7

where from the third to the fourth line we have used H 1 — tanh? (q (ZL” z

for the ||-|| function and independence of z,, and Z, and to obtain the last bound we have invoked
the ||lw| < I f’ < ﬁ, and 0 < % assumptions. For the third line in (7.7), by Lemma A.1 and

Lemma B.1,

L R G
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o (222 )
_E /K, [tanh <w~*7 vt Z” (w) ””) g (w) vn]

- ZEJEU [(1 — tanh? <w*jv+ (i‘ (ws) U”)) ((gn (w) v,)? + ¢2 (w))}

< My oxp (=2 (w504 g0 (10)0,) ) (00 (0) 02 402 () Ly, )

86 ¢z (w) ] 80y (w)
< E; < :
Var bq,% (w) + [y var

Thus, we have

1 {1IE [(1 — tanh? <q;az>> (ann)z} _E {tanh <q;33> qna:n] } -

I
86 5 0 [ 64032y ||w| o 1
e w|)?r=-— [ — A 12— T,
- 3 (w)V2m leoll” T = M( @ (w) V2rm T p 400027

where we have again used ||w|| < ﬁ, < ﬁ, and ¢, (w) > 3 \F assumptions to simplify the

final bound.
To derive a lower bound for the first line of (7.7), we lower bound the first term and upper bound

the second. The latter is easy: using Lemma A.1 and Lemma B.1,

quw)E [tanh ((f(:f):c) an (w) x”}
_ ZEJEv [1 — tanh” {w}v - Zn = Un”

80 w5V + gy (W) vy
;EJEQ, [exp ( 92— ]lw*Ji+qn(w)vn>0

IN

,u
< 40 9 8f,u 2
T V27, ('w) w2 ,u 5271

5 f and p < o5 f to simplify the last bound.

where we have again used assumptions that ¢, (w) >
To lower bound the first term, first note that

2 (- (T2 ) oo = Ll (1w (2F) )z,

We set out to lower bound the expectation as

o [(1 ~ tanh? <wum>) a:a:] = 081

for some scalar 8 > 0. Suppose w has k € [n — 1] nonzeros, w.l.o.g., further assume the first &
elements of w are these nonzeros. It is easy to see the expectation above has a block diagonal
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structure diag (3; afI,_1_j), where

oo ()]

So in order to derive the 631 lower bound as desired, it is sufficient to show X > 631 for some
0< B <1, ie,lettingw € R* be the subvector of nonzero elements,

Eiwi,i,d,BG(O) |:<1 - tanh2 (u)ﬂ:l:)) T i*:| b 051,

which is equivalent to that for all z € R¥ such that ||z|| = 1,

It is then sufficient to show that for any nontrivial support set S C [k] and any vector z € R such
that supp (z) = S with ||z =1,

wED .
EﬁNiAiAdAN(O,l) [(1 —tanh2< S >> (@ z)2:| > .

1

To see the implication, suppose the latter claimed holds, then for any z with unit norm,

[ (- (22)) ]

N -0 Y Eae v {(1 — tanh? (1556)) (ﬁ*zs)ﬂ

s=1 56([?)

k
>3 011 =0 Y Bllasl = BEs Iz = 65.
s=1

se('d)

Now for any fixed support set S C [k], z = Pgz2z + (I — Pgg) 2. So we have

w11 (55) 7

=Eg [(1 — tanh? (aiﬁ)) (ﬁ*PﬁSz)z] +Ey [(1 — tanh? (ﬁﬁ» (0" (I — Pag) z)ﬂ

I
~% _\2 ~ g~ o~
S
~ 2 — o~ o
Wsz 2wzv ~k 2wtV
> 255, exp (<2550 ) (055)" Lo | + 25 [exp (2757 ) 1o (7~ Pi) 2

Using expectation result from Lemma B.1, and applying Type III lower bound for Gaussian tails,

we obtain
E%NiAi.dAN(O71) |:<1 — tanh2 (’UJ;’U)) (17*2)2:|
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~ 112 ~ ~% _\2
1 4fwsl”  2]ws]] 4(wsz)

>—— | /4+ - —
2 w? p pV/ 2 || ws |
1 3
L (>-10),
2m 4

where we have used Cauchy-Schwarz to obtain (3*z)? < ||&*||* and invoked the assumption

Jw] < f to simplify the last bound. On the other hand, we similarly obtain

W2/ 12 w
o =EgEz w0, w21 — tanh?(Z/p)] > \2ﬁ Al /”; —2lwll/e \;(z 1\/§>‘

So we can take = \/% (2-3v2) <1
Putting together the above estimates for the case w # 0, we obtain

5 . 0 3 V2r 1 2 1 0

Hence for all w, we can take the

> \ﬁ m 9 as the lower bound, completing the proof. [ ]

7.1.4 Proof of Pointwise Concentration Results

To avoid clutter of notations, in this subsection we write X to mean Xj; similarly x;, for (xo),, the
k-th column of X. The function g (w) means g (w; X). We first establish a useful comparison
lemma between random i.i.d. Bernoulli random vectors random i.i.d. normal random vectors.

Lemma 7.4 Suppose z,z' € R™ are independent and obey z ~; ; 4. BG (0) and 2z’ ~; ;4 N (0,1). Then,
for any fixed vector v € R", it holds that

Eflv*2["] <E [|"7*z/|m] = IEZN/\/((L”,U”?) 121",
E(ll=]" < E[]]z']"],

for all integers m > 1.

Now, we are ready to prove Proposition 2.8 to Proposition 2.10 as follows.
Proof [of Proposition 2.8] Let

Vehy (q(w) @) w

Y, =
I

then % = % b _1 Y. For each Yy, (k € [p]), from (7.2), we know that

e o (575)) (52 ) (57)
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Writing Y, = W}, + Vj, where

i (1o (2572)) (o - 0™

Vo= - (258 250)

Then by similar argument as in proof to Proposition 2.9, we have for all integers m > 2 that

" 1 w*T i (n 1 m
E[[W™] < ,u,im [ H’wHk - kq(n()'u‘J) ] = WEZNN(Ovl/Q%(w)) [‘Z|2 ]
1 4dn
EVAI"] € s Ellos ()] < (2v)"™ (m = D1 < - (snv)

where we have again used the assumption that g, (w) > f to simplify the result. Taking 03, =
16n2/,u > E [W7], RW = 4n/p and 0 = 64n3 > E [V}2], Ry = 8ny/n, and considering Sy =

_Wiand Sy =+ > % _, Vi, then by Lemma A.9, we obtain
t p,u2t2
P||Sw —E[Sw]| > =| < 2 —_—
[’ w—ElSwll = 2] = Lo < 12802 + 16nput )’
t pt2
P —E > < 2 — .
{SV vl = 2] = oxp < 51203 + 32n\/ﬁt>
Combining the above results, we obtain
p
1
P[pzxk—EXk = P[|Sw —E[Sw] + Sv —E[Sv]| > 1]
k=1
t
< B |Isw ~Elswll > 5| + 2|18 ~Elsvl| 2 5
P pt?
<2 P C )42 -
= o ( 12802 + 16nut) +eoexp ( 51213 + 32n\/ﬁt)
242
512n2 + 32nut
provided that ;1 < ﬁ, as desired. [ ]

Proof [of Proposition 2.9 | Let

w*

Xi = Vhy (q(w)xy),

[l

then ¥ Yow) % b _1 X For each X, k € [p], from (7.1), we know that

_ tanh(q(w)*mk) (w*mk  Jwlly @ <n>>‘ [Tl )]

7 I Gn (w) [[wll Gn (w)
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as the magnitude of tanh (-) is bounded by one. Because llluwﬁk ”“;%’L ()") = (ﬁj — q[lzll)) ) "), and

xi ~iiq4 BG(0), invoking Lemma 7.4, we obtain for every integer m > 2 that

m!
E[| X, <E zm DIt < —(4n) (2
[Xel™] < Bzenvo/azy (1217 < (w)m(m ) 5 (4n) (2vn)™"
where the Gaussian moment can be looked up in Lemma A.6 and we used the fact that (m — ! <

m!/2 and the assumption that g, (w) > 5 f to get the result. Thus, by taking o2 = 4n > E [X}?]

and R = 2/n, and we obtain the claimed result by invoking Lemma A.9.

Proof [of Proposition 2.10] Let Zj, = Vi, (q(w)*zy), then V3,9 (w) = 37} Zj.. From (7.2), we
know that

Z, = Wi+ Vi

Wi = i(l—tanh2< mk)) ( > (wk_%v)*
Vi = — tonn (220 )(xk<£) (2 )

For W}, we have

where

0XEWP] < F ”xk_x;%w o (“”“‘W) <w’“_ 5(21)“7”
L T CORT [
<[]

2m
2 B
7

o @) )\
<|| el +iqn(w) ) ]I

2m 2m 2m m
< = < =
= MmE[HCBkH }I MmEZNXQ(n) [Z™M 1,

where we have used the fact that ||Jw]||* /¢2 (w) = |[w]|* /(1 —||w]|*) < 1 for ||w]|, < 7 and Lemma 7.4
to obtain the last line. By Lemma A.7, we obtain

2\ m)! m! (4n\™
o<EW < (2) ™enmr = () L
SEl k]_<u> y (1) 2<u>

T;king Rw = 47" and o3, = 1222 > E [W}?], and letting Sy = ]% b _, Wi, by Lemma A.10, we
obtain

t pu2t2
P Sy —E[Swll > 2| < 2 )
[” w—E| W]”—z] = ”eXp( 128n2 + 16nt

Similarly, for V;, we have

. 1w\ .
E[V"] =< (qn(wﬁq%(w)) E (|zx (n)™] I

60



IA

(8ny/n)"™ (m — I
%! (8ny/n)" I,

IA

where we have used the fact ¢, (w) > ﬁ to simplify the result. Similar argument also shows
~E[V{"] < m!(8ny/n)"™ I/2. Taking Ry = 8ny/n and o, = 64n®, and letting Sy = 35}, Vi,

again by Lemma A.10, we obtain

t pt?
PlISy —E[S,]] > ~| < 2 _ .
[” v —E[Sv]| —2] = "eXp< 512n3+32n\/ﬁt>

Combining the above results, we obtain

|

;ZZIC—E[ZM Zt] = P[[|Sw —E[Sw]+ Sv —E[Sv]|| > 1]
g

' t

< B |ISw ~E[Swll > 5| +P|Isy ~Elsvll = 3]

242 2

pp-t pt
<2 S LN -
= Snexp < 128n2 + 16;mt> +eonexp ( 51203 + 32n\/ﬁt)
__wett?
512n2 + 32unt )’

< 4dnexp <

where we have simplified the final result based on the fact that <

5

7.1.5 Proof of Lipschitz Results

To avoid clutter of notations, in this subsection we write X to mean X; similarly x;, for (xo),, the
k-th column of X. The function g (w) means g (w; X). We need the following lemmas to prove
the Lipschitz results.

Lemma 7.5 Suppose that 1 : U — V is an L-Lipschitz map from a normed space U to a normed space
V, and that vy : V. — W is an L'-Lipschitz map from V to a normed space W. Then the composition
w20 ¢ : U — W is LL'-Lipschitz.

Lemma 7.6 Fix any D C R" L. Let g1,9o : D — R, and assume that gy is Ly-Lipschitz, and go is
Lo-Lipschitz, and that g1 and g are bounded over D, i.e., |gi(x)| < My and |g2(x)| < M for all x € D
with some constants My > 0 and My > 0. Then the function h(x) = g1(x)g2(x) is L-Lipschitz, with

L = MLy + MsLq.

Lemma 7.7 For every w,w’ € T', and every fixed x, we have

i (aw)@) = b (a(w')" )| < QwaH =
(ﬁu (q(w)*z) — hy, (q(w/>*cc)\ < i‘/fuxu Jw — w'|| .



Proof We have

[w + w'| [|w — w'|

- 2 2
V1wl 4 /1~ |

—w’H.

|4 (w) — gn (w')]

Vil = 1= P

max (||, [|w']]) H
~ min (¢, (w) , gn, (W'))

Hence it holds that

2 2
max ([lw], ')

N2 _ ,w_w/2 w) — w' 2 w — w
g (w) — q (w')||* = || 17+ lan () —an () "< | 14 ey ||

I

! |
min (¢2 (w) , ¢2 (w’))

7112
[w —w'|]" <

where we have used the fact g, (w) > 3 f to get the final result. Hence the mapping w — gq(w) is

2y/n-Lipschitz over I'. Moreover it is easy to see g — g*x is ||x||,-Lipschitz. By Lemma A.1 and the
composition rule in Lemma 7.5, we obtain the desired claims. [ ]

Lemma 7.8 For any fixed x, consider the function

w T T

() = Tl ™ guew)

[w]l

defined over w € T'. Then, for all w,w’ in T such that ||w|| > r and |w'|| > r for some constant r € (0, 1),
it holds that

o) ta()] < 2 (Lt 40 o)) oo — ]
ta(w)] < 2V 2]

2w) - 2w)] < svilel (120402l )
|2(w)| < 4n ||,

Proof First of all, we have

*

CJw ku ku ” el
ta(w)] = [ku (W) ( ) 2wy = 2Vl
>

7 to simplify the final result. The claim about

where we have used the assumption that ¢, (w)

|t2 (w)| follows immediately. Now

fotw) a0 < |y~ ) ®

[w] ']

qn(w) - gn(w') |




Moreover we have

w w \*
——— ) = <
‘(H’wH ||w'|!>

< |1zl H
Tl ~ Tl

< 2 ||| Hw _ w/H :

where we have used the assumption that ||w|| > r to simplify the result. Noticing thatt¢ — t/v/1 — 2
is continuous over [a, b] and differentiable over (a,b) for any 0 < a < b < 1, by mean value theorem,

w’ [ — w'|| [lw’] + [|lw’|] [[|ew]] — [|’]]|

| <lel

[[wl| {2’

sup ﬂ“w—w’“ < 8n/?

wel (1 - HwH2>

where we have again used the assumption that ¢, (w) > ﬁ to simplify the last result. Collecting
the above estimates, we obtain

ra(w0) -~ talw)] < (212 480 o)

as desired. For the last one, we have

w] — w
gn(w)  gn(w’)

[t2(w) —t2(w')| = |ta(w) — Htw ) + ta(w)]
< 2sup \tw | {tw —tz(w')],
sel
leading to the claimed result once we substitute estimates of the involved quantities. ]

Lemma 7.9 For any fixed x, consider the function

Ln I+ In ww*

t(w) g (w)

defined over w € T'. Then, for all w,w’ € T such that ||w| < rand |w'|| < r with some constant
r € (0, 3), it holds that

P, (w) =

[ @z (w)||
H<I>¢c(w) - <I>¢c('w’)H

2|

<
< 4l

Proof Simple calculation shows

1 Jlw]* [ 12|00
[®a(w) < [zl ( + - < r2)3/2 = < 2|zl

t(w)  g(w) | g(w) ~ (1-

For the second one, we have

H%(m—@w(w’)!!snazuoqu It ww - L L iy
n

<zl (




Now

11 | _lan(w) =g ()] max([w], |w])

G (W) gn (W) ga(w)gn(w) T min(g] (w), g (w')) H

w—w'|| < = flw v,

where we have applied the estimate for |g,, (w) — g, (w')] as established in Lemma 7.7 and also
used |[w|| < 1/2and |Jw'|| < 1/2 to simplify the above result. Further noticing ¢ — ¢/ (1 — t2)3/ 2
is differentiable over ¢ € (0, 1), we apply the mean value theorem and obtain

lwl* _ fw']” Isll* + 2|5 /
< sup @ [|[w — < —|lw—w|.
Combining the above estimates gives the claimed result. |

Lemma 7.10 For any fixed x, consider the function

gn(w)

Co(w) =7 —

w

defined over w € I. Then, for all w,w’ € T such that |w|| < r and ||w'|| < r for some constant r € (0, 1),
it holds that

A

162 (w)Ca(w)*|| < 20 ],
G () Car (w0)* — oo (w0") ()| < 8V2V/m |||, [ — '] -

Proof We have ||wl||? /¢2 (w) < 1/3 when ||w| < r < 1/2, hence it holds that

1¢a (w) e (w)*|| < [|¢ea(w)]* < 2|]* + 22 q,’% (’l‘l‘f)

o (5o~ o) | = 100

2
<2z

For the second, we first estimate

!/

[¢(w) = ¢(w')]| =

gn (W) g (W)

)

/
lw —w'||.

oo =+ |- = =

qn(w)

q

( 1

x Eqnm) +4m5n{qz<z>,qg<w'>}> e
7= )|

V3 3V3

w—w'|| <4 |

Thus, we have

1o ()G (W) — Gl ()"

IN

1€ (w)|| [|¢(w) — ¢(w")|| + [|¢(w) — ¢(w)]|| [|¢ ()]
Mfumnoo [w — |,

as desired. [ ]

IN
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Now, we are ready to prove all the Lipschitz propositions.
Proof [of Proposition 2.11] Let

8
B
—

S
~—

Fi(w) = hy, (q(w) @) 2 (w) + hy, (q(w)*zy)

i(w)

Then, Huiuguf“VQg(w)w = % P _, Fr(w). Noticing that &, (g(w)*z}) is bounded by 1/u and

»Q
o

h,. (q(w)*xy) is bounded by 1, both in magnitude. Applying Lemma 7.6, Lemma 7.7 and Lemma
7.8, we can see F(w) is LX-Lipschitz with

4v/n 1 k
2t = an o 2 el + 28y ] (12 4 40 e )

2y/n 3
+ @Vl el —— el + sup —— 5 [l
" r-<a< 2n1 (1 —a )
16n 8yn 2, 48n?
H el + o | THwkH |2 +960°2 il
Thus, HwH w*V2g(w)w is L--Lipschitz with
1< 16n 5 8n3/2 ,  48nP/2 ) 5
= X 96n°2 | X || .,
pkg X0+ = Il + = IX 5 + 96 1 X
as desired. n

Proof [of Proposition 2.12 ] We have

w* w’™*
T Vg(w) — 7—=Vg(
le\l [[w||

<23 [ gy @) ta, () — s (') ) 1, ()
p k=1

where h,(t) = tanh(t/u) is bounded by one in magnitude, and t,, (w) and te, (w) is defined as

in Lemma 7.8. By Lemma 7.6, Lemma 7.7 and Lemma 7.8, we know that h,, (q(w)*},) ta, (w) is
Lj-Lipschitz with constant

2 [zll

g

4n
Ly = + 803 ||ag | o +;Hwk\l2‘

Therefore, we have

Hmw(w - VW)

1 2 4

(22

as desired. m

N)

4 2
X o+ 8072 1 X + % IXI) o - ).

Proof [of Proposition 2.13] Let
Fyy(w) = hy(q(w)* @) Cr(w)Ce(w)* — hy, (q(w)* @) Bp(w)
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with (p(w) = T} — (( ))w and &, (w) = 5:((3))1—1- x? ;yww”. Then, V2g(w) = % b Fr(w).

Using Lemma 7.6, Lemma 7.7, Lemma 7.9 and Lemma 7.10, and the facts that h“(t) is bounded by
1/p and that h,,(t) is bounded by 1 in magnitude, we can see F,(w) is L*-Lipschitz continuous with

2y/n 2y/n
L *X8\[\/>||mk|| +T||mk||><2”||mk” +4||mk||oo+7||mk”X2||wk||oo
4n3/2 5 4yn 8v/2y/n 5
< 2 k| ||93k||oo+7||xk|| HwkHoovLTHwk\loo+4llwk\loo

Thus, we have

1X 15 + 81X Il

1< 4n? An 8v2y/n
Lo< =Y Ik < — IX| + — | X% + Y=
p; TP > e 1

as desired. n

7.2 Proofs of Theorem 2.1

To avoid clutter of notations, in this subsection we write X to mean X; similarly x, for (xo),, the
k-th column of X. The function g (w) means g (w; Xy). Before proving Theorem 2.1, we record
one useful lemma.

Lemma 7.11 Forany 6 € (0, 1) consider the random matrix X € R™*"2 with X ~;; 4 BG (0). Define
the event o, = {1 <X log (np)} It holds that

P[ES] < 6 (np)~ " + exp (—0.30np) .

For convenience, we define three regions for the range of w:

e o S e e P i 8
R?,;{w o <l < 4"4;1}-

Proof [of Theorem 2.1] We will focus on deriving the qualitative result and hence be sloppy about
constants. All indexed capital C' or small ¢ are numerical constants.

Strong convexity in region Ri. Proposition 2.7 shows that for any w € Ry, E [V3g(w)] = %I .
For any € € (0, 1/ (4V2)), Ry has an e-net N of size at most (3p/ (4v/2¢))". On €, Vg is

CQTL

Ly = log®?(np)

c16
3uLyi’

Lipschitz by Proposition 2.13. Set ¢ = SO

#N; < exp <2n log <anlog(np)>> .

0
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Let &1 denote the event

& = {111;n€aj\}f{1 ||V29(w) —E [VQg('w)] H < 6315} :

On & NExs,

su V2g(w) — E [VZg(w) @7
w«ﬁM)” ! Vsl 3

and so on & N €, (2.4) holds for any constant ¢, < ¢1/3. Setting t = ¢16/3p in Proposition 2.10, we
obtain that for any fixed w,

P [H%(w) —E [V2g(w)]|| > Bﬂ < dnexp (—c4p92) |

n2
Taking a union bound, we obtain that

2
PEf] < 4nexp (_ 04529 + Csnlog(n) + Csnlog log(p)> .

Large gradient in region Ry. Similarly, for the gradient quantity, for w € R», Proposition 2.6

shows that -
E [wsﬂwq > eob.
[|w]
Moreover, on £, 2 ”VU?‘(‘“’) is
. On?
Ly =L log(np)
1
Lipschitz by Proposition 2.12. For any € < Ti/g’ the set Ry has an e-net N, of size at most (20 i/g) ”.
Sete = %, SO ,
1
Ou
Let & denote the event
& = {max w'Vglw) —E [w Vg(w)” < 660}.
weNz | lw]| [|w| 3
On & N €&y,
sup w*Vg(w) E [w Vg(w)” < 20697 78)
weky | [lw] [|w]] 3

and so on & N €, (2.5) holds for any constant ¢, < ¢g/3. Setting t = ¢¢6/3 in Proposition 2.9, we
obtain that for any fixed w € Ry,

] <
P&5] < 2exp (_091;62 + nlog <C'871210g(np)>> : (7.9)

and so

[|w] [|w|
Ou
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Existence of negative curvature direction in R3. Finally, for any w € R3, Proposition 2.5 shows

that
*1v72
E[wwm] < e
[w|

L3 = sz log®%(np)

Lipschitz by Proposition 2.11. As above, for any ¢ < 1, R; has an e-net N3 of size at most

(3/e)™. Set e = c9f/3L3. Then

3 1m03/2
#N3 < exp | nlog Cun” log - (np) .
02

Let £3 denote the event

w*V2g(w)w w*V2g(w)w cobl
53 = max 2 2 =~ ?
weNs | Jw I
On &3 N Ex,
w*V2g(w)w w*VQQ(w)w] 2¢96
sup 2 2 = T3
weRy | [lw]| ]|

and (2.6) holds with any constant ¢, < c¢g/3. Setting t = ¢9f/3 in Proposition 2.8 and taking a union

bound, we obtain
292 37..3/2
. c12pp0 C11n° log® = (np)
P[&5] < dexp <_n2 + nlog ( 0112 .

The unique local minimizer located near 0. Let &, be the event that the bounds (2.4)-(2.6) hold.
On &, the function g is %—strongly convex over Ry = {w | [|w| < p/ (4v2) }. This implies that f
has at most one local minimum on R;. It also implies that for any w € R,

g(w) > g(0) + (Vg(0), w) + 2/’; lwll? > g(0) - [Jew]| [Vg(0)] + 25 w2

So, if g(w) < g(0), we necessarily have

2p
< — .
Jw] < .0 1Vg(0)]]

Suppose that
.0
< = 7.1
Vg < % (7.10)
Then g(w) < ¢(0) implies that ||w| < p/16. By Wierstrass’s theorem, g(w) has at least one
minimizer w, over the compact set S = {w | ||w]|| < p/10}. By the above reasoning, ||w,| < 1/16,
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and hence w, does not lie on the boundary of S. This implies that w, is a local minimizer of g.
Moreover, as above,

2p
< £ .
Jw.]| < .0 IVg(0)]

We now use the vector Bernstein inequality to show that with our choice of p, (7.10) is satisifed
with high probability. Notice that

Vg(0) = ! Z hu(l“z(n))fu

=1

and h,, is bounded by one in magnitude, so for any integer m > 2,

E [[| i@ | "] < Blled™ < By 127 < minm,

where we have applied the moment estimate for the x (n) distribution shown in Lemma A.8.
Applying the vector Bernstein inequality in Corollary A.11 with R = y/n and % = 2n, we obtain

pt’
P 0] >t <2 1 —_——
V50 = 4 < 20+ Dexp (—5 5 )
for all t > 0. Using this inequality, it is not difficult to show that there exist constants C3, C14 > 0
such that when p > Ci3nlogn, with probability at least 1 — 4np~19,

I
IVg(0)] < Cyy) 282, (7.11)

p

When 102 5= 053", for appropriately large C14, (7.11) implies (7.10). Summing up failure probabili-

ties completes the proof. [ ]

7.3 Proofs for Section 2.3 and Theorem 2.3

Proof [of Lemma 2.14] By the generative model,

o 1 —1/2 1 —1/2
Y=(—-YY"* Y = =Ao XX} A} Ao Xo.
po po

~1/2
Since E [ XX/ (pf)] = I, we will compare (Z%AOXOX(’)“AEj) Aj with (AOAE*))_l/2 Ay=UV"™.
By Lemma B.2, we have

H(pHAOXoXOAO> Ag — (AgA) V2 Ay

S HA()H H(})@AOXOXOAO> — (AOAO) 1/2

2| Ao|® || 1 4 1
< [JApl| =—/——— || =X X —I| =2 A — X Xr—1TI
< || Aol T (Ay) || po 20 %0 K" (Ao) 2 X0 X0
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provided

1 2 (A 1
[ g X0 - IH < Ume( ) HpeXoXS - IH

1
<
~ 2k%(Ao)

On the other hand, by Lemma B.3, when p > C1n? log n for some large constant C1,

LX0 X5 - IH <
10 (MIP# with probability at least 1 — p~8. Thus, when p > Car? (Ag) On? log(nfr (Ao)),

< 20k (Ay) /0nlogp7
p

as desired. n

1 172 _
H(perXoXa‘AS) Ao — (AgAy) 12 Ay

Proof [of Lemma 2.15] To avoid clutter in notation, we write X to mean X, and x;, to mean (x),,
in this proof. We also let Y = X, + ZXj. Note the Jacobian matrix for the mapping q (w) is

Vwq (w) = [I, —w/y\/1— HwH?] Hence for any vector z € R" and all w € T,
[[ew]l
Vg (w) z|| < v —1]z], + T 1zl < 3vn |zl -
1—w

Now we have

— | Y i (07 w2+ a” (w0) Ber) Vuwg (w) (1 + B ) = 53 o (4" (w) @2) Vuwg (w)

k=1 I
p
< ]1) Z hu (q* (w)zr + ¢* (w) éwk) Vuwq (w) <:ck + Exy, — ;z:k)
k=1
p
+ ;Z i (@ (w) @4+ a* (w) Bay ) — by (a () 21)| Vowg (w)
k=1
< ] (masxiy, (830 1X )1 + ;301X %) |

where L}-LM denotes the Lipschitz constant for hu (+). Similarly, suppose HEH < in, and also notice
that

i 1 wl|? 1 3/2
< + = < 2v2n3/2
an (w) g (w) gy (w)

I n ww
an (W) g (w)

we obtain that
HVig (w; f’) — Vg (w; X)H
1P

o2 (@ () 51) Vaa () 517 (Vwa ()" ~ i (g" (w) 24) Vaog (w) @127 (Vg (w))’]
k=1

<

70



li[mq (w

O (g + ) o) " ) ) (o + 2 ) o)

(w) ¢ an (W) g

l

k=1
112
3 ||= 2 || 2 ||=

< 1y 02 X || 0 (15057 X [[8] + 10n 112 5]

2 ||= 2 ; 2 ||=

—|—3\/§Lhun = HXHOO"’meh(t) 2v2n? | E|| | X |l »

where L e denotes the Lipschitz constant for &, (-). Since

. . 1 1 2

mzaxhu (t) <1, mzaxhu( ) < ; Ly, <1, Lhu < ﬁ Liiu < E,

and by Lemma 7.11, | X ||, < 44/log (np) with probability at least 1 — ¢ (np)~" — exp (—0.30np), we
obtain

vag (w; 17) Vg (w;X)H < Clg

HV,QUg( ) V2,9 (w; X) H <szax{n;£2,f}log3/2( )H

[

for numerical constants C7, Cy > 0. []

Proof [of Theorem 2.3] Assume the constant c, as defined in Theorem 2.1. By Lemma 2.14, when
Cq nt PP\ 4 4 (k(Ag)n
pzczemax{ﬂzlalﬂ K° (Ap) log T )

the magnitude of the perturbation is bounded as

Hé” < Cheyb (max{n;?, TL }10g3/2( )) _17

where (5 can be made arbitrarily small by making C; large. Combining this result with Lemma 2.15,
we obtain that for all w € T,

>

Hv'wg ('WSXO + éXo) — Vuwyg (waX)H < %
*

>

HVig (w;Xo +§Xo) — V5,9 (w;X)H < 62 :

with probability at least 1 — p~® — 0 (np)77 — exp (—0.30np). In view of (2.11) in Theorem 2.1, we
have
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By similar arguments, we obtain (2.9) through (2.11) in Theorem 2.3.
To show the unique local minimizer over I' is near 0, we note that (recall the last part of proof of

Theorem 2.1 in Section 7.2) g (w Xo+EX 0) being 5+ 9 strongly convex near 0 implies that

4 ~
.l < = ||Vg (0: X0+ EX0) |
*

The above perturbation analysis implies there exists C3 > 0 such that when
it holds that

c, 0

vag <O;X°+§XO) = Vg (0; X)H = 1007

which in turn implies

4u ¢, 0
. < 25 199 (0 X0 + L2 < K b <

0200 =8 T 100 ©

where we have recall the result that i—’g IVg (0; Xo)|| < /16 from proof of Theorem 2.1. A simple
union bound with careful bookkeeping gives the success probability. [

8 Proof of Convergence for the Trust-Region Algorithm

Proof [of Lemma 3.3] Using the fact tanh (-) and 1 — tanh? (-) are bounded by one in magnitude, by
(3.12) and (3.13) we have

1 p
IVF (@) <= llmell < vVl X
pk:l
1 p 1 2 n 2
V2 f (@)|| < EZ* x| < . 1X2

for any g € S*—1. Moreover,

IV (@ -V (@) _ 1 Z o taas () — tanh (L2

sup - p
q,q’'eS" 1 g#q’ Hq q H p — q,q’'eS"—1 q#£q’ Hq —-—q H

1 ||mk|| n 2
*E |l < X%
p J p *

k=

=

where at the last line we have used the fact the mapping q — g*xy/u is ||z|| /1 Lipschitz, and
x — tanh (x) is 1-Lipschitz, and the composition rule in Lemma 7.5. Similar argument yields the
final bound. [
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Proof [of Lemma 3.4] Suppose we can establish

7 (ex0y(®) ~ Fla. )| < snrl61°.

Applying this twice we obtain

~ ~

Flexpg(8.)) < Fla,8.) + gnph® < Fla,8) + cnpd® < flexp(8)) + 30y < fla) — s+ 3y,

6

as claimed. Next we establish the first result. Let 6o = 157 H and t = ||d||. Consider the composite
function

((t) = f(expg(tdo)) = f(qcos(t) + dosin(t)),

and also

C(t) = (Vf (geos(t) + by sin(t)) , —gsin(t) + 8 cos(t))
((t) = (V2 f (gcos(t) + o sin(t)) (—gsin(t) + &g cos(t)), —gsin(t) + 8o cos(t))
+ (Vf(gcos(t)+ dgsin(t)), —qcos(t) — dgsin(t)) .

In particular, this gives that

¢(0) = f(q)
$(0) = (80, Vf(q))
$(0) =65 (V2 f(q) — (Vf(q),q)I) &.

We next develop a bound on ’( (t) — €(0) ’ Using the triangle inequality, we can casually bound
this difference as

ORI
< ‘<V2f (g cos(t) + 8o sin(t)) (—gsin(t) + 8o cos(t)), —gsin(t) + &g cos(t)) — 68V2f(q)60|

+ |[(V f(qcos(t) + dpsin(t)), —qcos(t) — dpsin(t)) + (Vf(q), q)|
< ‘<[V2f(q cos(t) + 60 sin( )) — V2f(q)] (—gsin(t) + 8y cos(t)) , —gsin(t) + & cos(t )|

+ ‘< (—gsin(t) + dg cos(t) — dy) , —g sin(t) + dg cos(t)>‘
+ ‘<V 60, —gsin(t) + 6o cos(t) — )|
+ |<Vf(q cos(t) + 0o sin(t)), —q cos(t) — dp sin(t)) + (Vf(qcos(t) + dosin(t)), q)|
+  [{Vf(gcos(t) + dosin(t)),q) — (Vf(q),q)]
< Ly2 ||g cos(t) + ¢ sin(t) — q||

+ M2 || —gsin(t) + ¢ cos(t) — dol|
+ M2 || —gsin(t) + ¢ cos(t) — dol|
+ My || =g cos(t) — dosin(t) + q|
+ Ly [[g cos(t) + dosin(t) — q|

— (Lys +2Mgs + My + Ly) /(1 = cos(t))? + sin?(¢)

73



=npV2 —2cost < npy/4sin? (£/2) < nyt,

where in the final line we have used the fact 1 — cosz = 2sin? (z/2) and that sinz < z for = € [0, 1],
and My, My2, Ly and L2 are the quantities defined in Lemma 3.3. By the integral form of Taylor’s
theorem in Lemma A.12 and the result above, we have

£ (expg(8)) = T (@.8)| = [¢(t) = (¢(0) +£¢(0) + 5¢(0)) |
1
= |¢2

(1= )& (st) ds — <o>'

(1=3) [(st) = (0)] ds

— 12

S— S—

1 3

t
<t2/ (1—s)st77fds:nf7,
0

with ¢t = ||d]] we obtain the desired result. ]

Proof [of Lemma 3.5] By the integral form of Taylor’s theorem in Lemma A.12, for any ¢ € [0, %} ,
we have

g(“’ fw \)

o) )+

e R Vg( ) ) %
=g (w) =~ = *vg /<< w H>_<Vg<w_5t\lzll)’|13:ZIZ;\|\|:\|I|II>) *

*Vg( ) Lg 2 « g 2
gg(w)—t7+—t < g(w) —tp, + —t°.
|w]| 2 !
Minimizing this function over ¢ € [0, %‘f] , we obtain that there exists a w’ € B ( —) such
hat /1 vn
tha

2
g(w') < g(w) — min {fL j’f\f}

Given sucha w' € B ( s 5 f) there must exist some § € T,S" ! such that g(w’) = exp,(d). It

remains to show that |||| < A. By Lemma 7.7, we know that ||g(w’) — ¢ (w)|| < 2y/n|jw’ — w] <
3A/m. Hence,

2 2
0 9A

=2 —2cos||d]] :lein2M < —,
2 2

0
ol sin [| 9

Jexpg (8) — qf|* = Hqu ~cos8]) +
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which means that sin (|8 /2) < 3A/(27). Because sinz > 2z over x € [0,7/6], it implies that
|6]] < A. Since g(w) = f(g(w)), by summarizing all the results, we conclude that there exists a §
with ||d]] < A, such that

2
ﬂmmw»sﬂmmm{@73@A},

2L, 4m\/n

as claimed. n

Proof [of Lemma 3.6] Let o = sign (w*Vg(w)). For any ¢ € {0, ﬁ] , by integral form of Taylor’s

theorem in Lemma A.12, we have

* 2 w
w*Vg(w) /1 w Vg (w — St"m) w
g(w) —t +12 [ (1-s) d
[|w] 0 [w]]?
* 2 w
t?2 w*V2g(w)w 1 w*Vig (w — stopr | w w V2 g(w)w
Sgw)+ 5 (2 +t2/ (1-s) ( . ) (- (2
[Jw]] 0 [lwl| [w]
2 w*V2g(w)w
= g(w) + ————"—
2 w)?
— _w “ o2 _ w . w
, [ (w stU”wH) Vg (w sta”w”) ('w StUHUJH) W V2g(w)w
+1 (1—3) . B v
! | = stop] o]
< g(w) - 5 B- +t2/ (1=s)sLotds < g(w) = 5 Bn + 5 Lo
0

Minimizing this function over ¢ € {0, ;’—A} , we obtain
/n

t, = min %73A
T L. 2myn]’

and there exists a w' = w — t*am such that

3 2
g <w _ t*aw> < g(w) —min { 26~ 34°5- } .

|w]| 3L27 8n2n
By arguments identical to those used in Lemma 3.5, there exists a tangent vector & € T,S" ! such
that g(w’) = exp,(d) and ]| < A. This completes the proof. ]

Proof [of Lemma 3.8] For any ¢ € [ }, it holds that ||t grad f (¢*))|| < A, and the

0. — 48
" llgrad £(a®)]
quadratic approximation

(a3 () £ (a) <o )|+ 420 o 4
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= f (q(’“)) —t <1 - ;Mm&) ngadf (q(k)) H2

. o . A 1 .
Taking ¢y = min {ngadf(q(k)) " M }, we obtain

oo () <5 (0) i o (00 0

Now let U be an arbitrary orthonormal basis for T, ) S"~1. Since the norm constraint is active, by
the optimality condition in (3.16), we have

A< H [U* Hess f (qu)) U} Ut grad f (q(k)) H

Hu*gﬁdf(qwguf;H@ﬂdf(q“UH7

mp

——

which means that ||grad f (¢®))|| > mpuA. Substituting this into (8.1), we obtain

J/c\(q(’f)7—t0 grad f (qw))) <f (q(m) _ %mm {mHA27 TEIAQ} </ <q(k’>> B rg%ﬁj_

By the key comparison result established in proof of Lemma 3.4, we have

f (equu«) (—to grad f (q(’“))» < f(q('“), —to grad f (q(’”)) + éan?’
)
This completes the proof. ]

It takes certain delicate work to prove Lemma 3.9. Basically to use discretization argument, the
degree of continuity of the Hessian is needed. The tricky part is that for continuity, we need to
compare the Hessian operators at different points, while these Hessian operators are only defined
on the respective tangent planes. This is the place where parallel translation comes into play. The
next two lemmas compute spectral bounds for the forward and inverse parallel translation operators.

Lemma 8.1 For 7 € [0, 1] and ||8]| < 1/2, we have

5
P70 =1 < il (8.2)
3
1Py =1 < Srliall. (8.3)
Proof By (3.17), we have
- 0™ ) qo*
P70 = I|| = || (cos(r [13]) — 1) T8E o (r11al) WH
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<1 —cos(7||d]]) +sin(7[|d]|)

i 7|0 i 1 5
< s (50) sin e 101D < 7 81+ 7161 < 7 131,

where we have used the fact sin (t) < t and 1 — cosz = 2sin? (z/2). Moreover, PS‘_T is in the
form of (I + uv*) ™" for some vectors u and v. By the Sherman-Morrison matrix inverse formula,
ie, (I+uv*)™ = I —wv*/(1+v*u) (ustified as H(cos(T I811) — 1) 2% — gsin (7 [}8])) ”{THH <
57 [|8]] /4 < 5/8 < 1 as shown above), we have

[Py —1|
66" o 1
= ||(cos(7||d]|) = 1) —= — gsin (7 ||d]||) —= (as ¢*6 =0)
st )nau? l ”)uéu T+ o (IO = 1)
5) 1
<2 8] — s <38
completing the proof. [ ]

The next lemma establish the “local-Lipschitz" property of the Riemannian Hessian.

Lemma 8.2 Let ~(t) = exp, (t8) denotes a geodesic curve on S*~*. Whenever |8 < 1/2 and T € [0, 1],
HPP/‘_T Hess f(’y(T))P?_O Hess f(q)|| < Ly - 78] , (8.4)
where Ly = 550/ | XI5 + S | X2 +9vn |1 X

Proof First of all, by (3.15) and using the fact that the operator norm of a projection operator is
unitary bounded, we have

[Hess f(~(r)) — Hess f(q)|
< [[Pr st [92F (7 (7)) = 927 (@) = (94 (1 (7)), 7 (7)) = (9 F (@), @) T) P o
+|[Pr e (V2 (@) = (Vf (@) @) I) P g
—Pr,sn-1 (V2f (@) — (VI (q),q) 1) PTqS" 1|
IV2F (v (7)) = VAF @] + (VS (v (7)) =V (@), 7 ()] + (VY f (@), 7 (7) — a)
- |[Pry st = Prggnea | [Pry s + Prggea | 927 (@ = (95 (@), @) 1]

IN

By the estimates in Lemma 3.3, we obtain

[Hess f(v(7)) — Hess f(q)

2
< 2 IXI Iy () -l + 21X b () = all + VA X I ()~ al
20 ()7 (7) — a’ (M X2+ Vi 1.
5 4 25n 25
< (5™ IXN% + T IX 5 + SV | X 5 85
< (o IXIS + R IXIE + VA XL ) 7ol 5
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where at the last line we have used the following estimates:

o
()= all = a(cosr18) = 1)+ gsin(r 16 | < §r 18] (Proofof Lemma s

+ 2sin (7 ||6]]) cos ( ||8]))

) v* — _ —qq* | sin® (7|6
[y (T) 7" () — aq H_H<H5|| qq) ( (18]

5
< sin’ (7 [|8]]) + sin (27 [|8]]) < 57 18] -

Therefore, by Lemma 8.1, we obtain

[ P9 Hess £((r))P]*° — Hess f(q)|

< HPO%T Hess f (v (7’))73”_0 — Hess f(v(T))P:_OH + HHess f(’)/(T))’P,?_O — Hess f(y(T))H
+ ||Hess f(v(7)) — Hess f(q)|
< HPOH I|| [Hess f(y(r)|l + ||P77° — I|| [[Hess f(v(t))[| 4 |[Hess f(v(t)) — Hess f(q)||
< *T 181 [[V2f (v (7)) = (Vf (v (7)), () I|| + [[Hess f(y(r)) — Hess f(q)|| -
By Lemma 3.3 and substituting the estimate in (8.5), we obtain the claimed result. [ ]

Proof [of Lemma 3.9] For any given g with ||w(q)|| < 1/(4v/2), assume U is an orthonormal basis
for its tangent space T,S"!. We could compare U* Hess f(q)U with V2, g(w), and build on the
known results for the latter. Instead, we present a direct proof here that yields tighter results as
stated in the lemma. Again we first work with the “canonical” section in the vicinity of e,, with the
“canonical" reparametrization g(w) = [w; /1 — |[w||?].

By definition of the Riemannian Hessian in (3.15), expressions of V2fand Vfin (3.12) and (3.13),
and exchange of differential and expectation opeators (justified similarly as in Section 7.1.3), we
obtain

U*HessE|[f(q)]U = E[U* Hess f(q)U]
=E[U'V*f(Q)U - (q.V(q)) In-1]

=U*E [1 {1 — tanh? (q d }ww*} U-E {tanh <q :13> q*x] I, ;.
[ [ 0
We have

U |2 tann? (L5 el U = 2% 8 {1 = a2 (2L EE O]y
I ju p p 0 0

Now consider any vector z € T,S" ! such that z = Uv for some v € R""! and ||z| = 1. Then

2 Hl ~ tanh? (“’M‘”> } {moff* g” 2> \/92?(2 ~3v2/4) 7))

by proof of Proposition 2.7, where z € R™ ! as above is the first n — 1 coordinates of z. Now we
know that (g, z) =0, or

1— 2
W 4 g = 0— 12— o V1Tl g
E | Jw]
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where we have used ||w|| < u/(4v/2) and p < 1/10 to obtain the last lower bound. Combining the
above with the fact that ||z|| = 1, we obtain

" 1 qx " 91-60 6
UE[M{l—tanh2<M>}ww]U§100 . m(Z—S\f/él)n 1 (8.6)
99
- 200\/%(2—3f/4) N1, (8.7)

where we have simplified the expression using # < 1/2. To bound the second term,

E [tanh (q:”k> q*wk]
- [EZN (O lazl?) [tanh(Z/u)Z]]

= lliEI [HQIHQEZ~N(0,\|¢;IH2) [1-— tanhQ(Z/,u,)H (by Lemma B.1 in [SQWa])

1 2
< ;EI [EZ~N(0,||qI||2) [1— tanh (Z/,u)H .
Now we have the following estimate:

EZNN(0,||wJ||2+q,%) [1- tanhQ(Z/u)]
= 2EZNN(O,H’LUJH2+Q%) [(1 — tanhQ(Z/,u)) ]lZ>O]

< SEZNN(O,ngHQ+q%) lexp(—2Z/ 1)1 2>0]

2
2 24 942 2/ wa|” + ¢z
_Sexp< ey I + qn> @C( V Z
W

. ) (by Lemma B.1 in [SQWa])

4 7

_\ﬁ

Jwgl? + a2

where at the last inequality we have applied Gaussian tail upper bound of Type II in Lemma A.5.
Since |ws||? 4+ ¢2 > ¢2 =1 — |w|* > 1 — p2/32 > 31/32 for ||w|| < u/(4\/§) and p < 1, we obtain

B n (0, hwy |2+q2) (L — ta0h*(Z/m)] < f 3 /3 (8.8)
Collecting the above estimates, we obtain
99 0 14 0
U* HessE U - 2—3vV2/4) 21,1 — In I, 1, 8.9

where we have used the fact ¢ < 6/10 to obtain the final lower bound.
Next we perform concentration analysis. For any g, we can write

1 *
U*V2f(q) § Wi, with Wy, = ~ [1 — tanh? <quﬂ UraaiU.
& I o
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For any integer m > 2, we have

m 1 * * m 1 * ||m 1 2m 1 m
0 X E[WP) < B (U maiU)"] = CB eyl 1 = CE [EXERE Bz (271
where we have used Lemma 7.4 to obtain the last inequality. By Lemma A.7, we obtain

m 1 m! m m! (2n\™
0<E[W/ < ——@2n)"I<— (=) I
T 2 \u

Taking Rw = 2n/p, and o3y, = 4n?/p? > E [W}?], by Lemma A.10, we obtain

P 1EP:W 1EP:]E[W] >t/2| <2 et (8.10)
P P g = SEP\ T3on2 1 8nt '

k=1 k=1

for any ¢ > 0. Similarly, we write

\% ,q) = — Zy, with Zp = tanh Yz,
(Vf(a)q) p 2 K K )T

For any integer m > 2, we have
E[Zi|"] < Ellg*xi|™] < Ezonon [1£]™] < bR

where at the first inequality we used the fact [tanh(-)| < 1, at the second we invoked Lemma 7.4,
and at the third we invoked Lemma A.6. Taking Rz = O'% = 1, by Lemma A.9, we obtain

P[;ZZk—IZE[Zk]

> t/2] < 2exp (—pt®/16) (8.11)
k=1 k=1
for any ¢ > 0. Gathering (8.10) and (8.11), we obtain that for any ¢t > 0,

P[|U*HessE[f(q)]U — U* Hess f(q)U|| > t]
<P[|U*V*f(@U - V’E[f(9)]]| > t/2] +P[|(Vf(q),q) — (VE[f(9)],a)| > t/2]

242 2 242
pp-t pt pp-t
<2 S & SR ) — ) <4 S AR — 8.12
= ”eXp< 32n2—|—8nt>+ eXp( 16>— ”eXp< 32n2+8nt> ®.12)

Now we are ready to pull above results together for a discretization argument. For any € €
(0, 11/(4v/2)), there is an e-net N of size at most (311/(4+/2¢))" that covers theregion {q : [|w(q)| < 1/(4v2)}.
By Lemma 8.2, the function Hess f(q) is locally Lipschitz within each normal ball of radius

g — exp,(1/2)|| = /2 — 2cos(1/2) > 1/V5

with Lipschitz constant Ly (as defined in Lemma 8.2). Note that ¢ < u/(4v/2) < 1/(4v/2) < 1/+/5
for u < 1, so any choice of ¢ € (0, 4/(4v/2)) makes the Lipschitz constant Ly valid within each
e-ball centered around one element of the e-net. Let

€0 = {1 < | Xoll < 4v/loglnp) }
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From Lemma 7.11, P[] < 0 (np)”" + exp (—0.30np). By Lemma 8.2, with at least the same
probability,

n3/2
Ly <Ci—5 log®?(np).
L

_ [
Sete = m < M/(4\/§), SO

3/2 14 53/2
#N. < exp (n log o™ log (np)) .

0

Let £ denote the event that

£ = {me |U* Hess E ()] U — U* Hess f(@)U]| < —— } .
q €

124/ 27
On & N &,
sup |lU* HessE [f(q)]U — U" Hess f(q)U|| < L
g:llw(a)]| <u/(4v3) Gv2mp
So on £, N Ex, we have
U* Hess f(q)U = Cﬁg (8.13)
w
for any ¢y < 1/(12v/27). Setting ¢t = ﬁ in (8.12), we obtain that for any fixed g in this region,
P[||U* HessE [f(q)]U — U* Hess f(q)U|| > t] < 4ne pl”
— xp| ————7— ) .
4 1 - P c3n? +cqnb/p
Taking a union bound, we obtain that
P[Ef] < 4nex —L%—Cnlo n + Cgnloglo
Hl > p can? + canf/p 570 108 enloglogp | .

It is enough to make p > C7n3log(n/(u6))/(16?) to make the failure probability small, completing
the proof. ]

Proof [of Lemma 3.11] For a given g, consider the vector r = g — e,,/qy,. It is easy to verify that
(gq,7) = 0,and hence r € T,S"!. Now, by (3.12) and (3.14), we have

(grad f (q),7) = (I —qq")Vf(a),q— en/qn)
= <(I - qq*) Vf (Q) > _en/Qn>

- ]19 ;: <(I — qq") tanh (q*:”“> x, —en/qn>
EC

1< *
=13 tann (q i
— K
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T2 (0 @m - = @)

n

12
= p;tanh<
=w"(q) Vg (w),

where to get the last line we have used (7.1). Thus,

w*Vg (w) (grad f(q),r) Il
fol -~ el < lerdf @l
where
2
2 1
2 - = 2 4

e ol (=)l gl 11 1 oo
2 2 - 2 - - 2 = 1 — )
|w]| w]| wl| @ 1 fw|’ T 1oy 1999

where we have invoked our assumption that ||w|| < ﬁ. Therefore we obtain

lgrad f (q)]| > |lw| w*Vg (w) N /1999 w*Vyg (w) - 9 w'Vy (w)
- — 'V 2000 - ’

[ T [[wll 10 flw]l

completing the proof. [ ]

Proof of Lemma 3.12 combines the local Lipschitz property of Hess f(q) in Lemma 8.2, and the
Taylor’s theorem (manifold version, Lemma 7.4.7 of [AMS09]).
Proof [of Lemma 3.12] Let ~ () be the unique geodesic that satisfies v (0) = q'¥), v (1) = q**1),
and its directional derivative % (0) = d,. Since the parallel translation defined by the Riemannian
connection is an isometry, then ||grad f(g**V))|| = ||P9! grad f(q**1))|. Moreover, since ||8,|| <
A, the unconstrained optimality condition in (3.16) implies that grad f (q*))+Hess f(q"))d, = 0,k
Thus, by using Taylor’s theorem in [AMS09], we have

g 050 < [ g (4) g () - o (0,

1
= /0 {772“’& Hess f (v (t)) [y (t)] — Hess f (q(k)) 6*} dtH (Taylor’s theorem)

~ [ (Pt ) P06, e (a) 6.)
0

IN

1
04| /0 ”PA?Ht Hess f (v (t))Pffo — Hess f <q(k)> H dt.

From the Lipschitz bound in Lemma 8.2 and the optimality condition in (3.16), we obtain

o (449)] < 1072 = 2 ()]

This completes the proof. ]

Proof [of Lemma 3.14] By invoking Taylor’s theorem in [AMS09], we have

PO grad f (v (7)) = /0 " POt Hess £ (v (1)) 4 (1) dt.
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Hence, we have
<P2“T grad f (v (7)) ,6> = /OT <772%t Hess f (v () [ (1)], 5> dt
= [ (PY Hess £ 0 () 5 (0P (1)
- /O (Hess £ (7(6) 5 (), 5 (1)t
> mpy /OT Iy I dt > mpT (8],

where we have used the fact that the parallel transport P** defined by the Riemannian connection
is an isometry. On the other hand, we have

(PY grad 1 (1 (7)), 6) < [P grad £ (3 ()] 161] = llgrad £ ( (7)) 81,

where again used the isometry property of the operator P*"7. Combining the two bounds above,
we obtain

lgrad f ( (D)) 18] = mpr [|8]|*,

which implies the claimed result. [ ]

9 Proofs of Technical Results for Section 4

We need one technical lemma to prove Lemma 4.2 and the relevant lemma for complete dictionaries.

Lemma 9.1 There exists a positive constant C, such that for all integer n; € N, 0 € (0,1/3), and ny € N
with ng > Cnylog (n1/0) /0%, any random matrix M € R™>"2 ~;; ; BG(0) obeys the following. For
any fixed index set T C [ng] with |Z| < %Hm, it holds that

2
o M|, — 0" Mz, > ’;?\/;9 lo forallv e R™,

0

with probability at least 1 —ny ' — 6 (n1ng) ™" — exp (—0.30n1ny) .

Proof By homogeneity; it is sufficient to consider all v € S™. For any i € [n], let m; € R™ be a
column of M. For a fixed v such that ||v]| = 1, we have

T (v) = o M, — o Mzll, = 3 forml = 3 fo*m)
i€ze €T
namely as a sum of independent random variables. Since |Z| < 9n26/8, we have

9 9 . 9 . 1 .
E[T (v)] > (m — §0n2 — 80712) E[|lv'm,]|] = <1 — 40> no [[v*mq]|] > anE [[v*m.]],

83



where the expectation E [|[v*m|] can be lower bounded as

ni
Ellv'mill = > 65 (1=0)"" > Egoyor [|[v79]]
k=0

s()

— _ 2 \/5 \F
_ k(1 _ pyni—k “ “ — /2
=S Y 2l =2 B el = 20

k=0 Je([”kl])

Moreover, by Lemma 7.4 and Lemma A.6, for any ¢ € [ny] and any integer m > 2,
Eflv'mi[™] < Ezwno) [12]7] < (m =D < ==

So invoking the moment-control Bernstein’s inequality in Lemma A.9, we obtain

n9g 2 t2
ey 4 < —t < - .
P|T(v) < 1 770 t] <P[T(v) <E[T(v)] —t] <exp < s ¥ 2t>
Taking t = 52 \/g ¢ and simplifying, we obtain that
P|T(v) < 7?\/29] <exp (—0192712) 9.1)

for some positive constant c¢;. Fix e = \/g 1% [ log (nlng)]*l/ ? < 1. The unit sphere S™ has an

e-net N, of cardinality at most (3/¢)"*. Consider the event

. ng |2
Epg = {T(v) > 5\/;6 V'UENS}.

A simple union bound implies

3 1
P [£5,] < exp (—0102n2 + ny log ()) < exp <_6192n2 + comy log nlogng) ’
9

; (9.2)

where ¢ > 0 is numerical. Conditioned on &, we have that any z € S™~1 can be written as
z =v + e for some v € N, and |e|| < e. Moreover,

T(z) = [[(v+e) Mze|l, - [[(v+e) Mzl|, > T (v) — |le" Mz |, — |e"Mz],
= —4/=0—|e = —/—=0— g e'm
oV 1 5V Pt k

ng |2 =
2
= Wa—gg [EE

v
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By Lemma 7.11, with probability at least 1 — 6 (n1ng)™" — exp (—0.30n1n), |M|, < 44/log(nins).

Thus,
44/1
T (z) > nQ\/Ee _ \FG nzy/midylog (mns) _ W\FQ. 9.3)
5} ™ w120 m, /log (n1n2) 6 T

Thus, by (9.2), it is enough to take ny > Cny log (n1/6) /62 for sufficiently large C' > 0 to make the
overall failure probability small enough so that the lower bound (9.3) holds. ]

Proof [Proof of Lemma 4.2] The proof is similar to that of [QSW14]. First, let us assume the dictionary
Aoy = I. Wlog, suppose that the Riemannian TRM algorithm returns a solution g, to which e, is
the nearest signed basis vector. Thus, the rounding LP (4.1) takes the form:

minimizeq ||g*Xo|;, subjectto (r,q)=1. (9.4)

where the vector 7 = g. Next, We will show whenever q is close enough to e,, w.h.p., the above
linear program returns e,,. Let Xy = [X;z};], where X € R("~U*? and «}, is the last row of Xj.
Set ¢ = [q, g»], where g denotes the first n — 1 coordinates of g and gy, is the last coordinate; similarly
for r. Let us consider a relaxation of the problem (9.4),

minimizeq ||g* Xo|l;, subject to gnr, + (q,7) > 1, (9.5)

It is obvious that the feasible set of (9.5) contains that of (9.4). So if e,, is the unique optimal solution
(UOS) of (9.5), it is the UOS of (9.4). Suppose Z = supp(x,,) and define anevent & = {|Z| < 36p}. By
Hoeffding’s inequality, we know that P [£§] < exp (—6?p/2) . Now conditioned on & and consider
a fixed support Z. (9.5) can be further relaxed as

minimizeq ||y |gn| — Hﬁ*XIHI + Hﬁ*fzc

> subjectto gurn + gl [|7]| > 1. (9.6)

The objective value of (9.6) lower bounds that of (9.5), and are equal when q = e,,. Soif ¢ = e, is
UOS of (9.6), it is UOS of (9.4). By Lemma 9.1, we know that

—%k v p 2 —
e, = 2y 2o

holds wh.p. when p > Ci(n — 1)log ((n —1)/6) /6% Let ¢ = g\/g& thus we can further lower
bound the objective value in (9.6) by

Hq*YIC

minimizeq ||, || |gn] + C|g]|, subject to  g¢,rn +||q]| [|7]| > 1. 9.7)

By similar arguments, if e,, is the UOS of (9.7), it is also the UOS of (9.4). For the optimal solution
of (9.7), notice that it is necessary to have sign (¢,,) = sign (ry,) and ¢,y + ||q|| ||7|| = 1. Therefore,
the problem (9.7) is equivalent to

1 — |rn |gn| 1

T, subject to  |gn| < — (9.8)

minimizeg, ||, ||; |gn| + ¢ |l
n

Notice that the problem (9.8) is a linear program in |¢,, | with a compact feasible set, which indicates
that the optimal solution only occurs at the boundary points |¢,| = 0 and |g,,| = 1/ |r,|. Therefore,
q = e, is the UOS of (9.8) if and only if

1 ¢
lally < =
ral 17 i

9.9)
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Conditioned on &, by using the Gaussian concentration bound, we have

9 /2
P nlli = =/ —Op+t
[Hw S NET

which means that
5 /2 6%p
nlly >S4/ 2 < ——2). 1
P[nm u1_4\fﬂep] < oo (2] .10

Therefore, by (9.9) and (9.10), for g = e,, to be the UOS of (9.4) w.h.p., it is sufficient to have

5 \/5 Op \/5
—\—=Op < —————\/ —, (9.11)
4lrp| V « 6:/1 a2V T

t2
< Pll@ally = Ell@all,] +1 < exp (—)

which is implied by

249

The failure probability can be estimated via a simple union bound. Since the above argument holds
uniformly for any fixed support set Z, we obtain the desired result.

When our dictionary Ay is an arbitrary orthogonal matrix, it only rotates the row subspace of
Xo. Thus, wlog, suppose the TRM algorithm returns a solution g, to which Aggq, is the nearest
“target” with g, a signed basis vector. By a change of variable ¢ = Afq, the problem (9.4) is of the
form

minimizeg [|g" Xo||;, subjectto (Agyr,q) =1,

obviously our target solution for g is again the standard basis g.. By a similar argument above, we
only need (A{r, e,) > 249/250 to exactly recover the target, which is equivalent to (r, g,) > 249/250.
This implies that our rounding (4.1) is invariant to change of basis, completing the proof. |

Proof [of Lemma 4.4] Define ¢ = (UV™* + E)*q. By Lemma 2.14, and in particular (2.15), when

p > c?% max {Z—j, Z—z} 8 (Ap) log* (“(’:73)71), IZ]| <1/2sothat UV* + E is invertible. Then the LP

rounding can be written as
minimizez ||g* Xol|;, subjectto ((UV*+E) 'r,q)=1.
By Lemma 4.2, to obtain g = e,, from this LP, it is enough to have
(UV*+8)7'r,e,) > 249/250,

and p > Cn?log(n/0)/0 for some large enough C. This implies that to obtain g, for the original LP,
such that (UV™* 4 E)*q, = e,, itis enough that

(UV*+E)'r,(UV* + E)*q.) = (r,q.) > 249/250,

completing the proof. |
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Proof [of Lemma 4.5] Note that [g., ..., ¢%] = (Q* + E*)'[ey,.. ., e/], we have
U(Q+E)Xo =U*(Q" +E") 1 (Q+E)(Q+E)Xy

where V = (Q*+E*)![ess1, . . ., e,], and the matrix A = Q*E+E*Q+E*Eso that | A, | < 3|F].
Since U* [qi,...,qﬁ | ‘7} = [0 \ U*‘Af},we have

U*(Q +E)X, = [0 | U*ﬂ Xo + [o | U*f/] A1 Xo = U VX 4 AL X, (9.12)

where Ay = [0 ] U*‘A/'] Aj. Letd = ||E]|, so that

[Ad _ 3lE] 36
Umin(Q+E) B Umin(Q+E) —1-4

A < (9.13)

Since the matrix V is near orthogonal, it can be decomposed as V=V+A 3, where V is orthogonal,
and Aj is a small perturbation. Obviously, V' = U R for some orthogonal matrix R, so that spans
the same subspace as that of U. Next, we control the spectral norm of A3 so that it is sufficiently
small,

|Aall = pin HUR— VH < min [[UR - Qu_g]| + HQ[H} —v, (9.14)

RecOy

where Q,,_ collects the last n — £ columns of Q, i.e., Q = [Q|y, Q[;,—¢]- To bound the second term
on the right, we have

R
1-[Q@'E| ~1-4

| @ - VH <@ '-@+=) <

where we have used perturbation bound for matrix inverse (see, e.g., Theorem 2.5 of Chapter
III in [SS90]). To bound the first term, from Lemma B.4, it is enough to upper bound the largest
principal angle 6; between the subspaces span([q., ..., q!]), and that spanned by Q[ey, ..., e/].
Write I}y = [e1, ..., /] for short, we bound sin 6; as

—1
sin @) < QI[@]IEZ}Q* — (Q* + E*)ilIW (IF&(Q + E)il(Q* + E*)ilI[@O I[?](Q + E)il

—1
= | QIyI[HQ" — (Q* +E") Iy (I[*q(f + Al)_lfm) I(Q+E)"!

< || QIylyQ™ — (Q" + E*)_lImI[*z](Q + E)—lH

% | =gy —1 * -1 -1 * —_——1

1 1 -1
< |(14+— -1 =)1 NI (I (r+ AT H
< (1 o) 197 - @97+ gy |1 (g + 207 10)

) oo ot tr 2o
- 1-6/1-96 1—46)2 * _
(=001 — || gy (1 + A)ay - 1)
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< (141 § 1 A
= 1-0)1—-6 " (1-06)21-2[A’

where in the first line we have used the fact that for any full column rank matrix M, M (M*M)~! M*
is the orthogonal projection onto the its column span, and to obtain the fifth and six lines we
have invoked the matrix inverse perturbation bound again. Use the facts that § < 1/20 and
|A1]l <30 < 1/2, we have

—5)8 36 56— 1382 + 66°

Aoz T T=02a—65) (=021 —60) =0

sinfy <

For 0 < 1/20, the upper bound is nontrivial. By Lemma B.4,

UR-Q, gl < V2 -2cost, < V2 —2cos20; = V2sin; < 8V26.
[n—]

min
RecOy

Put the estimates above, there exists an orthogonal matrix R € Oy such that V = UR and V=
V + A3 with

|Az|l <6/(1—6)+8v26 < 12.56. (9.15)

Therefore, by (9.12), we obtain
U (Q+E)Xo=U VX" + A, with A=U"A;XxI""+ A%, (9.16)
By using the results in (9.13) and (9.15), we get the desired result. |

Appendices

A Technical Tools and Basic Facts Used in Proofs

In this section, we summarize some basic calculations that are useful throughout, and also record
major technical tools we use in proofs.

Lemma A.1 (Derivates and Lipschitz Properties of h, (z)) For the sparsity surrogate
hy () = plog (cosh (2/11)) .

the first two derivatives are

h,. (%) = tanh (;) L () = ; [1 — tanh? ('Z)] . (A1)

Also, for any z > 0, we have

1 (1 — exp (—22>> < tanh (Z> < 1l-—exp (—2Z> , (A.2)
2 Iz 7 7



9 2
exp <—Z) < 1 — tanh? <Z> < 4exp (—Z> . (A.3)
p H K

Moreover, for any z, 2’ € R, we have
9

hyu(2) = hy(2')

Sl‘z—z'
n

) ‘hu(z) - ﬁu(zl)

< ;‘z—z/’ (A4)

Lemma A.2 (Chebyshev’s Association Inequality) Let X denote a real-valued random variable, and
f, g : R — R nondecreasing (nonincreasing) functions of X with E[f (X)] < oo and E [g (X)] < oo. Then

E[f(X)g(X)]>E[f(X)E[g(X)]. (A5)
If f is nondecreasing (nonincreasing) and g is nonincreasing (nondecreasing), we have
E[f(X)g(X)] <E[f(X)E[g(X)]. (A6)
Proof Consider Y, an independent copy of X. Then it is easy to see
E{(f(X)=f(Y)(g(X)—g(¥))]=0.

Expanding the expectation and noticing E [f (X) g (V)] =E[f (Y)g(X)]|=E[f (X)]E[g(X)] and
alsoE[f (X)g(X)]| =E[f (Y)g(Y)] yields the result. Similarly, we can prove the second one. =

This lemma implies the following lemma.

Lemma A.3 (Harris’ Inequality, [Har60], see also Theorem 2.15 of [BLM13]) Let X1,..., X, bein-
dependent, real-valued random variables and f, g : R"™ — R be nonincreasing (nondecreasing) w.r.t. any one
variable while fixing the others. Define a random vector X = (X1,---, X,,) € R", then we have

Elf(X)g(X)] 2 E[f(X)]E[g(X)]. (A7)

Similarly, if f is nondecreasing (nonincreasing) and g is nonincreasing (nondecreasing) coordinatewise in
the above sense, we have

E[f(X)g(X)] <E[f(X)]E[g(X)]. (A.8)

Proof Again, it suffices to prove the first equality, which can be shown by induction. For n = 1,
it reduces to Lemma A.2. Suppose the claim is true for any m < n. Since both g and f are
nondecreasing functions in X,, given X = (X1,---, X,_1), then

E[f(X)g(X)] =E[E[f/(X)9(X) | X|] 2E[E[£(X) | X]E [9(X) | X]]

Now, it follows by independence that f’ <5(\) =E [f(X) ] 5(\} and ¢’ (55) =E {g(X) \ 5(\} are
both nondecreasing functions, then by the induction hypothesis, we have

Elf (X)g(X) = E|f (X)|E]y (X)] = EF(X)E[(X)].

as desired. [ ]
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Lemma A.4 (Differentiation under the Integral Sign) Consider a function F' : R™ x R +— R such
OF (x,s)

that === is well defined and measurable over U x (0, to) for some open subset U C R™ and some ty > 0.
For any probability measure j on R™ and any t € (0, to) such that [} [, ‘ BF(({S’S) p(de) ds < oo, it holds

that

jt/uF(m,t)M(dw) = /u 8Fgf’t),u(dm), or %Ew [F(x,t) 1y] = Eg [aFé'?t)]lu} . (A9)

Proof We have

OF (z,t) _d " [ OF (,s)
[, gy [ [ O

dt Jy

where we have used the fundamental theorem of calculus for the first and third equalities, and
measure-theoretic Fubini’s theorem (see, e.g., Theorem 2.37 of [Fol99]) for the second equality (as
justified by our integrability assumption). [ |

Lemma A.5 (Gaussian Tail Estimates) Let X ~ N (0, 1) and ® (z) be CDF of X. For any x > 0, we
have the following estimates for ¢ (x) =1 — @ (z):

1 1) exp(—2?/2) . 1 1 3\ exp (—z%/2)

2+ 4 —zexp (—x2/2) . exp (—332/2)
5 N P° (z) < (\/2+7:z:2 - x) — (Type I1I). (A.12)

Proof Type I bounds can be obtained by integration by parts with proper truncations. Type II
upper bound can again be obtained via integration by parts, and the lower bound can be obtained
z exp(—a:2 / 2)

via considering the function f (z) = ®°(z) — and noticing it is always nonnegative.

z2+1 V2r
Type Il bounds are mentioned in [Duel0] and reproduced by the systematic approach developed
therein (section 2). n

Lemma A.6 (Moments of the Gaussian Random Variables) If X ~ N (0,0?), then it holds for all
integer p > 1 that

E[|X|]=a”(p— 1! [\/Z]lp odd + 1p even] <ol (p—-1. (A.13)
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Lemma A.7 (Moments of the y?> Random Variables) If X ~ X2 (n), then it holds for all integer p > 1,

C'(p+n/2

BIXY) =2 ) _ k];[l(n +2k—2) < %! (2n)P . (A.14)

Lemma A.8 (Moments of the x Random Variables) If X ~ x (n), then it holds for all integer p > 1,

E[X?] = 2p/2W < phnp/2, (A15)

Lemma A.9 (Moment-Control Bernstein’s Inequality for Scalar RVs, Theorem 2.10 of [FR13]) Let
X1,..., X, beiid. real-valued random variables. Suppose that there exist some positive number R and o>
such that

my T 9 m o ;
E[| X" < ad R™™=, forall integers m > 2.

Let S = % P Xy, then for all t > 0, it holds that

L‘2
P[IS—E[S]| > t] < 2exp <—202p+2Rt). (A.16)

Lemma A.10 (Moment-Control Bernstein’s Inequality for Matrix RVs, Theorem 6.2 of [Tro12])
Let X1,...,X, € R4 be iid. random, symmetric matrices. Suppose there exist some positive number R
and o such that

| |
E[X}"] = %UZRm_zI and — E[X]'] = %UQRT”_QI , for all integers m > 2.

Let S = % P_ Xy, then for all t > 0, it holds that

t2

Proving this lemma requires some modification to the original proof of Theorem 6.2 in [Tro12].
We record it here for the sake of completeness.
Proof Let us define S, = Z,’zzl X}, by Proposition 3.1 of [Tro12], we have

P [Amax (Sp —E[Sy]) > #] < inf e "' [trexp (0S, — OE[S,))], (A.18)

To proceed, notice that

E [trexp (0S, — 0E [Sy])]
= ]ESpfl]EXp [trexp (0 (Spfl —E [Spfl]) + 60X, — 0E [Xp])]

<Es,_, [tr exp (G(Sp,l —E[S)—1]) + log (IE [eex,,}) —0E [Xp]ﬂ

<Es, , [tr — (9(5,,_1 —E[S,1]) +E [e”‘p} _I—¢E [Xp})}
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=Es,_, [tr exp <H(Sp_1 ~E[S)-1]) + WEEEXk])]

(=2

where at the third line we have used the result of Corollary 3.3 of [Tro12], i.e., E [trexp (H + X)] <
trexp (H + log (E [e*])) for any fixed H and random, symmetric X, at the fourth we have used
the fact that log X < X — I forany X > 0 (as logu < u — 1 for any « > 0 and transfer rule applies
here), and the last line relies on exchange of infinite summation and expectation, justified as X, has
a bounded spectral radius. By repeating the argument backwards for X,,_1,--- , X, we get

E [trexp (0S, — 0E[S)])]

QEE Xﬂ p 9( 2R€—2
< trexp <pz < trexp ( UTI
(=2

¢ 2 pl—2 2 2
exp (pz W‘2RI> < dexp (pﬁa> ) (A.19)
(=2

2(1 — 6R)
where we used the fact that E [X]"] < %!asz_QI in (A.17) and restrict < +. Combining the
results in (A.18) and (A.19), we have

<d

P Mnax (Sp — E[S,]) > ] < d inf ex P, (A.20)
max L9p i) = ocr P\ 2(1— 0R) '

by taking 6 = t/(po? + Rt) < 1/R, we obtain

P [Amax (Sp —E[Sp]) > t] < dexp <_219<72tj—2}2t> . (A.21)
Considering X, = — X, and repeating the above argument, we can similarly obtain
/2
P [Amin (Sp — E[Sp]) < —t] < dexp <—W+2Rt> : (A.22)
Putting the above bounds together, we have
2
P[[|Sy —E[Sy]|| > t] < 2dexp (_21902+2Rt> : (A.23)

We obtain the claimed bound by substituting S),, = pS and simplifying the resulting expressions. ®

Corollary A.11 (Moment-Control Bernstein’s Inequality for Vector RVs) Let x1,...,z, € R? be
i.i.d. random vectors. Suppose there exist some positive number R and o2 such that

!
E[|lzk]|™ < ﬁJQRm_Q, for all integers m > 2.

2
Lets— b _1 Tk, then for any t > 0, it holds that
pt?
P —E > < 2(d+1 —_ . A.24
lls—Efsll 24 < 2+ Dexp (50 (A24)
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Proof To obtain the result, we apply the matrix Bernstein inequality in Lemma A.10 to a suitable
embedding of the random vectors {x;}}_,. For any k € [p], define the symmetric matrix

X, = [ 0 @ ] e R(@FD>(d+1)

I 0
Then it holds that
* 2
2041 _ 2w 0 = 2042 _ 20 | ||l 0 :
X = k3 [ 2 0’“ ] s X = || [ 0 sz | for all integers ¢ > 0.
Using the fact that
* 2
apxy 2 e P L, 1 Xkl = /| XR]] = el = = llawll T < X5 < [l 1,

and combining the above expressions for X 2™ and X7*?, we obtain
!
E[X]"],—E[X["] < E[|2|2] I = %JQR”‘_QI, for all integers m > 2, (A.25)
Let S = 113 b _1 X, noting that

IS —E[S]|| = lls —E[s]ll (A.26)

and applying Lemma A.10, we complete the proof. [

Lemma A.12 (Integral Form of Taylor’s Theorem) Let f(x) : R” — R be a twice continuously differ-
entiable function, then for any direction y € R", we have

1
fle+ty) = f(x)+ t/o (Vf(x+ sty),y) ds, (A.27)
1
flx+ty) = f(x) +t (Vf(x),y) +t2/0 (1—8)(V*f(z + sty)y,y) ds. (A.28)

Proof By the fundamental theorem of calculus, since f is continuous differentiable, it is obvious
that

t
fla+ty) = f@)+ [ (Ve trw).9) i (A29)
If f is twice continuously differentiable, by using integral by parts, we obtain
t
o +ty) = fl@) + (=0 (@ + o))l [ (7= 0 d(VEG -+ ry)0)
t
= @)+t (V@) + [ =) (VS ryy.y) dr (A.30)

By a change of variable 7 = st (0 < s < 1) for (A.29) and (A.30), we get the desired results. [
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B Auxillary Results for Proofs

LemmaB.1 Let X ~ N(0,0%) and Y ~ N(0,0%) be independent random variables and ®° (t) =

1 oS
\/72771' j‘t exp (—
For any a > 0, we have

E [X1X>O] -

Elexp (—aX) X1xso] =

E [exp (—aX) 1 x>0]

E [exp (—a(X +Y)) X*L x4y o)

E [exp (—

E [tanh (aX) X]
E [tanh (a(X +Y)) X]

a(X+Y)) XY1lxiyso] =

2%/2) dx be the complementary cumulative distribution function of the standard normal.

ox (B.1)

2 .2

UX 2 a UX c
—— —aoy ex D¢ (aox), B.2
\/ﬁ X p( 2 > ( X) ( )

— exp <“22§f > & (aoy), (B.3)

2 2 2. 2
_|_
0% (1+ a%%) exp (2) o < [o2 1 )

4
ao x

- (B.4)

\/277\/03( + 032,
2.2
a“cyx +a‘c
a2a§(0§2/ exp <_2|—Y) o° (a\/(f%{ + a%)

2 2
a0 X Oy

_ (B.5)

\/27n/a§( —l—a?,

= ao%E [1 — tanh? (aX)], (B.6)

aockE [1 — tanh? (a(X +Y))]. (B.7)

Proof Equalities (B.1), (B.2), (B.3), (B.4) and (B.5) can be obtained by direct integrations. Equalities
(B.6) and (B.7) can be derived using integration by part. |

Proof [of Lemma 7.1] Indeed —~— g Bt

[e.e]

k=0

=2 k=o(=

D (=DF(k+ 1) = Z —pBt) +Zk
k=0

DF(k +1)8%t, as

1 Bt 1
1—|—Bt+ (1+Bt)2  (1+pt)2

The magnitude of the coefficient vector is

3 1

blzoo’fl k:ook ookkzl = =T.
bl = 2, B+ 0) = 35"+ 2 15" = 7=+ 7 ~ = pp

Observing that ——— o Bt) > T 1+t) fort € [0,1] when 0 < 3 < 1, we obtain
1 1 1 1-8 1
= dt = - dt = < . (B8
o= Aoy = [ w0 - sol= [ [t - | a= i< o @9

Moreover, we have

If —P||Loo[0,1] = m[g)l(]p( ) —

) = max <1-g=

t(1—5) 2+t +5)

1
tef0.]  (1+1)2(1+ Bt)?2 VT
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Finally, notice that

B 0 (—ﬁ)k B 0 52@' l82i+1
=2 (1+ k)2 =2 [(1+2i)2 (20 +2)2

1=0

0; (20 +2)2 — B(2i +1)2
- Zﬁ Gitorir? % (B.10)

where at the second equality we have grouped consecutive even-odd pair of summands. In addition,
we have

> < = - (B.11)
3 3

k:0(1+k) k:0(1+k) P (1+k: n+1

which converges to 2 when n — oo, completing the proof. [

Proof [of Lemma 7.4] The first inequality is obviously true for v = 0. When v # 0, we have

Eflv*2"] Z‘)K =0 Y Bron(oges ) [1217]

7e(%)
<> ota-o"" N Ezn(o o) 121
=0 Je(w)

14
=Ez n(oo2) (12" Ze (1-6 (g)

=Ezn(o o) 1217

where the second line relies on the fact ||v7|| < ||v|| and that for a fixed order, central moment of
Gaussian is monotonically increasing w.r.t. its variance. Similarly, to see the second inequality,

E]l2]"] Zef o > Efll=]"]
7e(%)
<E S| nez( _e)n—é n —F Z/m,
=1 3 (7) =01

as desired. m

Proof [of Lemma 7.11] Consider one component of X, i.e., X;; = B;;V;; fori € [n] and j € [p],
where B;; ~ Ber (¢)) and V;; ~ N (0,1). We have

P (1] > 4v/log (np) | < 0P |Vij| > 4y/log(np)| < Bexp (—8log(np)) = 8(np) .
And also

]P)HX%J‘ < 1] =1 —9+9PHV;]| < 1] <1-0.36.
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Applying a union bound as

Pl X <lor | X], > 4ylog(np) } (1 —0.30)"" + npf (np)~° < exp (—=0.30np) + 0 (np) ™" ,

we complete the proof. ]

Lemma B.2 Suppose A > 0. Then for any symmetric perturbation matrix A with ||Al < Ur“i;(A), it
holds that

2(|A|"2 A
o2, (A)

mlIl

H(A+A) 1/2 A—1/2H < (B.12)

Proof First note that
arar—ac
o (A7)

min

|(a+a)y2-a <

as by our assumption A + A >~ 0 and the fact (Theorem 6.2 in [Hig08]) that || X /2 — Y'1/2|| <
X -Y|/ (ain/ii (X)+o 1/2 (Y)) for any X,Y > 0 applies. Moreover, using the fact

mln

XAl A X
I XAl T 1-]x Al

Jox syt

for nonsingular X and perturbation A with HX -1 H |A]l <1 (see, e.g., Theorem 2.5 of Chapter III
in [SS90]), we obtain

s lal AT _ 24 )a|

(A+a)" - a7 <4

Trin (A7) L= AYHIAL = ofu (A4)
where we have used the fact ||A7!|| [|A| < 1/2 to simplify at the last inequality. ]

Lemma B.3 There exists a positive constant C such that for any 6 € (0,1/2) and ny > Cn?logn, the
random matrix X € R™*™2 with X ~,; ;4 BG (0) obeys

On1logng (B.13)

1XX*—IH <10

n2 n2
with probability at least 1 — ny®.

Proof Observe that E [%xkxﬂ = I for any column z, of X and so n%eX X* can be considered as a
normalize sum of independent random matrices. Moreover, for any integer m > 2,

1A\ 1
E [(ewkwk> } = gm [Haz H scka:k
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Now E [kau m- kaxk} is a diagonal matrix (as E [ka” s (§) T (g)} - E [kau s (§) T (])]
forany i # j by symmetry of the distribution) in the form E {kaHQm_Q kaﬂ =E [H:cHQm_Q x(l)Q} I
for & ~; ;4 BG () with € R™. Let £ (x) = ||x||* — z(1)2 Thenif m = 2,
E|ll2]?2(1)?| = E [2(1)"] + E [{? (@)] E [2(1)?]
—E [2(1)"] + (m1 — 1) (B [#(1)%])® = 30 + (ny — 1) 6% < 3m,9,

where for the last simplification we use the assumption § < 1/2. For m > 3,

E [Hm||2m—2 x(l)Q] _ mzl <mk— 1>E [t%( ) a( 2m 2k} mz:l ( > [t% (:c)} E [x(1)2mf2k]

k=0 =0
m—1

< <mk— 1)EZ~X2(n1—1) [Zk} OEw n(0,1) [WQm_%}
k=0

< Gt: < i > l;' (2n1 — 2)% (2m — 2k)!!

m—1
<y g (") e

mm—lgm-—1
S5

where we have used the moment estimates for Gaussian and y? random variables from Lemma A.6
and Lemma A.7, and also # < 1/2. Taking 0? = 3n10 and R = 2n, and invoking the matrix
Bernstein in Lemma A.10, we obtain

1 b n2t2
— < _ 1+ 21 B.14
0 kzmkmk ] = P ( 610 + 4yt T8 nl) (B.14)
for any t > 0. Taking t = 10\/ Onylog (ng2) /ng gives the claimed result. [}

Lemma B.4 Consider two linear subspaces U, V of dimension k in R" (k € [n]) spanned by orthonormal
bases U and V, respectively. Suppose w/2 > 01 > 03 --- > 0, > 0 are the principal angles between U and
V. Then it holds that

i) minQGOk HU — VQH < V2 —2cos 91,'

ii)sinf; = |[UU* — VV*|;

iii) Let U+ and V* be the orthogonal complement of U and V), respectively. Then 01(U, V) = 01 (U~, V7).

Proof Proof to i) is similar to that of II. Theorem 4.11 in [SS90]. For 2k < n, w.l.o.g., we can assume
U and V are the canonical bases for I/ and V), respectively. Then
B R
-3 <l _s I
0

min
Qe0y

-3Q
0
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Now by definition

2 2 k

I-T I-T 2 2 ) 2
= max x|| = max 1 —cos ;) x; + sin” 0;x;
H[ —E] =1 [—2] ]| =1 izl( ) o

k

= ”m”ax (2 —2cosb;)z? <2 —2cosh).
z||=1
i=1

Note that the upper bound is achieved by taking © = e;. When 2k > n, by the results from CS
decomposition (see, e.g., I Theorem 5.2 of [S590]).

I 0 r o
min 0O I|—-10 I||<< H {I—_EPH
Q<Ox 1o o Y 0

)

and the same argument then carries through. To prove ii), note the fact thatsin6, = |[UU* — VV*||
(see, e.g., Theorem 4.5 and Corollary 4.6 of [SS90]). Obviously one also has

sinfy = |[UU* — VV*|| = |(I - UU*) — (I - VV?)]|,

while I —UU* and I — V'V* are projectors onto U+ and V*, respectively. This completes the proof.
|
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