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Abstract. We study the problem of optimizing traffic in decentralized
transportation networks, where the cost of a link depends on its conges-
tion. If users of a transportation network are permitted to choose their
own routes, they generally try to minimize their personal travel time. In
the absence of centralized coordination, such a behavior can be ineffi-
cient for society and even for each individual user. This inefficiency can
be quantified by the “price of anarchy”, the ratio of the suboptimal total
cost to the socially optimal cost. Here we study the price of anarchy in
multi-commodity networks, (i.e., networks where traffic simultaneously
flows between different origins and destinations).

Keywords: flow optimization, transportation network, Nash equilib-
rium, multi-commodity flow.

The past few years have witnessed dramatic advances in finding, understand-
ing, and characterizing complex networks [1,2]. One frontier for scientists is now
to understand dynamic processes on networks such as the flow of matter or
information in technological or social networks, vehicles traveling in transporta-
tion networks, electricity exchanged through the power grid, and the spread of
diseases in biological networks [3,4,5,6]. If users of a network can decide freely
which paths they take, then it is important to understand the users’ behaviors
and their interactions in order to optimally design the network and control the
flows [7,8]. If the users’ paths do not interfere with each other, users with even
a small amount of local information are able to navigate on the network almost
as efficiently as if they possessed global knowledge [9]. However, if the users’ de-
cisions are mutually dependent, the flow can in reality still be far from optimal
even if all individuals have complete information about the network and other
users’ behaviors [10].

Consider, for instance, the simple network depicted in Fig. 1 [11]. Suppose
that there is a constant flow of travellers F between the nodes s and t which
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Fig. 1. Schematic depiction of a simple network with an origin s and a destination t.
If 10 users travel from s to t, the flows are fSO

a = fSO
b = 5 in the social optimum and

fNE
a = 0 and fNE

b = 10 in the Nash equilibrium.

are connected by two different types of links: a short but narrow bridge a where
the effective speed becomes slower as more cars travel on it, and a long but
broad multi-lane freeway b where delays due to congestion are negligible. Suppose
further that the delay on link a is proportional to the flow, la(fa) = fa, while
the delay on b is flow-independent, lb(fb) = 10, where fa(b) is the flow on link
a(b). The total time spent by all users is given by the “cost function” C(fa) =
la(fa) · fa + lb(fb) · fb where the flow on b is equal to fb = F − fa. The socially
optimal flow fSO

a(b) is defined as the minimum of C. If, for instance, the total flow
F = 10, it can be easily calculated that fSO

a = fSO
b = 5 and C = 75.

On the other hand, every user on link b could reduce his delay from 10 to 6
by switching paths, which poses a social dilemma: as individuals, users would
like to reduce their own delays, but this reduction comes at an additional cost
to the entire group. In our example, as long as la is not equal to lb, there will
be an incentive for the users experiencing longer delays to shift to another link
and finally flows reach a Nash equilibrium fNE

a(b), where no single user can make
any individual gain by changing his own strategy unilaterally. All users take the
link a at the total cost of C = 100. The price of anarchy (POA) is defined as
the ratio of the total cost of the Nash equilibrium to the total cost of the social
optimum [12],

POA =
∑

z lz(fNE
z ) · fNE

z∑
z lz(fSO

z ) · fSO
z

, (1)

where, for a general network, the sums are over all links. This ratio indicates the
relative inefficiency of the decentralized system; in our simple example
POA=100/75 = 1.33.

There have been a number of theoretical studies about the POA (see [11] and
references therein). Recently, we published calculations of the POA in real trans-
portation networks [13]. Like most previous studies, we based our analysis on
flows with a single origin and a single destination. This approach was motivated
by analogies to electric circuits where even multiple current sources or sinks can
be mapped onto a network with a single origin-destination pair by connecting
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Fig. 2. Schematic depiction of a multi-commodity flow in a one-dimensional lattice with
n nodes and a periodic boundary. Each node is connected to its six nearest neighbors
and each commodity is assigned a flow F/c where c is the number of commodities. In
the figure, red and blue cars symbolize different commodities. Origins and destinations
of different commodities are not interchangeable. For example, red cars starting at
node An are bound for A3. A1 is a closer destination, but it is not a destination for
red cars.

all sources (sinks) to a fictitious auxiliary source (sink) and solving for the opti-
mal and equilibrium flows. In other words, an electric current can flow to any of
the sinks present in the network. However, if the flows are constrained to move
from specific sources to specific destinations, the situation becomes more com-
plicated [14]. Unfortunately, flows in human transportation networks or in the
Internet fall in this class of so-called “multi-commodity flows”. An important
question for future research is whether the POA is affected by the number of
commodities c.

In order to develop some intuition, we have studied the effect of multiple com-
modities in regular one-dimensional lattices (Fig. 2). All the networks contain
100 nodes; each node is connected to its nearest, next-nearest, and second-next-
nearest neighbors, and periodic boundaries are applied (i.e., the lattice has the
topology of a circle). Every link between nodes i and j has a delay of the form
lij = aijfij + bij , where aij = aji is a random integer equal to 1, 2, or 3, and
bij = bji between 1 and 100. The coefficient aij denotes how steeply the delay
on the link increases with the flow present on i → j. The constant bij implies a
given delay regardless of congestion. The delays depend only on the total flows
fij =

∑c
k=1 fij,k, where fij,k is the flow of commodity k on the link i → j and

c is the number of commodities. We then randomly choose c origins sk and des-
tinations tk (k = 1, . . . , c), among the nodes. For each commodity, origin and
destination must be distinct, i.e., sk �= tk, but the origin or destination of one
commodity may be the origin or destination of another commodity. To each
commodity we assign a traffic flow F/c, i.e., all commodities transport an equal
share of the total traffic volume F . Every commodity is permitted to split its
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Fig. 3. The price of anarchy in regular lattices with multiple random sources and sinks
(“multi-commodity flows”) averaged over 100 to 400 networks. Each pair contributes
equally to F .

flow on different paths from sk to tk. We then calculate the multi-commodity
POA

POA =

∑
link i → j

[
lij

(∑
k fNE

ij,k

)
·
(∑

k fNE
ij,k

)]

∑
link i → j

[
lij

(∑
k fSO

ij,k

)
·
(∑

k fSO
ij,k

)] , (2)

with the straightforward Frank-Wolfe algorithm [15].
The results, averaged over 100 to 400 random instances of such networks, are

shown in Fig. 3. Our preliminary results indicate that the POA as a function of
F is a unimodal curve for all c, but the values depend on c: the peak becomes
broader and shifts to higher values as c increases. We currently hypothesize that
it is possible to collapse the POA for all c to a universal scaling function f(F ).
Unfortunately, the quality of our data is not yet sufficient to test this hypothesis.
The convergence of the Frank-Wolfe algorithm is too slow to extend our calcula-
tions to c � 1. We are currently redesigning our code to implement the PARTAN
algorithm of Ref. [16] which should significantly reduce the computation time.
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