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ABSTRACT

In order to bridge between fractional-order and integer order nonlinear dynamical system, in this letter, we
brings attention to synchronization and anti-synchronization between fractional-order chaotic system and
integer-order chaotic system by using back-stepping method. And the sufficient conditions for achieving
the synchronization and anti-synchronization of a class of fractional-order nonlinear system and integer-
order nonlinear system are derived based on Lyapunov stability theory. Moreover, a new back-stepping
control law with only one term is introduced such that a typical example can be realized successfully, which
is easier to be applied to industry for its only one controller term. Finally, numerical simulations are
provided to verify the effectiveness and feasibility of the proposed control scheme, which are in agreement

with theoretical analysis.
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1. INTRODUCTION

Fractional calculus is a much older classical
mathematical notion with the same three-hundred
year history as integer calculus. In recent years, it,
however, has found application in many areas of
physics and engineering [1-2]. Fractional-order
chaotic systems are an extension of integer-order
chaotic systems developed by mathematicians, and
are more universal. As for synchronization, it is
based on the closeness of the frequencies of
periodic oscillations in two systems, one of which
is the drive system, and the other is the response
system. Since Chen et al. [3] pioneered that
synchronization is a generalized concept of control,
study of synchronization is more valuable. Now,
the concept of synchronization has been extending
to the scope. Anti phase synchronization (APS) [4]
is one of the most important conceptions, which can
also be interpreted as anti-synchronization (AS). It
is a phenomenon that the state vectors of the slave
system and the master system are expected to
converge to zero when AS appears [5]. In other
words, it is the vanishing the sum of the two
relevant state variables of the drive system and
response system and prevails in symmetrical
oscillators. Therefore, it is also challenging and
attractive to realize anti-synchronization of two
chaotic systems. And some papers have been
published [6-9].

Examples of the synchronization of integer-order
chaotic systems and the synchronization of
fractional-order chaotic systems have been widely
reported. Many methods have been used to
synchronize chaotic systems including sliding mode
control [10-12], linear feedback control [13-14],
adaptive control theory, back-stepping control [15-
16], active control [17-18], and fuzzy control [19-
20]. More specially, some remarkable contributions
should be presented again here. For example, Chen
et al. [21] investigated the control of a class of four-
dimensional chaotic  systems with  system
parameters varying randomly under the condition
of noise, which is a typical master work of the
control of a class of nonlinear systems. His team
also unified the concept of synchronization and
anti-synchronization together for a novel class of
chaotic systems with different structure and
dimensions, although it is suitable for only integer
order nonlinear system [22]. Similar result is that
Zhou et al. [23] resolve this problem via a novel
passive control technique. There are, however, few
results on the synchronization between a fractional-
order chaotic system and an integer-order chaotic
system [24], to our best knowledge.

Motivated by the above discussion, this paper
focuses on the synchronization and anti-
synchronization between a class of fractional-order
chaotic system and integer-order chaotic systems to
expand the applicability of the theory. A new back
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stepping control method with only one controller is
proposed to illustrate the effectiveness of the
scheme. We report results from numerical
computations and theoretical analysis which are a
perfect bridge between fractional-order chaotic
systems and integer-order chaotic systems. As the
synchronization of integer-order chaotic systems
and fractional-order chaotic systems are employed
extensively in  research and  engineering
applications, we expect our theory to be potentially
useful.

2. PRIMARY

The popular definition of fractional derivatives is
given by

DEx(t) = 3" *x™ (t)

where "= [a] is the first integer which is not

less than @ and @ >0 put not necessarily @ €N |

()
X7(1) is the ordinary nth derivative of X(®) .

Here, we consider the fractional differential
equation with initial conditions
DIx(t) = f(t,x(t), 0<t<T
x*(0) = x¢, k=0,1,2,..,n-1

Itis equivalent to the Volterra integral equation

[a]-1
ORI (t—2)" f (7, x(t)
> Xt e (. x(0)) de
he L
Set N t :Jh’ j=0,1,...,NeZ+. Then

this equation can be discredited as follows

t _ (k)t:+1 ha
X (thy) = Z Kl m

k=0

f (tn+1’ th (tn+1))

F(a+2)zaj n+1 (tJ’X (t ))

where
N (n—a)(n+1)°,
8, =q(N—j+2)" +(n- J)"’”—Z(n—j+l)
1, j=n
Q)= 3 O m LSy ()
R k! 1"()Jo'm S

, 1< j<nRemark 2.
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b N n—-j+1)*—(n-j)*~
j,n+l_7(( J ) ( J) ) OSan
This is called the Adams-Bashforth-Moulton

predictor-corrector scheme, which is a time-domain
approach, and is effective for investigating the
dynamics of fractional-order systems.

3. MAIN RESULTS

In this letter, we consider a class of three-
dimensional fractional-order chaotic drive system,
which is described as follows:

dq

= (6 6) —ax,

dq

o — =900 X% 6) =A% )
dx

dtq3 =%, (X, %, %) = 7%

where q is fractional order satisfying 0<q<1; X
X2 and % are state variables. And @ is any
negative or positive value; B and 7 are non-
negative constants. The three functions ( () , 90)
and h(')) are regarded as smooth functions which

3
all belong to R” = R space.

Remark 1. Note that many fractional-order
chaotic systems belong to the class of system
characterized by Eq. (1). Examples include the
unified chaotic system of fractional-order version
and fractional-order Qi system, and so on.

And the response system can be described as

dy,

dto 1_y2 f(yllyzvys) ay,

qr

dtq _g(yl'yzvya) BY, 2
ds

dthS =Y. 'h(yl'yZ’ ys)_7y3

Here, if g, =1, system (2) is an integer-order
system Otherwise, if 0< g, <1, system (2) is a

ractional-order system.
If system (2) is an integer-order
stem, synchronization between a novel class of
ractional-order system and its integer-order system
is realized. On the other hand, if system (2) is a
fractional-order system, synchronization between
fractional-order chaotic systems can be also
realized.
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One adds the controller u(t)eR into the
integer-order system, which is given by

Y, _
dt

Yo POV Yo, Vi) —ay, + Uy, )+ Usy, (t)

d
%: g(y1’y21y3)_ﬁy2+uly2(t)

d
i:yz~h(y1,y2,y3)—yy3+uly3(t)
dt
@)
where u,(t) e R is a vector control function that
will be designed later. The u,(t)eR" is a
compensation controller, which is
dy, _d%,
u, (t)=—2-—21
w0 =T g
dy, _d%,
u, (t)=—"2-——2=%. 4
b (O dt  dt¢ @)
dy, _d%,
u, (t)=—2-
b, (1) dt dtf

Moreover, u,(t) and u,(t) are independent with
each other. To achieve the control law u,(t) .

3.1 Synchronization

First, we bring attention to the synchronization in
this subsection. Therefore, the synchronization
error is usually defined as

e =Y —%. ()

According to Eq. (4), the response system (3) can

be rewritten as

d,

e =g(e.e;.8)—ag Uy, (t)

d

dtqz = p(el,ez,e3)—/3e2 (6)
d

Tj=q(el,ez,es)—7e3

where ¢(-), p(-) and q(-) are regarded as smooth

functions which belong to R* — R space.
Theorem 1. As to the fractional-order system, if
there is a real symmetric positive definite matrix P

q
satisfying the equation J = yTP%SO with any

state variables y (y=(Y,,Y,,¥s)" ), the system is

asymptotically stable.

Theorem 2. According to the back-stepping
method, the error dynamics on is asymptotically
stable, as long as the vector controller is designed
as

147

Usy, (t)=(a-1e, - ¢(e,8,,6,)

_eflez ’ p(el’eZ’eS) - eiles ' q(el’eZ’eS)
Proof Based on back-stepping method,
function J is designed as follows
Step 1: Define s, =e,, one has
dfs, e d,
di® 7 dte
= ¢(e,,€,,6,) _aelz +&U,, ®
Step 2: Define s, =e, , one has
dis, N dis,
di®  ? dt°
=e -g(e,8,,85)— aelz +EUyy, (t)
+€, - p(el’ez’ea)_ﬂezz
Step 3: Define s, =e,, one has

J, =5
@)

J, =5

(®)

dis, dfs, dfs,
S, +5, +5,
dt® dt® dt®
=e ¢(e,,€,,6;) _aelz +eUyy, ®
+62 : p(epezves)_ﬂezz +e3 'Q(e1|ezve3)_7’esz
= _aelz —,3622 _7632 +e -¢4(e,e,,8)
+e,-p(e.e,.6,)+e, -q(el,ez,e3)+e1u2y1 ®

9)
According to theorem 2, the vector controller is
designed as

Usy, t)=(a—-De,—¢(e.e,.&)

3, =

9 S (10)
—€ € p(elvez’es)_e1 €; 'Q(e1lez'e3)
From the Eq.(9) and (10), one has
ds dfs ds
J — 1 2 3
2 Th e TR e g (11)

= _e12 _ﬂezz —}/632 <0

Therefore, the synchronization between system
(2) and system (1) is realized.

In the follow-up content, we present an
illustrative example to verify and demonstrate the
effectiveness of the proposed control scheme. The
simulation results are carried out using Adams-
Bashforth-Moulton scheme with time step size
0.01.

Case: Synchronization between fractional-order
and integer-order Lorenz systems

The fractional-order Lorenz system, which is
shown in Fig. 1a, is described as
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d?x,
dt®
dx, _
dt®

dx,
dt®

The integer-order Lorenz system, which is
shown in Fig. 1b, with controllers are described as

=a(x, —x)

Xi(b_xa)_xz (12)

= X, X, — CX,

d

% = a(y, — ¥,) + Uy, () +U,,, (1)

d

ERACR ARG (13)
dy.

d_t3 =YY, —CY; +uly3 (t)

where y,, y, and y, are state variables, and b, ¢

are non-negative constants. With the parameters
a=10, b=28, ¢=8/3 and g=0.9, the fractional-order
system exhibits chaotic attractors.

40 20

Y, X

a. Integer-order chaotic system.

Y, X
b. Fractional-order system

Fig. 5. Chaotic attractors of integer-order and

fractional-order chaotic Lorenz systems with initial
conditions (x1, y1, z1) = (1, 0, 9) and (x2, y2, z2) = (1, 1,

1) respectively.
Regarding (10), the control law is given as
follows

U, )=(a-1)-e-(a+b-y,)-e,—y,e, (14

)
One has

d“s1+S dfs,
dt* 7 dt°
=-¢°-e,’—ce’ <0

d‘s,
+5,

=8 at (15)

The error dynamics under the controller (14) can
be written as

d¢

dtfl =—€ —(b-Y;) €, -y,

de

quz:(b_ya)'%_ez_xies (16)
dfe,

T Vo e, e,

Without loss of generality, in the simulation we
choose the initial conditions of the system [0.1, 0.1,
0.1]. The error dynamics (16) are illustrated in Fig.
2, which shows that the control law guarantees
finally synchronization and stabilization. Similarly,
we can also get the phase trajectories of
synchronization, which is in detail shown in Fig. 3.
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Fig. 2. Synchronization Errors Between Fractional-
Order Lorenz Chaotic System And Integer-Order Lorenz
Chaotic System.
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Fig. 3. Trajectories Of The State Variables In Drive
And Response Systems In Process Of Synchronization.

3.2 Anti-synchronization

In this subsection, we mainly concern anti-
synchronization. Actually, the main difference
between synchronization and anti-synchronization
is the error system. Therefore, the error system of
anti-synchronization can be defined as follows,
according the definition of anti-synchronization.

€& =Y +X (17)

Thus, the anti-synchronization between the
response system and drive system can be converted
to the stability of error system. In other words, we
should design a suitable controller u,, (t) to

control the error system to (0, 0, 0).

d,

e =@(e,.€,,85) —ae +U,, (1)

d

dtq2 = p(e,.e,. &)~ fe, (18)
de

dtq3 = (e, 8,,8) — e

According to Theorem 1 and Theorem 2, we can
easily get the generalized controller for anti-
synchronization of this class of chaotic system
described in Eq. (1), which is

Uyy, (t) =(a-1e, —¢(e, e,,6,)

_eilez : p(epezves) _e{les 'Q(el’ezie3)

e
149

And similar proof process, we can also get the
conclusion
dfs, dfs,
dt? dt"
= _e.lz _:Bezz —7/632 <0

Therefore, the anti-synchronization between
system (2) and system (1) is strictly realized.

For a specific example, anti-synchronization
between fractional-order and integer-order Lorenz
systems, the control law is given as follows

u,, ()=(a-1)-e-(a+b-y,)-e, - y,e, (11)
The numerical results can be easily got, which is
shown in Fig. 4 and Fig. 5. From Fig. 4, the

Trajectories of anti-synchronization of the state
variables in drive and response systems can

dis,

J, =5 e

+S, +S;

effectively prove the validity of the proposed
control method for anti-synchronization between
fractional-order and integer order chaotic system.
Furthermore, Fig. 5 is a perfect complement.
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Fig. 4. Trajectories Of Anti-Synchronization Of The
State Variables In Drive And Response Systems.
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Fig.5. Anti-Synchronization Errors Between Integer-
Order And Fractional-Order Chaotic Lorenz Systems.
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4  CONCLUSION

In summary, the synchronization and anti-
synchronization of a class of fractional-order
systems and integer-order systems is investigated.
And a new back-stepping method with only one
term is presented. More importantly, it is rigorously
proven that the proposed synchronization approach
can be achieved between fractional-order and
integer-order systems with only one controller.
Numerical simulations are presented to show the
applicability and feasibility of the proposed scheme.

REFRENCES:

[1] Qinglei Meng, Smitha Vishveshwara, Taylor L.
Hughes, Topological insulator magnetic tunnel
junctions: Quantum hall effect and fractional
charge via folding, Physical Review Letters,
vol. 109, n. 17, pp. 176803, 2012.

[2] Diyi Chen, Chengfu Liu and Cong Wu et al., A
new fractional-order chaotic system and its
synchronization  with  circuit  simulation,
Circuits Systems and Signal Processing, vol.
31, n. 5, pp. 1599-1613, 2012.

[3] Diyi Chen, Weili Zhao, Xiaoyi Ma, Runfan
Zhang, Control and synchronization of chaos in
RCL-shunted Jesephson junction with noise
disturbance using only one controller, Abstract
and Applied Analysis, doi:
10.1155/2012/378457, 2012.

[4] Run-Fan Zhang, Diyi Chen, Jian-Guo Yang,
anti-synchronization for a class of multi-
dimentional autonomous and non-autonomous
chaotic systems on the basis of the sliding
mode with noise, Physica Scripta, vol. 85, n. 6,
pp. 065006, 2012.

[5] M. Mossa, Al-sawalha, M. S. M. Noorani,
Chaos reduced-order anti-synchronization of
chaotic systems with fully unknown parameters,
Communications in Nonlinear Science and
Numerical Simulation, vol. 17, n. 4, pp. 1908-
1920, 2012.

[6] Yongging Wu, Changpin Li, Aili Yang, Lunji
Songa, Yujiang Wu, Pinning adaptive anti-
synchronization between two general complex
dynamical networks with non-delayed and
delayed coupling, Applied Mathematics and
Computation, vol. 218, n. 14, pp. 7445-7452.

[7] Chi-Ching Yang, Robust synchronization and
anti-synchronization of identical  Phi(6)
oscillators via adaptive sliding mode control,
Journal of Sound and Vibration, vol. 331, n. 3,
pp. 501-509, 2012.

150

[8] Qiang Chen, Xuemei Ren, Jing Na, Robust
anti-synchronization of uncertain chaotic
systems based on multiple-kernel least squares
support vector machine modeling, Chaos
Solitons & Fractals, vol. 44, n. 12, pp. 1080-
1088, 2011.

[9] Wafaa Jawaada, M. S. M. Noorani, M. Mossa
Al-sawalha, Robust active sliding mode anti-
synchronization of hyperchaotic systems with
undertainties and external  disturbances,
Nonlinear Analysis- Real World Applications,
vol. 13, n. 5, pp. 2403-2413, 2012.

[10]Chiching Yang, Chung-Jen Ou, Adaptive
terminal sliding mode control subject to input
nonlinearity for synchronization of chaotic
gyros, Communications in Nonlinear Science
and Numerical Simualtion, vol. 18, n. 3, pp.
682-691, 2012.

[11]Ruey-Jing Lian, Enhanced adaptive self-
organizing fuzzy sliding-mode controller for
active suspension systems, IEEE Transactions
on Industrial Electronics, vol. 60, n. 3, pp.
958-968, 2012.

[12] Diyi Chen, Runfan Zhang, Xiaoyi Ma, Si Liu,
Chaotic synchronization and anti-
synchronization for a novel class of multiple
chaotic systems via a sliding mode control
scheme, Nonlinear Dyanmics, vol. 69, n. 1-2,
pp. 33-55, 2012.

[13] Kaining Wu, Bor-Sen Chen, Synchronization
of partial differential systems via diffusion
coupling, IEEE Transactions on Circuit and
System I-Regular Papers, vol. 59, n. 11, pp.
2655-2668, 2012.

[14]Zhen Zhang, K. T. Chau, Zheng Wang,
Chaotic speed synchronization control of
multiple induction motors using stator flux
regulation, IEEE Transactions on Magnetics,
vol. 48, n. 11, pp. 4487-4490, 2012.

[15] Xue-Rong Shi, Bursting synchronization of
Hind-Rose system based on a single controller,
Nonlinear Dynamics, vol. 59, no. 1-2, pp. 95-
99, 2010.

[16] Diyi Chen, Lin Shi, Haitao Chen, Xiaoyi Ma,
Analysis and control of a hyperchaotic system
with only one nonlinear term, Nonlinear
Dynamics, vol. 67, n. 3, pp. 1745-1752, 2012.

[17]A. Dwivedi, A. Kumar Mittal, S. Dwivedi,
Adaptive synchronization of diffusionless
Lorenz systems and secure communication of
digital signals by parameter modulation, IET
Communications, vol. 6, n. 13, pp. 2016-2026,
2012.



http://www.jatit.org/

Journal of Theoretical and Applied Information Technology
10" February 2013. Vol. 48 No.1 B

© 2005 - 2013 JATIT & LLS. All rights reserved-

" A m—
oA

ISSN: 1992-8645 www.jatit.org E-ISSN: 1817-3195

[18] Joan Rocaber, Alvaro Luna, Frede Blaabjerg,
et al., Control of Power converters in AC
microgrids, IEEE Transactions on Power
Electronics, vol. 27, n. 11, pp. 4734-4749,
2012.

[19]Peter Liu, Tung-Sheng Chiang, H-infinity
output tracking fuzzy control for nonlinear
systems with time-varying delay, Applied Soft
Computing, vol. 12, n. 9, pp. 2963-2972, 2012.

[20]1 Kuo-Jung Lin, Stabilization of uncertain fuzzy
control systems via a new descriptor system
approach, Computers & Mathematics with
Applications, vol. 64, n. 5, pp. 1170-1178,
2012.

[21] Diyi Chen, Weili Zhao, Xiaoyi Ma, Juan Wang,
Control for a class of four dimensional chaotic
systems with random-varying parameters and
noise disturbance, Journal of Vibration and
Control, doi: 10.1177/1077546312441657,
2012.

[22] Diyi Chen, Runfan Zhang, Xiaoyi Ma, Si Liu,
Chaotic synchronization and anti-
synchronization for a novel class of multiple
chaotic systems via a sliding mode control
scheme, Nonlinear Dynamics, vol. 69, n. 1-2,
pp. 35-55, 2012.

[23] Xiaobing Zhou, Bing Kong, Haiyan Ding,
Synchronization and anti-synchronization of a
new hyper chaotic Lu system with uncertain
parameters via the passive control technique,
Physica Scripta, vol. 85, n. 6, pp. 065004,
2012.

[24] Diyi Chen, Runfan Zhang, J. C. Sprott, Haitao
Chen, Xiaoyi Ma, Synchronization between
integer-order chaotic systems and a class of
fractional-order chaotic systems via sliding
mode control, Chaos, vol. 22, n. 2, pp. 023130,
2012.

151


http://www.jatit.org/

	1 YANPING WU, GUODONG WANG
	4 CONCLUSION

