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Abstract—In this paper, we consider the robust transceiver
design with Tomlinson-Harashima precoding (THP) for multi-
hop amplify-and-forward (AF) multiple-input multiple-output
(MIMO) relaying systems. THP is adopted at the source to
mitigate the spatial inter-symbol interference and then a joint
Bayesian robust design of THP at source, linear forwarding
matrices at relays and linear equalizer at destination is proposed.
Based on the elegant characteristics of multiplicative convexity
and matrix-monotone functions, the optimal structure of the
nonlinear transceiver is first derived. Based on the derived
structure, the optimization problem is greatly simplified and can
be efficiently solved. Finally, the performance advantage of the
proposed robust design is assessed by simulation results.

I. INTRODUCTION

Ransceiver design for amplify-and-forward (AF)

multiple-input multiple-output (MIMO) relaying systems
attracted a lot of attention recently, as it has a great potential to
enhance the communication range of a simple point-to-point
system, while providing spatial diversity and multiplexing
gains. This system has been considered to be adopted in the
emerging wireless systems, such as LTE-advanced, WINNER
project, etc.

Linear transceiver design for dual-hop AF MIMO relay-
ing systems has been extensively studied in [1]-[4]. For
multiple-antenna systems, it is well-known that nonlinear
transceivers have much better performance than their linear
counterparts [5], [6]. Recently, nonlinear transceiver design
for AF MIMO relaying systems assuming perfect CSI ap-
pears in [7]. There are two kinds of nonlinear transceiver
design: decision-feedback equalization (DFE) based design
and Tomlinson-Harashima precoding (THP) based design. In
fact, there exits a duality between these two designs [7].
However, as THP is performed at transmitter, it is free of
error propagation compared to DFE based one. THP is the
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transmitter counterpart of the vertical BELL-Labs Layered
Space-Time (V-BLAST) system. THP can effectively miti-
gate intersymbol interference or multi-user interference, and
is also widely used as one-dimensional dirty paper coding
(DPC). Due to its nonlinear nature, unfortunately, THP is
more sensitive to channel estimation errors than its linear
counterpart. In the presence of channel estimation errors, the
performance of THP would degrade severely. Therefore, robust
nonlinear transceiver design is a promising way to mitigate
such problem.

In this paper, we consider a general multi-hop AF MIMO
relaying system. The THP at the source, linear forwarding ma-
trices at multiple relays and linear destination equalizer matrix
are jointly optimized under channel estimation errors at all ter-
minals. As many design objectives of THP can be considered
as a multiplicatively Schur-convex or multiplicatively Schur-
concave function, in this work, a unified optimization problem
is investigated whose objective functions are multiplicatively
Schur-convex/concave. With novel applications of results in
multiplicative convexity and matrix-monotone functions, the
optimal diagonal structure of the transceiver is derived. Then
the transceiver design is then significantly simplified and then
iterative water-filling alike solutions are adopted to solve for
the remaining unknown variables. The performance advantage
of the proposed robust design is assessed by simulations and
is shown to perform much better than the corresponding non-
robust design.

The following notations are used throughout this paper.
Boldface lowercase letters denote vectors, while boldface
uppercase letters denote matrices. The notation Z" denotes
the Hermitian of the matrix Z, and Tr(Z) is the trace of the
matrix Z. The symbol I, denotes an M x M identity matrix.
The notation Z'/? is the Hermitian square root of the positive
semidefinite matrix Z, such that Z/2Z/2 = 7 and Z'/?2
is also a Hermitian matrix. The symbol E{e} represents the
statistical expectation. For two Hermitian matrices, C = D
means that C — D is a positive semi-definite matrix. The
(n,m)'™" entry of a matrix Z is denoted as [Z],, .
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II. SIGNAL MODEL AND PROBLEM FORMULATION
A. Signal Model

In this paper, a K-hop amplify-and-forward MIMO relaying
system is investigated, in which there is one source, one
destination and K — 1 relays. The source is equipped with
N transmit antennas. The k™ relay has M}, receive antennas
and Ny, transmit antennas. The destination is equipped with
M receive antennas. At the source, at each time slot, there
isa N x 1 vector a = [ay,az, -+ ,an]T to be transmitted.
Specifically, the data symbols are chosen from M-QAM con-
stellation with the real and imaginary parts of aj belong to
the set A = {£1,43,--- , (VM —1)}.

At the transmitter, the data vector a is fed into the a
precoding unit which consists of a N x N feedback matrix
B and a nonlinear modulo operator MOD ;(e). The square
matrix B is a strictly lower triangular matrix which allows
data precoding in a recursive fashion and the MOD (o) is
defined as

Re(z) 1
MODy; (z :x—Q\/MH‘ —|—J
Im(z) 1J
+ VT +51],

{ sl 2 ey
where the symbol | z| denotes the largest integer not exceeding
z. The nonlinear modulo operator reduces the output signals

into a square region [—v M,V M) x [-vV M,V M).
Generally speaking, nonlinear operation is more compli-
cated to be analyzed than linear operation. To simplify the
following analysis, the nonlinear precoder can be interpreted

as the following linear operation as

k—1

br = ar — > _[Blrabi + di )
=1

where dj, = 2v/MT, , and I} is a complex number whose real
and imaginary components are both integer. While we do not
need to know the exact value of dy, it has the effect of reducing
by, into the square region [—v/M, M) x [-v/M,v/M). The
previous equation can be written into a compact form as

b=(B+1Iy)! d 3

B+Iy) (a+d) 3)
EYe) £

where b £ [by, -+ ,by|T, d & [dy, - ,dn]|T, and C is

a lower triangular matrix with unit diagonal elements, i.e.,
[C]k,l =0 for k <[ and [C]k,k = 1.

After the nonlinear operation, the vector b is multiplied
with a precoder matrix P; under a transmit power constraint
Tr(PlePIl{) < P; where P; is the maximum transmit
power at the source. As the elements of a are independent
and identically distributed (i.i.d.) over the constellation, b can
also be considered as i.i.d. [10], i.e.,

Ry =2(M —1)/3Iy 2 071y. “)

The received signal x; at the first relay is formulated as x; =
H,P;b-+n; where H; is the channel between the source and

the first relay and n; is additive Gaussian noise with mean zero
and covariance matrix R,,, = a?LlI M, -
Similarly, at the k*" relay the received signal is

x, = HyPrxp_1 +ny (5)

with H, and n;, are the channel and additive noise at the k'
hop, respectively. The covariance matrix of nj is denoted as
R,, = o2 Iy, . Finally, for a K-hop AF MIMO relaying
system, the received signal at the destination is

y = Lf[lHkPk b+Kzlﬂ ﬁ H,P,

k=1 I=k+1
where Hlezk denotes Zy X - -- X Z1. In order to guarantee
the transmitted data s can be recovered at the destination, it is
assumed that N and M, are greater than or equal to N [3].
In practice, the channels Hj are estimated and channel
estimation errors are inevitable. Therefore, the channel Hj,
can be expressed as

Hk} +ng, (6)

H, = ﬁk + AHk, (7

where Hj, is the estimated channels, and AH}, is the corre-
sponding channel estimation errors whose elements are zero
mean Gaussian random variables. Furthermore, the My x N
matrix AHj can be decomposed using the widely used
Kronecker model [8] as AH, = E,lgﬂHW’k\I!i/Q, where the
elements of the M} x Nj matrix Hyy, are iid. Gaussian
random variables with zero mean and unit variance. The
specific formulas of 3 and Wy, are determined by the training
sequences and channel estimators [8], [9]

B. Problem Formulation

At the destination, a linear equalizer G is adopted and is
followed by a modulo operator. Notice that the effect of d will
be perfectly removed by modulo operator at the destination
and estimating a is equivalent to estimating s [6]. Thus at
the destination, a linear equalizer G is used to detect the data
vector s. The MSE matrix of the data vector is defined as
E{(Gy — s)(Gy — s)!} [6], [10], where the expectation is
taken with respect to random data, channel estimation errors,
and noise. Following a similar derivation to that in [8], it can
be shown that

®(G,P,,C)
=E{(Gy — Cb)(Gy — Cb)"}
=G[HgPKRy, PLHL + Tr(PrRy, PR W )Tk

K
+ R, JG" - 07G [ (FiP,) C" + 55CCH
k=1

K
— Ug [G H (ﬁkPk) CH
k=1

H

®)

where matrices Ry, is defined as
Ry, = E{xix} } =H;PRx,_,PH} + Ry,
+ Tr(PyRy, ,PH®)Z..  (9)

754



It is obvious that Ry, is the covariance matrix of the received
signal at the relay. Notice that Rx, = Rp = UfIN.

For MIMO transceiver design, a wide range of
objective functions can be expressed as a function of
the diagonal elements of the MSE matrix. For example,
for sum MSE minimization, the objective function is
F(IMSEy, --- ,MSEx]T)= S_ | MSE,, where MSE,, =
[®(G, Py, C)l,, . For product MSE minimization, the ob-
jective function is f([MSEy,---,MSEx]") :Hﬁ[:l MSE,,.

Furthermore, worst-case MSE minimization corresponds
to  minimizing the objective function given as
F(IMSEy, - ,MSExN]T) = max,—1,2,.. N{MSE,}

[6]. On the other hand, weighted geometric mean MSE
minimization corresponds to minimizing the following
objective function f([MSEy,--- ,MSEx]T) = [["_, MSEY"
with wy > wsq - -+ > wy > 0. Therefore, a unified transceiver
design optimization problem can be formulated as

min ,MSEx|T)
P.,C

f([l\/[SE17 C

s.t. MSE,, = [®(G,P,C),.n

Tr(PrRy, P <P, k=1,---,K (10)

Xk—1

where the matrix C is a lower triangular matrix with unit
diagonal elements.

In general, the objective function f(e) possesses two im-
portant properties:
(1) f(e) is an increasing real-valued matrix function C —
R, ie., for two vectors u = [uy,ug, -+ ,un]t and v =
[v1,v2, - ,on]T, when u,, > v,,, we have f(u) > f(v). This
property is natural in transceiver design. This fact is reflected
in f(e) being an increasing function.
(2) f(e) is multiplicatively Schur-convex or concave.

The detailed discussions are given in [11]. In the fol-
lowing, for notational convenience, multiplicatively Schur-
convex/concave is referred to as M-Schur-convex/concave.

III. OPTIMAL DESIGN OF G AND C

The linear minimum mean-square-error (LMMSE) equalizer
is obtained by setting the differentiation of the trace of (8) with
respect to G* to be zero, and we have

GLMMSE

— ag [ﬁ (ﬁkPk) ct

k=1

H

[HxPxR,,  PIAY

XK—1

-Loan

In terms of MSE, LMMSE estimator is a dominated estimator
in linear estimators, i.e.,

+ Tr(Px Ry, PRU )Tk + Ry, ]

(I)(GLMMSEvpkac) j (D(vakac) (12)

which implies [®(GLymmse, Pr, C)lnn <[®(G, Pk, C)lpn
As f(e) is an increasing function, and there is no constraint on
G in (10), the optimal linear equalizer is LMMSE equalizer,
ie., Gopt = GLMMSE-

Substituting the optimal equalizer (11) into the MSE for-
mulation (8), the MSE matrix is rewritten as

®yise(Pr, C) =
K
(IN —O‘b |:H HkPk CH

+ Tr(PxRuy PR ¥K)Sk + R ]

H
[I?IKPKRxK,lng?I%

K
] (EPy) C®
k=1

)

x C" (13)

From the definition of Ry, in (9), it is noticed that Ry, is a
function of P; with [ < k. In other words, the constraints are
coupled with each other. In order to simplify the analysis, we
define the following new variables

F, = P1R;/°Qf (14)
F. = P;CKI/2 (Kg 1/2Hk 1FraFL HY IKF;:/?
+IM;C_1) 1/2 Q£171 (15)
where Ky, is defined as
Kr, 2 To(FFI®,)S, + 02 Ly, (16)

and the matrix Qy is an additional unknown unitary matrix.
Based on the definition of Fj in (14) and (15), it is easy
to show that FkFIk{ = PkakflPI,;I and thus the power
constraints becomes independent of each other

Tr(PyRy,_,P}) = Tr(F,FY) < Py. (17)
Meanwhile, using (14) and (15), defining
My =(Kp, "B F PP K + Ly, )7/
x Kp./"H,Fy, (18)
the optimization problem (10) is simplified as
7 DR T
0 f(IMSE4,--- ,MSExN]")
s.t.  MSE, =0} [C(Iy — Q;©Qo)C"]
0= MIEQI{I T M?{Q%QKMK Q1M
Tr(F4F}) < Py, QQp =ILay . (19)

Notice that the largest singular value of M}, is smaller than
one. Therefore, the largest eigenvalue of ® is smaller than
one [12] and then Iy — g@Qo is a positive definite matrix.
With the Cholesky factorization

(In — Q5 ©Qq)o}

where L is a lower triangular matrix. It can be derived that
the optimal C equals to

=LL" (20)

Copt = DL 1)
where D is a diagonal matrix defined as
D = diag{[L1,1, -+, Ly n]"} (22)
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As a result MSE,, = [L)? 7.n» and the optimization problem for
robust transceiver design is formulated as

goin - F([LE L LR

st.  of(Iy — Qi®Qp) = LLY
0= M{IQ? T M%Q%QKMK QM
Tr(FF) < Pe, QHQp =Ly, (23)

IV. OPTIMIZATION PROBLEM REFORMULATION FOR F},
A. Optimal Solution of Qq

Because the objective function of the optimization problem
(23) is M-Schur-convex or M-Schur-concave (The details can
be found in [11]). In the following, we will discuss the two
cases separately.

M-Schur-convex:
Taking the determinant on both sides of (20) we have

L2 _Uanl_

N

o7 (Iy — QYOQ)| = [ L]
n=1

(24)

where ), (©) is the n'" largest eigenvalue of ©. Based on
(24), the following multiplicative majorization relationship can
be established [11]

N
ai [H(l —An(©))

n=1

L
N

T
®1N <x “L]ila 7[L]?VN] ’

(25)

where the symbol @ denotes the Kronecker product and 1y
is a NV x 1 all-one vector. Moreover, v <y u denotes v is
multiplicatively majorized by u [11]. As f(e) being a M-
Schur-convex function, (25) leads to

LB L] )
N *
; [H(l - @iv |, (26
n=1
29[x(®))
where A(®) = [A\{(®),---, An(©)]T. The equality in (26)

holds when < in (25) is replaced by equality, which means
that [L]2 ,, are identical for all n. Notice that from (20), we can
write LLH = 07Q} (I-0)Qo. Since IO is positive definite,
there always exists an unitary matrix Qg which makes the
Chrolesky factorization matrix of Qfl(I—©)Q have identical
diagonal elements [6].
M-Schur-concave:

From definition of L in (20) and based Weyl’ theorem [6],
we have [11]

[ L] << oy =A@ @)
Applying f(e) on both sides of (27), we have
P L] ) > f@Rln = A@©)]).  @8)

29(x(©)]

The equality in (28) holds when <y in (27) is
replaced by equality, ~which means that [L]?
equals to o7[l — A\,(©®)]. On the other hand, taking
eigenvalues on both sides of (20), we can obtain
o2y — A(O)] = N (LLY), - A (LLY)]T. Therefore,
[[L]%,lv T [L]?V,N]T = P‘N (LLH)’ e 7)‘1(LLH)]T’ which
implies L is a diagonal matrix. With L being a diagonal
matrix, g@Qo is also a diagonal matrix. This can be
satisfied if we take Qo = Ug, where the unitary matrix Ug
is defined based on the eigendecomposition ® = UgAeUY
with the elements of Ag arranged in decreasing order.

B. Problem Reformulation

Based on the given results of multiplicative majorization
theory, the optimization problem (23) can be transformed into
a much simpler one. Before presenting the result, two useful
properties of the objective function g(e) are first derived based
on the multiplicative majorization theory.

Property 1: The vector A(®) has the following weak mul-
tiplicative majorization relationship (Notice that v < u
denotes v is weakly multiplicatively majorized by u. ) [11]

A(®) <n
[’71({Fk}£(:1)a72({Fk}£(:1)>"'
éw({Fk}ff )
W(FPHIKE 'HF))
1+ A\, (FHIKE HyF))

a'VN({Fk}i(:l)]T

K
with v, ({Fx}5,) H , (29)

where the equality holds when

Qk_VMk+1UMk7 k=1,--- /K—1 (30)
where Upng, and Vi, are defined based on the singular
value decomposition M, = Uy, AMkVIP\I/Ik with the diagonal
elements of Apg, arranged in decreasing order. Notice that
(30) does not cover Qg, but it can be any unitary matrix
because it always appears in the form QL Qy and equals to
an identity matrix in the objective function.

Proof: See Appendix A. B

Property 2: The objective function g[A(®)] in the both cases
is a decreasing M-Schur-concave function with respective to
A(©).

Based on Properties 1 and 2, the objective function has
an achievable lower bound g[A(®)] > glv({Fx}X )] with
equality achieved when (30) is satisfied [11]. When the lower
bound is achieved, we have the following three additional
observations:
(a) The constraints QI,;IQk = I, are automatically satisfied.
(b) The objective function g[y({Fx} )] is independent of
Qg. (¢) When Fy.’s are known, Qy’s can be directly computed
using (30).

Applying these three observations into (23), we have the
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reformulated optimization problem
min - gly({Frhi)]
An (FRAPK G HFy)
1+ A, (FPHIKE HLF))
€Y

K
st wm({Frlie) = H

k=1
Tr(FFy) < Py

V. SOLUTION OF Fy,

In the following, we first derive the optimal structure of
Fj and then present an algorithm to solve for the remaining
unknown variables.

A. Optimal Structure of F,

Notice that g(e) is a decreasing function, and v, ({Fx }H-_ )
is an increasing function of )\n(FI,;I}_II,;IKI;iI_{ka). There-
fore, g[v({F1}5_,)] is a decreasing matrix-monotone function
of FEﬁEKE;IjIka It can be proved that at the optimal
solution, the power constraints hold at the equality, i.e.,
Tr(FxFl) = P, meaning that the relays transmit at the
maximum power.

Defining an auxiliary scalar 75, = o, Tr(FFJ®,) 4 02,
with a = Tr(Eg)/My, Tr(FiFI) = Py is equivalent to
TI‘[FkFE(OLkPk\I’k + O’?LkINk)]/T]fk = P [11]. Thus the
robust transceiver design problem (31) is equivalent to

min - gly({Fi}izy)]
X« O\ (FUHIKLHFy)

st wPis) = | 5~ g o p

ooy L+ A (FyH K HiFy)
Te[FF} (P ¥y, + 02, In)]/npe = Pe. (32)

It can be proved that when W, o I or ¥j o I, the optimal
solutions of the optimization problem (32) have the following
structure [11]

Fropt =VE&k(Ax, ) (ap Py + Ufka)*l/QVHk,NA}'k

x Ul v (33)
In (33), & (Ax,) equals to
1
&(Ar,) =0l {1 —ouTr[ Vi, y(anPe®y + 02 1)72
1

X Wi (ap Pe®y + 02 1) 2V nAFR 1} =07, (34)
where Az, is a N X N unknown diagonal matrix, and
V44, v and Uaq, n are the matrices consisting of the first NV
columns of V4, and Uy, , respectively. The unitary matrix
Uab, 1s an arbitrary My_; X Mj_ unitary matrix, and the

unitary matrix V4, is defined based on the following singular
value decomposition

(Kp, /np,) " *Hy (0 Py + op, T)7H/2
:UHkAﬂkV%‘_-ILk

(35)

where the diagonal elements of A4, are arranged in decreas-
ing order.

It is obvious that in (33), the only unknown variable is Az, .
It can be solved via using iterative water-filling algorithm with
guaranteed convergence [11].

T T T T
—— The algorithm based on estimated CSI only
—O— The proposed robust design

Fig. 1. BERs of proposed robust design with M-Schur-convex objective
functions and the algorithm based on estimated CSI only when p; = O,
pr =0.03, and Py /o2 = 30dB.

Remark: The mathematic framework given in this paper can
be directly extended to robust transceiver design with decision
feedback equalizer (DFE) for multi-hop AF MIMO relaying
systems. Furthermore, the derivation logic in this paper can
be applicable to robust linear transceiver design for multi-
hop AF MIMO relaying systems with Schur-convex/concave
(additive majorization) objective functions [13]. Finally, based
on Property 1 the robust transceiver design discussed in
this paper is actually a unified framework for transceiver
design for multi-hop AF MIMO relaying systems, which is
comprehensible and powerful.

VI. SIMULATION RESULTS AND DISCUSSIONS

In this section, the performance of the proposed algorithms
is assessed by simulations. In the following, we consider
an AF MIMO relaying system where the source, relays
and destination are all equipped with four antennas, i.e.,
N, = M; = 4. The estimation error correlation matri-
ces are chosen as the popular exponential model [¥;] =
azpf_jl and [2;] = p'7! [8] where p; and p, are the
correlation coefficients, and o2 denotes the estimation error
variance. The estimated channels Hj’s are randomly gener-
ated based on the following complex Gaussian distributions
ﬁk ~ CNM;C,N;C (OMk,Nk7 (1 —_Ug)/agzk ® ‘I’E) [8], such
that channel realizations H;, = H;, + AH}, have unit variance.
We define the signal-to-noise ratio (SNR) for the k'" link as
Py/o? .- At the source node, four independent data streams are
transmitted and in each data stream, Npats = 10° independent
16-QAM symbols are transmitted. Moreover, Gray code is also
used to improve system performance further. Each point in the
following figures is an average of 10000 trials.

Fig. 1 shows BERs of the proposed robust nonlinear design
with the M-Schur convex objective and the corresponding
algorithm based on estimated CSI only (which takes the
channel estimates as true channels) with p; = 0, p; = 0.03,
Pi/o? = 30dB, and P;/07 being varied from 10dB to
35dB. It can be seen that smaller estimation errors lead to
better performance for both algorithms, but the performance
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of the proposed algorithm is always better than that based on
the estimated CSI only.

VII. CONCLUSIONS

Joint Bayesian robust transceiver design for multi-hop AF
MIMO relaying systems was investigated, where channel
estimation errors exist in CSI in all hops. At the source node,
a nonlinear THP was used, and was jointly optimized with
linear forwarding matrices at all relays and linear equalizer
at the destination. A general transceiver optimization problem
was formulated with objective function being either M-Scur-
convex or M-Scur-concave. Exploiting the elegant properties
of multiplicative majorization theory and matrix-monotone
functions, the optimal structure of the transceivers was first
derived. Then, the original optimization problem was greatly
simplified and an iterative water-filling solution was proposed
to solve for the remaining unknown variables. Simulation
results showed that the proposed robust design has much better
performance than the non-robust design.

APPENDIX A
PROOF OF PROPERTY 1

First notice two facts in matrix theory: (a) for two matrices
A and B with compatible dimension A\;(AB) = \;(BA) [12,
9.A.1.a]; (b) for two positive semi-definite matrices A and B,
[T M(AB) < T, Mi(A)A(B) [12, 9.H.1.a], where the
equality holds when A and B has the same unitary matrix in
eigendecomposition [12]. With these two facts, we have

HA (MI'Qi" - Mg Qi QxMg --- QiMy)

= H A(MEQY - MEQREQr Mk - - QoM Qi M MY QYY)
=1

<J[NMEQY - MEQHE QM - - QoMy) A (M M)
=1
Tl:].,"',N, (36)

where the first equality is due to fact (a) and the second
inequality is based on fact (b). Repeating the above two pro-

cesses and based on the fact that \;(M;ML) = X;(MIM,)
we can obtain the following inequality
H Ai(©)
i=1
< T MMEMO)X(ME_ Mg 1) - Ai(MMy),
i=1
é'ﬁ({Fk}?:l)
(37

where the equality holds when Qy’s satisfy

Qi =Vm,,,Un,, k=1, K (38)

where Uy, and Vi, are defined based on the following

singular value decomposition M, = A, Vy, with the
diagonal elements of Apg, arranged 1n1\ﬁecreasmg drder. Fur-

thermore, based on the definition of My, in (18), v; ({Fx} k:l)
in (37) equals to

K
% ({Fr}isy) H
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