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BER and Diversity Order Analysis of Distributed
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Abstract—This paper focuses on the average bit error rate
(BER) and diversity order analysis of the distributed Alamouti’s
code in dissimilar cooperative networks with channel state
information (CSI)-assisted relays. We first assume that the relays
adopt the amplifying coefficient proposed in [1]. Lower and upper
bounds of the average BER of the distributed Alamouti’s code
are derived. Those two bounds tightly bound the exact average
BER. Then we show that, surprisingly, the distributed Alamouti’s
code achieves only diversity order one when the relays use the
amplifying coefficient proposed in [1]. To resolve this problem,
we propose a new threshold-based amplifying coefficient for the
distributed Alamouti’s code based on the work in [3]. This
new amplifying coefficient makes the distributed Alamouti’s
code achieve the full diversity order two. Moreover, based on
three different CSI assumptions, four amplifying schemes are
developed in order to determine the value of the threshold used
in the new amplifying coefficient.

Index Terms—Bit error rate (BER), channel state information
(CSI)-assisted relay, distributed Alamouti’s code, diversity order.

I. INTRODUCTION

N a cooperative network, several single-antenna relay ter-

minals help the source transmit signals to the destination
by virtually forming a distributed multiple-antenna system [1]—
[S]. Specifically, in an amplify-and-forward (AF) cooperative
network, each relay multiplies the received signal with an
amplifying coefficient and then forwards it to the destination.
In order to coordinate the transmissions from the relays,
distributed space-time block codes (DSTBCs) have been pro-
posed and extensively studied [2], [6] and [7]. Many works
have analyzed the error performance and diversity order of the
DSTBCs in AF cooperative networks. For example, Jing et al.
showed that the DSTBCs could achieve the full diversity order
in the number of relays [2]. In [8], Ju et al. found the exact
average BER expression of the distributed Alamouti’s code;
but the expression was not given in closed-form. Very recently,
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two closed-form approximate average BER expressions were
derived for the distributed Alamouti’s code [9].

However, the authors of [2], [8], and [9] all assumed
that the relays in the cooperative network did not have any
channel side information (CSI) of the first-hop channels, i.e.
the channels from the source to the relays. Those relays
were called the blind relays in the literature. As a result,
the amplifying coefficients at the relays were fixed constants,
and the power efficiency significantly deteriorated because
the power amplifier at each relay might operate in the non-
linear region when the instantaneous gains of the first-hop
channels were large [10]. In practical systems, it is more
preferable to implement the CSI-assisted relays which know
the instantaneous channel gains of the first-hop channels. In
fact, this CSI can be easily obtained at the relays without
any feedback overhead. Laneman et al. have proposed an
amplifying coefficient for the CSl-assisted relays [1] and it
can successfully enhance the power efficiency at the relays
[10]. Due to this reason, this amplifying coefficient has been
used in numerous previous publications [11]-[13]. Therfore,
it is practically very important to analyze the distributed
Alamouti’s code in cooperative networks with CSl-assisted
relays. Because it is very hard to directly extend the results
in [2], [8], and [9] to such networks, a new approach must be
taken.

In this paper, we analyze the error performance and di-
versity order of the distributed Alamouti’s code with CSI-
assisted relays. Specifically, we first consider a dissimilar
cooperative network, where all the channels possibly have
different variances, and we assume that the CSI-assisted relays
in the network adopt the amplifying coefficient proposed in
[1]. We derive lower and upper bounds of the average BER
of the distributed Alamouti’s code. Irrespective of the values
of the channel variances, the proposed bounds tightly bound
the average BER. Very surprisingly, we find that, when the
relays use the amplifying coefficient proposed in [1], the
distributed Alamouti’s code achieves only diversity order one.
To address this problem, we then propose a new threshold-
based amplifying coefficient for the distributed Alamouti’s
code based on the work in [3]. This new amplifying coefficient
makes the code achieve the full diversity order two. Moreover,
it also enhances the power efficiency at the relays. Based on
three different CSI assumptions, we develop four amplifying
schemes in order to determine the value of the threshold used
in the new amplifying coefficient.

The rest of this paper is organized as follows. Section II
describes the cooperative network studied in this paper. In
Section III, assuming that the relays adopt the amplifying
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coefficient proposed in [1], we derive lower and upper bounds
of the average BER of the distributed Alamouti’s code in a
dissimilar cooperative network. Furthermore, we show that
the diversity order of the distributed Alamouti’s code is just
one when the relays use the amplifying coefficient proposed
in [1]. In Section IV, a new threshold-based amplifying
coefficient is proposed. This new amplifying coefficient makes
the distributed Alamouti’s code achieve the full diversity order
two. Moreover, we develop four amplifying schemes in order
to determine the value of the threshold used by the new
amplifying coefficient. Section V presents some numerical
results and Section VI concludes this paper.

Notation: We use A := B to denote A, by definition,
equals B and use A =: B to denote B, by definition, equals
A. For a random variable X, E[X] denotes its expectation.
X ~ CN(0,Qx) means X is a circularly symmetric complex
Gaussian random variable with zero mean and variance (.
Let |-], Q(+), 2F1(1,2;3;-), and Ei(-) denote the floor func-
tion, @Q-function, hypergeometric function, and exponential
integral function [15], respectively.

II. SYSTEM DESCRIPTION

In this section, we first describe the system model, and then
discuss two possible relaying coefficients: a blind relaying
coefficient and a CSI-assisted relaying coefficient.

A. System Model and Distributed Alamouti’s Code

We consider an AF cooperative network with one source,
two CSl-assisted relays, and one destination. Every terminal
has only one antenna and is half-duplex. We use S, D, and
R to denote the source, the destination, and the k-th relay
for kK = 1,2, respectively. Let hj, and f; denote the channel
from S to Ry and the channel from Ry, to D, respectively. The

—Bs,
ds,k :

channel coefficient by, is modeled as hy = hy , where

hi ~ CN(0,1), B is the path loss exponent for this channel,
and d,j, is the normalized distance between S and Ry. The
value of dsy is decided by dsj = ds /D, where ds is
the actual distance between S and Ry and D is the reference
distance determined from measurements [16]. Similarly, we
model the channel coefficient fj as fr = f d;gk'd, where
dy,q is the normalized distance between Ry and D, B 4 is
the path loss exponent for this channel, and f; ~ CA(0, 1)
The value of dj 4 is decided by dj q = = dj /D, where dk d
is the actual distance between Ry and D. Thus the variances
Qp,, and Qy, of hy, and fj, equal to Qp,, = d ks "and Qp, =
d, ﬁ *4. respectively.

The system model for the distributed Alamouti’s code is
depicted in Fig. 1. Specifically, at the first and second time
slots, S transmits two information-bearing symbols x; and o
to R; and Rg, respectively. The transmission power at S is F.
The received signal y;, ; of Ry, at the ¢-th time slot is given by
Ykt = VEshgwe + gy for k=1,2 and ¢t = 1,2, where ny, ¢
is the additive white Gaussian noise and ng ; ~ CA(0,02).

At the third and fourth time slots, the two relays use the dis-
tributed Alamouti’s code to transmit signals to the destination
after multiplying the received signal y; ; with an amplifying
coefficient pg. The coefficient p; will be discussed in detail
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—— Time slots 1 and 2

-------- Time slots 3 and 4

Fig. 1. System model for the distributed Alamouti’s code.

later. Specifically, at the third time slot, Ry transmits p1y1,1
and R transmits —poy3 5. Thus, the received signal at D is
Y1 =p1fiyii— p2f2y2 o +mn1, where n; is the additive white
Gaussian noise and nq ~ CN(0,02). At the fourth time slot,
Ry transmits p1y1,2 and Ry transmits p2y271. Consequently,
the received signal at D is yo = p1fiy12 + pafays, + no,
where no is the additive white Gaussian noise and no ~
CN(0,02). Due to the orthogonal structure of the distributed
Alamouti’s code, the maximum likelihood (ML) estimate ¢
of x; is given by &1 = p1 fyhiy1 + p2fahiys [8]. Thus, the
instantaneous SNR ~(p1, p2) of &7 is given by

E(p3| fiha|? + p3| f2hol?)
a2(Pf112 + P2 f2]2 + 1)

v(p1, p2) = 1)

Similarly, the instantaneous SNR of the ML estimate 2 of
is also given by 7(p1, p2).

If M-quadrature amplitude modulation (QAM) is used
as the modulation scheme, the exact closed-form BER

Py(v(p1,p2)), conditioned on the instantaneous channel co-
efficients hy and fy, of &1 or @ is given by [17]!

9 log, VM (1727")\/M71
Py (v(p1,p2)) = ViTlog, M > [ Yo AuM)
oga M T =0
XQQ%+U 2%%?)} @)

where the coefficient A;,(M) is given by

Aun) = (ol (2o |20 2

The average BER P, can be obtained by P, =

E[Py(v(p1,p2))], ie

logy VAL ( (1-277) VAT -1
P Aj (M
i Yl R SR
< E Q <(2Z+1) 37(,01,02))1 } 4)
M-1 '

11f other modulation schemes are used, the conditional BER can be obtained
by using [17] as well.
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B. Blind Relaying and CSI-Assisted Relaying Coefficients

In this subsection, we discuss two widely-adopted relaying
coefficients: a blind relaying coefficient and a CSlI-assisted
relaying coefficient. We first consider the blind relaying co-
efficient. In the blind relaying, a fixed amplifying coefficient
P = +/Ck is used, where c;, is a positive constant [2], [8], and
[9]. When this py, is used, the performance of the distributed
Alamouti’s code has been extensively studied in the literature
[8], [9]. In particular, it has been shown that the distributed
Alamouti’s code achieved the full diversity order two. This
blind relaying coefficient, however, raises a problem that the
output power at the relay is given by cx(Es|hy|> +02), which
varies substantially with time due to |h|?. Particularly, the
peak-to-average power ratio (PAPR) can be practically very
large or it can be theoretically even infinity? depending on the
distribution of |hy|?. Thus, the power efficiency significantly
deteriorates, because the power amplifier at each relay operates
in the non-linear region when |hy|? is large. It is well-known
that the power efficiency deteriorates when the power amplifier
operates in the non-linear region [14].

Another well-known amplifying coefficient is the CSI-
assisted relaying coefficient. In the CSI-assisted relaying, the
amplifying coefficient py, is given by [1]

Erk

—_—. 5
Eslhi)? + 02 )

Pk =
A benefit of this amplifying coefficient is that the output
power of the k-th relay is always maintained to be E,, and
thus, the PAPR is 0 dB. Hence, this CSl-assisted relaying is
very practical, because the power amplifier at each relay will
never go into the non-linear region. Due to this reason, the
amplifying coefficient p; of (5) has been used in numerous
previous publications [11]-[13]. However, the performance of
the distributed Alamouti’s code with p; of (5) has not been
well-studied in the literature. In this paper, focusing on py
of (5), we will derive average BER of the distributed Alam-
outi’s code and show that, very surprisingly, the distributed
Alamouti’s code achieves only diversity order one.

III. BER AND DIVERSITY ORDER ANALYSIS OF THE
DISTRIBUTED ALAMOUTI’S CODE

In this section, adopting the CSl-assisted relaying coeffi-
cient pg in (5), we first derive lower and upper bounds of
the average BER of the distributed Alamouti’s code. Then we
show that, very surprisingly, the distributed Alamouti’s code
achieves only diversity order one.

In order to facilitate the analysis of the average BER P, we
approximate py, by pr. = \/ E.r/(Es|hg)?) asin [11] and [12].
Note that v/ E./(Es|hi|?) is a very tight approximation of py,
as shown in [11] and [12]. For example, in [11], it has been
demonstrated that the difference between the exact average
BER and the approximate average BER, which is based on
the approximation py, & \/ E,i/(Es|hi|?), is less than 0.2 dB.

2The PAPR is defined as the ratio of the maximum transmission power
Emax to the average transmission power Fayg, i.e. PAPR := Emax/Ean.
For the blind relaying, the PAPR at the k-th relay is given by PAPR =
Exnax/Bavg = cx(Bs max([hy[2) + 02)/ (e, (E<E[[hy|2] + 02)). In this
case, the PAPR can be infinity if max[|hy|?] is infinity.
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Therefore, the instantaneous SNR «(p1, p2) in (1) is tightly
approximated by

v(p1, p2) ~ < Enl Al + Bralfol”
’ T 02 Enlfil2 | Enlfa]? ’
Un E51‘h11|2 + Ejh;lQ + 1

(6)

Now we will analyze the average BER P, based on (6). It is
well-known that the moment generating function (MGF)-based
approach is very useful to derive P, for various constellations
[18]. In order to obtain the value of P,, one needs the MGF
of v(p1, p2), which is technically very hard. In the following,
we try to find lower and upper bounds of P, and show that
the bounds are very tight to P,.

A. A lower bound of P,
We upper-bound v(p1, p2) in the following way

L Ealfil? + Er|f2|?

U_
Worp2) <07 =05 "7 5E BalnP)
max E.|h1]?’ E5lh2|?

(N

In order to find a lower bound of P, it is desirable to obtain
the MGF of vV. To this end, we prove the following lemma.

Lemma 1: Assume X;, X, Y7, and Y are exponential
random variables with means aj, a2, b;, and by, respec-
tively. The MGF M, (s; a1, a2, b1,bs) of the function (Y7 +
Y2)/ max(Y1/X1,Y2/X>) is given as follows:

biba (a1 —as 1
; b1,b2) = ; b1, b
M1(57a13a27 1, 2) a1as <b1_b2M1(57a13a2a 1, 2)
b1 —aib
MM%(S;G’1>G‘2>b1>b2) .
b1 — by
3)
In this function, Mi(s;ay,az,b1,b2) and

M3 (s;ay,a2,b1,by) are given by

M (s; a1, az,b1,b2)
albg(l — ags) — a2b1(1 — a15) agbl(l — als)
M%(Sv a, az, bl’ bQ)

a1 ag

bg(bl — bg)(l — als) B bl(bl — bg)(l — ags)

a2b1—a1b2

a2(a1 - a2) a(bi—b2) azs
(1,23 ————
+ 2(11(1 — a28)2(b2 — 61)2 201 ( T 1-— ass
asbi—a1b
n a1 (ag —a1) B [ 1.2:3: azg(%)l—éz)Q — a1
2(12(1 — a1$)2(b1 — 62)2 T 1-— als
(10)
Proof: See Appendix A. O

Using Lemma 1, the MGF MUY (s) of 4¥ can now be easily
derived, and it is given by

S
MU(S) = M <J_2a ESth’ ESthvEmQﬁ y ET‘ZQfQ) .
! (1)
Based on (11), we obtain a lower bound of P, in the following
theorem.
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Theorem 1: When M-QAM is used as the modulation
scheme, the average BER P, can be lower-bounded by

P, > Pk
log, VM ¢ (1-279)V/M -1
I S Au(M)
TV Mlog, M = = 7t

P 3@2i+1)? >
x/e_oj\/l < 20 — 1) si®8 doy. (12

Proof: Since 7(p1, p2) is upper-bounded by 7Y and the
MGF of 4V is given by MY (s) in (11), it follows Craig’s
formula [18, eq. (4.2)] that

E Q<(2i+1) 737]\(4'01_”012)”
1[5y 3Ri+1) )
- 9:0M ( 2(M —1)sin? @. a3

By substituting (13) into (4), we obtain the lower bound PbL.
|
Although the lower bound PF contains an integration, this
integration is over a finite range, and hence, it is not hard
to compute. In fact, it is well-known that @-function can
be approximated by %e’ﬁ/Q + %6*2”32/3 [19]. By using
this approximation, we can obtain approximate PbL in closed-
form, which can further reduce the computational complexity.
Numerical results will demonstrate that P/ is a very tight
lower bound of P, except when €2, is much larger than
Qy, . For this special case, the ratio E,|fx|?/(Es|hk|?) in
the denominator of (6) is much smaller than one with a very
high probability. Therefore, PbL loses its tightness because we
neglect the constant one in the denominator of (p1, p2) as
shown in (7) when we derive PbL . This particular case will
be addressed by deriving an upper bound of P, in the next
subsection.

B. An upper bound of P,

In order to find a tight bound for P, when €2, is much
larger than Qf,, we develop an upper bound of P, in the
following. We keep the constant one in the denominator of
v(p1, p2); but replace |h1|* and |ho|? by min(|h|?, |hal?).
This gives us a lower bound % of v(p1, p2)

1 En|fi’ + Era|fo
L _ - rl|J1 r2|J2
’Y(plap2) > 7= o2 Eo|f12+Era|f2]? .

" E.min([h1[?,[h2]?)

(14)

In order to find an upper bound of P, it is desirable to obtain
the MGF of v~. Thus, we show the following lemma.

Lemma 2: Assume X, Xo, Y7, and Y5 are exponential ran-
dom variables with means a;, ag, by, and bs, respectively. The
MGF MQ(S; ay,as, by, bg) of the function (Yi + YQ)/((}/l +
Y2)/ min(X;, X5) + 1) is given as follows:

b aia
Ma(s;a1,az,br,b2) = b —1b2W (87 o :_227 1)
b2 a1 as
— w —— b 15
bl—bg <s>a1+a2>2>7( )
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where the function W (z,y, z) is given by

1

W - _
(2,9, 2) O — (y+2)(y+2z—ayz)
Cdys+ dyz(—ayz)\/(y + 2 — ayz)?
(y+ 2 —zy2)\/dyz — (y + z — 2y2)?
X arccos (711/ +2Z ;:. yz) (16)

Proof: Let T = Y1 + Y, and Z = min(X;, X2). Thus,
the function (Y1 +Y2)/((Y1+Y2)/ min(X;, X2)+1) becomes
T/((T/Z)4+1)=TZ/(T+ Z) which is actually the harmonic
mean of 1" and Z. Moreover, it is not hard to find the PDFs
fr(t) of T and fz(z) of Z

fr(t) = M7 f2(2) = (i I i) e*(%%»%)z.

b1 — ba ai az
17)
By using the results in [11], it is not hard to find
MQ(S;al,a27bl,b2) iIl (15) ]

Based on Lemma 2, one can easily find the MGF MZ (s)
of v and it is given by

ML(S) = MQ (0%7 ESth , EthQ, Ethl s ETQQf2> .
! (18)
The MGF M (s) enables us to find an upper bound of P, as
in the following theorem.
Theorem 2: When M-QAM is used as the modulation
scheme, the average BER P, can be upper-bounded by

P, <P/
5 logy VM ( (1-279)VM -1
== Aji(M)
mv/ M logy, M ; { ; !

PooL (. 3Qi+1)? )
X/HM ( 20 — 15”0 doy.  (19)

Proof: The proof is the same as that of Theorem 1, except
MZL(s) is used in order to obtain an upper bound. O
The upper bound PY also just contains a finite integration,
and hence, it is not hard to compute. Moreover, as we
expected, PU is a very tight bound of the average BER
P, when Qp, is much larger than Qy, . This is because the
denominator of (6) is dominantly decided by the constant one
for this special case. As a result, replacing |h1|? and |ho|?
by min(|h1|?, |ha]?) in (14) only slightly reduces the value
of v(p1, p2), and hence, PV is very tight to P,. Recall that
the lower bound PbL is very tight to P, except when (), is
much larger than Qy, . Therefore, depending on the values of
Qp, and Qy,, one can always use either P or PV in order to
tightly bound the average BER P, for every possible scenario.

C. Diversity order of the distributed Alamouti’s code when
the CSlI-assisted relays use py,

In the following theorem, we show that the distributed
Alamouti’s code achieves diversity order one when the relays
use pi of (5).
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Theorem 3: In a cooperative network with two CSI-assisted
relays, the distributed Alamouti’s code achieves diversity order
one when the relays use py, of (5) as the amplifying coefficient.

Proof: See Appendix B. O

Note that, in the proof of Theorem 3, we use the exact
SNR of (1), not the approximate SNR of (6). Therefore, the
result of Theorem 3 is exact. Actually, the diversity order
of the distributed Alamouti’s code can intuitively be inferred
from its approximate SNR ~y(p1, p2) in (6). When the channel
from S to R; is in deep fading, i.e. when |hi|? is very
small, the denominator of (6) may go to infinity, and hence,
v(p1, p2) may be very small. Similarly, when |ha|? is very
small, y(p1, p2) may go to zero as well. That is, the failure
of either h; or hy will make the approximate SNR at the
destination very small, which implies the diversity order is
just one.

Furthermore, in a general cooperative network with more
than two relays, we conjecture that the DSTBCs proposed
n [2] achieve only diversity order one as well when the
amplifying coefficient proposed in [1] is used at the relays.?
Although the analytical proof is very difficult, the simulated
BER results in Section V will suggest that the diversity order
is one. However, the simulation results should be interpreted
cautiously, because the asymptotic slope of the BER may not
appear at typical BER values.

IV. A NEwW THRESHOLD-BASED AMPLIFYING
COEFFICIENT FOR THE DISTRIBUTED ALAMOUTI’S CODE
WITH CSI-ASSISTED RELAYS

In Section III, we showed that the distributed Alamouti’s
code achieved only diversity order one when the relays
adopted the amplifying coefficient p; of (5). In order to
solve this problem, one may use the blind relaying coefficient;
however, this raises another problem, a very large (possibly
infinite in theory) PAPR. In this section, to address those
problems, we propose a new amplifying coefficient pj as
follows:

~ Erk
Pl =\ B, max([hg|2, ar) + 02

Erk
max(Es|hg|?2 + 02, Esay + 02)’

(20)

where o > 0 can be seen as a threshold for |hg|?
and the choice of «y will be discussed in detail later. If
the received symbol power is greater than a threshold, i.e.
Eg|hi|? + 02 > Esap + 02, then jj, becomes the same as
the CSl-assisted relaying coefficient py, of (5); if the received
symbol power is smaller than or equal to a threshold, i.e.
Eg|hi]? + 02 < Esai + o2, then j; becomes the same
as the blind relaying coefficient [2], [8], and [9]. This new
amplifying coefficient enjoys two benefits: 1) it enhances the
power efficiency by guaranteeing the PAPR at each relay to
stay within a certain range; 2) it also makes the distributed
Alamouti’s code achieve the full diversity order two. Firstly,

3Note that the DSTBCs proposed in [2] represent a large collection of
distributed space-time codes and they have been used in many previous
publications including [20]-[22].
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it is easy to check that the transmission power at the k-
th relay is always less than or equal to E,; when pj is
used. That is, Eyax = Erg; also, Eayg is given by Eye =
E[Erk(E3|hk|2 + O'TQL)/(ES max[\hk\z,ak] + U%)] ~ FErp.
Thus, the PAPR remains within a certain (controllable small)
value. Consequently, the new amplifying coefficient p; en-
hances the power efficiency at each relay. Furthermore, we will
show that the use of p; also makes the distributed Alamouti’s
code achieve the full diversity order. This is the topic of the
next subsection.

A. Diversity order of the distributed Alamouti’s code when the
CSlI-assisted relays use pi

In this subsection, we show that the distributed Alamouti’s
code can achieve the full diversity order when the relays use
Pk In this circumstance, the instantaneous SNR 4(aq, a2) of
Iy or Iy is given by

F(a, az)
= ’Y(ﬁlaﬁQ)

E Era|fih|? + Era|faha|?
s \ BErmax(hi o Fo? | Bomax(hal,02) 707

2 Erilfi]? Era|fa|?
On (ES max(|h1|?,a1)+02 + E; max(|hz2|?,02)+02 +1

2

Thus, the conditional BER is given by P, (7(1, a2)), and the
average BER is given by P, = E [P, (5(a1, az))]. We show
the diversity order by deriving an upper bound of B,. To this
end, we develop the following lemma.

Lemma 3: Assume X, Y7, and Y> are exponential random
variables with means a, b;, and b2, respectively. The MGF
Mas(s;a, by, be) of the function XY7 /(Y1 + Y2 + 1) is given
as follows:

1
M (8 a, bl,bg) =14asH bz —as,— |, (22)
by’ b1

where the function H(x,y, z) is given by
1

Hley o) = Gy ==y
(1—y)(z+y—1)+e-Ei (—2) 2(1—y)
+ 77 Ei (_ﬁy) (zz— (z+2)(1 - y))]
(23)
Proof: See Appendix C. O

Based on Lemma 3, an upper bound of P, is derived in the
following lemma.

Lemma 4: When M-QAM is used as the modulation
scheme, the average BER P, can be upper-bounded by

Pb S PbUP
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where ML (s) = 3%, M5ri(s), and the function M r.i (s)
is given by

(
(25)
(=202 1,b2 1),
(26)
—1; 1,b1,bo M3(S%§ Qny, ba, b1)>
(

Q2

=

n

)
=i Lba.by),
g,

n n

(28)

where bl = Erlgfl/(ESOél) and b2 = ETQQJ“Q/(ESOZQ).
Proof: See Appendix D. O

The upper bound PbUP enables us to obtain the diversity
order of the distributed Alamouti’s code when the relays
use pr as the amplifying coefficient and it is shown in the
following theorem.

Theorem 4: In a cooperative network with two CSI-assisted
relays, the distributed Alamouti’s code achieves the full di-
versity order two when the relays use p; as the amplifying
coefficient.

Proof: In order to show the diversity order, we assume
Es = E;1 = E;2 = E and 02 = 1. Then it can be easily
shown that

~ ) 2
lim E2A(- (-M> _ (29)

E—oo M—-1

where 0 < Cy < oo. That is, M* (=3(2i +1)2/(M — 1))
behaves like 1/ E?, when F is large. Thus, when F is large,
PUP behaves like 1/E2. Since PU” is an upper bound of
ﬁb, the average BER ]51, behaves like 1 /E2 as well when
E is large. That is, the diversity order of the distributed
Alamouti’s code is two when the CSI-assisted relays use py
as the amplifying coefficient. O

B. Amplifying schemes to determine the value of oy and o

The use of pr makes the distributed Alamouti’s code
achieve the full diversity order two as long as the threshold o
is strictly positive, irrespective of the selection of «y. For a
small value ay, however, the noise propagation may severely
degrade the system performance in the practical SNR range.
Therefore, the value of oy, should be determined properly in
order to enhance the performance. In the remaining of this
subsection, we propose four amplifying schemes to determine
the value of aj based on different CSI assumptions.

1) Amplifying Scheme I given channel variances: In order
to optimize the value of ay, it will be ideal to use the exact
average BER ]31,; but Pb is too hard to obtain. Thus, we use
upper bounds of P, to optimize «, by using similar ideas in
[2], [24], and [25]. Tt is possible to use the upper bound PP
of (24) to optimize «y,. In this paper, however, we adopt more
tight upper bounds to optimize ay. To this end, we first use
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the following well-known very accurate approximation [19] to
obtain the lower bound P, in closed-form:

Q) ~ —e b 4 Lem3e

~ Ee 1 (30)

Taking a step similar to (24), we obtain an upper bound PbU
as follows:

B SP
log, VM (¢ (1-277)VM -1
- et { > A
= .
M logy M = =
1 -~ 3(2i+1)? 1~ 2(2i+1)2
XL2M ( sar-1)) F M M1
€1y
Then we determine oy that minimizes the upper bound:
Amplifying Scheme I:
_ ; pU
(a1,a2) = arg L P . (32)

The scheme given in (32) is referred to as Amplifying Scheme
I in this paper and it is optimum in the sense that it minimizes
the upper bound PbU given channel variances only. Note that
the upper bound ﬁbU has been averaged over the instantaneous
channel gains hy and fj. Thus, it only depends on the channel
variances {2, and Qg which change very slowly. Thus,
although the minimization in Amplifying Scheme I has to
be solved numerically, the relays only need to conduct the
minimization once in a long time and the computational loads
at the relays may be negligible.

2) Amplifying Scheme Il given instantaneous CSI for first
hop: Amplifying Scheme I can greatly improve the perfor-
mance of the distributed Alamouti’s code with very low com-
putational loads at the relays. However, it is more desirable
to develop a scheme where «y is optimized by exploiting
the instantaneous channel coefficient hy (not just channel
variances). One can expect that the performance may be
further improved by doing so. To this end, we take the
expectation of the conditional BER P, (¥(a,as)) over fi
only and upper-bound this expectation by using (31):

Ef 5 [Py (a1, a2))] S PV (ha, ha),

where :ﬁbU(hl, hy) is obtained from (31) by replacing M” (s)
with MY (s), which is given by

Ey|h|?
2

(33)

MU(S) = M;j (8 ;17p~%Qf17ﬁ§Qf2>

n

Eslhol? -
X M3 (S 222‘ ) 1, p%QfQ,p%Qh) . (34)

Then a new scheme to determine v is given as follows:

Amplifying Scheme II:

(a1,9) = arg  min

a1 >0,a0>

OPbU(hl, hy).  (35)

The scheme given in (35) is called Amplifying Scheme II in
this paper and it is optimum in the sense that the upper bound
PY(hy, hy) is minimized given instantaneous CSI for the first
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hop.* Numerical results will show that, compared to Amplify-
ing Scheme I, Amplifying Scheme II indeed further improves
the performance. This is because Amplifying Scheme II takes
advantage of the instantaneous CSI available at the relays.
However, the minimization in (35) must be solved numerically
and it has to be done whenever the instantaneous channel gain
hi changes, because the upper bound PbU (h1, h2) depends on
hi. Also, for Amplifying Scheme II, each relay requires the
instantaneous CSI for the first hop. Thus, Amplifying Scheme
II has higher computational complexity and signaling overhead
than Amplifying Scheme I.

3) Amplifying Scheme III with closed-form solution: In a
fast-fading environment, it may be hard to numerically per-
form the minimization in (35) whenever hy changes. Thus, we
develop another amplifying scheme which determines oy by
still exploiting hy, but requires much less computational loads
than Amplifying Scheme II. This is achieved by analyzing the
property of the instantaneous SNR (a1, ag) in (21). It can be
shown that, when 0 < oy < |h1|?, (1, a2) is independent
of aq; while, when oy > |h1|?, (a1, az) is decreasing with
o if and only if

Epo|fol? (Ih2]® = |h1]?) — Eglha|* max(|ho|*, a2) — |hy [0}
< 0. (36)

A sufficient condition for the inequality (36) is |h1|? > |hal?,
and hence, the first relay must set oy = |h1|?> when |hq]? >
|h2|? in order to maximize F(aq, az).

Then we show how the second relay should decide ay after
the first relays sets iy = |hy1|?. When |hq]? > |ha|? and a1 =
|h1|?, it can be shown that, if 0 < ag < |ha|?, F(|h1]?, a2)
is independent of aw; while, if as > |ha|?, F(|h1]?, a2) is
decreasing with ay if and only if

Ys,171,d

——— 37
Ys,1 +Y1,d +1 7

< ’?8727

where Js . = Es|hg|?/o? and i q = Erx|fx]?/o2. That is,
when the inequality (37) is satisfied, the maximum value of
F(|h1]?, a2) is F(|h1]?,|h2|?) and it is achieved by setting
ag = |ha|?; while, when the inequality (37) is not satisfied,
the maximum value of ¥(|h1|?, az) is F(|h1]?,00) and it is
achieved by setting as = oo. However, the second relay
can not use (37) to decide «o, because it requires 7y g or
equivalently f; which is not available at the second relay.
Although (37) can not be directly used to decide the value
of aw, it implies that, if 5o is very large, J(|h1]?, az) is
decreasing with ay with a higher probability, and hence, we
should try to make its value close to (|h1]?,|hz2|?). On the
other hand, when 75 o is very small, ¥(|h1|?, a2) is increasing
with oo with a higher probability, and hence, we should try
to make its value close to J(|h1|?,00). Therefore, we let
F(|h1|?, a2) equal to a combination of (|h1|?, |h2|?) and

“4Note that the upper bounds PbU and PbU (h1, h2) are not used to evaluate
the BER performance of the distributed Alamouti’s code, and hence, their
tightness is not of our greatest concern. Those two bounds might not be tight
bounds, but they enable us to propose Amplifying Schemes I and II, which
can greatly improve the performance of the distributed Alamouti’s code as
suggested by numerical results.
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F(|h1]?, o0) as follows:

(1%, a2) = (1= e72) 7 . )
+ e 725(|hy|?, 00). (38)
It can be easily seen from (38) that the instantaneous SNR
F(|h1|?, a2) will be very close to (|h1|?, |h2|?) when ;o
is very large. On the other hand, when 7,2 is very small,
F(|h1|?, a2) will converge to 7(|h1]?, 00).
The value of ay can be solved from (38) and it equals to
o’ that is given by
2

a, ~
af = [hof + ——Cn )<1+%,2+

F2,a(1+Ys.1)
Es(e:Ys,Z —1 ’

Ys,1 1,0+ 1
(39

Note that o still depends on fj, through 74, 4. This dependence
can be removed by simply taking the expectation of a3 over
fr and it gives us

6‘; = Eflva[O‘;}
0.2
— |h 2 _n |:
[hal” =+ Es(eVs2 — 1)
. ETQQf o2 (1455,1) 0'2(1"7'?31)
+ (1 + s = 2, Er1Qy, El("77>}
(1+% ’1)Er19f1 By,

1 + '-7/572

(40)

Therefore, our amplifying scheme to determine vy, is given
as follows:

|ha[* > |hal?,
|hal? > |h1]?,

Amplifying Scheme III:
(Iha]?, @3),

(“1"“2):{ (af, |hal?),

where @] can be obtained similarly as in (39) and (40).
The scheme given in (41) is called Amplifying Scheme III
in this paper. As in Amplifying Scheme II, for Amplifying
Scheme III, each relay also requires the instantaneous CSI for
the first hop. Compared to Amplifying Scheme II, however,
Amplifying Scheme III has similar performance, because it is
given in closed form, requiring no numerical computation.

4) Amplifying Scheme 1V given instantaneous CSI for entire
network: We finally consider the scenario where the relays
have the CSI for the first and second hops; that is, both hy
and fj are known at the relays. In this case, the inequality
(37) can be used by the relays to optimize ay,. Based on (36)
and (37), we have a new amplifying scheme as follows:

(41)

Amplifying Scheme 1V:

(OLl,OLQ)
(|h1‘2,00), ‘hl‘Q > |h2|27 % > ;)’/S,Qa
= (olhal?) el > [l e s 5
(|h1|?, |h2]?), otherwise.

(42)

Stnstead of (38), one can let 7(|h1|?, a2) equal to a combination of
F(|h1|?,|h2)?) and F(|h1|?, 00) in many other different ways. They may
also make J(|h1]|?, a2) very close to 7(|h1|2,|h2|?), when s 2 is very
large, and make J(|h1|?, a2) converge to 7(|h1|?, 00), when 75 2 is very
small. In this paper, however, we use (38), because it enables us to analytically
derive a2 and its expectation in closed-form. Moreover, using (38) also
achieves very good performance as suggested by numerical results.
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Fig. 2. Comparison of the lower bound PbL of (12) and the average BER
Py, 4-QAM. Channel Setting 1(a): ds,1 = 0.5, ds,2 = 0.5; Channel Setting
1(b): ds,1 = 0.3, ds,2 = 0.7; Channel Setting 1(c): ds,1 = 0.7, ds,2 = 0.8.

This method is referred to as Amplifying Scheme IV in this
paper and it is optimum in the sense that it maximizes the
instantaneous SNR (v, a2) given instantaneous CSI for
the entire network. Note that for Amplifying Scheme IV,
each relay requires the instantaneous CSI for entire network.
Compared to Amplifying Schemes I-III, Amplifying Scheme
IV achieves the best performance and it can be used as the
performance benchmark. However, Amplifying Scheme IV
may not be practical, because it requires a large amount of
feedback overhead from the destination to the relays.

V. NUMERICAL RESULTS

We present some numerical results in this section. We
use M-QAM as the modulation scheme. The source and the
two relays have the same transmission powers, i.e. E, =
E.1 = E.o = E. Thus, the average SNR per bit equals to
E/(021ogy M). In Subsection II-A, we modeled the channels

hi, and f;, as follows: hy, = Bm/d;fs’k and f;, = fk\/d;ﬁk’d
with h ~ CN(0,1) and fr ~ CN(0,1). We assume that
the source, the relays, and the destination are located in
a straight line. Furthermore, we let the reference distance
equal to the distance from the source to the destination, and
hence, ds = 1 — dj,q. We set the path loss exponents as
Bs.k = Br,d = 4 in order to model the wireless channels in an
urban area. As a result, the channel variances €15, and €y, are
purely decided by the locations of the relays, i.e. 1}, = d;i
and Qy, = dgfé.

In Fig. 2, we compare the lower bound P} in (12) with
the average BER P,. In order to test the tightness of P, we
consider three channel settings by placing the relays at three
different locations. It can be seen that PbL is very tight to
Py in all channel settings. In Fig. 3, we set d;; = da.4 and
consider a wide range of channel settings by changing the
distance d, 2 — ds,1 between the two relays. One can see that
PF is very tight in all channel settings, but PY is not very
tight when the two relays are at the center of the source and
the destination.
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Fig. 3. Comparison of the lower bound PbL of (12), the upper bound of PbU
(19), and the average BER Py, 8-QAM and ds;1 = da 4.
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Fig. 4. Comparison of the lower bound PbL of (12), the upper bound of PbU
(19), and the average BER P, 16-QAM and ds 2 — ds;1 = 0.3.

In Fig. 4, we fix the distance between the two relays by
setting ds.2o — ds;1 = 0.3 and change the value of d, ;. At
high SNR range, PbL is still very tight. At low SNR range,
PbL is not close to F, when d,; is small. However, PbU is
tight to P, for this case. Note that, when d,; is small and
ds 2 — ds1 = 0.3, it actually implies that the value of €, is
much larger than that of (2, . Therefore, as we have discussed
in Subsection III-B, PbU is a tight bound when the value of
Qp,, is much larger than that of Qy, .

From Fig. 4, one may argue that, when ds; = 0.2, PbU
is not very close to P, neither. We consider this special case
as Channel Setting 2(c) in Fig. 5. We can see that PbU is
at most 1 dB away from P, and hence, it still bounds the
error performance of the distributed Alamouti’s code well.
Furthermore, in Channel Setting 2(a), we place the relays very
close to the source, and hence, the value of {2, is much larger
than that of (), . For this special case, PbL may not be tight to
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Fig. 5. Comparison of the upper bound PbU of (19) and the average BER
Py, 16-QAM. Channel Setting 2(a): ds,1 = 0.2, ds,2 = 0.2; Channel Setting
2(b): ds,1 = 0.8, ds,2 = 0.5; Channel Setting 2(c): ds,1 = 0.2, ds,2 = 0.5.
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Fig. 6. Diversity order of the DSTBCs proposed by [2], BPSK, ds , = 0.5,
ag = Qp, -

P, as we have discussed in Subsection III-A and seen in Fig.
4; but Fig. 5 suggests that PY is very tight to P,. In all, our
simulation results in Figs. 2-5 demonstrate that, irrespective
of the values of 2, and Q, , we can always use either Pl or
PbU in order to tightly bound P,. Furthermore, the tightness of
our bounds, especially the lower bound PbL, increases with the
value of average SNR. At high SNR range, P” is extremely
close to P, even when the value of €2, is much larger than
that of Qy, . Thus, it precisely evaluates the diversity order
of the distributed Alamouti’s code as we have discussed in
Subsection III-C.

In Fig. 6, we examine the diversity order of the DSTBCs
proposed by [2]. When the relays use the conventional am-
plifying coefficient py, it can be easily seen that the codes
achieve only diversity order one. When the relays use our
proposed amplifying coefficient pj, however, Fig. 6 suggests
that the codes achieve the full diversity order in the number
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Fig. 7. Comparison of Amplifying Schemes I-IV , 4-QAM, ds 1 = 0.5,
ds,2 = 0.5.
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Fig. 8. Comparison of Amplifying Schemes I-IV, 8-QAM, ds,;1 = 1/3,
ds2 =2/3.

of relays.

Lastly, in Figs. 7 and 8, we compare the performance
of Amplifying Schemes I-IV proposed in Subsection IV-B.
As performance benchmark, we include the average BER
of the distributed Alamouti’s code when the relays use the
conventional amplifying coefficient p;,. We also present the
average BER of the distributed Alamouti’s code when the
relays use the proposed amplifying coefficient p; and adopt
ar = Qp,. In Figs. 7 and 8, when the relays use py,
the code has the worst performance, because it achieves
only diversity order one. When the relays use pi, the code
achieves the full diversity order two even by simply letting
oy, = Qp, . Furthermore, Amplifying Scheme I achieves much
better performance compared to the case that the relays adopt
ar = Qp,. Amplifying Scheme III further improves the
performance by exploiting the CSI at the relays. Amplifying
Scheme III has a similar performance as Amplifying Scheme
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II and it has much lower computational loads. Among all the
proposed schemes, Amplifying Scheme IV achieves the best
performance; but it requires a large feedback overhead.

VI. CONCLUSION

In this paper, we analyze the average BER and the di-
versity order of the distributed Alamouti’s code in dissimilar
cooperative networks with CSI-assisted relays. We first let the
relays adopt the amplifying coefficient p; proposed in [1].
We derive lower and upper bounds of the average BER of
the distributed Alamouti’s code. The proposed bounds only
contain integrations over finite range, and hence, can be easily
calculated. Moreover, they can tightly bound the average BER
irrespective of the values of the channel variances. Then we
show that the code achieves only diversity order one when
the relays use py. To address this problem, we propose a new
threshold-based amplifying coefficient g for the distributed
Alamouti’s code based on the work in [3]. This new amplify-
ing coefficient enables the code achieve the full diversity order
two. Based on three different CSI assumptions, we develop
four amplifying schemes in order to determine the value of
the threshold used in pg. Numerical results demonstrate that
the proposed schemes can enhance the performance of the
distributed Alamouti’s code substantially.

APPENDIX A

Proof of Lemma 1
We start the proof by rewriting the function (Y; +
Y2)/ max(Y1/X1,Y2/X5) as
Y1 +Y: Y. Y
_hitt = min ((1+ —2> X, <1+ —1> XQ) .
max (ﬁ ﬁ) Vi Ya

X1’ Xz

(A.1)
Let T =Y5/Y; and Z = min((1+7)X1,(1+1/T)X5). The
probability density function (PDF) fr(¢) of T is given by

b1bo
fr(t) = s+ i)

When T is fixed, the conditional PDF f(;7)x,|r(z,t) of
(14+T)X; is given by

(A2)

farmyx,r(@,t) = ( ¢ T, (A.3)

1 —|— t)a1
Similarly, the conditional PDF f(1 3) xor(@st) of (1 +
1/T)X5 is given by

— 1 - 1+Q%E a2
faryxar(@t) = T+ Da (A4)
Thus, the conditional PDF fz|7(2,t) of Z is given by
as + ait  __aatait
)= 211 T mamm AS
fzir(2,t) a1a2(1+t)6 102 (A.5)

By taking the expectation over 7', we can obtain the
unconditional PDF fz(z) of Z

fz(2) = E[fz7(2,1)]

_ bibe a1 —a2
= bl—bng(Z)+

azbi —aibs 5
by — by z(2)

(A.6)

aijaz
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By using [15, pp. 337, 3.352.3], we obtain f1(z) as follows:

ajbg—agby

1 6“1“2(b1b2>z{ < bz(a1 — as) >
z) = Ei z
122 = —=—, a1a3(br — ba)
bl(al —az)

By integration by parts and using [15, pp. 337, 3.352.1], the
function fZ(z) is given by

7(2)
eié eié
B bQ(bl - bz) bl(bl - b2)
1 1 z _arbp—aghy (" bi(ay — a2) >
+ | —=— ) ——m—emre2ti-02)"Ej | ———— 2
(a2 al) (bg — b1)? <a1a2(b1 —b2)
1 1 z _arbp—aghy . bo(ay — az) >
+ | —=— | ——m—ema2ti-2)"Ei | ———_ 2 .
(al ag) (bg — b1)? <a1a2(b1 —b2)
(A8)

By definition, the MGF M (s; a1, as, by, bs) is given by

b1b -
Ml(s;a17a27b17b2) == 12 |:a1 a2

Ooesz L(2)dz
a1 e )
b1 — a1b >
+7a2 S 2/ 6szf%(z)dz}
by —b2 Jo
(A.9)

With the help of [15, pp. 632, 6.227.1] and [15, pp. 633,
6.228], the integration involved in (A.9) can be solved and
the final expression of M, (s; a1, as,b1,bs) is given by (8).

APPENDIX B

Proof of Theorem 3

We first present an upper bound of the exact SNR ~(p1, p2)
of (1) as follows:

E Er|f1]? + Era|fa|?

s Eq E

'Y(PI>P2) < 0__2 E,1|f1]2 N E,z|f2]? (B.1)
n Eslhl‘z-‘ro'% Es\h2|2+0%

Enlfil®> | Eralfa]?
E, E. T E.

= AL (B.2)
n Es‘h1|2+0'%
Er2f2|2) < Es|h12)
=1+ 1+
< En|f1? o2
=:4VP, (B.3)

We let X, Y;, and Y> denote exponential random variables
with means a, by, and bs, respectively. We now derive the
MGF Mpg(s;a,by,be) of the function (1 + Y2/Y7)(1 + X).
It can be shown that the PDF fi;x(z) of 1 + X is given
by fiyx(x) = e’(z’l)/a/a for x > 1; using (A.2), it can
be shown that the PDF fiy, vy, (t) of 14 Y2/Y) is given
by fitve/vi (t) = b/(t — 14 b)* with b = by /by for t > 1.
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Therefore, the MGF M p(s;a, by, bs) is given by

Map(s;a, by, b2)

= / / esmf1+X1 (x)fl-i-yz/y1 (t)dzdt (B.4)
t=1Jz=1
oo est
- / T aat /e (Bt (B.5)
1
a 1_s1a 1
B m(a«s—abs—l—absea El(g_a)

—bs(as —abs — 1 — a)efbsEi(bs)). (B.6)

Using (B.3) and (B.6), the MGF MUY (s) of 4YF can be
easily derived, and it is given by

MUP(S) = MB (%, ESth,ET1 Qfl,Er2 Qf2> . (B.7)

On

With a simple modification of [17. eq. (8)], one can obtain
a lower bound of the Q-function as follows:

N 22
R S )
=1

where 0 = 6y < 0;--- < Oy = 7/2. For N = 2 anZd
01 = m/4, Q(z) of (B.8) is lower-bounded by Q(z) > 1~ .

Taking a step similar to (12), the average BER P, can be
lower-bounded by
logy VM (1-277) VM -1
Tt VMg, M = e
3(2i +1)2
A (MYMYP [ =22 ) (B9
sonmer (2B @)

For simplicity, we assume Fs = E,1 = F.9 = E and O'TQL =1.
Note that this assumption does not change the diversity order
of the code. When E goes to infinity, we have

- 2
lim EMUP (—M> _ 0, (B.10)

E—oo M—-1

where 0 < Cy < oo. That is, MYP (=3(2i + 1)?/(M — 1))
behaves like 1/F, when E is large. Thus, when F is large,
the lower bound PLP decays with E as 1/E. Since PLP is a
lower bound of P, the average BER P, also decays with E' as
1/E. That is, the diversity order of the distributed Alamouti’s
code is just one when the relays use pj as the amplifying
coefficient.

APPENDIX C

Proof of Lemma 3

Let T = Y1/(Y1 + Y2 + 1) and the cumulative density
function (CDF) Fr(t) of T is given by

o t
1_e B1(l—1) <t

st T T (C.1)
1

b -

Fr(t) =

1209
Furthermore, we find the following integration
1 =2 1
/ - ~di
o o +1(1—yt)
ThH=w /oo e W P
= w
o (zw+1)((1-yw+1)?
:H(x,y,z), (C2)

where the last step is done by partial fraction and using [15,
pp- 337, 3.352.4, 3.353.3]. Let fr(t) denote the PDF of T,
then M3(s;a,by,bs) is given by

1 o0 1 ©
Mg(s;a,bl,bg):// e”tae_EfT(t)dxdt (C3)
o Jo
1

1
= dFr(t 4
/0 1—ast r(t) €4
_ Fr@®) !
1 —astli=o /0 FT(t)dl —ast €5
bo 1
=14asH | =,—as,— |, (C.6)
b1 b1

where the last step is done by integration by parts and using
(C.2).

APPENDIX D
Proof of Lemma 4

Since Esmax(|h1|?,c1) + 02 > Esmax(|h1]?, «1) and
E;max(|h1]?, a1)+02 > Esa fori = 1,2, the instantaneous
SNR F(a1, a2) of (21) can be lower-bounded by

E Er1l|fih1]? + Eva|faha|?
s \ Esmax([h1[%,01) T Es max([h2]%,a2)

2 2

5/(0‘17 a2) >

sQ2

s (D.1)

As a result, the average BER P, is upper-bounded by
E [P,(3*)]. It is hard to obtain the exact value of E [P,(5%)];
but, in order to show the diversity order, it is sufficient to
derive an upper bound of this expectation. To this end, we
first develop the following inequality

#[06vT)] <o [0 (7] + o o7
+2[0(6v7)] +2 [0V

where g can be any positive constant. The inequality in (D.2)
is obtained by making all the integration limits from zero to

0o. Moreover, 7% is given by

E, (Erl\f1h1|2 + Er2|f2h2|2)
L-1 __

~ Esan Esaz
Cor (BRE 4 BEE )

Y E, (Er}gl{éffllQ + Erzgfz\z)

T o (B BlEE )
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Erilf1]? Era|faha|?
ES ( ES + ESOLQ

2 ((Erilfil?2 | Era|f2|? ’
7t (BELE - ElRE )

Esaz

- 12 - 12
Es (ErlE‘Zl‘ + ET‘ZE‘;fZ‘ )

s

713

L-4

5’ = 2 2 :
0% (BHLE + Bl 41)

Secondly, we solve the expectations in (D.2) by analyzing
the MGF of 4%, We rewrite 77! as

~L-1
0
E Er1|fihi|? Era|faha|?
_ s Esan + Esas
2 Erlf1]? Era|f2]? Erlf1]? Era|f2]?
[0} rl
n Esal + ES(XQ + 1 Esal + ES(XQ + 1
. ~L-1a ~L-1b
=y + . (D.3)

The MGFs of %1 and 4%"1* can be easily obtained by using
Lemma 3.

Due to the common two random variables f; and fo, two
expressions 771 and 4%-1* are dependent, which makes the
analysis extremely difficult. In this paper, therefore, we ignore
the dependency to make the analysis tractable. Then the MGF
M4 (s) of 747 is approximated by the product of the MGFs
of 4%1% and %1% as in (25).

Then we rewrite 72 in the following way
L2
5 eamr s
oh \ TRt + PRt 1 PRty PaRE
=: yl2a 4 4120, (D.4)

The MGF of 4%2% can be easily obtained by using Lemma
3. The MGF M2 (s) of 572 can be upper-bounded by

1
M2 (8) :/0 e’ f(x)dx

b
</0 1—sxdF(x)

E;
= M; <s—§‘2;17b2,b1) ,
g,

n

D.5)

where f(z) and F'(x) are the PDF and CDF of 722", respec-
tively. In (D.5), the inequality is due to e** < 1/(1—sx) when
s < 0 and the last step is by using Lemma 3. We still ignore
the dependency between 7%2¢ and 4%-?°, Thus, the MGF
Msr2(s) of 452 is upper-bounded by (26). By following
a similar way, the MGFs M:rs(s) and Msra(s) of 352
and 73 are upper-bounded by (27) and (28), respectively.

Lastly, based on (30), (D.2), and (25)-(28), the expectation
E [Q (g\/ij)} can be upper-bounded as follows:

B[Q (svi7)] <417 (~50°).
where we use the Chernoff-Rubin bound for the Q-function
[17. eq. (4)] : Q(z) < e~=°/2. In the above equation, ML (s)
is given by ML(s) = S0, Mri(s). Based on (2)—(4),
(D.6), and Craig’s formula, the expectation E [P,(7%)] can be
upper-bounded by E [P, (3%)] < PYF. Moreover, since P is
upper-bounded by E &Pb (7* )]], we conclude that the average
BER P, is upper-bounded by PbUP as well.
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