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Abstract—Singularity problem in human face feature extrac-
tion is very challenging that has gained a lot of attentions
during the last decade. A pseudo-inverse linear discriminant
analysis (LDA) plays a important role to solve the singularity
problem of the scatter matrices. In this paper, we make use of
Linear Discriminant Analysis via QR decomposition (LDA/QR)
and Direct Linear Discriminant Analysis (DLDA) to solve the
singularity problem in face feature recognition. We also show
that an equivalent relationship between DLDA and LDA/QR.
They can be regarded as a special case of pseudo-inverse
LDA. Similar to LDA/QR algorithm, DLDA could be a two-
stage LDA method. Interestingly, we find that the first stage
of DLDA can act as a dimensionality reduction algorithm. In
our experiment, we compare DLDA and LDA/QR algorithms
in terms of classification accuracy, computational complexity in
ORL and Yale face datasets. We have also conducted experiments
to compare their first stages on these datasets. Our results
indicate that the empirical and theoretic proofs of equivalence
between DLDA and LDA/QR algorithms coincidentally converge
and verify their same capabilities in the dimension reduction.

Index Terms—Face Recognition, Direct LDA, LDA/QR,

Pseudo-inverse LDA

I. INTRODUCTION

INEAR Discriminant Analysis (LDA) is a well-known

feature extraction algorithm for human face images which
deals with the classical singularity problem [6] [2] of scatter
matrices. Linear Discriminant Analysis via QR decomposi-
tion(LDA/QR) [9] and Direct Linear Discriminant Analysis
(DLDA) [8] are two types of LDA algorithms to solve this
singularity problem. This paper verifies the equivalence rela-
tionship among these two LDAsS.

LDA/QR was developed in [9] which is a linear discriminant
analysis (LDA) extension for coping with singularity problem.
It achieves the efficiency by introducing QR decomposition on
a small-size matrix, while keeping competitive discriminant
performance. There are two stages of process in LDA/QR. In
the first stage of LDA/QR, the separation between different
classes is maximized via applying QR decomposition to a
small size matrix. Remind that this stage can be used indepen-
dently as a dimensionality reduction algorithm and it is called
Pre-LDA/QR [9]. The second stage refines the first stage by
applying LDA to the so-called reduced scatter matrices [9]
from the first stage. LDA/QR is efficient and effective because
of QR decomposition. The solution by the LDA/QR has been
proved to be equivalent to the solution generalized by pseudo-
inverse LDA [6].

DLDA [8] bases on the observation that the null space of
between-class scatter matrix carries no useful discriminative
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information. It first diagonalizes between-class scatter matrix
Sp and then adopts traditional eigen-analysis to discard the
zero eigenvalues together with corresponding eigenvectors,
since the null space of S, contains no useful information
[2]. Finally, it diagonalizes within-class scatter matrix S,
but remains the zero eigenvalues since its null space carries
the most of useful discriminant information. Hence DLDA
can take advantage of all the discriminant information. The
great virtue of DLDA is that it can be applied to the high-
dimensional input space directly without any intermediate
dimensionality reduction stage, such as PCA [4] [3] [11],
which have been used in fisherfaces [1].

In this paper, we make use of LDA/QR and DLDA algo-
rithms to solve the singularity problem in face recognition.
We also show the equivalence between LDA/QR and DLDA.
Ye and Li [9] have demonstrated the equivalence between
LDA/QR and pseudo-inverse LDA. We also demonstrate the
equivalence between DLDA and pseudo-inverse LDA. Finally,
we can leverage pseudo-inverse LDA as a bridge between
LDA/QR and DLDA. This completes the proof of the equiv-
alence between LDA/QR and DLDA.

Furthermore, we show that DLDA is a special case of
pseudo-inverse LDA where the inverse of between-class matrix
is replaced by pseudo-inverse. We points out DLDA can also
be regarded as a two-stage LDA method like LDA/QR. The
first stage can be even used independently as a dimensionality
reduction algorithm. Singular value decomposition (SVD) [5]
is applied to the first stage of DLDA to maximize the between-
class distance, whereas QR decomposition [5] is applied to
LDA/QR. Hence, LDA/QR is more efficient than DLDA
because QR-decomposition is faster than SVD.

We have conducted a series of experiments to compare the
two LDA methods. These experiments make use of both of
their first stages that are used independently as dimensionality
reduction algorithms to handle the recognition on ORL [?] and
Yale [?] and Yale face datasets. Our experiment results verify
to be consistent with our theoretical proof.

There are three main contributions of this paper. First, we
verify the equivalence between Direct LDA and LDA/QR.
Second, we show that DLDA is a special case of pseudo-
inverse LDA (with the pseudo-inverse is applied to between-
class scatter matrix). Finally, we also demonstrate DLDA can
also be regarded as a two-stage LDA method. The first stage of
DLDA can be used independently as dimensionality reduction
algorithm.

This paper is organized as follows. Section II reviews four
LDA methods including classical LDA, pseudo-inverse LDA,
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Direct LDA, and LDA/QR. In Section III, we establish the
equivalence relationship between DLDA and LDA/QR by
pseudo-inverse LDA together with the theoretical analysis.
Experimental results and discussion are presented in Section
IV. Finally, we conclude this paper in Section V.

II. RELATED WORKS

In this section, we give a brief overview of classical
LDA and three extensions: pseudo-inverse LDA, Direct LDA,
and LDA/QR. For convenience, Table I shows the important
notations used in this paper.

TABLE I

NOTATIONS
Notation [[ Description
N number of training data samples
A data matrix
k number of classes
m number of dimensions
Sw within-class scatter matrix
Sh between-class scatter matrix
St total scatter matrix
Hy, precursor of within-class scatter
Hy precursor of between-class scatter
P transformation matrix
d number of retained dimensions in LDA
c; centroid of the ¢-th class
c global centroid of the training dataset
N; number of data samples in the i-th class
Hi data matrix of the -th class
tr(-) trace
T pseudo-inverse

A. Classical Linear Discriminant Analysis

Given a data matrix A € R™*N LDA aims to find a linear
projection matrix P € R that maps each columns a; of A, for
1 <7 < N, in the m-dimensional space to a vector y; € R
in the d-dimensional lower space as follows:

P:yi:PTai (D

Assume that the original high-dimensional A is partitioned
into k classes as A = [[[,,..., [[,), where the [], € Rm*V:
contains data samples from the i-th class and Zle N; = N.

The so-called between-class scatter matrix S, within-class
scatter matrix S,,, and total scatter matrix S; in discriminant
analysis can be defined as follows [LDA].

k
1
Sy = N Z Z (a; —¢i)(aj — )’ 2

i=1 jell;
1 k
T
Sb:N§Ni(Ci—0)(Ci—C) ; (3)
1 N
Si="5u+8 =+ > (ai —)(ai — o), (4)

i=1
where the precursors [2] H,,, Hy, and H; of the within-class,

between-class, and total scatter matrices in Eqs.(2), (3) and
(4) are:

g, — e e, (5)

-, V/Ni(ex, — ©)), (6)

(A —cel), (7)

e; = (1,..,1)T € RNi, A, is the data matrix of the i-th class,
¢; is the centroid of the ¢-th class, and c is the global centroid
of the training dataset. It is easy to verify that: S, = H,,
Sb = HbHZ;T and St = HtH?

LDA finds the optimal projection via maximizing the
within-class distance and minimizing the between-class dis-
tance simultaneously. The common optimization criterions are
used in LDA as below:

F(P) =arg m;n{tr((PTSbP)_lPTSwP)}

where the operator ¢r(-) stands for the trace of the matrix.
However, classical LDA cannot be directly applied due to the
singularity problem (of scatter matrix S3). Several extensions
of LDA, including pseudo-inverse LDA [5], Direct LDA, and
LDA/QR were proposed in recent years to deal with this
problem.

B. Pseudo-inverse Linear Discriminant Analysis

Pseudo-inverse is commonly used to deal with the singular-
ity of matrices [6] [5]. Although the inverse of a matrix may
not exist, the pseudo-inverse of any matrices are well defined.
Moreover, when the matrix is invertible, its pseudo-inverse
coincides with its inverse.

The generalization of classical LDA is to use pseudo-inverse
to replace the inverse of the scatter matrices, where the matrix
singularity do not need consideration. Therefore, it forms three
new generalized optimization criterions

Fy(P) = arg m}in{tr((PTSbP)TPTSU,P)}

The LDA then is implemented by the eigen-decomposition

The optimal P is obtained such that the class structure of the on the matrix Sg Sw, SLSI,, or S;r Sp, where T denotes the

original space is preserved in the low-dimensional space.

181pseudo-inverse.



The pseudo-inverse of a matrix can be computed by SVD
[5] as Mt = VE~'UT. The new optimization criterions can
be solved by a technique named simultaneous diagonalization
of three scatter matrices [7].

C. Direct Linear Discriminant Analysis

Direct LDA (DLDA) was developed in [8] and can be
applied directly in singularity problem. The goal is to look
for a transformation matrix that simultaneously diagonalizes
both between- and within-class scatter matrix S;, and S,,. The
detailed procedure of DLDA is as follows:

Step 1: Diagonalize Sp.

Find an orthogonal matrix V' such that VTS,V = A, where

A= diag(o—lag% T 70m)

and
012022"'2011120-

Let V = (Y, V1) be a column partition of V as Y € R™*"
and V; € R™<(m=7) where r = rank(S,). Based on
the observation that the null space of S, carries no useful
discriminative information [8]. We thus discard the zero-value
diagonal elements of A so that we have Y7 S,Y = D, where
Dy, is the 7 x r principle sub-matrix of A. Let Z = YDb_l/2,
obviously, Z7'SyZ = I,, where I is an r x 7 unit matrix.

Step 2: Diagonalize the matrix Z7S,,Z.

Perform the eigen-analysis on the the matrix Z7'S,,Z:

utz's,zZU = D,

where UTU = I, D,, is a diagonal matrix with the diagonal
entries sorted in ascending order. It is easy to check that the
matrix U7 Z7 diagonalizes both S, and S,, simultaneously.
The transformation matrix P of Direct LDA is given by P =
ZU.

To reduce the computational burden, the diagonalization of
matrix in step 1 and step 2 can be computed by SVD [8]. The
time complexity of DLDA algorithm is O(mnk).

D. Linear Discriminant Analysis Via QR-Decomposition

LDA/QR is a two-stage LDA method [9]. The detailed
procedure of LDA/QR is presented as follows:

Stage 1: Apply skinny QR-decomposition to the matrix
Hy, as H, = QR, where Q € R™*F R € RFXF. Let
Q = (Q1, Q=) be a column partition of @), where Q1 € R™*",
Qo € RM*(E=7) then

R
Hb = (Ql?QQ) ( 0 ) = Q1R17

()

is a row partition of R and R; € R"*F.
Stage 2: Compute the optimal transformation matrix by
solving the following optimization problem:

G* = arg mén tr((GTQT Sy G) H(GT QT S, @Q1G))

where

then the optimal transformation matrix of LDA/QR is P =
@Q1G”. The stage 1 of LDA/QR, which named pre-LDA/QR in
[9], can be used independently as a dimensionality reduction
algorithm. It seeks an optimal projection vectors W which
solves the following optimization problems:

W* =arg max tr(W7S,W) (8)
WTW=I,

As shown in [9], the matrix ()7 is an optimal solution
of Eq.(10). The time complexity of LDA/QR algorithm is
O(mnk) and the detailed analysis can be found in [9].

III. EQUIVALENCE BETWEEN DLDA AND LDA/QR

In this section, we have two steps to demonstrate how to
establish a connection among two LDA methods, the LDA/QR
and DLDA. We, therefore, have two subsections. In subsection
A, the key idea is to first establish a connection between
DLDA and pseudo-inverse LDA. In subsection B, we use
pseudo-inverse as a bridge between the two LDA methods.
Since the solutions of DLDA and LDA/QR are closely related
to the eigen-decomposition on .S, ;r Sy, it 1 reasonable to prove
the equivalence between DLDA and LDA/QR.

A. Equivalence between DLDA and pseudo-inverse LDA

The equivalence between DLDA and pseudo-inverse LDA
bases on the theorem 1.

Theorem 1: let P be the optimal projection matrix obtained
by DLDA algorithm. Then the columns of P are eigenvectors
of Sg Sw associated with the non-zero eigenvalues.

Proof: Consider the following eigen-equation (the
pseudo-inverse is applied to the between-class scatter matrix):

S} S =\ ©)

Let
Dy, O

_ T _
Sy =VAV —V< 0 0

be the SVD of S, where V and D, are defined in Section
II.C. The matrix Sg can be computed as follows:
Dyt o

%:V( 0 0>VT

since Sy is a real symmetric positive semi-definite matrix. Like
the procedure of DLDA, let V' = (Y, V) be a column partition
of V such that Y € R™*" and V; € R™*(m=7) where r =
rank(Sy). With Egs.(11) and (12), we then have

)

Applying the same operator V = (Y, V;)7 on the left and the
right of (13) simultaneously, we have
)m (12)

(0 ) (o e

(10)

YT

Dyt o

ﬁ&@zon@< 0 o

) Sexr =Xz (11)

YT

Vi Vi
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Hence
YTx

VlT T

(77 ) ()

Apparently, V;"'z = 0. According to (14), we also have

(5 0] (e Joom ()|

Vi v
With ViI'z = 0, we can obtain
1/2

Dy (YIS, Y)Y e =AY Ta
Multiplying the left side and right side of (15) by D,"~, we
can deduce

T YT

Vi

)

(13)

D, A (vTS,Y)D, 2Dy Tx) = MDY T x).

So Dy/*YTy is the eigenvector of D, /*(YTS,Y)D, "/?.
Assume that each column of the matrix X € R™*" is an
eigenvector corresponding to the non-zero eigenvalue of SZ Sws
and r = rank(S,). Obviously, the eigenvectors of

D, *(y"s,y)D,\?

form the matrix D; 12yTx,

In DLDA, the eigenvectors of Db_l/2 (YTSwY)Db_l/2 form
the matrix U [8]. And the transformation matrix is P =
YD, V2. Following some simple linear algebraic steps,
we have U = D;/QYTP. Hence each column of P is an
eigenvector of SZ Sw. This completes the proof of theorem 1.

|

Theorem 1 shows the equivalence relationship between
DLDA and pseudo-inverse LDA, which imply that DLDA is
a special case of pseudo-inverse LDA with the pseudo-inverse
applied to the matrix Sj.

B. Bridging DLDA and LDA/QR Via Pseudo-inverse LDA

Pseudo-inverse LDA bridges DLDA and LDA/QR. As in-
troduced in [9], the columns of the optimal transformation
matrix solved by LDA/QR algorithm are eigenvectors of Sg Sw
corresponding to the non-zero eigenvalues. According to the-
orem 1, the eigenvectors of Sg S, associate with the non-zero
eigenvalues form the optimal projection matrix obtained from
DLDA algorithm. Thus, the optimal transformation vectors
of DLDA and LDA/QR can be given by the eigenvectors of
SZ Sy, corresponding to the non-zero eigenvalues. Therefore,
the subspace of DLDA that spanned by the optimal projection
vectors is equivalent to the subspace of LDA/QR. In this
sense, the DLDA is equivalent to LDA/QR. Moreover, both
DLDA and LDA/QR can be considered as a special case of
pseudo-inverse LDA, where the pseudo-inverse is applied to
the between scatter matrix Sj.

C. Equivalence between Pre-DLDA and Pre-LDA/QR

Similar to LDA/QR, the DLDA can also be regarded as
a two-stage method. In the first stage, it aims to find a
matrix Y that diagonalize the between-class scatter matrix

Sy as S, = YD, YT, In the second stage, DLDA solves the
following generalized eigenvalue problems:

YIS, Y)z = ANYTSY)x

the r eigenvectors corresponding to the r smallest eigenvalues
of (16) form the optimal transformation matrix.
For convenience, we call the first stage of DLDA Pre-
“DLDA. Like the Pre-LDA/QR (the first stage of LDA/QR),
pre-DLDA can also be used independently as a dimension-
ality reduction algorithm. In first stage of DLDA, the matrix
solves the optimization problem (9) is stated by the following
theorem.
Theorem 2: For arbitrary orthogonal matrix M € R"*",
W =Y M solves the optimization problems (10).
Proof: It is very easy to check that (Y M)T(Y M) = I,.
Consider

tr(WES,W) = tr(WTYDy)YTW) < tr(Dy),

if YTW is an orthogonal matrix, the inequality becomes
equality. Hence for an arbitrary orthogonal matrix M € R"*",
W = Y M solves the optimization problems in (10). This
completes the proof of theorem 2. |

According to theorem 2, the fist stage of both DLDA and
LDA/QR are also equivalent. However, DLDA uses SVD
to solve the (10), whereas the LDA/QR uses QR decompo-
sition to obtain the optimal solution. QR decomposition is
more efficient than SVD numerically, though the worst time
complexity of QR-decomposition and SVD are equivalent.
Since QR decomposition is generally considered as a sub-
stage in SVD. Hence, LDA/QR can be regarded as an efficient
implementation of DLDA.

IV. EXPERIMENT SETUP

In this section, we describe the data sets used in our
experiments and the settings of experiments. The purpose of
experiment is to verify the equivalence between the DLDA and
LDA/QR. In order to achieve this, we conduct our experiments
on ORL and Yale face dataset. And the experiments are tested
on the PC with Corel 2 Duo 2.33 GHz processor with 3.25GB
of RAM. The description of two sets of experiments is given
as below.

Fig. 1. Tllustrations of Face Images of the two face datasets.

The ORL face dataset contains 400 facial images of 40
distinct individuals. Hence each person has ten different
images. Some images were captured at different times and
have different variations including expression (open or closed
eyes, smiling or non-smiling) and facial details (glasses or
no glasses). The images were taken with a tolerance for some
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tilting and rotation of the face up to 20 degrees and the size of
each image is 92x92 pixels with 256 gray levels. We cropped
the images to align eyes at the same position and resized them
to 64 x64 pixels. Figure 1a shows the some face images from
ORL face dataset.

The Yale face dataset consists of 165 facial images of 15
different individuals, so each person has 11 different images.
The original size of each image is 243x320 with 256 gray
levels. We resized them to 64 x64. Figure 1b shows the some
face images from Yale face dataset.

In each face dataset, we test the classification accuracy
and training time of DLDA and LDA/QR. The classification
accuracy is to determine whether the DLDA is equal to
LDA/QR. The training time is used to measure the efficiency
between DLDA and LDA/QR. If the classification accuracy of
DLDA and LDA/QR is the same, the solutions of the LDA
criterion should be the same. Therefore, the same classification
accuracy should be achieved in each datasets. The training
time stands for the computation time of DLDA and LDA/QR
to calculate the optimal projection vectors. However, DLDA
and LDA/QR are two different LDA methods. LDA/QR is
more efficient than DLDA. Hence, the expected training time
of the DLDA should be slightly higher than LDA/QR. The
detail experiments steps are described as below.

There are three main steps for testing the discriminant
performance of LDA algorithms. First, we separate the datasets
into training and testing dataset. We train the training sets
with the projection vectors by optimizing the LDA criterion.
Second, we project both training dataset and testing dataset
into the optimal LDA subspace. As mentioned, the optimal
LDA subspace helps to reduce the dimensionality significantly.
Finally, we identify the classifiers in the data of the optimal
LDA subspace. The 1-nearest neighbor classifier [10] (I-NNC)
and Euclidean distance metric are adopted to be the final
classifier in our experiments.

We conduct on 50 random partitions of training and test
set. We select randomly as a training set for ORL and Yale
face dataset. | = (2,3,...,8) face images per individual are
randomly selected as training set and the rest forms the test set.
The final results we taken is an average result of classification.

V. RESULTS AND DISCUSSIONS

In this section we describe the result from our experiments.
Subsection A reports the result of the face recognition accu-
racy. Subsection B reports the result of the training time on
ORL and Yale face datasets.

A. Result of Face Recognition Accuracy

We compare the DLDA and LDA/QR, Pre-DLDA and Pre-
LDA/QR by classification accuracy on ORL and Yale face
datasets. The face recognition accuracy on ORL and Yale
datasets are reported in Figure 2, 3 respectively.

As can be seen in these figures, the DLDA and LDA/QR
algorithms achieve the same classification accuracy on both
ORL and Yale face dataset, which verify our theoretical anal-
ysis. The interesting point to be stated is the Pre-DLDA and
Pre-LDA/QR also obtain the same accuracy, which indicates

1.1

T
I DLDA
[ LDA/QR
[ Pre-DLDA
11| I Pre-LDA/QR b

Il
H

0.9 b
>
o
e
5 081 4
3
<
0.7 b
06 i
0.5
k samples for tralnlng
Fig. 2. Face recognition accuracy on ORL face dataset.

T
I DL DA
T LDA/QR
0.9 C___]Pre-DLDA
I Pre-LDA/QR

I

Face recognition accuracy on Yale face dataset.

Accuracy
o o o o
w o ~ ©
T T T T

o
ES
T

HH

k samples for tralnlng

0.2

Fig. 3.

Pre-DLDA and Pre-LDA/QR algorithm should be equivalent.
The result also indicates that the Pre-DLDA and Pre-LDA/QR
typically achieve the lower classification accuracy than the
DLDA and LDA/QR algorithms. This could imply to the Pre-
LDA and Pre-LDA/QR algorithms only using the between-
class scatter information to compute the projection vectors.
However, these algorithms ignore the with-in class informa-
tion, thereby achieves lower discriminant performance. Inter-
estingly, in the Yale face dataset, the classification performance
on Pre-DLDA and Pre-LDA/QR are competitive to DLDA and
LDA/QR algorithms. Hence, in some case, the two first stages
can be used as a dimension reduction methods independently.

B. Result of Training time on ORL and Yale face datasets

Figure 4 and 5 shows the training time on ORL and Yale
face datasets respectively.

As can be seen in Figure 4 and 5, the training time of
LDA/QR is distinctly lower than DLDA on ORL and Yale
face dataset. The similar results are observed on Pre-LDA/QR
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Fig. 4. Training time on ORL face datasets.
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Fig. 5. Training time on Yale face datasets.

and Pre-DLDA algorithms. Recall that the LDA/QR and Pre-
LDA/QR uses the QR decomposition but the DLDA and Pre-
DLDA apply SVD to the between-class scatter matrix, thereby
the training time of LDA/QR is lower than DLDA and Pre-
LDA/QR is lower than Pre-DLDA, which coincide with the
observed results completely.

VI. CONCLUSION

In this paper, we establish an equivalence framework be-
tween DLDA and LDA/QR for face recognition. Similar to
LDA/QR, we show that the DLDA is also a two-stage LDA
method. The first stage of DLDA, named Pre-DLDA, can be
used independently as a dimensionality reduction algorithm.
We also find that Pre-DLDA is equivalent to Pre-LDA/QR
(the first stage of LDA/QR). We conduct experiments on
two famous face datasets, and the classification accuracy
and training time are chosen to our evaluation metrics. The
experiment results show that the classification accuracy of
DLDA is equal to LDA/QR while the training time of DLDA

is higher than LDA/QR on all the datasets. Again, the Pre-
DLDA and Pre-LDA/QR are proven to be equivalent. These
empirical results confirm our theoretical analysis.

It is worth exploring in two directions. First, our theoretical
analysis is based on Euclidean space, however, it also can
be applied into Hilbert Reproduce Kernel Space, which has a
non-linear mapping. Second, in our experiments, the first stage
of DLDA and LDA/QR methods are shown to be effective in
some applications with less computational time, the theoretical
analysis of these algorithms could be further studied.

REFERENCES

[11 PN. Belhumeur, J. Hespanha and D.J. Kriegman, Eigenfaces vs. Fisher-
faces: Recognition Using Class Specific Linear Projection, IEEE Trans.
Pattern Anal. Mach. Intell., vol. 19, no. 7, pp. 711-720, 1997.

[2] L. Chen, H. Liao, M. Ko, J. Lin and G. Yu, A New LDA based Face
Recognition System Which can Solve the Samll Sample Size Problem,
Pattern Recognition, vol. 33, no. 10, pp. 1713-1726, 2000.

[3] M. Turk and A. Pentland, Eigenfaces for recognition, J. Cognitive
Neuroscience, vol. 3, no. 1, pp. 71-86, 1991.

[4] AM. Martinez and A.C. Kak, PCA versus LDA, IEEE Trans. Pattern
Anal. Mach. Intell., vol. 23, no. 2, pp. 228-233, Feb. 2001.

[5] G.H. Golub, C.E.V. Loan, Matrix Computations, 3rd Edition, The Johns
Hopkins University Press, Baltimore, MD, USA, 1996.

[6] J. Ye, R. Janardan, C. H. Park, and H. Park, An optimization criterion
for generalized discriminant analysis on undersampled problems, IEEE
Trans. Pattern Anal. Mach. Intell., vol. 26, no. 8, pp. 982C994, Aug.
2004.

[7]1 J. Ye, Characterization of a Family of Algorithms for Generalized
Discriminant Analysis on Undersampled Problems, Journal of Machine
Learning Research, vol. 6, pp. 483C502, 2005.

[8] H. Yu andJ. Yang, A Direct LDA Algorithm for High Dimensional Data
with Application to Face Recognition, Pattern Recognition, vol. 34, no.
10, pp. 2067-2070, 2001.

[9] J. Ye, Q, Li. “A Two-Stage Linear Discriminant Analysis via QR-

Decomposition.” IEEE Trans. Pattern Anal. Mach. Intell., vol. 27, no.

6, pp. 929-941, 2005.

T. Cover and P. Hart, Nearest neighbor pattern classification, IEEE

Transactions on Information Theory, vol. 13, no. 1, pp. 21C27, 1967.

[11] J. Yang and J.Y. Yang, Why Can LDA Be Performed in PCA Trans-

formed Space? Pattern Recognition, vol. 36, no. 2, pp. 563-566, 2003.

[Online] http://www.uk.research.att.com/facedatabase.html

[Online] http://cvc.yale.edu/projects/yalefaces/yalefaces.html

[10]

[12]
[13]

185




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


