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Neural Dynamic Optimization for Control
Systems—~Part I: Background

Chang-Yun Seongviember, IEEEand Bernard WidrowLife Fellow, IEEE

Abstract—The paper presents neural dynamic optimization be able to reject disturbances and uncertainties confronted in
(NDO) as a method of optimal feedback control for nonlinear real-world applications.
multi-input-multi-output (MIMO) systems. The main feature Unfortunately, there are few general practical feedback con-
of NDO is that it enables neural networks to approximate the trol thods f i MIMO t 51 [6] alth h
optimal feedback solution whose existence dynamic programming rol-methods tor r.10n Ine.ar systems [3], [6], & O_l“'g
(DP) justifies, thereby reducing the complexities of computation Many methods exist for linear MIMO systems. The behavior of
and storage problems of the classical methods such as DP. Thisnonlinear systems is much more complicated and rich than that
paper mainly describes the background and motivations for the of linear systems because of both the lack of linearity and the
development of NDO, while the two other subsequent papers of associated superposition property [5], [7].

this topic present the theory of NDO and demonstrate the method Thi ld ; Lo NDO
with several applications including control of autonomous vehicles '_S paper presents ngura ynamic optimization ( )asa
and of a robot arm, respectively. practical method for nonlinear MIMO control systems. In order

: _ : o to handle the complexities of nonlinearity and accommodate the

Index Terms-—bynamic programming (DP), information time demand for high-performance MIMO control systems, NDO
shift operator, learning operator, neural dynamic optimization e - '

(NDO), neural networks, nonlinear systems, optimal feedback takes advantage of brain-like computational structures—neural
control. networks—as well as optimal control theory. Our formulation
allows neural networks to serve as nonlinear feedback con-
trollers optimizing the performance of the resulting control
systems. NDO is thus an offspring of both neural networks and

ONLINEAR control system design has been dominatasptimal control theory.

by linear control techniques, which rely on the key as- In optimal control theory [8]-[10], the optimal solution to a
sumption of a small range of operation for the linear model tonlinear MIMO control problem may be obtained from the
be valid. This tradition has produced many reliable and effectivgamilton—Jacobi—Bellman equation (HJB) or the Euler—La-
control systems [1]-[4]. grange (EL) equations . The two sets of equations provide the

However, the demand for control methods of complex nogame solution in different forms: EL leads to a sequence of
linear multi-input-multi-output (MIMO) systems has recentlyoptimal control vectors, called feedforward optimal control
been increasing for several reasons. First, most real-wo(lDC); HJB yields a nonlinear optimal feedback controller,
dynamical systems are inherently nonlinear. Second, modegiled dynamic programming (DP). DP produces an optimal
technology, such as high-performance aircraft and high-spesglution that is able to reject disturbances and uncertainties as
high-accuracy robots, demands control systems with mughresult of feedback. Unfortunately, computation and storage
more stringent design specifications, which are able to handiuirements associated with DP solutions can be problematic,
nonlinearities of the controlled systems more accurately. Thirgspecially for high-order nonlinear systems, a problem known
along with the demand for high performance, MIMO contrahs the curse of dimensionality [8], [10], [11]. The linear
systems often become preferred or required because of $uadratic regulator (LQR) derived from DP has thus been
availability of cheaper and more reliable sensors and actugpplied to designing controllers for nonlinear MIMO systems
tors made possible by the advances in such technology. Ttheough the linearization of the systems around an equilibrium
challenge for control design is to fully utilize this additionapoint [9], [10]. However, such linearization imposes limitations
information and degrees of freedom to achieve the best contepl the stability and performance of closed-loop systems since
system performance possible. Fourth, controlled systems mitigfauses a loss of information about large motions and is valid

only near the equilibrium point.
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Thus, we propose an approximate technique for solving the , :
DP problem based on neural network techniques that provides ulk] gk +1);
many of the performance benefits (e.g., optimality and feed- : F(z[k], ulk], k) ;
back) of DP and benefits from the numerical properties of neural ;=K
networks. We formulate neural networks to approximate op-
timal feedback solutions whose existence DP justifies. In other
words, neural networks serve as building blocks for finding the
optimal solution. As a result, NDO closely approximates—with
areasonable amount of computation and storage—optimal feed-
back solutions to nonlinear MIMO control problems that would
be very difficult to implement in real-time with DP. Fig. 1. NTV-MIMO system.

Incidentally, the method developed in the paper is not the
same as neurodynamic programming [18], which involvgsoperties, emphasizing their capability as general function ap-
approximating the optimal solutions for discrete-state systemoximators. Section IV provides conclusions.
where the number of states is finite and the number of available
controls at each state is also finite. However, the two methods [I. OPTIMAL CONTROL THEORY
are _related since they try to ach|_eve the same goal: apProXlrhis section overviews optimal control theory, especially DP,
mating the optimal feedback solution using neural networks. e LOR, and FOC

The research presented in this paper was inspired by 'me ' '
works of Nguyen [19] and Plumer [20]. Nguyen showe@ Dynamic Programming (DP)
the possibility of using neural networks in controlling a

A . o o DP finds optimal feedback solutions to nonlinear MIMO con-
system with high nonlinearities by training them successfulhgoI problems. This approach fully exploits the state concept.

to back up a trailer-truck to a loading dock. He prlmarll)ﬁiellman derived the optimality condition for the optimal value

introduced a time-horizon-control concept 8tatic neural . : .
P f a cost function, and the control as a function of state using

network controllers, unraveling in time the feedback loop c% e principle of optimality [11], [25], [26]. A more descriptive

the system-controller configuration to produce a large equiv- . ;
Y g P g€ €q name would baonlinear optimal feedback control

alent feedforward network. He applied the backpropagatlonSuppose we have a discrete nonlinear-time-varying (NTV)

algorithm [21], [22] to the large network to train the neur . :
controller, which is called the backpropagation—through-tir?]'kr-éI IMO system described by a state equation of the form

algorithm. He also pointed out the possibility of a connection alk + 1] = fz[k], ulk], k) (1)
between his work and optimal control theory. Plumer [20]
extended Nguyen’'s work; he explored a connection betweeherex[k] € R™ is the state vector, angk] € R™ is the con-
the neural network control and optimal feedback contrdrolinputvector. The future statdk+1] depends on the current
He illustrated their connection by applying tiséatic neural statex[k] and the current input vectad(%| through a nonlinear
network controller to some nonlinear SISO systems in finifieinction f(-), which may have explicit time dependency. Fig. 1
horizon problems, such as terminal control. However, statiepresents the NTV-MIMO system.
controllers may have limitations in finite horizon problems A fairly general optimization approach finds the optimal feed-
because the optimal feedback solutions to such problems beek control to minimize a cost function of the form
inherentlytime-varying[8], [9]. N-1
NDO can produce the time-varying as well as time-invariant J = ¢(z[N],N) + Z L(z[k],u[k], k) )
optimal feedback solutions to nonlinear MIMO control prob- k=0
Iems.. NDO can handle npt .or_1ly f|n|t.e-h0r|zon problems (e'gs'Ubject to (1) with the time horizoN and the functiory spec-
terminal control) but also infinite-horizon problems (e.g., regu: : : !
. . ified. The function¢(-) penalizes the state[/N] at the time
lation and tracking control). NDO can produce the neural cop- . : )

T . rizonk = N, and the functionL(-) penalizes the states
trollers that are able to minimize the effect of disturbances an i1 and the control inoutall throuahk — 0 to N — 1. The
uncertainties that may be confronted in real-world application?s. ] . inputa k] ughk = L

. . : .. functionsg(-) andL(-) may have explicit time dependency, ac-
This paper mainly describes the background and motivations .
. c?rdlng to the goal of control.

for the development of NDO, while the two other subsequen : ! :
: . The optimal solution to the problem can be obtained by
papers [23], [24] of this topic present the theory of NDO and | . . .

: S : .Solving the discrete HJB equation.
demonstrate the method with several applications including . : . L

. . Theorem 1: For the given dynamic optimization problem of
control of autonomous vehicles and of a robot arm, respectivel

. X . . . .erXinimizing the cost function
Four sections comprise this paper. Section Il is an overview

of optimal control theory, including DP, the LQR, and FOC. N-1
We point out the problematic aspects of optimal control theory, J = (@[N], N) + > L(x[k], ulk], k) (3)
which in turn provide the motivation for this research. In any k=0

case, optimal control theory remains useful because it provicgqﬁ)ject to
theoretical limits to the performance of NDO, the method pre-
sented in the paper. Section lll reviews neural networks and their zlk + 1] = f(x[k], u[k], k) 4
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whereN and the functiory are specified, the optimal feedback

solutions are obtained from the discrete HIB equation ulk) B +?

Jo(x[k], k) = nﬁr}lL(wUf],u[/ﬂ], k)+ J%(zlk+ 1],k +1) (5)
ulk A z'l
with the initial condition
J°(@[N], N) = $(x[N], N). (6) s

Proof: The proof of the theorem is given in the literature
[9], [11], [27]. O Fig.2. LTI-MIMO system.
First, HJB justifies the existence of a nonlinear optimal feed-
back solution. Second, in order to obtain the optimal solution, Consider a discrete linear-time-invariant (LTI) MIMO system
we need to find the optimal cost functioh’(z[N], N) at the described by a state equation of the form
statex[N] at the time horizork = N as an initial condition.
Then, we solve HJB recursively backward in time over state wlk + 1] = Az[k] + Bulk] (7)

space. yvherex[k] € R™ is the state vector andk] € R™ is the con-

However, HIB can be very difficult to solve for high-order " . ) .
nonlinear systems. To make the computational procedure f rol input vector. Fig. 2 depicts the discrete LTI-MIMO system.

sible it is necessary to quantize the admissible state and con rol want to_f|_nd the optlm_al feedback _control to minimize a con-
. . : stant-coefficient quadratic cost function
values into a finite number of levels. The computational pro-

cedure does not yield an analytical expression, but the optimal =
feedback control law is implemented by extracting the contral = 2" [N]S[N]z[N]+ 5 > (2" [F]Qu[k] + u" [k] Ru[k])
values from a storage device that contains the solution of HIB 2 2 k=0
in tabular form. To calculate the optimal control sequence for (8)

a given initial condition, we enter the storage location corr&ith S[N] > 0,Q > 0, andRz > 0.3 _

sponding to the specified initial condition and extract the con- BY applying the HJB (5) to the linear quadratic problem we
trol valuew[0] and the minimum cost. Next, by solving the stat8'@y obtain the following result. _ S
equation we determine the state of the systef at1, which ~ Theorem 2:For the linear quadratic dynamic optimization
results from applying:[0] atk = 0. The resulting value of[1] ~Problem of minimizing the cost function

is then used to reenter the table and exttét}, and so on. The N_1
optimal controller is physically realized by a table look-up dey _ la:T[N]S[N]a:[N] + 1 Z (2T [k]Qx[k] + v [k] Ru[k])
vice. 2 2=

In addition, storage requirements of the HJP solutions in- 9)

crease very rapidly with the state dimension. Bellman referrédbject to

to this drawback athe curse of dimensionalityfo appreciate

the nature of the problem, we may consider a fourth-order SISO [k + 1] = Az[k] + Bulk] (10)
system with 0 quantization levels in each state coordinate as well . . .
as 0 time steps. The solution of HIB to the control problemvr\{eﬁ—e optimal feedback controls are obtained from the following

quires at least0? x 10 x 10? x 10? x 10 = 10'° storage set of equations:

points where the optimal controls are 1 and 0, then by linear T

interpolation the optimal control is 0.5. Naturally, the degree S[k] =Q + A"S[k +1]A

of approximation depends on the separation of the grid points — ATS[k+1]B(R+ BTS[k+1]B)™!

in state coordinates, the interpolation scheme used, the system x BTS[k+1]A (14)

dynamics, and the cost function. A finer grid generally means

greater accuracy, but also means increased storage requiremghege the final conditior$[V] for (14) is given in (9).

and computation time. Proof: The proof of the theorem is given in [9] and [10].
Linear Quadratic Problems:DP can be subject to intensive O

computation and extensive storage requirements, especially fofhe HIB equation produces the set of solution equations for

high-order nonlinear systems. However, it produces importahe linear quadratic problems. In order to obtain the optimal so-

results forlinear quadratic problemsvhere systems are linearlution to the linear quadratic problems, we need to solve the Ric-

and cost functions are quadratic. cati (14) recursively backward in time. Then, we compute the

locations. Interpolation may also be required when oneisusing 0 (k] = — K[k]e[k] (11)

stored data to compute an optimal control sequence. For ex- oT 1T

ample, if the optimal control applied at some value:Bf] drives K[H] _(13 Slk+115+ R)™ B S[k +1]4 (12)

the system to a state valuf: + 1] that is halfway between two JOK] =5 xT[k] S[k]z[k] (13)
(%]

2The optimal cost function is also called the optimal return function or the 3If the system and weighting matrices vary according to time, the result to
optimal cost-to-go function. follow still holds.
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time-varying Kalman gaig[k], using (12). The Riccati equa- The next theorem provides us with the conditions on the

tion is much easier to solve than the HIB equation. uniqueness of the bounded limiting solutiSnas well as the
We point out that the optimal feedback solution to the lineasymptotical stability of the closed-loop system in terms of the

quadratic problem is a linear function of the sta{é] rather observability of the system through the fictitious output.

than a nonlinear one. In other words, DP shows that linear statéfheorem 4: Let C be a square root of the intermediate-state

feedback is the best form of feedback for linear quadratic prolweighting matrix, so tha® = C*C > 0, and suppos& > 0.

lems. Thus the resulting closed-loop system is &itsear like Supposeg 4, C) is observable. TheQ4, B) is controllable if

the open-loop system, which is an important result for lineand only if we have the following:

control systems. Note also that optimal feedback controls for 1) There is a unique positive definite limiting solutiéhnto

LTI systems withconstant-coefficienjuadratic cost functions the Riccati (14). Furthermore§ is the unique positive

are time-varyingbecause the Kalman gaili[k] has explicit definite solution to the ARE (16).

time-dependency. However, we may prefer a constant Kalman2) The closed-loop system

gain K, which enables the closed-loop system to be LTI like the

open-loop system. The next subsection will discuss the condi- o[k + 1] = (A — BK)a[k]

tions under which we can obtain a constant Kalman gain for the

linear quadratic problem. is asymptotically stable, whei§ is given by (17).

B. Linear Quadratic Regulator (LQR) Proof: The proof of the theorem is given in [9] and [élO].
In Section 1I-A, where we considered the application of DP The controllability of( A, B), which is a dynamical property
to linear quadratic problems, the closed-loop system is given bfythe open-loop system, is crucial to guarantee that there ex-
ists a unique stabilizing optimal feedback solution to the linear
z[k + 1] = (A — BK[E])z[k]. (15) quadratic regulation problem. We can pick without any difficul-
ties a proper) = CTC such that the observability ¢fA, C) is
The resulting closed-loop system fBne-varying since the guaranteed. In other words, the open-loop system at least needs
optimal gainK[k] is time-varying even though the open-loog® be controllable to guarantee the unique optimal solution. We
system igime invariant also point out that the ARE (16) is nonlinear with respect to un-
However, this time-varying feedback is not always conv&nown parametes. However, we can solve it easily using the
nient to implement: it requires the storage of an entire sequerl¥eQR command in MATLAB.
of m x n matrices. Accordingly, we are interested in a constant The LQR has been applied to nonlinear MIMO feedback con-
feedback gain. As one candidate for a constant feedback gaffl design through linearization around an equilibrium point.
we consider the limit of the 0pt|mﬂ’[[€] as the time horizo®&V However, such linearization may impose limitations on the sta-
goes to infinity. We call this case the LQR [8]-[10]. bility and performance of closed-loop systems since it causes a
If S[k] does converge, thefi = S[k] = S[k + 1] for a large loss of information about large motions and is valid only near
N. Thus, in the limit, the Riccati (14) becomes the algebrafbe equilibrium point.
Riccati equation (ARE)
C. Feedforward Optimal Control (FOC)

S=ATSA - ATSB(R+ BYSB) 'BTsA+Q (16) FOC is an alternative method for nonlinear MIMO control
problems. It treats the same dynamic optimization problem as

which does not depend on time. The limiting soluti®ro the DP and provides the same optimal solution in a different form:
Riccati (14) is clearly a solution of the ARE (16). The correit finds the sequence of optimal control vectors with a speci-

sponding steady-statéalman gainis fied initial state instead of the feedback solution for all possible
initial states [8], [10]. It finds the optimal control solution rela-
K =(BYSB+R)™'B"SA (17) tively easily. However, its solution can be very sensitive to dis-

turbances and uncertainties because of the lack of a feedback

which is a constant feedback gain. The resulting closed-logpechanism.
system is Let us consider the same form of the discrete NTV-MIMO

system as in the case of DP

z[k +1] = (A — BK)z[K] (18)
z[k + 1] = f(z[k], u[k], k) (29)
which is also linear time invariant like the open-loop system.
The following theorem tells us when there exists a boundedth
limiting solution S.
Theorem 3:Let (A, B) be controllable, then there is a 2[0] = 2o (20)
bounded limiting solutionS to (14). Furthermore,S is a
positive semidefinite solution to the ARE (16). wherex[k] € R”™ is the state vector and[k] € R™ is the

Proof: The proof of the theorem is given in [9] and [10]. control input vector. Note that an initial statgis specified here
O and this was not done in the case of DP.
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the NTV-MIMO system

Here, we want to find the sequence of optimal control vectors
u[k]fork =0,..., N —1to minimize the same form of the cost :
function as in the case of DP. ulk] ——™ alk+1)

N—-1 x[k] f(I[k]vu{k]ak)
21) l

J = ¢@[N],N) + > L(x[k], ulk] k)

subject to (19) and (20) withV, zq, and the functiory speci- J
fied. Thus its optimal solution is not closed-loop but open-loop :

because[k] is no longer a function of the statgk]. However,
this control problem is relatively easy to solve because it be-
comes a parameter optimization problem by treafiagk]} as Fig- 3. Forward sweep of FOC.

a set of unknown parameters.

The optimal control vector sequenge[k]} is obtained by equations. It can be solved as a large set of simultaneous non-
solving the discrete EL equations. linear algebraic equations (e.g., using the command FSOLVE in
Theorem 5: For the given dynamic optimization problem ofMATLAB). However, a more efficient method of solution, to be
minimizing the cost function described in the next subsection, exploits the sequential nature

N_1 of the problem.
J = ¢(z[N],N) + Z L(x[k], u[k], k) (22) 1) Numerical Solution with Steepest Descent MethWE
prd may apply steepest descent to obtain a numerical algorithm. The
subiect to steepest descent algorithm for FOC, which exploits the sequen-
) tial nature of EL, consists of three steps:
zlk + 1] = f(z[k], ulk], k) (23) 1) forward sweep;
. 2) backward sweep;
with 3) update of control vector sequence.
2[0] = 2o (24) Step 1) Forward sweep

z[k + 1] = f(z[k], u[£], k) (31)

where N, zg, and the functionf are specified, the sequence
of the optimal control vector§u[k]} can be obtained from the
discrete EL equations.
Proof. The proof of the theorem is given in [8]. O
Note that the EL equations consist of the system equation, the
adjoint system equation, and the optimality condition:
the system equation—

ok +1] = f(a[k],ulk]. k), k=0,....N—1  (25)

with z[0] = 29, £ =0,...,N — 1.

The forward sweep equation is the same as the
system equation. First of all, we need to make a rea-
sonable guess abouft] from & = 0 throughNV —1.
Then with the specified initial state,, we can com-
pute z[k] throughk = 1 to NN, using the system
equation. Fig. 3 depicts the forward sweep.

Step 2) Backward sweep

with z[0] = zo,
the adjoint system equation—
PO R () R
o [k] = Balk] Ok + 1]+ B[t] ,k=N-1,...,0 (26)
with 5,[N] = (9p(N)/0x[N])"
and the optimality condition—

Sulk] = %([Z]) 6m[k+1]+%%kk]) — 0, k=N-1,...,0
(27)

where we define
F(&) £ (x[k], ulk], k) (28)
L(k) ZL(«[k], u[k]. k) (29)
$(N) E¢(x[N], N). (30)

The system equation has an initial condition at the initial time
k = 0, while the adjoint system equation has an initial condi-
tion at the end of the time horizdn= N. This is a two-point
boundary value problem (TPBVP). Since batlk] and 6, [k]
have dimension, u[k] has dimensiom, andk = 0,..., N —1,
this TPBVP hasV(2n +m) unknowns and an equal number of

6. (K] :%([:]) Oxlk+ 1] + %%kk]) (32)
bu k] :%([Z]) Oxlk+ 1] + aaz—%kk]) (33)

with §,[N] = (0¢(N)/0z[N))T k= N-1,...,0.

The backward sweep equations consist of the
adjoint system equation and the optimality con-
dition. These equations can be represented by a
block diagram, as illustrated in Fig. 4. We have the
co-states, [k], two co-inputs(dL(k)/ox[k])T and
(OL(k)/Ou[k])T derived from the cost function,
and the co-output, [%].

This system is anti-causal and linear-time-varying
(LTV) because the current co-statg[k] depends
on the future co-statéd,[k + 1] through (32)
and the coefficients such d@f(k)/dz[k])* and
(Of(k)/oulk])T are explicitly time-dependent.
However, we can computé&,[k] and §,[k] back-
ward in time because we have already obtained the
sequences af[k] andu[k] from the forward sweep.
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the LTI-MIMO system
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A
2

Fig. 5. Forward sweep of FOC for linear quadratic problems.

a simpler form of the equations—an important structural

Fig. 4. Backward sweep of FOC. property of computation, the so-calleiality of the forward
and the backward sweeps.
Step 3) Update of control vector sequence By applying EL and the steepest descent method to the linear
guadratic problem, we obtain the following three steps.
Aulk] = — pdulk] (34) Step 1) Forward sweep
ulk] —ulk] + Au[k]. (35

Then we update|k] using (34) and (35). We re-
peat the three steps untllu[£] is small.

FOC is an alternative method for nonlinear
MIMO control problems because it is relatively
easy and computationally tractable to find its so-

z[k + 1] = Az[k] + Bulk] (38)

with z[0] = z0,k =10,...,N — 1.

The forward sweep equation is the same as the
system equation. Fig. 5 depicts the forward sweep
for linear quadratic problems.

lution. The computation requirement of the FOC Step 2) Backward sweep

algorithm for each iteration is composed of three
components: forward sweep, backward sweep, up-
date of control vector sequence. The forward sweep
requires approximately(n + m) x N multiplica-
tions and additions because it evaluates the system
equation fromk = 0 to N — 1. The backward sweep
needs roughlyn x n +m X n) x N operations
because it computes Jacobiat8f(k)/ox[k])T
and(9f(k)/ou[k])T at each time step. The update
of control vector sequence needs approximately
N x m operations. So the total number of multi-
plications and additions for each iteration using the
FOC algorithm is approximately

(2n(n+m) +m)N. (36)

The memory requirement of the algorithm is approx-
imately

(n+m)N (37)

since it needs to store the statf:] and the con-
trol input u[k] from &k = 0to N — 1. Note that the
memory requirement of FOC depends linearly on the
dimension of the state and on the number of con-
trol inputsm, while that of DP increases exponen-
tially with m andn.

However, FOC finds just a single trajectory for a
given initial state. A severe problem for FOC is that
its solutions are very sensitive to disturbances and
uncertainties because of the lack of feedback.

2) Linear Quadratic Problems:The application of FOC
to linear quadratic problems reveals—because FOC employs

Step 3

§:[k] =AY 6. [k + 1] + QK] (39)
Sulk] =B 6,[k + 1] + Rulk] (40)

with 6,[N] = S[N]z[N], k=N —-1,...,0.

The backward sweep equations consist of the ad-
joint system equation and the optimality condition
as in the general case of FOC. These equations can
be represented by the block diagram illustrated in
Fig. 6. We have the co-state.[%], two co-inputs
Qz[k] andRu[k] derived from the cost function, and
the co-outputs, [k]. Comparing Fig. 5 with Fig. 6
reveals the duality of the backward and the forward
sweeps.

e The coefficient matrices of the backward
sweep are the transpose of the coefficient
matrices(A, B) of the forward sweep.

e The time advance operator in the backward
sweep replaces the time delay operator in the
forward sweep.

¢ The directions of signal flows in the backward
sweep are reversed to those in the feedforward
sweep.

¢ The summing junctions in the backward sweep
replace the branching points in the forward
sweep, and vice versa.

Update of control vector sequence:
Aulk] = — péu[k] (41)
u[k] —ulk] + Aulk]. (42)

The update equations are the same as in the gen-
eral case of FOC.
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Sulk

T z H .
A Neural Network -~
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Qaz(k]

Fig. 6. Backward sweep of FOC for linear quadratic problems.

Fig. 7. Multilayer feedforward neural network consists of layers of neurons

Ill. NEURAL NETWORKS with each layer fully connected to the next layer. The network receives its

. . . e -dimensional input vector and generates-idimensional output vector.
This section reviews artificial neural networks, commonl§]7

referred to ameural networksNeural networks are attractive in

that they can approximate any nonlinear function to a desirable TABLE |

accuracy. In addition, neural networks possess other important MULTILAYER NEURAL NETWORK NOTATION
properties. Neural networks have massively parallel distribute neural network has o external input vectors,
structures; implemented in hardware form, they can be inhe *e#:-- fe;‘;‘:;"l‘;sy;‘,ﬁg;y“”“e“'°“s nits
ently fault tolerantin the sense that their performance degrade 7 weight connecting neuron 4 in layer { — 1
gracefully under adverse operating conditions [28]. Neure to neuron j in layer !

. . . (U]
networks can learn and generalize; generalization refers to tl 2o

neural network producing reasonable interpolated outputs fc s =Towiger | twp; | summing junction for neuron j in layer
inputs not enqountered durlqg learning (trqmmg) [29]. Neura o= PP ———
networks are inherently nonlinear—a very important property =ty +-th overall output of newral network
particularly if the underlying physical mechanism responsible
for the generation of signals (e.g., a nonlinear MIMO system) is
highly nonlinear. Neural networks have the built-in capabilitponvenience we define a variabjefor the outputs. Thug; =
to adapttheir synaptic weights to changes in the surroundindL). We also definer; as the external inputs to the network.
environment; a neural network trained to operate in a specifitie inputs may be viewed as a Oth layer that gives the relation
environment can be easitgtrainedto deal with minor changes ;; £ GEO)- This notation is summarized in Table I.
in the operating environmental conditions [12]. Now define an input vectat and output vectoy as follows

An artificial neural network results from arranging a neurogsee Fig. 7):
model into various configurations. The most popular configura-
tion is the multilayer feedforward network [12], [13], [29]. As T
illustrated in Fig. 7, it has layers of neurons, where the inputs y
to each neuron on a layer are identical, and equal to the col-
lection of outputs from the previous layer (plus the augmentqghen, the feedforward network forms a mapping,
value “1"). The beginning layer of the networkis calledtheut ,, — A/(; W), from the inputs of the input layer to the
layer, its final layer is called theutput layer and all other layers outputs of the final layer parameterized by the weight vector
of neurons are called thiidden layers For multilayer neural i/, Given the current model of the neuron, with fixed weights,
networks, we use the following notatioN.s..... This means: this mapping isstatic; there are no internal dynamics or
The neural network has external inputs. There arg neurons  memory devices. Nevertheless, the following theorem makes
in the network’s first layery neurons in the second layer, andthe multilayer feedforward neural network a powerful tool for
SO on. computation.

In addition, a single neuron extracted from fﬂel?yer ofan  Theorem 6: (General function approximators):
L-layer _network is depicted ir_1 Fig. 7. The weigbj:} deno';es Given anye > 0 and anyL, functiony : X Cc R? —
connections between neurenin layer/ — 1 and neurory in - Rr there exists a two-layer feedforward neural network that
layerl. The weightsu{.) are arranged in the form of the columncan approximate(zx) to within e mean squared error accuracy.
vector such thatV = |.... wflj) ...]- The weight vecto#V is an Proof: The proof of the theorem is given in [15]-[17].
n,,-dimensional vector where,, is the total number of weights O
in the network. The output (activation value) of th¢h neuron L, functions are square-integrable functions over a bounded
in layer! is represented by the variabiél). Note that thejth setX’ € R™. The function spacé., includes every function
neuron in layer performs a weighted sum on its own inputhat could ever arise in a practical problem. For example, it in-
signals and passes the sum through an activation fun€{ipto  cludes continuous functions and all discontinuous functions that
generate its own outpufl). The outputSzEL) in the final L-th are piecewise continuous on a finite number of subsets of a set
layer corresponding to the overall outputs of the network. Fdf. L, also includes more complicated functions that are only

bias weight for neuron j in layer !

ag.') = f(sg” ) output (activation value ) of neuron j in layer

(21 22 .. 24]"

[211 Ya... er]T-

> 1>
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of mathematical interest. Thus, the neural network can approxji8] D. P. Bertsekas and J. N. Tsitsiklid\euro-Dynamic Program-

mate practically any nonlinear function to a desirable accuracy, ~ Ming Belmont, MA: Athena Scientific, 1996.

Th icall f i ivation f . b 19] D. Nguyen, “Applications of neural networks in adaptive control,” Ph.D.
eoretlca-y, tW(? types 0 nonlinear actlvatlor) unction can be dissertation, Stanford Univ., Stanford, CA, 1991.

used: one is a signum (i.e., threshold) function and the othgro] E. S. Plumer, “Optimal terminal control uising feedforward neural net-

isa sigmoid function [12], [16], [22]_ In practice, however, we works,” Ph.‘I‘D. dissertation, S_tanford Univ., Stanfor_d, _CA, 1993. o

desi tivation fi that . idal. A ial gl] P. Werbos, “Beyond regression: New tools for prediction and analysis in

_eswe aclivation iunc |on_s a ar_e sigmoigal. S a SpECIQ Ca_lS ' the behavioral sciences,” Ph.D. dissertation, Harvard Univ., Cambridge,

linear neural networks—i.e., matrices that have linear activation =~ MA, 1974.

functions—can approximate any linear function. However, thig22l D. E. Rumelhart, G. E. Hinton, and R. J. Wiliams, “Learning internal

h d t lain h to find th ights of th | representations by error propagation,” Rarallel Distributed Pro-

theorem does not explain how to fin € weignts or the neura cessing D. E. Rumelhart and J. L. McClell, Eds. Cambridge, MA:

network to approximate a nonlinear function to a desirable ac-  MIT Press, 1986, vol. 1, ch. 8.
curacy. [23] C.Seongand B. Widrow, “Neural dynamic optimization for control sys-
tems—~Part II: Theory,TEEE Trans. Syst., Man, Cybern, ®I. 31, pp.
490-501, Aug. 2001.
IV. CONCLUSION [24] ——, “Neural dynamic optimization for control systems—Part lll: Ap-
plications,”IEEE Trans. Syst., Man, Cybern, ®ol. 31, pp. 502-513,
As part of the background for the development of NDO, we  Aug. 2001.

overview optimal control theory, especially DP, the LQR, and25] R. E. Bellman and S. E. Dreyfusipplied Dynamic Program-
FOC. We point out the problematic aspects as well as the perfopygy ™ Frrcelon N Ernceten v ress 1oz,
mance benefits of each individual method. In particular, DP pro- ~ control Theory New York: Academic, 1965.

duces the optimal solution that is able to reject disturbances arid] D. G. Luenbergeintroduction to Dynamic Systems: Theory, Models, &
uncertainties.as aresult of f_eedbac_k' However’. CompUtation arLgS é?gﬁcggﬁ?fFam?‘tlg)IZ?;ﬁc\év:Ir?)eli’rt]i-f?;gll neural networks,” Ph.D. disser-
storage requirement associated with DP solutions can be prob- " tation, York University, York, ON, Canada, 1992.

lematic, especially for high-order nonlinear systems. Thus, ii29] D.Rumelhartand J. McClell, Ed®arallel Distributed Processing: Ex-
f[he compan_ion papers [?3]’ [24], we propose NDO as an approx- glg:;l’o;\;ég’t\k/lglllvil'crostructure of Cognition Cambridge, MA: MIT
imate technique for solving the DP problem based on neural net-

work techniques that provides many of the performance benefits

(e.g., optimality and feedback) of DP and benefits from the nu-

merical properties of neural networks. Reference [23] prese
the theory of NDO, and [24] demonstrates the method on s
eral applications including control of autonomous vehicles a

of a robot arm, respectively.
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