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Abstract—The finite Radon transform was introduced by Bolker around 1976. Since then, many
variations of the discrete Radon transform have been proposed. In this paper, we first propose a
variation of the discrete Radon transform which is based on a binary relation. Then, we generalize this
variation to weighted Radon transformation based on a weighted relation. Under such generalization,
we show that discrete convolution is a special case of weighted Radon transformation. To further
generalize Radon transformation to be defined on lattice-valued functions, we propose two nonlinear
variations of Radon transformation. These two nonlinear variations have very close relations with
morphological operations. Finally, we generalize Matheron’s representation theorem to represent
translation-invariant operations on functions from an abelian group to a complete lattice.

KeywordS—Discret;e Radon transform, Discrete convolution, Nonlinear Radon transforms, Galois
connection, Mathematical morphology.

1. INTRODUCTION

The Radon transformation is a very powerful mathematical tool in computed tomography (CT).
The problem in CT is the determination of some property of the internal structure of an object
without having to cut the object. The object is acted on by a probe, such as X-rays, nuclear
magnetic resonance signals, or ultrasound waves, which can be detected to produce a projected
distribution or profile.

Let f(z,y) represent the internal property of an object on R2. For any line L, the Radon
transform of f, written as Rf, is given by

R F(L) = /L F(z,y)ds,

where ds is an increment of length along L. If the unit normal vector of and the distance from
the origin to L is p, then the Radon transform of f can also be written as

R f(p, o) = /00 f(pcos ¢ — s sin ¢, p sin+s cos @) ds.

For each (z,y), let

2m

1
F(z,y,q) = - | R f(z cos ¢ + y sin ¢ + q, ¢) de.
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If f(z,y) satisfies some “regularity conditions,” Radon [3], then f(z,y) can be reconstructed by

/°° dF{(z,y,q)
0

@) = —= :

T

In Radon’s original paper (1] (see [2] for an English translation), the Radon transformation is
defined on functions from R? or R® to R. It is generalized to functions from R" to R by Ludwig [3]
and Deans [4]. Further generalized Radon transformation can be found in [5].

A very interesting variation of Radon transformation is its discrete version. Let X be a finite
set and C be a family of subsets of X. If f is a function from X to C, then the finite Radon
transform of f, also written as R f, is a function from C to C defined by

RfY)=) flx), VYecC
z€Y
For each z € X, denote G, ={Y € C |z € Y}. Then the dual Radon transform of a function F
from C to C, written as R%F, is defined by

RF(z)= Y F(Y).

Y€EG,

The finite Radon transformation is introduced by Bolker {6] and has been employed by Kung [7]
to find matchings and to prove rank and covering inequalities in finite lattices.

Another variation of Radon transformation is to define it as an operation. For instance, in {§],
the Radon transformation on a finite abelian group (A, +, —,0) is defined as a linear operation
on the space of functions from A to C. Let B be a subset of A. For every function f from A
to C, the Radon transform of f with respect to B, written as Rp f, is a function from A to C
given by

Re fa) = fla+b).
beB

In this paper, we will consider a more general variation of the Radon transformation that will
unify most variations of the finite Radon transformation. The basic idea of our approach is to
define transformations based on binary relations between two sets. If a given binary relation is
weighted, a weighted Radon transformation can be defined. We will show that weighted Radon
transformations can be reduced to convolutions if particularly specified weighted binary relations
are provided. The details will be given in Section 2. A characterization theorem for weighted
Radon transformation to be translation-invariant will be given in Section 3.

Convolutions play essential roles in linear signal and image processing. An n-dimensional signal
is usually defined as a function from R™ to R, while an n-dimensional image is usually defined
as a function from R” to Rt = {a € R | a > 0}. To be suitable for computer manipulation, a
signal or an image must be digitized. For instance, an n-dimensional digital image is considered
as a function from Z" to the set {0,1,...,! — 1}, where ! is a positive integer. Most linear
transformations on digital images map digital images to real- or complex-valued functions. In
other words, most linear transformations on digital images are not operations on digital images.
For instance, the output of a mean filter on digital images is a function with values from the
interval [0,! — 1]; the Fourier transform of a digital image is a complex-valued function. In
Section 4, we will propose two nonlinear variations of Radon transformation on lattice-valued
functions by employing the two lattice operations V (join) and A (meet). When applied to digital
images, these two nonlinear transformations can be used as operations on digital images. In
Section 5, we will show that all morphological operations [9-11] on P(R"), the power set of R",
can be derived from these two nonlinear transformations if suitable binary relations are provided.

A very fundamental theorem in mathematical morphology related to translation-invariant
transformations is Matheron’s representation theorem, which represents any isotone translation-
invariant operation on P(R") in terms of erosions or, dually, dilations. Matheron’s theorem has
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been recently generalized for translation-invariant operations, which are not necessarily isotone,
by Banon and Barrera [12]. In Section 6, we will further generalize Banon and Barrera’s result
for translation-invariant operations on functions from an abelian group to a complete lattice.
Conclusions and some remarks will be given in Section 7.

2. TRANSFORMS BASED ON BINARY RELATIONS

Let X and Y be two arbitrary sets. A binary relation ¢ between X and Y is a subset of
the Cartesian product X XY = {(z,y) | z € X,y € Y}. Foranyz € X andy € Y, a
conventional notation for (z,y) € g is zgy. Then, consider the following variation of finite Radon
transformation.

DEFINITION 2.1. Let o be a binary relation between two sets X and Y. For any function f
from X to R or C, the Radon transform of f with respect to g, written as R, f, if it exists, is a
function from Y to R or C defined by

Ref(y) =) _ f(z).

oy

If Y = C is a class of subsets of X, and oS means (for every £ € X and S € C, then
Definition 2.1 reduces to Bolker’s definition for Radon transforms. If X =Y = A,(A4,4) is a
finite abelian group, and agb means a + b € B for a given subset B, then Definition 2.1 reduces
to the definition of Radon transforms on abelian group given by Frankl and Graham. Moreover,
if X =Y =1Z72,85 is a subset of Z;, and Foj means ¥ € Sy = {Z+§ | Z € S} for all Z, § € Z3,
then the transform R, f of a function f from Z7 to C is called the Radon transform of f based
on translates of S by Fill [13].

Next, we consider transforms based on weighted binary relations.

DEFINITION 2.2. A weighted relation w between two sets X and Y is a function from X xY
toR or C.

Note that an unweighted binary relation ¢ between X and Y can be considered as a weighted

relation w defined by

1, if zoy,
u(z) = {

0, otherwise.

Then, the Radon transform R, f can be written as

Rof(y) =Y flz)= Y flx)w(z,y).

T oy z€X

This leads us to the following definition.

DEFINITION 2.3. Let w be a weighted relation between X and Y. Then the weighted Radon
transform of a function f from X to R or C, written as R, f, if it exists, is defined by

r€EX

EXAMPLE 2.4. Let X =Y = Z". Let F(Z™ — R) denote the set of all real-valued functions
on Z". For a neighborhood N of the origin 0, define a weighted relation w on Z" by

1
—, if £ € Ny,
W(f,g') = lN' d
0, otherwise,

CAMMA 31:3-1
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where |N| denotes the cardinality of N and Ny is the translate of N by §. Then, the weighted
Radon transform R, f of a function f € F(Z"™ — R) is given by

=Y flz)w(z,y) INIZf

z€ZL™ €N,

This is known as the local averaging of f with respect to the “window” N.

ExXAMPLE 2.5. Let F(Z™ — C) denote the set of all complex-valued functions on Z®. For any
function g € F(Z"™ — C), define a weighted relation w on Z" by w(Z,¥) = g(§¥ — £). Then, the
weighted Radon transform R, f, given by

Ruf(@) =Y f(&) g7 - &),

is known as the discrete convolution of f and g.

EXAMPLE 2.6. Let X =Y = {0,1,...,m — 1} x {0,1,...,n — 1}. Define a weighted relation w
on X by

1 )
w((z,y), (u,v)) = m—ne—J2W(ux/m+vy/n)’

where j = /—1. Then the weighted Radon transform R, f of any f € F(X — C), given by

m—1n—1

w.f u, ’U e Z Zf IL‘ y —]27r(uz/m+vy/n)

:cOyO

is indeed the discrete Fourier transform of f.

3. TRANSLATION INVARIANT TRANSFORMATIONS

In this section, we will consider the case when X =Y = A, where (4, +, —,0) is an abelian
group. For any a,b € A, the element a + b is sometimes called the translation of a by b.

DEFINITION 3.1. Let w be a weighted relation on A. Then w is called translation-invariant if
w(z + a,y +a) = w(z,y) for all a,z,y € A. In particular, a binary relation g on A is called
translation-invariant if zpy implies (z + a)p(y + a) for all a,z,y € A.

EXAMPLE 3.2. Consider the weighted relation w defined in Example 2.5. Since

wZ+a,7+a) =g+
97—

@1 @1
& m

~—~
g B
ot
- ]
\} \\;

the weighted relation w is translation-invariant.

Now, consider the group action of A on the set #(a — K) of functions from A to K, where
K =R or C. For each f € F(a — K) and a € A, there is a function f, € F(4 — K) defined by

fo(z) = f(z—a), VzeA
The function f, is usually called the translation of f by a. Obviously, we have fy = f and

(fa)p = fats for all a,b € A.

DEFINITION 3.3. Let ¥ be a unary operation on F(A — K). Then, VU is called translation-
invariant if U (f,) = (¥ f), for all f € F(A — K) and for all a € A.

The following result gives a necessary and sufficient condition for weighted Radon transforma-
tions to be translation-invariant.
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THEOREM 3.4. A weighted Radon transformation R,, on F(A — K) is translation invariant if
and only if the weighted relation w is translation-invariant.

PROOF. Suppose R, is translation-invariant. That is, suppose Ry fo = (Ruwf),, for all f €
F(A — K) and for all a € A. Let 6 be the unit sample function defined by

1, ifz =0,
6(:1:):{

0, otherwise.

Then observe that
Rubz(y) = Y 8(z — ) w(z,y) = w(z,y)

zZ€EA

and
(Ruwb), () = (Ruwb)yyg-a (U) = (Ruwb) i, (¥ + @) =w(z +a,y+a)

Since R,, is translation-invariant, we have w(z + a,y + a) = w(z,y). Thus, w is translation-
invariant.
Conversely, suppose w is translation-invariant. Then

(Ruf)a (W) = Y f(@)w(z,y ~a)
TEA
=Y f-awkz-ay-a)=) fz-a)w(zy)=Rufa)
z—a€A zZEA
Thus, R, is translation-invariant. ]

ExaMPLE 3.5. Consider the local averaging operation with respect to a window N discussed in
Example 2.4. Since Z € Ny is equivalent to & + @ € Ny, for all @ € Z", the weighted relation w
is translation-invariant. By Theorem 3.4, the local averaging operation with respect to N is
translation-invariant.

EXAMPLE 3.6. Consider the discrete convolution discussed in Example 2.5. As shown in Exam-
ple 3.2, the weighted relation w defined by w(z,y) = ¢g(y — z) is translation-invariant. Thus, the
discrete convolution R,, is also translation-invariant.

The unit sample function é employed in the proof of Theorem 3.4 has significant importance
in representation theorem for linear translation-invariant operations. Let O be an operation on
F(A — K), where (A,+,—,0) is a finite abelian group. The function h = O§ is usually called
the impulse response of O. If O is linear and translation-invariant, then a very fundamental
theorem in digital signal and image processing says that Of can be represented as the discrete
convolution of f with the impulse response h, for any function f in F(A — K). In terms of
weighted Radon transforms, we can rephrase the above result as a theorem.

THEOREM 3.7. Let O be a linear translation-invariant operation on F(A — K), where (A, +,
—,0) is a finite abelian group and K =R or C. Then,
Of =Ruf,

for all f € F(A — K), where the weighted relation w is given by w(z,y) = Oé(y — ).

4. NONLINEAR RADON TRANSFORMATIONS

Now consider the generalization of Radon transformation to lattice-valued functions such as
digital images. As mentioned before, a digital image is usually considered as a function from Z"
to the set {0,1,...,! — 1}, where a typical value for ! is 256. Since addition is an inadequate
operation on digital images, a reasonable substitution for summation used in discrete Radon
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transforms might be one of the two lattice operations V (join) or A (meet). This motivates us to
the following definition.

DEFINITION 4.1. Let ¢ be a binary relation between two sets X and Y, and (L,V,A) be a
complete lattice. For each function f : X — L, the supremum Radon transform of f with respect
to p, written as 7?,9 f, is a function from Y to L defined by

=\ f()

zoy

The infimum Radon transform of f with respect to g, written as 7?,9 f, is a function from Y to L

defined by
@) =N\ f@)

oy

In the following, we will discuss the properties of these two nonlinear transformations from
lattice theoretical point of view.

Let (P, <) and (P’,<’) be two posets. A pair (f, g) of functions, f : P — P',g: P' - P is
called a Galois connection [14,15] between P and P’ if

(GC1) f and g are isotone, i.e., f(z) <’ f(y) if x <y and g(u) < g(v) if u <" v;
(GC2) = < g(f(z)) for all z € P and f(g(y)) <’y for all y € P'.

Given two sets X,Y and a complete lattice (L,V,A), denote the set of functions from X
to L as F(X — L) and the set of functions from Y to L as F(Y — L). It is well-known
that (F(X — L),V,A) and (F(Y — L), V,A) are complete lattices, where f; < f5 in F(X — L)
means f1(z} < fo(z) for all  in X. In the following, we will establish Galois connections between
F(X — L) and F(Y — L).

Note that for any binary relation p between X and Y the inverse relation ¢~ is a binary relation
between Y and X. Thus, the transformations R,-1 and ﬁg_l are functions from F(Y — L) to
F(X - L).

1

THEOREM 4.2. Suppose g is a binary relation between X and Y. Then, the pa1r (’Iég R 1) isa
Galois connection between (X — L) and F(Y — L). Similarly, the pair (R, 1, R o) is a Galois
connection between F(Y — L) and F(X — L).

Proor. It is easy to see that all Radon transformations are isotone. Thus, to show ('fzg,?@rl)

is a Galois connection, it remains for us to show that ’fig_l 7% f > fand ﬁgﬁ’,gqg < g, for all
fe F(Y — L) and F(X — L). For all z € X, since

“lRef /\ \/f /\ flx) =

~1gzgy yg—lz

we have ﬁg-lﬁgf > f, for all f € F(X — L). Similarly, we have ﬁgﬁg-xg < g, for all
g € F(Y — L). Thus, (Ry,R,-1) is a Galois connection between F(X — L) and F(Y — L).
That the pair (R,-1, R,) is a Galois connection between F(Y — L) and F(X — L) follows easily
by interchanging the roles of X and Y. [

COROLLARY 4.3. For any binary relation 0 between X and Y, we have 7@@7@9-1 Rof = 7égf, for

all f € F(X — L) and Rg_n"z Ro-1g = Ry1g, for all g € F(Y — L). Dually, R,Rp-1R,f =
Rof for all F(Y — L) and R 1R,R o-19 = R o-19, forall g e F(Y — L).

PROOF. Since R,-1R,f > f and R, is isotone, we have RoRop-1Rof > Ryf, forall f € F(X —

L). On the other hand, since R,R,-19 < g, for all g € F(Y — L), we have Rgﬁg-nﬁgf <R,fs

for all f € F(X — L). Thus, Rgﬁg_lﬁgf =R,f, for all f € F(Y — L). Other equalities follow

similarly. ]
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Let (P, <) be a poset. An operation ~ : z +— Z on P is called a closure operation [14,15] on P
if
(CL1) z <z (Extensive);
(CL2) z <y = T < § (Isotone);
(CL3) % = Z (Idempotent).
THEOREM 4.4. Suppose g is a binary relation between X and Y. Then, the operation 72’,9_1 7?,9 is
a closure operation on F(X — L) and the operation R,R -1 is a closure operation on F(Y — L).
ProoF. It suffices to show that the two operations ﬁg_lfig and R,R,-1 are idempotent. By
Corollary 4.3, we have 7?97%9—17@9 = R, and, hence, 7%9-17297%9_1739 = 7@9_1739. That is,
Ro-1R, is idempotent. By interchanging X and Y, it is obvious that the operation is also
idempotent. 1
The dual notion of closure operation is coclosure operation [14] (or kernel operation {15]). Let
(P, <) be a poset. An operation ~ : z — I on P is called a coclosure operation on P if
(CCL1) z < x (Extensive);
(CL2) z <y =7 < § (Isotone);
(CL3) Z = % (Idempotent).
The following result is the dual of Theorem 4.4. We omit its proof.

THEOREM 4.5. Suppose g is a binary relation between X and Y. Then, the operation 7?9_1 ’f%g
is a coclosure operation on F(X — L) and the operation R,R,-1 is a coclosure operation on
FY — L).
DEFINITION 4.6. Let g be a binary relation between X and Y, and (L, V, A) a complete lattice.
A function f € F(Y — L) is called g-closed if 7%9«17%2 f = f. Dually, f is called g-open if
R, 1Rof = f.

The following theorem is essentially due to Serra [10].

THEOREM 4.7. Let f € F(X — L). Then f is g-closed if and only if f = 739_19, for some
g€ F(Y — L). Similarly, f is p-open if and only if f = R ,-1g, for some g € F(Y — L).

PROOF. Suppose f is g-closed. Let g = ’fZQf. Since f = ,fég—lkgf, we have f = 7%9—19.
Conversely, suppose f = ﬁg-lg, for some g € F(Y — L). Then, 729417V2L,f = 729-1729739_151 =
ﬁg—xg = f, by Corollary 4.3. Thus, f is p-closed. The dual statement, can be proved similarly. §

5. RELATION TO MORPHOLOGICAL OPERATIONS

Consider the special case when L = {0,1}. It is well-known that every function f € F(A —
{0,1}) can be characterized by its support Supp(f) = {a € A | f(a) = 1}, which is a subset
of A. Conversely, given any subset B of A, the characteristic function xp of B is a function in
F(A — {0,1}) with support B. Thus, we can make the following definition.

DEFINITION 5.1. Let ¢ be a binary relation on A. For any subset B of A, the supremum and
infimum Radon transforms of B, respectively written as 7393 and R,B, are defined by

R,B =Supp (R,x5) and R,B = Supp (7%9 XB) .

REMARK 5.2. Note that 7?,9 and 7@9 are operations on P{A), the power set of A.

Let A be an abelian group and S a fixed subset of A. Define a binary relation g on A by agb
if and only if a € Sy = {s+b| s € S}. Then it is easy to see that p is a translation-invariant
relation on A. Write Rg for R, and Rg for 739 if apb means a € Sy. By Theorem 3.4, the two
operations Rg and Rg are translation-invariant. Observe that

{1, if S, B #£ 0,

Rsxa(b) = =
sxB(b) \/ x5(a) 0, otherwise.

a€Sy
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In other words,
be RgB, ifand onlyif SyN B # 0.

Thus, we have
'RsBZ{bEAISbﬂB#Q}.

Similarly, by observing that

{1, if S, C B,

R b) = =
sxs(b) /\ x5(a) 0, otherwise,

a€Sy

we then have
RsB={be A| Sy, C B}.

In the literature of mathematical morphology, RsB is called the dilation of B by S, ﬁsB
is called the erosion of B by S, and S is called a structuring element. Moreover, the closure
operation R_gsRs, where —§ = {—s | s € S}, is called a closing and the coclosure operation
R_sRg is called an opening. Details on the theory and applications of mathematical morphology
can be found in [9-11,16-24].

As mentioned in the first section, a very interesting result in mathematical morphology related
to translation-invariant operations is Matheron’s [9]'s representation theorem. Let ¥ be a unary
operation on P(A). The kernel of ¥, written as K(¥), is given by

K(¥)={Be€P(A)|0ec ¥(B)}.
THEOREM 5.3. [9] Let U be an isotone translation-invariant operation on P(A). Then

¥B= |J RsB, forall BeP(A).
Sek(¥)

PRrROOF. Let b € ¥B. Since ¥ is translation-invariant, we have 0 € (¥¢B)_p = ¥(B..3). Thus,
B_, € K(¥). Then
beRp,BC |J RsB.
SeK(¥)

Thus, ¥YB C USE,C(‘I,)T:’,SB. Conversely, let b € Uge,c(q,)ﬁ,sB. Then b € ’flsB, for some S €
K(¥). This means that S, C B or, equivalently, S C B_;. Since ¥ is isotone and S € K(¥), we

have
0ev¥SC \P(B_b) = (‘I’B)_b.

Thus, b € ¥B. This shows that Use;c(qz)"%sB C ¥B. We then conclude that ¥B = Ugex(w)
x RgB. |
For any operation ¥ on P(A), the dual operation of ¥, written as ¥?, is defined by

ViB = (¥B%°  forall BC A4,
where B° denotes the complement of B in A. Observe that for any B C A,
. \d o c
()5 = (RoB)" = 5, 59
={b|SbﬂB7é@}=7ésB.

Thus, (Rs)? = Rs for any S C A.
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THEOREM 5.4. [9] Let ¥ be an isotone translation-invariant operation on P(A). Then

UB= (] RsB, forall BeP(A).
SeK(¥d)

PROOF. Since ¥¢B¢ = USG,C(W)'I@SBC by Theorem 5.3, we have

¥B = (¢ B°)° —( U ’RSBC) = () RsB. ]

SeK(wd) SeK(vd)

Matheron’s representation theorem has been recently extended to represent all translation-
invariant operations on P(A) by Banon and Barrera [12]. For any B,C C A, denote [B,C] =
{S C A| B C S C C}. Then consider the ternary operation T(S, B,C) on P(A) defined by

T(S,B,C) = {a| § € [B,,C,]}-
Since “S € [Bg,C,]” is equivalent to “B, C S and C¢ C S°”, we have
T(S, B,C) = RS NR¢eS°.
THEOREM 5.5. [12] Let ¥ be a translation-invariant operation on P(A). Then for all S C A,

¥S = U (7%35 N QCCSC) .
[B.C|CK(¥)

Proor. Let a € ¥S. Then, 0 € (¥5)-, = ¥(s-4), S_a € K(¥), and [S-a,8-a] C K(T).
Obviously, S € [(S-g)a,(S~a)a] and, hence, a € Rs_. Sﬁ'Rsc S¢ C U[B c]c,c(q,)(RBSﬂRCCSC)
Conversely, suppose a € U[B,C]C,C(\I,)(RBSO ReeS¢). Then a € RypS NReeSC for some [B,C] C
K(¥). This means that B, C S C C, for some [B,C] C K(¥). Thus, S_, € K(¥) and, hence,
ac¥s. |
REMARK 5.6. If ¥ is also isotone, then Theorem 5.5 reduces to Theorem 5.3. Indeed, then it
is easy to show that B € K(¥) if and only if [B,C] C K(¥) for all C with C > B, and thus
Theorem 5.5 asserts

TS = U U(fzbSnszc)

BeK(¥) CDB
= U ('faBSn U 7“zcc56>
BeK(¥) CDOB
U (’ﬁ’,BSﬂszcSC)
BeK(¥)
U (7%3307%@56)
BeK(¥)
= U (Rssna)
BeK(¥)
= |J ®sS
BeK(¥)

which is the assertion of Theorem 5.3.
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6. REPRESENTATION THEOREM FOR
TRANSLATION-INVARIANT OPERATIONS

Representation theorems discussed in previous section are developed primarily for translation-
invariant operations on P(A4). In the following, we will generalize the alluded representation
theorems to represent translation-invariant operations on (A — L) for arbitrary complete lattice
(L,V, A).

Before generalizing Theorem 5.3 and Theorem 5.5, we first note that any function in F(A —
{0,1}) is of the form f = xs, where S = Supp(f) C A. Thus, the ternary operation T" on P(A4)
can be easily redefined as a ternary operation on F(A — {0,1}) by

1, f Bx c §cC(;,

0, otherwise,

T (xs,xB,xc) (z) = {

for all xs,xB,xc € F(A — {0,1}) and for all x € A. An analogous ternary operation on
F(a — L), also written as T, can then be defined by

T, ifg, < f< hg,

1, otherwise,

T(f,9,h)(z) = {

for all x € A, where T and 1 are the greatest and least elements of L, respectively. Next, we
introduce the threshold operations on L. For any a € L, let O, be the operation on L defined by

T, ifa<g,

1, otherwise.

eaﬂ={

The operation O, is known as the a-level threshold operation. Complementarily, we can define ©¢

to be an operation on L by
T, ifB<a,

1, otherwise.

92ﬂ={

Then for any g € F(A — L),a € L, define a relation ¢ on A by zpy, if and only if g,(z) > a,
for all z,y € A and write RgZa and Rg>,, for 739 and R,, respectively. Similarly, we will write
7?,95,, and Rg<q for R, and R,, respectively, if oy means gy(z) <@, forall z,y € A

REMARK 6.1. If L = {0,1} with 0 < 1 and f € F(A — L) with Supp(g) = S. Then, it is easy
to see that the definition g,(x) > 1 of zpy is the same as that for S in Section 5 and, hence, that

Rng = 7?,5 and 7%,921 = 7%5.

Likewise,
Rgso = Rsc and RgSO = Rsc.

Moreover,
Rg>0 =Ry<1 =Ra  (which maps @ to itself and everything else to A),

and
ﬁ’,gzo = 7%51 =Ra (which maps A to itself and everything else to 0).

LEMMA 6.2. For any f,g,h € F(A — L), we have

T(£,9.0) = N\ (Re2a8af) A (Raga®f)

a€l
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ProOOF. Suppose T(f,g,h)(y) = T. Then g, < f < hy. Thus, for all a € L, if g,(z) > a then
f(z) > a and ©,f(z) = T. Similarly, if hy(z) < a then f(z) <a and ©%f(z) = T. Therefore,

A (Ro248af@) A (Raca€f () = T.

a€L
Conversely, if /\aeL(fZgZa@af(y)) A (Rh<a©Sf(y)) = T, then for all a € L, we have
Re>a@af(y) =T and Ryca®Sf(y) =T.

Thus, f(x) > a, for all z with g,(z) > a and f(x) < a, for all z with hy(z) < a. In other words,
we have g, < f < hy. Thus, T(f,g,h)(y) = T. ]

REMARK 6.3. If L = {0,1}, then Lemma 6.2 asserts

T (xs» X8, xc) = ReXxs A Rce s,

which is equivalent to the one right above Theorem 5.5.

DEFINITION 6.4. Let ¥ be a unary operation on F(A — L), where (A,+, —,0) is an abelian
group and (L,V,A) is a complete lattice. Then for all a € L, the a-level kernel of ¥, written as
Ko(W), is defined by

Ko(¥)={f e F(A— L)| ¥f(0) >a}.

REMARK 6.5. If L = {0,1} and we identify sets with their characteristic functions, then K; = K
as defined in Section 5 and Ky = P(A).

THEOREM 6.6. Let ¥ be a translation-invariant operation on F(A — L). Then

Ry [M v (/\ (ﬁgzﬁ@ﬁf)A(msﬁ@g,«))] |

a€L [0,h]CKq(T) \BEL

ProoF. Let ¥f(y) = v. Then ¥f_,(0) = v and then f_, € K,(¥). Since [f_y, f-y] and
f-ylySF< (f—y)y7 we have

[9,h]CKL(¥) \BeL

V ( A (Ro2005 £)) A (Rngp €5 f(y))) =T

and ) ]
Vijer V (/\ (Ro25 05 £)) A (Rnss ©5 f(y))) >y,
a€L | [g,h]CKu(¥) \BEL ]

Conversely, if

Vijer 'V (/\ (ﬁyZﬁer(y))/\(ﬁhSﬂ@%f(y))> =7,

a€l | [g.R]CKo(¥) \BEL

then there exists a subset M of L such that

an (/\(ﬁgzaeaf(m)A(fzhgaezf(w))=a,

[g,R]CKa (W) \BEL
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for all @ € M. Note that Vaeara = 7. This means that for each a € M, there exists g and h
such that [g,h] C Ko(¥) and /\geL(ﬁgZaeaf(y)) A (7%51192 f(y)) = T. By Lemma 6.2, we
have g, < f < hy, ie, g < foy < h. Thus, f, € Ku(¥), and hence, ¥ f_,(0) > a for all
a € M. Since ¥ is translation-invariant, we then have ¥ f(y) > a for all « € M. Therefore,
¥ f(y) > Vaema = 7. |
REMARK 6.7. If L = {0,1}, Theorem 6.6 reduces easily to Theorem 5.5.

In particular, if ¥ is isotone, then g € K, [¥] implies f € K[¥] for all g < f. Thus, the following
corollary is an easy consequence of Theorem 6.6.

COROLLARY 6.8. If ¥ is an isotone translation-invariant operation on F(A — L), then

v=\/lan V /\(fzgzﬂ@ﬂf)

a€EL gEK(¥) \PEL
REMARK 6.9. In the used fashion, Corollary 6.8 generalizes Theorem 5.3.

7. CONCLUSION

The proposed weighted Radon transformations based on weighted relations unify many linear
transformations commonly used in signal and image processing. In [25], many applications of
discrete Radon transforms to signal processing have been discussed. Moreover, Theorem 3.4 is
an interesting result on characterizing translation-invariant weighted Radon transformations.

Mathematical morphology is recently very vital in the area of image processing. Most new
published textbooks on digital image processing [26-29] have included mathematical morphology
as one of their topics. The proposed nonlinear Radon transformations can be considered as
generalizations of morphological operations.

It should be noted that if X =Y = V(G), where V(G) is the vertex set of a simple graph G,
and if g is a binary relation on V(G), then the Radon transforms R,B and ﬁ,gB , Where B is any
subset of V(G), are generalizations of dilation and erosion of B in graph morphology. Interested
readers can be referred to [30,31] for details.

It should also be noted that Theorem 6.6 is developed for representing translation-invariant
operations on F(A — L), where L is the underlying set of a complete lattice. Since neither R
nor C form a complete lattice, Theorem 6.6 cannot be applied directly to translation-invariant
operations discussed in Section 3.
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