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Abstract—We address the problem of multiuser power and
bandwidth allocation for a general class of OFDMA-based wire-
less networks that employ a Type-II Hybrid Automatic Repeat
reQuest (HARQ) mechanism along with practical Modulation
and Coding Schemes (MCSs). This problem is formulated as
minimizing the sum transmit power required to satisfy individual
goodput constraints without exceeding maximum allowable per-
link or per-node transmit power levels. We assume that the
resource manager has only statistical knowledge of the Channel
State Information (CSI) of the Rayleigh-distributed fast-fading
links of the network. Using a tight approximation of the goodput,
we propose an algorithm allowing to compute the corresponding
optimal resource allocation. We finally provide an efficient
selection of the different MCSs that can be coupled with the
proposed resource allocation algorithm to significantly boost its
performance.

I. INTRODUCTION

To cope with the growing demands in terms of spectral effi-
ciency and quality of Service (QoS), modern wireless network
standards include a combination of advanced physical and link
layer techniques such as Orthogonal Frequency Division Mul-
tiple Access (OFDMA), adaptive MCS, Bit-Interleaved Coded
Modulation (BICM), and HARQ. Both HARQ and adaptive
MCS are powerful mechanisms that allow reliable commu-
nications over time-varying channels. Among the different
HARQ schemes, the so-called Type-II, which includes Chase
Combining (CC-HARQ) and Incremental Redundancy (IR-
HARQ) [1], is the most promising in terms of performance.
In addition, a random Subcarrier Assignment Scheme (SAS)
along with BICM allows to harvest the inherent diversity in
wireless links while OFDMA allows to properly handle the
multi-path and the multi-user interference. The benefits of the
above-mentioned techniques are not limited to infrastructure-
based networks but extend to ad hoc configurations too.

This article deals with sum transmit power minimization for
wireless networks using OFDMA, BICM and practical MCSs
at the physical layer and Type-II HARQ at the link layer. This
problem is of great interest for two reasons. First, transmit
power minimization is crucial to reduce energy consumption
and to minimize the impact produced by the network on
other systems through interference. Second, Type-II HARQ
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(as opposed to the simpler Type-I) is a very promising link-
layer mechanism as we already mentioned. Although the
above problem arises in a wide class of wireless systems, we
hereafter rather focus on ad hoc networks. In such networks,
generally a node called “resource manager” is elected to per-
form the resource allocation even if pairwise communications
are allowed. The delay between the initiation of a specific
link and the reception by the resource manager of the CSI
feedback associated with that link may span several frame
periods. Consequently, the resource manager has only outdated
CSI whereas it can have accurate statistical CSI due to the
much larger coherence time of the latter. We therefore assume
that the resource allocation should be done with only statistical
CSI about the different wireless links.

In order for our system model to be compatible with any
network topology, we assume that each node can potentially
establish more than one outgoing communication link. Either
Time-Division Multiplexing (TDM) or Orthogonal Frequency-
Division Multiplexing (OFDM) can be used to enable simul-
taneous operation of the links coming out of the same node.
Moreover, real-world wireless communication systems place
practical limitations on the operation of the transmitter of each
node. In this article, we consider two of these limitations [2],
namely, either i) a constraint on the long-term average transmit
power due to limited battery life or ii) a constraint on the short-
term average transmit power imposed either by regulations or
to avoid nonlinearities of the power amplifiers. We show in
Section III that the first limitation gives rise to a per-node
transmit power constraint while the second can be equivalent
either to a per-node or to a per-link transmit power constraint
depending on the applied multiplexing technique.

In the literature, only few works e.g., [3]-[11], have ad-
dressed the problem of multiuser resource allocation for
communication systems utilizing HARQ, and none of them
considered individual power constraints, to the best of our
knowledge. In [3], a rate-adaptive optimization problem is
addressed where the objective is to determine user scheduling
and resource allocation that maximize the sum of the indi-
vidual information-theoretic data rates in an IR-HARQ based
network under the assumption of perfect CSI. The problem
is simplified by separately performing power control and
bandwidth assignment leading thus to a suboptimal solution.
The authors of [4] address the problem of average sum
transmit power minimization in a network using IR-HARQ
under maximum average delay constraints. Again, perfect CSI
is assumed and practical MCSs are not taken into account. In



[5] and [6], the system goodput is maximized with respect
to user selection and power and rate allocation for a system
employing Type-II HARQ and outdated CSIT. However, due
to the user selection, no more than one user can be scheduled
at any given time. Moreover, the system goodput is computed
using an information-theoretical approach that fails to account
for practical MCSs. This last limitation also applies to [7].
In [8], perfect CSIT and Type-I HARQ are considered along
with practical MCSs. Nevertheless, the proposed resource allo-
cation is suboptimal since subchannel assignment and power
allocation are not jointly optimized. A heuristic suboptimal
resource allocation scheme is proposed in [9] for multiuser
HARQ-based uplink communications in Single Carrier (SC)-
FDMA systems. In the context of cognitive radio, some works
have been devoted to resource allocation for secondary users
when HARQ is employed [10]. Finally, in [11], transmit
power minimization is done in presence of statistical CSIT
and practical MCS but only for Type- HARQ and without
individual transmit power constraints. In this paper, our main
contribution is to address the previous problem in the context
of Type-Il HARQ while also adding per-node or per-link
transmit power constraints. It is worth mentioning that the
extension from Type-I to Type-II HARQ is not straightforward
since the closed-form expressions for the performance metrics
of the latter are much more complicated. The same difficulty
arises from adding the individual power constraints.

It is worth noting that several works in the literature
(e.g., [12]-[15]) have addressed power and rate allocation
for HARQ schemes but in a single-user context where the
objective is to adapt transmit power and coding rate over the
different retransmissions of the same HARQ process. This
problem, while important, is not within the scope of our paper
since the gain is very small when no perfect CSIT is available
[12].

The rest of the article is organized as follows. The system
model is depicted in Section II. In Section III, the resource
allocation problem is mathematically formulated for both the
cases of per-node or per-link transmit power constraints. The
solution to these two problems is then analytically derived in
Sections IV and V, respectively. The issue of MCS selection is
next addressed in Section VI. Numerical results are presented
in Section VII, while conclusions are finally provided in
Section VIII.

II. SYSTEM MODEL
A. Channel model

We focus on a single-cluster network with K active nodes.
One of these nodes is the resource manager which performs
the proposed resource allocation algorithm. Each node (k €
{1,2,...,K}) has I}, > 1 outgoing active links. From now on,
we use the couple (k, ) to designate the ith (i € {1,...,I})
link of node k. Each of these ZkK:l Ij; links is considered
as a time-varying frequency-selective channel whose M time-
domain taps are Rayleigh distributed. It is assumed that OFDM
(with N subcarriers covering a total bandwidth of W Hz) is
employed and that channels remain constant over one OFDM
symbol but change independently between consecutive OFDM
symbols.

Let hy;(j) = [hki(4,0),...,hei(j, M — 1)]T be the
M-long channel impulse response of link (k,4) associated
with OFDM symbol j where the superscript (.)T stands
for the transposition operator. The multi-variate complex-
valued circular symmetric Gaussian distribution with mean a
and covariance matrix X is hereafter denoted by CN(a, X).
Let Hy;(j) = [Hki(4,0),...,Hgi(5j,N — 1)]T be the
discrete Fourier transform of hy;(j) ie, Hyi(j,n) =
S hii(g,m)e= 2™ for n = 0,1,...,N — 1. The
received signal associated with OFDM symbol j for link (&, )
at subcarrier 1 is

Yi,i(4,n) = Hii(4,n) Xp,i(J,n) + Zii(4,n) (D

where X}, ;(j,n) is the symbol transmitted at subcarrier n of
the jth OFDM symbol on link (k,%), and where Zj, ;(j,n) ~
CN(0, NoW/N) is an additive noise and Ny is the noise level
in the power spectral density. It is assumed that the time-
domain channel taps {hy;(j,m)};o0<m<m—1 are indepen-
dent random variables with variances c,fﬂ-,m that are constant

w.rt. the OFDM symbol index j but which possibly vary
def

from tap to tap, i.e, hy;(j) ~ CN(0,3,) with Xy, =
diag sy ar(Ski00- > Stin—1)- The subcarriers of a single
link are thus identically distributed as Hy, ;(4,n) ~ CN(0, Sii)
where ¢ ; = Tr(3y,;). We define the average gain-to-noise
ratio for link (k,17) as

gt B [[Hyi(j,n)?]
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B. The HARQ mechanism and other link-layer assumptions

At the Medium Access Layer (MAC), each active link (&, 7)
receives an infinite stream of information bits coming from the
upper layer while arranged in packets of n, bits each. A Type-
II HARQ scheme is then used to transmit each information
packet in at most L transmissions. The content of each one
of these L transmissions is called a MAC Packet (MP).
Notice that the power used by the system does not depend
on the number of retransmissions really used by the HARQ
mechanism since there is always a MP to be sent. We assume
that the MPs produced by the different I; links coming out
of a node k are multiplexed either i) by assigning them non-
overlapping subsets of subcarriers of each OFDM symbol, or
ii) by letting each link use all the subcarriers available to its
node till the end of transmission of its current MP before
passing them over to the next link of the node in a Round-
Robin TDM manner.

We examine two possible Type-II HARQ schemes: i) CC-
HARQ: The MP is obtained by encoding the information
packet with a Forward Error Correcting (FEC) code of rate
Ry ;. At the end of each transmission 1 <[ < L, the receiver
combines the so-far received | MPs according to the maximum
ratio combining principle [16]. ii) IR-HARQ: The information
packet is firstly encoded by a FEC code of rate Ry, ;/L (known
as the mother code). The resulting codeword is then split into
L MPs by following the rate compatible coding principle [17].
We assume identical lengths for the MPs. After the reception
of the [th MP, the receiver tries to decode the information
packet by concatenating the ! received MPs.



At the physical layer, we assume that the symbols trans-
mitted on any link (k,7) are chosen from a 2"*i-QAM
constellation. The MCS associated with link (k,4) can thus
be represented by the couple (my, ;, Ry ;).

Let €4 ;,; be the event that decoding the information packet
based on the first [ MPs results in an error and define 7y, ; def
P{E,i,1}. We assume that BICM along with a random SAS are
utilized by all the wireless links. If these two techniques are
well tuned to the coherence time of the channels, the links can
be considered as fast fading. Consequently, if Gray mapping
and convolutional codes are used, then we have

Thil < Thyil o L;Z , 3
SNR,%;""

where gy, ;; is the smallest value that ensures the upper-bound
property. It can be determined using simulations and curve
fitting. Obviously, g ;; depends on the modulation order my, ;,
on the coding rate 2, ; and on the particular HARQ scheme in
use. Moreover the upper-bound in Eq. (3) is tight for medium-
to-high SNRs. The term dj ;; corresponds to the diversity
order and is either i) the minimal Hamming distances of the
codes associated with transmissions [ = 1,..., L in IR-HARQ
case or ii) equal to ldy, ;1 in CC-HARQ case [19, Section V].
Eq. (3) comes from either a straightforward adaptation of [18,
Eq.(65)] to frame error rate instead of bit error rate or a direct
application of [19, Eq.(21)]. A table that maps each MCS
(m,i, Ri.;) to the set {(dg i1, gk.i1) }i=1... is assumed to be
available to the resource manager.

C. Power and bandwidth parameters

The resource manager is assumed to only know the average
gains G, ;. Since each of these gains is subcarrier-independent,
we cannot decide which subset of subcarriers a link or a node
should use, but only how many. In the following, we denote
by ng (k € {1,..., K}) the number of subcarriers assigned to
node k. For a node that has only one outgoing link (/, = 1),
the occupied portion of the bandwidth is ~ &f . As for a
node k that has more than one link (I;; > 1), either OFDM or
TDM should be used to schedule transmission on these links,
as we mentioned in Section I. Denote by ny, ; < ny, the number
of subcarriers assigned to link (k,%) out of the available ny
subcarriers and by +; ; the bandwidth proportion occupied by
the link. In the case where OFDM is used for link scheduling,
vYk,; can be expressed as "I’Q‘ As for the case where node &k
uses Round-Robin TDM instead of OFDM, the nj subcarriers
of the node are available to each link (k,%) for 1/Ij of the
time. In other words, the proportion 7, ; occupied by link (%, )
of the available time-frequency units can be expressed as I:’J“V
Irrespective of the multiplexing method, 7 ; can thus be seen
as the bandwidth parameter of link (k, ) to be optimized. For
the sake of tractability, we consider from now on that - ; can
take any value in (0,1).

Since G}, ; is subcarrier-independent, it is natural to transmit

. f )
with the same average power P ; ) [ Xk.i(j,n)|?] on all
. def Py,
the ny ; subcarriers. Let Ey, ; = Vi’;]’\, be the energy consumed
to transmit one symbol on one subcarrier of (k,7) and define

&f NoW/N. Note that the energy consumed on link (k, 7)

2
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to send its part of the OFDM symbol is Ny, ; E) ;. As energy
is proportional to power, we refer to {Ej;ti<ip<k 1<i<Iy
as the transmit power parameters or shortly as the “transmit
powers” by abuse of terminology. Finally, each subcarrier of
(k,i) has an average signal-to-noise ratio (SNR) equal to
2
SNRy, & L g py @)
ki

III. RESOURCE ALLOCATION OPTIMIZATION PROBLEMS
WITH FIXED MCS

We consider for the moment that the MCSs of the different
links are fixed in advance. The selection of these MCSs is
dealt with in Section VI. Our goal is to minimize the total
average transmit power proportional to Zszl Zfil Vie,i Lk i
by jointly optimizing the power and the bandwidth parame-
ters {Ex i, Yk, J1<k<K.1<i<I,. While an individual maximum
allowable transmit power is respected and while a minimum
goodput 77,(33 is guaranteed for each link (k,4). The goodput
corresponds to the average number per channel use of infor-
mation bits in successfully-decoded packets, and is denoted
for link (k,4) by 7 ;. Mathematically speaking, we have

I number of successfully decoded bits up to [
1m

Meyi = number of channel uses up to [

m ——p—, (5)

where [ designates with a slight abuse of notation the number
of MAC transmissions carried out so far, and b(l) is the total
number of information bits in the correctly decoded packets up
to the lth transmission. As for the transmit power constraint,
it should be made explicit depending on the relevant situation
among the following possible situations:

1) The main concern is to limit the long-term average
power of each node in order to maximize its battery life.
In case OFDM is used for link scheduling, we define
the long-term average power of a node as the mean of
its transmit power on a frame of Ny OFDM symbols
given by WNf S Bk = % 1 Vi B,
where T’ def 1/W and where Ny Zfil ny, ;B ; is the
energy spent by node k during the transmission of the
Ny NT-seconds long frame. As for the TDM case, we
take into account Round-Robin scheduling by defining
the long-term average power of a node as its mean
transmit power on a frame of I N; OFDM symbols
equal to WNf S B = A i B
where ny E, ; is the energy spent by node k£ during one
OFDM symbol assigned to link (k,%). Therefore, the
relevant long-term average power constraint is always a
per-node constraint given by

Iy
> iBri < Q. (6)
i=1
2) The main concern is that the short-term (per OFDM
symbol) average power of each node does not exceed
a certain level imposed by regulations and/or to avoid



nonlinearities in the power amplifier. If a node k uses
OFDM to schedule its own links, the short-term average
power is given by % Zfil Yk,iEr,; and the correspond-
ing constraint is the same as in Eq. (6). If TDM is
assumed instead, the short-term average power depends
on the current scheduled link and is given for link (%, %)
by 7k,iEk,;. This leads to the following Ij, per-link
constraints:

YeiBrki < QY Wie{1,... I} )

Therefore, the optimization issue of interest writes as follows.

Problem 1. The general optimization problem is:

K I
min iEr i
V1,11, VK- VK T e B 1 B Ex g Erorge kzzl 122:1 Vi Lk,
(8a)
subject to
Goodput constraints: 7, ; > 77;(902 , (8b)
Vke{l,....,K},ie{l,..., I},
K I
Bandwidth constraint: Z ka,i <1, (8¢)
k=1i=1
Power constraints: either Eq.(6) or Eq.(7), Vk € {1,..., K},
(8d)
Positivity constraints: v, ;, > 0, £y, ; > 0, (8e)

Vee{l,...,K},ie{l,...,Ix}.

According to [16], we know that the goodput for any Type-
II HARQ writes as:
— 4k,i,L (9)

k,iVk, L— )

N = My 12
1+ i

where gy, ; def P{&ki1:Eki2s---+Ekiy} is the probabil-
ity that the first [ transmissions of a HARQ process are
all received in error. The factor 7, in the Right-Hand
Side (RHS) of Eq. (9) reflects the fact that the goodput is
proportional to the number of the assigned subcarriers. It
is difficult to get g ;; in closed-form. However, qi;; =
P{€k,i1,Chyi2s--» Ehyii} < P{Ekin} = mryiy and 7y
can furthermore be upper-bounded by 7 ;; which has an an-
alytical expression given in Eq. (3). Therefore, gy ;,; < g i
We have checked that this upper-bound is tight for practical
values of L and for medium-to-high SNR values. The goodput
Mk,i can thus be lower-bounded as follows:

1- 77rk7L

+ S it
We thus slightly modify Problem 1 by replacing the Left-Hand
Side (LHS) of Eq. (8b) with the RHS of Eq. (10) and by using
the closed-form expression of 7y, ; ;. First, we focus on the case
with per-link transmit power constraints.

Mhyi = Mei R iV, i1 (10)

Problem 2. The optimization problem with per-link power

constraints becomes:

K
i iEi
V1,171,141 7’YK,1---’YK,IKH,II%‘?,L--ELII,EKJWEK,IK k:1'7k, k,
(11a)
subject to
. (0)
., 1= ki) (G iEyi) ot Mhi (11b)
1 G/ (G Brg) et~ iRy’
Vke{l,...,K},ie{l,..., I}
K I
DY i<, (11c)
k=11i=1
’Yk,iEk,i < QéOZ)aVk € {177K}?Z € {1’ '7Ik?}7 (lld)
Yei > 0,E,; >0,Vke{l,...,K},ie{l,...,Ix}.(11e)

It is quite obvious that Problem 2 is feasible if and only
if forcing each link (k,%) to consume a power -y, ,Ek i =

(0) results in a feasible problem. Setting Ej, ; = Qk ; /’y;C i
constralnt (11b) writes as Sk Q(o) (7&,:) > 0 where

def
0 8axs 9k,i,Q§£g (7) =
0 di,i,L
l_gkiL/(GkiQ;(gz)‘/ > 0)
my i Ry iy drn Mk -
1+ gkzl/<Gk:zQ />

(12)
It is easy to verify that G, QO (0) < 0. Two cases are thus
possible. If Sk Q(o) has no zeros on (0, 1], then Sk Q(o) (7) <

0,Vy € (0,1], meaning that constraint (11b) cannot be
satisfied. Otherwise if G, HQ©) has a zero or more on (0, 1],

we should use the smallest of them to test the feasibility of
Problem 2. This leads to Lemma 1 where we defined:

() def
Thi@® =

+o00,if G, QO has no zeros on (0, 1],

otherwise.
(13)

the smallest zero of 9 5. Q) 5
RN

Lemma 1. Problem 2 is feasible if and only if
Zk 121 17(0)(2(0) < 1. Moreover, this inequality implies

that Slater’s condmon holds.

Now, we turn our attention to the case with per-node
transmit power constraints.

Problem 3. The optimization problem with per-node power



constraints becomes:

K I
min ik
V1,1V, I YK YK T e B B Ex g Errge kzzl P VhiiEk,
(14a)
subject to
. (0)
L 9hoi, 1/ (Gr,i B i) ™00 M.i (14b)
UL S g/ (G Bt T mkiRis
Vke{l,...,K},ie{1,..., I}
K I
MY wma<t, (140)
k=1 i=1
Iy
S wiB < QY Wk e {1,.. K}, (14d)
i=1
Vi > 0,E,; >0,Vke{l,...,K},i € {l,..., I} . (14e)

Next Lemma states that Problem 3 is feasible if and only if
we get a feasible problem by i) forcing each node & to consume
the maximum allowable power Zf 1Yk Bk Qko and by

’Yk iEri)i<i<r, of p(iwers

ii) finding a combination (Q.;

on the outgoing links of each node & that sum up to Qk and

that result in a feasible resource allocation.

Lemma 2.  Problem 3 is feasible iff

ZkK 1 mm ZI’“ 7(0) 1, where 7(0?
Z (0) =1 Tk,i,Qg,: k,i,Qk,i

is defined as in Eq (13). Moreover, this inequality implies
Slater’s condition.

Hereafter, we start with Problem 3 (related to per-node
constraints) since the solution of Problem 2 (related to per-
link constraints) is a special case of that of Problem 3.

IV. SOLVING THE PER-NODE POWER-CONSTRAINED
PROBLEM

One can remark that Problem 3 is a geometric program [20]
which means that all the involved functions (except Eq. (14e)
considered as an implicit constraint) are posynomials w.r.t.
{’yk:i}kZI-uK,i:l---Ik and {Ek,i}kzl»-- Ki=1-Ip - Eq. (148.)
and Eq. (14c) are straightforwardly posynomials. Rewriting
Eq. (14b) leads to the following new expression of the con-
straint related to the goodput

(0) L—1 (0)

nk}l nklgkll — —di,;
mp iR +Z dku’ykllE Zk T+
ki kl -1 mk'Lszth (15)
9k,i,L —diL
—F <1,
dy i, k,i
kai "
vk € {1,...,K},i € {1,...,I4}. Clearly, the previous

constraint (which replaced Eq. (14b)) is also posynomial. It
is well-known that a geometric program can be transformed
into a convex optimization problem [20]. In our case, this can
be accomplished thanks to the change of variables vy ; = e
and Ey; = eV for k € {1,...,K},i € {1,...,I;}.
Consequently, Problem 3 can be viewed as a convex optimiza-
tion problem whose Karush—Kuhn-Tucker (KKT) conditions
provide a globally-optimal solution since Slater’s condition

holds if the condition in Lemma 2 is satisfied. Let ji5, ;, A, vy, be
the non-negative Lagrangian multipliers associated with con-
straints (14b), (14c), (14d) respectively and define functions
x — fr,i(z) for any value € R of the SNR as

frilz) & L+ 3005 gra /o
w 1 = grp/xdeie

Note that the LHS of Eq. (14b) is equal to vy ;/ fr.i (Gk iEri)

dkzL dkzL

and that fy ; is decreasing on (g,g/z +oo> Here, g,; 1
is the smallest value that the SNR G, ; Ei. ; can take while the
approximate goodput (the RHS of Eq. (10)) is non-negative.

(16)

Since the optimization problem at hand is convex in vari-
ables {xy i, Yki}tk=1...K,i=1...1,, the associated KKT condi-
tions should be first derived in these variables. In a second step,
they can be rewritten in the original variables {7y ;, Ex ; }x.;
giving hence rise to:

(1 +vi)vk,iEri

77(0)’}’71 L—1 g
ki Vhyi kil
— Mk, - ’ 1+ — +)\7k2*0
ki PP i < ; (Gk,iEk,i)dk’“l>
a7
(14 i)Wk, Bri =
(0) -1 L-1
" Mhi Vi Z Gkyi 1 Dhe i1 n Gk,i, LAk i, L
)t mk,sz,z =1 (Gk’iEkﬂ')dk’i’l (Gkﬂ'Ek,i)dk’i’L ’
(18)
771(@0) Vi, i
i - — - =0, (19)
He, <mk,sz,¢ fr,i (GmEm)>

K I I
A <ZZ’W“ - 1) =0, v (Z'Yk,iEk,i - 9) =0.

k=1 i=1 i=1

(20)
In the following, we manipulate the above equations to the end
of writing the resource allocation parameters Fj, ; and v; ; as
functions of one multiplier, namely the multiplier \ associated
with the bandwidth constraint Eq. (14c), by eliminating juy, ;
and vy,. By referring to Eq. (14e), we note that 7y ;Ey ; > 0.
We also have 14 v, > 0 because vy, is a Lagrange multiplier.
We thus get from Eq. (18) that u; # 0, which means that
the constraint associated with the goodput (Eq. 14b) is always
active. Eq. (19) thus yields
Mt
M, R
We can thus eliminate uy ; by plugging Eqgs. (18) and (21)
into Eq. (17) to get
1

A= Fi.; iELi)+
lek(Gk ki)t

Vi = ——5—fri (Gr,iFk,i) - 2D

(Fk7 (szEkz) +Gk1Ek1)a

(22)
, —i—oo) of the

Gk: 7
1/dk,i,L
where we defined for any value z € (g, L
SNR Gii By i
def T
Fk’i(x) - L—1 dy ;1 d; . — X
21:1 dk,i,19k,5,1/T7F5 s g /oL
H—Z:lL;1 Greyist/ahil L—gpi, /a0 L

(23)
The following lemma summarizes the properties of function



F}, ; that will be useful in the remaining derivations. Its proof
is provided in Appendix A.

Lemma 3. For any link (k,i) there exists a unique sy ; >
1/dk, ) .
kiz £ > 0 such that i) Fy, ;(sg,i) = 0, ii) Fy;(z) < 0 for
any ¥ < Sy, and iii) F}, ; is increasing from 0 to +oo on
[Sk.i,+00) so that its inverse F} ! exists on [0,+00) and is

increasing on its domain.

For the moment, we assume that a genie tells us the value
of the Lagrange multiplier A. As we have done with the
multipliers (i, ;, we proceed to eliminating . We first note
by referring to Eq. (23) that Vk € {1,..., K},i € {1,..., I},

Gk,iEk,i + Fk,i (Gk,iEk,i) > 0 provided that Gk,iEk,i >
1/dk,i,L

rir - Eq. (22) can thus be rewritten as:

Gea\ — Fro1 (GriEr1)
Gr1Fx1+ Fe1 (GeaEr1)
_ Gpp A= Fg, (Grr Brr,)
GrnBrg, + For, (G EBrg,,)

Now since the Lagrange multiplier v, in the LHS and all the
denominators in the RHS of Eq. (24) are non-negative, the
numerators should be non-negative too. We thus obtain the
following upper bound on the transmit power of any link (k,%):

GriBri < Fpj (Grad) VEe{l,...,K}ie{l,...,I}}.

(25
Moreover, Eq. (24) allows us to establish I, — 1 equalities
involving {E} ; }1<i<r,. These equalities suggest that the I,
power parameters of any node k£ could be represented by one
variable, namely the transmit power of one of the Ij links.
We will show that this reference link should be chosen as the

vV =

(24)

link i, € {1,..., I} satisfying
Sk,i

=ar max : 26
ik = g e, Crs (26)
In order to compute the transmit powers Ej ; of a link ¢ €
{1,..., I }\{ix } as a function of A and the reference transmit

power Ey, ;. , we refer to Eq. (24) to write:

G ix A + Griy B iy
: e Fri(Gr,i Bk i)+

Fiein (Groin Brir) + Gy By (G 27)

Gk,’ik)\ - Fk,ik (Gk,TkEk,Lk)
Friw (Gryin Eryi) + Gri Eriy
Define Xy ; A (Gr.i,, Pk if,) as the solution (which is unique,

cf. Lemma 4) in variable x & G k,iEr,: to Eq. (27). Note that
Xk,ip, A (G, ZkEk in) = GrinEr iy - We thus can write:

xkz)\<Glc ’LkEk? @k) Vi € {17-“’Ik:} .

G,k = G

Ep; =
k., Gk

In the same way, parameters (71671')1':1___ 1, can be obtained
thanks to Eq. (21) as

)

my i Ry ;

(28)

Jri (Xrin(GryinEBryiy)) sVie {1, Iy} .

(29)
Denote by C(A) the subset of nodes with an active transmit
power constraint. Due to Egs. (28) and (29), we can rewrite

Ve,i =

S iBr = QY

Lo )

2 i G
X fiei (Xnin (G Brein)) = QY Wk € C(N) .

Note that a sufficient and necessary condition for a node & to
be in C(A) is that the above equation has a solution in variable
Ek.;, on [sk in/Glins Fr. Zk (Gg,ixN) /Gy, m) that we denote
(Gg,ip A) so that
the upper bound in Eq. (25) is respected. In other words, E(O)
is the optimal transmit power on the reference link (k, i) for
nodes k € C(A). The parameters Ej ; and -y, on the other
links ¢ € {1,..., It} \ {ix} of these nodes can be simply
computed by setting E, ;, = E,SOL)k in Egs. (28) and (29).

for any node k € C()\) as

Xkix(Gryin Bk i) (30)

as E,(Coi) Here, we require Gy, ;,, E,g Zk < Fk :

As for nodes k& € C()\) with inactive transmit power
constraints, it is straightforward to compute their resource
allocation parameters by plugging v = 0 into Eq. (24) and
by referring to Eq. (21) to obtain:

1
Epi = ——F, [(Gri)),
k, G, i (Grid)
n© (3D
_ ki S
’Yk,z—mkleszz< ;”(Glm ))7Vk‘66()\).

Putting all pieces together, the optimal transmit power, denoted
Ek i, (A), on the reference link of a general node k is given
by
def
GkaikEkyik ()‘) =
Gk_,ikE,(cOi)k,if Eq.(30) has a solution on

Sk, iy, 1 —1 .
Grip, ) Gr,iy, FkJ'k (Gkvlk)\)) )

(32)

F,;lk (Gr,ix M) , otherwise.

The above equation allows us to write C(A) in the following
compact form:

e\ = {k’)\> o —— Friy, (Gryiy B, W(A))} :

So far we managed to characterize the optimal solution to the
resource allocation problem in terms of one Lagrange multi-
plier (\). We now turn our attention to the determination of
A in order to obtain a practical resource allocation algorithm.
Such an algorithm would involve a line search to find the value
of A. We therefore should extend the definition of quantities
that were so far only defined assuming A is known to any
arbitrary value A. The first step is to make sure that Xy ; 4
(defined by Eq. (27) for A = )) is still well defined for
any A > 0. The following lemma (proven in Appendix B)
states that this is true thanks to the way we choose the
reference link iy (¢f Eq. (26)). First let x = Gy, B,
and X = G} ;P in Eq. (27) and note that we are only
1nterested in values s, < X < F,” (GgiA) and sg;, <
x < Fy (Gk i, 1) due to the upper bound in Eq. (25). Also
note that {skm 711 (Gk,i/l)] and [sklk,F,;le (Gk_,ik/l)] are
not empty by direct application of Lemma 3.

(33)



Lemma 4. For any A > 0, any link (k,i) and any sj;, <
z < F,;Z-lk (Gg i, A), the following equation in X has a unique

F];ll (Gk)l/l))
Gk,ik/l - Fk,ik (17)
Fii (x)+z

solution, denoted as Xy, ; A(x), on [Sk,zﬁ

G}mk/l +x

— =k TR () +

X = Grid. (34)

The second step is to verify that for any node £, Eq. (30)
still has a solution if we replace A\ with an arbitrary value A.
First, we define Xy, ; oo (x) for any = € [sk7ik,F,;Z1k (Gg,ix )

as the unique solution to %Fk,(ﬁc) %x =1
on [sg;,+00) (obtained by letting A — +oo in Eq. (34)).
Second, we define the following function on [sy ;, , +00) for

any given A > 0:

Iy, (0)
def nk 4
Qy = —————Xpia(®) fri (Xk i .
k@ =2 g Gy Traa @) i (B @)
(35)
Finally, we get the following lemma proven in Appendix C.
Lemma 5. For any node k € {1,..., K}, if
def
Qk oc(sk Lk) =
SO (©
K]
Xk i,00 (Skyip ) fei (Xkio0 (Skyr ) <
; Ry Gy o ($k,in ) i (Xiyo0 (Shiin ) < @

(36)
then there exists a unique A,(CO) > 0 such that VA > A9 the
following equation:

Qo a(z) = QL

has a solution in variable x on [sk irs ,H (Gr.in )) that
is unique and bounded with respect to A, whlle no solution
exists on the latter interval YA < A,(CO

(37

The above lemma implies that in settings satisfying in-
equality (36), a necessary condition for node % to have active
transmit power constraint is A > A,(CO). This condition is also
sufficient. To see why, note that if we set A = A > A(O),
then due to the above lemma Eq. (37) will have a unique
solution z that belongs to [sk7ik,F,;Z1k (Gkﬂ-k)\)). Plugging
Ek.i, = /G, in Eq. (24) hence leads to a strictly-positive
value for the multiplier v;. Therefore, the determination of
whether a node should or should not have an active power
constraint reduces to the search for the value of the multiplier
A which is addressed later on. During this search, we define a
provisional transmit power Ej, ;, (A) that generalizes Ej, ;, ()
defined in Eq. (32) to any value of the search variable A as:

def

G Er,i, (A) =
the solution on [s;mk, ki (Gk i )) to Eq. 37) ,
if A> A0

k ik (Gk ik )
it 4 <A
(38)
When A = ), it is clear that Ej, ;, () is equal to the optimal
transmit power on the reference link (k,i;) and that the

resource allocation parameters of the other links of node &
can be computed by setting Ej,;, = Ej; ()\) in Egs. (28)
and (29).

The final step is to extend the definition given by Eq. (33)

of the subset C(\) to any value 4 > 0 to get C(A) &f

@Gmﬂ>mM@M&Mm}Nmumem)z

k|A> A,io) due to Eq. (38). Also note that C(A) has a
“physical” meaning (as the subset of nodes whose transmit
power constraint should be active) only when A = \. For any
other arbitrary value of A, C(A) serves as an intermediate
tool in the search for the optimal resource allocation. In
particular, €(A) = {1,...,K} for A large enough since
Fi.i, (Gi.i, Bk i, (A)) is bounded VA > 0 due to Lemma 5.
This means that increasing A has the effect of forcing more
nodes to consume all their maximum allowable transmit power
Q,(CO). Now define the following function on R:

Iy, (0)
def nkz
r)=s >y oy P (G B () +
kee(A) i=1 it
I n}go)
i 71 )
Z ka’,sz sz( ki (Gk:,z/l)> .
kee(a) =1

(39)
Note that if condition (36) holds for all nodes k, then I"(A) is
well defined VA > 0 thanks to Lemma 5. In particular, when
A = X, I'(A) is the sum of the optimal bandwidth sharing
factors. In Appendix D, we prove that " is continuous on its
domain.
Lemma 5 inspires us to replace the feasibility condition
given by Lemma 2, which is difficult to test, with the following
more restrictive (but easier to verify) condition.

Assumption 1. The following two conditions are satisfied:

1) The inequality in Eq. (36) holds Vk € {1,...,K},i €
{1,..., I}
2)
df K I 0)
kzlzz; k?,Rk1

X froi (X iso0 (Grig By (400))) <1

In Appendix D we prove that [, = limg 4o I'(A).
The sub-optimality of this feasibility condition is due to the
requirement that Eq. (37) has a solution for any A > 0
and that Sr ;S0 454(4) < 1 for A — oo, instead
of requiring that these conditions hold only for A = A\
Nonetheless, Assumption 1 was satisfied in all the feasible
settings encountered in the simulations, and violated in all the
infeasible ones. If Assumption 1 was not held, The KKT based
algorithm failed to work but any standard numerical algorithm
for convex optimization can be used.

Under Assumption 1, we know that function I" (which is
continuous) tends to a value smaller than one as A — —+oo0.
Only one of the following two cases is thus possible. Either
I'(0) < 1, then the Lagrange multiplier X is equal to zero.
Or I'(0) > 1, meaning that the equation I'(A) = 1 has at
least one solution. In this case, A can be considered to be any



such solution. We thus get the following theorem proven in
Appendix D.

Theorem 1. Let Assumption 1 hold true. The optimal solution
to Problem 3 is as follows.

ﬁxk,i,o (Gk,ip, Bk, (0)), and for each k € C(0),

D If I'(0) < 1, then for each k € C(0), Ey; =

Ey;= ﬁF,;j(O).
2) Else, for each k € C(A), Ek =

LDC;“)\(Gk zkEk in(N), and for each k € C(\),
E;” = G y ,“ (G;“)\), with X\ > 0 any solution in
* to I'(A) =

(0)
M
me, le fk' Z(Gk, iE z)

Thanks to Theorem 1, one can propose Algorithm 1 for
the computation of the optimal resource allocation parameters
{Vk,is Ek,i}k=1...K,i=1...1,- In Algorithm 1, the fact that A,(CO)

In both cases, vi; =

Algorithm 1 Optimal resource allocation algorithm for Prob-
lem 3
forall k€ {1,...,K} do
AD — the

unique solution on Ry to

Qk,A (Fk_,il (Gk,i/l)) = QY
end for
A+0
repeat

e(A) {k jA > A;‘))}
for all k£ € C(A) do
G Er i, (A) < the unique
[skkF,; . (Gk,z-k/l)) to Eq. (37)
for all i € {1 I\ {ix} do
Ek i€ G xk Js A(Gk LkEk zk(A))

(0)
fk 7 (Gk zEk 7,)

solution on

Vk,i <
end for
end for
for all & € C(4) do

my. Rk

forall i € {1,...,1;} do
By <+ ﬁF;;il(Gk,iA),
_(0)
ki
’Vk,i my, ’:Rk7fk Z(Gk‘ ’LEk z)
end for
end for

Increment A

R I
until 50 >0k vk <1
return {7y, E i be—1.. K i=1..I,

defined in Lemma 5 is equal to the unique solution on R
to QkA< (G;” )) = QECU) is proved in Appendix C.
Moreover, the size of the increment step should be a trade-
off between the speed of convergence on one side and the
precision of the resulting solution (A and the associated
resource allocation parameters) on the other.

V. SOLVING THE PER-LINK POWER-CONSTRAINED
PROBLEM

As stated in Section III, Problem 2 can be seen as a special
case of Problem 3 applied to an equivalent network with K’ &f
Zk:l I}, one-link nodes obtained by a one-to-one mapping
from (k,7) (with Iy > 1) to k' € {1,..., K’} (with I}, = 1).
Interestingly, the approach developed in Section IV can be
simplified before being applied to solve Problem 2. The first
simplification comes from the fact that Lemma 4 is obviously
no longer needed. Moreover, the computation of the resource
allocation parameters for links with an active power constraint
is easier than in the previous section. Indeed, when I;, =
1 for ¥ € {1,..., K’} in the equivalent network, Eq. (37)
associated with the corresponding link (k,7) in the original
network simplifies to

(0)
X (40)

0
2 fia() = Q1)
which has a unique solution on [sg;,+00) equal to
ﬂQkoz /vk Q® (c¢f. Eq. (13)) provided that the feasibility
condition in Lemma 1 is satisfied (Assumption 1 is no longer
needed). The resource allocation parameters of links with

active transmit power constraints are thus given by 71(< )Q“’)
0 def

(0) ,_(0)
= G:Q, /,yszfj)Z Note that
a necessary condition for a hnk (k, %) to have an active power
constraint is that E](COZ) does not violate inequality (25). This

(as defined above) and E

condition is equivalent to A > Ak ;» Where

def 1

A0 L p (GuE)
This condition is also sufficient as it leads to a strictly-positive
vi,; in the per-link version of Eq. (24). It is thus useful to
define for any A > 0 the following subset:

(41)

e(A) {(k:,z’) ]k c{l,...,K}ief{l,. ... [}, A> A(U)}
(42)
and the following function on R :
~ def
I(4) = Z 'Y(O) ©)
(ki)€@(A) .
77;20) (43)
i -l
i (GrA)) .
* Z m szsz ( k’l( b ))
(k,i)€€(A)

When A = X (the Lagrange multiplier associated with con-
straint (11c¢)), é()\) is the subset of links whose transmit power
constraints should be active while I'()\) is equal to the total
sum of the optimal bandwidth sharing factors. In Appendix E,
we prove that this function is continuous and decreasing
on its domain. Incorporating the above simplifications into
Theorem 1 leads to the following theorem.

Theorem 2. Let the feasibility condition in Lemma 1 hold.
The optimal solution to Problem 2 is as follows.

1) If T(0) < 1, then Y(k,i) € €(0), we have ~,; =



0
'y]il)Q;Og and Ey; = E,(C ,» and ¥(k,1) €

ﬁFm (0) anfi Vhi = p. Rk Jr,i(GriEg i)
2) Else, ¥(k, i) € B(\) we have s =

C(0), Eji =

)

(0)

0® and By, ; =

5 lcz

El(c(,)g’ and V(k,l) € e()‘)’ Ek,i = W k,i (Gk,i)\) and
©

Vi = mkle f1.i(GriEx ), with X > 0 the unique

solution in R to I(A) =1.

Note that A\ as defined in Theorem 2 is unique due to
the fact that function I” is decreasing on Ry as opposed to
function I" in Theorem 1 which is not necessarily monotone.
With Theorem 2 in hand, we propose Algorithm 2 for the
computation of the optimal resource allocation parameters

{Vhsi> Bryi Y h=1... K i=1...Tx -

Algorithm 2 Optimal resource allocation algorithm for Prob-
lem 2
A+0
forall ke {1,..., K},ie{l,...,I;} do o
Qi

71(;1?)@202 « the RHS of Eq. (13), E\) + o

k i Q(O)

AI(CO) — #ﬂFk,i (GkﬂEg’?)

T

end for
repeat
e(4) + {(k.i) |4 > a0}
for all (k,i) € C(A) do
Ep; + Ey),
(0)
Vk,i < lyk,i,ngi.
end for
for all (k, ) ( ) d
Ek,z (Gk zA)
<o>
/Yk,i mk7Rk sz(Gk zEk: z)
end for

Increment A

o K I
until 750, >k v <1
return {7y, E i bh=1.. K i=1...I,

VI. MCS SELECTION

Let M designate the set of indices of the available mod-
ulation schemes and R the set of coding rates of the avail-
able codes. When we fix in advance the MCS (m def
[mi1,...,mrr)T and R def [Ri1,..., Rx.1,c]") of the
different links, Algorithms 1 and 2 return the optimal solution
Vi1 s VK, Ik F1,15 - - -, BK 1, to their corresponding opti-
mization problems. Define Q%.(m, R) = &ef SRS i B
as the minimal total transmit power when the corresponding
optimization problem is feasible. Otherwise, set Q% (m,R) =
+o00. The optimal selection of the MCSs in the network is the

solution to the following combinatorial optimization problem.
Problem 4. (m*, R*) = argmin ,,, gyeaex’ s’ Q7 (m, R),
where K’ d:elei{:l I .

The global solution to Problem 4 can be found by an
exhaustive search that becomes prohibitively costly in com-
putations even for moderate numbers of links. Instead, we
resort to the suboptimal but computationally-efficient greedy
MCS selection algorithm used in [11] and inspired by [22].
Let M and R be sorted such that M = {my,...,mpy}
and R = {Rl,...,R|gz|} with m; < < mpy and
R <--- < R\RI' The idea behind the algorithm is to perform
MCS selection iteratively by changing the MCS of only one
link per iteration. This is done by assigning to each link the
next MCS in the ordered set M x R and by selecting the link
whose MCS modification results in the lowest sum transmit
power. This approach is greedy in the sense that it continues
while the so-obtained transmit power decreases, and stops
otherwise. In the following, &’ < K’ is used to index the K’

links of the network. Let m(®) = [m(1),...,m(K")]T and
R©® = [R(1),...,R(K")]" be such that m(k’) = m;,, and
R(K') = R,,, with jir = ppr = 1 for any &’ € {1,...,K'}.

The proposed greedy approach is described by Algorithm 3
which runs for at most K’|M||R] iterations.

Algorithm 3 Greedy approach to solving Problem 4

m ¢+ m®, R+ RO
repeat
Q% + Q% (m,R)
(m*,R*) « (m,R)
forall ¥’ € {1,..., K’} do
m(kl) — m(k/) = Mmin{j,, +1,|M|} and
Jrr < min{jr + 1, M|}
R(k/) — R(k/) = RHliIl{pk/‘i‘lal:R‘} and
prr < min{py + 1,|R|}
er}*d for ) . x (k)
K7 ¢ arg amin min{Q7(m™’, R),

97 (m, R®)), 07 (m*), R®)}
(m,R) + argmin{Q%(m* ) R),
9% (m, R*™), 0. (m™™) R™))}
until Q7 < Q% (m, R)
return m* R*

VII. SIMULATIONS

We considered a network with K = 5 active nodes with
I, = I = 2 links each. The bandwidth is equal to W = 5
MHz centered around the carrier frequency fy = 2400 MHz.
Each information packet is of length n, = 128 bits. The
distance Dy, ; of link (k, ) is randomly drawn from a uniform
distribution on [100m, 1km]. The term g,z, , follows a free-space
model so that c,ii =1/ (47Tf()Dk’i/C)2, where c is the speed
of light in vacuum. For the sake of simplicity, each link has
the same target efficiency n(®) so that the required sum rate is
equal to IK7(®). Finally, we fix Ny = —170 dBm/Hz.

Hereafter, we assume all the links use the same MCS
ie, mg; = m,Ry; = R,Y(k,i). The values of m and R
are chosen from Table I depending on the target efficiency.
The modulation is based on a m-QAM constellation with

def . L
m € M = {1,2,4,6} while error control consists in a



CC-HARQ based on the convolutional code given in [17]
with an initial rate equal respectively to 1/2 and 1. In
other words, R € R & {1/2,1}. In all the cases, we

set L = 3. In Figure 1, we plot the sum transmit power

MCS name 1 2 3 4 5
m (bits) 1 2 4 6 4
R 172 172 172 172 1
max. sumrate
(Mbps) 2.5 5 10 15 20
wQ©® 15 18 24 32 48
logyg gk,i,1 0.55 0.95 2.21 2.88 1.47
1=1,2,3 —0.22 1.05 2.87 3.28 1.76
(CO) —0.49 0.64 3.02 3.19 1.79
logyo 9k,i,l —0.40 1.60 4.92 6.51 2.75
1=1,2,3 —3.63 —1.11 2.23 3.80 4.90
(IR) —5.89 —2.76 1.55 2.90 4.03
Table I

THE MCSS, THE TRANSMIT POWER CONSTRAINTS AND THE CONSTANTS
Gk,i,1 USED IN SIMULATIONS

w Zszl Zfil Yk,iEk,i as obtained by Algorithm 2 with each
link subject to a transmit power constraint equal to WQ(®
where Q) is set as given in Table I. The same table provides
the constants {gx ;;}i=1...r for goodput computations using
Eq. (3). Each point was obtained using 100 Monte-Carlo
runs, and each subinterval in Figure 1 is associated with a
given MCS. For the sake of comparison, we also plot the

CC-HARQ based on a RCPC code
60 T T T T T

r constraint Q) (plotted only when feasible)

o
&
T
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Figure 1. Sum transmit power vs. sum target rate for the proposed algorithm
and the heuristic one when CC-HARQ is implemented and MCS is fixed in
advance.

total transmit power resulting from the following heuristic
resource allocation scheme. The first step of this scheme
(0)
. . . i /(M Ri.i) .
consists in fixing Vil = T which
S Vo D sy D iy iy /(ma g R g) ( ‘
trivially satisfies constraint (11c)) and in choosing E}Cr“i”al to
be equal to the minimal value such that constraint (11b) is
; ; trivial pptrivial
r.espected.. If thﬁ: resulting trar}smlt power g Vi Ep VT on some
link (ko, 7o) violates constraint (11d), the second step of the
heuristic scheme consists increasing the bandwidth sharing
factor assigned to such links by setting 'yg(‘)v‘;g = fy,(cg?io (where
71&3)% is defined in Eq. (13)) and in accordingly reducing the
sharing factors of the other links (so that constraint (11c) is

still respected). Note that after performing the second step,
there is no guarantee that constraint (11b) is still respected on
the links whose sharing factors have been reduced. Roughly
speaking, the heuristic scheme fails half of the time in the
far-right part of each subinterval. In addition to this feasibility
issue, the advantage of using our algorithm over the heuristic
scheme in terms of total transmit power is clear from Figure 1.

Finally, we investigate in the same figure the potential
increase in the total transmit power due to the fact that the
proposed resource allocation algorithms are developed using
the upper bound gy, ;1 < 7y 4, (cf Eq.'(3)). Therefore, a smaller
transmit power parameter E}'"""°P™ agsociated with the
exact curves gy ;,; can be computed by solving the following
equation in variable E for each link (k,1):

1 — qr,i,(GriE)
1+ 505 @it (GriE)

where {7k}, are the bandwidth parameters returned by
our resource allocation algorithms. We can see from Fig. 1
that the loss S5, S5 g <Ek,i - Eg‘ij“OP “mal) turns out
to be negligible for all practical values of the target sum data
rate.

In Figure 2, we plot the sum transmit power resulting
from Algorithm 3 under the per-link power constraint of
Table I applied to the IR-HARQ scheme based on the two
nested convolutional codes from [21] with an initial rate equal
respectively to 1/2 and 1. Here, the results are given for both
L = 3 and L = 4. From Fig. 2, we can see the significant
gain we get from the proposed MCS selection method with
respect to the case where the MCS is fixed trivially.

We also compute the best lower bound (under the assump-
tions made in Section II) on the sum transmit power obtained
by Algorithm 3. Since the wireless channels in our system
model are fast fading, the lower bound is reached by endowing
the links of the network with the possibility of achieving their
ergodic capacity. More precisely, we now assume that a data
rate of 77](;?3 bits/s/Hz is possible provided that:

0
77;(“) = mp,i Br,i Vi

def
Chr,i(Y,i> Eryi) = B [logy (1 + G iEyi Xe)] > 77;(;)3

where C}, ; is the ergodic capacity associated with link (k,7)
and where the expectation is taken w.r.t. the unit-mean
exponentially-distributed random variable X.. Under this ideal
assumption, we should modify Problem 2 by replacing con-
straint (11b) with Eq. (44). The optimal resource allocation
parameters can then be obtained by replacing fi ;(z) and
Fyi(x) for any x € R% in Algorithm 2 with fc(z) =
WW and F (z) = Wm — . In Figure 2, we
note that Algorithm 3, while suboptimal, significantly reduces
the optimality gap to the ergodic lower bound as compared
with the case where the MCSs are fixed in advance. Moreover,
setting L = 4 yields, as expected, a total transmit power that
is closer to the lower bound as compared to L = 3.

VIII. CONCLUSIONS

In this article, we proposed near-optimal resource allocation
algorithms to minimize sum power consumption in OFDMA-
based wireless networks which use Type-II HARQ schemes



IR-HARQ based on a nested convolutional code
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Figure 2. Sum transmit power vs. sum target rate for the proposed algorithm
and the ergodic capacity based one when IR-HARQ is implemented and MCS
is optimized.

subject to per-link goodput constraints and two kinds of
individual transmit power limitations. Under the assumption
of statistical CSI and practical MCSs, our algorithms return
the optimal power and bandwidth parameters by resorting
to a tight approximation of the links’ goodput. Finally, a
computationally-efficient algorithm for MCS selection was
provided that, when coupled with the previous resource al-
location algorithms, yields significant reductions in the total
power emitted by the network.

APPENDIX A
PROOF OF LEMMA 3

For any k& € {1,...,K},i € {1,...,I;}, func-
1/d

tion Fy,; can be written Vx > g,”’“L as Fji(z) =
T (1/ (fﬂm(x) + Beadesr /e BOD kL) - 1) with Fp;(z) <

_ 4 1—gp,i,o /el
Zl N dkllgk:zl/w k3,1
d .
S ST
d 2k,i,L
ki, L9k,i, L/dk . +OO). As for
1=gk,i, /x>0

the proof that J}, ; is decreasing on R , we note that Vo € R%,

;ez(x) =

 =L-1 4 a9k + Gk,i 19k iym Dk, i, (dkyiym —dk,i,1)
=1 'ik it Zl m= 1 20k, 0Tk i m T

(1+5i5" )’
@s)

The first term in the numerator of the RHS of Eq. (45) is
clearly negative. We now prove that the second term is negative
too. To that end, we define for any x > O:

iei 1 (dieim — dii 1)
ki1 +de,i,m+1

. It is straightforward to show that x —

. . 1/dy.;,
is decreasing on (gk/z"L t

A<Im<L-1.

(46)
Note that the second term in the numerator of the RHS of
Eq. (45) is equal to Zan_Tl:l ajm and that a;; = 0. The

a1m = Gk,i,l9k,im

. . . . . . def
computation of this sum is easier if we introduce n = [ + m:

Lz:_l arm f( Z alm + Z al,m)

l,m=1 n=2 Il+m=n l+m=n
I<m I>m
2L—2
+ E ( E ar,m + E al,m)
n=L [+m=n I+m=n
I<m I>m
L-1 L%l [3]
§ ( E Al n—1 + § Qp—m m)
2L—2 L
+ ( § An—m,m + E al,n—l)
n=L m=|%]|+1 I=|%]+1
L-11%] 2
-y o (e — djiyg)
= gk,l,]gk,’b,’nfj xdk,i,j'i‘dk,z,n—j'Fl
n=2 j:l

2
B Z Z (d.ij — drjin—j)
Gk.i,j Ik isn—j ki, jtdi,in—j+1

n=L j=| % ]+1

We thus conclude that Zf;lzl ai,m < 0 and that as a result
ri(7) <0 forall z € RY.

Putting all pieces together, function =z —
) ) Ay, . . .
1/ (?ki( )+ %) — 1 is thus increasing
—9k,i, L T

(9;/1 [ —|—oo> from —1 to +oo. Therefore, there exists

Sk > gk/z 7% such that Fy, ;(sg,;) = 0 and F}, ;(z) > 0 for

all © > sy, 5.

APPENDIX B
PROOF OF LEMMA 4

[Sk,ik, ka (Ggi A )], the LHS

function of X increases on
Gk,ikAka,ik(z)

Fii (Grad) > G
! (G, A) so that
> 1. A sufficient condition for Eq, (34) to have a
Fl;zl (sz/l)} is then:

Gk7ik/l - Fk,ik (l‘)

For
of Eq

[Sk iy

any «x S
(34) as

(Gk 7 )}
Gk1 A-‘rI sz A— Fy i (17)
k(m )tz Gk ZA + k (I)Jr];:

The last inequality holds because x < F ki
G, 1k/1+z
Fk ik (1})+x

solution on [Sk,i»

from Sk to

1
ki < Gril,Vsg, <o < Fi (GraA) .

Fii(z) + o
(47)
Since =« S % is decreasing on
ik
[sk’ik,F,;ilk (Gk,ik/l)}, we only need to verify the

G iy A=Fr,iy (Sk,1;,)
Fio,ip, (8k,ip ) F8k,1, ki

inequality in Eq. (47) at = sy, :

Gr.i, A . . .
“RiTg s < Gy, where the last inequality holds since
Skﬂ«k 3 3
. Sk.i
iy = argmax;e(1,.. 1.} —G’;”
APPENDIX C

PROOF OF LEMMA 5
We need to show that for any k& € {1,...,K}, the
function z +— Q@ a(x) defined by Eq. (35) is increas-
ing on [Sk,ikaFk_ilk (kaik/l)] for any A > 0. For that



sake, we first prove that X +— Xfy;(X) is increasing
on [sk,i,Fk_j (Gk,i/l)] for any ¢ € {1,...,I;}. Indeed,
one can show after some manipulations that (Xfx (X)) =
%FM(X) so that the derivative of X — X fi ;(X) is
positive on (sk,i,F,;il (Gk_’i/l)} due to Lemma 3. The next
step is to note by referring to Eq. (34) that z — Xy ; (2)
is increasing on [sk,ik,F,;ilk (Gk,ik/l)] for any A > 0 and
that the image of [Sk,ik;F;:ilk (Gk,ik/l)] w.r.t. this function
is [Sk“Fk_Zl (G;”A)] It follows that Q4 4(z) as defined in
Eq. (35) is increasing on [Sk,ik;F];ilk (Gk,ik/l)}. There is
hence at most one solution on the latter interval to Eq. (37)
i.e., to equation Qp 4(x) = Q,(CO). This solution exists if and
only if

Qalskin) QY & Qua (Fk_zlk (Gk,ik/l)> > QY.

(43)

0l
wﬂﬁﬁc i () <
,(CO) so that it is bounded VA > 0. Now note that A —
Qk.a (Fk_zlk (Gk,ik/l)> is increasing on R, and that it in-

Moreover, this solution x satisfies

creases from Qp 4 (sk i, ) to +00. As Qi A(Sk,i,) < Q,(CO), there
exists a unique A,(go) in Ry such that Q4 (Fk_llk (Gk,ik/l)> =

;0). Note that the inequality A > A](€0) is equivalent to
the second inequality in Eq (48) due to the monotonicity
of function A Qk’A( ,“k (Gp, 1k/1)>. We now want to
establish a condition that does not involve A for the first
inequality in Eq. (48) to hold. To that end, we note that A —
Xk,i,A(Sk,i, ) is increasing on Ry as Xy ; A(sk,q, ) is equal to
the unique solution in variable X on [sm,Fk_ll (G;”A)] to
the equation (G, + SLE ) Fii(X) + Gryip X = 8,4, Ghi-
We can show by standard convergence arguments that the
increasing function A — Xy ; A(Sk,i,) is continuous on Ry
so that im a4 oo X i, A(Sk,ix) = Xi,i,00 (Skyin )s Xk i,00 (Skyin,)
being the unique solution on [sy;,+00] to the equation
GkaFk’l(:X:) + G;“kDC = S}g’ika’i. It follows that VA > 0,
Xi,iA(Skin) < Xk, iroo0(Sk,iy, ) leading to:

e, A(Sk,ix) =
> mk,sz,sz,i ki, A(Sk i ) i (X i A (Skin ) <
L 771(32 def @
; mxk,i,w(sk,ik)ﬁc,i (Xni,00 (Skyin ) =
Qo0 (Skir.) -
We thus conclude that {Qk7oo(sk7ik)§Q,(€o) implies

{Qk,A(skﬂ-k) < Q,(CO),VA > O}. In other words, Eq (36) im-
plies Eq. (48). This concludes the proof of Lemma 5.

APPENDIX D
PROOF OF THEOREM 1

We first prove that I'(A) is continuous on Ry. To
that end, note that for any link (k,7) and for any = €
[sk,ik,F,;ilk (Gkﬂ-k/l)>, function A — X, ; () is continuous
on R by standard convergence arguments applied to Eq. (34).

Similar arguments can be used to prove that Ey, ;, (A) defined
by Eq. (38) is continuous on [0,/1,(60)) and on (/1( ) ,+00),
where A,(CU) is defined in Lemma 5. We now show that it
is continuous at A = A,(CO). On one hand, it is clear from
Eq. (38) that lim B (A) = Fy (Gk,,»kA;O)).
On the other hand, continuity of A — X ; 4(x) can be used in
Eq. (36) to show that limA\A(m G in Bk i, (A) is the unique

(Grsn )] 10

A/‘Aio) Gk‘,’ik

solution on [Sk,ik ; Fl;ilk
I, (0)
M.i

| NG
) Gy e e (Y (@) = @47

(50
Now by definition of Ag)) (see Appendix C) we have
L s (0)
i —1
i:zl mk,sz,zak,i xk’i’Ag}) (Fkﬂk (kaik/lk >) (51)

X fri (xm,A;“) (Fk i (Gk %A( ))) Q(O)

Comparing Egs. (50) and (51) and referring to the properties of
functions & — X ; a(x) and X — Xfp, z( ) in Appendix C,
we get limA\A(m GripEri, (A) = F i (Gk “/1(0)> =
lim My o p© Gy, z,CE;C ir (A). Now define k; (j € {1,...,K}) as
a one-to-one mapping from {1,..., K} on itself that results
in a nondecreasing ordering of the values {A,go)}lgkg K lLe.,
Agg) <...< /1,(;2. Note that the subset C(A) does not change

as /A changes inside any interval of the form [/1(0) A(S)H)
Vj € {1,...,K — 1}. Combining this with the fact that
functions fy, ;(x), F,i(z) and E} ;, (A) are continuous, we get
that I"(A) is continuous on any interval {A,(C(J)_), Al(ﬂ(j)+1> Finally,
the continuity of I'(A) at {A,({:O)}kzlmK is a direct result of
the fact that hm/l—ﬂl;co) GkvikEl(c?i)k (/1) = Fk_l (Gk#k/ll(go))

sk
The second step is to prove that limy_, o I'(A) = I's,
where I, is defined in Assumption 1. This
can be done in a straightforward manner using
standard conver%ence arguments applied to A —

n K2
Zk 1Zz 1 my, ka fiesi Xiejin (G, By (4))) Now
recall that I,, < 1 provided that Assumption 1 is satisfied.
As a result, we conclude that one of the following two cases
holds.

Either I'(0) < 1, then the value of the Lagrange multiplier
associated with constraint (14c) is A = 0. Consequently, the
subset of nodes with active transmit power constraints is C(0).
This means that for any & € ©€(0), the optimal parameters
(Ek.iysYe,ip) of the reference link ; can be obtained by
first finding the unique solution to Eq. (37) as dictated by
Lemma 5. The resource allocation parameters (Ej ;,Vk,;) of
the other links of node & € C(0) are obtained respectively by
Eq. (28) and Eq. (29) due to Lemma 4 As for nodes k € €(0),

E.; = TF_Z( ) and i ; = o Rk Jei(F Z( )) due to
Eq. (31). Else, I'(0) > 1. Since I is continuous and Iy <1,
I\ > 0 s.t. I'(A) = 1. In this case, the value of the multiplier
associated with constraint (14c) is A. Therefore, for each
k € C(\), parameters (Ej ;. ,Vk,i,) are obtained by solving




Eq. (37) (due to Lemma 5) and (Eg i, Vki)ic{1,....:}\{ix}
are given by Egs. (28) and (29) (due to Lemma 4). As
for k € C(\), parameters (Ej i, Vk,i)i=1...1, are given by
Egs. (31).

APPENDIX E
BEHAVIOR OF FUNCTION I'(A) ONR,:

Let ¥ € {1,...,K'} be used to index the K’ links
of the network. Define k:; as a one-to-one mapping from
{1,..., K’} on itself that results in a nondecreasing ordering
of the values {/1,(3)}1gk/g1</ defined by Eq. (41) i.e., Al(c?) <

. < /1,(;2/. Due to Eq. (42), subsets é(/l) do not change
as /A changes within any interval of the form {A;ﬁ% /1;3) )
J j+1
V1 < j < K’'—1. The sum Zk,eé(/‘) vli?) is thus constant on
0
fk’ (F];,l(Gk/A)) is

Myt
. . . 0 0 .
continuous and decreasmg on any interval [Al(c’)’ Al(c’) ) sice
J J+1

any such interval. Next, Zk/eé(/l) o

fr is decreasing and F?l is increasing on R% and both are

continuous. Therefore, function f(/l) is piecewise continuous
decreasing on {O,A(g) ) Moreover, it is continuous at the
K/
points /1;3), ceey /1,(3) as a direct result of the continuity of
1 K/

(0)
4, +<)
since é(/l) = () for any A > A9 Putting all pieces together,
K/

function I'(A). Finally, I'(A) is constant over

we get that I is continuous decreasing on R, .
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