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Abstract—The aim of this work is to jointly achieve individual
rate requirements and minimum total transmit power in a
Multi User Multiple Input Multiple Output (MU-MIMO) Broadcast
Channel (BC). Data streams are transmitted from a multi-antenna
base station to several independent and non-cooperative multi-
antenna users. Perfect Channel-State-Information (CSI) is known
at the receivers and it is fed back to the transmitter, where
partial CSI is used for the design of linear transmit filters.
Employing a duality between Multiple Access Channel (MAC) and
BC w.r.t. the average Mean Square Error (MSE) and identifying
standard interference functions, we propose an algorithmic joint
solution for the transmit filter design and the power allocation.
Additionally, we describe the feasibility region in the average
MMSE domain. This result allows for checking the convergence
of the algorithm for given Quality of Service (QoS) constraints.
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I. INTRODUCTION

Dualities between the MAC and the BC have been stud-
ied in several previous works, e.g., dualities w.r.t. Signal-to-
Interference-and-Noise Ratio (SINR) [1], [2], [5], rate [3], [4],
and MSE [6]-[8]. Using several types of dualities, regions of
the MAC and the BC were confirmed to be identical under
sum power constraints. For example, the SINR duality of the
vector BC and the vector MAC [1] is used in SINR balancing
algorithms (e.g. [2]). The coincidence of the MSE regions of
the MIMO MAC and the MIMO BC has also been proven
in [6], [7]. Finally, the rate regions of the MAC and the BC
have been observed to be the same with and without non-
linear interference cancellation under Gaussian signaling for
both single antenna and multiple antenna scenarios [3]-[5].

The mentioned dualities provide conversion formulas to
switch from one domain to the other. These dualities (except
the result in [8]) and the MMSE balancing solution via inter-
ference functions of [9] are based not only on the assumption
of perfect CSI at the receivers but also at the transmitter in
the BC. In a practical scenario, however, the transmit CSI is
imperfect, e.g., when the transmitter obtains the CSI via a
limited rate feedback channel.

Note that the optimization of the linear precoding operation
based on the data rates is difficult for imperfect CSI. Therefore,

*This work has been supported by Xunta de Galicia, MINECO of Spain,
and FEDER funds of the EU under grants 2012/287, TEC2010-19545-C04-01,
and CSD2008-00010.

978-1-4673-5577-3/13/$31.00 ©2013 IEEE 614

we rely on the average MSE to end up with the optimization
of the average rates lower bounds (see Section III). The
proof of the duality between the BC and the MAC w.r.t. the
average MSE conserving the average total transmit power was
shown in [8]. Such a duality allows us to build a standard
interference function [10] to find the optimal transceivers and
power allocation by a fixed-point iteration. Thus, we proposed
an algorithmic solution for the Multi User Multiple Input
Single Output (MU-MISO) in [18] which is now extended
to the MIMO case. Additionally, we describe a method to
guarantee the convergence of the algorithm since it depends
on whether the QoS constraints are feasible or not. There are
several works concerning feasibility (e.g. [2], [16], [17]) but,
again, they are based on the perfect CSI assumption.

We show that the QoS feasibility region in the average
MMSE domain is a polytope. Any point inside the polytope is
achievable and the boundaries describe the separation between
feasibility and infeasibility. As the average MMSE can be
translated to a lower bound to the rate, we end up with a
sufficient feasibility condition for the rates under imperfect
transmit CSI.

II. SYSTEM MODEL

The upper subfigure of Fig. 1 depicts the BC model
considered in this work. The zero-mean data signal s, € C
for user k, with 1 < k < K and E[|s;|?] = 1, is precoded
by pir € CV, where K and N are the number of users and
transmit antennas, respectively. The transmit signal propagates
over a MIMO channel H), € CNV*% with R being the number
of receiver antennas. The additive Gaussian noise in the MIMO
channel is 1 ~ Nc(0,C,), ). The data signals are mutually
independent and also independent of the noise. The linear
equalizer f;, € CF provides the estimates of the data symbols

K
S = FEHEY pisi+ Filne. (1)
i=1
In this work, we consider that the transmitter does not have a
perfect knowledge of the CSI but a partial one that is modeled
through v. We assume the conditional PDFs [, |, (Hg|v)
are available for all k. Contrarily, the receivers can employ
the known full CSI. Hence, any meaningful equalizers are
functions of the channel state (see [8]), e.g.,

frmmse = argming, B [\sk — §k\2’ Hk} . (2)
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Fig. 1: Downlink and dual uplink

To highlight the dependence of the receivers on the channel
state, we use the notation f{'(Hj) in the following.

Recall that the transmitter only has the partial CSI wv.
Hence, the precoder design is based on the average MSE

[1— 2R {f;(H:)Hy'pr}

A HEH P 0] (3)

MSE," = E[|s — 8/ |v] = E
K
+ R (HR)Cy fu(H) + )

The lower subfigure of Fig. 1 shows the model of the dual
MAC. The kth precoder is t,(Hjy) € CE. The transmit
signal propagates over the channel HC,, > € CNXR_ The
received signal is perturbed by n ~ Nc(0,1Iy) and filtered
with the receiver gk € CN to get the estlmated symbol of user
k,ie., YA€ = gHa with ¢ = Y5 H,C, "/ ?t(H,)s; + 7.
Note that the MAC receivers g depend on the partial CSI
v, whereas the MAC precoders t;(H},) are functions of the
current channel state. Accordingly,

———=MAC

MSE," = B {1 — 2R {g}ij

K 2
+ 21:1 ‘g’I‘:IHiC;iH/Qti(Hi)

c th(Hk)} )

]

is the average MSE, E[|s;, — $4€|? | v], in the MAC channel.

2
+ llgrllz

A. BC/MAC MSE Duality

We define the relationship between the BC and the MAC
filters as [8]

pr=oxgr and fi(Hy) = o 'C, PPt (Hy)  (5)

with o € R and rewrite MSE],:'C accordingly [cf. (3)], i.e.,

By equating the last expression to (4), we get Ya = ¢, where
a=[a?,...,0%]T and with ¢; = E[||t,(H |2\ AER‘”‘, we
have ¢ = [gl, ...,sx]T. The entries of ¥ € R x

pg = | T B Ellgl H Gy " PH(HO o] + gl 5 = b
J — .
Ellg! HyCoti(H) 1 | 0] j# k.

MSE." = E [1 o {tk(Hk)C /2 gk}

_ a? _
o ? |t H)|2 + Zi_l - g?HkanH/%k(Hk)‘
- k
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Note that ¥ is non-singular because it is diagonally dominant.
Additionally, ¥ has positive diagonal and non-positive off-
diagonal entries. Thus, ¥ ! has non-negative entries [7], [13]
and the resulting o2 are non-negative. In other words, we can
always find o, € R™ such that MSE?C = MSEkMAC, Vk. Note
that 3.5, [lgifl30? = SIZ, Bl|[t:(HL)|J3 | v], which results
from left multiplying ¥a = ¢ by the all-ones vector 1T. Due
to (5), we can infer that the same average transmit power is
used in the BC as in the dual MAC.

The proof for the converse transform is analogous. For
given BC filters, MAC filters achieving the same average MSEs
with the same average transmit power can be found [8].

III. PROBLEM FORMULATION

Due to Jensen’s inequality and the concavity of log, (e),
we have log, (E[x]) > E[log,(z)]. Since the instantaneous data
rate can be expressed as R = —log,(MMSE), we have that
E[R] = E[—logy(MMSE)] > —log,(E[MMSE]). In other
words, when ensuring an average MMSE, a minimum average
rate is guaranteed, i.e., E[Ry |v] > —log, (i) follows from

MMSE, " < &y

Our goal is to ensure minimum average rates. Based on
the above discussion, we circumvent the difficult optimization
of the average rates and focus on the average MSE instead.
We minimize the total transmit power under QoS constraints
expressed as maximum MSEs, ¢y, i.e.,

min Zsz” s.t.:

Vk: MSE,~
{Fu(Hi), Pr}ie 1=

<ep (6)
where the precoders pj, depend on the partial CSI v. This for-
mulation is conservative as it ensures E[Ry | v] > —log,(ex)
for all k. Note that the BC optimization (6) has the advantage
that the computation of the optimal equalizers depending on
the precoders is simple. From (2), we find

1
K
Jrmmse(Hr) = (an + Zi:l H;?PiP?Hk> H;/'py..
(7)

For the computation of the optimal precoders, however, a
reformulation in the dual MAC is necessary, i.c.,

Vk: MSE)"C <ep (8

min P mac s.t.:
{tu(Hy), gr}i,

with Py mac = Efil E[||t:(H;)||3 | v]. The reformulation (8)

leads to the following optimal MAC receivers, i.e., the BC
precoders [see (5)]
gramse = (R+1n) 7" )

where we introduced py = E[HkC;C tu(Hp) |v] and R =
Soi ) BIHG Gy 2t (H ) H)C 2 HE o),

The two formulations (6) and (8) allow for a simple
computation of the optimal receivers although the precoders
fulfilling the QoS constraints are difficult to find. Therefore,
we propose to employ an Alternating Optimization (AO) where
BC receivers are found via (7) for given precoders p; and the
BC precoders (including the power allocation) are computed
in the dual MAC for given fi(Hj}) (see Section V).
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IV. MAC SOLUTION FOR GIVEN BC RECEIVERS

As can be seen from (9), it is necessary to compute
the expectations R and p; for i = 1,..., K. We propose
to perform the numerical integration by the Monte Carlo
method. To this end, the M realizations H,, () HIEM)
resulting from the PDF fg, |, (Hy|v) are collected in I, =
[H (l)anH/g,..., M)anH/z]. In the AO procedure, the
dependence of the BC receivers on the channel state is left un-
changed in the MAC step. However, the power allocation is up-
dated in the MAC to fulfill the QoS constralnts Therefore? we
spht off the average power allocatlon fk =i Z |t(1) 112,

ie., \/>7' with & S |y @12 = 1, Vz For

notatlonal brevity, we use T}, = blockdlag(r,gl),. T,EM))

such that T;1 = | ,gl)T,... T(M) )T, with the all-ones

vector 1. Accordingly, the MAC MSE reads as [cf. (4)]

MSE, " =1 - 2M /& R{gI T T, 1} (10)

K
1
+ 57 2 gk LT T i + [|gx13-
£

The optimal receivers g mwmse still have the form of (9) but
R = LYK &nTTrH and pp = LVELTL. In
the following, we show a strategy to find the MAC power
allocation & = [¢1,...,¢k]|T > 0.

A. Power Allocation via Interference Functions

The MAC receivers g resulting from the BC-to-MAC
transform are kept fixed. To allow for an adaptation of the
equalizers during the power update, additional scalar receivers
ri, are introduced. Replacing gy by rrgy in (10) leads to

MSE;*C =1 — 2M 'R {r;gEFkah/gk} (11)

K
1 2 2 2
o7 el D &GaR LTI Lige + el gl -

The MMSE optimal scalar receiver is given by

_ 79k DT V&, 12
Tk, MMSE = 1 174 o P 5 (12)
27 2oim1 &9y LTI gis + |9kl

Substituting 7, vvse in (11) gives MMSEZ{/:CEM. With

K
1
(&) = 57 DGO LTI I g — 25 |g}3Fka
=1

and z(€) = ||gk||3 + yr(€), the minimum MSE reads as

———MAC 1 1
MMSEk scalar — £

1 1 1 H 2
Sk & T e me |98 DTl

For diagonal D, a'D?a — {|a"D1|?> = a"DIIDa > 0
with the projector IT = Ip; — +;117. Thus, z(€) > 0. The
QoS power allocation problem can be written as [cf. (8)]

Vk: e T(€) < & (14)

(13)

min1T s.t.:
mipl'e

with the interference of user k&

Ju(€) = iJFLL| 1T - (15)
k - gk M2 iL’k(E) gk: kLEk
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Algorithm 1 Power Minimization

: Initialize: [ < 0, random initialization for p( )

2: repeat

33 1<+ 1l+1, execute commands for all £k € {1,..., K}
and for allme{l,...,M}

4: f(C <—update BC receiver using (7)

) ¢ BC-to-MAC conversion (see Section II-A)

1
6: §k+1) — = Jk(€W)
N tECH»l,m) - T;gl’m) ](€l+1)
8: g(lH) < update MAC receiver using (9)

9: P, "+ . MAC to BC conversion (see Section II-A)

10: until [£0FD — W] <5

and where MMSEZ/I,/:cilar = Ji(&)/&. Collecting the interfer-
ences in J(&) = [J1(€),...,Jk(€)]" leads to a standard
interference function [10]. Positivity of J(&) follows from
& > 0 and z;(&) > 0. Monotonicity can be seen from the
property of zj to be monotonically increasing in £. Finally,
we have zx (&) > xp(z€) for z > 1 and, z2J; (&) > Ji(2€)
thus demonstrating scalability. These properties imply that
J (&) is a standard interference function and, if (14) is fea-
sible, the fixed point iteration £ = E-1J(¢“~1) with
E = diag(ey,...,ex) converges to the global optimum of
(14) as proven in [10].

V. ALGORITHMIC SOLUTION

The pseudocode given in Algorithm 1 finds a feasible
solution of (6), if any. In every loop, the BC receivers are
updated in line 4. After the BC-to-MAC transform, the MAC
power allocation is recomputed based on the interference
function J (&) [see (15)] in line 6 and the MAC receivers are
updated in line 8. Due to the MAC-to-BC transform in line 9,
this translates into an update of the BC precoders. Note that
every step of Algorithm 1 either reduces the average MSEs or
the average transmit power. Due to the existence of an infimum
for feasible (6) [see Section VI], this property implies that the
power converges. We also observe that the filters converge.

VI. QOS FEASIBILITY

In Theorem 1, we present a feasibility test for given average
MMSE requirements applicable for imperfect CSI. A similar
result was shown in [17] for the vector BC but assuming
perfect CSI. For the optimal equalizers [see (9)], the average
MAC MMSE achieved for user k can be expressed as

K —1
A1 -yl (zmam) T
i=1

where Ry, = E[H,Cy,"/*t,(H,)tH(H,)C,,' > HH|v]. With
Ci=E[(H o, by (H) ) (8 (L) G, HE—pf!) o],
we have Ry = Cy + i “E- Note that we have introduced a
non-unit variance o2 of the noise 7 in the dual MAC. Intro-
ducing © = HT where H = [H,C,"/?, ... HxC, M
and T = blockdiag(t1(H1),...,tx(Hg)) ylelds

eMAC =1 - [B[OM)] (E[@@HM +o’Ly) B[O
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Due to the imperfect CSI at the transmitter, the average MM-
SEs cannot be arbitrarily reduced in a simultaneous way, even
when K > N. This observation is in contrast to the perfect

CSI case (see [17]). Employing the above expression for eMAC,

we get for the average sum MMSE eMAC — S oMAC
EMAC _ g gy {E[@HM (E[@O"|v] + 0°Ty) E[@m}.

By setting the noise variance to zero, i.e., 02 = 0, we observe

that the average MMSEs collected in € = [Eli’lAC, o, EMACT
for any finite total average power allocation satisfies
1Me > K —tr{X} (17)

with X = E[THHY|o|(E[HTT"H"|v])~! E[HT |v]. Here,
we assume that EfHTTY H"|v] is invertible, which is ful-
filled when at least one of the error covariance matrices C, is
non-singular, for example. Equality in (17) is asymptotically
achieved when the powers for all users reach infinity.

So far, we have found a necessary condition for the
feasibility of QoS targets, i.e., any power allocation with finite
sum power achieves an MMSE tuple e inside the polytope

P={e|1Te>K —tr{X} and Vk: 0<e, <1}. (I8)

To show that P is the feasible set of (14), we must prove
the converse, i.c., that there exists a power allocation for
any tuple inside the polytope P. The mapping from e to the
power allocation resuls from equating sMAC [see (16)] with
the target £,"*"". The resulting fixed point is unique due to
the propertles of interference functions [10]. Then, if the fixed
point exists, the aforementioned mapping is bijective. In [15],
Kennan established sufficient conditions for the existence of

the fixed point @ = f(x; "), viz.,
f(0;e%) >0 (19)
Ja >0 with f(a;e"*") >a (20)
db>a with f(b;e™") <b. (21)
For finding f, apply the matrix inversion lemma to (16) to get
eMAC — (14 Gl Ay Y or) (22)

with py, = \/>90ka A= Zz 1 &Py +Z]7£k 5]9‘7]50] +0'21N
and Cj, = &, ®Py,. Equating eMAC = tkarget > 0 shows that the
optimal powers are the fixed pomts Jr(&; €9 = &, with

felge™=) = (=) 7 = 1) (el Arten) T @3)

Clearly, fi(&; %) fulfills the first requirement (19) due to

1 Etarget 0_2
T Ck . target

€k el
Consequently, we have found a lower bound for f(&; e™et),
that is, fr(&;e™et) > 1‘% T ”2 for £ > 0. Obviously, a
lower bound to f(&; smrg@t) for all & can be found by
e
B P

Bearing in mind that @ > 0 for £;"*" < 1 and choosing a < @,

the second condition (20) is satisfied using @ = a1. To demon-
strate that the third requirement (21) is also accomplished, we
need to consider the following two cases.

fk (0; Etarget) —

target

for < 1. (24)
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1) Number of transmit antennas greater than or equal to
the number of users (N > K): first, we apply the matrix
inversion lemma to the denominator in (23) to obtain

olle ! [1- By (5, + Bfo ' B) ' Bllo | o

where 37, &5 = BrEp Byl with Ey = diag(&;) 2.
By = [S"j]j#ka and @ = Ziﬁlgi@i + ¢2Iy. Thus,
fr(&; %) can be upper bounded by lower bounding its
denominator via [see (23)]

Pl A o =yl (1- Dy (DFDy) ' D) (29)

with ap, = & /2, and D; = & '/?Bj;. The equality
in (25) holds for Vk: & — oo. We also introduce the
orthogonal projector II;, onto the complement of the range
space of Dy. Hence, the righthand side of (25) can be rewritten
as ¢k IT;4py. The third COIIdlthIl (21) can be fulfilled by
choosing b such that by, > (== o 1)/ (¢ ITjaby,), completing

the proof that P is the fea51ble set of (14) for N > K.

2) Number of transmit antennas smaller than the number
of users (N < K): Set b = abgy, where by belongs to the
s1mplex S ={z|[> ,xzr =1 and Vk: 2, > 0}. For @ — o0
(or 02 — 0) and by > 0, we can rewrite (23) as

1
g — 1
fk ( target) o Eké
03 = 1
QOE(ZbO,i@i + ;:k bo,j%‘PJH) Pk
i J

where b, = o f°(bo; €"). Since by, = fi°(bo; ™), we
observe that by — £°°(bg; ") = 0. The tuple €& has to
satisfy 1Tt = K — tr{X} for a — 0o or 02 — 0 [cf.
(17)]. In other words, a power allocation b = abg with by > 0
and a — oo achieves a tuple €™ that lies in the region
B ={e/1Te = K —tr{X} and Vk: 0 < g, < 1} which
separates feasible from infeasible targets. Obviously, B C P
[see (18)]. Then, to complete the proof, we need to show that
there exists a unique power allocation b = aby for any MMSE
tuple € € B with bg € S and o — oc.

Define the kth user’s SINR as MlAC 1. When o — o0,
the SINR reduces to the signal-to- 1nterference ratlo [cf. (22)]
SIR}, = b KPE (Zz 1 bO iPi + Zﬁék bO,jSOJ‘PJ ) Pi. Now,
we write the SIR;, as the power factor by j over the function
Qy(bo). Fortunately, the functions Qk(bo) satisfy the proper-
ties given in [16]. Thus, the existence and uniqueness of the
optimal power allocation for the SIR balancing problem

bo,k

max 7 s.t. = rSIR| Vke{l,...,K} (26
nay O (bo) 0,k { b0
is guaranteed. Note that we have that £} = o in the

high power reglme with @« — oo. Therefore, it h olds that
1Te = 8 m is the optimum of (26). Remember
from the above discussion that € € B, i.e., 1Te = K —tr{X}
for @« — oo. Therefore, the balancing level r can be found via
4 1
S s =KX,
1+ rSIRg

Note that this equation only has a single solution » > 0 since

m is monotonically decreasing for 7 > 0 and all k. In
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Fig. 2: Example of algorithm execution.

particular, = 1 for SIR targets resulting from MMSE targets
out of B, i.e., Zszl m = K —tr{ X} is fulfilled by the
SIR targets. Summing up, we have shown based on results for
SIR balancing that a unique power allocation b = aby with
by € S and @ — oo always exists for any MMSE targets
€’ € B such that f(b;e’) = b where the entries of f are
defined in (23). Since f(b;e™€®") is decreasing in ™8 [see
(23)], we can infer for any €& = e’ with 3 > 1 that

F(bse™) < b.

Hence, the third requirement (21) is also fulfilled for NV < K.
This completes the proof of the following theorem.

Theorem 1. The QoS problem

min  1T¢ st MSE,' <&
€20 {gr}i_,

has a solution, i.e., the targets €% = [ey,...,ex|" are
feasible, if and only if €"¢°" € P where P is defined in (13).

Remarks: Theorem 1 is a generalization of Theorem III.1
in [17]. For error-free CSI, i.e., Vk: Crr, = E[hihl|v] =0
with hy = vec(Hy), we have tr{X} = N and the bound
reduces to 17e > K — N. Our observation is that tr{X } = R
for Vk: Cg, = 0,2”c Igrn where R is the number of antennas
per user. If this observation is true in general, we can infer that
the feasible region for single-antenna receivers equals that of
SISO systems if Vk: Crr, = o, Irn. Contrary to the perfect
CSI case, tr{ X} need not be integer for Cgy, # a%kIRN.

VII. SIMULATION RESULTS

We present the results of a simulation for N = 4 transmit
antennas, K = 4 users, and R = 2 receive antennas per
user. Fig. 2 shows the average MMSEs vs. the number of
iterations. The result is the mean of M = 4000 channel
realizations and the average MMSE targets are ¢, = 0.45,
Vk, that is, E[R;] > —log,(0.45) = 1.152, Vk. As we
can see, these rate targets are not reached even when we let
the power grow without restriction due to QoS constraints
infeasibility. This result agrees with Theorem 1 stating that
the sum of average MSEs is lower bounded by K — tr{X}.
Using the optimal MAC precoders from Algorithm 1, we find
that tr{X} = 2 for partial CSI v translated into Rayleigh
channels with Vk: Cy, = a,%kIRN. The resulting average
sum MSE lower bound is 1Te > 2, i.e., e, > 0.5,Vk if the
average MSEs are balanced.

VIII. CONCLUSION

We proposed an algorithm for rate balancing via MMSE
balancing in MU-MIMO systems. At each iteration, using
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the average MSE duality between the MAC and the BC, the
precoders and the receivers are updated, and the transmit power
is minimized by means of standard interference functions. We
also described the MMSE feasibility region. If we choose QoS
constraints inside P, convergence and optimality are ensured
due to [10].
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