Accepted article - prepared for print

Please cite this article as: Gergé Nemes: Error bounds and exponential improvement for Hermite's asymptotic
expansion for the Gamma function,

Appl. Anal. Discrete Math. (to appear)

DOI: 10.2298/AADM130124002N

APPLICABLE ANALYSIS AND DISCRETE M ATHEMATICS
available online at http://pefmath.etf.rs

APPL. ANAL. DISCRETE MATH. X (XXXX), XXX—XXX. doi:10.2298/AADM130124002N

ERROR BOUNDS AND EXPONENTIAL
IMPROVEMENT FOR HERMITE’S ASYMPTOTIC
EXPANSION FOR THE GAMMA FUNCTION

Gergd Nemes

In this paper we reconsider the asymptotic expansion of the Gamma function
with shifted argument, which is the generalization of the well-known Stirling
series. To our knowledge, no explicit error bounds exist in the literature for
this expansion. Therefore, the first aim of this paper is to extend the known
error estimates of Stirling’s series to this general case. The second aim is to
give exponentially-improved asymptotics for this asymptotic series.

1. INTRODUCTION

The Gamma function I'(z) is one of the most important special functions of
classical analysis after the so-called elementary functions. It extends the domain
of the factorial n! to real and complex arguments except the non-positive integers.
Since its creation in 1808, the Gamma function has caught the interest of numerous
great mathematicians. A thorough paper on the historical development of the
Gamma function is given by DAvIs [4]. For Re(z) > 0, it can be defined by

+oo
(1) T(z) = /0 t*~te~tdt,

and then, using the functional equation I'(z+1) = 2T'(z) and analytic continuation,
it can be extended to a meromorphic function on C with simple poles at the non-
positive integers. In (1), the path of integration is the real positive axis and t*~!
has its principal value. Many properties of the Gamma function can be found in
a number of books on special functions, such as [6, pp. 93-134], [16], [17, pp.
136-147], [28, pp. 41-77].
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In this paper we reconsider the known asymptotic expansion of the function
logT'(z +a) (2 € C\ (—00,0], a € [0,1]), the logarithm having its principal value.
This expansion takes the form

1 1 <
(2) logT'(z+a)=(z+a—=)logz—z+=log(2m)+ g
2 2 s

(=D"Bu(a)
S ) P 4 R@) )
vy —1)zv-1 RS
Here B, (a) denotes the v-th Bernoulli polynomial [17, p. 588]. The formula was
proved by BARNES [1, p. 121] in 1900, who showed that the remainder satisfies

R (z) = O(z™™) for large z, and gave an explicit formula for it. It is not well
known that this expansion was already investigated earlier by HERMITE [9], who
proved another explicit form of Ré‘:l) +1(2). Therefore, we call the expansion (2) (if
extended to n = 00) as Hermite’s asymptotic expansion.

Gamma functions with shifted argument occur in many parts of pure and
applied mathematics including the theory of hypergeometric series, Mellin—-Barnes
integrals or the discrete analogue of Laplace’s method. Despite this, no exact
estimates for Rgla)(z) are available in the literature, except for the cases a = 0,1
(which are known as Stirling’s series). For the latter cases, several error bounds are
known. These are given, along with the historical background of the asymptotic
expansion (2) and the known results, in Section 2. The first aim of this paper is
to extend those error bounds to the general case, when a € [0, 1] is arbitrary. Here

we state our results, the proofs are given in Section 3. First, let

1 it 0] < 3
(3) 0(0) :=
csc(20) if % < 0] < g

Let B,, denote the n-th Bernoulli number [17, p. 588].

Theorem 1. Let a be an arbitrary number in [0,1], and z be a complexr number
with positive real part. Then we have

() (=)' Bany2(a) 2| Bon ol
(@) R @) < 40) (2n +2)(2n + 1)|z[2"+! +49) (2n +2)(2n + 1)|z|27+!
+4(6) [Bents(@)

(2n + 3)(2n + 2)|z|?+2

form >0, and

| Bant1(a)|
2n(2n + 1)|z|?»

(=1 Bayi2(a)
(@n 1 2)(2n + 1)[22r 1
2|Ban+2|
@n 1+ 2)(2n + )220

(5) |RS) (2)] < €(6) +0(6)

+£(9)
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forn > 1. Moreover, if z > 0, then

@y — _ Bont1(a) Banya(a) — Bango
(6) RQn (Z) = 427’1(27’1 T 1)22n 1 (27’L i 2)(271 T 1)Z2n+1
Ba,
+ 6 2n+2

(2n+2)(2n + 1)z2n+1

and (26) hold (see Section 2). Here 0 < 04 < 1 is a suitable number that depends
on z,a and n.

Some restrictions on a lead to the following simpler error estimates.

Theorem 2. Let a be an arbitrary number from the set [0,1] \ (é, i) U (%, g),
and z be a complex number with positive real part. Then we have
By11(a)] | Brs2(a)]

7 R@ ()| < ¢(0 Bt
0 76 < 00 (G e g
forn > 1. In addition, if z > 0, then
(=)' Byt1(a) i (=1)"Bny2(a)

n(n+ 1)z 6 (n+1)(n+ 2)zn+!

(®) RV (2) = 05

forn > 1 with 0 < 6; <1 (i =5,6) being an appropriate number that depends on
z,a and n.

Theorems 1 and 2 are generalizations of Lindel6f’s error bound which corre-
sponds to the cases a = 0,1 (see Section 2). Now, for n > 1, we set

9) My (@) :=$up[Bny1(1 = a) = Bupa(t = a = [t = a])] < +oo.

An obvious upper bound for the quantity M, (a) is 2 max,co,1) |Bny1(u)|. Sharp
bounds for the maxima of Bernoulli polynomials in [0, 1] are given by LEHMER [11].

Theorem 3. Let a be an arbitrary number in [0,1], and let § = argz. Then we
have

M, (a) AN
1 @ ()] < —"F—sec" T = > 1.
(10) |R\M(2)| < nn T DI sec (2) if 18] <7 andn >

This is a possible extension of a result of STIELTJES we consider in Section
2. Finally, we have the following simpler estimates for the remainder term, that
generalizes the error bounds due to SPIRA (see Section 2).

Theorem 4. Let a be an arbitrary number in [0,1]. We have

2
|Z|2n+1

if Re(z) >0
if Re(2) <0,3(2)#0

Bopto

RS ()] < |5
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and 1
‘R@(”< B%‘ B if Re(z) >0
2n z > |5 1 .
- | e Rel) <0,9(:) #0
forn > 1.

Though the asymptotic expansion (2) is valid when |argz| <7—6,0 < § <,
some applications require more exact information concerning exponentially small
subdominant terms. Interest in the exponentially-improved asymptotic expan-
sion for I'(z + a) first arose in an eigenvalue problem related to a physical phe-
nomenon [3]. During the investigation of this problem it was necessary to derive
an exponentially-improved asymptotics for a certain quotient of Gamma functions,
near the negative imaginary axis. The case a = 0 was considered by PARIS and
Woob [18], and BERRY [2]. They showed that infinitely many subdominant expo-
nential terms in the expansion of logT'(z) appear in the neighbourhood of the rays
argz = ig, and proved a smooth transition property of these. The second aim of

this paper is to extend their argument to the general case of logI'(z + a). The fun-
damental result, with proof given in Subsection 4.2, is the following representation.

Theorem 5. Let a be an arbitrary number in [0,1]. Then we have

0 2mika Tk i ([
(a) e (=)@ - 1!
11 = - A
(11) Ry (2) k;@ omik < (2mikz)i + A(z,a,ng)
k0

in the sector largz| <7 —0d <7, 0 <0 <m, where

N G VY
(12) A(z,a,ng) = k;m ok

k20

2™ kGO (. 2mikz)

and the indices ny, are arbitrary positive integers. Here I'(«a, z) denotes the comple-
mentary incomplete Gamma function [17, p. 174].

The rest of the paper is organized as follows. In Section 2, we review the
known results about the asymptotic series of logI'(z 4 a), focusing first on the case
when a = 0. The proofs of the error bounds are given in Section 3. In Section 4,
we describe the exponentially-improved asymptotics of logI'(z + a).

2. STIRLING’S AND HERMITE’S ASYMPTOTIC EXPANSIONS

In Subsection 2.1, we discuss in detail the known properties of the asymp-
totic expansion of logI'(z). The theory of this expansion is well-established. In
Subsection 2.2, the asymptotic series of logT'(z + a) is considered.
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2.1. Stirling’s series. It is well known that the Gamma function has the
expansion

B2u

_ 1)221/—1 + Rn(z)’

1 1 .
(13) logI(z) = (z - 5) logz — z + 5 log(2m) + ; 200

where z € C\ (—00,0] and n > 0. The series in (13) (if extended to n = o0) is
known as Stirling’s asymptotic series (see below), although it was first discovered
by DE MOIVRE [8, pp. 480-484]. As usually happens with asymptotic expansions,
Stirling’s series is divergent for all z € C\ (—o0, 0], necessitating the use of a finite
series truncation and a remainder term R, (z) to make it an exact expression. This
remainder has closed form integral representations:

(e 22 i
- L[ Bt
2n+1 J, (z + t)2ntl
(16) Sp— / B Bl
2n+2 J, (2 + t)2n+2 '

The representation (14) holds true only for Re(z) > 0. Known bounds are due to
LINDELOF [12, p. 99]:

; | Bant2|
(17) |R.(2)] < £(0) @n 1 2)@n + )P

and STIELTJES [27, pp. 434-436]:

Boy, 0\ .
(18) R, (2)] < | Ban| TEs) sec?"t?2 <—) if 0] <,
(2n+2)(2n + 1) | 2| 2

where 0 = argz and £(0) is given by (3). Also, if z > 0 is real then R,(z) is less
than, but has the same sign as, the first neglected term [28, p. 65]. It is known that

csc(26), in the sector % <0 < g, is the best of n independent bounds for which
(17) holds [21]. From Stieltjes’ estimate (18), we can conclude that Stirling’s series

is indeed an asymptotic expansion of logI" (z) as z — oo in the sector |arg z| < w—4,
0<éd<m.

The following simpler bounds are due to SPIRA [26]:

B 1
|Ry(2)] < 2nn1‘ e for Re(z) > 0,
|R,(2)] <2 Ban L for Re(z) < 0,3(z) # 0
n = ) .
2n — 1] |3(z)) "
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HERMITE and SONIN [25, p. 262] pointed out a surprising expression for R, (z)
when z > 0:

Ban,
Ro(2) = 2n42
(2n+2)(2n 4+ 1)(2 + pn)*"+!
where 0 < p,, < L is a suitable number that depends on z. For more complex
T/ 2e

bounds we refer the reader to [7, p. 907] and [22].

The Binet function p : C\ (—00,0] — C is defined by p(2) := Ry (2). It is
known that p (z) is a holomorphic function (see, e.g., [19, p. 57]). From (14)—(16),
we obtain the following integral expressions:

1 +oo 2

(19) w(z) = g ZQZ? log (1 — e ?™) dt
1
(20) = — A-i_ %dt
Y e I el 20
1) -5/ Ot

Formula (19) holds true only for Re(z) > 0. Another representations are given by
Binet’s first and second formula [29, pp. 249-251]:

teo 11 1 e 7t
22 = - — = dt
(22) vo= [ (G-1+am) S

and

T arctan (t/z
(23) w(z) = 2/0 e;c’ftift/l) dt

for Re(z) > 0 and the function arctan has its principal value. We remark that (19)
follows from (23) using integration by parts.

KAMINSKI and PARIS [10, pp. 279-288] derived the following expansion in
terms of the complementary incomplete Gamma, function:

1 — S (an)' 2mikz -
(24) wu(z) = ; z Z 27rkz 2j+1 - Z “omik € T (—2ny, 2mikz)
- Py

where ni = n_j and the ny’s are arbitrary positive integers. An optimal choice of
these integers, given by ny ~ 7k |z| (k > 1), then enabled the smooth transition

of certain subdominant exponential terms accross the Stokes lines arg z = ig (see

also [2] and [18]). For more details we refer the reader to Section 4.

2.2. Hermite’s asymptotic expansion. HERMITE [9] considered in 1895
the function logT' (z + a), where z > 0 and a € [0,1]. He gave the expansion

1 1 T (CD'B@) |
logl'(z +a) = (2+a—§)10g2—2+ 5 log(2m) + > W+R2n+l( z)

v=2
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where n > 0 and

1 00
(25) R\ (2) = ﬂ /+ Z—QtQ" log (1 —2e" % cos (2ma) + 6747”)(115
2n+1 2mz2n L 22442

n+1 + 2 .
+ 7(_1) / h — = 2 grctan —sm(Zﬂ'a) dt.
w2t Jo 22412 e2™t — cos(2ma)

He also provided an estimate for the remainder as

a Bopyo2(a) — Bapta Bopa

2% R =0 nt

(26) 201(2) = O g S G T et T 2 G o) an 1 )
B2n+3(a)

—0
®(2n + 3)(2n + 2)227+2”

where 0 < 0; < 1 (i = 1,2,3) is an appropriate number that depends on z,a and
n. The more general formula (2), was given by BARNES [1, p. 121] in 1900. For

a # 0, he expressed the remainder R%a) (z) as a Mellin—Barnes integral

27)  R®(z) = ——— T _me (s,a)ds, —n<c<—(n—1)
" 270 Joljoo Ssin(ms) ’ ’
where ((s, a) denotes the Hurwitz Zeta function [17, p. 607] (see also [29, pp. 276—

279]). He also showed that R (2) = O(2~™) as z — oo in the sector |arg z| < m—4,
0 < § < 7. This yields what we call Hermite’s asymptotic expansion:

(28) logT'(z +a) ~ (Z +a-— %) logz — 2z + % log(27) + Z 75(_1/1)1/13;25@)1

as z — oo in the sector |argz| < m — 3§, 0 < & < w. This is a generalization of
Stirling’s series. Different proofs are given by ROWE [20] and FIELDS [13, pp.

32-33]. We note that, using the notation of the previous subsection, Rg:l)(z) =
RSL)H(Z) = R,(z). From the functional equation logT'(z + 1) = logz + logT'(z),
it follows that R\ (z) = R\ (2). Tt is known [14, p. 111], [16, p. 295 that, for
n2=2,

oo —a—|t—a
(29) Rg“)(z):—%/o B"(t(ZH)Lff D .

This is a generalization of (15). In fact, it also holds true when n = 1, since

a a 5 (a T By(t—a—|t—a
a0 2o~ 2 - B [ Bl
1 (" By(a) = Ba(t—a—|t—al) . T Bi(t—a—[t—a))
2, EETE - s

2
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where we have used integration by parts in the last step. In general,

(31) RW(z) = 1 /+oo (=1)""'Byy1(a) = Buja(t —a— [t —al) "

n+1 (z 4 t)ntt
1 /*‘” Byn(l—a) - Bult—a—|t-a)
Cn41), (z +t)ntL

which is an extension of (16).

It is convenient to define the function (z,a) — pe(z) for z € C\ (—o0,0]

and a € [0,1] by pe(2) = Rga) (2). It is clear from the definition that ue(z) is a

holomorphic function of z. We call this function as the generalized Binet function,
since p(z) = po(z) = p1(z). Using analytic continuation in (25), we find

1 too 2

(32)  pa(z) =— Y pER) log(1 — 272" cos (2ma) + e~ 4™ dt
0
1 +oo 2

z
- — ———tarctan
w22 Jy 224 t? (

sin (27a)

——F— | dt, R 0.
€2t — cos (27ra)) ’ e(z) >

This generalizes (19). From (30), we have

+<>ot—a—Lt—aJ—1
ua(z):f/o 2 4t

2+

1/+wa@n+tau@@au@f&
0 (z+1) .

2

These are extensions of (20) and (21). The generalization of Binet’s first formula
(22) is given by HERMITE:

+oo 1 1 e(lfa)t e~ %t
o(2) = oty at.
Ha (2) A <a 2 1 a- 1> ‘

Although he proved it for z > 0, by analytic continuation, it also holds when
Re(z) > 0. The generalization of Binet’s second formula (23) is apparently not
known, however, it follows from (32) using integration by parts:

oo cos(2ma) — e 2 t
33 o = tan — dt
(83)  #a(z) A cosh(27t) — cos(2ma) arctatt z

Hoo sin(27a) 1 £ 2
- Zlog (14 (2 .
/0 cosh(2mt) — cos(2ma) 2 ©8 ( + (z) )dt’ Re(z) >0

Here the functions arctan and log have their principal values.

3. PROOFS OF THE ERROR BOUNDS FOR HERMITE’S
ASYMPTOTIC EXPANSION

In this section, we prove the generalizations of the error estimates of LIN-
DELOF, STIELTJES and SPIRA to R\ (z), given in Theorems 1-4.
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3.1. Lindel6f-type estimates. For ¢ > 0 and a € [0, 1] we introduce the
functions
wa (t) = IOg (]_ — 26—2ﬂ't coS (27'('(1) + e—47rt) 7

sin (2ra) ) |

t) := arct
€a () = arctan (62” — cos (2ma)

By analytic continuation and (25), we have

+

(71)n+1 2
T oppntl

(a)
(34) R2n+1(z) 22+ 12 To2nt2 22 4 12
0

n+1
amanas S [ e ma

o

for Re (z) > 0 and n > 0. We shall give a similar expression for Rgfl) (z) . Using the
identity
2 n—1 1 2

1 z
— 71 v _tQV 71 n _- 2n
sz:o ( ) 22’/ + ( ) Z2n 22 + t2

z
22 4 ¢2

in (32) (with n =n — 1 in the second integral), we obtain

n—1 n—2
L (=t e, L= [ o
Ha(2) =D o5 /0 e (t)dt =Y~ /O T (t)dt

v=0 v=0 &
(=Dt e 2, (=D" [T 22
t ozt | 5t a(t)dt + — = 2t Ga(t)dt.

From the integral representations

Bayya(a) (-t /+°° 2
35 = t“ 1, (t)dt
(35) (2v+2)(2v + 1) 21 Jo Yalt)
and

Bay+3(a) (=1)” /+°° 2041
36 = T (E)dt
(36) (2v+3)(2v +2) T Jo fal®)
we find )

~ (-1)"By(a)
ta (2) = Z V1)t + Ré{:l)(z)a
v=2
with
—+oo —+oo
(@) (=" * 22 om (=" 22 on
= t o(t) dt t o(t) dt.
(37) Ry, (2) o2t 22 1 2 ba(t) dt + T22n 22 4+ 2 Sa(t)
0 0

This holds true for Re(z) > 0 and n > 1. We introduce the function

22
p(0) :=m 22

ax 0 = argz.
na ; g
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Note that p(f) does not change when the variables z and/or u are multiplied by
arbitrary non-zero real numbers. In particular, it is independent of |z|. Since

1 . (P + ER cos(29))2 + |2|* sin®(20)
S~ i :
p*(0)  p>0 |z]
_ . 2 2 .2
= min [(q + cos(26))” + sin (29)} :

one finds that p(6) = ¢(0), where £(6) is given by (3). We shall now estimate the
remainder R;a)(z) for Re(z) > 0.

Proof of Theorem 1. In this case, we allow a to be an arbitrary number in [0, 1].
A straightforward calculation shows that

balt) — to(t) = log (1 + (%)3 >0,

For fixed a, the function t — &, (¢) does not change sign. It then follows from the
representations (34) and (37), and the definition of the function p (6) (= ¢ (#)) that

RS (2)] < éﬁ—%% /O " g () — 0 (1)
+|j§7§12 L +Oot2”+1§a(t)dt'+|j§—z)ﬂ = gy ()]
R < ik | T a0 - o ()
[T etema] + | L [ il

Using the integral representations (35) and (36), we deduce the estimates (4) and
2

(5). To prove the bound (6), note that when z > 0 is real, we have 0 < % <1

i
for all t > 0.
Proof of Theorem 2. In this case, we restrict a to the set [0, 1]\ (%, i) U (%, %)
The functions ¢t +— 1, (t) and ¢ — &, (t) do not change sign for these values of
a. Consequently, from the representations (34) and (37), and the definition of the
function p (6) (= £(0)), we obtain
(o) 00) |1 [T o ((9)
|Rony1(2)] < |z|27"+1 2 /. "o (t)dE| + |z|27”+2

+oo
/ t”%(t)dt‘ + 19
0 |z

Using the integral representations (35) and (36), we deduce the estimate (7). To
2

1 [t
- / e, (t)dt |
0

™

1 [ree
- / tQ”_lga(t)dt‘ .
0

™

1

2

a 0(0)
|RS (2)] < METH

prove the bound (8), note that when z > 0 is real, we have 0 < 22Z—+t2 < 1 for all
t>0.
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3.2. Stieltjes-type estimates. The proof of Stieltjes’ error bound (18) is
based on the representation (16) and the fact that Ba,yo — Bapto (t — [t]) does

not change sign. A generalization of Stieltjes’ estimate for R%a) (z) may come from
(31). However, in general, B,+1 (1 —a) — By41 (t — a — [t — a]) might change sign
for fixed a € (0,1). Indeed, it changes at least when a # 5 as can be seen from

the representations (35) and (36). Nevertheless, we can proceed as follows. Set
0 = arg z, then

0 0
Iz 4+ t)° = [2]P+ 22| tcos O+t = (|z| + t)* — 4 |z| t sin® <5> > (2| + t)? cos? (5) .

Applying this and the definition (9) in (31) yields

u 1 T B, 1 (1 —a) = By (t—a—[t—al)
‘Ré)('z)‘ < / . +n+1
n+1Jo |z +t|

—+00
< My (a) secnt1 (Q) / ;n-i-ldt.
n+1 2 0 (|Z| +t)

Evaluating this integral then leads us to the error bound (10) and the proof of
Theorem 3.

dt

3.3. Spira-type estimates. It is well known that max,c,1]|Ban (u)| <
| Bay| . From the integral expressions (29) and (31), we obtain

—+oo
‘R2n+1(2)| < o+ 22|B2n+2|/0 |z—|—t|2n+2

and

+oo
(a) 1 dt
|Ryy, (2)] < o |B2n|/O m

SPIRA showed that

teo e
/ 2n S
o |z+1

teo gt
/ 2n S 2
P

Applying these in the estimates above, we deduce Theorem 4.

2n
2n—1

1
|Z|2n71

for Re(z) >0,

on ‘ 1
2n — 1] (2"

for Re(z) < 0,3(z) #0.

4. EXPONENTIALLY-IMPROVED ASYMPTOTICS

Although the asymptotic series (28) is valid when |argz| <7 —4,0 < § <,
some applications require more precise information concerning the subdominant



12 G. Nemes

terms, usually exponentially small. Interest in the exponentially-improved asymp-
totic expansion for I'(z + a) first arose in connection with a simple model describing
the leakage of energy from weakly bent optical fibre waveguides [3]. In the course of
this it was necessary to derive exponentially-improved asymptotics for the quotient

1

as z — 00, near the negative imaginary axis. The case a = 0 was considered by
Paris and WoobD [18], who showed that infinitely many subdominant exponen-
tial terms in the expansion of logI' (z) appear in the neighbourhood of the rays
argz = i%. They also smoothed the first (leading) subdominant exponential. The
smoothing of the higher subdominant exponentials was carried out by BERRY [2].
An alternative proof of Berry’s result is given by KAMINSKI and PARIS [10, pp.
279-288]. Our goal is to extend their argument to the general case of logI'(z + a).
First, we shall find the Stokes multipliers in the sectors g < largz| <, |argz| < g

4.1. The discontinuous treatment of the Stokes multipliers. The
asymptotic expansion of log'(z 4 a) in the sector |arg z| < % is given by Hermite’s
expansion (28). We shall obtain an expansion in the sector |argz| > g We will
use the reflection formula

™
39 r = .
(39) (z+a) sin(m (z+a))I'(—z+1—a)

First, we consider the case g < argz < m and put —z = ze ™ so that fg <

arg (—z) < 0. The asymptotic expansion of logI'(—z + 1 — a) can be obtained from
(28). Taking logarithms in (39) yields

1 .
logT'(z + a) ~ logm — logsin(n(z + a)) — (—z —a+ 5) log(ze™™) — 2z

0o DBD
7—10g27r Z—V—l)( By )1

After a simple rearrangement, the result is

1 1
(40)  logl'(z +a) ~ (z +a— 5) logz — 2+ - log(2m) — log (1 — 2ril=+a))

= (~1)
Z Zl/l’

v=2

as z — oo in the sector g < argz < 7. A similar argument shows that in the

conjugate sector —m < argz < fg an analogous expansion holds with e27(+a)

replaced by e~ 27i(+a),
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The case |argz| = g must be considered separately. On the positive imagi-

nary axis we put z = iy, y > 0. Using the Fourier series of t — By (t —a — [t — a])
(see, e.g., [17, p. 592]) in (30), we find

< cos(2rka) 1 [ sin(2rkt) 2k T cos(2mkt)

COS(2TTRQ Sln ™ ™ a COS| 2T

y) = 2 COSLETEY) g4

) = 3 L [ By, 5 Gt L [ o
- 0 0

Separation of the real and imaginary parts yields

> cos(2mka) 1 [ tsin(2mkt)  sin(2rka) 1 [ cos(2rkt)
. COoslzTmRaQ SN 27 . SIN(27TRa COS| 2T
naliy) = 3 k E/ Y2 + 2 ditiy) k ?/ 2z &
k=1 0 k=1 0

+o0 +oo
Z 27rk:a / sin(2mkt) gt — i sin(2rka) 1 / t cos(27kt) gt
- @ y* + 12 k 7 y2 + 12 '
0

0 k=1

The two integrals in the first line can be evaluated using Fourier transforms, and
we find

0 oo . o
COS 27‘(]170, —2rky . sin(27wka) e27ky 1 e2mik(iy+a)
E +1 E ( ) == E
2 k 2 2
k=1 k=1 k=1
1
E— 27rz(zy+a)
5 log (1 - )-

The two integrals in the second line can be written in terms of the Exponential
integral [5, eq. 3.723/1. and 3.723/5.], hence we arrive at

1 o eQTrika
(41) ,ua(iy):—§log( errilvtaly —j %" We—%’WEi(zyrky).
k=—o0 i
k£0

From Watson’s lemma [16, p. 71], we obtain that

+oo —27mkyt e (1/ _ 1)[
F2TRY R (4 27k :j:/ c A~ST A k0
e 1( T y) ) 1Tt ; (:|:2’/Tky)l” )

as y — +o00. Substituting this into (41), changing the order of summation and using
the Fourier series of the Bernoulli polynomials [17, p. 592], we find

_627ri(iy+a)) +i ((—1)VB,/(G/)

1
iy) ~ —=log (1
/J/a(ly) 2 Og ( v — 1)(7,y)y71 ’

v=2
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as y — —+o00. Thus, by definition
- - 1 - - 1 1 2mi(iy+a)
(42) logT'(iy +a) ~|iy+a— 5 log(iy) — iy + 5 log(27) — 5 log (1 — e*™{wte))

> —1)By(a
Zy( )" By (a)

Jr
_ l . 1 L _ 27i(z+a)
~|z+a 5 log 2 z+210g(27r) 1og(1 e )

Jr

A similar result holds in the negative imaginary axis with e2™*(*+@) replaced by

e~2mi(z+a) Using the Taylor expansion of the logarithm, we can unify the series
(39), (40), (42) and their analogues in the conjugate sectors as follows:

1 1 2 .
(43)  logl'(z+a) ~ (z +a-— 5) logz — z + 3 log(27) + Z S,i )(G)eﬂmkz

k=1
o~ (=1)"B,(a)
+ ; v(v —1)zv=1’

where
+2rwika
= - ifg <ol <m
a +2wika
(44) S )= { e TP
k o ifd =+ 5
0 if 0] < g

and 0 = arg z. The upper or lower sign is taken in (43) and (44) according as z is in
the upper or lower half-plane. It seems that there is a discontinuous change in the
coefficients of the exponential terms when arg z changes continuously across arg z =
j:g. We have encountered a Stokes phenomenon with Stokes lines argz = j:g.

The function S ,ga) (0) is called the Stokes multiplier of the subdominant exponential
et2mkz In the following subsection we will prove Theorem 5, and use it to show
how the discontinuous behaviour across the Stokes lines can be smoothed by an
error function.

We remark that the appearance of the exponentially small terms in Hermite’s
asymptotic series was first investigated by SLAvIC [23]. Unfortunately, his result
and the slightly improved version in [24] are incorrect.

Finally, we can deduce from (43) that close to the negative imaginary axis,
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the ratio (38) has the asymptotic expansion

1
F(Z+ 1) L [i—ie?m= (1 21
6422

I‘(z N z) VRV T e T 819227

L (om0 L1,
~ —— — e - e — - ...
N 2 6422  8192z4

4.2. Smoothing the Stokes discontinuities. We begin with the proof
of Theorem 5. Substituting » = 1 and s = —t in (27) shows that the generalized
Binet function p, (z) has the Mellin—Barnes integral representation given by

1+ioco -
fa(2) = ——— / T ()t

2mi Ji_ioe tsin(mt)

as z — OQ.

valid when |argz| <7 —d <7, 0<d <mandae€ (0,1].
We now proceed to manipulate the above integral for u, (2) to extract the

sequence of exponentially small terms. First, we apply the Hurwitz formula [6, p.

115]
t + 1 0 27rzka

C(~t,a) = 2m —— Z — Re(®) >0, a € (0,1],
k;éO

to obtain the result

(45) palz) == 3 G Ai(2),
i

where .
1 [f2h°° al(t) 1
sin(nt) (2mikz)t

Ak(z) = o
$—ioco

The reversal of the order of summation and integration is justified when |arg z| <
m—4§ < 7, 0 < é < 7 by absolute convergence. We now move the path of integration
to the right over the simple poles of the integrand at ¢t = 1,2, ..., ng, where ny is
an arbitrary positive integer. Use of the residue theorem then shows that

Ax(2) = z_; % + Ag(2, ),

provided that |arg z| < m — 6 < w. The remainder term is given by

1 st apy 1
Az = —— KON Sy
et d—ico Sin(mt) (2mikz)

271,
= (—=1)™ ngle®™ T (—ny, 2mikz)
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in the sector |argz| < 7 — ¢ < m, 0 < & < 7. Plugging all these results into (45),
we arrive at the representation given in Theorem 5. The absolute convergence of
the series (12) follows from the large argument asymptotics of the complementary
incomplete Gamma function. The validity of formula (11) for a = 0 follows from
the fact that pg (2) = p1 (2).

If, for example, we choose ny = n —1 (n > 2) for all k, the double sum in
(11) becomes

00 g2mika n-1 ( 1)9 .7 —1)! nil "(=1 kBk )
Z 2mik Z (2mikz)J Z kz’“ Z k—1)zk—1"
b j=1 k=1 il

whence, by (12) and the definition of R (2),

= (=D)n =1,
Rgla) (Z) — Z ( )27(:;}5 ) e2mk(z+a)r(1 —n, 27‘1"“62)
k=—o0
k0

for largz| < m— 0 < 7w, 0 < 6 < m and n > 2. This is the generalization of the
result obtained by PARIS and WooD [18]. The problem with this formula is that
the optimal truncation n = N ~ 27 |z| enables only the smooth transition of the
leading subdominant exponential with & = 1, but it is not appropriate to describe
the transition of the smaller exponentials corresponding to k > 2.
To overcome this problem, we choose the optimal truncation ny = n_j =
Ny ~ 27k |z| (k > 1) for each finite series in (11). It is expedient to write the
remainder (12) in the form
1
(46) A(z,a, Ny) = ZE (2mkCHOTy  (2mikz) — e 2TREHO T | (—27ikz)),
k=1

where 7T}, (w) is the so-called Terminant function, defined by
~ T )
T, (w) := %em”f‘ (1-vw).

When v ~ |w|, the Terminant function has the leading order behaviour as w — oo
[10, p. 263-264], [15, p. 1473]:

A7 T,(w) ~%+%erf<c(¢)\/%|w|>, —nm+6 <argw <3m—4, 0<d<2m;

(48) T, (w) ~ %Jr%erf(c(ga)w %|w|), —3n+d<argw <m—4, 0 < <2m.

Here ¢ = argw and erf denotes the Error function [17, p. 160]. The quantity c(¢)
is defined implicitly by the equation
1

502(90) =1+i(p—m) —ele™m),
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and corresponds to the branch of ¢(p) which has the following expansion in the
neighbourhood of ¢ = m:

o) (o)t

(19)  elg)=(p—m)+ slp -1 5

6 © 270

In the upper half-plane, the dominant contribution to A (z,a, Ny) is controlled
by the terms involving T, 1 (2mikz). From (47), the Stokes multiplier of each
subdominant exponential e2™**# in (46) then has the leading form given by

eQﬂ'ika eQﬂ'ika

—T\Nk+1 (2mikz) ~ (% + %erf (C (9 + g) vk |Z|)) P

where § = arg z. Similarly, in the lower half-plane, the dominant contribution arises
from the terms involving T, 41 (—27ikz) . From (48), the leading order behaviour
of the Stokes multiplier of each subdominant exponential e~27*** takes the form

—2mika —2mika

e ~ ) 1 1 ™ e
S T, +1 (—27mikz) ~ (5 - §erf (c (70 + §>\/7rk |z|))

By (49), the approximate functional form of the Stokes multipliers near argz = +7
is then found to be

e:|:27rika

(3= o (0 5) Vi)

For example, in the upper half-plane, the Stokes multipliers change from approx-

imately 0 when 6 < g to approximately k~'e?"*% when 6 > g On the Stokes
line argz = g they have the value (2k)~'e?™%*¢ Hence, we have proved that the

transition of the Stokes multipliers across the Stokes lines arg z = i% is smooth.

Acknowledgments. I would like to thank the two anonymous referees for their
thorough, constructive and helpful comments and suggestions on the manuscript.

REFERENCES

1. E. W. BARNES: The theory of the gamma function. Messenger Math., 29 (1900),
64-128.

2. M. V. BERRY: Infinitely many Stokes smoothings in the gamma function. Proc. R.
Soc. Lond. Ser. A Math. Phys. Eng. Sci., 434 (1991), 465-472.

3. N. Brazer, F. LAwLESS, A. D. WooD: Ezxponential asymptotics for an eigenvalue of
a problem involving parabolic cylinder functions. Proc. Amer. Math. Soc., 114 (1992),
1025-1032.

4. P.J. Davis: Leonhard Euler’s Integral: An Historical Profile of the Gamma Function.
Amer. Math. Monthly, 66 (1959), 849-869.

5. I. S. GRADSHTEYN, I. M. RyzHIK: Table of integrals, series, and products. Seventh
Edition, Elsevier/Academic Press, Amsterdam, 2007.



18

G. Nemes

7.

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

D. R. Guo, Z. X. WANG: Special Functions. World Scientific, Singapore, 1989.

V. P. GURARIL: Error bounds, duality, and the Stokes phenomenon. I. St. Petersburg
Math. J., 21 (2010), 903-956.

A. HALD: A History of Probability and Statistics and Their Applications before 1750.
John Wiley & Sons Inc., Hoboken, New Jersey, 2003.

M. CH. HERMITE: Sur la fonction logT'(a). Journ. Reine Angew. Math. (Crelle’s
Journal), 115 (1895), 201-208.

D. Kaminski, R. B. PARris: Asymptotics and Mellin-Barnes Integrals. Cambridge
University Press, 2001.

D. H. LEHMER: On the Mazima and Minima of Bernoulli Polynomials. Amer. Math.
Monthly, 47 (1940), 533-538.

E. LINDELOF: Le calcul des résidus. Chelsea Publ. Co., New York, 1947.

Y. L. LukE: The Special Functions and their Approximations, Vol. 1. Academic
Press, New York, 1969.

N. E. NORLUND: Vorlesungen tber Differenzenrechnung. Springer-Verlag, Berlin,
1924.

F. W. J. OLVER: Uniform, exponentially improved, asymptotic expansions for the
generalized exponential integral. STAM J. Math. Anal, 22 (1991), 1460-1474.

F. W. J. OLVER: Asymptotics and Special Functions. A K Peters Ltd., Wellesley,
1997.

F. W. J. OLvER, D. W. LozIER, R. F. Boisvert, C. W. CLARK: NIST Handbook
of Mathematical Functions. Cambridge University Press, New York, 2010.

R. B. PARis, A. D. WooD: Ezponentially-improved asymptotics for the gamma func-
tion. J. Comput. Appl. Math., 41 (1992), 135-143.

R. REMMERT, L. D. KAy: Classical Topics in Complex Function Theory. Springer,
New York, 1997.

CH. H. ROWE: A Proof of the Asymptotic Series for logT'(z) and logT'(z + a). Ann.
Math., 32 (1931), 10-16.

F. W. SCHAFKE, A. FINSTERER: On Lindelof’s error bound for Stirling’s series.
Journ. Reine Angew. Math. (Crelle’s Journal), 404 (1990), 135-139.

F. W. SCHAFKE, A. SATTLER: Restgliedabschitzungen fiir die Stirlingsche Reihe.
Note. Mat., 5 (1990), 453-470.

D. V. Sravi¢: Supplementing the asymptotic expansion of the gamma function and
other related functions. Univ. Beograd. Publ. Electrotehn. Fak. Ser. Math. Fiz., 381—
409 (1972), 73-80.

D. V. Stavi¢: On coefficients of the Gauss—Encke formula. Univ. Beograd. Publ.
Elektrotehn. Fak. Ser. Mat. Fiz., 498-541 (1975), 33-38.

N. SONIN: Sur les termes complémentaires de la formule sommatoire d’FEuler et de
celle de Stirling. Ann. Sci. cole Norm. Sup., 6 (1889), 257-262.

R. SpirA: Calculation of the Gamma Function by Stirling’s Formula. Math. Comp.,
25 (1971), 317-322.



Hermite’s asymptotic expansion for the Gamma function 19

27. T.-J. STIELTJES: Sur le développement de logT'(a). J. Math. Pures Appl. (9), 5 (1889),
425-444.

28. N. M. TEMME: Special Functions: An Introduction to the Classical Functions of
Mathematical Physics. John Wiley & Sons Inc., New York, 1996.

29. E. T. WHITTAKER, G. N. WATSON: A Course of Modern Analysis. Cambridge Uni-
versity Press, 4th edition, 1927.

Central European University, (Received August 5, 2012)
Department of Mathematics and its Applications, (Revised January 22, 2013)
H-1051 Budapest,

Nador utca 9

Hungary

E-mail: nemesgery@gmail.com



