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Abstract—In this letter, a parallel relayed free-space optical
(FSO) network is considered. The network consists of multiple
half-duplex amplify-and-forward two-way relays (TWRs), that
assist in establishing communication between two distant nodes.
A single TWR that maximizes the achievable-rate of the network
is selected to participate in the communication process. Assuming
that the optical channel is affected by path loss, misalignment er-
rors, and atmospheric turbulence, we derive exact and asymptotic
closed form expressions for the achievable-rate and the relay with
the maximum achievable-rate is selected for communication.

Index Terms—Achievable-rate, free-space optics, Gamma-
Gamma distribution, pointing error, relay selection, two-way
relay.

1. INTRODUCTION

REE-SPACE OPTICS (FSO) is a line-of-sight (LOS) tech-

nology being used for a variety of applications in the
telecommunications field. However, the FSO signal undergoes
severe fading due to the turbulent atmospheric medium.

Relay-assisted FSO transmission [1], which was introduced
in context of the radio frequency (RF) cooperative relaying
protocols, has been popularly used as a fading mitigation
tool. In the cooperative RF systems, the source broadcasts
information to multiple relays, which forward the information
to the destination. However, unlike the RF counterpart, the
FSO systems are non-broadcasting in nature. Hence, the source
needs to be equipped with a multi-laser transmitter for each
relay node, with the total source power divided amongst the
multiple source-relay links. Furthermore, at high data rates
the synchronization of different signals arriving from various
relays is cumbersome. Therefore, for networks with power
and coverage limitations, selective relaying (SR) based systems
gain attention [2], [3]. In these networks a single (best) relay is
selected to participate in the communication process.

In the aforementioned SR based systems, the analysis was
limited to the outage and error performance for one-way re-
laying (OWR), where by replacing OWR with two-way relay
(TWR), the spectral efficiency of the system can be improved
[4]. For selecting a single TWR, the end-to-end instantaneous
signal-to-noise ratio (SNR) can be maximized. However, TWR
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communication is characterized by the bi-directional rate pairs
of the two-phase transmission [5]. For such systems, net
achievable-rate is defined, which depends on the individual
capacities that are obtained in the two time-phases. Hence,
for TWR assisted systems, an achievable-rate based relay se-
lection scheme is more suitable in comparison to SNR based
selection. Further, the existing literature on SR considers only
the atmospheric turbulence induced scintillation effects without
pointing errors. Since, the severity of pointing errors increases
in high rise buildings where FSO transceivers are deployed, it
is essential to include these impairments for analysis.

Motivated by the aforementioned literature review, in this pa-
per we present an achievable-rate based relay selection scheme
for TWR assisted FSO networks. Considering a parallel relayed
FSO network and assuming that the optical channel is affected
by path loss, misalignment errors, and atmospheric turbu-
lence, we derive exact and asymptotic closed form expressions
for the achievable-rate. Further, the relay with the maximum
achievable-rate is selected for communication.

II. SYSTEM MODEL

We consider a multiple-node FSO network employing sub-
carrier phase shift keying (PSK) intensity modulation. All the
nodes are capable of half-duplex, amplify-and-forward (AF)
two-way communication. The network consists of K 4+ 2 nodes,
with each node having K + 1 receiving and transmitting an-
tenna apertures. The two nodes selected for data exchange (as-
suming node selection is done at higher layers), are the source
nodes, denoted as T4 and Tp, while the remaining K nodes are
the potential relays denoted by Ry, where k € 1,2, ...K.

The system performance is limited by shot noise, n, which is
modeled as zero mean additive white Gaussian noise (AWGN)
with variance 0,2 = Ny/2. It is assumed that the channel state
information (CSI), given as H,y, where {x,y} € {A, B, R}, of
all FSO links is available at T4 and Tp in the beginning of
the communication process. Based on this CSI, the relay that
maximizes the net achievable-rate is selected for communica-
tion. The selected relay serves as a TWR between T4 and Tp
and carries out the data exchange using two-time phase AF
transmission protocol.

In the first phase, known as the multiple access channel
(MAC) phase, both the source terminals T4 and Tp, transmit
their information bearing signals, x4 and xp, respectively, to the
relay. The signals received at the relay are

Y = NarHArXA + nag and ygz = NprHprxp + npr, (1)
where i = nq/hf is the responsivity of the photodetector. Here,
n is the quantum efficiency of the photodetector, ¢ is the
electron’s charge, & is the Planck’s constant, and f is the optical
frequency.

In the second phase, known as the broadcast (BC) phase,
the relay amplifies the incoming signal and retransmits the
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amplified signal received from T4(Tp) to Tp(T4). The signals
received at T4 and Tp from relay are

va = RraHrAGra (N prHBRXB + NBR) + NRA,

B = NRBHRBGRB(NARHARXA + NAR) + NRB, )

where Grq and Ggp denote the relay gains for R — T4 and
R — Tp transmissions, respectively.

Further, the CSI is modeled as H = H; x H, x Hp, where
H; accounts for path loss, H, represents the atmospheric
turbulence-induced fading, modeled using the Gamma-Gamma
distribution, and H,, represents the misalignment fading (point-
ing errors). All the optical links are assumed to be quasi-
static for two time-phases with independent and non-identically
distributed (i.n.i.d.) fading statistics. The corresponding proba-
bility density function (pdf) of the considered channel model is
given by

fu(h)=

apE? 3.0 ((@Bh| g2
G1’3 2 9 (3)
AoH|T ()T (B) AoHI|E2—1,a—1, f—1

where £ = w, /205, w, is the equivalent beam-width radius, oy
is the standard deviation of the pointing error displacement
at the receiver, Ag depends on aperture radius, r, and the
beam-width radius, wy. Further, I'(-) is the Gamma function,

LI (x| Z:Z:) is the Meijer’s G-function [6, (8.2.1.1)], and
a and B are the large-scale and small-scale scintillation pa-
rameters, respectively, which depend on the Rytov variance
a,% = 1.23C,2,k7/ 6711/6 Here, k is the optical wave number,

C?2 is the refractive index structure constant, and L is the link
distance.
The instantaneous SNR, I'yy, of the link between nodes x and
. Esﬂz P2 H2
v, where {x, y} € {A, B, R}, is I'yy = %
n,y

energy of the transmitted symbol, P, is the transmitted optical
power of node x, and a,% y is the variance of the noise power at
node y.

The pdf of I'y, can be obtained by applying transformation
of random variables (RVs) in (3) as

where Ej is the

& 3.0 [V | &+l
W =5———72-61 ( B )
o Zyr(axy)r(ﬁxy) 1.3 ForPy )/X) %-XZ)’ Olxy, ,BXy
(4)
2p21y242
where yy, = %HAO is the average electrical SNR.

ny

III. RELAY SELECTION

For a system with K available relaying nodes, the relay
which maximizes the net achievable-rate is selected for the
transmission process. The relay selection criterion is given as

R* = arg max {R?,fm k} , 5)
kekK ’

where R/S‘Lfm X is the achievable-rate of the kth TWR and can
be written as RSlfm = C—> Cﬁ, where C—> and C<— are the

ergodic capacities, when 1nf0rmat10n ﬂows from TA —> R —
Tgand Ty < R < Tp.
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Theorem 1: The ergodic achievable-rate of AF scheme,

R’g,fm, is given as
AF g}R%‘éRZ‘YARJF,BARJFU‘BRJF,BBR*z
Sum = 3272 )T (ar)T (Bar)T (esr)T (Bor)
7.7 { VRBYAR | K5, 1, K3
* {G”(vf y )
ARVRB | K4, K¢
k7,1, Kk
+G99<WBRVRA 7 1)
WRAVBR| K2,K8
_g[¥ar Yre|[1,070
| yar  vre | L1.0] —
7,0\ K1 L0\ K3 ]
277 /(2,() 2,7 /(4’0_
[ VBr Yra|[1,0] 0
-S| =, =
| 78 Vra | L1,0] —
7,0\ k3
2,7) k4,0

;:)K } ©)
f =

2 p2 2 p2
+1 +2
where Yag = { aAIngR }, YBrR= {—QBTQBR ) EAR EAR },

Ee Eetl aup ouptl +1
Kz:{ﬂ AR QAR QAR ’/BA;R’,BAR K

20 2 2> 2

o4 — ER;R EFet1 QBR OlBR+1 @ Bertll . _ 2-82, 1-E%,
4= ) ) 2 T [ K5= 7 > 7 >

2 2
2*0‘AR I*OKAR 2*ﬂAR 1*,3AR _ 1—5AR R _
0 3 , K6 = 05 3 2 [ K7 =

_ EBR+1 EBR+2
- 2 2 ’

1- EBR

{2 SBR 1= SBR 2 ;lBR 1 2DtBR 2— ﬁBR - ﬁBR} Ky = {O

E’;" } and S[-] is the generalized Meijer’s-G function of two

variables [7, (1)]. The S[-] function is an extension of the
Meijer’s-G function and is used to represent the product of three
Meijer’s-G functions in a closed form.
Proof: A detailed proof is provided in Appendix A. [J
Note, that function S[-] is not available in standard packages
such as MATLAB and Mathematica. However, it can be effi-
ciently evaluated using a MATLAB function, proposed in [5].
Further, substituting (6) in (5) the relay selection is carried out.

IV. ASYMPTOTIC ANALYSIS

To gain a physical insight of the derived formulae we perform
asymptotic analysis at high-SNRs. Assuming i.n.i.d. fading
statistics, the cumulative distribution function (cdf) of the in-
stantaneous SNR between the terminal nodes at high SNRs can
be written as [8]

Fray(v) = 1 —Pr(Lag > y)Pr(I'pr > ), @)

where Fr,, (-) represents the cdf. Differentiating (7), the pdf of
I"4p can be written as

Sras ) 2 fra V) + frre (V) — Frae W ftes (V)

—Jrar (W) Fres (). (8)

The last two terms in (8) may be neglected at high SNRs.
Now, using the definition of ergodic capacity given as Cap =
m(%)fooo In(1 + y)fr,;(¥)dy, substituting the pdf using (4)
and (8), expressing the logarithmic integrand in terms of
the Meijer’s-G function [6, (8.4.6.5)], and integrating using
[6, (2.24.1.1)], an analytical expression for the ergodic capacity
in terms of the Meijer’s-G function can be obtained. Using the
series expansion of the Meijer’s-G function, for the condition
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Fig. 1. Achievable-rate vs. transmitted optical power plot for TWR-FSO
network having K + 2 nodes, for strong and moderate atmospheric turbulence
with varying pointing errors and path loss.

lim

0 2F3(a; b; z) = 1, where ,F(a; b; 2) is the hypergeometric
function, the expression for asymptotic achievable-rate can be
written as

S“%Rz“AR+/3AR*2
27 In2)T (@ar)T (Bar)
8 [T%: T (k100) — €10(0) T (1 + x10(k))

% J#k
k; [T T (ko) — k10(k)
K10(k)
()
VAR
S§R2(¥3R+ﬁBR—2

27 In(2)I (eer) T (BBR)
8 l_[% I (k12() — x12() T' (1 + k12(k))

X
kzzl [T T (k11 () — k12k)
K12(k)
()]
VBR
where k9 = {1, k1}, k10 = {2, 0, 0}, k11 = {1, k3}, and k12 =

{r4,0,0}. The asymptotic expression in (9) is dominated by
min{axya ,Bxya Sxyv 1}.

RSum ~

€)

V. NUMERICAL RESULTS AND DISCUSSION

The analysis and simulations are done under moderate
(C?2 =3 x 1071 m=2/3) and strong (C2 =1 x 10713 m=2/3)
atmospheric turbulence conditions. The aperture radius, r = 0.1
m and laser wavelength, > = 1.55 x 107° m. It is assumed the
transmit powers of all nodes is same, P4 = Pp = Pr = Pg, and
the relay transmits with equal power to both the source nodes
in BC phase.

Fig. 1 is a plot of the achievable-rate with respect to Pg, for
a TWR-FSO network having K 4 2 nodes. The plot shows a
comparison of achievable-rates when there is no relay selection,
i.e. K = 1, and when one node out of K = 5 nodes is selected
to establish communication between T4 and Tg. All the links
are in.i.d. with Lyg, = 0.8 km, Lgg, = 1 km and Lsg, = 1 km,
Lpr, =2 km, k€ {1,2,...K}. As observed, for both strong
and moderate turbulence, a higher achievable-rate is achieved
when relay selection is carried out.

In Fig. 2, we consider a TWR-FSO link with two terminal
nodes, T4 and Tp, and a single relay, R. For the considered
link, we plot the achievable-rate with respect to the ratio of

i i i
0.1 02 03 04 05 0.6 0.7 08 0.9
Law/(Lag + L)

Fig. 2. Achievable-rate vs. ratio of distance,
TWR-FSO link.
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Fig. 3. Exact and asymptotic achievable-rate vs. transmitted optical power
plot for K 4+ 2 = 7 nodes TWR-FSO network for varying values of we /r.

distance between T4 — R and total distance between T4 — Tp,
when Lyp =4 km, P, =Pg=Pr=5 dBm, we/r = 10, and
os/r = 3. As seen from the plot, the RSum is maximum when
the relay is closer to one of the terminals. A sudden dip in
achievable-rate is observed when the length ratio is between
0.25 and 0.75. Using this result, it can be established that it is
more likely to select a relay that is closer to either one of the
terminal nodes, since it has a higher achievable-rate.

Fig. 3 is a plot of the exact and asymptotic achievable-rate
with respect to Pg, when K +2 =7, Lag, = Lpg, =3 km,
os/r =5 and with varying values of w,/r. As seen from this
plot, the achievable-rate decreases as the equivalent beam-width
radius is increased. Also, it is evident the asymptotic curves
converge quite fast with the exact curves, thereby demonstrat-
ing the tightness of the asymptotic expressions at high-SNRs.

VI. CONCLUSION

We presented an achievable-rate based relay selection scheme
for a multiple node FSO network. Closed form exact and as-
ymptotic expressions for the achievable-rate were derived. The
impact of various parameters such as link lengths, turbulence
strength, beam-width radius, jitter variance, and transmitted
power on the system performance was demonstrated.

APPENDIX A

The ergodic capacity achieved when information flows from
T4y — R — Tpis given as [9]

! /mla—aﬂw1lmw (A1)

C—) = —
AF - 21In2
where 1/2 is due to half-duplex relaying and M . (s) is

AB
the moment generating function (mgf) of the inverse of the
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e%ulvalent end-to-end SNR, I'4p. When the relay gain is set as
GRB = (H} Cl)_1 + CNy, I'ap can be written in terms of the
1nstantaneous SNRs between the terminal nodes and relay as

TarT'rB
Cy+CiTar+Tre’

Cap = (A2)

For CSI-assisted relays, when C; = 1 and C; = 0, (A.2) can be
-1
re-written as ["'4p = (ﬁ + FLRB)
Since, ['4g and I'gp are statistically independent RVs, we
obtain
M ()=
AB

(s) X /\/l (s) (A.3)

where /\/l 1 (s) and /\/l

cals of FAR and I'rB, respectlvely The mgf of reciprocal of Ty,
where {xy} € {AR, RB}, is given as

M (s) = / exp (—Fi)frw()/)d%
xy 0 Xy

Substituting (4) and expressing the exponential term in terms
of Meijer’s-G function [6, (8.4.11.1)], (A.4) can be integrated
using [6, (2.24.1.1)] as

_1_(s) denote the mgfs of the recipro-

(A4)

%-2 20tx)+/3x)—1
4 F(ley)r(ﬂxy)
Eql+1l Ey242

2
XG7’0 axlexys 2 2
2,7 167 Eq? Eyitl @y antl By Byl

S I Bt s Sl e S U
(A.5)

(S) =

Now, substituting (A.3) in (A.1), the ergodic capacity can be
re-written as

1 00_1
Cﬁ_mfo s Mﬁ(s)/\/lﬁ(s)ds

il

- / e’ —1M (s)M _(s) s (A.6)
0

15)

To evaluate (A.6), we consider the integrals /1 and I, separately.
Substituting (A.5), I; can be re-written as

‘i:,ZR g:l%RzaAR+/3AR+aBR+/33R—2
1672T (ar)T (Bar)T (@Br)T (BBR)

1 _g0/(s¥ar| K1 7.0( SVRB
x -G\ —=— 0 Gy\ =
0o s YAR | K2, VYRB

Integrating (A.7) using [6, (2.24.1.1)], we obtain

I =

K3

. 0) ds. (A7)

%-AZRgl%RZ(XAR-FﬁAR-HXBR-HSBR—z
o 16712F(aAR)F(ﬂAR)F(OéBR)F(ﬂBR)
YRBYVAR
i (J

K5,1,K3> (A8)

WARVRB| K4, K6

Further, expressing the exponential term in I in terms of
Meijer’s-G function [6, (8.4.11.1)], substituting (A.5), and ex-
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pressing I in terms of integral using [6, (8.2.1.1)], we obtain
g:iRg:é 20AR+Par+aBr+BBR—2

16772F(OéAR)F(ﬂAR)F(OlBR)F(ﬂBR) (27Tl)2 //

(=0T (=T T () 0TIy T ka()—y)
[T T 1) =TT T (k3 () — )

)t
VAR VBR J 0.1
(A9)

Now, using [7, (1)], (A.9) can be expressed in terms of the
generalized function of two variables as

SiRééRzaAR+/3AR+OlBR+ﬂBR*2
~ 1672T (aar) T (BaR)T (cgr)T (BBR)
[wAR YrB |: i| 0 ’ <7,0> K1 ‘
var Ve | L1, 0 2,7) k2,0
7,0\ k3
25 7 K4, 0 '
Substituting (A.8) and (A.10) in (A.7), the ergodic capacity, Cﬁ
is obtained as

0 ) ds |dxdy.

(A.10)

2 £2 Hosp+PartaBr+PBR—2
SARéBR2

C—) = 3
AE 3272 In(2)T (ear) T (Bar)T (aBr)T (BBR)
Y, 9 1’
y {GZ;S <$RBJZAR ks, 1, K3
ARVRB| K4, K6
|:1/fAR V¥BR [ i| 0 ‘ (7, O) K1 ‘
var ver |10 2,7) k2,0

7,0\ K3
15 AT

Using the same approach, we can obtain the ergodic capacity,
Cﬁ. Using Cﬁ and Cﬁ, the achievable-rate for a TWR-FSO
link using single AF relay is obtained as in (6).
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