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Abstract— Cognitive radio (CR) enables dynamic spectrum
access to provide universal connectivity across different types
of radio access technologies, realizing seamless content delivery
in the next generation wireless networking. As the most general
cognitive radio network scenario, multiple ad hoc and infras-
tructure networks sharing the same spectrum are allowed to
cooperate with each other by using other networks’ nodes as
relays to carry and forward traffic, forming an interconnected
heterogeneous network. Previous research is limited to the
connectivity analysis of hybrid wireless networks with path loss
channel model. In this paper, we analyze the connectivity of
the interconnected heterogeneous network consisting of multiple
ad hoc networks and multiple infrastructure networks from a
percolation-based perspective, considering both noise-limited and
interference-limited environment with general fading channel
model. The benefit of network-based cooperation is quantified in
terms of the percolation threshold, facilitating proper network
control and deployment. For example, using such quantification,
we can specify the amount of infrastructure deployment or
reliable connections to control the connectivity of existing ad hoc
networks, and vice versa. Finally, we apply the analysis to the
coexistence of primary and secondary networks, as the common
CR scenario.

Index Terms—cooperative communications, connectivity, cog-
nitive radio, ad hoc networks, infrastructure networks, hetero-
geneous networks, spectrum sharing

I. INTRODUCTION

OGNITIVE radio (CR) technologies [1], [2] enable
dynamic spectrum access such that intercommunication
(interconnection or internetworking) among different types of
networks becomes feasible, facilitating universal connectivity
and seamless content delivery. In this paper, we consider the
most general cognitive radio network (CRN) scenario, to have
several heterogeneous wireless networks cooperatively form
a general ad hoc network by sharing the same spectrum,
as was raised in [3] and likely for large spectrum sharing
sensor networks or machine-to-machine communications. Part
of a wireless network may have wired/wireless infrastructure.
Furthermore, one or some wireless networks may have priority
in utilizing this spectrum (as the primary systems in common
CR scenario).
In this general CRN, different types of networks, including
infrastructure-based networks and infrastructure-less networks,
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cooperate with each other (termed network-based cooperation)
to carry and forward data traffic. Nodes in infrastructure-
based networks are often connected with wired (or reliable
wireless) backbone, e.g., nodes in smart grids are connected
with power line and base stations in cellular networks are
connected with wired backhaul; while nodes in infrastructure-
less networks (e.g., mobile ad hoc networks and sensor net-
works) are connected with wireless radio broadcasting. For
example, with network-based cooperation as shown in Fig. 1,
a packet generated by a node in ad hoc network .A; may be
relayed (by nodes in A; and/or As) in single-hop/multi-hop
fashion to a base station in infrastructure network B, and
then forwarded via backhaul to another base station in the
infrastructure network, and finally delivered to another node
in ad hoc network A; in a single-hop/multi-hop fashion.

It is important to understand the capacity and connectivity
of a network so that proper network operations can be per-
formed. While there exists a significant amount of literature
on the capacity scaling laws of homogeneous wireless ad hoc
networks [4] and hybrid (cellular ad hoc) wireless networks
[5]-[7], in this paper we focus on the connectivity analysis
useful for networking algorithms. It appears to be intuitive that
connectivity can be improved with network-based cooperation,
under which different types of networks cooperate with each
other by using other networks’ nodes as relays to forward
traffic. However, it is much harder to understand to what extent
the network connectivity can be improved, and to quantify the
benefit of network-based cooperation.

Connectivity of a homogeneous wireless ad hoc network
has been received much attention. 1-connectivity and k-
connectivity of a network were studied in [8] and [9], re-
spectively. On the other hand, in many applications such as
mobile ad hoc networks and sensor networks, 1-connectivity
is difficult to be maintained and is not required. A weaker
connectivity from a percolation-based perspective (i.e., a
nonvanishing fraction of nodes in the network, say, 90%,
are connected) is more appropriate. For example, significant
savings in power consumption may be achieved by allowing
a small fraction (say, 10%) of nodes to be disconnected [10],
[11]. For an infinite network with density A and transmission
range r (i.e., a random geometric network [12]), the network
percolates, in which an infinite connected component appears,
when the mean degree of a network node is above a threshold
(i.e., A2 > 4.52). Otherwise, the network does not percolate
and will be partitioned into many isolated finite clusters. In
[11], [13], the impact of channel fading on the percolation
threshold of an ad hoc network was investigated, and its effect
on the mean degree of a network node was discussed in [14],
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Fig. 1.
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With network-based cooperation, a packet generated by a node in ad hoc network .4; may be relayed (by nodes in A; and/or A3) in single-

hop/multi-hop fashion to a base station in infrastructure network 51, and then forwarded via backhaul to another base station in 51, and finally delivered to
another node in A in a single-hop/multi-hop fashion. Red arrows and blue arrows indicate two paths of packet flows, respectively.

[15]. Dousse et al. [16] studied percolation in an ad hoc
network with self co-channel interference. In [17], connec-
tivity of a network with unreliable links was analyzed in a
percolation sense. Percolation of an ad hoc network employing
physical layer cooperative techniques was addressed in [18],
in which nodes may form a group to perform distributed
beamforming so that signals are coherently combined at some
distant destinations.

However, limited attention has been drawn on the connectiv-
ity analysis of an interconnected heterogeneous network with
network-based cooperation. Dousse er al. [19] used percola-
tion theory to analyze the connectivity of hybrid wireless net-
works in which base stations act as relay nodes for routing and
forwarding packets from/to nodes in an ad hoc network. They
computed the probability that an arbitrary node is connected
to a base station under disk model without considering fading
and interference. The isolation probability that an ad hoc node
cannot be connected to a base station in single-hop was further
computed in [20] considering Rayleigh fading channel model
and cochannel interference. Under a similar network model
as in [19], Yi et al. [21] found that when the density of
base stations \g satisfies 0 < A\g < c1(A\q)' and the base
stations as well as ad hoc nodes have the same transmission
range, the number of connected ad hoc nodes is ©(n) and
scales linearly with Ag. Percolation of the ad hoc network is
facilitated by the deployment of base stations. Connectivity
of a common CRN consisting of primary and secondary ad
hoc networks was studied in [22]-[24]. For example, in [22],
the connectivity of the secondary network is parameterized by
the tuple (Apr, Asy) under path loss channel model, where
Apr is the density of primary transmitters and Agy is the
density of secondary users. The secondary network percolates
only when Apr is below some threshold and Agy is above
some threshold. In [24], cooperation is further considered

IThe value ¢; (Aa) depends on the ad hoc node density Ao, where Ay is
supposed to be smaller than the percolation threshold.

among secondary ad hoc networks. In spite of the above
efforts, there lacks a framework to analyze the connectivity
of a general CRN, an interconnected heterogeneous network
consisting of multiple ad hoc and infrastructure networks with
general fading channels.

In this paper, we analyze the connectivity of an inter-
connected heterogeneous network from a percolation-based
perspective, in which different types of networks cooperate
with each other by using other networks’ nodes as relays
to carry and forward data traffic. To our knowledge, it is
the first framework to consider the effects of network-based
cooperation (among multiple ad hoc networks and multi-
ple infrastructure networks) on the network connectivity, in
both noise-limited and interference-limited environment with
general fading. The benefit of network-based cooperation is
characterized in terms of the percolation threshold, allowing
understanding of macroscopic network behavior that is funda-
mentally different from traditional microscopic investigations
on a single link or interaction among several links (e.g.,
the diversity gain for a source-destination pair with multiple
cooperative relays). Quantification of connectivity improve-
ment facilitates network control and deployment. For example,
with such quantification, we can compute the amount of
infrastructure to be deployed to improve the connectivity of an
existing ad hoc network, and vice versa. Also, when there exist
multiple ad hoc networks in a noise-limited environment, to
maintain a certain mean degree (connectivity), we can reduce
transmit power of each individual network with network-based
cooperation. While in an interference-limited environment,
to maintain a certain mean degree, the access probability
(capacity) of each network can be increased with network-
based cooperation.

The contributions and the role of CR in this paper are
summarized as follows.

1) We derive the mean degree and the degree distribution of
a network node in both noise-limited and interference-
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TABLE I
MAIN NOTATIONS

Notation
Description Ad hoc networks | Infrastructure networks | Interfering networks
Ai, 1<i<M Bi, 1<i<N Ci, 1<i< S
Node density AA, AB; Ac;

The set of locations of nodes Dy, Dp, b,
Transmit power Py, P, Fe,
Information rate R, Rp, Re,

Fading gain Gay, v,y € {Ai, Bi,C;}
Inverse Laplace transform of ccdf of G 9zy(t), z,y € {A;,B;}
Degree distribution pa, (k) | s, (k)
Mean degree (noise-limited) Boy, T,y € {Ai, B}
Mean degree (interference-limited) Bz, T,y € {Ai, Bi}
Medium access probability DA, DB,
The set of locations of transmitters L P
The set of locations of receivers Y %
Transmitter-receiver distance d;
Outage probability constraint €;
Path loss exponent a, § =2/«
Background noise power Ny

limited environment with general fading channel model.
Based on 1), we analyze the necessary condition for
percolation of cooperative ad hoc networks and infras-
tructure networks sharing the same spectrum, as the
most general CRN scenario. Dedicated communication
links in the infrastructure may therefore act as a mean
to control the overall network connectivity.

Based on 2), we apply the analysis to study the con-
nectivity of cooperative secondary (unlicensed) net-
works coexisting with primary (licensed) networks. The
secondary networks sustain interference from primary
transmitters, whereas the access probabilities of sec-
ondary network nodes are restricted due to outage prob-
ability constraints at primary receivers, as well-known
definition of CRN.

The remainder of this paper is organized as follows. In
Section II, we analyze the network connectivity with coop-
eration among multiple ad hoc networks and multiple infras-
tructure networks in a noise-limited environment. In Section
III, we generalize the results to the interference-limited case.
Coexistence of primary and secondary networks is addressed
in Section IV. Numerical results are provided in Section V.
Section VI gives the conclusion.

2)

3)

II. NOISE-LIMITED ENVIRONMENT

In the first two subsections, we study the percolation thresh-
old of an ad hoc network and an infrastructure network. In the
last three subsections, we study the percolation condition of
cooperative ad hoc networks, cooperative infrastructure net-
works, and a heterogeneous network with cooperation among
both ad hoc networks and infrastructure networks. The main
notations are summarized in Table I.

A. Wireless ad hoc networks

In this subsection, we successively derive the mean degree,
the degree distribution, and the percolation threshold of an
ad hoc network. We consider M wireless ad hoc networks
(denoted as A;, 1 < i < M). In A;, the spatial distribution
of nodes is assumed to follow a homogeneous Poisson point
process (PPP) with density A 4,. Let @ 4, = { X'} denote the
set of locations of the nodes and let P4, denote the transmit
power of a node. The information rate of a node is assumed to
be R4, and the fading gains between any pair of nodes in A;
are supposed to be independently drawn according to some
distribution fg , ,, (7). A pair of nodes in A; are connected
(i.e., there exists a link between them and they are considered
as one-hop neighbors of each other) if the capacity of the
channel between them can support the information rate R 4,,
i.e., log (1 + GAAileTQ > R 4,, where r is the distance
between the pair of nodes, « is the path loss exponent, and
Ny is the background noise power.

Consequently, one-hop neighbors of the typical node of A;
(a reference node located at the origin)® are resulted from
independent thinning of each node z € ® 4, with probability
P (log (1 + %f:uxua > RAq,). ||z|| denotes the dis-
tance between the typical node and the node at x. By the
mapping theorem [26], the number of one-hop neighbors (or
the degree) of the typical node of A; is Poisson distributed
with mean (4, 4,, which can be computed as

2By the stationarity of homogeneous PPP [25], the statistics measured by
the typical node is representative for all other nodes. Therefore, we focus our
discussions on the typical node. A typical node may be a transmitter or a
receiver depending on the context.
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where 1(-) is the indicator function, and § = 2. The proba-
bility that a node in 4; has k one-hop neighbors (or degree
k) is denoted as p 4, (k), which satisfies

exp(_ﬂAi;Ai)ﬁii,Ai
k!

In conclusion, the degree distribution of wireless ad hoc
network A; in a noise-limited environment is p_4, (k), which
is a Poisson distribution with mean degree 5.4, 4,-

The concept of percolation originates from statistical
physics and random networks [12], [27]. From (1), as the
transmit power P4, increases, the mean degree 4, 4, in-
creases. If we draw links between each node and its one-
hop neighbors, the resulting network graph percolates and an
infinite connected component appears in the network (called
supercritical phase) when (4, 4, is above the percolation
threshold 39 4.. On the other hand, when (4, 4, is below
the percolation threshold, the network does not percolate and
consists of many isolated finite components (called subcritical
phase). The percolation threshold 3%, 4, can be computed by
finding the critical point at which the mean component size
blows up, indicating the formation of an infinite connected
component in the network. We describe the procedure of com-
puting the percolation threshold in the following proposition.

p.Aq(k): 7k2071727 (2)

Proposition 1. The necessary condition for percolation of the
ad hoc network A; is

| TR = Hpa ()
Z;o:O kpAi (k)
In other words, the lower bound on the percolation threshold

is one. That is, if the ad hoc network A; percolates, the mean
degree S, 4, is greater than one.

=1- ﬁ.Ai-,-Ai =0. (3)

Proof: The proof is presented in Appendix A. [ |
Since we ignore the spatial dependency (i.e., two of a node’s
one-hop neighbors are likely one-hop neighbors themselves)
in the computation, (3) serves as a necessary condition. It
is known that in the case without fading, the network graph
becomes the so-called random geometric graph with percola-
tion threshold about 4.52. Channel fading produces spread-out
connections and weakens the spatial dependency, and therefore
reduces the percolation threshold [28]. The actual percolation
threshold would be located between 1 and 4.52, depending
on the fading distribution. The randomness due to fading and
node mobility [13] could drive the percolation threshold down
to 1.
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B. Infrastructure networks

In this subsection, we successively derive the degree dis-
tribution and the percolation threshold of an infrastructure
network. We consider N infrastructure networks (denoted
as B;, 1 < ¢ < N). Nodes in infrastructure network B5;
(e.g., base stations or relay stations in cellular networks)
are supposed to be connected by wired backhaul. Backhaul
connections may even be established among nodes separated
by long distances. The spatial distribution of nodes in 5; is
assumed to follow a PPP with density \g,.*> Let &5, = {X kB i}
denote the set of locations of the nodes. The nodes that have
direct backhaul connections to the typical node of 5; are
referred to as the one-hop neighbors of the typical node. The
probability that the typical node has k one-hop neighbors (or
degree k) is denoted as pg, (k), which may follow a truncated
geometric distribution w;lcth parameter p and threshold Ky, ax
. 1—
e ps, (k) = sB B, b = 0,12, K [30]
The infrastructure network B, percolates when
| 2ieolk* = Mps, (k)
220:0 kpBi (k )

= 0. (4)

C. Cooperation among multiple wireless ad hoc networks

In this subsection, we successively derive the degree dis-
tribution and the percolation condition of the cooperative
ad hoc networks. Due to the broadcast nature of wireless
communications, when a node in A; transmits a message,
all nodes in A;, 1 < j < M, could be potential receivers.
If M wireless ad hoc networks cooperate with each other
by carrying and forwarding each other’s traffic, network
connectivity can be improved. For example, messages from
a node in A; may reach another node in 4; in a multi-
hop fashion, where intermediate hops may consist of nodes
from A;, 1 < j < M. With cooperation among A ad hoc
networks, the degree distribution of a node in .A; becomes

p.Ai(k17k27 T akM)
Cep(—Bana)B 4 (=B )B4,
- T B
=exp | — Z /BAi,Aj kl.’l . 5
j=1 j=1 7
kj =0,1,2,---, 1 <3< M, (5)

where 34, 4, is the average number of nodes in A; that
are one-hop neighbors of the typical node of 4;. In other
words, B34, 4, is the mean number of nodes in A; that can
successfully decode the messages from the typical node of A;,
being potential relays to carry and forward data traffic for A;.

3In [29], the spatial distribution of base stations following PPP is justified
to be a good approximation.
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Ba;,4; can be computed as

o
Bai.A; :/ A,
0

Ga, 4, Par™@
X PGAi,Aj (10g (1 + A“AAJN—AW> > RA1> 2mrdr
0

/\AJ' WP.EME[G& i,Aj] 6
= o ©)
where the fading gains between any pair of nodes in A; and
A; are supposed to be independently drawn according to some
distribution fg ,, 4 (7).
We have the folfowing proposition.

Proposition 2. The necessary condition for percolation of the
M cooperative ad hoc networks is

1— 6A17A1 _ﬂAhAz _ﬂAl;AM
—Basar 1= Bag,a, —Bs.An
. ) . =0, ()
—Bar, A —BArAe 0 1= Bay, Ay
where |-| denotes determinant. For alli = 1,--- | M, the mean

component size in A; reachable from a randomly selected node
of A; (by potentially using other networks’ nodes as relays)
blows up when the determinant reaches its first zero.

Proof: The proof is presented in Appendix B. [ ]
When without cooperation among the ad hoc networks, all
the off-diagonal entries are zero. (7) decomposes and reduces
to (3). The benefit of cooperation comes from the introduction
of off-diagonal entries, indicating that a message is able to
circulate among different networks.

D. Cooperation among multiple infrastructure networks

In this subsection, we successively derive the degree dis-
tribution and the percolation condition of the cooperative
infrastructure networks. Since nodes in infrastructure networks
are often equipped with wireless transceivers (e.g., base sta-
tions and relay stations), packets originated from a node in
an infrastructure network may be forwarded via its wired
backhaul connections as well as wireless radio broadcasting.
In the latter case, packets may be captured by nodes in
other infrastructure networks. With cooperation among N
infrastructure networks, the degree distribution of a node in
B; becomes

B, (L1, 12, IN)

N N 5lij 5
=ps.(exp (= > Bes, | [ —75
3'=1,5'#i j=1j'# 7
lj':071527"'71§j/SN7 (8)

where pg, (I;) is defined in Section II-B as the degree distri-
bution of wired backhaul connections in B;, and 85, B is the
average number of nodes in B that can successfully decode
the messages via radio broadcasting from the typical node of
B;. ﬂghgj, can be computed as

As, TP3 E[GY, 5]
(278 —1)°Ng

©)

Bs.B, =

1973

where P, and Rp, are the transmit power and the information
rate of B;, respectively. The fading gains between any pair of
nodes in B; and B;: are supposed to be independently drawn
according to some distribution fGBinj, ().

The N cooperative infrastructure networks percolate if (10)
holds. When without cooperation among the infrastructure net-
works, all the off-diagonal entries are zero. (10) decomposes
and reduces to (4).

E. Cooperation among multiple wireless ad hoc networks and
multiple infrastructure networks

In this subsection, we successively derive the degree dis-
tribution and the percolation condition of the heterogeneous
network with cooperation among multiple ad hoc networks
and multiple infrastructure networks. When infrastructure
networks are available to carry and forward traffic for ad
hoc networks, the network connectivity can be improved.
For example, we may deploy sparsely wire connected relay
stations to provide shortcuts for wireless traffic. As shown
in Fig. 1, packets originated from nodes in ad hoc networks
may be captured by nodes in infrastructure networks, and then
forwarded via backhaul and broadcasted to other nodes in the
ad hoc networks. With cooperation among M ad hoc networks
and N infrastructure networks, the degree distribution of a
node in A; becomes

p.Aq'(kla"' 7I€M7lla"' 7lN)
exp(—fa. )B4, exP(=Ba,an)Bi 4,
k1! k!
y exp(—B4,.8,)8%, 5, _._eXP(—ﬂAi,BN)ﬁfﬁ,BN
11! In!

M N
=exp | =Y Baoa, — Y Bas,
=1 =

M ghi N ﬁlj’
A Aj .Ai,Bj/
A= 17
j=1 J j'=1 J
kjlyp =0,1,2,---, 1 <j < M, 1< <N (12)

where (4, 4; is defined in (6), and 3 Ai,B,, is the average
number of nodes in Bjs that can successfully decode the
messages from the typical node of A;. 3 A;,B, 1s computed
as

Ag, mP4 E[GY .B,]
(284 —1)°N§

where the fading gains between any pair of nodes in A; and
B;: are supposed to be independently drawn according to some
distribution fg, 5 ().

7 j/

Bas, = (13)

Similarly, packets originated from nodes in infrastructure
networks may be forwarded via their wired backhaul con-
nections as well as broadcasted by radio. In the latter case,
the packets may be captured by nodes in ad hoc networks
and other infrastructure networks. With cooperation among
M ad hoc networks and N infrastructure networks, the degree
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o >, l2ps, (12) o =0. (10)
B B L 2l — In]psy ()
e A iy Inpsy (1)
1— 6/\1,«41 _ﬁ.Al,AM _ﬁA1,B1 _ﬁAhBN
_/GAM7-A1 - 1- ﬁ.AZ\{,AM Z _[lﬁA ZB] (l ) _/GAM7BN
—t1]pB
- - 1 &b 1 11PB; - _
651,./41 BB1,.AM le llpBl (ll) 651,51\7 0. (11)
Zl [ ]pB (l )
P P A P e NZzN INDPBN (l];/)

distribution of a node in 3; becomes

7lN)

Z BB;,A; —

pB,i(kfl,"' 7kMalla"'

p5; (li) exp

Z B8,

j'=1,5"#1i
) L.
M /8.7 N ﬁJ
B A; B;,B,,
XH ko H I ’
g=1 7 =1g0#i
kjalj/zoalvzav 1SJSM3 1§J/SN5

(14)

where ﬁgi,gj, is defined in (9), and f35,; 4, is the average
number of nodes in 4; that can successfully decode the
messages from the typical node of B;. 33, 4, is obtained as

A, 7P B, [GB A,]
(2% —1)Ng

where the fading gains between any pair of nodes in 53; and
A are supposed to be independently drawn according to some
distribution fg, , ().

With cooperatiojn among M ad hoc networks and N in-
frastructure networks, percolation happens when (11) holds.
If there is no cooperation between the ad hoc networks and
the infrastructure networks, the entries in the M x N block
at the upper-right corner and the entries in the N x M block
at the lower-left corner are all equal to zero. (11) decomposes
and reduces to (7) and (10).

BBi.A; = (15)

III. INTERFERENCE-LIMITED ENVIRONMENT

In this section, we derive the mean degree in consideration
of both intra-system and inter-system interference. In addition,
we assume that the M ad hoc networks and N infrastructure
networks coexist with S interfering networks (representing
primary networks and denoted as Cs, 1 < s < 5). In
other words, an ad hoc/infrastructure network node sustains
interference from both concurrent transmissions in the ad
hoc/infrastrucutre networks (using slotted ALOHA as medium

access strategies) and the S interfering networks. The main
notations are summarized in Table I.

The medium access control for radio broadcasting in A;
(B;) is supposed to be slotted ALOHA with medium ac-
cess probability p4, (pg,). By independent thinning @4,
(®p,) with probability p4, (ps,), the set @4, (Pp,) is
partitioned into two disjoint subsets ®Y (®%) and Y
(®%,). @Y, (Pg,) denotes the transmitter PPP with den-
sity pa, 4, (B, /\B) and <I> (<I>0 ) denotes the receiver
PPP with density (1 — pa, )/\A ((1 — pB;)As;). In addi-
tion, the interference from the active nodes in A,,, 1 <
m < M, to the typical node of A; (B;) is denoted
as Ia,,.a, Yweat, Gan.ala, |zl Ua,.5,
Zze.:bl Ga,, B; P_AmH[I’” @). Similarly, the interference
from the active nodes in B,,, 1 <n < N, to the typical node
of A; (B;)is denoted as I, 4, = Zze%n Gg,.A,Ps, |||~

Us,.5; = 2 pear, CGB..8: 5, [7]|7%).

For the 1nterfer1ng networks, the spatial distribution of
active nodes in Cg is assumed to follow a PPP with density
Ac.. The set of locations of the active nodes in C, is denoted
as ¢, = {X ,fs} and the transmit power of a node is I¢_. The
interference from the active nodes in Cs to the typical node
of A; (B;) is denoted as Ics,Ai = Zﬂﬁ@bcg Gc&AiPcSHIEH*O‘
Ue,5. = Y pepe, Geo,sFe,||z]| ), where the fading gains
between any pair of nodes in Cs and A; (3;) are independently
drawn according to some distribution fa. ., (%) (fae, s, (¥))-

A. Wireless ad hoc networks

In this subsection, we first derive the mean degree of an
ad hoc network. Then, the percolation threshold is obtained
following Section II.

In an interference-limited environment, neighbors
of the typical node of A; are resulted from
independent* thinning of 2z € @Y% with probability

4We assume that the spatial correlation of interference observed at different
nodes in ® 4, can be ignored due to the i.i.d. fading gains in different pairs
of nodes [31]. However, the calculations of the mean degree in Theorem 1
still hold without this assumption.
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Gua,; A, Pa,llz

P (1og (1 + PRI FENUIES SIEE ST S A ) 2 RA{)
By the mapping theorem, the number of one-hop neighbors

of the typical node of A; is Poisson distributed with mean
Ba; ;- We have the following theorem.

Theorem 1. Under general fading channels, E A, A, can
be computed in nearly closed-form as (16). ga, a,(t) is
the inverse Laplace transform of Fg a4, () satisfying
Faa, 4, (2) = L{ga,a ()} = [T e g, a,(t)dt, where
FG-Aq"A'i (2) = P(Ga; A, > z) is the ccdf (complementary
cumulative distribution function) of the fading gain G 4, 4.
I(z) = [, t* Ye~tdt is the Gamma function.

Proof: The proof is presented in Appendix C. Closed-
formed upper and lower bounds on (4, 4, can be carried
out in a similar way as in [32]. Please note that there exists
a trade-off between the mean degree (4, 4, (connectivity)
and the medium access probability p4, (capacity). When
the medium access probability increases, the intra-system
interference increases, causing a reduction in the mean degree.

|

For example, when the desired signal is Nakagami-m faded

with unit average power (m = 1 corresponds to Rayleigh
fading), the ccdf of the fading gain G 4, 4, is expressed as

m—1

k
il —mz mz
Foua()=e 3 | k,) (18)
k=0 ’
Its inverse Laplace transform can be computed as
m—1 mk
gaia(t) = D S AB(E—m), (19)
k=0

where A(F)(t) is the k-th derivative of Dirac delta function.
We can therefore compute the expression

0o m—1 k 00
/ 9,4, ()t 0dt = Z %/ A® (t —m)t~dt
m=? Z 5 + Z)
m— 1
5 + k)
_ 75
Y morery @

where (a) follows the identity [ AR (z — e)p(z)dr =
(—1)*¢*) (¢), which can be obtained by integration by parts.
o(z) is a test function.

In conclusion, the mean degree of ad hoc network A; in
an interference-limited environment is (.4, 4,. The degree
distribution and percolation threshold can be respectively
derived by replacing 8.4, 4, in (2) and (3) with 54, 4,.

B. Infrastructure networks

The degree distribution and percolation threshold of infras-
tructure network 53; with wired backhaul connections remain
the same as that of Section II-B.

C. Cooperation among multiple wireless ad hoc networks

With cooperation among M ad hoc networks, the degree
distribution and percolation condition can be respectively

1975

obtained by replacing 8.4, .4, in (5) and (7) with B A A -
B, A, is computed as (17), where ga, 4,(t) is the inverse
Laplace transform of F,, 4, (2).

D. Cooperation among multiple infrastructure networks

With cooperation among N infrastructure networks, the de-
gree distribution and percolation condition can be respectively
obtained by replacing ﬁgi_’[j’j, in (8) and (10) with ﬁgi_’[gj,,
which can be expressed in a similar form as (17).

E. Cooperation among multiple wireless ad hoc networks and
multiple infrastructure networks

With cooperation among M ad hoc networks and N in-
frastructure networks, the degree distribution and percolation
condition can be respectively obtained by replacing 84, 4,
Bai.B,» P88, and Bp, 4, in (12), (14), and (11) with
EA“A]., BAMQ” Eg,i73j,, and EBMAJ,, which can be expressed
in a similar form as (17).

IV. COEXISTENCE OF PRIMARY NETWORKS AND
SECONDARY NETWORKS

In this section, we study the performance degradation of
secondary networks in terms of mean degrees and access prob-
abilities when they coexist with primary networks. Suppose
that the S interfering networks (denoted as C,, 1 < s < S) in
Section III are primary networks, and the M ad hoc networks
(denoted as A,,,, 1 < m < M) and N infrastructure networks
(denoted as B,,, 1 < n < N) are secondary networks.
In primary network Cs, we assume that each active node
(transmitter) * € P, has a dedicated receiver at a fixed
distance d,> away with an arbitrary direction. As a result,
the receiver nodes in primary network C, also form a PPP
with density Ac,. In addition, the fading gains between the
transmitters and receivers (denoted as G, ¢,) are supposed
to be independently drawn from an exponential distribution
(Rayleigh fading) with unit mean, without loss of generality.
Furthermore, each receiver node in C, is assumed to have an
outage constraint with maximum outage probability €5, and
the information rate of a primary transmission is denoted as
R, . The main notations are summarized in Table I.

The impacts of primary networks on the performance
of secondary networks are two-fold. First, the quality of
received signals at secondary networks is degraded due to
the interference from transmitter nodes in primary network
Cs, 1 < s < S, causing a reduction in the mean degree
(and thus connectivity) of secondary networks, as addressed in
Section III. Second, the interference from secondary networks
to primary networks should be limited such that the outage
constraints at receiver nodes in primary network Cs, 1 <
s < S, are not violated. Specifically, the access probabilities
pa,, L <m < M, and pg,, 1 <n < N, should satisfy the
following outage constraints at primary networks as shown in
(21), where (a) follows that Ge, ¢, is exponentially distributed
with unit mean. After some simplifications, we observe that
the constraints on the access probabilities p4,,, 1 < m < M,

SThe analysis can be easily generalized to the case that the distances
between the transmitters and receivers are i.i.d.
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and pp,, 1 <n < N, of secondary networks are linear. That
is,

M N
> Pan A PYLEIGS, ¢ ]+ D ps, s, PR EIGS, c]
m=1 n=1

—In(1 — ¢) 5
< . N N\, PLE[GE . ],
= wd2(2Res —1)9P; °T(1 - 6) ; e e ElGe. c.]
Vs=1,---,8;
0<pa4, <1, VYm=1,2,---,M;
OSPBnSI, vn:1727"'7N' (22)

These linear inequality constraints define the feasible region
as a convex polyhedron, limiting the access probabilities of
secondary networks. Note that the right-hand sides of the
first .S constraints should be positive, indicating that the
interference from primary networks themselves is not strong
enough to cause violation of the outage constraints at their
receivers.

V. NUMERICAL RESULTS

Fig. 2 plots the degree distribution of wireless ad hoc
network A;, pa,(k), in a noise-limited environment. The
fading channel models include Rayleigh fading, Nakagami-m
(m = 3) fading, and without fading (only path loss effect). All
of them are with unit average power. Under Rayleigh fading,
Nakagami-m fading, and without fading, we respectively have
Bas A = 7.2, Ba,A = 7.8, and B4, 4, = 8.1. It can be
observed that when the multiple path effect is less severe,
B4, becomes larger. Fig. 3 further shows that the mean
degree (4, 4, increases with the transmit power P4, under
different fading channel models.

Fig. 4 illustrates percolation of wireless ad hoc network A;.
The relationship between the mean degree 34, 4, and transmit
power Py, is shown. When 54, 4, = 1 (or equivalently,
P4, = 0.019), the ad hoc network A; percolates and the mean
component size reachable from a randomly selected node in
A; blows up, indicating the formation of an infinite connected

0.16
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== Rayleigh
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o
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o
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Fig. 2. p.a, (k) is plotted under different fading channel models. The system
parameters are set as A\ 4, = 1073, Ry, =4, Py, =1, Ng = 10~%, and
a = 4. Both Rayleigh and Nakagami-m (m = 3) fading are with unit average
power.

component. Note that the mean component size H{(1) is
proportional to 1/(1 — B4,,4,) as indicated in Appendix A.
Fig. 5 and Fig. 6 demonstrate the benefit of cooperation
between twol wirﬁeless ad hé)c networks A; and As. Let
A — PALAL TPALAS
det(Q) = —Bas, A 1= Bas,A
when PAl (: PA2) increases, all 6A1,A1’ 6A1,A2’ ﬁ.Az,.Au
and 4, 4, increase. With cooperation between 4; and Ay,
the mean component size reachable from a randomly selected
node in A; or Ay, which is proportional to 1/det(Q) as
shown in Appendix B, blows up when the first zero of det(Q)
is reached, indicating the formation of an infinite connected
component. In other words, percolation of the cooperative
network happens when det(Q) = (1— 84, 4,)(1 —Bas,4,) —
B.A17.A2ﬁA27A1 =0 at PA1 = PA2 = 0.009. As illustrated in
Fig. 6, without cooperation, .4; percolates when 4, 4, =1

. As shown in Fig. 5,
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Fig. 3. The mean degree B4, 4, is plotted with respect to the transmit

power P4, under different fadmg ‘channel models. The system parameters
areseta@)\A =103 , Ra, =4, No =10~ 8 and o = 4. Py, is varied
from 0.01 to 0.1. Both Raylelgh and Nakagami-m (m = 3) fadmg are with
unit average power.
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0 | . . )
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Fig. 4.  Percolation of A; happens (or the mean component size blows
up) when the mean degree 8.4, 4, = 1. The system parameters are set as
Aa; =107 3 , Ra, =4, NO—IO 8, and o = 4. Py, is varied from 0.01
to 0.03. The channel is Rayleigh faded with unit average power.

at P4, = 0.019, and Ay percolates when S, 4, = 1 at
P4, = 0.037. Note that 84, 4, = BA,,4, = 0 when there is
no cooperation between .A; and As. This example could have
two interpretations. First, when the stand-alone ad hoc network
A1 or Ay operates with transmit power below percolation
threshold, e.g., P4, = P4, = 0.015, percolation will occur
only when both A; and A; cooperate with each other by
using other network’s nodes as relays. Second, when both
Ay and A percolate with P4, = 0.019 and P4, = 0.037,
percolation occurs much earlier (at P4, = P4, = 0.009)
with cooperation between .4; and As, suggesting that both
networks can operate at lower transmit power to sustain the
same level of connectivity. Power efficiency is improved.

In Fig. 7 and Fig. 8, we further consider the case with
cooperation among three ad hoc networks Ay, Ao, and As.
Fig. 7 shows that percolation of the cooperative ad hoc
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Fig. 5. With cooperation between ad hoc networks .4; and A2, percolation
happens when det(Q) = (1 —4,,4,)(1— 5,42,,423)—/3,41,,42/3,42,,41 =
0. The system parameters are set as Aq, = 107°, Rq, = 4, A4, =
5x107% Ra, = 3, No = 1078, and a = 4. Both P4, and Py, are
varied s1multaneou€ly from 0.001 to 0.02. The channels in A; or Ao are
Rayleigh faded with unit average power, while the channels across A1 and
Ao are Rayleigh faded with average power 0.5.
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Fig. 6. Without cooperation, percolation of Ay (resp. A2) happens when

the mean degree B4,,4, = 1 (resp. B4,, 4, = 1). The system parameters
are the same as in Fig. 5.

network happens when Py, = P4, = Pa, = 0.02 (cor-
responding to det(Q) = 0). However, without cooperation,
much higher transmit power is required for percolation of
Ay (at Py, = 0.08), Ay (at Py, = 0.22), and A3 (at
Py, = 0.48), as shown in Fig. 8.

Fig. 9 considers cooperation between a weakly-connected
ad hoc network A; and an infrastructure network 37, and
investigates the amount of infrastructure to be deployed to
facilitate percolation of the ad hoc network. The infrastructure
nodes are connected with wired backhaul, whose degree
distribution is supposed to follow a geometric distribution
with parameter p, i.e., ps, (k) = (1 —p)*p, k =0,1,2,-
We would decide the parameter p that characterizes the
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percolation happens when det(Q) = 0 with Py, = P4, = Pa, = 0.02.
The system parameters are set as A4, = 5 X 104, Aa, = 3 % 104,
Mg =2%x 1074 Ry = Ray = Ray =4, No = 1078, and a = 4.
Py, Pa,,and Py, are varied simultaneously. All links are Rayleigh faded
with unit average power.
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Fig. 8. Without cooperation, percolation of A1, Az, and A3 happens when
the mean degree B4,,4, = 1 at Py, = 0.08, B4,,4, = 1 at Py, = 0.22,
and B4; 45 = 1 at Py, = 0.48. The system parameters are the same as in
Fig. 7

amount of wired backhaul connections among infrastruc-
ture nodes. Note that when p decreases from 1 to 0, the
amount of wired backhaul connections increases. By solv-

1- ﬁA17A1 _ﬂAhBl
ing det(Q) £ | 5 Sreolk® — Klps. (F) | =
o Do kps, (k)
(1 - ﬁ.Al-,-Al)(]‘ - %) - 6A1=B1ﬁ31,./41 - 0’ we have
p=2 (3 — %& 71. Given the system parameters as
Aq, A

shown in Fig. 9, percolation of ad hoc network .4; happens
when p = 0.83. Please note that 54, 4,, 84,,8,> and 85, 4,
do not depend on the parameter p.

Fig. 10 plots the mean degree of wireless ad hoc network A;
with respect to transmit power P4, in an interference-limited
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%) — BA,,8,88,,4;, = 0. The system parameters are set as A g, =
1073, Ray =4, Pay = 001 X, =10"% Rp, = 4, Pg, = 0.1,
No = 107°, and a = 4. The parameter p is varied from 1 to 0.6. All links
are Rayleigh faded with unit average power.
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power P4, under different fading channel models. The notation “Nakagami-
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Pc, =0.2. Py, is varied from 0.1 to 0.5.

environment under different fading channel models. It can
be observed that 54, 4, in case “Nakagami-m/Rayleigh” >
E A;, A, In case “Nakagami-m/Nakagami-m” ~ E A;,A, In case
“Rayleigh/Rayleigh” > E A,.4; in case “Rayleigh/Nakagami-

2

m-.

VI. CONCLUSION

As the most general CRN scenario, by sharing the same
spectrum, multiple ad hoc networks and multiple infrastructure
networks form a heterogeneous network, cooperating with
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Fig. 11.  (a) An illustration of the self-consistency relation Hi(z) =
xY 102 0q4,; (k)(Hy (2))* = zF1(H(x)). A square represents the con-
nected component reachable by following a randomly selected link, and a
circle represents the node first reached. The component size can be expressed
as the sum of the probabilities of having only a single node, having a
single node connected to one other component, etc. (b) An illustration of the
relation Ho(z) = = 3o pa, (k)(H1 (2))* = xFy(Hy(x)). The triangle
represents the connected component reachable by following a randomly
selected node.

each other by using other networks’ nodes as relays to carry
and forward data traffic. In this paper, we analyzed the
connectivity of the heterogeneous network from a percolation-
based perspective, in both noise-limited and interference-
limited environment with general fading channels.

The percolation threshold of a stand-alone ad
hoc/infrastructure network was generalized to the determinant
criterion in the cooperative case, quantifying the benefit of
network-based cooperation. With such quantification, network
deployment and control can be facilitated. As shown in the
numerical results, when the two ad hoc networks do not
percolate, percolation can occur with cooperation. In addition,
when the two ad hoc networks percolate, we computed the
transmit power that can be saved with cooperation, sustaining
the same level of connectivity. Furthermore, we specified the
amount of wired backhaul connections among infrastructure
nodes to be deployed to facilitate percolation of an ad hoc
network. Dedicated communication links in the infrastructure
act as a mean to control the overall network connectivity.
Finally, we applied the results to the coexistence of primary
and secondary networks, where the outage constraints at
primary receivers confine the access probabilities of secondary
networks to a convex polyhedron.

Future work could investigate the increase in the fraction
of the infinite connected component (rather than analyzing the
percolation threshold) with network-based cooperation in the
supercritical phase.

APPENDIX A
PROOF OF PROPOSITION 1

We first define the generating function of the degree of a
randomly selected node in A; as Fy(z) = Y2, pa, (k)zF.
Then, we define the excess degree6 distribution of a node at
the end of a randomly selected link as g4, (k). Since it is
more likely to arrive at a node that has a higher degree by
following a randomly selected link, g4, (k) = [k + 1]p.a, (k +
1)/ Y kpa, (k) = [k + 1pa, (k + 1)/Ba,.a,, being propor-
tional to kp.4, (k) [33]. The generating function of ¢4, (k) is

%Excess degree of a node is one less than its total degree.

1979

defined as Fy (x) = Y=, qa, (k)z", and we can easily verify
that F (x) = F[(x)/B ;. 4,, Where F{(x) denotes the deriva-
tive of Fy(z). Moreover, the generating function of the total
number of nodes reachable by following a randomly selected
link is defined as Hy(x), which satisfies the self-consistency
relation Hy(z) = 2370, qa, (k) (Hy ()" = zF(H\(z)).
An illustration is provided in Fig. 11(a). In addition, the
generating function of the total number of nodes reachable by
following a randomly selected node is defined as Hy(x), which
satisfies the relation Ho(z) = =Y 5o pa, (k)(Hi (2)* =
xFy(Hq(x)). An illustration is provided in Fig. 11(b). More
details can be found in [27], [33].

Consequently, the average total number of nodes (or the
mean component size) reacha,lble from a randomly selected
node in A; is Hj(1) = 1+ t-rss, which blows up when 1
Fl(1)=1- %M — 0, indicating the formation
of an infinite connected cbmponent in A;. Here in the Poisson
case with (2), we have Fy(z) = Fi () = exp(Sa;,4,(x—1)).
The percolation threshold is obtained by solving 1 — F{(1) =
1 — Ba;,.4, =0, and we have 85, 4 = 1.

APPENDIX B
PROOF OF PROPOSITION 2

To obtain the percolation condition of the cooperative ad
hoc networks, we follow the procedure described in Ap-
pendix A. First, the degree distribution of a randomly selected
node in A; is denoted as pu, (k1, ko, - ,kn), 1 <i < M,
which has been computed in (5) as

. T B
pAi(klakZa"'ka):eXp _ZﬁAi,Aj ]€1'7!]’
j=1 j=1 7
kj=0,1,2,---, 1<j <M. (23)
The generating function of pa,(k1,--- ,kas) is defined as
FYi(xy, -+, xar), 1 <i< M, which can be derived as
Fi(my, - an) = Z pa, (i, k)t o gk
ki, kar=0

M
=exp [ > Ba,a(z;—1)

J=1

(24)

Second, the excess degree distribution of a node in A;,
which we reach by following a randomly selected link origi-
nated at a node of A;, is defined as g4, .4, (k1, -+ ,knr), 1 <
7 <M, 1<:< M. We have

qa;—a; (ks kar)
= (kj + Dpa, (k1,--- ki, ks 1k, Jkar)
S kpakre k)
ki, kar=0
(;)p_Ai(klv"' kar), 7

where (a) follows (23). From (27), it can be observed
that in the Poisson case, the excess degree distribu-
tion is the same as the degree distribution, which does
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Fig. 12.

not depend on the index j. As a result, for simplifi-

cation, we let qa,a,(k1, -, kn) = qa, (k1. k).
The generating function of g4, (k1,---,kn) is defined as

FlA (x1,--+,xpm), 1 <i< M, which can be computed as
Ffi(ay, o) = Y qa(by,-oe ka2l
ki, k=0
M
=exp | Y Basa;(x;— 1) (28)

j=1

Third, the generating function of the total number of nodes
reachable by following a randomly selected link, which first
arrives at a node of A;, is defined as Hf‘i (x), 1 <i< M.

We have the self-consistency relations
Hi%(

(z)

=z qa, (k- kar) [HY (@))% - [HY ()P
ki, kar=0

= oF; i(H*“l (@), H{ ()

=zexp ZﬁAIA] () - 1) (29)

7j=1
An illustration is provided in Fig. 12(a).
Fourth, the generating function of the total number of nodes

reachable by following a randomly selected node of A; is
defined as H54i (), 1 <i< M, which can be computed as

Hoi(x)
= > palky e k) [HY @) [H (@)]R
ki, kar=0

- xF(.JAi (Hfl (f)v e vHIAM (f))

M
=wexp | > Ba.a, (Hi (2) — 1) (30)

Jj=1

An illustration is provided in Fig. 12(b).

Finally, from (30), the average total number of nodes (or
the mean component size) reachable from a randomly selected
node in A; is 8mH647'(x)|x:1, 1 < ¢ < M. By arranging
in a matrix form, we have (25), where (a) follows (30)
and (b) follows (29). From (25), we can see that the mean
component size blows up when (7) holds. Specifically, the
mean component size diverges as ‘—é‘ when |Q] reaches its

first zero, where we use |Q] to denote the determinant in (7).

The preceding analysis can be generalized to the
case with arbitrary degree distribution of the form
pa (k1 k2, k) = pa(k)pa,(k2) - pa,(ka), 1T <
© < M, as in [34], [35]. The percolation condition in (7)
becomes (26).
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. o0
ﬁAi,Ai = / (1 _pAi)/\.Ai
0
28R4 )M a0 I+ T4
X PGA,. A T A A By A s A G.A«;.Ai > ( )(Zm_l Am,Alp Zz_l B Zs_l C&Al) 2nrdr
i) msAg0 mn AT bss Ag ’ Airi
(a) o0 o0
= | A =pa)MEr,, 4,15, 4, .0c, 4, exp q —t0 Z La,, A + Z Is, A + ZICS,A gA;.A, (t)dt| 2mrdr
0 -0 m=1
oo oo N S
= / ga;.4; (1) / (1 —pa,)Aa, H E[exp( t6‘.[,4m7.,4Z H E[exp( tHIBMAZ)] H E[exp(—teIcS7Ai)]27TT‘det
-0 0 m= n=1 s=1
® [ ~ 5 5
= gaia; () | (L —pa)Aa, expq — Z P A P2, EGY,, 4]
-0 0 m=1
N
+> ps, s, PR EIGE, 4]+ Z A, PEE[GE 4] | mr?(2f4 = 1)°POT(1 = 0)¢° b 2mrdrdt
n=1
B (1 —pa)Aa, Py, [75 9,4, (0)t0dt
a M s '
(ZmzlpAmAAmP‘smE[Gi I+ 0 s, s, PR EIGE 4]+ AcsPci]E[Ggs,Ai]) (274 —1)90(1 —9)
(1)
APPENDIX C [10] P. Santi and D. M. Blough, “The critical transmitting range for connec-
PROOF OF THEOREM 1 tivity in sparse wireless ad hoc networks,” IEEE Trans. Mobile Comput.,
vol. 2, no. 1, pp. 25-39, Jan. 2003.
From [36], the Laplace transforms of the interference [11] X. Ta, G. Mao, and B. D. O. Anderson, “On the giant component of

Ia,, A 18,4, and Ic, 4, are

E[e_ZIAm i|= exp( pAm)\Amﬂ'Pj [Gim)Ai]F(l—(S)z‘s);
Ele™ 2l5,.A ]—exp( an/\BnTrPB [GB A]F(1—5)z5);
Ele /e Ai]=exp (—Ae, P8 E[GE, 4 JT(1—6)z°).  (32)
Let 6 £ %, we have (31), where (a) follows
by P(Ga,a, = 2) = [T e #ga, a,(t)dt with z =

9(2%:1 IAm;Ai + Zg:l IBn;-Ai + Zf:l Ics;Ai)’ and (b)
follows by (32).
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