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Abstract—This paper studies signal concentration in the time
and frequency domains using the general constrained varia-
tional method of Franks. The minimum %4th (¢ = 0,2,4,...)
moment time-duration measure for band-limited signals is formu-
lated. A complete, orthonormal set of band-limited functions in
L*([-W,W]) with the minimum fourth-moment time-duration
measure is obtained. Numerical investigations of our optimal 4th
moment functions show: 1) less energy concentration in the main
lobe than the prolate spheroidal wave functions (PSWF); 2) higher
energy concentration in the main lobe than Gabor’s function; and
3) alarger main lobe than both PSWF and Gabor. Applications for
our basis functions include: 1) radar systems and high resolution
communication systems, and 2) representation and approximation
to any band-limited signal in a given time interval.

Index Terms—Fraction out-of-band energy (FOBE), Gabor’s
function, orthonormal basis, prolate spheroidal wave function
(PSWF), time-frequency.

I. INTRODUCTION

T is well known that a signal with shorter pulse duration has

better range resolution [1] and a signal with smaller band-
width better utilizes scarce channel frequency resources. But
according to the Fourier transform theory, a signal cannot be
both time-limited and band-limited simultaneously. However,
in tasks such as minimizing the error rate [2]-[4] or minimizing
bias for high-resolution spectral estimation [5], researchers seek
signal designs that have the greatest concentration simultane-
ously in both time and frequency domains [6].

Slepian and Pollak [3] developed a set of concentration results
which are particularly relevant to practical applications. For a
band-limited signal which is confined to the frequency range
[— W, W], the fraction out-of-band energy (FOBE) measure was
proposed to determine a signal that has the greatest portion of
its energy in the [T, 7] time interval. These signals are the
prolate spheroidal wave functions (PSWF). There are similar
results when we exchange the roles of the time and frequency
domains.

Further interest in concentration for time-limited signals saw
the emergence of other results, such as minimum bandwidth
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of M orthogonal signals [7] and minimum root-mean-square
(RMS) bandwidth of M time-limited signals [8]. Similarly,
band-limited signals with minimum time-duration also have
wide applicability, such as hearing sensation [9], extrapolation
of band-limited signals [10], [11], optimal waveform signal de-
sign [12] and resolution enhancement to the near-field acoustic
holography [13].

Slepian [14] also extended his results to the discrete case.
The corresponding optimal functions are called the discrete
prolate spheroidal wave functions (DPSWF). Applications of
this result include digital filter design [15], optimal windows
design in electroencephalogram (EEG) [16], reduction of the
bias of multitaper spectrum estimation in geophysics [17],
and local basis expansions for linear inverse problems [18].
Recently, the DPSWF functions have also been applied in
constructing wavelets for multi-resolution analysis [19]-[22],
and shown potential in denoising for image processing.

However, no explicit analytical formula for prolate spheroidal
wave function (PSWF) has been developed. In addition, the cost
in calculating such a solution to a second-order differential oper-
ator which commutes with the PSWF integral convolution oper-
ator [3] is expensive [23]. At present, only the discrete version of
PSWF is available [3], [24]-[26]. The PSWF decays slowly like
1/t for increasing time ¢. In contrast, Gabor’s optimal band-lim-
ited function, i.e., the half sinusoid signal, which minimizes a
second-moment concentration measure, decays more quickly as
1 /t2. In [27], an optimal time-limited function with the min-
imum fourth-moment bandwidth was determined. This function
has larger main lobe and decays as 1/f3. However, a detailed
formulation and analysis for band-limited signals and their con-
centration properties with arbitrary moment weighting in the
time-domain is of interest here. Furthermore, we also investi-
gate whether alternative complete, orthonormal set of band-lim-
ited functions, besides PSWFs, exists which have better perfor-
mances than the PSWF in representing a band-limited function
and approximating a band-limited function.

In this paper, we apply the general constrained variational
method of Franks [28] to formulate concentration with a kth
time moment weighting for a band-limited signal. The case k =
4 is taken as a central example. A complete, orthonormal set of
optimal band-limited functions in L?([—~W, W) with the min-
imum fourth-moment time-duration measure is obtained. The
characteristics of the set of functions are discussed. Further, the
minimum fourth-moment time-duration measure and the time-
duration energy concentration measure are calculated. Further-
more, by comparing the PSWF and Gabor’s functions, our op-
timal functions can be a seen to be a good alternative in optimal
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waveform design for communication systems, and higher range
resolution radar systems. Finally, this set of optimal functions
can also be used for representation of any band-limited signal,
extrapolation a band-limited function known only in the interval
[—T, T] or approximation a band-limited function in the interval
[-T,T].

The rest of the paper is organized as follows. We present
the problem in Section II. Section III presents the general con-
strained variational method of Franks [28]. In Section IV, the
minimum fourth-moment time-duration concentration measure
problem is formulated, and then a complete, orthonormal set of
optimal band-limited functions is obtained. Further, the proper-
ties of this set of functions are studied in Section V. Section VI
gives two practical applications for the set of functions. Finally,
we conclude the paper in Section VII.

II. PROBLEM FORMULATION

Let L? be the complex Hilbert space containing all square-
integrable functions defined on the real line with inner product
defined as

for z,y € L2. This inner product induces the norm such that
lz]| = (@, 2)'/2.

Find the optimal finite energy signal, z(¢) € L?, band-limited
to the frequency range [—W, W] which minimizes the moment
weighted energy [°°_t*|z(t)|? dt. Here t*, k = 0,2,4,. .., is
the kth weighting function in the time-domain. Note that odd
values of k£ and &k = 0 are degenerate or trivial. For & = 2, this
problem has been solved by Gabor [9]. In this paper, we concen-
trate on the k = 4, fourth moment time-domain weighting as an
exemplar. For k > 4, the solution can be easily extended based
on our methods. It is possible to treat the case of time-limited
finite energy signals with frequency domain moment weighting
f* in an analogous way.

III. GENERAL CONSTRAINED VARIATIONAL METHOD

In this section, we first revisit the general constrained varia-
tional method of Franks [28, Ch. 6]. This method is applicable
for any properly formulated extremization problem in the time
and frequency domains, and is ideal for signal concentration
problems.

The general constrained variational problem is stated: For a
given signal with finite energy, extremize (maximize or mini-
mize) the arbitrary weighted energy either in the time-domain or
in the frequency domain, to obtain the optimal waveform signal.
Suppose w(t) > 0 is an arbitrary weighting function in the
time-domain, V(f) > 0 is an arbitrary weighting function in
the frequency domain. Following Franks [28], this general vari-
ational problem is equivalent to extremizing

G =l + pala + I3 (D
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where 1 and po are two Lagrange multipliers and /1, I and
I3 are three quadratic functionals defined as

I 2 (wz,z) = /‘Oo w(t)|z(t)|* dt

— 00

B2y = [ TV (P df

Is 2 (z,z) = (X, X) = 1.

Here, I represents a time weighted measure of energy in the
time domain, I5 represents a frequency weighted measure of en-
ergy in the frequency domain, and I3 represents the total energy
of a signal constrained to be unity (finite energy without loss of
generality). The frequency domain inner product is defined in
the obvious way.

By solving this optimization (1), the necessary conditions are
obtained both in time-domain and frequency domain [28]

oo

st (t) + o / w(t = D) (F)dr + 3(t) = 0

— 00

" / T W = )X )y + V(DX + X =0 ()

where v(t) is the inverse Fourier transforms of V() and W ( f)
is the Fourier transform of w(t).

IV. FOURTH-MOMENT TIME-DURATION
CONCENTRATION MEASURE

In this section, using the Franks’ general constrained varia-
tional method, we formulate the fourth-moment time-duration
concentration measure to a band-limited signal with maximum
bandwidth W. The optimal band-limited signals with the
minimum fourth-moment time-duration concentration measure
are obtained. These optimal functions consist of a complete,
orthonormal basis for L?([—W, W) which is the Hilbert space
of band-limited functions with maximum bandwidth W (which
can be regarded as a subspace of L?). The comparison between
these functions and Gabor’s band-limited functions which have
the second-moment weighting in the time-domain is made.
Some of these results have been presented in [29].

A. Optimization Formulation

Define frequency weighting, corresponding to band-limiting
to frequencies [— W, W]

1L flew
V<f)‘{o, > w

and time weighting

“)

w(t) = t4,
corresponding to fourth moment time-domain weighting. Then
under the general constrained variational method of Franks, the

optimization problem is to extremize

G(z) = palh + polo + I3
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where

I :/ t4a(t)|2dt

Iz=/_ VDIX(f)df = /W

Iy = (z,2) = (X, X) =1

IPdf =1

Now to obtain the optimal function X ( f) that renders G(z) or
I, stationary, we only need to find the necessary condition in
the frequency domain.

Using the Fourier transform of ¢" f ()

d"F(w "
o T = 2n)"

where ¢« = /—1, the necessary condition (3) in the frequency
domain is obtained

d"F(f)
dfr

2 (Qi)4X(4)(f) +mV(HX(f)+X(f)=0, |fI<W

which further simplifies to the fourth-order linear differential
equation

14 po

X0 =-—1

@m)*X(f), [fI<W  (6)

where the notation X (9)(f) represents the fourth derivative of
X (f) with respect to frequency f. By defining A = —(1 +
p2)(2m)% /1 € R (real numbers), this equation can be written

(D*X)(f) =AX(f), |fl<wW (7)
where D is the differential operator. Revealing this is an eigen-
function equation with X the eigenvalue.

B. Solutions
A general solution to the fourth-order linear differential equa-
tion (7) can be written as

X(f) = Acos(mf)+ Bsin(mf) + E cosh(mf)

+Fsinh(mf), |f|<W
where A, B, F, and F are arbitrary constants. Its first derivative
is
X'(f) = m(—Asin(mf) + Bcos(mf) + Esinh(mf)
+Fcosh(mf)), [|fI<W.

According to the characteristics of X (f), specifically: the
boundary conditions X (—W) = X(W) = 0and X'(-W) =
X'(W) = 0, and the total energy of I3 = (z,z) = (X, X) =1
there are three different solutions.

Case a): When X (f) is an even function, i.e., B = F = 0,
then

Xo(f) = Ac(cos(mf) + accosh(mf)), |f|<W (9
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where A. = 1/1/(1+ a2 )W, a = — cos(mW)/ cosh(mW)
and m is a positive solution of the following even condition
equation:

Co(m) £ cos(mW)sinh(mW) + sin(mW) cosh(mW) = 0.
(10)

Case b): When X (f) is an odd function, i.e., A = £ = 0,
then

Xo(f)
where B, = 1/1/(1 — 2)W, 8 = —sin(mW)/sinh(mW)

and m is a positive solution of the following odd condition equa-
tion:

= Bo(sin(mf) + fsinh(mf)), [fl<wW (1D

C,(m) & cos(mW)sinh(mW)

—sin(mW) cosh(mW) =0. (12)

Case c): When X (f) is neither an even nor an odd function,
it can be expressed as a linear combination of (9) and (11). Note
the values of m in (9) and (11) are not the same.

C. Inverse Fourier Transform

Taking the inverse Fourier transform of X (f), we find the
optimal signal waveform x(¢) in the time-domain.
For | f| < W, we have the following Fourier transform pairs:

g L [¥ (1 30)] +sne [w (- 3]}

—— cos(mf)

V(f)
and

- % {sinc W (t+ )] =sime[w (1= 22)]}

— sin(mf)V(f)

where sin ¢(z) = sinx/x and V(f) is defined in (4).
Similarly, we have

% {sinc [W (t + L%)] +sinc [W (t — L%)}
«—— cosh(mf)V(f)

and

e [ (142 )] e [w (1))

«— sinh(mf)V ().

Therefore, we get

sin ¢ [W (t + L%)} +sinc [ (t - L—)]

_ —(Wt)fiv(t? a7 V) cosh< )

Wm

+ W cos(Wt) sinh < o ) . (13)
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Similarly D. Properties of the Solution Functions
In this section, we study the properties of the solution func-
) .m . .m tions. The results are shown in the following theorems.
sinc [W (t + z—)} —sinc [W (t — z—)]
T 2w Theorem 1:
7V7ir’m _ Wm 1) The sequence {m;}, for j = 1,2,3,..., consists of the
=1 m sin(Wt) cosh o values which satisfy the even condition (10) and the even
2 solution (9), and the sequence {m}, for j = 1,2,3,...,
2Wt W) sinh Wm 14 consists of the values which satisfy the odd condition (12)
+(Wt)2 + (Vi2_)2 cos(Wt) sin o - (19 and the odd solution (11). Both of these two sets of se-
T quences are monotonically increasing and m; and m; are
So the inverse Fourier transform of X (f) leads to the fol- interleaved with each other.
lowing. 2) The union solution set {1;(f)} = {Xc;(f) U Xor(f)},
Case a): When X (f) is even, then i,j.k =1,2,3,...,|f| < W, which consists of the even
optimal functions (9) and the odd optimal functions (11),
AW can be ordered as
T(t) = 26 {sinc [W (t+ 2—)] 1
T N T n m(cos(mlf) + ay cosh(my f))
—I—Sinc[W (t——)}}—l—ae— {Sinc !
2 2T
.m . .m / : /
X [W (t + z—)] +sinc [W (t - z—)} } (s1n(m1f) + B sinh(m7 f))
2 2T ( ﬂl w
where A. and « have the same definition as before, (9). 1

Substituting for (13), z.(¢) is given by W(cos(mzf) + az cosh(mz f))
AW (.
0= S e W (14 57 T sinma ) + fasinlms )
AW 2
+sinc [W (t— m)}} +
2m 2m : (15)
2Wt ) Wm
X {( Wit)? 4 (&2 sin(W?) COSh( om ) Proof: See Appendix 1. n
- 2 Theorem 2: {1;(f)} is a complete, orthonormal basis in
Won Wm LW, W)).
* (Wt)2 + (Bm)2 cos(W)sinh ( 2 ) } ' Proof: See Appendix II. ]
This shows that x.(t) is a real signal in the time-domain. V. NUMERICAL STUDY

Case b): When X (f) is odd, then In this section, we make a numerical study to show the charac-

iBW (. m teristics of the optimal solution functions {%;(f)}. Before that,
zo(t) = — o {smc [W (t + _)} we first introduce the time-duration measure.
. m
—smc [W (t - g)} } A. Time-Duration Measure
B,W {sin . [W ( - ZE)] In this paper, we define two kinds of time-duration measures:
us the minimum fourth-moment time-duration measure on the
—sinc [W (t — Zﬁ)]} whole real line, and the time-duration energy concentration
4 measure in the time interval [—T, T1.
where B, and 3 are the same as before, (11). The minimum fourth-moment time-duration measure is de-
Substituting for (14), z,(t) is given by fined as -
' s o tla®)Pdt
_iBW . n= =2 = S (16)
zo(t) = =52 {smc [ ( )} I =@pdt — (20)
—sinc [W (t _ _)} } B w where ) is the eigenvalue defined by the fourth-order differential
2m (7). The latter equality is obtained using the Parseval’s Theorem
—Wm
w as follows:
> {W sin(Wt) cosh < 2m> 0o
(W1)* +(57) T / tHx(t))?dt = (t*x, x)
2Wt Wm -
+—————————cos(Wt)sinh [ — | 7. 1 A
Wit)2 + (%m)2 2 ={ XD (), X(f) ) = == (x(t), 2(t)).
( ) + ( 27 ) n (27T)4 (f)/ (f) (27[')4 <$( )7I( ))

This shows that z,(¢) is a complex signal in the time-domain. ~ Here, we have used the (6) in the third equality.
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TABLE I
PARAMETERS FOR THE EVEN FUNCTIONS FOR W = 0.5

Even Functions

Index mW m A=mt a n= % Ye (T =5) | ve (T=13)
1 2.365 4.7300 500.5467 0.1329 0.3212 0.3495 0.3693
2 5.4978 10.9956 | 1.4618e + 04 -0.0058 9.3790 0.2288 0.2387
3 8.6394 17.2788 | 8.9136e + 04 | 2.5031e-04 57.1919 0.1705 0.1806
4 11.781 23.5620 | 3.0821e + 05 | -1.0817e-05 197.7578 0.1080 0.1328
5 14.9226 | 29.8452 | 7.9341le + 05 | 4.6744e-07 509.0712 0.0597 0.1157
6 18.0642 | 36.1284 | 1.7037e + 06 | -2.0200e-08 | 1.0931e + 03 0.0312 0.1275
7 21.2057 | 424114 | 3.2354e + 06 | 8.7292e-10 | 2.0759e + 03 0.0192 0.1517
8 24.3473 | 48.6946 | 5.6224e + 06 | -3.7722e-11 | 3.6075e + 03 0.0157 0.1679

TABLE II
PARAMETERS FOR THE ODD FUNCTIONS FOR W = 0.5
Odd Functions
’ N4

Index | m/W m/ N = (m)4 8 0 = ((277 ))4 Yo (T =5) | 7o (T=13)
1 3.9266 7.8532 3.8035e 4 03 0.0279 2.4404 0.0205 0.0332
2 7.0686 14.1372 | 3.9944e + 04 -0.0012 25.6291 0.0564 0.0917
3 10.2102 | 20.4204 | 1.7388e¢ + 05 | 5.2035e-05 111.5674 0.0900 0.1487
4 13.3518 | 26.7036 | 5.0849e + 05 | -2.2486e-06 326.2570 0.1051 0.1803
5 16.4934 | 329868 | 1.1840e + 06 | 9.7172e-08 759.6985 0.0956 0.1797
6 19.635 39.2700 | 2.3782e + 06 | -4.1992e-09 | 1.5259¢e + 03 0.0680 0.1583
7 22.7765 | 45.5530 | 4.3059e + 06 1.8146e-10 | 2.7628e + 03 0.0358 0.1359
8 259181 | 51.8362 | 7.2199e + 06 | -7.8417e-12 | 4.6325e 4 03 0.0118 0.1270

— Even
== 0Odd

mW

Fig. 1. Trend of the even condition function, C'. (m) in (10), and odd condition
function, C,(m) in (12), versus mW.

The time-duration energy concentration measure in the time
interval [—T', T is defined as

o Llra

= Ja(di a7

B. Distribution of m and m’

In Fig. 1, the z axis denotes the values of mW and the
y axis denotes the condition function. We take the y axis as
10logo |C(m)|. The label “even” means the even condition
function, C.(m) in (10), and the label “odd” means the odd
condition function, C,(m') in (12).

The downward peak points in the figure show the zero points
of the condition functions, respectively. This figure shows: 1)
the condition functions present the periodicity of cosx and
sin z; 2) the zero points mW and m/W for the functions are
interleaved each other, asserted in Theorem 1; and 3) the trend
of the condition functions are increasing by the hyperbolic
functions cosh z and sinh z.

Table I and Table II list the first 8 values of m and m’ when
W = 0.5 for the even and odd condition functions in (10) and
(12), respectively. These two Tables also include the value of «,
3, eigenvalues A = m* and \’ = (m’)*, time-duration measure
7, (16), and time-duration energy concentration measure -y, (17),
corresponding to each m and m’ values. From these tables, we
can see that for fixed W, the values of o and § decrease very
quickly with increasing m and m’. For index j > 3

Xej(f) — Acjcos(m; f)
Xoi(f) — B Sin(mg-)f.

and

C. Characteristics of Basis Functions for Fixed W = 0.5

The characteristics of the basis functions with different values
of m; for the even function and my for the odd function with
fixed bandwidth W = 0.5 are shown in Figs. 2 and 3.

Fig. 2 shows the even functions X.(f) and their corre-
sponding inverse Fourier transform z.(¢) vary with different
value m; in the frequency domain. From Fig. 2(a), we know that
for the even function X, (f), except the end points, there is no
zero point when m = my, 2 zero points when m = my, 4 zero
points when m = mg, and 6 zero points when m = my, etc. So
we can establish that there are 2(j — 1) zero points for the even
function when m = m;. The function z.(t) in Fig. 2(b) shows
the waveform in the time-domain has sharper central portion,
less main lobe and decays slowly when m; decreases.
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X (H

x ()

-0.05

Fig.2. Theeven function X.( f) and its inverse Fourier transform z . (¢) versus
variable rn with mn = 1,2, 3,4 for fixed W = 0.5. (a) Xem]. (f) in the fre-
quency domain. (b) & ; (t) in the time-domain.

Fig. 3 depicts how the odd functions X, (f) and their inverse
Fourier transforms z, (¢) vary with different value m/, in the fre-
quency domain and in the time-domain. Fig. 3(a) indicates that
for the odd function X,/ (f), except the end points, there is 1
zero point when m’ = m/, 3 zero points when m’ = m},5
zero points when m’ = mf% and 7 zero points when m' = m)).
It is concluded that there are 2k — 1 for the odd functions with
m’ = m/,. Fig. 3(b) and (c) depict the real part and the imagi-
nary part of the odd function @,/ (¢) versus the variable m’ for
fixed W = 0.5 in the time-domain. The magnitude of the real
partis much smaller compared to the magnitude of the imaginary
part. Therefore, as the value of mn/ increases, the odd signal ap-
proaches a pure complex signal as the real part approaches zero.

D. Minimum Fourth-Moment Time-Duration Measure and
Energy Concentration Measure

Based on the definitions of the minimum fourth-moment
time-duration measure (16) and the time-duration energy
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02 . . . . . . . L
-25 =20 -15 -10 -5 0 5 10 15 20 25

©)

Fig. 3. The odd function X, (f) and its inverse Fourier transform =, () versus
variable m’ with m’ = 1,2,3,4 for fixed W = 0.5. (a) X‘””Z(f) in the
frequency domain. (b) The real part of Tom! (t) in the time-domain, where the
amplitude of Y -axis is 2 x 1073, the small panel is to show the real part of the
waveform of om!, (t) and T, (t) whose amplitudes are only 2 x 107", (c)
The imaginary part of x,,,,,, (t) in the time-domain, where the amplitude of ¥~

axis is 0.1. Comparing to the real part in (b), the imaginary part in (c) dominates
the whole waveform.

concentration measure (17), we have calculated these values
and included them in the Tables I and II (for W = 0.5).
Two cases for the time-duration energy concentration measure
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when T' = 5 and T' = 13 are considered. The tables indicate
that: 1) the minimum fourth-moment time-duration measure 7
increases quickly; 2) the time-duration energy concentration
measure . decreases roughly as m increases; 3) . increases
as the measure interval T increases; and 4) z.1(t), the even
function, has higher energy concentration measure than the
other functions.

E. Comparison Between PSWE, Gabor and Our Basis
Functions

Slepian’s prolate spheroidal wave function (PSWF) is an op-
timal band-limited function bandwidth €2 which achieves the
maximal energy in the time interval [—7, T [3]. PSWF satis-
fies the following eigenvalue equation

/9/@”) sin 27 T(f — f')
w(f = 1)

It is well known that no explicitly analytical formula for the
PSWF exists. And only the discrete approximation of the PSWF
by numerical computation is available [3], [23], [25].

Gabor’s function is defined by [9]

Q
< =

—o2r

P(f)df = Mp(f), ISl

—Q/(2m)

km km
60 = s (s + ) 1w

where k € Z\{0}. The corresponding inverse Fourier transform
is

0= Lo (1 1)

Take &k = 1, we have

() = i eon (5751)

and the corresponding inverse Fourier transform is

o) = 7 L (14 1)

el )]}

Take the first basis functions of PSWEF, Gabor and our basis
functions as an example. Let the bandwidth W = 0.5 and the
interested time-duration 7" = 5 for comparison. Then the time-
bandwidth product for PSWF is ¢ = QT = 2aWT = 15.7085.
Fig. 4 shows the first basis functions of Slepian PSWF, Gabor
and our basis functions both in the frequency domain and in the
time-domain. The energy for these three functions in [T, T
is 0.9999, 0.2806, and 0.3495 for PSWF, Gabor and our basis
function. From this figure, we can see that: 1) Slepian’s PSWF
absolutely holds the best performance both in the time-domain
due to its maximum energy concentration in the center; 2) our
basis functions are a bit better than Gabor’s function; and 3) our
basis functions have larger main lobes.

lfl <W
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Slepian

= = =Gabor
== Our
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(@)
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(b)

Fig.4. Comparison of the first basis functions among the Slepian PSWF, Gabor
and our basis functions when W = 0.5 and T = 5. (a) Comparison in the
frequency domain. (b) Comparison in the time-domain.

VI. APPLICATIONS

A. Optimal Waveforms for Communication Systems

The following study shows that the set of our optimal func-
tions can be a better choice of waveform for some systems,
such as radar system with higher range resolution require-
ment and data transmission with higher information rate, due
to its fast decaying rate O(1/t3) which is faster than that
of Slepian’s PSWF O(1/t) and Gabor’s functions O(1/t?)
and higher energy concentration in the main lobe. Therefore,
our optimal functions are more powerful to counteract the
intersymbol interference (ISI) and more robust for the signal
detection.

We now compare our optimal functions with Gabor’s func-
tion [9] which is optimal with respect to the minimum
second-moment time-duration measure. Set W = 0.5. Our
first even function X1 (f) with m; = 4.7300 is compared
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Fig. 5. Comparison of our optimal function X.;(f) with Gabor’s function
@4 (f) with W = 0.5. (a) Our optimal function X ., (f) and Gabor’s function
®1(f) in the frequency domain. (b) Our optimal function x.,(¢) and Gabor’s
function ¢, () in the time-domain. The small panel in (c) shows the main lobes
of both functions, where the red (our optimal function) is a bit larger than the
green one (Gabor’s function).

with Gabor’s function. Fig. 5 shows these functions both in
the frequency domain and in the time domain. Obviously,
comparing with Gabor’s function, Fig. 5(b) indicates that our
basis function: 1) has larger energy concentration in the center
lobe; 2) higher peak value, comparing the 0.25 with 0.22;
3) and has quicker decaying rate. As Franks [28] showed that
PSWF decays! like 1/t which is slower than Gabor’s function
acting like 1/t2, our optimal function holds the steepest de-
caying rate, a bit like 1/¢> [27]. The embedded small figure
denotes that our function has a bit larger main lobe than that
of Gabor.

Finally, we compare the time-duration concentration measure
of our function with that of Gabor’s function. The main lobe of

I'We noted that although PSWFs decays like 1/¢, they are also uniformly
small outside the interval of concentration and as a result the decay rate
is irrelevant. The results obtained from the example in Fig. 4 confirms this
observation.
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the z.1(t) and ¢1(¢t) are T,,,, ~ 6.3536 and Ty, = 6.3236. By
(17), the main lobe energy concentration is

T
STt e (1) Pt

Yo, = e = 0.3524,
S () |2dt
Lo gy (1) 2t
_ 1t 2
Tos — 0.2828.

Yei(t) = ffooo |:L’(t)|2dt

It shows our function has much higher main lobe energy concen-
tration than Gabor’s function’s, though it has only a bit larger
main lobe, which is a good alternative for radar system with
higher resolution requirement.

B. Representation and Finite Dimensional Approximations

The eigenfunctions {1;(f)} form a complete, orthonormal
basis in LZ(—W, W), so we can use them to represent any
band-limited function with maximal bandwidth W, extrapolate
a band-limited function known only on the interval (-7, T)
and make an approximation in an interval to a band-limited
function [3].

Suppose S(f) € L*([-W,W]) is a band-limited signal.
Since {1;(f)} is an orthonormal basis in L?([-W, W]), then
we can represent

S(f) = Zsﬂ//i(f)

=1

(18)

where
w
s= [ s,

Based on the above Theorem 2 and the orthonormality of the
basis functions, we can make a further detailed representation

S(f) :Za]XeJ(f)+Zkaok(f) 19)
7=1 k=1
with
w
aj = S(f)Xe;(f)df and
J_w
w
b= [ SUXalhr

Now we consider the dimensionality of the generic expansion
(18) or (19) by a finite number of terms [30], [31]

N
SN(f) =Y sl f)
i=1
with squared error

on = IS(f) = Sn(HIF= D lsil*-

i=N+1
Here, we take the square norm in L?([-W, W]). It is well
known that the dimensionality mainly depends on the basis

functions {;(f)}. the explicit function S(f) and the truncated
error 8. As {;(f)} is the optimum basis, it will achieve the
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best performance comparing with other basis functions. As our
basis functions are complete, according to Fourier transform,
we can also represent a signal in the time-domain

N N
= Z aj:vej(t) + Z bkdiok(t)
j=1 k=1

Take the rectangle function (also called box function) as an
example,

L fl< W
G(f)—{m > w.

and

g(t) = g sin c(Wt).

Since G(f) is an even function in the frequency interval
[-W, W], according to the representation (19), we get

W
= / G(f)Ac;(cos(m;f) + o cosh(m; f))df
J-w
w

=2 [ Auy(cos(ms ) + s coshlms )
0

_o4., [Sin(ij) oy sinh(m ;W)
m;j mj
_ 4A ;sin(m;W)
=
The last equality is obtained by  substituting
a; = —cos(m;jW)/cosh(m;jW). We also have b, = 0 for

all k. Therefore

=Y a;Xei(f),
j=1
N

= Z a]Xe](f)7

and the truncated squared error 0y is

v =1G(f) = Gu (P =

Since Ac; = 1/4/(1+ o)W and oj — 0 as j > 4, we get

Aej =1/1/(1+ aHW < 1/VW

and
4A.;

m;

4Aej Sin(ij) ‘ <

m;

Iaj|=‘

therefore, the truncated squared error is

16 = sin?(m;W) 16 <= 1

Sy = — PR o 2 .

N W'Z (1+a) 2<W'Z m2
j=N+1 m; J

As we have shown in the above Theorem 2 and Subsection IV.D
that the values of m; — oo as j — 0. So O can be made
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Fig. 6. Representation of a rectangle function with our optimal basis functions.
N is the number of basis functions used, here N = 8, 1650. (a) Approximated
function G x (f) in the frequency domain. (b) Approximated function g (%) in
the time-domain, the small panel in (b) is to show the difference around the peak
value. When N = 50, g (¢) is approaching the original function.

as small as desired by making NV sufficiently large. Similarly,
we have

t) = Z a;we;(t)

Set W = 0.5. We depict the function G (f) and gn (t) when
N = 8,16, 50 in Fig. 6. Obviously, when the number of items
N increases, the approximation is better.

VII. CONCLUSION

This paper uses the general constrained variational method
of Franks to formulate the fourth-moment time-duration mea-
sure and determines a complete, orthonormal set of optimal
band-limited functions. Comparing our optimal function with
Gabor’s function, the functions with higher moment weighting
have better performances in the energy concentration in the
main lobe and faster decaying side-lobes. This set of optimal
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functions can be applied in communication and radar systems;
and it can also be used to represent any band-limited signal with
maximal bandwidth W and approximate a band-limited signal.

For higher-order moment time-domain weighting, t* with
k > 4, analogous results can be obtained based on our methods.
It is also possible to treat the case of time-limited finite energy
signals with frequency domain moment weighting, f*, in an
analogous way.

APPENDIX I
DISTRIBUTION OF 1m AND m’ (THEOREM 1)

Proof: Let us consider the following three functions, first

fi(z) = tan(x),

As 0 < tanh(z) = sinh(z)/cosh(z) < 1, for all z > 0, so
the function f2(x) is a strictly monotonically increasing func-
tion with fy(co) — 1; and f3(x) is a strictly monotonically
decreasing function with f5(0c0) — —1.

It is well known that: tan(x) is a periodical function with the
period 7, for any k € Z, tan(km) = 0, tan[(kr + §)7] —
400 and tan[(kr + §)T] — —oo.

In a period, take (km — 7 /2, km + 7/2),k = 1,2,3,... as
an example, tan(x) monotonically increases from —oo to 400
as x increases from km — 7 /2 to km 4+ m /2. So there must be a
single crossing point x4, with — tanh(z) in the lower half of the
plane. And it also has a unique crossing point x5 with tanh ()
in the upper half of the plane. And the values of 45, < Zyk-

Now it is necessary to show that there has no crossing point
for tan(z) and tanh(z) in the interval [0, 7/2). Take another
function g(z) = fi(x) — f3(z) = tan(z) — tanh(x), forz €
[0,7/2). Let take the first derivative

f2(x) = —tanh(z) and f5(z) = tanh(x).

RN S S cosh®(z) — cos?(x)
9'() cos?(z)  cosh®(z)  cosh®(z)cos?(x)

_ (cosh(z) + cos(x))(cosh(z) — cos(x))

cosh? () cos?(z)

(
:w cosh(z) — cos(x)).
cosh?(x) COSQ(:E)( (=) (=)

As cosh(z) = (e* + e *)/2 > 1forany z > 0,and 0 <
cos(z) < 1 when z € [0,7/2), we can infer

g'(z) > 0.

So g(z) is a strictly monotonically increasing function. And
9(0) = f1(0)— f5(0) = 0, so in the interval (0, w/2), g(z) > 0,
i.e., tan(z) > tanh(x), which means there is no crossing point
between them.

It has been shown above that in (0,7/2), tan(z) > 0,
—tanh(z) < 0 and tanh(z) > 0 and there is no crossing point
for the functions tan(z) and tanh(z). So the first crossing
point z is the crossing point ;41 of tan(x) and — tanh(z); the
second crossing point zo is the crossing point z,; of tan(z)
and — tanh(x); the third crossing point z3 is the crossing point
x4z of tan(z) and — tanh(z); the fourth crossing point x4 is
the crossing point x,2 of tan(z) and — tanh(z); and so on.
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Now relating to our proof of the theorem, let us check the
condition functions. For fixed W, the even condition function is

cos(mW) sinh(mW) + sin(mW) cosh(mW) = 0
and the odd condition function is
cos(mW) sinh(mW) — sin(mW) cosh(mW) = 0.

Soif cos(mW) # 0,1i.e., mW # (kx + 7/2), k € Z, the even
condition is changed into

tan(mW) = — tanh(mW)
and the odd condition is changed into
tan(mW) = tanh(mW).

From the above, the points {m W} satisfying the even condi-
tion equation and the points {m}, W} satisfying the odd condi-
tion equation are interleaved, i.e., my, m/, ma, mb, etc., and
the values are monotonically increasing.

So the even solution functions X.;(f) and the odd solution
functions X, (f) can be ordered by the values of the value m;
and m/, i.e., as shown in (15). []

APPENDIX II
PROOF OF THEOREM 2

Proof: From Section IV-B, we have an infinite set
of complete optimal band-limited functions {¢;} =
{Xe; () U Xok(f)}, 4,5,k = 1,2,3,... in the frequency
interval [—-W, W] which consists of the even solution (9) and
the odd solution (11). The completeness is from the fact that
based on the boundary conditions and the initial conditions, we
have got all possible functions satisfying the fourth-order (6)
by the general solution (8). Now we want to show that this set
is orthonormal. The orthonormality in the frequency interval
[-W, W] can be obtained from two methods: 1) by direct
calculation of the orthonormality between any two functions; 2)
by functional analysis with spectrum theorem for the compact
self-adjoint operator: the corresponding eigenfunctions for
distinct eigenvalues are orthogonal.

For the eigenvalue (7), D* is a differential operator which is
unbounded and its inverse operator does not exist. Therefore,
we define another operator

L=D"+1,

where [ is the identity operator. So the eigenvalue equation is
changed into

LX = (1+\)X.

Now we will show that the new operator L is self-adjoint and
its inverse operator L~ exists.

As we have discussed before that eigenvalue equation (7) has
a real solution if and only if A > 0. And when A = 0, the
solution is the zero function. Similarly, for the new eigenvalue
(20), LX = 0 if and only if X = 0. So according to Theorem
4.5.2 in [32]: An operator L is invertible if and only if Lu = 0
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implies u = 0. So L is invertible. Then its inverse operator L~*
exists.
Suppose u, v € {1;}, then

(Lu,v) = (D*u +u,v) = /

:/ (u"v" + uv)dQ,
L2
and

(v, Lu) :(v,D4u—|—u):/ v(D4u)dQ—|—/ vudS
JL2 JL2

v(D4u)dQ—|—/ vud

L2

= / (u"v" + uw)dQ = (Lu,v).
L2

So L is a self-adjoint operator.

Therefore, according to inverse differential operator The-
orem 5.10.2 [32], L~ is a self-adjoint compact operator from
L?(—W, W). According to the Spectral theorem of self-adjoint
compact operator, L' has a complete set of orthonormal
eigenfunctions and its eigenvalues are real. Based on the The-
orem 5.10.5 [32], L and L~! have the same eigenfunctions and
have the reciprocal eigenvalues. So L has an complete set of
orthonormal eigenfunctions. As we also know that for distinct
eigenvalues, their corresponding eigenfunctions are orthogonal.

From the Theorem 1, we have known that the values of m;
and m/, are different. So the eigenvalues of L equaling to m*
are different, too. Therefore, the eigenfunctions are orthogonal.
As X (f) and X, (f) are band-limited, unit energy signals, i.e.,
they are orthonormal. [ |
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