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Analysis and Design of Spherical Microphone Arrays

Boaz Rafaely, Senior Member, IEEE

Abstract—Spherical microphone arrays have been recently
studied for sound-field recordings, beamforming, and sound-field
analysis which use spherical harmonics in the design. Although
the microphone arrays and the associated algorithms were pre-
sented, no comprehensive theoretical analysis of performance
was provided. This paper presents a spherical-harmonics-based
design and analysis framework for spherical microphone arrays.
In particular, alternative spatial sampling schemes for the posi-
tioning of microphones on a sphere are presented, and the errors
introduced by finite number of microphones, spatial aliasing,
inaccuracies in microphone positioning, and measurement noise
are investigated both theoretically and by using simulations. The
analysis framework can also provide a useful guide for the design
and analysis of more general spherical microphone arrays which
do not use spherical harmonics explicitly.

Index Terms—Plane-wave decomposition, sound-field analysis,
spatial aliasing, spatial sampling, spherical Fourier transform,
spherical microphone arrays.

1. INTRODUCTION

ECENT studies of spherical microphone arrays embraced

a wide range of applications, including sound-field record-
ings, beamforming for speech enhancement, and sound-field
analysis. Meyer and Elko presented spherical microphone
arrays for spatial sound recordings [1] and beamforming [2],
while Abhayapala and Ward [3] studied the limitations of a
similar array in recording a plane-wave sound field. Weinreich
and Arnold [4] designed a spherical measurement array with a
single rotating microphone to analyze acoustic radiation fields,
while recently, Rafaely [5]-[7] showed that such a spherical
measurement array can be used for plane-wave decomposition
by employing spherical convolution. The advantage of the
spherical configuration is the three-dimensional symmetry
useful in spatial sound-field analysis. The reader is referred
to the papers above for further details and a more compre-
hensive review. Although these studies presented the array
processing employed and in some cases a preliminary analysis
of performance, a more comprehensive, theoretical analysis of
performance which is valuable in the design and analysis of
spherical microphone arrays in practice was not provided.

This paper presents such a theoretical framework of analysis.
First, three spatial sampling schemes are presented and com-
pared, which can be used for microphone positioning. Then, a
theoretical error analysis is developed where the separate effects

Manuscript received September 14, 2003; revised September 29, 2004. The
guest editor coordinating the review of this manuscript and approving it for pub-
lication was Dr. Walter Kellermann.

The author is with the Department of Electrical and Computer Engineering,
Ben-Gurion University of the Negev, Beer-Sheva 84105, Israel (e-mail:
br@ee.bgu.ac.il).

Digital Object Identifier 10.1109/TSA.2004.839244

of finite order, or finite number of microphones, inaccuracies in
the positioning of microphones, spatial aliasing and measure-
ment noise are evaluated. The theoretical analysis is supported
by simulation examples of microphone arrays with various con-
figurations. The analysis in this paper is based on spherical-har-
monics decomposition, or the spherical Fourier transform, and
could therefore, directly apply to the recently studied spher-
ical-harmonics based microphone arrays [1]-[3], [S]-[7]. Nev-
ertheless, since the analysis involves performance limits due
to physical factors, the framework and results presented here
could also be useful in the design of spherical microphone ar-
rays in general (which are not explicitly designed using spher-
ical harmonics), such as the array designed by Gover et al. for
sound-field analysis [8].

II. SPHERICAL FOURIER TRANSFORM

The spherical Fourier transform [9], or spherical harmonics
decomposition [10], employed in this paper is briefly revised in
this section. The reader is referred to [5], [9], and [10] for more
details. The standard spherical coordinate system (r,6, ) is
used (e.g., [13]), where in addition §2 denotes the position (¢, ¢)
on a unit sphere. Consider a function f(£2) which is square in-
tegrable on the unit sphere, then its spherical Fourier transform,
denoted by f,,,,, and the inverse transform, are given by [9]

fom = / F(QY™ (Q)dQ 1)
QeS?

FO =0 > fam¥i () @)
n=0m=—n

The spherical harmonics Y, are defined by

2n+1) (n— m)!PTf"(cosﬂ)eim‘/’
4t (n+m)!

3)
where n is the order of the spherical harmonics and i = /—1.
The spherical harmonics are the solution to the wave equa-
tion, or the Helmholtz equation in spherical coordinates
[10], [13]. The associated Legendre function P]" repre-
sents standing spherical waves in @ while the term e'™?
represents traveling spherical waves in ¢. The integral
Joes2 02 = fo% [, sinfdfd¢ covers the entire surface
area of the unit sphere, denoted by S2 [10]. The spherical
harmonic are orthonormal and satisfy [13]

V" (Q) =Y."(0,4) = \/

/ )Y (Q)dQ = St G- (4)
Qes?
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Also, the addition theorem [13] provides the following sim-
plification

2n+1

Y Y)Y () = Pa(cos®)  (5)

m=—n

where © is the angle between €27 and {25, and P, is the Legendre
polynomial. This further simplifies to (2n + 1)/47 when Q; =
Q5.

III. SPATIAL SAMPLING ON A SPHERE

Microphone arrays spatially sample the sound field, and in
particular, spherical arrays perform spatial sampling of func-
tions (e.g., sound pressure) defined on a sphere. Spatial sam-
pling, similar to time-domain sampling, requires limited band-
width (limited harmonic order) to avoid aliasing. Several sam-
pling schemes are presented, which offer a tradeoff between the
required number of microphones and the simplicity of their ar-
rangement. A sampling scheme can be considered exact if the
spherical Fourier coefficients can be computed from the spatial
samples without error. This requires the following equality:

Fam =Y i f(Q)Y" () (©6)
J

where 2; = (6, ¢;) are the samples on the sphere, and j ranges
for the entire sample set. The weights «; are introduced to sup-
port the equality. Note that given fy,,,,, f(£2) can be computed
exactly from (2). Substituting (2) in (6), the condition for exact
sampling as in (6) is satisfied if the following holds:

SV Q)Y () = b (D
J

Equation (7) can be considered as a modified version of the
orthogonality property of the spherical harmonics [10], [13].
Parseval’s relation can be written for the spherical Fourier trans-
form as defined in (6) and (2), which includes the weighting pa-
rameter «;, as

N n
Sl @I =Y D" [faml 8)
J

n=0m=-—n

where N is the highest order for which f,,, is nonzero. Sev-
eral alternatives for the sampling set 2; and the corresponding
weights o; are discussed below.

A. Equiangle Sampling

Driscoll and Healy [9] presented a sampling theory for band
limited functions on a sphere (f,,, = 0 for n > N), which
required 4(N + 1)? samples, with the angles 6 and ¢ each sam-
pled uniformly at 2( N + 1) locations, e.g., 6; = 7j /(2N + 2),
j=0...2N+1,and ¢y = 27k/(2N+2),k=0...2N + 1.
The spherical Fourier transform in this case is generally given
by [9]

2N+12N+1

fnm = Z Z ajf(eﬁ‘bk)yﬁ*(ej,(f)k). )

j=0 k=0

The weights «; are introduced to compensate for the denser
grid near the poles, and are given in [9]. Further details can
be found in Driscoll and Healy [9], where it is shown that the
equiangle sampling scheme satisfies the Nyquist sampling con-
dition along ¢, while the sampling along 6 needs to satisfy
ng(f Y a; P, (cost,) = \/26,. The advantage of the equiangle
sampling scheme is the regular angle differences. This could be
useful when spatial samples are taken by a rotating microphone,
for example, where a simple, equal-step mechanical rotation in
both # and ¢ is an advantage. The disadvantage of this scheme is
the large number of samples compared to alternative sampling
schemes.

B. Gaussian Sampling

The Gaussian sampling scheme described in this section re-
quires only 2(N + 1)? samples, which is half of the equiangle
sampling scheme. The azimuth angle ¢ is sampled at 2(IV + 1)
equiangle samples as in the equiangle sampling scheme, but the
elevation angle # requires only N + 1 samples, which are nearly
equally spaced. The spherical Fourier transform is given in this
case by

N 2N+1

fnm = Z Z a]f(aﬁ(bk)Yr’LmK(e]v(bk)

j=0 k=0

(10)

The samples §; are computed as the zeros of the [NV 41 degree
Legendre polynomial [13], [15] Py 41(cost;) =0, =0...N.
This choice ensures that the sampling condition in (7) is satis-
fied, since the polynomials in (7) are of degree not higher then
2N [15]. The weights a;; which satisfy the sampling condition
can then be calculated or taken from tables [13], [16]. The ad-
vantage of the Gaussian sampling scheme is the reduced number
of sample points for a given order N. The drawback is the poten-
tial inconvenience with the nonequal spacings along § when, for
example, microphones are mechanically rotated and equal-step
rotation might be an advantage.

C. Nearly Uniform Sampling

This sections describes sampling schemes where the samples
are distributed uniformly and nearly uniformly on the surface
of a sphere. A sampling scheme where the distance between
neighboring samples is constant, give rise to a limited set of
special geometries called platonic solids, e.g., 20 samples on
the vertices of a dodecahedron [17]. A sampling scheme with
the samples distributed nearly uniformly on the sphere surface
offer a much wider range of configurations. Hardin and Sloane
[18] prove that the number of samples for these configurations is
at least (N + 1)2, but show that in practice this number is larger
then 1.5(N + 1)? for many examples, when the weights «; are
taken to be equal. Their configurations satisfy the sampling con-
dition in (7) with negligible error (less then 4 X 1013 for the
examples employed in this paper). Lebedev (see [19] and ref-
erences within) also provides samples and weights for various
configurations, with a total of about 1.3(N + 1)? samples. It is
important to note that a polynomial degree of 2/V should be con-
sidered when applying these methods since the sampling con-
dition in (7) involves a product of two Legendre polynomials,
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each of degree IV or lower. The spherical Fourier transform in
this case is represented by (6), with €2; the set of samples and
«;j the corresponding weights.

The advantage of the nearly uniform sampling scheme is
the small number of samples. The disadvantage, as in the
Gaussian sampling scheme, is the potential inconvenience with
the nonequiangle locations. Furthermore, the equiangle and
Gaussian sampling schemes can benefit from FFT-based com-
putations along ¢, which are not suitable for nearly uniform
sampling.

IV. SPHERICAL ARRAY PROCESSING

Spherical microphone arrays typically measure the sound
pressure p around a sphere, and the array processing is then per-
formed by multiplying the pressure with the aperture weighting
function w* and integrating over the sphere, to give the array
output at each frequency

y(kr) = ~/9652 p(kr, Qw* (k,Q)d2

=3 pu k)i, (k)

n=0m=—n

(11)

where p,,,,, and w,,,, are the spherical Fourier transform coef-
ficients of p and w, k and r are the wave number and sphere
radius, and (2) and (4) were employed to derive the summa-
tion term. The complex conjugate of w was used to simplify
notation. If w was used under the integral, then w},,, would
be replaced by (—1)" wy,(_,) under the summation, while if
Wym Was used instead of w,, then w(Q) = w(,¢) would
be replaced by w(6f, —¢) under the integral [10]. The summa-
tion term in (11) can be viewed as weighting in the spherical
Fourier transform domain, also called phase-mode processing
[11], [12].

In practice, the pressure on the sphere is spatially sampled
at the microphone positions 2, and in addition the weighting
function w,,,, is limited to order n < N, which depends on the
number of microphones used as discussed in Section III. Given
the frequency-dependent output p of M microphones arranged
on a sphere according to the chosen sampling scheme, the array
output can be calculated as

y(kr) = a;p(kr, Q) )w* (k, Q)

j=1
N n
n=0m=—n

The coefficients p,,,, can be approximated using (6) when
using the second line of (12) for the array processing, while
the weights o; depend on the sampling scheme as detailed in
Section III.

The choice of w;,,,, depends on the application. Some exam-
ples are analyzed below, but first the coefficients of single and
multiple plane-wave sound-fields are briefly presented [3], [5].
Consider a unit amplitude plane wave given by e*(“*=KT) [14],
where w, t, r, k are the angular frequency, time, position and
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wave number vector, respectively, with the latter denoting the
wave direction of propagation. This notation is slightly modi-
fied here to ¢?(“*+ET) with k = (k, ) now denoting the wave
arrival direction. The wave number is given by k = w/c¢, with ¢
denoting the speed of sound. The spherical Fourier transform of
the pressure at the microphone positions r = (7, ;) can now
be written as [10]

Ponm (k1) = b (kr) Y™ (o) (13)
where b,, for an open sphere and a rigid sphere is given by [10]

Ami™ j, (kr), open sphere
b (kr) = {

4™ (jn(kr) - ,Jli((l;;:(;)) hn(kr)) , rigid sphere

(14)
where j,, h, are the spherical Bessel and Hankel functions,
respectively, j/,, h!, are their derivatives, and 7o < r is the radius
of the rigid sphere. Now consider a sound field composed of an
infinite number of plane waves that arrive at the sphere from all
directions €2 with amplitudes a(k, o) (strictly, a is the spatial
density of the amplitudes). The spherical Fourier transform of
the total pressure on the sphere can be written by integrating
(13) over these directions as [5]

Do (k1) = @ (k)by (k7). (15)

A beamforming array of order N with weights w},,, =
dym /by, is analyzed next. The array output for a plane wave ar-
riving from 2 is computed by substituting the chosen weights
and (13) in (12), dropping the dependance on kr for notation
simplicity

N n

Y= 3" dm ¥y (D) = ()

n=0m=—n

(16)

which as expected gives the designed array directivity at the
plane wave direction. Meyer and Elko [2] proposed array
weights wk, . = d,Y, () /bn, with € the look direction,
which allowed efficient steering of the array beam.

For sound field analysis by plane-wave decomposition [3],
[51-[7], the weights are w},,, = Y,"*(€2;) /by, where €, is the ar-
rival direction of the decomposed plane wave. The array output
in this case is given by substituting (15) in (12)

y=>y Z U Y, () = a ()

n=0m=—n

7)

which gives the sound field plane-wave decomposition at the
array output. The approximation becomes equality when NV tend
to infinity or when the order of a,,,, is limited to n < N. A
simpler choice of w,, = Y,™(€;) is used to reconstruct the
sound pressure on the entire sphere at positions {2;, which could
be useful in the processing of sound recordings. The array output
in this case approximates p(€2;).

V. RIGID VERSUS OPEN SPHERE CONFIGURATIONS

An important consideration in the design of spherical micro-
phone arrays is the sphere configuration. An open sphere con-
figuration [3], [4], [8] as well as microphones arranged around
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Fig. 1. Magnitude of b,, as a function of kr for (a) rigid sphere with kr = krg,
and (b) open sphere.

a rigid sphere [2] were previously suggested. The disadvan-
tage of a rigid sphere is that it interferes with the surrounding
sound field. Although scattering is accounted for in the cal-
culation of the incident field, the scattered waves can be fur-
ther reflected by other objects in the measurement environment
and then be considered as additional incident waves when ar-
riving back at the sphere. This effect might be negligible for
small spheres, but may become more significant when large
rigid spheres are employed and an accurate measurement of
the sound field is required. However, the advantage of the rigid
sphere is the improved numerical conditioning. This is because
the array weights require the inversion of the function b,,, which
is zero for some values of n and k7 in the open sphere config-
uration, but not in the rigid sphere configuration [2], [5], [13],
as shown in Fig. 1. One way to overcome this problem for the
open sphere is to use an additional set of measurements. For ex-
ample, the use of more than one sphere with varying radius was
proposed in [3], while another option is to use measurement of
radial velocity to complement the pressure measurement. Ways
to improve open sphere measurement are the topic of current
research. In this paper the analysis assumes a general b,,, which
can apply to both open and rigid spheres, but rigid spheres are
considered in the examples.

VI. FINITE-ORDER EFFECTS

The number of microphones is limited in practical arrays. As
shown in Section III this limits the order to some value n < N

which depends on the sampling scheme. The finite order has
two significant effects. First, the upper frequency is limited to
around kr < N due to spatial aliasing. This is further analyzed
in Sections VII-IX. Second, the spatial resolution of the array is
limited, which imposes limitations on the spatial performance
of the array. The width of the main lobe in the beam pattern
is one common feature of spatial resolution. Although this will
depend on the choice of the weights, a simple expression can
be derived for the case that w,, = Y, (€2;) /by, i.e., for plane-
wave decomposition arrays. Assuming a unit amplitude plane-
wave arriving from g, the array output becomes [5]

y= > Y (Q0)Y ()

n=0m=—n

N+1
= Ir(cos® — 1) L #1(c030) — Prv(cos0))

(18)
where O is the angle between 2 and €2;. Equation (5) and a re-
sult from Gradshteyn and Ryzhik [20, Sec. 8.915, p. 1026]) were
employed in the derivation. In this case the width of the main
lobe, between the first zeros, can be approximated by 27 /N [5],
a measure that gives a simple dependence of spatial resolution
on the order of the array. The width of the main lobe is there-
fore approximately proportional to /M, given M, the number
of microphones, is proportional to (N + 1)2.

VII. ALIASING AND MEASUREMENT ERRORS EFFECTS

The performance of microphone arrays in practice is com-
promised by a number of factors. First, array processing in-
volves spatial sampling, as discussed in Sections III and IV, and
since a sound field such as a plane-wave field is not order-lim-
ited, aliasing errors will be present due to the higher orders [3].
Second, limited accuracy in the positioning of microphones in
practical arrays will cause deviation of the actual sampling posi-
tions from the designed positions, which could introduce errors
at the array output. In addition, transducer noise could also ap-
pear as noise at the array output and limit performance. Further-
more, the effect of these factors might depend on the sampling
scheme chosen. Analysis of the separate effect of these factors
can be a valuable tool in the design of microphone arrays in
practice. Such an analysis scheme is presented in this section
and its relation to white-noise-gain analysis is discussed. Note
that other similar effects such as uncertainty in the microphones
response could also be analyzed in a similar manner.

The output of the individual microphones at a given frequency
which includes the effects as described above can be written as
p(€2}) + e;, where €, is the actual microphone position and e;
is transducer noise. Expressing p,,,,, as in (6) and substituting in
(12), the array output in this case becomes

n

M
SNy () + ) Y ()]

m=—n j=1

19)

N
=2,
n=0

The signal and noise terms are now separated, with p, the ac-
tual pressure not necessarily order limited, replaced by applying
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the inverse spherical Fourier transform and then changing the
order of summations

=3 3 (S 3

n=0m=—n Om/=—n

M _

DY ()Y () +Z%’6JYJ" (Qj)>~ (20)
j=1 j=1

The expression in the square brackets is similar to the sam-
pling condition as in (7), which can be extended to include er-
rors due to aliasing (e,) and microphone positioning (eg,), as
follows:

Zaa

_{6n n"sm m' T €Q

(@Y ()

/3] TL,TLISN
n<N,n > N.

nmn’/m

€a, ., T €Q @h

nmn’m nmn’/m/’’?

Given a sampling scheme (the sets a; and €2;), the aliasing
error term €, can be found by

'm
= (677
At m! E : J n

nSN, n' >N

(€2)
(22)

and given the actual positions (2}, the positioning error term e
can be found from (21) and (22) by eliminating the contribution
of the aliasing error

M

€8s = D |
i=1

>

@) = Y ()] v ()
n<N, n .

0 (23)

Substituting (21) in (20) and separating the summation over
n/, the array output is separated into signal and errors contribu-
tions

N n
Y=Y WhuPum

n=0m=—n

+ZZw

n=0m=—n

(ys — signal)

E : E : Prim’€ay s m
—n'

=N+1m'
(ya—ahasing error)

E , E : pn €Dt

n'=0m’'=—n

+ZZM

n=0m=—n

(yg—posmomng error)

M )
> eV ()
j=1

(y.-measurement noise).

N n
*
2D wim
n=0m=—n

(24)

Equation (24) now provides the basis for performance anal-
ysis which takes separate account of the various errors, and can
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therefore be used to analyze the effects of individual factors. The
expressions in the curly brackets represent un-weighted contri-
butions with order n and degree m to each error, which when
analyzed and compared can offer valuable design information.
The contribution of terms with different orders to the errors is
further analyzed in Section VIII. Three relative error measures
can be defined which relate the power of the signal to the power
of the various errors at each frequency

2
R

_ E [|ye|2]

|ys|?

|21/Q|2
|ys|?

|Ya
|Ys

B, = (25)

where ¥s, Ya, Yo, Ye have been defined in (24). Note that F.
can be considered as the reciprocal of the white noise gain, as
discussed below. Given the sound field defined by p,,,,, and the
array coefficients defined by w;,,,,, the effect of aliasing, posi-
tioning error and noise can be analyzed using the measures in
(25) for a given sampling scheme. The relations between the
signal and various errors are explored in Sections VIII and IX.

VIII. ERRORS ANALYSIS FOR A PLANE-WAVE SOUND FIELD

It is common when analyzing array performance to consider
a plane-wave sound field, with the array looking in the direction
of the plane wave [11], [21]. Under these conditions

* * Cny,m

where () is the arrival direction of the unit amplitude plane-
wave and the choice of w},, represents a beamforming array
which reduces to a plane-wave decomposition array for ¢,, = 1
as discussed in Section IV. The signal power under these condi-
tions can be written using (5) as

N

ch Z Y ™(0)Y,

n=0 m=—n
ﬁ: n+1 1|

which reduces to (N + 1)*/(4m)? when ¢,, = 1. The power
of the output signal in this case increases with increasing order
N. The measurement noise at the array output is calculated as-
suming spatially uncorrelated input noise with a unit variance,
and is given by

Ellye/’] Za
_Za
= jg:(y

where ©; is the angle between €}y and €2;. The noise vari-
ance has a simpler expression for a sampling scheme with equal

|ys|2 (QO)

27)

2

Z Z —YmQOYm(Q)

n=0m=—n

n2 1
Zc n+ P, (cos®;)

n=0

2
(28)
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weights o; = 47 /M (note that this choice satisfies Z Lo =
f d$) = 4m), computed using (7) as
N
12n+1
Ellye] = nl” = 29
=X P { G )

where the term in the curly brackets is the un-weighted con-
tribution of order 7 to the overall measurement noise. It is ex-
pected from Fig. 1 that at low frequencies the high orders will
have dominant contribution. Equation (29) also shows that the
noise variance decreases as the number of microphones, M, in-
creases, assuming the other parameters, such as /V, remain un-
changed. The white noise gain (WNG) [21], calculated as 1/,
from (25), (27), and (29), represents the improvement in signal
to noise ratio (SNR) at the array output compared to the input.
This assumes that the SNR at the input for this case is unity,
which is true for an open sphere and approximately true for a
rigid sphere, as detailed in the Appendix. In addition to denoting
improvement in SNR, the WNG is also used as a general mea-
sure for robustness [21]. However, to predict the explicit effect
of factors such as microphone positioning errors and aliasing,
additional measures as presented below are employed.

The aliasing error is computed in this case using (24) and (26)
as

W= Y Y Z

n=0m=—nn'=N+1m'=—n

Ym ()

Y™ Q)ea | . (30)

Apmn!m

A more explicit and computationally efficient expression can
be derived by combining (5), (22), and (30)

N 0o
bp 2n+12n" +1
2_ n
|ya| = ch{ Z b, 4r 4

n=0 '=N+1

X Z a; P, (cos®,) P, (cosO; )}

where ©; is the angle between 2y and €2;, and the term in the
curly brackets denotes the contribution of order n to the overall
aliasing error. Finally, microphone positioning error in this case
is computed from (24) and (26) as

2
€1y

*

Sy Z gy ()

n=0m=—nn’'=0m’'=—n

UQ|2

XYJn(Qo)th ;o

nmn'/m

(32)

with a more explicit and computationally efficient expression
derived by combining (5), (23), and (32)

bo 2n+12n" +1
2
lval” = ch{ Ar 4w

=0

2

X Z ; P, (cosO;) [Pnr (cosO) — Ppi(cosO;)] } (33)

TABLE 1
ARRAY CONFIGURATIONS EMPLOYED IN THE SIMULATION EXAMPLES, WITH
Ninax DENOTING THE MAXIMUM ORDER OF THE ARRAY, N THE ACTUAL
ORDER IN THE DESIGN, M THE NUMBER OF MICROPHONES, 2y THE
PLANE-WAVE ARRIVAL DIRECTION AND ARRAY LOOK DIRECTION, o2 THE
VARIANCE OF THE INPUT MEASUREMENT NOISE, AND | A, .x THE MAXIMUM
INACCURACY IN THE MICROPHONE POSITIONING. ALL ARRAYS WERE
DESIGNED AROUND RIGID SPHERES USING WEIGHTS AS IN (26) WITH ¢,, = 1,
AND POSITIONED IN A PLANE-WAVE SOUND FIELD

Array No. Sampling N Npax M Qo o |Almas
1 Equiangle 2 2 36 (7/2,0) 1 ~ 0.3°
2 Gaussian 2 2 18  (m/2,0) 1 ~ 0.3°
3 Uniform 2 2 12 (7/2,0) 1 ~ 0.3°
4 Equiangle 2 2 36 (7/2,0) 1 ~ 0.3°
5 Gaussian 2 3 32 (7/2,0) 1 ~ 0.3°
6 Uniform 2 4 36 (7/2,0) 1 ~ 0.3°
7 Uniform 6 6 84 (m/2,0) 107* =0.3°

where @9 is the angle between (¢ and the actual microphone
position Q’j, and the term in the curly brackets denotes the con-
tribution of order n to the overall positioning error. The error
due to inaccurate positioning of the microphones will depend on
the nature of the inaccuracy. For example, if spatial sampling is
achieved by rotating a single microphone by motors along 6 and
¢, then the accuracy in the motor control system will result in
variation in the angles, e.g., 93- =6;£Aand ng;» = ¢;=A. How-
ever, if the microphones are positioned more permanently on a
rigid or open sphere, then the accuracy will be given as some
distance away from the desired point on the sphere surface. This
can be translated to ¢ = f; = A and ¢; = ¢; = A/sinf to ac-
count for the smaller apparent radius near the poles. The latter
inaccuracy is employed in the examples below.

IX. SIMULATION EXAMPLES

Several illustrative examples to the use of the analysis
method developed in this paper are presented in this sec-
tion. A more comprehensive analysis of array performance
and the behavior of the various errors for different sampling
schemes is beyond the scope of this paper but proposed
for future research. The array configurations employed and
other simulation details are summarized in Table I. The po-
sitions €2; for the equiangle sampling scheme are defined
by all combination of § = [15,45,75,105,135,175] and
¢ = [0,60,120,180,240,300] (in degrees). The sampling
coordinates for the two configurations with Gaussian sampling
were taken from [16], and those for the three nearly uniform
sampling configurations taken from [18] (denoted designs
3.12.5, 3.36.8, and 3.84.12). All sampling configurations satis-
fied (7) with an error less then 4 x 10713,

Fig. 2(a) shows examples of the inverse WNG, FE. =
E|y.|?]/|ys|?, for microphone arrays 1-3 in Table I, calculated
using (27) and (28). The figure shows that lowest noise or best
WNG is achieved around kr = N = 2, which then degrades for
both lower and higher kr. This is a reflection of the behavior of
the 1/b,, term in (28) [see Fig. 1(a)]. This is also why significant
degradation in the WNG would be expected for open-sphere ar-
rays around frequencies where the b,, terms are zero. The figure
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Fig.2. Reciprocal of the white noise gain (WNG) for (a) arrays 1-3 in Table I,
and (b) arrays 4-6 in Table 1.
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Fig.3. Aliasing error for (a) arrays 1-3 in Table I, and (b) arrays 4—6 in Table I.

also shows that the equiangle sampling scheme has the lowest
noise variance and the nearly uniform scheme the highest noise
variance. A possible explanation for this difference is provided
by Fig. 2(b), showing results for arrays 4—6 in Table I. Although
Table I shows that these arrays allow for different maximum
N, in Fig. 2(b) the same N = 2 was used for all three arrays.
Therefore, the three arrays have the same order N, similar
number of microphones M, but different sampling schemes.
The figure illustrates that the noise variance is similar for all
three cases, suggesting that the noise variance, and therefore the
WNG, depend on the order and number of microphones, and
less on the sampling configuration. Therefore, (29) can be used
as a general predictor of WNG. The results also suggest that
spatial over-sampling could be one way to improve the WNG.
Fig. 3(a) shows the relative aliasing error, E, = |ya|?/|ys|%,
calculated for arrays 1-3 in Table I using (27) and (31). In
this case all three arrays show similar aliasing error. Fig. 3(b)
presents the same analysis for arrays 4-6 in Table I, all designed
with N = 2 and similar number of microphones. In this case
the array with the nearly uniform sampling has significantly less
aliasing error, and so does the array with the Gaussian sampling.
This is because these array, although have similar number of
microphones are actually designed to work with higher orders
(Nmax in Table I). This illustrates the advantage of the nearly
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Positioning error for (a) arrays 1-3 in Table I, and (b) arrays 4-6 in

uniform sampling. Although arrays with similar NV and M will
have similar WNG, as illustrated in Fig. 2(b), the array with the
nearly uniform sampling will exhibit lower aliasing error, there-
fore improving high frequency performance.

Fig. 4(a) and (b) show the relative positioning error, £, =
lya|?/|ys)?, calculated for arrays 1-3 and 4-6 in Table I, re-
spectively, using (27) and (33). The positioning error A as de-
fined in Section VIII, is uniformly distributed in the range |A| <
0.005 rad ~ 0.3°. This variation is equivalent to about £1 mm
on a sphere of radius 20 cm. The results presented were cal-
culated as an average over 50 realizations of the random po-
sitioning errors. The figure shows that the errors are less then
about —40 dB, which suggests that a relatively small error can
be achieved with practical constrains on the accuracy of mi-
crophone positioning. The behavior of the positioning errors in
Fig. 4(a) and (b) is similar to the behavior of the inverse WNG
as presented in Fig. 2(a) and (b), therefore supporting the use of
the WNG as a general robustness measure [21]. The difference
of about 6 dB per octave between the two errors originates from
the additional summation term over n’ (with b, in the numer-
ator) in (33) compared to (29) (see this difference more clearly
in the next example).

The final simulation example illustrates the use of the theo-
retical results developed in this paper. A microphone array of
order N = 6 was designed with a nearly uniform sampling
scheme [18], as detailed in Table I for array no. 7. A normally
distributed measurement noise with variance —40 dB below the
measured pressure is added to the microphones input, and a uni-
formly distributed noise in the microphones locations is also in-
cluded as detailed in Table I. The sound pressure around the
array was constructed from its spherical Fourier transform with
N = 50 (simulating N = o0), and then array output including
the measurement noise and microphone positioning errors was
simulated using (12). The various error predictions and the cor-
responding noise-to-signal ratios are then calculated using (27),
(29), (31), and (33), with the prediction for positioning error cal-
culated as an average over 50 realizations.

Fig. 5(a) shows the overall noise, simulated by the array pro-
cessing, and the individual error predictions. The figure illus-
trates how the overall noise is decomposed into its contributions,
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Fig.5. Error analysis for order N = 6 array detailed in Table I as array no. 7.
(a) Analysis of overall error with “Overall noise” denoting noise floor measured
at the array output, and “Measurement noise,” “Aliasing error,” and “Positioning
error” denoting the theoretical predictions of these effects. (b) Contributions
of terms of orders n = 3...6 to the measurement noise, aliasing error and
microphone positioning error.

providing information on the main causes of the noise at various
frequencies. At high frequencies, where kr > N, aliasing error
is dominant, while at the lower frequencies, both measurement
noise and positioning errors contribute almost equally. This is
a useful design information, since for this example it clear that
in order to reduce the noise at the low frequencies one would
require to reduce the input noise level and to improve the accu-
racy of microphone positioning. Further, by modifying parame-
ters such as input noise level, positioning accuracy and number
of microphones, one can investigate the effect of the various fac-
tors on the overall noise floor at each frequency.

Fig. 5(a) shows that the operating frequency bandwidth is
limited by aliasing at the higher frequencies and measurement
errors at the lower frequencies. The overall achieved bandwidth
in this case is not wide, and will not be sufficient for most appli-
cations. One way to increase the operating bandwidth, as sug-
gested in [3], is to employ different sphere radiuses for different
frequency ranges. This, however, comes at the cost of increased
system complexity. Another alternative is to reduce the spatial
resolution at the lower frequencies by employing a lower order
N, therefore reducing the noise imposed by the higher order
1/b,, terms [2]. Methods for the design of broad bandwidth,
high-order spherical arrays are subject of current research.

Fig. 5(b) shows the contribution of the upper four orders n =
3...6 to the three noise-to-signal ratios, calculated by evalu-
ating the terms in the curly brackets of (29), (31), and (33) for
each order n. In all three cases the higher order (n = 6) con-
tributed most significantly at the lower frequencies (kr < 6),
while at the higher frequencies the contributions of the various
orders are more similar.

X. CONCLUSION

This paper presented a theoretical and simulation analysis of
the measurement errors of spherical microphone arrays. The ef-
fects of array order, input noise, microphone positioning accu-
racy and spatial aliasing were formulated individually. This fa-
cilitates efficient selection of array design parameters such as
the number of microphones, transducer noise, and positioning
accuracy, and allows analysis of the effect of these parameters
for existing arrays. The framework of analysis developed here
can therefore be useful in the design and performance analysis
of practical spherical microphone arrays.

APPENDIX
SNR AT THE ARRAY INPUT

Assuming spatially uncorrelated input noise e; with vari-
ance 0> = 1, then the spatial average of the noise variance,
(1/4m) Zj L @jo?, is unity for any M and sampling scheme.
Note that the weight a; has been included to support the
Parseval notation as in (8), while it is also assumed that
(1/4m) Ej\il o = (1/4m) [, d = 1 for the chosen sampling
scheme. For a plane-wave sound-field propagating from €2 and
an open sphere the spatial average of the input signal power
given by (1/4w) Zjvil a;|p(2;)|? is unity, but for a rigid
sphere it will be affected by scattering and will depend on the
sampling scheme. As a rough approximation of the average
signal power the normalized integral over the entire sphere can
be used

1 Y 1
2
y 2; aj p($y)" ~
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where (4) and (5) were employed in the derivation. Numerical
evaluation of (34) shows that the average input signal power is
unity for a rigid sphere at kr < 1, and increases up to 3 dB at
kr > 1. Therefore, the SNR at the array input can be approxi-
mated by unity with an error smaller then 3 dB.

2n+1) (34
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