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Abstract. The present paper aims to design an integrated kinematic/dynamic-based tracking
controller for wheeled mobile robots considering motors’ dynamics. By defining a reference
wheeled mobile robot, the role of kinematic controller is to not only minimize the posture error
which indicates the difference between the reference and actual wheeled mobile robots, but
also to generate a desired path for the actual wheeled mobile robot. The kinematic tracking
control problem of wheeled mobile robots is so challenging if motors’ dynamics, parametric
and nonparametric uncertainties and external disturbances are considered. Thus, proposing a
dynamic control law alongside a kinematic control is unavoidable. In this study, we propose a
new dynamic controller namely, a state augmented adaptive backstepping such that the desired
path is asymptotically tracked. Several numerical results accompanied by 3D simulations of
trajectory tracking control of a wheeled mobile robot in “Simscape Multibody” environment
and comparisons with two well-designed controllers in the literature are reported to show the

high-performance of proposed control structure.
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1. Introduction

One cannot doubt the fact that robotic systems are acting an increasingly key role in modern
industries. Advanced facilities have been tending to use robots with the ability of movement in
order to yield better and faster results in various tasks. As a result, taking the advantages of
wheels and the robot’s simple platform, wheeled mobile robots (WMRs) provide the most
common means of mobility and therefore become a trend category in mobile robots (Klancar
et al., 2017). Having different configurations for WMRs, there are two major types of wheels,
namely active wheels which are connected to chassis through motors and castor(s) which can
be connected directly to chassis (Delgado-Mata et al., 2012). Among many driving techniques,
differential drive wheeled mobile robots (Klancar et al., 2017) keep the attention of many
researchers since producing different rotational velocities between two motors attached to
active wheels is one of the simplest ways to drive WMRs. Thus, designing an efficient
controller for these types of robotic systems has been put into the spotlight for control

researchers.

In order to track a desired path, some literature has tended to control the linear and angular
velocities of differential drive WMRs through its kinematics. Kanayama et al. (1988) proposed
a kinematic control law via dead-reckoning for posture update along with the Proportional-
Integral-Derivative (PID) structure. Afterwards, introducing differential equations for errors in
position and orientation of WMR, a kinematic controller (Kanayama et al., 1990) has been
designed based on backstepping and feedforward control toolboxes. The time-varying state
feedback alongside back-stepping technique was taken to work to design a kinematic controller
(JIANGdagger and Nijmeijer, 1997) for WMRs. Considering the kinematics of unicycle as a
reference and proving the controllability of Cartesian motion equations of unicycle, De Luca et
al. (2001) developed a chained form kinematic equation for WMRs and introduced a nonlinear
time-varying kinematic controller. Using a generic modeling and online computational
methods, Bayle et al. (2002) designed a kinematic controller for a mobile manipulator. In order
to propose a kinematic control for a differentially driven mobile manipulator containing
steering wheels, an input-output linearization control method (De Luca et al., 2010) has been
used. Utilizing feedforward inputs along with state feedback and the flatness property of
system, a kinematic controller (Klancar et al., 2011) has been proposed for a group of WMRs.
To minimize the designed quadratic function which is a function of tracking errors and control

effort, a model-predictive trajectory control (Skrjanc and Klanéar, 2017) and a nonlinear model



predictive control (Nascimento et al., 2018) for WMRs have been developed. A kinematic-
based output feedback control law (Wu et al., 2018) has been designed for the finite-time

trajectory tracking control of WMR.

In practice, WMRs are often exposed to high-speed operations, changing lane maneuvers
and carrying loads which lead to parametric and non-parametric uncertainties. Therefore,
control methods are needed to be designed with more accuracy in the presence of uncertainties
as well as to have faster responses. A key problem with much of the literature in relation to
kinematic-based controllers is that they have neglected the dynamics of WMRs and their effects
on the procedure of control design. For that reason, dynamic control laws have been raising up
to bring about more accuracy than lone kinematic controllers. A sliding mode toolbox was
utilized to propose a torque-based dynamic tracking control scheme (Yang and Kim, 1999) in
polar space for WMRs. To tackle parametric and non-parametric uncertainties, a torque-based
robust adaptive control law (Dong et al., 2005), a voltage-based adaptive feedback linearizing
controller (Shojaei et al., 2011) and an indirect adaptive Taylor series controller (Hagshenas
M. et al., 2019) have been developed. By defining a two-dimensional output vector to decouple
robot’s two control signals and using the backstepping methodology, Rudra et al. (2016)
proposed a dynamic controller for WMRs. In order to design a robust dynamic impedance
controller, Souzanchi-K et al. (2017) divided the WMR’s model into two parts namely, a known
nominal model and unknown dynamics. To compensate for un-modeled dynamics and
modelling imperfection, the adaptive switching gain-based torque control (Roy, S. et al., 2017)
has been designed as a dynamic controller.

Although dynamic control laws have brought the benefit of high accuracy to tracking
problem of WMRs, there is a serious concern about these types of controllers. The majority of
dynamic controllers are failed to compensate for the far initial conditions from a defined desired
path. To address this concern, proposing an integrated kinematic/dynamic controller is
inevitable. Via the strategy of torque control, a robust adaptive neural network control scheme
(Fierro and Lewis, 1997), an adaptive backstepping control (Fukao et al., 2000), uncalibrated
camera system-based adaptive tracking control (Dixon et al., 2001), a sliding mode control
along with RFID sensor space (Lee et al., 2009), an adaptive state feedback controller utilizing
two high-gain observers (Huang et al., 2014), an adaptive tracking control law without
longitudinal velocity measurement (Shu et al., 2018), an adaptive variable control structure
(Yang et al., 2018) and a nonsingular adaptive terminal sliding mode control (Zhai and Song,
2019) have been developed to design a kinematic/dynamic tracking controller for WMRs.



Considering the simplified dynamics of motors and defining a virtual control law, a simple
adaptive kinematic/dynamic control law (Park et al., 2009) has been designed. By taking the
advantages of backstepping toolbox and the sliding mode structure as the base for designing
kinematic and dynamic control laws, respectively, Yue et al. (2013) proposed a robust scheme
for the path following problem of WMR. Applying the recursive Gibbs—Appell method to
derive the dynamical model of WMR, a torque-based tracking controller (Mirzaeinejad and
Shafei, 2018) has been designed using a quadratic pointwise performance index. An input
saturation technique and neural networks were gotten to work to develop a torque-based
kinematic/dynamic robust tracking control (Huang et al., 2019) for WMRs. A
kinematic/dynamic controller (Liu et al., 2020) utilizing an adaptive sliding mode approach for

the online estimation of lumped disturbance applied to WMRs has been proposed.

Through the use of adaptive controllers, researchers are able to design suitable control laws
for nonlinear systems which have unknown slowly time-varying parameters. The basic idea of
adaptive schemes is to design adaptive rules to compensate for parametric uncertainties of a
system (Slotine and Li, 1991). The most important limitation of an adaptive controller lies in
the fact that this type of design has a poor performance when it comes to non-parametric
uncertainties and external disturbances for nonlinear systems. Therefore, robust controllers
come to light accompanying by adaptive designs to solve this problem (loannou and Sun,
1996). Generally, one can categorize adaptive controllers into two forms namely, direct and
indirect adaptive control designs (Spooner et al., 2004). In a direct adaptive design, adaptive
mechanisms act as control laws to tackle uncertainties. For example, a direct adaptive fuzzy-
neural controller (Wang et al., 2002) and a direct adaptive control utilizing self-recurrent
wavelet neural networks (Yoo et al., 2005, June) were developed to stabilize an inverted
pendulum system and to control of a mobile robot, respectively. As another option, indirect
adaptive controllers are developed such that uncertain nonlinear functions can be approximated
in the structure of a control law by classical type of adaptive design or by universal
approximation methods such as fuzzy systems, neural networks, or Taylor series polynomials.
For example, by coupling the estimation of online parameters to sliding mode control structure,
the tracking performance of a second order nonlinear system was improved (Slotine and
Coetsee, 1986). For the tracking problem of a two degree of freedom semi-direct drive
manipulator, an indirect adaptive control law was proposed (Slotine and Weiping, 1988). A
robust adaptive control scheme (Le-Tien and Albu-Schaffer, 2017) based on a state feedback

control method was designed for flexible-joint robots. A robust adaptive impedance scheme



along with a sliding mode observer (Azimi et al., 2018) and a model-based adaptive control
(Azimi et al., 2019) were applied successfully to control lower-limb prostheses. Designing two
inner and outer control loops, indirect adaptive Taylor series controllers (Hagshenas M. et al.,
2020) were proposed for electrically-driven wheeled mobile robots.

Backstepping control is among the well-known investigated types of nonlinear control
toolboxes on account of the recursive feedback control law and the Lyapunov stability theorem
providing chattering-free control signals. The procedure of backstepping design is to
recursively choose the appropriate functions of state variables namely, virtual control inputs
for subsystems with fewer dimensions compared with the whole system in such a way that the
Lyapunov function of nonlinear systems as well as actual control laws can be obtained
(Kokotovic, 1992). The first study of backstepping is hard to trace in the literature. However,
as it was mentioned in (Kokotovic, 1992), the backstepping structure was indirectly appeared
in the work of (Tsinias, 1989; Byrnes et al., 1989 and Saberi et al., 1990), and since then Khalil
(1992) introduced backstepping as a nonlinear control toolbox. Despite this interest, the issue
regarding the classical structure of backstepping method is the explosion of complexity
(Swaroop et al., 1997, June; Yip and Hedrick, 1998) especially for high-order nonlinear
systems. To deal with this problem, Swaroop et al. (1997) proposed the Dynamic Surface
Control (DSC) methodology for n-th order nonlinear systems and then Yip and Hedrick (1998)
extended this technique to adaptive DSC compensating for uncertainties associated with a third-
order system. In order to tackle parametric and non-parametric uncertainties, adaptive
backstepping controllers have been gained much attention. However, these types of controllers
may lead to overparameterization (Krstic et al. 1995). To address this problem, Krstic et al.
(1995) suggested that adaptive rules can be treated as tuning functions in virtual control laws.
Two modified adaptive backstepping control laws (Zhang et al. 2000) were studied for
nonlinear systems containing an unknown high-frequency gain to alleviate the assumption on
the sign of high-frequency gain via Nussbaum gains. Utilizing Nussbaum disturbance observer,
an adaptive tracking dynamic surface backstepping control was designed for high-order strict-
feedback nonlinear systems (Aghababa and Moradi, 2020). Adaptive fuzzy controllers along
with the backstepping design (Shaocheng et al. 2009; Xin et al. 2020) were developed to control
the process of two continuous stirred tank reactors. An adaptive backstepping nonsingular fast
terminal sliding mode control (Van et al. 2018) was proposed for the tracking control of robotic
manipulators. To avoid the explosion of complexity and overparametrization, an improved

backstepping design (Bu, 2018; Bu, et al. 2018) was utilized for the tracking control of air-



breathing hypersonic vehicles (AHVs). In (Bu, 2018; Bu, et al. 2018), instead of using virtual
control inputs in the classical structure of backstepping, intermediate variables were defined to
design two separate control structure for the altitude and velocity tracking problems of AHVs.
Benefited by using radial-basis-function neural networks and the funnel control scheme,
uncertainties were compensated for the non-affine dynamics of AHVs and the semi-globally
uniformly ultimately boundedness of states was guaranteed via the provided stability analysis.
With the purpose of tracking control of wheeled mobile robots, the combination of adaptive
DSC and virtual structure concept (Yoo et al. 2010), an adaptive DSC using radial-basis-
function neural networks along with a nonlinear disturbance observer (Luo et al. 2014) and a

backstepping fuzzy sliding mode control law (Wu et al. 2019) were designed.

To effectively compensate for the dynamics of motors, parametric and nonparametric
uncertainties and dynamic external disturbances, this paper designs a new integrated
kinematic/dynamic structure using an adaptive state augmented backstepping controller for the
trajectory tracking of electrically-driven differential drive WMRs. Considering relatively far
initial postures of the wheeled mobile robot compared with the reference path, the performance
of designed controller is evaluated by several simulations. In addition, 3D simulations are also
performed using “Simscape™ Multibody” environment of “MATLAB®” to show the better
evaluation of tracking performance. For additional assessments, the proposed controller is
analyzed and compared with two well-designed controllers (Roy, S. et al., 2017; Liu, K. et al.,

2020). Let us represent the main contributions of this paper as follows:

e Ensuring the asymptotic convergence of tracking error and its time derivative, this
paper presents a model-free controller using a new integrated kinematic/dynamic
structure for differential drive WMRs by considering motors' dynamics.

e To the best of authors’ knowledge, this is the first time of using a simple adaptive
Taylor series approximator in the backstepping structure to design an efficient
dynamic control law to avoid overparameterization.

e To obtain the high-performance in comparison with dynamic and integrated
kinematic/dynamic controllers for WMRs, an additional state as an integral of the
tracking error is added to the backstepping structure to form a state augmented

backstepping control by a newly created subsystem.



e The proposed controller can compensate for parametric, non-parametric and time-
varying external disturbances associated with electrically-driven differential drive
WMRs.

e In addition to several simulations, detailed comparisons with two well-designed

controllers are provided to show the efficiency of the proposed controller.

The rest of this scientific paper is organized as follows: Section 2 formulates the kinematic
control design. Section 3 presents the integrated dynamics of electrically-driven wheeled
mobile robot along with an adaptive state augmented backstepping dynamic controller and the
analysis of Lyapunov-like closed-loop stability. In Section 4, numerous simulation results will

be discussed. Finally, some concluding remarks are given in Section 5.

2. Problem Statement and Kinematic Controller Design

Figure. 1 illustrates a differential drive wheeled mobile robot formed from two front mounted
castor wheels and two rear mounted active wheels actuated by two independent permanent
magnet DC motors. The reference coordinate system, XOY, is used to determine the robot’s
positionby g = [x ¥ 6] € R3*1, in which 8 is the counterclockwise orientation angle of
mobile robot from X-axis and also x and y indicate the coordinates of point 0,,. Moreover, 2b
is the length between two active wheels, r,, is the radius of each active wheel, C is the mass
center of mobile robot and d is the length between two points, namely C and O,. The relation

between the linear and angular velocities of each wheel can be formulated by

5 = LS

Prs = Ty (1)
. v

Prs = — @)
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Figure. 1. An electrically-driven differential drive wheeled mobile robot.

where v, and ¢, represent the linear and angular velocities for the left wheel, respectively
and vy and @g, represent the linear and angular velocities for the right wheel, respectively.
One can obtain the linear (v;) and angular (w) velocities of the mass center of a mobile robot

via forward kinematics as follows

v, = VRs ‘2|‘ VLs @3)
w = VRsz—b ULs @)
By breaking v; and w into their components on X and Y axes, we have
% = v, cos() (5)
y = v sin(6) (6)
6 =w (7)

Let us rewrite equations (5-7) as follows

q=S@h (8)



where h = [v;, w]” € R¥*! represents the vector of linear and angular velocities of the mass

center of a mobile robot, and the matrix $(8) € R3*? is given as

cosd 0
] ©)

s$0) = [sin@ 0
0 1

To generate a desired path for an actual mobile robot, one can formulate the kinematics of

reference wheeled mobile robot as follows (Kanayama et al., 1990)
c.Iref = Sref(e)href (10)

where the VECtor §rer = [Xref Vres éref]T € R3*! denotes the reference linear velocities of
wheeled mobile robot along X-axis (x,.f) and Y-axis (y,.r), and the reference angular velocity

(0ye £)- The bounded vector h. f Is represented as

. T

href = [Vl_ref :wref] € R**! (11)
where v, ... is the reference linear velocity, and w,..¢ is the reference angular velocity. Also,
via equation (9), the matrix §(6,.7) € R¥*? is defined as

oS O, f 0]
(12)

S(6ref) = [sin Ores O

0 1

With the aim of designing a kinematic controller, the velocity control law is proposed to
guarantee the asymptotic convergence of q to q,.,. To satisfy this demand, we define errors

between the reference and real postures as follows

xref - X
@éqref—qzl)Jref_y (13)
eref -0

As illustrated in Figure. 2, the posture tracking error which denotes a transformation of q,..f

relative to the real mobile robot’s fixed frame, i.e. e,1, ,, and e,3, can be formulated by

ep1 = (xref - x)cosH + (yref - y)sin9 (14)
epzy = —(xref - x)sin@ + (yref - y)cos@ (15)
ep3 = Orer — 0 (16)

In other words, one can rewrite equations (13-16) as



€p1 cos@ sinf 0 (17)
€, = [ép2| = |—-sinf cosf O|€
€p3 0 0 1

Using equations (8) and (10), the derivative of (17) with respect to time can be obtained as

€p1 = —Vc + Wcepy + Vi ref COSEp3 (18)
€pz = —Wcep1 + Vi ref SiNEps (19)
€p3 = —Wc + Wres (20)
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Figure. 2. lllustration of posture tracking error

In other words,

é

pl -1 €p2 Vi ref COS€p3
@p = épz =v.| 0 |+ w,|"€p1|+ Vl_refSinep3] (21)
épg 0 -1 Wref

The kinematic control law can be formulated by



Vi ref COS€p3 + Kgepq

T
fa = [wc] - L)ref + Vl_ref(kbepz + chineP3) )

where k,, k;,, k. are positive control coefficients. Using equation (22), one can rewrite

equation (21) to form the kinematic closed-loop system as

€p1
Gp = epz
ép3
2 . (23)
—kaep1 + Wrepepy + vlref(kbepz + kcepzsmep3)
= [~wrereps = Vi, (knepiepa + kcepisineps) + v rorsineps

—vl_ref(kbepz + szinep3)
Now one can consider the following Lyapunov candidate as

1, 1, 1
V, = Eepl + Eepz + E(l — coSep3) (24)

Let us take the time derivative of (24) to obtain

. 1
Vi = ep1ép1 + epaépy + Eepgslnem (25)

Applying (23) to (25) results in

. k
Vi = —kqel; — k—;sinzep3 (26)

The equation (26) implies that e,,; and e,,3 are asymptotically converged to zero and also by
using LaSalle’s principle, the convergence of e,, to zero is ensured, as well (Kanayama et al.,

1990).

3. Dynamic Controller Design

The designed kinematic controller in Section 2 is very effective as long as there are no
uncertainties. However, existing parametric/nonparametric uncertainties, and external
disturbances which are unavoidable in the design of control structure, cause the implementation

of kinematic controller trouble. To tackle this problem, a newly effective dynamic controller



goes along with the designed kinematic control law to ensure the accurate and desirable

tracking performance.

The wheeled mobile robot’s dynamics (Fukao et al., 2000; Hagshenas M. et al., 2020) in work-
space considering permanent magnet DC motors can be formulated by

d? dq d d
M(q) dtg’ +C (q, d‘t’) dq +AT(QA+F ( d") +G(q) + 1,4 = B(@)Tx (27)
_ 4" dq . dq
T T _7
< T ) dt2 e dt dt> * B ( Ty @ dt) 7ok (28)
= K, I,,
LmdL+R I, +K, (rgle(q)—)+rv =U (29)

where M(q) € R3*3 denotes the matrix of inertia, C (q, ) € R3*! represents the vector of

dt

Coriolis and centrifugal torques, A(q) € R¥*3 is the holonomic constraint vector and A € R is
the constraint force. Also, F(%) € R3*1, G(q) € R¥! and 7, € R®**! denote friction,

gravitational and disturbance vectors, respectively. The vector of robot torques is denoted by
i € R?*! and B(q) € R3*? is the transformation matrix to transform t from joint-space to
work-space. In equation (28), K,,, € R?*? is the torque constants, and J,,, € R?*2, B,, € R?*?

and r, € R**? are the diagonal matrices of motors' inertia, damping and gear reduction ratio,

respectively. Also, JT(gq) € R?*3 represents the pseudoinverse of Jacobian matrix. In equation
(29), U € R?*! is the vector of motors' voltages, t,, € R?*! is the external disturbances applied
to the voltages, L,, € R>*?, R,, € R?*? and K, € R?*? are diagonal matrices of armatures'
inductances, resistances, and back-emf constants, respectively. Let us write the time derivative

of equation (8) as follows
d%q o )dzh (dS) (dh) (30)
dt? de? - \dt/) \dt

By substituting equations (8) and (30) into equations (27-29), we have



2

d?h ds dh
BT (q@)M(q)S(6) Fro B'(q) (M (@) +Ca s (9)) o

(31)
d
+ BT(q) (AT(q)/l + F(d—z) + G(q) + rd) =Tz
J r‘ll*(q)S(H)dz—h
mtg dtZ
dJ(q)" ds
+ (]mr,El% 5(0) +]mr§1]T(q)E (32)
+ ergle(q)S(9)>% +71,7p = Kyl
L, dl—;” + Ry Iy + KT (q)S(6) % +t,=U (33)

Now by applying equations (31) and (32) to (33), one can formulate the integrated dynamics
of electrically-driven wheeled mobile robot as follows

d’h

in which



- dj (@)’

H = RmKr_n ]m dt

5(6) +]mT§1]T(¢I) - + B3] (@)S(6)

ds d
+71,B'(q) (M(q) it c( ,d—‘t’) 5(9)>

(35)

dh
+ Kpr; ' (q)S(6) r

d*h
+ (Rnk! (I3 I (@)S(0) + 14 BH@OM(@)S(©)) ~ 1) 7

d .
+ R, K;'r ;BT (q) (AT(q)A +F (dq) +G(q) + ‘rd> + LI,
+ T,
where I € R3*3 is the identity matrix. The great complexity of electrically-driven wheeled
mobile robot’s dynamics which express an uncertain multivariable system with highly coupled
nonlinearity shown by equations (34-35) indicate a real challenge for control designers.
Therefore, designing an efficient and powerful dynamic controller along with the kinematic

controller (equation (22)) is unavoidable to tackle parametric and non-parametric uncertainties.

Let us define the task-space tracking error, e;, in a decentralized form as follows

e; = hg — h; (36)

where hy; is the desired task-space position and i = {1,2}. The objective of dynamic controller
is to ensure the asymptotic convergence of e; and é; to zero as well as the boundedness of all
systems’ signals. In order to design a state augmented adaptive backstepping control law, two

variables namely, tracking error, e;, and its time derivative, ¢;, along with an additional state

. . t .
as an integral of the tracking error, fo e;dt, are considered as follows:

t
2, = j edt (37)
0

Zy; = Zy; = € (38)

Zyi =123 =€ = hg — Iy (39)



According to (39) and the decentralized form of (34), one can write Z5; as follows

Z3; = & = hg; — hy = hg; + H; = U; (40)

This paper designs a Taylor series system to approximate H; in the tracking error space as
(Ahmadi and Fateh, 2018a; Ahmadi and Fateh, 2018b; Ahmadi and Fateh, 2019)

M =(p1) T p1
. H:. e;
H; = Z — (, o) (f (e (1) — eio)dT>
p1=0 Py 0

my
}prz)(eio)

+ ol (ei(t) — e;p)P? (41)
p2=1
M3 ~(03)
H. é;
+ lT(,”’)(e}(t) — 6i0)P3
p3=1

where H; is the summation of m,-th and m,-th Taylor polynomials at the point of e;, and m;-

th Taylor polynomial at the point of é;,. One can represent equation (41) as

where ©F € R™>(mi+ma+ms+1) g the vector of Taylor series parameters for H;, and Y; €

RO +mz+ms+1x1 js the vector of regressor given as

T 1 T my
Y, =|1, (j (e;(7) — eio)dT> e <j (ei(7) — eio)dT> , (e (1)
0 0
- eiO)ll ey (el(t) - eiO)mzi (el (t) - éiO)l' ey (el(t) (43)
T
— €;0)™ ]
Let us model the uncertain nonlinear function H; as follows
Hi = OTYL + & (44)

in which g; is an approximation error and its upper bound can be introduced as

le;| < p; = constant (45)

Considering (37-40) and (44), we rewrite the robotic system’s dynamics as



Zli = Zzi (46)
Zyi = Z3i (47)
23i = h.'di + G)Tyl + & — Ui (48)

Before developing a state augmented adaptive backstepping controller, some Assumptions are

required to be considered:

Assumption 1. The desired task-space trajectory, h,, and its time derivatives, h, and h are all

smooth and uniformly bounded.
Assumption 2. The external disturbances, T4 and t,, are bounded.

In order to design a robust controller recursively, one can decompose the system (46-48) into
three subsystems. Considering the first subsystem as
Zyi = Zy; (49)

To stabilize the subsystem (49), A Lyapunov function can be given as

2
1
v, = EZ 2 (50)
i=1

The derivative of (50) with respect to time yields
2

vV, = Zzuzu =

i=1 i=1

Z2iZ1i (51)

Nl

By selecting the virtual controller z,; as
Zy; = —ky; 7q; (52)

in which k;; is a positive design parameter, the time derivative of Lyapunov function, V;, can

be given as
2
Vl = - Z klizlzi (53)
i=1

Thus, the subsystem (49) is stabilized by choosing the virtual controller (52) since the equation
(53) is negative semi-definite (i.e. V; < 0). Now let us consider the second subsystem as

follows



Zli = Zzi (54)
Zpi = Z3; (55)

The Lyapunov function is chosen as follows

1e 1o 1v (56)
Vo=V + EZ(ZZi + kq;z1;)? = Ez z3 + 5 (z; + kyi21;)?
i=1 i=1 i=1
The time derivative of (56) yields
. 2 2 (57)
V, = Z Z1iZ1; + Z(Zzi + k1iz1:) (Zai + kqiZ4;)
i=1 i=1
2 2
= z ZiZy; + Z(Zu + kyi21;)(Z3; + k1iZ5;)
i=1 i=1
By selecting the virtual controller z5; as
z3; = —(kq + k) zpi — (1 + kyikyi)zy; (58)
Equation (57) can be formulated by
2 2
Vv, = Z ZiZ1; T Z(Zzl' + kqiz11) (— (kg + ko) Zo; — (1 + kyjko)ze; + kyiZop)
i=1 i=1 (59)

2
= Z —kq;z3; — ko (231 + k1;21)* < 0
i=1
where k,; > 0. Thus, the second subsystem, equations (54) and (55), is stabilized by choosing
the virtual controller (58) since the equation (59) is negative semi-definite. Finally, the whole

system (46-48) is considered and we choose the Lyapunov-like function V; as



2
1 2
V3=V, + 52(231' + kqizyi + 215 + kpi (2 + klizli))

=1
%1
~ T —~
+ E Z—(Gi—G)i) (0, - 9,)
e LY
i=1
2 2
A N 2 )2 60
2 le+2 (ZZI.+ 11211) ( )

2
1 ~ \T ~
+;2—yi(9i -0, (0,-90))

where y; is a positive constant. Taking the time derivative of V5 gives that

2 2
Vs = z Z1iZ1; + 2(221 + k1i21i) (Za; + kqiZ1;)
i=1 i=1
2
+ Z(Z3i + kyiZog + z4; + Koy (Zo; + k1i213)) (2 + kyiZa (61)
i=1

2

. . . 1 ~\TA

+ 2y + ko (Zoy + kei21y)) — Z;(Gi -0, 6,
i=1 "

By substituting (46-48) into (61) and using the upper bound of approximation error (45), we

have
2 2
Vs < 2 Z1iZy + ) (Zai + kqiz1) (23 + Kqi251)
i=1 i=1
2
+ Z(Z:«n + kyizo; + z1; + koi (25 + kyi24;)) (Hdi +0[Y; +p; (62)
i=1

N

1 —~ T A~
—U; + kqizz; + 2 + kpi(23; + ku'Zzi)) A (0,-9,) 6,
l

=1

This paper proposes the actual control law as



U = hap + (1 + kyika)za; + (kyg + ko) zs + (225 + kyiz4y)
+ ksi(z3; + kyizo; + 21; + kpi(Za; + ky21)) + H; (63)

+ pisign(zs; + kyiza; + 245 + ki (295 + kyi21;))

where ks; is a positive constant, sign denotes the sign function and H; is calculated by equation

(42), i.e. H; = ©TY,. Applying the control law (63) to (62) results in
2 2

I}'3 < z Z4iZp; T Z(Zzi + k1iz1:)(Z3; + kqi22;)
i i=1

=1

2
T
+ 2(231' + kyizyi + z1; + koi (20; + k1i21:)) (0, — ©,) ' Y;
=1

2
— Z(Zsi + kqizy; + 21 + kpi(2p + klizli)) (kliz3i + Zy; (64)

i=1

+ kyi(z3; + kqizpi) — (1 + kyikai)zp — (kyi + ki) z3;
— (z2; + k1iz1;) — ki (23 + kyizog + 215 + koy(25; + k1iZ1i)))

2
1 ~ T A
_ E ~(0.—0.) 0.
.=1Vi( ' l) '

4

As a result, by selecting the adaptation rule as

0; = vi(zai + kyizai + 295 + ko (22 + k321))Y; (65)

And using some manipulations, one can rewrite equation (64) as follows

2 2
Vs < — 2 kyizg; — z koi(Za; + kq;z1;)?
i=1 =1
y (66)

2
- Z ksi(z3i + kyizai + 21; + koi(20; + kyi217))

=1

Since ky;, ky; and k5; are positive constants, equation (66) implies that the variables z,; and
z3; (i.e. tracking error e; and its time derivative ¢;) are converged to zero asymptotically. The
boundedness of the desired path, hg;, and its time derivative, h,; (Assumption 1), eventuate that
h; and h; are bounded. Moreover, the boundedness of ®; — ©; is assured via equation (60).
Since y;, kq; and k,; are positive constants and the regressor matrix, Y;, is bounded via (43),

the adaptation rule (65) shows that ®; is bounded, as well. As a result, the boundedness of 0,



assures the boundedness of H; in (42). Then, the boundedness of control signal, U;, is easily
concluded via (63). Since S(6), which is the matrix of sinusoidal functions is bounded, the
boundedness of ¢ is guaranteed via equation (8). Similarly, the matrices J(q), JT(gq) and

.l.
? are also bounded. The voltage equation (33) denotes a stable linear system and so the

boundedness of U;, T,, (Assumption 2), J(q), h, S(6), r, and parameters of motors, including
K, R,, and L,, result in the boundedness of I,,,. The block diagram of control structure is

shown in Figure. 3.

Kinematic Controller

Qref Y ild + epy h
Reference R Kinematic i '\t‘
Path (10-12) hyer Control Law (22) ——— p) :( =
W e |,
e
1|, h
s
v,
> g n o Electrically-driven
AL, t;te . ugmente U 5  Wheeled Mobile
I NI N PO EDDINg Robot (27-29)
I NI NI N Control (63) q
=¥ Robotic system
— \__; Taylor series system - ,\
E Adaptation Rule  -fon b )
> (65)

Dynamic Controller

Figure. 3. The block diagram of proposed controller


https://en.wiktionary.org/wiki/sinusoidal#English

4. Simulation Results

To demonstrate the usefulness of described control design, a desired circular path is produced

via the reference linear velocity, v; . = 0.2 m/sec, and the reference angular velocity,

wrer = 0.1rad/sec. The initial posture for the WMR’s reference path is chosen as g5 (to =
0) = [%rer(0) Yrer (0) Href(O)]T =[20 g]T. Also, the initial posture of the real wheeled
mobile robot is set to q(t, = 0) = [x(0) ¥(0) 6(0)]" =[-2 5 %"]T. The dynamics of a

wheeled mobile robot can be formulated by (Dong and Xu, 2001)

m,, 0 —m,,dsin(6)
M(q) = 0 m,, m,,dsin(6) (67)
—-m,,dsin(8) m,dsin(0) I,
0 0 -mydbfcos(6)
Cad=|0 0 m,dbcos(0) (68)
0 0 0
G(q)=0 (69)
F(q) = 5q + 0.5sgn(q) (70)
1 [cos(8) cos(8)
B(q) = — [sin(@) sin(@)] (71)
Wl —p b
A(q) = [—sin(8) cos(6) 0] (72)
cos(6) cos(0)
J(q) = T?w sinl(H) sin(f) (73)
b b

in which m,, denotes the robot’s mass and I,,, is the mass moment of inertia. The numerical
values for dynamical parameters of wheeled mobile robot and its DC permanent magnet motors
are given in Table. 1 and Table. 2, respectively. To consider the dynamic external disturbances,

let us formulate 74; and t,;, as

Tgi = Aqi + blisin(t) (74)

Tyi = Ay + by;sin(t) (75)



where (aq;, by;) and (ay;, by;) are chosen approximately one fourth of the maximum amplitude
of robot’s torque, Tg;, and motor's voltage, U;, respectively. The parameters of kinematic
controller (22), dynamic control law (63) and adaptation rule (65) are given in Table. 3. The
reference and real paths in the XY plane are plotted in Figure. 4. Although the wheeled mobile
robot starts moving relatively far from the initial posture of the reference path, the integrated
kinematic/dynamic-based controller has successfully handled the problem of reference path
tracking. In Figure. 5, the posture tracking error (17) is plotted to show the asymptotic
convergence of q to q..r. To confirm the efficiency of proposed dynamic control law (63), the

asymptotic convergence of task-space tracking error, e;, and its time derivative, é;, to zero are
shown in Figures. 6(a) and 6(b), respectively. As illustrated in Figures. 6(a) and 6(b), signals
e; and ¢é; contain small oscillations which are caused by the presence of dynamic external
disturbances (74,75). The smooth and chattering-free control signals (63) are plotted in Figure.
7. 1t is noted that the relatively high values of control signals in the beginning are originated
from the initial posture of the real wheeled mobile robot being relatively far from the reference

path. For better evaluating, different initial conditions are also considered as follows

qty = 0) = {[—3,—4,%]T, [4,—3,%]T, (5,1, 71", [1,—1,%]T [4 , —] ~5,-1,0] } (76)

All control parameters are chosen the same as Table. 3. The good tracking performance for all
described initial situations (76), i.e. far and close initial conditions compared to the desired
trajectory, without the need for readjusting the control parameters is shown in Figure. 8. Finally,
the “Simscape Multibody” environment of “MATLAB” (Hagshenas M. et al., 2020) has been
got to work to create the 3D design of wheeled mobile robot (Figure. 9) as well as to confirm
the efficacy of obtained controller. The satisfactory tracking performance of control scheme is

plotted in Figure. 10 utilizing four initial conditions.

As another means of evaluation, the proposed control law in this paper is compared with two
well-designed controllers, namely an Adaptive Sliding Mode-based Disturbance Attenuation
Control (ASMDAC) (Liu, K. et al., 2020) and an Adaptive Switching Gain-based Robust
Control (ASGRC) (Roy, S. et al., 2017). Before introducing these comparative controllers, let
us formulate the following performance indices via the kinematic and dynamic-based tracking

errors:

1 T
e; = [, (ef1 +efz)dt (77)



e, = [ eZydt (78)

e; =, (e? +ed)dt (79)

ey == [, (67 +¢3)dt (80)

T
where T is the time of simulation. In ASMDAC (Liu, K. et al., 2020) which has the integrated
kinematic/dynamic-based control structure neglecting the actuators’ dynamics, an adaptive
sliding mode was utilized for the online estimation of lumped disturbance. Despite the presence
of time-varying disturbance, ASMDAC achieves its control objectives without chattering

phenomenon. The torque control input, z, is designed as (Liu, K. et al., 2020)

T=By'M, (Mglcoh + e (0)exp(—pft)+n, + D + sat(s)) (81)

where B, € R?*2, M, € R?*?, and C, € R?*? are nominal values for the matrices of torque
transformation, inertia, and Coriolis and centrifugal torques, respectively. Also, f is a positive
scalar and D € R?*! and s € R?*! represent the adaptive sliding mode disturbance observer

and the sliding surface, respectively. The kinematic controller, , € R?*?, is formulated by

B Uy COS ep3 + kg4 (82)
M2 = [wr + kevyrep, + kpvy sin ep3]
where
51 =—Q& + (P - fl)w-'_(epl) - (N + 51)13_(%1) (83)
wt(ey) =max(0,e,) , @ (ep1) = max(0,—ey) (84)

in which P, N and Q are the rate of passive decay and k4, k., and ks are positive design

parameters . In equation (81), D and s are formulated by
D = LD — L(—h — My Coh + My ByT) (85)
s = e.(t) — e.(0)exp(—pt) (86)

where L = diag(l,, 1,) is a negative definite symmetric matrix and e.(t) 2 5, — h. According

to equation (85), the feedbacks of acceleration are required (i.e. k). Moreover, the term sat(s)

in equation (81) is given as



~ S ~
sat(s) =1 g . (87)
k2= it Rllsl <¢

where ¢ is a small positive scalar and k is the switching scaler formulated by the following

adaptive rule

k=vi(lsll — k) (88)
where y, and y, are positive constants. The control parameters for ASMDAC is selected as
Table. 4. Also, the simulation time, the desired trajectory, initial conditions, parameters of
WMR, and external disturbances are chosen the same as our simulation results. The good
tracking performance of ASMDAC and our proposed controller are illustrated in Figure. 11.
Furthermore, the performance indices introduced in equations (77-80) for both controllers are
given in Table. 5. Notice that the performance index, es, is not calculated for ASMDAC since

the feedbacks of e; and e, are not used in the control law (81).

Another comparison is provided with ASGRC (Roy, S. et al., 2017) which is a dynamic-based
controller compensating for the un-modeled dynamics and modelling imperfection without
considering the dynamic of actuators. The adaptive switching gain-based torque control signal,

T € R?*1 is developed as

T=—e— Gef — At (89)
e
Pl if flegl) > w
AT = ”ef” (90)
A €r .
PL i el < w

where G € R**? is a positive definite matrix, « > 0 is a small scalar, and e; 2 & + Qe € R**!

is defined as the filtered tracking error (where Q € R**? is a positive definite matrix). Also, p
is formulated by

b =8y + 8,151+ B,IC12 + (1)

where { £ [e e]" € R** and §; and y are the adaptive auxiliary gain and the adaptive

parameter, respectively formulated by (j € {0,1,2})

o For|les||= w
5 { alil|les]| feTe>0}u{ui,8 <o0}ufy <p} (92)

= —ajII(IIj”ef“ otherwise



-:{aﬂqﬂ {eTe > 0}u{ui, 0, <0}u{y <p}
—Ca3 ||(||4 otherwise

o For|lef]|<w
(93)

B; = 0,7 = 0 with 6;(to) > 0,y(to) > B
where a,, a;, a, a3, [, ¢ are positive scalars. Likewise, the simulation time, the desired
trajectory, the parameters of WMR, and external disturbances are chosen the same as previous
simulations. However, as discussed in Introduction, ASGRC has the challenging issue

regarding initial conditions far from the desired trajectory since it is a dynamic-based controller.

T
Thus, another initial condition is selected, q(t, =0) = [1,—1,%] , for evaluating the

performance of both control laws. The control parameters of ASGRC are selected as Table. 6.
In Figure. 12 and Table. 7, the tracking performance of ASGRC and our proposed controller
are evaluated. According to Figure. 12 and Table. 7, for the initial condition near to the desired
trajectory, ASGRC has a faster response yet higher tracking errors compared with our proposed
controller. It is noted that in Table. 7, the performance indices, e; and e, are not calculated for
ASGRC since a kinematic controller was not designed in its structure. The detailed
comparisons among the proposed control and some relevant literature are also provided in
Table. 8.

Table. 1. Dynamical Parameters of WMR.

b(m) | d(m) | I, (Kg.m?*) | m.(Kg) 7, (M)

0.1 | 0.265 8 32 0.125

Table. 2. Dynamical and electrical parameters of DC Motors.

Ly, (H)

K, (V.s/rad)

K,, (N.m/A)

Jm(Nm.s? /rad)

B, (Nm.s/rad)

<3

40

1.6

0.001

0.26

0.26

0.0002

0.001

0.05

Table. 3. Control parameters.




0.4 0.4 70 500 0.01 0.1 7 7

Table. 4. Control parameters of ASMDAC.

0.5 1 1 9.5 | 0.0001| -20 -25 5 10 | 0365 | 25 1.5

Table. 5. Comparison between ASMDAC and the proposed controller: The performance indices.

The proposed 1.972 1.454 0.000025 0.00012
controller
ASMDAC 1.091 1.557 - 0.00155

Table. 6. Control parameters of ASGRC.

Table. 7. Comparison between ASGRC and the proposed controller: The performance indices

The proposed 0.07944 0.02353 0.000023 0.00095
controller

ASGRC - - 0.012754 0.00822




Table 8. Wheeled mobile robots: control structures.

Motors’ Input Controller . Far initial Stability
Control methods Case study dynamics (Torque/Voltage) type Uncertainty conditions type
Kanayama et al., . . 1
(1990, May) WMR Neglected Torque Kinematic - Compensated A
JIANGdagger and . - 2
Nijmeijer, 1997 WMR Neglected Torque Kinematic - Compensated uuB
Fierro and Lewis Kinematic Parametr_ic/non-
! WMR Neglected Torque - parametric/dyna  Compensated A
1997 /Dynamic S
mic disturbance
Fukao et al., 2000 WMR Neglected Torque Kinematic Parametric Compensated A
/Dynamic
Wheeled Mobile
De Lucaetal, Manipulator Neglected Torque Kinematic - Compensated Not
2010 Checked
(WMM)
L Parametric/non-
Shojaei et al., . . . Not
2011 WMR Considered Voltage Dynamic pa_ran’l_etrlc/dyna Compensated A
mic disturbance
Rudra et al., 2016 WMR Neglected Torque Dynamic Parametrlc/non- Not A
parametric Compensated
Roy, S. et al., . Parametric/non- Not
2017 WMR Neglected Torque Dynamic parametric Compensated uuB
. Parametric/non-
Souzanchi-K et al. WMM Considered Voltage Dynamic  parametric/dyna Not BIBO?
, 2017 L Compensated
mic disturbance
Nascimento et al., WMR Neglected Torque Kinematic - Compensated Not
2018 g a P Checked
Wu et al., 2018 WMR Neglected Torque Kinematic - Compensated FT*
Kinematic Parametric/non-
Yang etal., 2018 WMR Neglected Torque - parametric/dyna  Compensated A
/Dynamic .
mic disturbance
Shuetal., 2018 WMR Considered Voltage Klnemat_lc Parametrlc/non- Compensated A
/Dynamic parametric
Kinematic Parametric/
Huang et al., 2019 WMR Neglected Torque - dynamic Compensated A
/Dynamic .
disturbance
. . . Parametric/non-
Zhai and Song, WMR Neglected Torque Klnemat_lc parametric/dyna  Compensated FT
2019 /Dynamic Lo
mic disturbance
Kinematic Parametric
Liu etal., 2020 WMR Neglected Torque - /dynamic Compensated FT
/Dynamic -
disturbance
Parametric/non-
Hagshenas M. et WMR Considered Voltage Dynamic  parametric/dyna Not A
al., 2020 Lo Compensated
mic disturbance
The proposed Kinematic - arametric/non-
prop WMR Considered Voltage . parametric/dyna  Compensated A
controller /Dynamic

mic disturbance

tAsymptotic; 2Uniformly Ultimately Bounded; *Boundary Input/Boundary Output; *Finite time




Figure. 4.

The posture tracking error

Figure. 5. The proposed integrated kinematic/dynamic controller:
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Figure. 7. The proposed integrated kinematic/dynamic controller: Control efforts (63)
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(i) q(to=0) = [-2,5 ~” (i) q(to = 0) = [-3,—4, 7]
B
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Figure. 10. The proposed integrated kinematic/dynamic controller: Tracking performance for circular
desired path in “Simscape Multibody” environment.
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5. Conclusion

This paper examines how to design a new integrated kinematic/dynamic tracking controller for
electrically-driven wheeled mobile robots. The kinematic controller is utilized to minimized
the posture tracking error as well as to generate a desired path for the dynamic control law. To
solve the challenging issue regarding kinematic controllers raised by considering motors’
dynamics and lumped uncertainties, including parametric, nonparametric and external
disturbances, we propose the dynamic controller via a state augmented adaptive backstepping
structure to track the desired path asymptotically in the face of lumped uncertainties. In the
state augmented backstepping control, a new subsystem using an integral of the tracking error
is added to obtain a precise tracking in comparison with the existing kinematic/dynamic
controllers for wheeled mobile robots. Considering a circular desired path, the performance of
designed controller was evaluated based on several simulations, including relatively far initial
postures of the real WMR in comparison with the reference path, 3D modeling and control of
an electrically-driven WMR and also detailed comparisons with two recent well-designed
controllers. The obtained results show the effectiveness of the designed control. For future
directions, one can develop the proposed controller in this research by considering the effects
of wheels’ longitudinal and lateral slippage on the dynamics of electrically-driven WMRs

and/or ensuring the finite time stability of closed-loop system.
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