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ABSTRACT This paper presents an adaptive control scheme via combining with an unknown system
dynamics estimator (USDE) for attitude control of quadrotors subject to both parametric uncertainties and
external disturbances. The presented controller is designed by effectively merging an adaptive control with
an USDE via backstepping, where the extraneous uncertainties are addressed by USDE, and the adaptive
law driven by tracking errors accounts for identifying unknown inertial moment constants. The unique
characteristic is that a reinforced attitude controlling can be realized benefiting from the separate handling
of parametric uncertainties and disturbances via an adaptive updating and a concise disturbance observation,
significantly releasing the learning load of USDE and a high gain can be avoided in feedback loops.
Meanwhile, Lyapunov analysis demonstrates that all error variables are uniformly ultimately bounded in
the closed-loop system. Eventually, simulations substantiate the utility of suggested control strategy.

INDEX TERMS Unknown system dynamics estimator, adaptive control, quadrotor attitude control,
backstepping.

I. INTRODUCTION
For the past few years, with the rapid development of
electronic technology, quadrotors play a significant role in
military and civilian fields. By virtue of their small size,
low cost, strong mobility, quadrotors can perform diversified
operations, such as aerial photography [1], target tracking
[2], [3], rescue operations [4], and monitoring [6]. The atti-
tude adjustment of quadrotors is the key factor to ensure the
successful execution of above missions. However, the design
of quadrotor controllers is encounteredwith tremendous chal-
lenges on account of unknown inertial moments and wind
gusts. Therefore, it is necessary to exploit an attitude control
scheme with strong adaptiveness for quadrotors to ensure the
stability of attitude adjustment under uncertainties.

At present, a great deal of disturbance observers-based
control literatures have been reported to resist the external
disturbances and modeling uncertainties inherent in quadro-
tors, including neural network (NN) [7]–[10], extended state
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observer (ESO) [13]–[16], and unknown system dynamics
estimator (USDE) [17], [18]. Focusing on [8], a NN is
utilized to estimate the parametric uncertainties for quadro-
tors. In [9], a NN with including of approximation compo-
nents is proposed to estimate the modeling uncertainties for
quadrotors. Moreover, [11] addresses the issue of adaptive
intelligent asymptotic tracking control for a class of stochas-
tic nonlinear systems with unknown control gains and full
state constraints. In [12], the problem of adaptive output-
feedback neural tracking control for a class of uncertain
switched multiple-input multiple-output nonstrict-feedback
nonlinear systems with time delays is investigated. However,
an excessive tuning of neural weight updating is frequently
involved in NN, making a remarkable increase in online
computational load. To overcome this issue, a linear ESO
with only one parameter to be determined is documented
in [13], which can greatly reduce the tuning complexity
encountered in NN. With the aid of ESO in [14], a sliding
mode active disturbance rejection control scheme is proposed
to handle trajectory tracking control problems for quadrotors.
In [15], an ESO is utilized to improve the robustness and

55102 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/ VOLUME 10, 2022

https://orcid.org/0000-0002-0149-0473


X. Zhang et al.: Adaptive Control With USDE for Quadrotor Attitude Tracking

anti-disturbance ability for quadrotors. However, although
ESO is capable of counteracting the external disturbances
promptly and precisely, one should notice that a balance
towards rapid convergence and peaking phenomenon should
be cautiously treated [16]. To remedy this issue, based on the
idea of invariant manifold and simple filtering operations on
available states, a straightforward USDE with one filtering
argument is developed to address lumped disturbances in an
exponential decaying sense, permitting a simpler structure
and a lower computational cost. Profiting from its advantages,
sliding mode controllers integrated with an USDE are respec-
tively practiced to achieve an enhanced tracking for servo
mechanisms with unknown dynamics and modeling uncer-
tainties [17] and quadrotor attitude adjustment [18]. And
similar successful applications can be found in vehicle sus-
pension control systems [19] and robotic systems [20].
However, various types of disturbances are simply regarded
as a generalized term without discriminating parametric
uncertainties and nonlinear disturbances, which increases the
estimation burden of USDE especially in the event of heavy
parametric perturbations. Thus, it is necessary to develop a
compound estimation strategy to alleviate the learning load
of USDE and pursue an improved tracking result.

Apart from disturbance observer-based control setting,
a variety of nonlinear control schemes have been proposed
for quadrotors. To name just a few, backstepping control
[21], [22], sliding mode control [23]–[26], adaptive control
[27], [28]. Among which, adaptive control is recognized as a
preferred solution to overcome disturbance attenuation and
retain closed-loop stability, wherein an adaptive parameter
updating law is usually devised to approximate unknown
nonlinearities written in a linear parameterized form. For
instance, an adaptive command filtered backstepping [27] is
proposed to stabilize the quadrotor systems. Similar approach
can also be found in [29], where the problem of path fol-
lowing for quadrotors with unknown vehicle parameters, i.e.,
mass and moment of inertia and external disturbances is
interviewed. Nevertheless, most of adaptive control schemes
are integratedwith robust mechanisms, such as robust integral
sign error [30] to reinforce robustness and retain an asymp-
totic tracking, where a high gain in feedback loop is inevitably
involved to attenuate the effect of disturbances within a small
vicinity, leading to a great deal of energy consumption and
control actions with severe chattering, which is unacceptable
in implementations. It is worth mentioning that how to for-
mulate a compound control policy to evade the need of high
gain and reduce estimation load is still an open issue, which
constitutes the major motivation.

Inspired by the previous statements, a straightforward
viewpoint is to synthesize an adaptive control with a simple
USDE to approximate parametric uncertainties and exter-
nal disturbances separately for quadrotor attitude systems,
allowing for a reinforced attitude tracking performance with-
out relying on a high gain feedback and contributing to
a lessened estimation burden compared with traditional

USDE [15], [16]. Additionally, through the deployment of
adaptive control to update the unknown moment of iner-
tia, yielding a more viable quadrotor control design against
parameterized uncertainties. Furthermore, the effectiveness
of the proposed method is proved by plentiful simulations in
this paper. Lyapunov analysis demonstrates that the control
system is stable. The primary innovations are summarized as

(1) Contrasting to the classical NN approximators
[7]–[10], demanding a persistent exciting condition to guar-
antee the convergence of parameters while holding a com-
plicated calculation process, by formulating a direct mapping
between disturbance and the accessible states following filter-
ing operations, a straightforward USDE is introduced to resist
the external disturbances with an ensured error decaying and
a reduced computational load. In addition, it can get rid of the
peaking behaviors appearing in prevalent ESOs [13]–[16].

(2) Different from prevailing USDEs [17], [18] that treat all
types of uncertainties as a total item, subject to an increased
learning burden and a poor controlling behavior in the
presence of severe parametric uncertainties, here parametric
uncertainties and disturbances are separately dealt with via an
adaptive updating and a disturbance observation, contributing
to an improved tracking performances in terms of a minor
attitude controlling deviation and a stronger anti-interference
capability, while the learning load of USDE is released and
the use of high gain feedback is avoided.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. NOTATION
The following notations are listed for the convenience of
clarification. |•| denotes the absolute value of a real number.
[•]T is the transpose of a vector and ‖•‖ refers to the
Euclidean norm of a vector. diag {•} denotes a diagonal
matrix. R is a set of real numbers.

FIGURE 1. Physical structure of a quadrotor.

B. MODELLING OF QUADROTOR ATTITUDE SYSTEM
The physical structure of the quadrotor is shown as Fig.1. The
movement of quadrotors in space have six degrees of free-
dom, including roll, pitch, and yaw around its barycenter and
the translational movement in three dimensional coordinates.
The quadrotor can be regarded as an underactuated rigid body
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with four actuating inputs. The lift force Fi (i = 1, 2, 3, 4) is
supplied by four propellers, which is determined by the speed
of four motors. Following [31], [32], the attitude dynamics of
quadrotors can be represented by the following equations:{

2̇ = R�
J�̇ = −�×J�+ τ + D

(1)

where 2 = [ϕ, θ, ψ]T ∈ R3×1 represents the vector of
Euler angles under earth-fixed frame xE − yE − zE . � =
[p, q, r]T ∈ R3×1 stands for angular rates in body-fixed
frame xB − yB − zB. J = diag(Jx , Jy, Jz) ∈ R3×3 is
an inertia moment matrix, which is unknown yet constant
positive definite. τ = [τ1, τ2, τ3]T ∈ R3×1 is deemed as the
control input vector. D = [D1,D2,D3]T ∈ R3×1 represents
the unmeasurable external disturbances.R ∈ R3×3 stands for
the matrix relative to attitude angles, expressed by

R =

 1 sinϕ tan θ cosϕ tan θ
0 cosϕ − sinϕ
0 sinϕ sec θ cosϕ sec θ

 (2)

For the sake of description, we define x1 = 2 =

[x11, x12, x13]T ∈ R3×1 and x2 = R� = [x21, x22, x23]T ∈
R3×1. Based on this, attitude model (1) is rewritten as

ẋ1 = x2
ẋ2 = Ṙ�+ RJ−1 (−�×J�+ D)︸ ︷︷ ︸

G1

+R
(
J−1 − I

)
τ︸ ︷︷ ︸

G2

+τ

(3)

In quadrotor attitude dynamics (3), G1 = [G11,G12,

G13]T ∈ R3×1 refers to the vector of the lumped unknown
disturbances. G2 = [G21,G22,G23]T ∈ R3×1 represents
the parametric uncertainties. Furtherly, for G2i, there exists

G2i = θTϕi, where θ =
[
J−1x − 1, J−1y − 1, J−1z − 1

]T
=

[θ1, θ2, θ3]T is an unknown vector to be identified, θ ∈
{θ |θmin < θ < θmax} with the lower and upper bounds being
θmin and θmax respectively. ϕ = Rdiag(τ1, τ2, τ3) =[
ϕ1,ϕ2,ϕ3

]
∈ R3×3 is a known regression matrix. Let θ̂

denote the estimate of θ and θ̃ = θ̂ − θ stands for the
estimation error. Thus, one has Ĝ2i = θ̂

T
ϕi, G̃2i = θ̃

T
ϕi,

where θ̂ =
[
θ̂1, θ̂2, θ̂3

]T
∈ R3×1, θ̃ =

[
θ̃1, θ̃2, θ̃3

]T
∈ R3×1.

Assumption 1: The inertia of quadrotors is allowed to be
piecewisely continuous but unknown.
Remark 1: Rotational inertia is a physical quantity indi-

cating the rotational inertia of a rigid body, which is associ-
ated with the mass of the rigid body and the distribution of
the mass relative to the rotating axis. For example, using a
quadrotor to perform a payload transporting mission, when
there is no payload, the mass of the system is equal to the
mass of the vehicle, for the payload case, the mass of the
system is the sum of the mass of the vehicle and the mass of

the payload. In both scenarios, we assume that the moment of
inertia of the system is two different constants, and obviously
they both remain within bounded boundaries.

A projection operator can be defined as

Proj
θ̂i
(•) =


0, θ̂i = θimax and •i > 0
0, θ̂i = θimin and •i < 0
•i, otherwise

(4)

where i = 1, 2, 3. Then, an adaptive parameter updating law
is formulated as

˙̂
θ = Proj

θ̂
(0σ ) , θmin ≤ θ̂ (0) ≤ θmax (5)

where 0 > 0 is an adaptive rate and σ = [σ1, σ2, σ3]T is
an adaptive function to be constructed. Profiting from the
projection property, θmin ≤ θ̂ ≤ θmax always holds true.
In addition, revisiting [33], σ satisfies:

θ̃
T [
0−1Proj

θ̂
(0σ )− σ

]
≤ 0 (6)

Remark 2: For (3), unlike the regular anti-inference control
solutions [11]–[16] that lump all dynamic uncertainties into
a comprehensive item, here the equation of quadrotor model
is rewritten into the integration of nonlinear uncertainties and
a linear parametric form with a known regression matrix ϕi,
facilitating the later control development under an observer
and identification setting. The unique characteristic is that a
reinforced attitude controlling can be implemented benefiting
from the separate handling of parametric uncertainties and
disturbances.

III. CONTROLLER DESIGN
In this section, the structure of the adaptive USDE atti-
tude control strategy is introduced as elaborated in Fig.2.
A disturbance observer, i.e., a concise USDE is constructed
via straightforward filtering operations. Then, relying on
an accurate compensation and an online parameter adap-
tive identification, a novel compound adaptive robust con-
troller is integrated for quadrotor attitude regulation via
backstepping.

FIGURE 2. Illustration of control structure.
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A. USDE DESIGN
For the measurable signal x2i and τi, employing a low pass
filtering algorithm (•)f = (•)/(ks+ 1), indicated as

kẋ f2i + x
f
2i = x2i, x

f
2i(0) = 0

kĠf2i + Gf
2i = G2i,G

f
2i(0) = 0

k τ̇ fi + τ
f
i = τi, τ

f
i (0) = 0

(7)

where k > 0 is a filtered constant.
Considering the principle of invariant manifold docu-

mented in [15], we obtain the following Lemma 1.
Lemma 1: Introducing an internal argument Zi as

Zi = (x2i − x
f
2i)/k − τ

f
i − G

f
2i − G1i (8)

where Zi is asymptotic convergent, one has:

lim
k→0

[
lim
t→∞

(
(x2i − x

f
2i)/k − τ

f
i − G

f
2i − G1i

)]
= 0 (9)

when k → 0, it signifies that
(
x2i − x

f
2i

)
/k − τ fi − Gf2i −

Gi = 0 is an invariant manifold.
Proof: Choose a Lyapunov candidate function as

VZi =
3∑
i=1

Z2
i /2 (10)

Taking the derivative of Zi, it produces

Żi =
3∑
i=1

[
(ẋ2i − ẋ

f
2i)/k − τ̇

f
i − Ġ

f
2i − Ġ1i

]
=

3∑
i=1

1
k

[
ẋ2i − (x2i − x

f
2i)/k −

(
τi − τ

f
i

)
− (G2i

−Gf2i)− kĠ1i

]
=

3∑
i=1

(
−(Zi + kĠ1i)/k

)
=

3∑
i=1

(
−Zi/k − Ġ1i

)
(11)

Based on (10), we have

V̇Zi =
3∑
i=1

ZiŻi (12)

Substituting (11) into (12) results in

V̇Zi =
3∑
i=1

ZiŻi =
3∑
i=1

Zi
(
−Zi/k − Ġ1i

)
=

3∑
i=1

(
−Z2

i /k − ZiĠ1i

)
(13)

On the basis of the Young’s inequality, it yields

ZiĠ1i ≤
Z2
i

2k
+
kĠ2

1i

2
(14)

Then (14) is reconstructed as follows:

V̇Zi ≤
3∑
i=1

(
−Z2

i /k + Z
2
i /2k + kĠ

2
1i/2

)
= −VZi/k + 3kg2/2 (15)

where g is the upper limit of Ġ1i. Integrating both sides of
inequality (15) yields VZi ≤ VZi (0) e

−t/k
+ 3k2g2/2, which

means that Zi is ultimately uniformly bounded (UUB). Then,

it follows that |Zi| ≤
√
2VZi ≤

√
|Zi (0)|2 e−t/k + 3k2g2.

Hence, it reflects that lim
k→0

[
lim
t→∞

((
x2i − x f2i

)
/k − τ fi − Gf2i

− G1i
)]
= 0 holds, indicating that Zi = 0 is an invariant

manifold.
Remark 3: Based on an ideal invariant manifold, the filter-

ing calculation of USDE is constructed via adjusting a param-
eter k , greatly declining design complexity and computational
cost compared with the neural approximate-based estima-
tors [7]–[10]. Furthermore, it can be found that the conver-
gence of the estimation error can be guaranteed by adjusting
the filter parameters to a relatively small value, thus obtaining
a more accurate estimation result than ESO [13]–[16].

As clarified from Lemma 1 that an explicit function
between the disturbances and remaining system terms is
given, then the estimate of nonlinear uncertainties existing in
the inner loop is constructed based on Lemma 1 and filtering
manipulation as

Ĝ1i = (x2i − x
f
2i)/k − τ

f
i − Ĝ

f
2i (16)

where Ĝ1i is the estimation of G1i.
Theorem 1: For the developed USDE with an adaptive

parameter estimation Ĝf2i, then the disturbance estimation
error G̃1i = G1i − Ĝ1i, which is exponential convergence,
maintaining lim

k→0
lim
t→∞

G̃1i→ 0.

Proof: Taking the derivative of G̃1i yields

˙̃G1i = Ġ1i −
˙̂G1i = Ġ1i − ((ẋ2i − ẋ

f
2i)/k − τ̇

f
i −
˙̂Gf2i) (17)

Notice that ˙̂Gf2i = (Ĝ2i − Ĝ
f
2i)/k . Then (17) can be rewrit-

ten as

˙̃G1i = Ġ1i −

[
ẋ2i − (x2i − x

f
2i)/k −

(
τi − τ

f
i

)
−(Ĝ2i − Ĝ

f
2i)
]
/k

= Ġ1i − (ẋ2i − Ĝ1i − τi − Ĝ2i)/k

= Ġ1i − (G̃1i + G̃2i)/k

= Ġ1i − G̃1i/k − θ̃
T
ϕi/k (18)

Considering the Lyapunov function as follows:

VG1i =

3∑
i=1

G̃2
1i/2 (19)

Differentiating (19) and combining with Young’s inequal-
ity, we have

V̇G1i=

3∑
i=1

G̃1i
˙̃G1i=

3∑
i=1

(
−G̃2

1i/k + G̃1iĠ1i − G̃1iθ̃
T
ϕi/k

)
(20)
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Furthermore, V̇G1i is upper bounded by

V̇G1i ≤

3∑
i=1

(21)

Adopting Young’s inequality, and let ϕ̄i = ϕi/k , it yields

|G̃1i||Ġ1i| ≤ G̃2
1i/4k + kg

2

|G̃1i||θ
T ϕ̄| ≤ G̃2

1i/4k + k|θ
T ϕ̄2
|max (22)

Substituting (22) into (21) has

V̇G1i ≤

3∑
i=1

(
−G̃2

1i/2k + kg
2
+ k|θT ϕ̄|2max

)
= −VGli/k +

3∑
i=1

k
(
g2 + |θT ϕ̄i|

2
max

)
(23)

By means of integrating both sides of inequality (23), one
obtains VG1i ≤ VG1i (0) e

−t/k
+ 3k2(g2 +

∣∣θT ϕ̄i∣∣2max), then∣∣∣G̃1i

∣∣∣ ≤ √2VG1i ≤

√
G̃1i (0)2 e−t/k + 6k2

(
g2 +

∣∣θT ϕ̄i∣∣2max

)
,

which indicates that G̃1i is ultimately bounded and exponen-
tially convergent towards the origin as k → 0.
The proof is completed.

B. CONTROLLER DESIGN
According to the backstepping design principle, the quadrotor
control problem can be divided into attitude level and angular
rate level respectively. First, define the tracking deviation of
attitude loop as e2 = x1 − xd1 , where x

d
1 is deemed as the

attitude command. Next, taking the time derivative of e2 is
derived by means of (3):

ė2 = ẋ1 − ẋd1 = x2 − ẋd1 (24)

A virtual control law is designed as:

x̄2 = −k2e2 + ẋd1 (25)

where x̄2 is velocity reference vector. k2 represents a non-
negative control gain. Then define the tracking deviation of
angular rate loop as e� = x2 − x̄2, we have

ė2 = e� + x̄2 − ẋd1 = e� − k2e2 + ẋd1 − ẋ
d
1

= −k2e2 + e� (26)

Differentiating e� along the time, one has

ė� = ẋ2 − ˙̄x2 (27)

Substituting (3) into (27), we can obtain

ė� = G1 + G2 + τ − ˙̄x2 (28)

Utilizing the disturbance estimate offered by USDE and
parameter identification via adaptive updating, the angular
rate controller can be specified as

τ = −k�e� + ˙̄x2 − Ĝ1 − e2 − Ĝ2 (29)

where Ĝ1 =

[
Ĝ11, Ĝ12, Ĝ13

]T
, Ĝ2 =

[
Ĝ21, Ĝ22, Ĝ23

]T
and

k� represents a nonnegative control gain.

C. STABILITY ANALYSIS
Theorem 2: For a quadrotor attitude system (3) with adap-
tive parameter estimation law (5), USDE (16), attitude con-
troller (25) and angular controller (29), where the adaptation
function is designed as σ = ϕe�. Then, all error signals
involved in the closed-loop control framework can achieve
UUB results.
Proof: The Lyapunov function for the tracking errors of

attitude and angular rate is constructed as follows:{
V2 = eT2e2/2
V� = V2 + eT�e�/2

(30)

Considering (26), the differentiation of V2 is deduced as

V̇2 = eT2ė2 = eT2 (−k2e2 + e�) = −k2e
T
2e2 + e

T
2e�

(31)

Next, differentiating V�,we have

V̇� = V̇2 + eT�ė� = −k2e
T
2e2 + e

T
2e� + e

T
�ė�

= −k2eT2e2 + e
T
2e� + e

T
�

(
G1 + G2 + τ − ˙̄x2

)
= −k2eT2e2 + e

T
2e� + e

T
�

(
−k�e� − e2 + G̃1 + G̃2

)
= −k2eT2e2 − k�e

T
�e� + e

T
�(G̃1 + G̃2) (32)

Considering the general Lyapunov function as follows:

Va =
(
eT2e2 + e

T
�e� + G̃

T
1 G̃1 + θ̃

T
0−1θ̃

)
/2 (33)

Combining with (18), (31) and (32), the time derivative
of (33) is rewritten as

V̇a = −k2eT2e2 − k�e
T
�e� + e

T
�(G̃1 + G̃2)

+

3∑
i=1

G̃1i(Ġ1i − G̃1i/k − θ̃
T
ϕi/k)+θ̃

T
0−1
˙̂
θ (34)

According to Young’s inequality and adaptive function
property (6), (34) can be rewritten as

V̇a ≤ −k2eT2e2 − k�e
T
�e� + e

T
�e�/2+ G̃

T
1 G̃1/2+ eT�ϕθ̃

+

3∑
i=1

(
−G̃2

1i/2k + kg
2
+ k

∣∣∣θT ϕ̄i∣∣∣2
max

)
+ θ̃

T
σ (35)

Notice that σ = ϕe�, (35) can be rewritten as

V̇a ≤ −k2eT2e2 − k�e
T
�e� + e

T
�e�/2+ G̃

T
1 G̃1/2

−G̃
T
1 G̃1/2k + 3kg2 + 3k

∣∣∣θT ϕ̄i∣∣∣2
max
− θ̃

T
θ̃ + ‖θmax‖

2

(36)

Then we have

V̇a ≤ −k2eT2e2 − (k� − 1/2)eT�e� − (1/2k − 1/2)G̃
T
1 G̃1

−θ̃
T
θ̃ + 3kg2 + 3k

∣∣∣θT ϕ̄i∣∣∣2
max
+ ‖θmax‖

2 (37)

The control parameters are regulated such that k2 > 0,
k� > 0.5, 0 < k < 1, V̇a can be designed as

V̇a ≤ −KVa + B (38)
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where K = min { {2k2, 2k� − 1, (1− k)/k, 20} > 0 and

B = 3kg2 + 3k
∣∣θT ϕ̄i∣∣2max + ‖θmax‖

2.
Taking time integration of (38), then the following inequal-

ity can be reduced to

Va (t) ≤ Va (0) e−Kt +
B
K

(39)

Hence, one can draw a conclusion that all error signals
involved in the closed-loop control framework can achieve
UUB results.

The proof is completed.
Remark 4: To facilitate the simulation of the proposed

control algorithms, the related parameter tuning rules are
summarized as follows:

(1) For USDE and adaptive parameter updating law,
a reduced filter constant k contributes to an accurate estimate
since it is related to observer bandwidth. As long as k is small
enough, asymptotic convergence of the error can be achieved.
And a bigger adaptive rate 0 helps to increase converge speed
of identification.

(2) For attitude controller, larger k2, k� can obtain a more
precise attitude tracking performance. However, overlarge
k2, k� are inclined to yield transient fluctuations for control
inputs, which will threaten the safety of quadrotors. Thus, it
is necessary to regulate appropriate control gain k2, k�.
(3) All standard deviations of steady tracking and estima-

tion errors are preserved within a sufficiently small size via
selecting appropriate controller parameters, as elaborated in
the following simulations.

IV. SIMULATION RESULTS
In this numerical simulation, plenty of simulation results are
given in the MATLAB/SIMULINK environment with a sam-
pling frequency of 1000Hz to verify the effectiveness of the
proposed adaptive USDE controller. The physical parameters
for quadrotor are set as follows: mass m = 2kg, gravitational
acceleration g = 9.8m/s2, the moments of inertia are sup-
posed to be unknown and piecewisely continuous, taking the
form of

J = diag
{
Jx , Jy, Jz

}
=

{
diag {0.16, 0.16, 0.32} kgm2, 0 ≤ t < 40
diag {0.5, 0.8, 0.6} kgm2, 40 ≤ t ≤ 80

(40)

External disturbances are selected as D =
[
0.2(sin(t)+

sin(0.5t)), 0.2(cos(0.5t) − cos(0.8t)), 0.2(sin(t)sin(0.5t))
]T.

The initial state of attitude is2 (0) = [0.5, 0.5, 0.005]T rad .
The initial value of the estimated parameter is θ̂ (0) =
[6, 5.5, 3]T , and corresponding lower and upper bounds are
θmin = [−5,−5, −5]T and θmax = [10, 10, 10]T respec-
tively. Simulation parameters for the developed control algo-
rithms are shown in TABLE.1.

A. EFFICACY VERIFICATION
Simulation results are displayed in Figs.3-10. Figs.3-4 clearly
depicts that attitude profiles can precisely approximate to the

TABLE 1. Parameters for the control strategy.

FIGURE 3. Attitude tracking curves.

FIGURE 4. Attitude tracking errors.

FIGURE 5. Estimated moment of inertia for θ1.

prescribed references with a sufficiently small tracking devi-
ations despite of various uncertainties considered in quadro-
tor systems, note that during the time moment that inertia
moment varies, the tracking error of yaw channel fluctuates a
bit but soon converges to the origin, which is mainly profited
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FIGURE 6. Estimated moment of inertia for θ2.

FIGURE 7. Estimated moment of inertia for θ3.

FIGURE 8. Disturbance G11 estimated by USDE.

from the deployment of adaptive parameter updating to cap-
ture the variation of unknown inertia moments online and the
use of USDE to accurately accommodate the remaining dis-
turbances in a feedforward way, as reflected from Figs.5-10.
Additionally, as the parameter estimates approach to real val-
ues, the magnitude of unknown disturbances to be estimated
is remarkably declined when time passes 40s, delivering a
lessened learning burden for USDE and a high gain in control
feedback loop can be avoided, which further validates the
superiority of integrating parameter identification with dis-
turbance observer to jointly resist system inferences.

To further illuminate the variation of different adaptive
updating rates on parameter identification process, a group

FIGURE 9. Disturbance G12 estimated by USDE.

FIGURE 10. Disturbance G13 estimated by USDE.

of simulation comparisons with 0 = 5, 0 = 15, 0 = 25
are implemented respectively. As clearly observed from
Fig.11, a faster approximation towards expected values can
be achieved using a larger adaptive rate, contributing to a
reinforced transient performance, but it should be stressed
that an excessive adaptive gain tends to make the control
inputs with more chattering, thus a tradeoff is suggested to
be select with respect to smooth control actions and transient
convergences.

B. COMPARISON WITH ADAPTIVE CONTROL [35]
AND USDE-BASED CONTROL [18]
To further illustrate the merits of integrating adaptive param-
eter learning mechanism and disturbance compensation prin-
ciple, here we compare the suggested algorithmwith adaptive
control [35] and USDE-based control [18]. To be specific, for
adaptive control, parametric uncertainties are addressed by
online parameter identification, while for the USDE-based
control, all disturbances are roughly estimated by USDE.
To retain a fair comparison, similar values of control param-
eters are chosen, in addition, the performances of considered
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FIGURE 11. Parameter identification process using different adaptive
rates.

TABLE 2. Comparison between adaptive control [35] and USDE-based
control [18].

strategies are evaluated by root mean square error (RMSE)
σe, calculated by:

σe =

√∑n

k=1
[|e1i(k)| − µe]2/n (41)

where e1i stands for attitude controlling deviation for each
channel. µe represents the average value of errors. n is the
sample size.

Table.2 summarizes RMSE of attitude tracking errors
for different control algorithms. One can demonstrate from
Table.2 that the developed compound control obtains the
best control performance with the smallest RMSE, showing
a great superiority in dealing with various kinds of uncer-
tainties, as seen from Figs. 12-15. Conversely, for the other
methods, it exhibits a relatively poor tracking capability in
the presence of different uncertainties, further validating the
advantages of synthesizing two different working mecha-
nisms, i.e., parameter updating and disturbance observation.

C. COMPARATIVE STUDIES WITH ESO [36]
AND RBFNN [37]
To reveal the validity of USDE in obtaining an improved
estimation and control index, a series of simulation results are
made with ESO [36] and RBFNN [37]. To guarantee a fair
comparison, G1,G2 are treated as a total disturbance to be
estimated by the considered estimators, while basic attitude
controller remain the same. Following this line, the ideal
invariant manifold establishes a mapping between filtering
states xf2i, τ

f
i and unknown system dynamics Dw = G1+G2,

thus USDE is revised as

D̂w = (x2i − x
f
2i)/k − τ

f
i (42)

FIGURE 12. Attitude tracking curves of adaptive control [36].

FIGURE 13. Attitude tracking errors of adaptive control [36].

FIGURE 14. Attitude tracking curves of USDE-based control [18].

For ESO, according to [36], a second-order ESO is
formulated as{

˙̂x2 = D̂w + 2ω0(x2 − x̂2)+ τ
˙̂Dw = ω2

0(x2 − x̂2)
(43)

where ω0 > 0 is the observer gain, given as 100.
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FIGURE 15. Attitude tracking errors of USDE-based control [18].

For RBFNN, unknown system dynamics is constructed as
follows:

D̂i(8i) = wT ζ (8i), i = ϕ, θ , ψ (44)

where 8i = [τi, x2i]T represents input vector. w ∈ RL is the
devised weight with node number being L, which is chosen
as 9. ζ (8i) = [ζ1, ζ2, . . . , ζL]T is written as

ζj(8i) = exp
[
−‖8i − δ‖/2b2j

]
, j = 1, 2, . . . ,L (45)

where δ is selected as [0, 0]T . bj = 70 is the width.
Table.3 lists the quantitative result of the mentioned meth-

ods, it is shown that owing to bounded estimation errors
endowed by ESO and RBFNN, the contrastive methods
are inferior to the suggested method with an exponential
decaying ability regarding USDE, which demonstrates the
correctness of Theorem 1.Above all, extensive outcomes sub-
stantiate the efficiency of suggested algorithm in enhancing
robustness and tracking performances for quadrotor tracking.

TABLE 3. Performance comparison with ESO-based control [36] and
RBFNN-based control [37].

V. CONCLUSION
In this paper, an adaptive control scheme via combining with
an USDE for attitude control of quadrotors subject to both
parametric uncertainties and external disturbances is consid-
ered. In the designed controller, a parameter adaptation law
and anUSDE are developed and effectivelymerged to address
uncertainties of inertial moment and remaining disturbances
separately. By merging different working mechanisms, the
proposed control scheme can retain the advantages of both

methods, meanwhile eliminating their performance limita-
tions. Plenty of comparative results are acquired to verify the
robustness of the constructed controller.

Further work will focus on introducing some intelli-
gent learning techniques with suggested control to improve
the adaptiveness of quadrotor under diversified operational
environments.
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