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Abstract

Applied researchers often construct a network from data that has been collected from
a random sample of nodes, with the goal to infer properties of the parent network from the
sampled version. Two of the most widely used sampling schemes are subgraph sampling,
where we sample each vertex independently with probability p and observe the subgraph
induced by the sampled vertices, and neighborhood sampling, where we additionally observe
the edges between the sampled vertices and their neighbors.

In this paper, we study the problem of estimating the number of motifs as induced
subgraphs under both models from a statistical perspective. We show that: for parent
graph G with maximal degree d, for any connected motif A on k vertices, to estimate the
number of copies of h in G, denoted by s = s(h, G), with a multiplicative error of e,

e For subgraph sampling, the optimal sampling ratio p is Gk(max{(SEQ)*%, %}), which only
depends on the size of the motif but not its actual topology. Furthermore, we show that
Horvitz-Thompson type estimators are universally optimal for any connected motifs.

e For neighborhood sampling, we propose a family of estimators, encompassing and outperform-
ing the Horvitz-Thompson estimator and achieving the sampling ratio Oy, (min{(%) =T , dSk:
which again only depends on the size of h. This is shown to be optimal for all motifs with at

most 4 vertices and cliques of all sizes.

The matching minimax lower bounds are established using certain algebraic properties of
subgraph counts. These results allow us to quantify how much more informative neigh-
borhood sampling is than subgraph sampling, as empirically verified by experiments on
synthetic and real-world data. We also address the issue of adaptation to the unknown
maximum degree, and study specific problems for parent graphs with additional struc-
tures, e.g., trees or planar graphs.

Keywords: Graph sampling, network motifs, graph homomorphism numbers, Horvitz-
Thompson estimator, minimax lower bounds

1. Introduction

Counting the number of features in a graph is an important statistical and computational
problem. These features are typically basic local structures like motifs Milo et al. (2002)
or graphlets Przulj et al. (2004) (e.g., patterns of small subgraphs). Seeking to capture the
interactions and relationships between groups and individuals, applied researchers typically
construct a network from data that has been collected from a random sample of nodes. This
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scenario is sometimes due to resource constraints (e.g., massive social network, surveying a
hidden population) or an inability to gain access the full population (e.g., historical data,
corrupted data). Most of the problems encountered in practice are motivated by the need
to infer global properties of the parent network (population) from the sampled version. For
specific motivations and applications of statistical inference on sampled graphs, we refer
the reader to the Cormode and Duffield (2014); Leskovec and Faloutsos (2006); Kolaczyk
(2017) for comprehensive reviews as well as applications in computer networks and social
networks.

From a computational and statistical perspective, it is desirable to design sublinear
time (in the size of the graph) algorithms which typically involves random sampling as a
primitive to reduce both time and sample complexities. Various sublinear-time algorithms
based on edge and degree queries have been proposed to estimate graph properties such as
the average degree Goldreich and Ron (2008); Feige (2006), triangles Eden et al. (2015),
stars Aliakbarpour et al., and more general subgraph counts Gonen et al. (2011). In all of
these works, however, some form of adaptive queries, e.g. breadth or depth first search, is
performed, which can be impractical or unrealistic in the context of certain applications such
as social network analysis Apicella et al. (2012) or econometrics Chandrasekhar and Lewis
(2011), where a sampled graph is obtained and statistical analysis is to be conducted on the
basis of this dataset alone. In this work, we focus on data arising from specific sampling
models, in particular, subgraph sampling and neighborhood sampling Lovész (2012), two
of the most popular and commonly used sampling models in part due to their simplicity
and ease of implementation. In subgraph sampling, we sample each vertex independently
with equal probability and observe the subgraph induced by these sampled vertices. In
neighborhood sampling, we additionally observe the edges between the sampled vertices
and their neighbors. Despite their ubiquity, theoretical understanding of these sampling
models in the context of statistical inference and estimation has been lacking.

In this paper, we study the problem of estimating the counts of various classes of motifs,
such as edges, triangles, cliques, and wedges, from a statistical perspective. Network motifs
are important local properties of a graph. Detecting and counting motifs have diverse
applications in a suite of scientific applications including gene regulation networks Milo
et al. (2002), protein-protein interaction networks Uetz et al. (2000), and social networks
Wasserman and Faust (1994). Throughout this paper, motifs will be viewed as induced
subgraphs of the parent graph. For a subgraph H, the number of copies of H contained
in G as induced subgraphs is denoted by s(H,G). Many useful graph statistics can often
be expressed in terms of induced subgraph counts, e.g., the global clustering coefficients,
which is the density of induced open triangles. It is worth pointing out that in some
literature motifs are also understood as (not necessarily induced) subgraphs Milo et al.
(2002). In fact, it is well-known that the number of a given subgraph can be expressed as
a linear combination of induced subgraph counts. For instance, if we denote the number of
copies of H contained in G as subgraphs by n(H, G), then for wedges, we have n(&, G) =
s(&, G) + 3S(A, G).! For this reason, we focus on counting motifs as induced subgraphs.

1. More generally, we have (cf. Lovasz (2012, Eq. (5.15))):

n(H,G) =Y n(H,H)s(H' G), (1)

H’
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Furthermore, while we make no assumption about the connectivity of the parent graph, we
focus on motifs being connected subgraphs which is the most relevant case for applications.
It is a classical result that subgraph count of disconnected subgraphs can be expressed as
a fixed polynomials in terms of the connected ones; cf. Whitney (1932); Lovasz (2012).
Additionally, motifs in directed graphs have also been considered Milo et al. (2002); in this
paper we focus on undirected simple graphs.

The purpose of this paper is to develop a statistical theory for estimating motif counts
in sampled graph. We will be concerned with both methodologies as well as their statistical
optimality, with focus on large graphs and the sublinear sample regime, where only a van-
ishing fraction of vertices are sampled. In particular, a few questions we want to address
quantitatively are as follows:

e How does the sample complexity depend on the motif itself? For example, is estimat-
ing the count of open triangles as easy as estimating the closed triangles? How does
the sample complexity of counting 4-cycles compare with that of counting 4-cliques?

e How much of the graph must be observed to ensure accurate estimation? For exam-
ple, severe under-coverage issues have been observed in the study of protein-protein
interaction networks Han et al. (2005).

e How much more informative is neighborhood sampling than subgraph sampling from
the perspective of reducing the sample complexity?

e To what extent does additional structures of the parent graph, e.g., tree or planarity,
impact the sample complexity?

Finally, let us also mention that motif counts e.g., triangles Gao and Lafferty (2017),
wheels Bickel et al. (2011), and cycles Mossel et al. (2015) have been used as useful test
statistics for generative network models such as the stochastic block models. Furthermore,
edges counts of similarity and dependency graphs have been used in the context of testing
and estimating change-point detection Chen et al. (2015); Chu and Chen (2017). In this
paper we do not assume any generative network model, and the randomness of the problem
comes solely from the sampling mechanism.

1.1. Sampling model

In this subsection, we formally describe the two graph sampling models we will study in
the remainder of the paper.

Subgraph sampling. Fix a simple graph G = (V, E) on v(G) vertices. For S C V, we
denote by G[S] the vertex induced subgraph. If S represents a collection of vertices that are
randomly sampled according to a sampling mechanism, we denote G[S] by G. The first and
simplest sampling model we consider is the subgraph sampling model, where each vertex is
sampled with equal probability. In particular, we sample each vertex independently with
probability p, where p is called the sampling ratio and can be thought of as the fraction of

where the summation ranges over all simple graphs H’ (up to isomorphisms) obtained from H by adding
edges.
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the graph that is observed. Thus, the sample size |S| is distributed as Bin(v(G), p), and the
probability of observing a subgraph isomorphic to H is equal to

P[é ~ H| =s(H, G)pV(H)(l _ p)v(G)—v(H)‘

There is also a variant of this model where exactly n = pv(G) vertices are chosen uniformly
at random without replacement from the vertex set V. In the sublinear sampling regime
where n < v(G), they are nearly equivalent.

Neighborhood sampling. In this model, in addition to observing G[S], we also observe
the labelled neighbors of all vertices in S, denoted by G{S}. That is, G{S} is equal to
G = (V,E), where E = Uyes Uyeng(v) 1, v} together with the colors b, € {0,1} for each
v E V(é), indicating which vertices were sampled. We refer to such bicolored graphs as
neighborhood subgraphs, which is a union of stars with the root vertex of each star colored.
This model is also known in the literature as ego-centric Handcock and Gile (2010) or star
sampling Capobianco (1972); Kolaczyk (2009).

In other words, we randomly sample the rows of the adjacency matrix of G indepen-
dently with probability p and then observe the rows together with the row indices. The
graph then consists of unions of star graphs (not necessarily disjoint) together with colors
indicating the root of the stars. Neighborhood sampling operates like subgraph sampling
but neighborhood information is acquired for each sampled vertex. Hence neighborhood
sampling is more informative in the sense that, upon sampling the same set of vertices,
considerably more edges are observed. For an illustration and comparison of both subgraph
and neighborhood sampling, see Fig. 1. Thus it is reasonable to expect (and indeed we will
prove in the sequel) that for the same statistical task, neighborhood sampling typically has
significantly lower sample complexity than the subgraph sampling scheme. Note that in
many cases, neighborhood sampling is more realistic than subgraph sampling (e.g., social
network crawling), where sampling a vertex means that its immediate connections (e.g.,
friends list) are obtained for free.

A more general version of the neighborhood sampling model is described by Lovasz in
Lovész (2012, Section 1.7), where each sample consists of a radius-r (labeled) neighborhood
rooted at a randomly chosen vertex. Since from a union of marked stars one can disassemble
each star individually, our model is equivalent to this one with r = 1.

It turns out that the knowledge of the colors provides crucial information about the
sampled graph and affects the quality of estimation (see Appendix J). In practice, the model
with labels is more realistic since the experimenter would know which nodes were sampled.
We henceforth assume that all sampled graphs obtained from neighborhood sampling are
bicolored, with black and white vertices corresponding to sampled and non-sampled vertices,
respectively. For a neighborhood subgraph h, let V3 (h) (resp. vy(h)) denote the collection
(resp. number) of black vertices. Suppose H is a bicolored subgraph of G. Let N(H, G) be
the number of ways that H can appear (isomorphic as a vertex-colored graph) in G from
neighborhood sampling with v, (H) vertices. Thus

PG = H] = N(H, G)p" (1 — p) (@) -w(H),
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(a) Parent graph. (b) Subgraph sam- (¢) Neighborhood
pling. sampling.

Figure 1: A comparison of subgraph and neighborhood sampling: Five vertices are
sampled in the parent graph, and the observed graph is shown in the middle and right
panel for the subgraph and neighborhood sampling, respectively.

1.2. Main results

Let h denote a motif, which is a connected graph on k vertices. As mentioned earlier, we
do not assume any generative model or additional structures on the parent graph G, except
that the maximal degree is at most d; this parameter, however, need not be bounded, and
one of the goals is to understand how the sample complexity depends on d. The goal is
to estimate the motif count s(h,G) based on the sampled graph G obtained from either
subgraph or neighborhood sampling.

Methodologically speaking, Horvitz-Thompson (HT) estimator Horvitz and Thompson
(1952) is perhaps the most natural idea to apply here. The HT estimator is an unbiased
estimator of the population total by weighting the empirical count of a given item by the
inverse of the probability of observing said item. To be precise, consider estimate the edge
count in a graph with m edges and maximal degree d, the sampling ratio required by the HT
estimator to achieve a relative error of € scales as G(max{ﬁ, #}), which turns out to be
minimax optimal. For € being a small constant, this yields a sublinear sample complexity
when m is large and m > d.

For neighborhood sampling, which is more informative than subgraph sampling since
more edges are observed, we show that the optimal sampling ratio can be improved to
O (min{ \/1%6, mde2 }), which, perhaps surprisingly, is not always achieved by the HT estima-
tor. The main reason for its suboptimality in the high degree regime is the correlation
between observed edges. To reduce correlation, we propose a family of linear estimators
encompassing and outperforming the Horvitz-Thompson estimator. The key idea is to use
the color information indicating which vertices are sampled. For example, in a neighbor-
hood sampled graph it is possible to observe two types of edges: e—o and e—e. The estimator
takes a linear combination of the count of these two types of edges with a negative weight
on the latter, which, as counterintuitive as it sounds, significantly reduces the variance and
achieves the optimal sample complexity.

For general motifs h on k vertices, for subgraph sampling, it turns out the simple HT
scheme for estimating s = s(h,G) achieves a multiplicative error of ¢ with the optimal
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k—1
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which only depends on the size of the motif but not its actual topology. For neighborhood
sampling, the situation is more complicated and the picture is less complete. For general
h, we propose a family of estimators that achieves the sample ratio:

- d\F1 [d2
Oy (mln { (862> N e })

which again only depends on the size of h. We conjecture that this is optimal for neighbor-
hood sampling and we indeed prove this for (a) all motifs up to 4 vertices; (b) cliques of all
sizes.

Let us conclude this part by providing some intuition on proving the impossibility results.
The main apparatus is matching subgraph counts: If two graphs have matching subgraphs
counts for all induced (resp. neighborhood) subgraphs up to size k, then the total variation
of the sampled versions obtained from subgraph (resp. neighborhood) sampling are at O(p").
At a high level, this idea is akin to the method of moment matching, which haven been
widely used to prove statistical lower bound for functional estimation Lepski et al. (1999);
Cai and Low (2011); Wu and Yang (2016); Jiao et al. (2015); in comparison, in the graph-
theoretic context, moments correspond to graph homomorphism numbers which are indexed
by subgraphs instead of integers Lovasz and Szegedy (2010). To give a concrete example,
consider the triangle motif and take

H=A s H =[] (2)

which have matching subgraph counts up to size two (equal number of vertices and edges)
but distinct number of triangles. Then with subgraph sampling, the sampled graph satisfies
TV(Pg, Pg,) = O(p?). For neighborhood sampling, we can take

H=A .. H=[1. (3)

which have matching degree sequences (3,2,2,2,1) but distinct number of triangles. In
general, these pairs of graphs can be either shown to exist by the strong independence
of graph homomorphism numbers for connected subgraphs Erdos et al. (1979) or explicitly
constructed by a linear algebra argument Biggs (1978); however, for neighborhood sampling
it is significantly more involved as we need to relate the neighborhood subgraph counts to
the injective graph homomorphism numbers. Based on these small pairs of graphs, the
lower bound in general is constructed by using either H or H' as its connected components.

sampling fraction

1.3. Notations

We use standard big-O notations, e.g., for any positive sequences {a,} and {b,}, a,, = O(by,)
or a, < by if a, < Cb, for some absolute constant C' > 0, a,, = o(b,) or a, < b, or if

limay, /b, = 0. Furthermore, the subscript in a, = O,(b,) indicates that a, < C,b, for
some constant C; depending on r only. For nonnegative integer k, let [k] = {1,...,k}.
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Next we establish some graph-theoretic notations that will be used throughout the
paper. Let G = (V, E) be a simple, undirected graph. Let e = e(G) = |E(G)| denote the
number of edges, v = v(G) = |V(G)| denote the number of vertices, and cc = cc(G) be the
number of connected components in G. The open neighborhood of a vertex u is denoted
by Ng(u) = {v € V(G) : {u,v} € E(G)}. The degree of a vertex u, denoted by d,, is the
cardinality of Ng(u). The closed neighborhood is defined by Ng[u] = {u} vV Ng(u). Two
vertices u and v are said to be adjacent to each other, denoted by u ~ v, if {u,v} € E(G).

Two graphs G and G’ are isomorphic, denoted by G ~ G’, if there exists a bijection
between the vertex sets of G and G’ that preserves adjacency, i.e., if there exists a bijective
function g : V(G) — V(G’) such that {g(u),g(v)} € E(G') whenever {u,v} € E(G). If
G and G’ are vertex-colored graphs with colorings ¢ and ¢ (i.e., a function that assigns
a color to each vertex), then G and G’ are isomorphic as vertex-colored graphs, denoted
by G = @, if there exist a bijection g : V(G) — V(G’) such that {g(u),g(v)} € E(G")
whenever {u,v} € E(G) and ¢(v) = /(g(v)) for all vertices v € V(G).

We say that H is an (edge-induced) subgraph of G, denoted by H C G, if V(H) C V(G)
and E(H) C E(G). For any S C V(G), the subgraph of G induced by S is denoted by
G[S] £ (S,E(G)NS x S). Let s(H,G) (resp. n(H,G)) be the number of vertex (resp. edge)
induced subgraphs of G that are isomorphic to H; in other words,

s(H,G)= Y 1{G[V]~H} (4)

VCV(G)

n(H,G)= > 1{g~H}. (5)

gCG

For example, s(o—o—o, m) = 2 and n(o—o—o, m) = 8. Let w(G) denote the clique number,
i.e., the size of the largest clique in G. Let e(G) = s(o—, G), t(G) = s(£\, G) and
w(G) = S(&, G) denote the number of edges, triangles and wedges of G, which are of
particular interest.

1.4. Organization

The paper is organized as follows. In Section 2, we state our positive results in terms
of minimax rates for squared error and design algorithms that achieve them for subgraph
(Section 2.1) and neighborhood (Section 2.2) sampling. Appendix D discusses converse
results and states counterpart minimax lower bounds for subgraph (Appendix D.2) and
neighborhood (Appendix D.3) sampling. We further restrict the class of graphs to be
acyclic or planar in Appendix E and explore whether such additional structure can be
exploited to improve the quality of estimation. In Section 3, we perform a numerical study
of the proposed estimators for counting edges, triangles, and wedges on both simulated and
real-world data. We discuss a few open problems in Appendix F. Finally, in Appendix H,
we prove some of the auxiliary lemmas and theorems that were stated in the main body of
the paper.
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2. Methodologies and performance guarantees

2.1. Subgraph sampling

The motivation for our estimation scheme is based on the observation that any motif count
s(h, G) can be written as a sum of indicator functions as in (4). Note that for a fixed subset
of vertices T' C V(G), the probability it induces a subgraph in the sampled graph G that is
isomorphic to h is

P[G[T] ~ h] = p"WI{G[T] ~ h}.

In view of (4), this suggests the following unbiased estimator of s(h, G):
S 2 s(h, G)/p""). (6)

We refer to this estimator as the Horvitz-Thompson (HT) estimator Horvitz and Thompson
(1952) since it also uses inverse probability weighting to achieve unbiasedness. The next
theorem gives an upper bound on the mean-squared error for this simple scheme, which,
somewhat surprisingly, turns out to be minimax optimal within a constant factor as long
as the motif h is connected.

Theorem 1 (Subgraph sampling) Let h be an arbitrary connected graph with k vertices.
Let G be a graph with mazimum degree at most d. Consider the subgraph sampling model
with sampling ratio p. Then the estimator (6) satisfies

1 dk—l
Eqlsh —s(h, G)> < s(h,G) - k2F (pk Vv p) .

Furthermore,

. ~ 2 s sdF! 9
inf sup  Eg[s—s(h,G)" =0 |5V As® ).
s G: d(G)<d p p

s(h,G)<s

The above result establishes the optimality of the HT estimator for classes of graphs with
degree constraints. Since the lower bound construction actually uses instances of graphs
containing many cycles, it is a priori unclear whether additional assumptions such as tree
structures can help. Indeed, for the related problem of estimating the number of connected
components with subgraph sampling, it has been shown that for parent graphs that are
forests the sample complexity is strictly smaller Klusowski and Wu (2018). Nevertheless,
for counting motifs such as edges or wedges, in Theorem 13 and Theorem 15 we show that
the HT estimator (6) cannot be improved up to constant factors even if the parent graph is
known to be a forest. The proof of the lower bound of Theorem 1 is given in Appendix D.2.
The proof of Theorem 1 is given in Appendix I. To lighten the notation, throughout the
rest of the paper, we set ¢ 21— p.

2.2. Neighborhood sampling

Our methodology is again motivated by (4) which represents neighborhood subgraph counts
as a sum of indicators. In contrast to subgraph sampling, a motif can be observed in the
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sampled graph by sampling only some, but not all, of its vertices. For example, we only
need to sample one vertex of an edge, or two vertices of a triangle to observe the full motif.
More generally, for a subset T' vertices in G, we can determine whether H ~ G[T] or not
if at least v(H) — 1 vertices from 7" are sampled. This reduces the variance but introduces
more correlation at the same time.

Throughout this subsection, the neighborhood sampled graph is again denoted by G =
G{S}, and b, = 1 {v € S} indicates whether a given vertex v is sampled.

2.2.1. EDGES

We begin by discussing the Horvitz-Thompson type of estimator and why it falls short
for the neighborhood sampling model. Extensions to general motifs are presented in Ap-
pendix B. Analogously to the estimator (6) designed for subgraph sampling, for neighbor-
hood sampling, we can take the observed number of edges and re-weight it according to the
probability of observing an edge. Note that with neighborhood sampling, a given edge is
observed if and only if at least one of the end points is sampled. Thus, the corresponding
Horvitz-Thompson type edge estimator is

L e(é)
CHT = 02+ 2pq° (7)

which is again an unbiased estimator for e(G). To bound the variance, put 7 = p? +2pg €

[p, 2p] and write
(@)= > ra
A€E(QG)
where A = {u,v} and 74 2 1{b, = 1 or b, = 1} ~ Bern(7). For another edge A’ = {v,w}
intersecting A, we have Cov[ra,ra] = P[b, =1 or b, = b, = 1] — 72 < 3p, by the union
bound. Thus the number of non-zero covariance terms is determined by n(&, G), the
number of /X) contained in G as subgraphs, and we have

Var[e(G)] < e(G)7 + 2n(L, G)(3p) < 2e(G)p(1 + 3d), (8)

where we used the fact that n(jx,, G) < e(G)d. Therefore, the variance of the Horvitz-
Thompson estimator satisfies

Var[EHT] S e(G)d .

(9)
However, as we show next, this estimator is suboptimal when p > é, or equivalently, when
the maximum degree exceeds %. In fact, the bound (9) itself is tight which can been seen
by considering a star graph G with d leaves, and the suboptimality of the HT estimator
is largely due to the heavy correlation between the observed edges. For example, for the
star graph, the correlation is introduced through the root vertex, since with probability p
we observe a full star, and with probability ¢ a star with Bin(d, p) number of black leaves.
Thus, the key observation is to incorporate the colors of the vertices to reduce (or eliminate)
correlation.
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Next, we describe a class of estimators, encompassing and improving the Horvitz-
Thompson estimator. Consider
€= > Ka, (10)
AcE(G)
where K 4 has the form

Ka= bu(l - bv)f(du) + bv(l - bu)f(dv) + bubvg(dm dv)? (11)

here A = {u,v} and f and g are functions of the degree of sampled vertices. For the
neighborhood sampling model, this estimator is well-defined since the degree of any sampled
vertex is observed without error. It is easy to see that

Ele] = Z [pq(f(du) + f(dv)) +p2g(dua dy)]- (12)

{u,v}€E(G)

For simplicity, next we choose f and g to be constant; in other words, we do not use
the degree information of the sampled vertices. This strategy works as long as the maximal
degree d of the parent graph is known. To illustrate the main idea, we postpone the
discussion on adapting to the unknown d to Appendix C. With f = « and g = 3, the
estimator (10) reduces to N _

€= aN(e—,G) + SN(e—e, G), (13)

which is a linear combination of the counts of the two types of observed edges. In contrast
to the HT estimator (7) which treats the two types of edges equally, the optimal choice
will weigh them differently. Furthermore, somewhat counter-intuitively, the weights can be
negative, which serves to reduce the correlation.

Table 1: Probability mass function of K4K 4/ for two distinct intersecting edges (ex-
cluding zero values).

Graph A A A A

Probability pq2 2p2q p2q p3

Value a? | af | o | B?

In view of (12), one way of making € unbiased is to set

pa(f(du) + f(dv)) + p*g(du, dv) = 2pger + p*B = 1. (14)

Since the unbiased estimator is not unique, we set out to find the one with the minimum
variance. Similar to (8), we have

Var[g] = e(G)Var[K 4] + 2n(Ls, G)Cov[K 4, Kar] < e(G)(Var[Ka] + 2dCov[K 4, Ka]), (15)
where A = {u,v} and A’ = {v,w} are distinct intersecting edges. Using Table 1, we find
Var[K 4] = 2pqa® + p*3? — 1
Cov[Ka, Kar] = a*(pg” +p°q) +p° 5% + 2pqaf — L.

10
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In fact, when the unbiased condition (14) is met, the covariance simplifies to Cov[ICa, Ka/] =
%(1 — pa)? > 0. Finally, optimizing the RHS of (15) over a, 3 subject to the constraint
(14), we arrive the following performance guarantee for €:

Theorem 2 Set
1+ dp

T2+ (d—1)p)’

5 1—d(1 - 2p)
- p(2+(d—1)p)

Then

e e(ON2] — Varl < S@@+1)¢® (1 d
Bl - ()] = varle < ST < ei6) (0 9). (17)

Furthermore, if p is bounded from one, then

~ d
inf sup Egle—e(G)*=6 ((m A W2L> A m2>
e G d(@)<d

e(h,G)<m

The optimal weights in (16) appear somewhat mysterious. In fact, the following more
transparent choice also achieves the optimal risk within constant factors:

e p <1/d: we can set either a = 5 = or a = and 8 = 0, that is, we can use

1
p*+2pg 2pq
either the full HT estimator (7), or the HT estimator restricted to only edges of type

+—o, which is the more probable one.

e p > 1/d: we choose a@ = % and 8 = 1224 This is the unique weights that simulta-

neously Kkill all covariance terms and, at the same time, achieve zero bias. Note that
although zero covariance is always possible, it is at a price of setting 8 =~ —1%, which

inflates the variance too much when p is small and hence suboptimal when p <« é.

3. Numerical experiments

We perform our experiments on both synthetic and real-world data. For the synthetic data,
we take as our parent graph G a realization of an Erdés-Rényi graph G(N,¢) for various
choices of parameters. For the real-world experiment, we study the collaboration network
between jazz musicians in 198 bands that performed between 1912 and 1940 Gleiser and
Danon (2003). Each node is a jazz musician and there is an edge between two musicians if
and only if they played together in a band.

The error bars in Fig. 2 shows the variability of the relative error of edges over 10
independent experiments of subgraph and neighborhood sampling on a fixed parent graph
(. Similar plots are provided in Fig. 3 and Fig. 4 in Appendix G for triangles and wedges,
respectively. The solid black horizontal line shows the sample average and the whiskers
show the mean =+ the standard deviation.

Specifically, for subgraph sampling, we always use the HT estimator (6). For neighbor-
hood sampling, for counting triangles or wedges, we use the estimator (20) with choice of
parameters given in Theorem 3 and for counting edges we use the adaptive estimator in
Theorem 4 from Appendix C.

As predicted by the variance bounds, the estimators based on neighborhood sampling
perform better than subgraph sampling. Furthermore, there is markedly less variability

11
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across the 10 independent experiments in neighborhood sampling. However, this variability
decreases as p grows. Furthermore, in accordance with our theory, counting bigger motifs
(involving more vertices) is subject to more variability, which is evidenced in the plots for
triangles and wedges by the wider spread in the whiskers.
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(a) Jazz network (subgraph sam- (b) Jazz network (neighborhood sam-
pling). pling).
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Figure 2: Relative error of estimating the edge count. In Fig. 2a and Fig. 2b, the parent

graph G is the jazz network with d = 100, v(G) = 198, e(G) = 2742. In Fig. 2¢ and

Fig. 2d, G is a realization of the Erdés-Rényi graph G(1000,0.005) with d = 12, and
e(G) = 2536.
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Appendix A. Appendix notations

Let K,, P,, and C,, denote the complete graph (clique), path graph, and cycle graph on
n vertices, respectively. Let K, , denote the complete bipartite graph (biclique) with nn/
edges and n + n’ vertices. Let S, denote the star graph K 1,n on n + 1 vertices.

15


https://doi.org/10.1007/s00440-014-0576-6
http://dx.doi.org/10.2307/2320934
http://dx.doi.org/10.2307/2320934
http://dx.doi.org/10.2307/1968214

Krusowski Wu

Define the following graph operations cf. West (1996): The disjoint union of graphs G
and G’, denoted G + G’, is the graph whose vertex (resp. edge) set is the disjoint union of
the vertex (resp. edge) sets of G and of G’. For brevity, we denote by kG to the disjoint
union of k copies of G. The join of G and G’, denoted by G V G’, is obtained from the
disjoint union G + G’ by connecting all v € V(G) and all v' € V(G'), that is, GV G =
(V(H)UV(H'), E(H)UE(H"\U(V(H)xV(H"))), where H ~ G and H' ~ G’ and V(H) and
V(H') are disjoint. For example, nK1Vn'K; = K, . For S C V(G), let G — S denote the
resulting graph after deleting all vertices in S and all incident edges, and G —v = G — {v}.

Appendix B. Cliques and general motifs for neighborhood sampling

In this appendix, we extend the results in Section 2.2 for neighborhood sampling from
edges to general motifs. For ease of exposition, we start by developing the methodology
for estimating cliques counts. Both the procedure and the performance guarantee readily
extend to general motifs.

We now generalize the techniques for counting edges to estimate the number of cliques
of size w in a given graph. Note that there are two types of colored cliques one observe:
(a) K2: all but one vertex are sampled; (b) K2: all vertices are sampled, with the first one
being more probable when the sampling ratio is small. In the case of triangles, we have
K3 = A\ and K3 = A\ Analogous to the estimator (13), we take a linear combination of
these two types of clique counts as the linear estimator:

S=aN(KS,G) + AN(K?, G). (18)

Similar to the design principles for counting edges, in the low sampling ratio regime p < é,
we implement the Horvitz-Thompson estimator, so that the coefficients scale like p~*; in the
high sampling ratio regime p > é, we choose a negative 3, which scale as —p~2%, to reduce
the correlation between various observed cliques. However, unlike the case of counting
edges, we cannot perfectly eliminate all covariance terms but will be able to remove the
leading one.

The following result, which includes Theorem 2 as a special case (w = 2), gives the
performance guarantee of the estimator (18) and establishes its optimality in the worst
case:

Theorem 3 (Cliques) Set

{ _ pwlfu — 1;:” ifp>1/d (19)
= A, B p% ifp<1/d
Then -
Eqls — s(K,,G)|* = Varg[s] < s(K,, G) - w?2¢ 1! <;°(EZ : d(i)g >
Furthermore,

R d dw—2
inf  sup Egfs—s(K,,G)* =0, <51 AN A 82>
S G d(G)<d ¥ P
s(Kw,G)<s
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For brevity, we defer its proof to Appendix I.

To extend to general motif A on k vertices, note that in the neighborhood sampled
graph, again it is possible to observe fully sampled or partially sampled (with one unsampled
vertices) motifs. Consider the following estimator analogous to (18):

sh = aN(h°, G) + BN(h®, G), (20)

where N(h®,G) is the count of h with all vertices sampled and N(h°, G) is the total count
of h with exactly one unsampled vertex. For instance, if h = N, then N(h®, CNJ) = N(N, G)

and N(h°, é) = N(N, G)+ N(N, G). This example shows that in general, for motifs with
less symmetry, there exist multiple partially sampled motifs and in principle they can be
weighted differently. However, in (20) we elect to treat them equally, which turns out to
be optimal for a wide class of motifs. Let us point out that if the parent graph has more
structures, e.g., forest, then distinguishing different partially sampled motifs can lead to
strict improvement; see Theorem 16.

The estimator (20) turns out to satisfy the same bound as in the clique case. To see
this, note that in (47), the covariance terms are given in (46) which do not depend on the
actual motif h. Furthermore, the sum of the indicators satisfies the same bound in terms
of maximal degree provided that h is connected. Using the same optimized coefficients as
n (19), the guarantee in Theorem 3 holds verbatim:

~ — d(G) d(G)+2
Eqlsn — s(h, G)|? = Varg[sy] < s(h, G) - K32k +1 < I(C_l) A ( )2 ) . (21)
p p
We conjecture that, similar to Theorem 1, this rate is optimal as long as the motif h is
connected. So far we are able to prove this for cliques of all sizes (Theorem 12) and motifs
on at most 4 vertices (Appendix K).

Appendix C. Adaptation to the maximum degree

In practice, the bound on the maximum degree d is likely unknown to the observer and
obtaining a consistent estimate might be difficult if the high-degree vertices are rare. For
example, in a star, most of the vertices have degree one expect for the root. Even if a
consistent estimate is obtained, it is unclear how to avoid it correlating with the data used
to form €. Because € has the form of a sum, such correlations increase the number of cross
terms in its variance decomposition.

To overcome these difficulties, we weight each observed edge according to the size of
the neighborhood of its incident vertices. Once a vertex is sampled, its degree is exactly
determined and thus incorporating this information does not introduce any additional ran-
domness. This observations leads to the following adaptive estimator which achieves a risk
that is similar to the optimal risk in Theorem 2:

Theorem 4 Let € be given in (10) with f(x) = p(iiigq) and g(z,y) = w.
Then for any graph G on N wvertices and mazimum degree bounded by d, € is an unbiased
estimator of e(G) and

Nd e(G)d
—5 A .
p p

Varle] <
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Remark 5 The variance bound from Theorem 4 is weaker than Theorem 2 in the p > 1/d
regime — % Versus %. They have the largest disparity when G consists of N/(d + 1)
copies of the star graph Sgi1, in which case e(G) = Nd/(d + 1). This is due to the fact
that with high probability 1 — p, all sampled vertices from Sg11 have degree one. Ideally,
we would like to know the degree of the root of the star; however this is impossible unless
the root is sampled. Nonetheless, we can still find a good estimate. More generally, in
addition to using the degree d, from a sampled vertex u, we may modify the estimator to

incorporate degree information from a non-sampled vertex via an unbiased estimate, i.e.,
a4, — INgl

w=—9—== ZUENg(u) %. For example, we can redefine K4 from (10) as

Ka = bu(1 = by)f(dy V dy) + by(1 = by) f(dy V dy) + bubug(du, d).

We choose not to analyze such modified estimators here and instead leave their theoretical
properties as an open question for future investigation.

Appendix D. Lower bounds

Throughout this appendix we assume that the sampling ratio p is bounded away from one.

D.1. Auxiliary results

We start with a result which is the general strategy of proving all lower bounds in this paper.
A variant of this result was proved in Klusowski and Wu (2018) for the Bernoulli sampling
model, however, an examination of the proof reveals that the conclusions also hold for
neighborhood sampling. In the context of estimating motif counts, the essential ingredients
involve constructing a pair of random graphs whose motif counts have different average
values, and the distributions of their sampled versions are close in total variation, which is
ensured by matching lower-order subgraphs counts in terms of s for subgraph sampling or
N for neighborhood sampling. The utility of this result is to use a pair of smaller graphs
(which can be found in an ad hoc manner) to construct a bigger pair of graphs and produce
a lower bound that scales with an arbitrary positive integer s.

Theorem 6 (Theorem 11 in Klusowski and Wu (2018)) Let f be a graph parameter
that is invariant under isomorphisms and additive under disjoint union, i.e., f(G + H) =
f(G)+ f(H). Fiz a subgraph h. Let d,s,m and M = s/m be integers. Let H and H' be
two graphs such that s(h, H) V' s(h, H') < m and d(H) Vd(H') < d. Suppose M > 300 and
TV(P, P') < 1/300, where P (resp. P') denote the distribution of the isomorphism class
of the (subgraph or neighborhood) sampled graph H (resp. ﬁ’) Let G denote the sampled
version of G under the Bernoulli or neighborhood sampling models with probability p. Then

inf  sup PG[\f(é) ~ (@) > A} > 0.01. (22)
7 G d(G)<d
s(h,G)<s

where

a = 0D - 1) <mA 2.
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Next we recall the well-known fact Whitney (1932); Kocay (1982) that disconnected
subgraphs counts are determined by (fixed polynomials of) connected subgraph counts.
The following version is from Klusowski and Wu (2018, Corollary 1 and Lemma 9):

Lemma 7 Let H and H' be two graphs with m vertices and v < m. Suppose s(h, H) =
s(h, H') for all connected h with v(h) <wv. Then s(h, H) = s(h, H') for all h with v(h) < v

and, furthermore,
m
TV(P,P') < vt
(P, P') < <U +1>p :

where P (resp. P~’) denote the distribution of the isomorphism class of the subgraph sampled
graph H (resp. H') with sampling ratio p.

The following version is for neighborhood sampling, which will be used in the proof of
Theorem 12. We need to develop an analogous result that expresses disconnected neighbor-
hood subgraph counts as polynomials of the connected cones. This is done in Lemma 20 in
Appendix H.

Lemma 8 Let H and H' be two graphs with m vertices and v < m. Suppose N(h, H) =
N(h, H') for all connected, bicolored h with vy(h) < wv. Then

N(h, H) = N(h, H') (23)

for all h with vy(h) < v and, furthermore,

vy < () (24)

where P (resp. P’) denote the distribution of the isomorphism class of the sampled graph
H (resp. H') generated from neighborhood sampling with sampling ratio p.

Proof The first conclusion (23) follows from Lemma 20. For the second conclusion (24),
we note that conditioned on ¢ vertices are sampled, H is uniformly distributed over the
collection of all bicolored neighborhood subgraphs h with vi(h) = £. Thus,

N(h, H)
(%)
By (23), we conclude that the isomorphism class of H and H’ have the same distribution pro-

vided that no more than v vertices are sampled. Thus, TV(Pg, Pz,) < P [Bin(m,p) < v + 1],

and consequently, P [Bin(m,p) <v+1] < (le) p*T! follows from a union bound. [ |

P =h|w(h) =t] =

Lemma 9 For any connected graph h with k vertices, there exists a pair of (in fact, con-
nected) graphs H and H', such that s(h,H) # s(h,H') and s(g, H) = s(g, H') for all con-
nected g with v(g) < k — 1.
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Proof The existence of such a pair H and H’ follows from the strong independence? of
connected subgraph counts Erdos et al. (1979, Theorem 1). For example, for h = A, we
can take the ad hoc construction in (2), which have equal number of vertices and edges
but distinct number of triangles. Alternatively, next we provide an explicit construction
using a linear algebra argument which is similar to that of Erdds et al. (1979, Theorem
3) and Biggs (1978, Section 2). Let {h1,...,hy} denote all distinct (up to isomorphism)
induced connected subgraph of h, ordered in increasing number of edges (arbitrarily among
graphs with the same number of edges) so that h; is an isolated vertex and h,, = h.
Then the matrix B = (b;;) with b;; = s(hs, hj) is upper triangular with strictly positive
diagonals. Thus B is invertible and the entries of B! are rational. Let = B~ 'e,,, where
ém = (0,...,0,1). Then z,, = 1 since by, = s(h,h) = 1. Let w = ax € Z™, where o € N
is the lowest common denominator of the entries of . Now define H and H' as the disjoint
union with weights given by the vector w:

H= Zmax{wi,()}hi, H = Zmax{—wi,O}hi. (25)
=1 =1

By design, any connected induced subgraph of H and H’ with at most k — 1 vertices
belongs to {hi,...,Am—1}. For any 1 <1i < m—1, since h; is connected, we have s(h;, H) —
s(hi, H') = 710 wjs(hi, hj) = 0, and s(h, H') = 0 and s(h, H) = o > 1. For example, for

h = m, such a solution is given by:

H=46x0o H=4xA A +4x%0

which have matching subgraphs of order three (vertices, edges and triangles). For a con-
struction for general cliques, see Klusowski and Wu (2018, Eq. (47)). [ |

Next we present graph-theoretic results that are needed for proving lower bound under
the neighborhood sampling model. First, we relate the neighborhood subgraph counts N to
the usual subgraph n. Since N is essentially subgraph counts with prescribed degree for the
sampled vertices (cf. Lovédsz (2012, p. 62)), this can be done by inclusion-exclusion principle
similar to (1) that expresses the induced subgraph counts s in terms of the subgraph counts
n; however, the key difference here is that the size of the subgraphs that appear in the linear
combination is not bounded a priori. For example,

N(A, G) = number of degree-2 vertices in G

eI (‘;)n(sm,c*),

k>2

where Si41 is the star graph with &k leaves. The following lemma is a general statement:

2. This means that the closure of the range of their normalized version (subgraph densities) has nonempty
interior.
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Lemma 10 Let h be a bicolored connected neighborhood graph and hg denote the uncolored
version. Then for any G,
N(h,G) = e(g,h)n(g,G) (26)
g
where the sum is over all (uncolored) g obtained from h by either adding edges incident to
the black vertices in h or adding vertices connected to black vertices in h. In particular, the
coefficients c(g, h) do not depend on G.

Proof The proof is by the inclusion-exclusion principle and essentially similar to the
argument in Section 5.2, in particular, the proof of Proposition 5.6(b) in Lovdsz (2012).

Recall the definition of the subgraph count n(H,G) in (5) in terms of counting distinct
subsets. It will be convenient to work with the labeled version counting graph homomor-
phisms. The following definitions are largely from Lovész (2012, Chapter 5). We say 1 is an
injective homomorphism from H to G, if ¢ : V(H) — V(G) is injective, and (u,v) € E(H)
if (¢(u),9(v)) € E(G). Denote by inj(H, &) the number of injective homomorphisms from
H to G. Then inj(H,G) = n(H,G)aut(H), where aut(H) denotes the number of auto-
morphisms (i.e. isomorphisms to itself) for H. Furthermore, for neighborhood subgraph
h, aut(H) denotes the number of automorphisms for h that also preserve the colors. For
example, aut(m) = 2 and aut(m) = 4. Throughout the proof, 1 always denotes an
injection.

We use the following version of the inclusion-exclusion principle Lovész (2012, Appendix
A.1). Let S be a ground set and let {A4; : © € S} be a collection of sets. For each I C S,
define A; = M;crA; and By £ Aj\ Usgr Ai; in words, By denotes those elements that belong
to exactly those A; for ¢ € I and none other. Then we have

[Arl = > |By] (27)

JcIl

Byl = > (=)= 4,. (28)

JciI

Fix G. Let G denote the collection of (uncolored) subgraphs that are “extensions” of h,
obtained from h by either adding edges between the black vertices in h or adding vertices

attached to black vertices in h. For example, for h = e—o, we have G = {o—o, 0, o/i, 2, -
is the collection of all stars. Let the g* be the maximal subgraph of G that is in G; in other
words, n(g,G) = 0, for any other g € G containing ¢g* as a subgraph.

Now we define the ground set to be the edge set of g*. Let hg be the uncolored
version of h, then E(hg) C E(g*). For every I C E(g*), define Ay 2 {¢ : V(g*) —
V(g): (¥(u),4(v)) € B(G) if (u,v) € I} and By = {4 : V(g*) = V(g): (¥(u),%(v)) €
E(G) if and only if (u,v) € I}. The key observation is that |Bg)| = aut(h)N(h,G), and
|Ap(g)| = inj(g, G) = aut(g)n(h, G). Applying the inclusion-exclusion principle (28) yields

aut(h)N(h,G) = Y (—1)/F@I=IERinj(g @),

9:9Dho

proving the desired (26). [ |
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The next result is the counterpart of Lemma 9, which shows the existence of a pair
of graphs with matching lower order neighborhood subgraph counts but contain distinct
number of copies of a certain motif; however, unlike Lemma 9, so far we can only deal with
the clique motifs. For example for w = 3, we can use the ad hoc construction in (2); both
graphs have the same degree sequence but distinct number of triangles. For w = 4, we can

choose

H =6 x N+ 12 x +ax A +axo ]

It it straightforward (although extremely tedious!) to verify that N(h, H) = N(h, H') for all
neighborhood subgraphs h with at most 2 black vertices. The general result is as follows:

(29)

Lemma 11 There exists two graphs H and H' such that s(K,, H) —s(K,,H') > 1 and
N(h, H) = N(h, H") for all neighborhood subgraphs h such that vy(h) < w — 2.

Proof First we show that there exist a pair of graphs H and H’ such that n(g,H) =
n(g, H') for all connected graphs g with at most w vertices expect for the clique K, and
n(g, H) =n(g, H') = 0 for all connected graphs g with more than w vertices. Analogous to
the proof of Lemma 9, this either follows from the strong independence of injective graph
homomorphism numbers Erdos et al. (1979), or from the following linear algebra argument.
Let {h1,...,hy,} denote all distinct (up to isomorphism) connected graphs of at most w
vertices. Order the graphs in increasing number of edges (arbitrarily among graphs with
the same number of edges) so that h; is an isolated vertex and h,, = K. Then the matrix
B = (bi;) with b;; = n(h;, h;) is upper triangular with strictly positive diagonals. Then
H and H' can be constructed from the vector z = B~le,, similar to (25); see (29) for a
concrete example for K4. By design, each connected component of H and H’ has at most
w vertices, we have n(g, H) = n(g, H') = 0 for all connected ¢ with v(g) > w.

Next we show that the neighborhood subgraph counts are matched up to order w — 2.
For each neighborhood subgraph h with vi(h) < w — 2, by Lemma 10, we have N(h, H) =
>_geg c(g,h)n(g, H), where the coefficients c(g,h) are independent of H, and G contains
all subgraphs obtained from h by adding edges incident to black vertices in h or attaching
vertices to black vertices in h. The crucial observation is two-fold: (a) since vy(h) < w — 2,
there exists at least a pair of white vertices in h, which are not connected. Since no edges
are added between white vertices, the collection G excludes the full clique K,; (b) for each
g € G, if g contains more than w vertices, then n(g, H) = n(g, H) = 0; if g contains at most
w vertices (and not K, by the previous point), then n(g, H) = n(g, H) by design. Therefore
we conclude that N(h, H) = N(h, H') for all neighborhood subgraphs h with v;(h) < w—2. R

D.2. Subgraph sampling

Next we prove the lower bound part of Theorem 1:

Proof Throughout the proof, we assume that both d and s are at least some sufficiently
large constant that only depends on k = v(h) and we use ¢, ¢, ¢g, c1, . . . to denote constants
that possibly depend on k only. We consider two cases separately.
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Case I: p<1/d. Let H and H’' be the pair of graphs from Lemma 9, such that s(h, H) —
s(h,H") > 1 and s(g, H) = s(g, H') for all induced subgraphs ¢g with v(g) < k—1. Therefore,
by Lemma 8, we have TV (P, Py,) = Ok(p*~1). Let r = s(h, H) which is a constant only
depending on k. Applying Theorem 6 with M = |s/r]| yields the lower bound

inf sup Eg[s—s(h,G)* = (Sk A 52> . (30)
S G:d(G)<d p
s(h,G)<s

Case II: p > 1/d. We construct a pair of graphs H and H’' with maximum degree d
such that TV(Pg, Pg,) < ¢, where ¢ is a constant depending only on &, s(h, H") = 0 and
c1lF1/p < s(h,H) < cof*~1/p. Choosing ¢ = 03((510)ﬁ A d) for some small constant cg
and applying Theorem 6, we obtain

ekfls Sdkfl
inf  sup Eg[s(H)—s(h,G)]? =Q ( > = Oy < A 32> . (31)
S G d(G)<d P p
s(h,G)<s

Combining (30) and (31) completes the proof of the lower bound of Theorem 1.

It remains to construct H and H'. The idea of the construction is to expand each vertex
in A into an independent set, which was used in the proof of Erdés et al. (1979, Lemma 5).
Here, we also need to consider the possibility of expanding into a clique. Next consider two
cases:

Suppose h satisfies the “distinct neighborhood” property, that is, for each v € V(h),
Np(v) is a distinct subset of v(h). Such h includes cliques, paths, cycles, etc. Pick an
arbitrary vertex u € V(h). Let {S, : v € V(h)} be a collection of disjoint subsets, so
that |Sy| = [¢/p] and |S,| = [ed], where ¢ is a constant that only depends on v(h) = k
such that ck < 1. Define a graph H with vertex set U,c,(;)Sy by connecting each pair of
a € S, and b € S, whenever (u,v) € E(h). In other words, H is obtained by blowing up
each vertex in h into an independent set and each edge into a complete bipartite graph.
Repeating the same construction with h replaced by h — u yields H’, in which case S,
consists of isolated vertices. By construction, the maximum degree of both graphs is at
most d. Note that H —S,, = H' — S,,. Thus the sampled graph of H and H’ have the same
law provided that none of the vertices in S, are sampled. Applying Lemma 23, we conclude
that TV(Pg, Pg,) < (1 - p)/P < ¢ for all p < 1/2, where ¢ is a constant depending only
on k.

Furthermore,

sth H)y= > 1{H'[T)~h}+ Y  1{H[T]~h}

TNS,=0 TNS,#0D
QN a{mmany= Y L{H[I]~h),
TNSy,=0 TNSy,=0

where (a) follows from the fact that H'[T] contains isolated vertices whenever T'N S, # ()
while h is connected by assumption. Note that since |T| = k, if TN S, = 0, then there exists
t,t" € T such that t,¢ belong to the same independent set S, for some v. By construction,
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t and t' have the same neighborhood, contradicting H[T| ~ h. Thus, we conclude that
s(h,H') = 0. For H, we have

s(h, Hy= Y T{H[T] ~h} > [Su| [] 18] = F¢*/p,
TNS,#0D v#U

and, similarly, s(h, H) < [Su(32,2, 1S, )EY < (2ck)kek=1 /p.

Next suppose that h does have distinct neighborhoods, thus there exist {u1,...,us} C
V(h) with £ > 2 such that the neighborhood N,,(h) are identical, denoted by T'. Let
g = h[T]V ¢K; is an induced (by T'U{us,...,u,}) subgraph of h. We define H with vertex
set Uyey(n)Su by the same procedure as above, except now all vertices are expanded into
a clique, with |S,,| = [¢/p] and |S,| = [ed] for v # w. Finally, as before, we connect
each pair of a € S, and b € S, whenever (u,v) € E(h). Define H' by repeating the same
construction with A replaced by h —u1. Analogous to the above we have TV(Pz, Pg,) < c
and it remains to show that s(h, H') = 0. Indeed, for any set T of k vertices that does not
include any vertex from S,,, since S, forms a clique and u;,...,u, form an independent
set in h, the number of induced g in H'[T] is strictly less than that in h. Thus, there exists
10 T C Uysty, Sy such that H'[T] is isomorphic to h, and hence s(h, H') = 0. Entirely
analogously, we have s(h, H) = O (¢*~1/p). [ |

D.3. Neighborhood sampling

To illustrate the main idea, we only prove the lower bound for cliques. The proof for
other motifs (of size up to four) is similar but involves several ad hoc constructions; see
Appendix K.

Theorem 12 (Cliques) For neighborhood sampling with sampling ratio p,

R d dw—2
inf  sup [Egfs— s(Kw,G)\2 =0, <<Sl A R 5 ) A 32>
S G d(@)<d P~ P

s(h,G)<s

Proof For the lower bound, consider two cases. For simplicity, denote the minimax risk
on the left-hand side by R.

Case I: p > 1/d. Applying Lemma 23 with G being the complete (w — 2)-partite graph
of (w — 2)¢ vertices, Hy = K p1/p, and Hy = (2/p)K1, we obtain two graphs H and H’

with s(K,, H) < 52;2 and s(K,, H') = 0, and TV(Pg, Pz,) < c < 1 for all p < 1/2. By
Theorem 6 with M = s/({*~2/p?), we obtain the lower bound R > 56;2_2. Let ¢ = cd if

w—2 1 w—2
dp2 < s and £ = c(p?s)=—2 if dp2

that s(K,, H) < s, s(K,, H') < s, and R < Sﬁz—f = 5‘1;—272 A s

> s, for some small constant c¢. In either case, we find

Case IT: p < 1/d. We use a different construction. Let £ = ¢(dAs/*) for some small con-
stant c¢. Let H and H' be the two graphs from Lemma 11 such that s(K,,, H)—s(K,, H') > 1
and N(h,H) = N(h,H'’) for all neighborhood subgraphs h with vy(h) < w — 2. By
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Lemma 8, we have TV(Pg, Pgz,) = O,(p”~1) < 1. Next we amplify the gap |s(K,,, H) —
s(Ku, H')| = Q(¢¥) by expanding each vertex into an independent set, similar in what
is done in the proof of Theorem 1. For each vertex in H, we associate ¢ distinct iso-
lated vertices, and connect each pair of vertices by an edge if and only if they were
connected in H. This defines a new graph F' with ¢v(H) vertices and similarly we con-
struct F’ from H’. In this way, the subgraph counts of F' and F’ also match up to
order w — 2, and, in view of Lemma 8, TV(Py, Pg,) = Ou((fp)*~!). Furthermore, the
number of cliques satisfies s(K,, F) = s(K,, H)¢* and s(K,, F') = s(K,, H'){*. Thus,
s(Ky, F) < s(Ky, F') < |s(K,, H) — s(K,, H')| = ¢“. Applying Theorem 6 with M = s/¢*

yields R 2, (6“’(,/@%% A Z%))2 = pj—{l As? = pj—‘fl A S;I%/lw As? = p;fcfl A s2, where the last

step follows from the assumption that p < 1/d. |

Appendix E. Graphs with additional structures

In this appendix, we explore how estimation of motif counts can be improved by prior
knowledge of the parent graph structure.

It is a priori unclear whether additional structures such as tree or planarity helps for
estimating motif counts with neighborhood sampling. Nevertheless, for counting edges,
in Theorem 14 we show that the Horvitz-Thompson estimator (6) can only be marginally
improved, in the sense that the lower bound continues to hold up to a sub-polynomial factor
p°Y) where o(1) is uniformly vanishing as p — 0. For planar graphs, Theorem 19 shows a
similar statement.

In particular, for counting edges, we show that even if the parent graph is known to be
a forest a priori, for neighborhood sampling, the bound in Theorem 2 remains optimal up
to a subpolynomial factor in p. Similarly, for subgraph sampling, we cannot improve the
rate in Theorem 1. We also discuss some results for planar graphs. In what follows, we let
F and P denote the collection of all forests and planar graphs, respectively.

The next results shows that for estimating edge counts, even if it is known a priori that
the parent graph is a forest, the risk in Theorem 1 and Theorem 2 cannot be improved in
terms of the exponents on p. The proofs of all the following results are given in Appendix I.

Theorem 13 For subgraph sampling with sampling ratio p,

~ d
inf  sup Egle—e(G)* < (n; Y m> Am?. (32)
€ GeF: d(G)<d p p
e(G)<m

Theorem 14 For neighborhood sampling with sampling ratio p,

€ GerF: d(G)<d
e(G)<m

" d 2
inf  sup Egle—e(G)> =0 ( o m o ) ,

p2+0(1) A p1+0(1) A po(l)
where o(1) =1/ log% s with respect to p — 0 and uniform in all other parameters.
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For estimating the wedge count under subgraph sampling, the following result shows
that the risk in Theorem 1 cannot be improved even if we know the parent graph is a forest.

Theorem 15 For subgraph sampling with sampling ratio p,

inf  sup Eglw—w(G)* = <
W Ger: d(G)<d
w(G)<w

d2
]% v wp) A w?. (33)

On the other hand, for neighborhood sampling, the tree structure can be exploited to
improve the rate. Analogous to (13), we consider an estimator of the form

W= AN\, G) + aN(A, G) + BN, G), (34)

If we weight Hand A equally, i.e., & = A, this estimator reduces to (20) and hence inherits
the same performance guarantee in (21), which by Theorem 31, is optimal. However, as
will be seen in Theorem 17, there is added flexibility by this three-parameter family of esti-
mators that produces improved bounds when the parent graphs satisfies certain additional
structure. It should also be mentioned that the alternative choices A = %, a = 1%,
and 8 = % yield the same performance bound as in (21).

For this next result, we show that we can improve the performance of the wedge estimator
(34) if the parent graph is a forest by choosing alternate values of the parameters: « = ﬁ,
A= 1%’ and B = 0. These choices eliminate the largest term in the variance of (34), which
is proportional to n(Sy, G)(4a?p>q? + 4\Bptq + B2p° + pigA? — 1). We immediately get the
following variance bound:

Var[@] < W(f) v WG (35)
p p
Note also that s(P3,G) = >, (d2“) whenever G is a forest. Hence another estimator

we can use is ), %(dzu) which has variance of order

obtain the following result.

w(G)d? Putting this all together, we

Theorem 16 For neighborhood sampling with sampling ratio p,

2
inf  sup  Eglw—w(G)]* < (u; v wd) A (wd> A w?.
W GeF: d(G)<d p p p

w(G)<w

The next theorem shows that the minimax bound from Theorem 16 is optimal.
Theorem 17 For neighborhood sampling with sampling ratio p and w > d,
A d d?
inf sup Eglw—w(G)*=9Q ((12 \ w> A <w> A w2> .
W GeF: d(G)<d p p p
w(G)<w

In the context of estimating triangles, the next set of results show that planarity improves
the rates of estimation for both sampling models. Despite the smaller risk however, for
subgraph sampling, the optimal estimator is still the Horvitz-Thompson type.
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Theorem 18 For subgraph sampling with sampling ratio p,

T GeP: d(G)<d
t(G)<t

~ t  td
inf  sup Eglt—t(G)]* =< <3 \Y 2) At
p p

Theorem 19 For neighborhood sampling with sampling ratio p,

((:z,)/\tg) \/td) /\tzgigf sup Eg|/t\—t(G)|2§ (<t3/\tc2l> \/td> A2,
p3 p t GeP: d(G)<d P p p

t(G)<t

Appendix F. Open problems

Here we mention a number of interesting questions that remain open:

e As mentioned in the introduction, a more general (and powerful) version of the neigh-
borhood sampling model is to observe a labeled radius-r ball rooted at a randomly
chosen vertex Lovasz (2012). The current paper focuses on the case of » = 1. For
r = 2, we note for example that a triangle could be observed simply by sampling
only one of its vertices, i.e., A Thus, a Horvitz-Thompson type of estimator is
%N(A, é) and the variance scales as 1/p. When p is small, this outperforms the
neighborhood sampling counterpart (r = 1) in Theorem 3, where the variance scales
as 1/p?. Understanding the statistical limits of 7-hop neighborhood sampling is an
interesting and challenging research direction. In particular, the lower bound will po-
tentially involve more complicated graph statistics as opposed neighborhood subgraph
counts. For example, this may involve developing a theory for graphs generated by
unions of r-hop neighborhoods and algebraic properties of their subgraph counts.

In this paper we have focused on counting motifs as induced subgraphs. As shown
in (1), subgraph counts can be expressed as linear combinations of induced subgraph
counts. However, this does not necessarily mean their sample complexity are the same.
Although we do not have a systematic understanding so far, here is a concrete example
that demonstrates this: consider estimating the number of (not necessarily) 4-cycles
with neighborhood sampling. Note that to observe a Cy one only needs to sample
the two diagonal vertices. Thus, a simple unbiased estimator is ﬁn(m, é), whose

variance scales as O(1/p?) and is much smaller than the best error rate for estimating
induced Cy’s which scales as 1/p3, as given by Theorem 12. The explanation for

this phenomenon is that although we have the deterministic relationship n(m, G) =

s(m, G) —i—s(m, G) +s(m, () and each of the three subgraph counts can be estimated
at the rate of p~3, the statistical errors cancel each other and result in a faster rate.
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Appendix G. Additional experimental results
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Figure 3: Relative error of counting triangles. In Fig. 3a and Fig. 3b, the parent graph

is the jazz network used in Section 3 with t(G) = 17899. In Fig. 3c and Fig. 3d, the

parent graph is a realization of the Erdés-Rényi graph G(1000,0.02) with d = 35, and
t(G) = 1319.
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(¢) Erdés-Rényi graph (subgraph (d) Erdés-Rényi graph (neighbor-
sampling). hood sampling).

Figure 4: Relative error of counting wedges. In Fig. 4a and Fig. 4b, the parent graph

is the jazz network used in Section 3 with w(G) = 103212. In Fig. 4c and Fig. 4d, the

parent graph is a realization of the Erdos-Rényi graph G(1000,0.0015) with d = 7, and
w(G) = 1187.

Appendix H. Auxiliary lemmas

Lemma 20 (Kocay’s Edge Theorem for Colored Graphs) Let h be a bicolored dis-
connected graph. Then N(h,G) can be expressed as a polynomial, independent of G, in
N(g,G), where g is bicolored, connected, and vy(g) < vy(h). Moreover, if [[,cgN(g,G)
is a term in the polynomial, then deg vp(9) < vp(h) and the corresponding coefficient is

bounded by 3w The number of terms in the polynomial representation is bounded by
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the number of vy(h)-tuples (g1, ..., gy,(n)) of all bicolored neighborhood subgraphs such that
S vy (g:) < vi(h) and N(gi, h) # 0.

Proof For a disconnected graph ¢, note that ¢’ can be decomposed into two graphs ¢}
and g5, where g} is connected and vy(gh) < vp(¢') — 1. Then,

N(gla 927 Zag g? 7 (36)

where the sum runs over all graphs g with vy(g) < vip(g}) + vib(g5) = vb(g’) and ag is the
number of decompositions of V(g) into V(g7) U V(g5) and Vi (g ) into V3(g}) U V4(g5) (not
necessarily disjoint) such that g{V,(g])} = ¢] and g{Vi(g5)} = ¢5.

The only disconnected graph satisfying the above decomposition property for vy(g) =
vp(g') is g = ¢/, and hence

1
N(g',G) = — |N(g}, G)N(g5, G Zag (9.G)| (37)
g

where vi(g5) < vp(¢’) — 1 and the sum ranges over all g that are either connected and
vi(9) < vp(g’) or disconnected and vi(g) < vy(¢') — 1. Furthermore, each a4 can be bounded
by the number of ways of decomposing a set of size vy(g’) into two sets (with possible
overlap), or 3ve(9')

We will now prove the following claim using induction. Let h be a bicolored disconnected
graph. For each k < vy(h),

Z cg [[N(g.G), (38)
g€eg

where G contains at least one disconnected g’ for which vy(g') < vi(h) =k, 30 g vb(g) <

vp(h), |eg| < 38w and the number of terms is bounded by the number of k-tuples
(g1, - -, gr) of all bicolored neighborhood graphs such that S™%_| vy (g;) < vi(h) and N(gs, h) #
0.
The base case k = 1 is established by decomposing h into two graphs h; and hg with hy
connected and vy (ha) < vy(h) — 1 and applying (37) with ¢’ = h, g} = hi, and g5 = ha.
Next, suppose (38) holds. Then applying (37) to each disconnected ¢’, we have

N(h, Q) —ZCQN g.G) [N G

g

—ch (91.G (gé,G%Zcth (', G)] HN 9,G
=Z§j'\' g1, G)N(gh, G HN 9.G ZZCM N(H,G HN( .G).  (39)
g /

Note that vy(g5) < vp(g') —1 < vp(h) — (k+ 1) and if b’ is disconnected, then v,(h') <
vp(g') — 1 < vp(h) — (k + 1). Finally, we observe that (39) has the form

> cq [N G, (40)
g g
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where G contains at least one disconnected ¢’ for which vy(¢') < vp(h) — (k + 1), vp(g') <

vp(h) — (k+ 1), degvb(g) < vp(h), and [cg| < ’f—g/‘ v ‘% < 3(k+Dv(h) - The number of
g g

terms is bounded by the number of (k + 1)-tuples (g1,...,gx+1) of all bicolored neighbor-

hood graphs such that Z Fvy(gi) < vp(h) and N(g;, k) # 0. Repeat this until k = vy (h)
and so that the right hand side of (38) contains no disconnected g in its terms. |

Lemma 21 Let H and H' be two graphs on M wvertices. Suppose there exists a constant
B > 0 and positive integer k such that for each connected subgraph h,

IN(h, H) — N(h, H')| < BM" M~k
Then for each subgraph h,
IN(h, H) — N(h, H")| < BQpvy(h)3M W ppve(h) =k
where Qy, is the number of vy(h)-tuples (g1, - .., gu,n)) of all bicolored neighborhood graphs
such that Zl 1 vb(gl) < vp(h) and N(g;, H) # 0 or N(g;, H') # 0.

Proof Let h be a disconnected subgraph. By Lemma 20, N(h, H) = > cg, [I,cg, N(g9, H),

where > o Vvb(g) < vi(h), g is connected, |cg,| < 3™ and the number of terms is
bounded by Q. Thus, using the fact that if x1,...,x, and yi,...,y, are positive real
numbers, |21+ Ty — Y1 Yol < Z?:l |Zi — YilT1 - Ti—1Yit1 - Yn, We have

’N(h7H) h H ’<Z|Cgh H N gv )_ H N(QaH/)

9€Gn 9€Gn

§Z|Cgh‘Z|N g’i7 927 | H Ng]’ ) H N(gJ’H,)?
Gn (

j<i—1 i+l

where {g;} is an ordering of {g}4eg,. Next, we use the fact that max{N(g, H),N(g, H')} <

(V;\é)) < M9 to bound

Z“\I(Qi’ N(gi, H')| H N(g;, H) H N(gj,H’)SB\Qh\MZQGGth(g)"“
i j<i—1 J>it1

Since |Gn| < >° cg, Vb(9) < vp(h), the above is further bounded by Bvy(h)Mve(MW =k Thus,

IN(h, H) — N(h, H")| < BVb(h)va(h)_k Z 0, |
Gn
< BQpvp(h)3Me (0 ppvs =k

Next we present two results on the total variation that will be used in the regime of
P> é. The main idea is the following: if a subset T of vertices are not sampled, for subgraph
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sampling, in the observed graph we delete all edges incident to T', i.e., the edge set of G{T'},
and for neighborhood sampling, we delete all edges within 7', that is, the edge set of G[T].
Therefore, for two parent graphs, if missing 7" leads to isomorphic graphs, then by a natural
coupling, the total variation between the sampled graphs is at most the probability that T
is not completely absent in the sample.

Lemma 22 Let Go = Kaan—9 + Kpatg for integer 6 between zero and A. Consider the
neighborhood sampling model with sampling ratio p. Suppose |6 —0'| < ,/% and both A and

B are at most 1/p. For neighborhood sampling with sampling ratio p, there exists 0 < ¢ < 1
such that
TV(Pée, Pée/) <ec.

Proof Note that Gy is the union of two complete bipartite graphs. Suppose that none of
the A+ B “left” side vertices are sampled. Then Gy can be described by K4 x + Kpy +
(2A — (X +Y))Ky, where (X,Y) ~ Bin(A — 6,p) ® Bin(A + 6,p). Thus, if (X', Y’) ~
Bin(A — ¢, p) ® Bin(A + ¢, p), then

TV(Pg,, Pg,) <1~ P + M PTV(Px vy, P yny)-
Furthermore, observe that
TV(Px ), Px'yn) < TV(Px, Px1) +TV(Py, Py),
where

TV(Px, Px/) = TV(Bin(A — 6,p),Bin(A — ¢, p)),
TV(Py, Py/) = TV(Bin(A + 6, p), Bin(A + ¢, p)).

This shows that if |6 — ¢'| < \/% and both A and B are O(%), then TV(Pg, Pée/) is less
than a constant less than one. [ |

Lemma 23 Let G, Hy, and Hs be an arbitrary graphs and let H = GV Hy and H' = GV Hs.
If v=v(Hy) =v(Hs) < 1/p, then for neighborhood sampling with sampling ratio p,

TV(Pz,Pg) <1—¢" <1-q'?, (41)

More generally, for H= (V,E) and H = (V,E") defined on the same set V of vertices, if
T C V is such that (V\T, E\E(HI[T))) and (V\T, E'\E(H'[T])) are isomorphic, then (41)
holds with v = |T|.

Proof Suppose that none of the v vertices in Hy or Hy are sampled. Then Hy and Hs are
isomorphic to each other. Thus,

TV(Pg, Pg,) < P[at least one vertex in Hy or Hy is sampled] = 1 — ¢".

The second claim follows from the same argument. |

The following lemma, which was used in the proof of Theorems 14 and 16, relies on a
number-theoretic fact:
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Lemma 24 There exist two sequences of integers (au,...,agr1) and (Bi,. .., Prr1) such
that
Y wlay=0 i=0,2,3,...k
z€[k+1]
k41
Y a'B=0 i=0,1,3,....k
r=1

and

Z zag =lem(1,..., k+1),
z€lk+1]

Z 2B, = lem?(1,..., k+ 1),
z€k+1]

where lcm stands for the least common multiple. Moreover, there exists universal constants
A and B such that
> ool < A, > 18] < B~ (42)
zek+1] z€[k+1]
Proof We first introduce the quantity
k (_1)z+1 k
= (6)
=1

The key observation is that Ziié(—l)x(kzl)D(x) = 0 for all polynomials D with degree
less than or equal to k. Hence we can set

oy = <71 - 1) (1) (“ 1>Icm(1,...,k+ 1)

x x
and

52:—(’)’1—’72—m+x2>(—1)x< . lem*(1,...,k+ 1),
where z = 1,2,...,k + 1. A well-known number theoretic fact is that the least common

multiple of the k integers is in fact significantly smaller than their product. In fact, we have
the estimates Nair (1982), Hanson (1972)

281 <lem(1,..., k) < 3% forallk > 1,

which shows (42). [ ]

Lemma 25 For the two graphs H and H' from Theorem 14 constructed with (a, ..., ag+1)
from Lemma 24, we have for neighborhood sampling with sampling ratio p,

TV (Pg, Pg,) = O(pA* + (ptAM)"),

provided plA* < 1.
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Proof There are four types of connected subgraphs of H and H': edge with one black
vertex, edge with two black vertices, S,, u > 1 with white center, S,, u > 1 with black
center. If g is an edge with one black vertex N(g, H) = 20a + EZM’} zw, and N(g, H') =
20 +€Zk+% zwl. If g is an edge with two black vertices N(g, H) = ¢ and N(g, H') = £o/.

If g = S, with white center, then N(g, H) = > "1 w, (Vb(””)) and N(g, H') = Skt 1o, (Vf(‘i]))

and furthermore,
k+1 k+1 .
/
Wy — w
> < ) 2 $<vb<g>)|

IN(g, H) — N(g, H')|

r=1
¢ |EH k+1
= TWy — TWy
vi(9) Zl ;_31 ‘
If ¢ 2 S, with black center, then
k+1
N(g,H) = Zwm< )IL{Z;U:U}
k+1
N(g, H') = ( =

We find that [N(g, 7) ~ N(g, H')| < 2a*(¢(k + 1))@~ and [N(g., H)| < 2a¥(£(k + 1))»(5).
Let v=v(H) =v(H (¢(k + 1)+ 1)a*. Then

TV (P, P,

l\.')\r—l

) <
Z — N(h, H')|p**™ g*=ve") 4 P[Bin(v,p) > k + 1],
p(h)<

where the sum runs over all bicolored graphs with at most k& black vertices. By Lemma 21,
for each subgraph h,
N, H) = N(h, H')| < vy (h)3M " (2, (R)a® (k + 3))* ) (¢(k + 1)) ()~
where we used the bound Qj, < [vy(h)(k + 3)]"*("). Hence,
1
TV(Py, Pg) <5 Y. IN(hH) = N(h, H)p»"M g ") 4 P[Bin(v,p) > k + 1

2
h:1<vy (h) <k

Z Vb(h)3[vb(h)]2(2vb(h)ak(k + 3))Vb(h) ((k + 1))Vb(h)—1pvb(h)qv—vb(h)+
h:l<vy (h)<k

P [Bin((e(k + 1)+ 1) p) >k + 1}

IN
N | =

[e.9]

k
(PA")> (AR + Y (ptAF)
v=0 v=k+1
= O(pA* + (ptA")Ft1),

IA

for some constant A > 0 and provided plA* < 1. [ ]
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Lemma 26 For the two graphs H and H' from Theorem 17 constructed with (51, ..., Br+1)
from Lemma 24, we have for neighborhood sampling with sampling ratio p,

TV(Pg, Pg) = O(pA* + (ptA*)* + (ptA*)Y),
provided plA* < 1.

Proof There are two types of connected subgraphs of H and H': S,, u > 1 with white
center and Sy, u > 1 with black center. If ¢ = S, with white center, then N(g, H) =

Sk, (Vf&)) and N(g, H') = k!, (Vf(”cg)) and furthermore, since S"F 11 givy, = STV gigy,

for i =0,1,3,...,v(g),
k+1 k+1
S -l

=1

‘N(gvH) - N(gvH/)‘ =

k+1 k+1

g 2w, — g x2w;3 .
r=1 r=1

£2
vu(9)(ve(g) — 1)

If ¢ =2 S, with black center, then
k+1 O
NG 1) = S, J1lte =)
< B 1) 1{lx = u}

We find that |[N(g, H) — N(g, H')| < 2a*(£(k + 1))»@~1 and [N(g, H)| < a*((k + 1))"(9),
Let v =v(H) = v(H") < (L(k +1) + 1)d*.

TV (P, Pg,) <

where the sum runs over all bicolored graphs with at most k£ black vertices. By Lemma, 21,
for each subgraph h with vy(h) # 2,

IN(h, H) — N(h, H")| < v ()3M®F (2vy (R)aP (k + 3)) ™) (¢(k + 1))@,
where we used the bound Qj, < [vy(h)(k + 3)]"*("). Hence,

TV(Pz, Pg,) < L > IN(h,H) = N(h, H")|p*"g"=") + P [Bin(v,p) > k + 1]
h:lSVb(h)Sk‘
< 1 Z Vb(h)S[vb(h)]Q(2Vb(h)(lk(k + 3B (p(k + 1)) =1 pv(h) go—ve(h) 4
hivy (h)#2, vy, (h) <k
ak0?p? + P [Bin((@(k‘ +1)+1)ad", p) > k+ 1}
k 0o
< (pAF) D (pLAR)” + (peAF)? 4+ > (prAk)
v=0 v=k+1

= O(pA* + (ptA")? + (pLAF)F1),
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for some constant A > 0 and provided plAF < 1. [ ]

Lemma 27 There exists two planar graphs H and H' on order ¢ vertices with matching
degree sequences and mazximum degree equal to £+1 such that for neighborhood sampling with
sampling ratio p, TV(Pg, Pg,) = O(p* + p*f?) and |w(H) —w(H')| = 3|t(H) — t(H")| < ¢
provided p = O(1/¢). Furthermore, there exists two planar graphs H and H' on order ¢
vertices such that for neighborhood sampling with sampling ratio p, TV(Pg, Pg,) = O(p)
and |t(H) —t(H')| < £.

Proof The proof follows from an examination of the two graphs below. Note that N(h, H) =
N(h, H") for all connected h with vi(h) = 1 and since |[N(h, H) — N(h, H')| = O(1) for all
connected h with v, (h) = 2, it follows from Lemma 21 with & = 2 that |[N(h, H)—N(h, H')| =
O(1) for all h with vy(h) = 2. Thus,

TV(Py, Pg) = S IN(h, H) = N(b, H)[p® g ®) = 052 + 3 hph) = 0(p? + p*),
h k=3

provided p = O(1/¢). The identity |w(H)—w(H')| = 3|t(H)—t(H")| = {—2 follows from the
fact that H and H' have matching degree sequences (corresponding to matching subgraphs
from neighborhood sampling with one vertex).

For the second statement, consider two planar graphs H and H’ on £+ 2 vertices, where
H consists of ¢ triangles sharing a common edge, and H consists of £ wedges sharing a pair
of non-adjacent vertices; see Fig. 5 for an illustration for £ = 5. Note that if neither of

Figure 5: Example of H and H' with £ =5
the two highest-degree vertices in each graph (degree £ + 1 in H and degree ¢ in H') are

sampled and all incident edges removed, the two graphs are isomorphic. This shows that
TV(Pg, Py,) <1 —¢* = O(p). Also, note that t(H) = ¢ and t(H') = 0. |
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Table 3: The graph H'

Table 2: The graph H with with ¢ = 5 and d(H') =
¢=5andd(H)=/¢+1=6 (+1=6
Copies Components Copies Components

LA
X

A
e

<

AN

N
TS
- €+1u

N

200+ 1)

Appendix I. Additional proofs

Proof [Proof of Theorem 3] Let b, = 1{v € S} i'ri\'fl'Bern(p). For any T C V(G), let
bp & [Ier bo. Write

= Y {é{T} ~ Kf;} + 61 {é{T} ~ KL}

F(I{GT] = Ko}, (43)

where

F(T) £ a by (1= by) + Bbr.

veT

Similar to (14), enforcing unbiasedness, we have the constraint E[f(T")] = 1, i.e.,

wp lga+p¥B =1 (44)
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Furthermore, whenever |T NT'| =t € [w], we have
E[f(T)(T")] = o® (tap™ "' + (0 = )2*p™ " 72) + 2(w — t)gp™ " laf + 2> (45)
=p" [oﬂtqp%_l + (a(w - gt + gpwﬂ
Dy |a2tqp™ ™" + (1 - tgap* ™)’ (46)

This follows from evaluating the probability of observing a pair of intersecting cliques with
two, one, or zero unsampled vertices. For example, the four summands in (45), in the case

of w=4 and t = 2, correspond to m, m, m, m, respectively.

Let ¢; = Cov[f(T), f(T")] = p~* [athpz“’_l + (a(w —t)gp*~t + 5])“’)2} —1for |TNT'| =
t. Denote by T,,; the subgraph correspond to two intersecting w-cliques sharing ¢ vertices.
Then

Varfs] = Y Cov(f(T), f(T")1{G[T] ~ K., G[T'] ~ K, } (47)
TmT'ﬂ)

:th > (T, G) < s(K., G)d Z:: ()

t=1 |TNT’'|=t
Next consider two cases separately.

Case I: p < 2. In this case we choose a = pw ——rand 8= <. Then ¢; = p~ (tpq + (1 -

%7)2) < 2p~t. Furthermore, for the special case of t = w, we have o < p~ @1 Thus,

Var[s] < s(K,,G) (d“’ z‘*’: (j) (pd)~* —i—p(”U) < s(K,, G)w2eHdp~ @b, (48)

t=1

Case Il: p < é. In this high-degree regime, the pairs of cliques sharing one vertex (¢t = 1)
dominate (i.e., open triangle for counting edge and bowties for counting triangles). Thus
our strategy is to choose the coefficients to eliminate these covariance terms. In fact, (46)
for ¢t = 1 simplifies wonderfully to

q w—112
cp=-(1—ap .
p( )
Thus we choose o = p —— and = wq Hence ¢; < 2w?p~ for all t > 2, and
L fw
Varfs] < s(K,,, G)d*2w® ) <t> (pd)~t < s(K,, G)2° T wbdv2p~2. (49)
t=2
Combining (48) and (49) completes the proof. [ |

Proof [Proof of Theorem 1] Since s is unbiased, it remains to bound its variance. Let
by, = 1 {v € S}, which are iid as Bern(p). For any T C V(G), let by = [], 1 by Then

s=pF > an{G ] ~h}.

TCV (G
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Hence

Varfs] = p2* Y~ Cov(br, by )1 {G[T] ~ h,G[T"] ~ h}

TNT'#0
<p > Ebror]1{G[T] ~ h,G[T'] ~ h}
TNT'#0
k
= prt Z 1{G[T] ~ h,G[T'] ~ h}
t=1 |[TNT'|=t

IN

k
>t @) )1 < sl 2 Kmax{ (), )1,

where the penultimate step follows from the fact that the maximum degree of G is d and,
crucially, h is connected. |

Proof [Proof of Theorems 13, 15, and 18] The upper bounds are achieved by Horvitz-
Thompson estimation as in Theorem 1. However, for Theorem 15, we are able to achieve
a smaller variance because n(m, G) is of order td for planar G instead of td?> and hence

(oo [2G)
Var[tyt] < “‘%m) + n(g’G) + - < 1% + p—‘; + %d = Lv ;—‘;. For the lower bound,
the proof follows the same lines as Appendix D.2 in that we use two different constructions

depending on whether p < 1/d or p > 1/d.

For edges, let H = Sy and H' = (£ + 1)S; with ¢ = ¢(d A 'm) for some small constant
¢ > 0. Then TV(Pz, Pg,) < p(1—¢°) < pA (£p?).

For wedges, when p < 1/d, let H = Py + K and H' = P3 + P». Then TV(Pg, Pg,) <
O(p®). When p > 1/d, let H = Sy and H' = ({ + 1)K;. Then TV (Pg, Pz,) < p. Finally
set £ = ¢(d A w) for some universal constant ¢ > 0.

Finally, for triangles, let H be the graph which consists of ¢ triangles that share the
same edge plus / isolated vertices. Let H' be the graph which consists of two Sy star graphs
with an edge between their roots. Choose ¢ = ¢(d A t) for some small universal constant

¢ > 0. Then TV(Pz, Pg,) < p*(1 — ¢ < p? A (p30). |
Proof [Proof of Theorem 14] Let (w1, ..., wg41) and (wy,...,wj, ;) be two sequences of
integers defined by w, = max{a,,0} and w), = max{—a,,0}, where (a1,...,qr 1) is as in

Lemma 24. Consider the disjoint union of stars

k+1 E+1
H ~ Z Wy Sy + LSt and H ~ Z wh Spy + L’ Sy,
=1 =1

for integer £ > 1.
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Note, for example, that e(H) = (X" 2w, + @) and v(H) = e(H) + ¥ w, + o =
Zkﬂ(&: + 1w, + 2af. Thus, e(H) V e(H') < fa* for some universal a > 0. Note that

k+1 kt1 /
e(H) — e(H') =l — o) = (wax wa > 25,

and by Lemma 25 there exists universal A > 0 such that

TV(Pg = Z|N (h, H) — N(h, H)|p"®Mgv=(h) — O(pA* + (prA*)*),

provided plAF < 1.
By Theorem 6, we have

inf  sup  PlE—e(@) = A >
€ GeF: d(G)<d
e(G)<m

where

Ar 2 [e(H) —e(H') W e(H) v e(HYTV (P, Py,) | e(H) v e<H/>>

ml A m
Pk + (plck)F "

for some universal constants ¢ > 0 provided plc* < 1. Next, choose

1-1/k . k/(k—1)
1 1
o )G Nk ifp> (G . (50)
: k/(k—1
dAm it p < (&)Y
Taking k = log}l7 yields the desired lower bound. |
Proof [Proof of Theorem 17] Let (w1, ..., wgy1) and (wy,...,wj, ;) be two sequences of

integers defined by w, = max{3,,0} and w! = max{—/,,0}, where (31,...,Bk+1) is as in

Lemma 24. Let
k+1 k+1

H ~ wang and H' ~ nggszxa
r=1 z=1

for integer ¢ > 1. Note, for example, that e(H) = fof} Twy, V(H) = Zkﬂ(&v + Dw,,
and w(H) = ZI;«:% (gx)wx. This means that w(H)Vw(H') < £2a* for some universal a > 0.

Note that
2 k+1 k+1 62
_ — >
w(H) (g 2w, — g z? ) 25
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By Lemma 26, we have that TV (P, Pg,) = O(pA* + (plAF)? + (p A¥)) for some universal
A > 0. By Theorem 6, we have

inf  swp PF-w(G) > A >c
W GeF: d(G)<d
w(G)<w

where

A¢ 2 |w(H) —w(H")] <\/ wW(H) vV wW(H YTV (P, Pry) " w(H) v w(H'>>

w? w
> N —,
~\ pck + (plck)? + (plck)k " ck

for some universal constant ¢ > 0. Next, choose k = 2 and £ = ¢(d A w'/?) when p < 1/d
for some universal constant ¢ > 0. For p > 1/d and w > d, we use Lemma 22 with

A=DB=1and A = cd. Then w(H) < w(H') < d* and |w(H) — w(H')| < d %, and
TV(Pg, Py,) < ¢ < 1. By Theorem 6, we have infg supger. a()<a EalW —w(G)|* 2 w?d. [ |
w(G)<w

Proof [Proof of Theorem 19] Let R denote the minimax risk. The bound R < % follows
immediately from Theorem 12 with w = 3. For the other regimes, we modify the estimator
(43) from Theorem 3. To accomplish this, observe that n(M, Q) is of order td for planar

G, since the number of triangles that share a common vertex is at most d. Choosing

a = =15 so that, in the notation of the proof of Theorem 3, ¢; — 1 < L and ¢y — 1 =
2qp p
p2 [2a2qp5 + (1 — 2qap2)2} = %, we have Var[s] < 1% V %. This yields the bound R <

]% \% %. Thus, R < (z% \% %) A ;—Czl = (ﬁ A ;—‘21) \% %. For the lower bound, consider two
cases:

Case I: p < 1/d. By Lemma 27, there exists two planar graphs H and H’ on order ¢
vertices such that TV(Pg, Py,) = O(p* + p*¢%) and t(H) < t(H') < [t(H) — t(H")| < ¢
provided p = O(1/¢). We choose £ = p~'/3 At if p > 1/d>. Otherwise, if p < 1/d°, we
choose ¢ = d A t. By Theorem 6, this produces a lower bound of R 2> <I# A ;—‘;) A2

Case II: p > 1/d. We use the second statement of Lemma 27 which guarantees the ex-
istence of two planar graphs H and H' on order / vertices such that TV (P, Pz,) = O(p)
and t(H) =< [t(H) — t(H')| < £. Choosing ¢ = d At yields the lower bound R 2, % At B

Proof [Proof of Theorem 4] To make € unbiased, in view of (12), we set

1= E[’CA] = pQ(f(du) + f(dv)) +p29(dua dv)
This determines

1-— pQ(f(du) + f(dv))

g du>dv = .
( ) pe
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An easy calculation shows that

(1- pq(f(d;2> FIAD (P20 + F(d) — 1

and if A = {u,w} and A" = {w, v} in G, then

Var[Ka] =

CovlfCa, K] = (1= pf(du))(1 = pf ().
Otherwise, Cov[K4,K4/] =0 if A and A’ do not intersect. Thus,

Var[g] = % > duw(1 = pf(dn))(1 = pf(dy))
uUFV

Ly [(1—pq(f(d;2?+f(dv)>>2+pq(f2(du)+f2(dv>)—1v (51)

{uv}eE(G)

where d,,, denotes the cardinality of Ng(u)NNg(v). To gain a better idea for how to choose
f, we first suppose that f = «. Thus, (51) reduces to the mean square error of (10) or

Varle] = 2;”(}’& G)(1 —pa)® + e(G)]%(l +p(1 = 2a((p — 2)pa + 2)))

Next, let us minimize the above expression over all «. Doing so with

o — (1> pe(G) + pn(P3,G) (1) 2qe(G)
p/) pn(Ps3,G) +e(G)(2 - p) 2p) pn(P3,G) +e(G)(2—p)

yields

N qj e(G)(e(G) +n(Ps,Q))
Verle = 2= (@) + (P, G) 52)

Note that o’ is a convex combination of % and % These are the values that yield the risk
bound for the non-adaptive estimator (10) in Theorem 2, viz.,

1 1 1 1
(el (=)

p p 2p p
Of course, this choice of o' is not feasible since it depends on the unknown quantities e(G)
and n(P3,G). However, noting that e(G) =), d,/2 and n(P3,G) =), (d“) inspires us to

define 2
(1 (%) (%) 1 24(3)
fld) = <p> p(5) + (B2 -p) <2p> p(3) +(3)2-p)

o i 2pd, i 2q

a (229) p(dy — 1)+ (2 —p) " <2p> p(dy — 1)+ (2 —p)
o pdy +q

~ ppdy +2q)°
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With this choice of f, we will verify that the variance and covariance terms in (51) also
yield the rate (17). Note that

q q q dq
pZ " [pd +QQ] [pd +2q] Zpd g s Zpd +2¢q

uv
Ndq e(G) < Nd A e(G)d

p pe(G)+qN — p? P
for £ > 0. The

9

where the second last inequality follows from the concavity of x —
variance term has the bound

S [AertH A IR 4 i+ e -1 2o () v3)),

{uv}eE(G) p p p

pac+2q

which follows from (1_pq(f(d“3+f(d”))) < % A (d? + d?) and pq(f%(dy) + f3(dy)) <

p ~ u

Appendix J. Neighborhood sampling without colors

In this appendix we demonstrate the usefulness of the color information (namely, which
vertices are sampled) in neighborhood sampling by showing that without observing the
colors, the performance guarantees in Theorem 2 are no longer unattainable in certain
regimes.

Theorem 28 Let F denote the collection of all forests. Consider the neighborhood sampling
model without observing the colors {b, : v € V'}. Then

inf  sup  Egle—e(G)* = mp(d Am). (53)
€ GeF: d(G)<d
e(G)<m

Proof
Let M = m/k, where k = d A'm and set Fo = {Gy : Gog = Sp, + -+ + Sp,,, 0 =
(01,...,00) € [K]M}. Note that for each § € [k]™, e(Gy) = |0]1. Thus, if X =
(X1,...,Xnm), where {X;} are independent and X; ~ pdy, + ¢Bin(6;,p) for i € [M], then
inf sup Egle—e(G)|? >inf sup Eg|||€]1 — g(X)*.

€ GeF: d(G)<d 9 geldM
e(G)<m

By the minimax theorem,

igfgsl[g]) Eg| (6]l — g(X)* = Sup iy inf Bol[16]11 — 9(X)|* = SUPEXEQ@HIQIh — Egix|l6][?
oelk)™

> sup ExEgx|l|0]l1 — Egx||0/l1]* = M sup ExEqg x|0 — Egx0|?
fecn®M Pem

1
= Minf sup Eg|0 —g(X)]*=m (pk\/ <p /\k))

9 9e[drm)
Z mp(d Am),
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where X ~ 0y 4+ ¢Bin(6, p) and the second to last line follows from Lemma 30 below. |

Remark 29 Note that when p > (1/d)Y/3 and m > d, the minimaz lower bound (53) is
strictly greater than the minimazx risk in Theorem 14, thus confirming the intuition that the
knowledge of which vertices are sampled provide useful information. On the other hand,
the Horvitz- Thompson estimator (7) can be implemented without the color information and
achieve the error bound O(de) in (9). Comparing with Theorem 1, we conclude that neigh-
borhood sampling is at least as informative as subgraph sampling, even if the colors are
not observed. This is intuitive because neighborhood sampling reveals more edges from the
parent graph.

Lemma 30 Given 0 € [k], let X be distributed according to pdg + ¢Bin(6,p). Assume that
p <1/2. Then

k
inf sup Eg[|0 — g(X)|?] < pk? v < A k2> . (54)
9 6c[k] b
Moreover, the minimaz rate is achieved by the estimator g(X) =k A %.

Proof Denote the minimax risk by R. Let id denote the identity map. Given any estimator
g, without loss of generality, we assume g : {0,...,k} — [0,k]. Since Ey[(0 — g(X))?] =
p(0 — 9(0))* + qEx wBin(a,p) (0 — 9(X))?], we have

sup Eg[|0 — g(X)|*] > pllid — g]|3. (55)
0€lk]

Also, (0 — g(X))? > —(X — g(X))?2 + (6§ — X)?/2, and hence

, 1
Ex~Binop)[(0 = 9(X))*] = —[lid = g[I% + 5(¢°0” + pat).

Therefore q
s B[10 — 9(X)[*] = —qllid — gll5 + 5 (a*K* + pak). (56)
€
Combining (55) and (56), we get
R> %(W + pgk) < pk?. (57)

Next by the minimax theorem,

R = supinf Eq[|0 — g(X)[] = supinf | pEoex(l0 — 9(0)"] +aFoen x~inop [l — 9(X)[’]

€[0,k2]

We also know that

. . k
sup inf Eger x~Bin(o,) ([0 — 9(X)|*) = inf sup Eger x~pin(o)[10 — 9(X)[] < = A K.
™ 9 9 oelk] p

44



COUNTING MOTIFS WITH GRAPH SAMPLING

Therefore we have

k k
“ANKE<S RS pk?+ = AR
p p

Combining with (57) yields the characterization (54). |

Appendix K. Lower bounds for other motifs
Theorem 31 (Wedges) For neighborhood sampling with sampling ratio p,

/\ d
inf sup Eglw—w(G)*= w—Q A w?.
W G d(@)<d P
w(G)<w

Proof For the lower bound, consider two cases:

Case I: p<1/d. Let h=P5; and h/ = K3+ K». For each node in the original graph, we
associate ¢ distinct isolated vertices and connect each pair of vertices by an edge if and only
if they were connected in the original graph. Call these expanded graphs H and H’'. Note
that H and H' that have matching degree sequences (2,2,2,1,1) and hence TV (P, Pg,) =
O(£?p?). Furthermore, s(Ps, H) =< s(Ps, H') < |s(Ps, H) —s(Ps, H')| < 3. If £ = ¢(d Aw/3),
then by Theorem 6 with M = w /3, infg SUPGeg(w,d) BGIW — w(G)|? = Z’—f Aw? < % A w?.
Case II: p > 1/d. We use Lemma 23 with G = Ky, Hy = Ky, + Ky, and Hy = Ky,
This gives us two graphs H and H' with s(Ps, H) = |s(P3, H) — s(Ps, H')| < {/p*. By
Theorem 6 with M = w/(¢/p?), infg SUPGeg(w,d) EGIW — w(G)|? 2 g—f Aw? Let £ = cd if
z% < w and £ = cp?w if z% > w, for some small constant c. In either case, we find that
w(H) < w, w(H'") < w, and infg supgeg(w,q) Ec|W — w(G@)|? < ;j—gl A w?. [ ]

Lower bound for motifs of size four It remains to show that holds the result in
Theorem 12 that holds for K4, namely,

~ d  sd?
wf sy EeR - s(L,G)F =0 (25 2 ) %)
S G- d(G)<d P p
s(h,G)<s

continues to hold for h = I:I, &—07 m and %LO For the case of p < 1/d, the construction
for K4 in (29) works simultaneously for all motifs, because each motif is contained in one
of H and H' and not the other. Next we consider the case of p > 1/d. The construction is
ad hoc and similar to those in Theorem 1 and Theorem 3.

e For h = %LQ, we use the clique construction: label the root as v; and the leaves as
va, V3, v4. Define the graph H as follows: Expand vy into a clique S of size ¢, and for
i = 2,3,4, expand each v; into a clique S; of size 1/p. Connect each pair of vertices
u; € S; and u; € S; for ¢ # j if and only if v; and v; are connected in the motif
h. This defines a graph H on ¢ + 3/p vertices. Repeat the same construction with
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h replaced by A)ﬂ, where the degree-one vertex is v;. Note that if we remove the
edges between the set of vertices T = Sy US3U Sy, for H and H’ the resulting graph is
isomorphic. Thus by Lemma Lemma 23, we have TV(Pg, Pg,) <1— (1 —p)?/P <0.9

if p < 1/2. Furthermore, note that s(, I o H') =0 and s(, i o H) = £/p3. Finally,
taking ¢ = ¢(d A z/%) for some small constant ¢ and invoking Theorem 6, we obtain

the desired lower bound ;—‘; A 52 in (58).

For h = Aoﬁ,, use the same construction as above with H and H’ swapped.

For h = ISZ, we repeat the clique construction of H with vy being any of the degree-
three vertices in h, and of H' with h’ = m; in other words, we simply have H' =
K€+3/p'

For h = m, we repeat the clique construction of H with v; being any vertex in h,
and of H' with A/ = TZ, with v being the degree-two vertices.
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