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This paper investigates the problem of passive dynamic output feedback control for fuzzy discrete nonlinear systems with
quantization and actuator failures, where the measurement output of the system is quantized by a logarithmic quantizer before being
transferred to the fuzzy controller. By employing the fuzzy-basis-dependent Lyapunov function, sufficient condition is established
to guarantee the closed-loop system to be mean-square stable and the prescribed passive performance. Based on the sufficient
condition, the fuzzy dynamic output feedback controller is proposed for maintaining acceptable performance levels in the case of

actuator failures and quantization effects. Finally, a numerical example is given to show the usefulness of the proposed method.

1. Introduction

History has witnessed the development of fuzzy logic theory,
and it has been demonstrated to be effective in handling
complex nonlinear problems. Wherein, as a common typical
model, T-S fuzzy model is often used for stability analysis
and controller design [1]. Fuzzy model has provided a way
to approximate nonlinear system so that some linear system
methods can be used for the analysis of nonlinear systems
[2-4]. In the past few decades, many important results have
been reported. For instance, the problems of stability and
stabilization of fuzzy systems have been investigated in [5-
8] and results on filter and controller designs with H,
performance have been reported in [9-14].

Modern control systems have been becoming increas-
ingly complex, which cause researcher’s attention to focus
on the system reliability and security. Reliable control is in
the process of controller design, and the system components
(such as actuators and sensors) failure has been considered.
So no matter what kind of failure occurs, it can ensure
that the system is stable and the performance is within
the acceptable range. The design of conventional control
system is usually assumed that the system components are
in good condition (i.e., without any fault); however, due to

the natural aging of the components, harsh environmental
changes, and other factors, the actuator inevitably fails, which
will not only worsen the whole system performance but
also even lead to the system instability. Therefore, when
the components of control system fail, how to design an
effective controller or a reliable filter to improve reliability of
system is of profound significance in both theoretical research
and practical engineering [15-19]. In [15], a reliable filter
is designed to ensure a strictly dissipative performance for
the filtering error system by solving a convex optimization
problem. In [17], sensor fault estimation and fault-tolerant
control for Markovian jump systems are investigated. The
problems of H_, and passive filtering of singular system with
sensor fault are concerned in [18].

NCSs have been successfully applied in a broad range of
areas since they possess many advantages including flexibility
in system implementation, reducing cost of installation,
and facilitating system maintenance [20-24]. However, the
characteristic of the shared network always causes some
problems. One of them is packet dropouts, which degrades
the system performance and even makes the system unstable.
Another problem is the limited communication capacity
which causes many researchers to focus on the problem
of quantization. In [25-27], the state feedback controller is



designed for nonlinear system. However, the drawback of
the state feedback controller is that full knowledge of the
state vector is usually unavailable. Moreover, the dynamic
output feedback controller design has been investigated [28,
29]. In contrast to the existing results, the combination of
a fuzzy-basis-dependent Lyapunov function approach and
transformation on the controller parameters is used which
lead to a less conservative result. Moreover, the consideration
of both quantization and actuator failures further reduces
the conservatism. To the best of the authors’ knowledge, the
dynamic output feedback control with quantization and actu-
ator failures has not been fully investigated, which motivates
the research of this article.

This paper considers the quantized passive output feed-
back control for the fuzzy discrete nonlinear systems with
actuator failures. Sufficient conditions are derived to guar-
antee that the closed-loop system is mean-square stable and
satisfies the prescribed passive performance. The dynamic
output feedback controller is taken into account, which
avoids the case where the state is unmeasured. The main
contributions can be summarized as follows: (1) the fuzzy
dynamic output feedback controller is proposed for mini-
mizing the system normal level and maintaining acceptable
levels in the case of actuator failures, since it often does not
wish to sacrifice the normal performance for the infrequent
faulty cases; (2) with the consideration of actuator failures,
the robust passive dynamic output feedback controllers are
designed to deal with the measurement losses and mitigate
quantization effects.

The rest of this paper is organized as follows. Section 2
formulates the problem. The stability condition and passive
performance of the closed-loop system are given in Section 3.
The dynamic output feedback controller is proposed in
Section 4. An illustrated example is given to demonstrate the
effectiveness of the proposed method in Section 5 and the
conclusion is presented in Section 6.

Notation. In this paper, real numbers, Euclidean space with n
dimension, and n X m real matrices are denoted by R, R”,
and R™™, respectively. M stands for the transposition of
matrix M. Diagonal matrices are denoted by diag{-}. For a
stochastic variable x(k), its probability and expectation are
denoted by P{x(k)} and E{x(k)}, respectively. X > 0 stands
for a positive definite matrix. [,[0, co) denotes the space of
square summable infinite sequence. The term induced by
symmetry is denoted by .

2. Problem Formulation

2.1. System Description. In this paper, we consider the follow-
ing fuzzy nonlinear system.

Plant Rulei. 1t §, (k) is &;;, 8,(k) is &5, and - - - and 8,(k)is &
then
x(k+1) = Ax (k) + Bu (k) + Ejw (k)
z(k) = Cx (k) + D" (k) + Fw (k)
y (k) = L;ix (k)

ip>

)

i=1,...,r1,
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wherei € ® = {1,2,...,r}, r is the number of IF-THEN
rules, &;; are the fuzzy sets, and 6,(k),8,(k),...,8,(k) are
the premise variables. x(k) € R" is the system state vector,
uf(k) € R™ is the control input vector, z(k) € R? is the
controlled output, and y(k) € R® is the measurable output.
w(k) € R is the exogenous disturbance input which belongs
to,[0,00). A; € R™", B, ¢ R™™ E, ¢ R™,C, e RT™", D; €
R?”™ F, € R™, L, € R™" are all constant real matrices with
appropriate dimensions. Then, the resulting fuzzy nonlinear
system can be inferred as follows:

x(k+1) = ihi (8 (k) {Ax (k) + Bu" (k) + B ()}

i=1

MM:EMQ&DKﬁMHIwWM+EwMH(ﬂ

i=1

y () = Y i (8 (k) {Lx (K)}
i=1
where
P, (3 (K))
h; (8 (k) = oo—————,
R S ANEITS)

3)
r

pi @ (k) =] & (8;(R)),
j=1

with Eij((? j(k)) showing the grade of membership of & j(k)
in 6,-].. Then, it is not hard to see that p;(6(k)) 0 and
Z;Zl p;j(6(k)) > 0,Vk, which implies h;(6(k)) 0, and
Zir:l h;(8(k)) = 1,Vk. For the sake of brevity, in the sequel,
we use h; and h; to represent h;(8(k)) and h;(S(k + 1)),
respectively.

>
>

2.2. Actuator Faults. In this paper, we assume that there
exist actuator faults and this phenomenon occurs randomly.
Once the actuator failure occurs, the output of the actuator
measurement values and the system input values are not
consistent, namely uf (k) # u.(k).

Considering the following actuator faults model, we use
u” (k) to represent the control signal that is sent to actuator:

u” (k) = au, (k), (4)

where o = diag{a;, oy, ..., ,,}, and

0Oy <oy<oy<l, I=12...,m (5)

When o, = @; = 0, it means that /th actuator fails. When
0 < a; < oy < 1, it implies that Ith actuator can only receive
partial information. When «;, = @&; = 1, it indicates that /th
actuator is in normal condition. Then, we define

et gt &y T O
a:dlag{ 3 L 3 2., m2 =

A -0, 0, -« aQ, — &
cic:diag{1 — 22—2... ”‘2—’”} ©)
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Then, it easy to obtain

(x=56+81, (7)
where
oG-
|6 < 12—’, 1=1,2,...,m. (8)

Remark 1. In actual control systems, the actuator faults can
occur inevitably which may be caused by the component nat-
ural aging and the harsh environment. Without considering,
the actuator faults would degrade the system performance
and even lead to unstable system.

2.3. Logarithmic Quantization. The logarithmic quantizer is
described by

¥, () = Q(y (k)), 9)

where Q(y(k)) = [Qi(31(K) Q1K) + Qu(yu(kN],
and the logarithmic quantizer is depicted by the following set
of quantization levels:

Uj:{J_r‘uﬁ:Mﬁ:p;.,uo,i:O,il,iZ,...}U{O},
(10)
0<p; <1, gy >0,

where parameter p; is the quantization density. For the
logarithmic quantizer, associate quantizer Q j(-) is defined by
the following:

Q; (v (k)
if; <y.(k) < b
Hii 1+Qjﬂji Yi\k) = 1_@j!f‘ji an
=10 if y; (k) =0

—Qj (—J’j (k)) if)/j (k) <0,
where

_L1oh
1+p;

[of (12)

Then, a sector bound expression can be described as follows:

Qi (y;(0)=(I+4;0)y; (), [A;(0| <0 (13)

where A j(k) yj(k) represents quantization error.

2.4. Dynamic Output Feedback Controller. In this subsection,
the following dynamic output feedback controller is pre-
sented.

Controller Rule i. 1f 8, (k) is &;;, 8,(k) is §5, and - - - and §,,(k)
is §;,, then,

x, (k+1) = A x, (k) + By, (k)
(14)
u, (k) = Cx. (k),

where x (k) € R¥ denotes the state vector of the controller;
u. (k) € R™ is the controller output; y.(k) € R°® is the
measurable output; A, B;, and C,; are the controller gains to
be designed. Then, the form of the controller can be described
by

X (k + 1) = Zh1 (6 (k)) {Acixc (k) + BciYc (k)}
i=1

(15)
u, (k) = Y 1 (8 (k) {C,x, (k)} .

i=1
2.5. Closed-Loop System. Define {(k) = [x(k)T xc(k)T]T,
and combine (2), (4), (13), and (15); the following closed-loop
system can be obtained:

C(k+1) =Y Y hh {A L (k) + B ()}

i=1j=1

(16)
z(k) = Y Y hh; {C¢ (k) + Fiw (k)},
i=1j=1
where
— A; aB,C.;
A = ]
Y |B;I+A(R)L; A
C; =[Ci aD,C,] 1)
E = [ o
F,=F.

2.6. Main Objective

Definition 2. The system in (16) is mean-square stable with
w(k) = 0, and if there exists finite H > 0 such that the
following inequality holds:

F {Z ¢ (k)l|2|¢(o,} <COTH{©),  (8)
k=0

for any initial condition £(0).

In order to gain the main results, the following lemma
should be introduced.

Lemma 3 (see [30]). Given matrices E,, E,, and E; of
appropriate dimensions and with B, symmetrical, then

B, +E;A(K)E, + E1A(K) E] <0, (19)

holds for all A(k) satisfying A(k)T A(k) < I, if and only, if there
exists some € > 0 such that

5+ e_lE3E3T <0. (20)

[1]

T
2

(1]

| +€B



Now, we are in the position to state the problem of
passive output feedback control for fuzzy nonlinear systems.
For given scalar y > 0, design a dynamic output feedback
controller (15) for systems in (2) such that the following two
conditions simultaneously hold:

(a) Mean-square stability: the closed-loop system in (16)
is mean-square stable with w(k) = 0 and finite H > 0:

E {Z i (k)”Z'c«»} <¢ (O HL(0). (2)
k=0

(b) Passive performance: for given scalar y, under zero
initial condition, the following inequality holds for all
nonzero w(k) € 1[0, 00):

ZE{Zz(k) w(k)} y[E<|Zw(k) w(k)]» (22)

3. Main Result

In this section, we are going to research the mean-square
stability and the passive performance of the system in (16); the
corresponding result is presented in the following theorem.

Theorem 4. Given matrices A ;, B.;, and C_, scalarsy > 0, the
closed-loop system in (16) is mean-square stable and satisfies
the passivity, if there exist matrices P, > 0 such that the

inequalities hold:

1 —~T ~T
_Pi _Cij Aij
~T = ~T

x+ -F, -F,—y1 E, |<0 (23)
* * _Pl

foralli, j € ®.
Proof. In order to research the mean-square stability of

the system (16) under condition w(k) = 0, the following
Lyapunov function is constructed:

V@ (K) 2L k)" <ZhiP,-‘1 ) ¢ (k). (24)
i=1

The difference of the Lyapunov function in (24) is defined as
E{AV € ()} 2 E{V € (k+1)| o} -V (K).  (25)

Substituting (16) into (24), we have
{(k) }

E{AV (€ (k))}
ihl*h,h hohd () AP Ay - P (K.

{ k+1)7 (zwp,‘l) C(k+1)
1t=1

(26)

{GH <ZhiP,-1> ¢ (k)
i=1
D)

1i=1j=1

Mw

I

@
I
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Define

T 5-1% -1
Qlij = AijPl Aij - b

Q®m = ¥ Yo,

i=1 j=1

(27)

Then, we can conclude from (26) that E{AV({(k))} <
(k)" Q (k)¢ (k), which means

E{V Qk+ 1)} -V € ®) <R QER(K). (28)

Taking mathematical expectation and summing up the
inequality on both sides from k = 0, 1,..., N, we have

E{V @ (k+1)|q} -V € 0)

(29)
e85 Snren (0 )c0mcn].

k=0i=1 j=1

From the aforementioned inequalities, it is not hard to attain
that, fori, j = 1,...,r, the following inequality holds:

E {ic(k)%(k)} < (s (9))

k=0 (30)

AV @) - E{Vk+ D)}

Considering the nonzero initial condition and E{V({(k))} >
0, as N tends to infinity, from the above inequalities, we can
conclude that

E {Zc <k>Tc<k>} < (M (24)) " €O PL(0)
k=0

(31)

=y (0)7(0),
where A, (") represents the maximum eigenvalues of (-),
Y= (/\max(Q )N P, Vi, j € r,and {(0) is the initial condition.

According to Deﬁn1t10n 2, the closed-loop system is mean-
square stable.

Next, the passive performance for the system in (16) will
be considered, under the zero initial conditions, and an index
is introduced as follows:

N-1
= YE{-22(0 0k - Yo R 0k}, (2)

k=0
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where N is an arbitrary positive integer and nonzero w(k) €
1,10, 00). Similar to the previous derivation, we have

Z Z Zh,hihjhsht

1j=1s=1t=1

N-1

=33

r
k=1I=1i=

ol
20" 0] [4 w (k)
F;
A oy
T T il p-1[% %
LR w®'] K (4 E] [w (k)]
~CR) PSR - Yok @ <k)} :
By using Schur complement to (23), we infer that J,,, < 0 for

any N, which means the system in (16) satisfies the passive
performance. O

4. Dynamic Output Feedback
Controller Design

In this section, we aim to design the parameters of the
controller in (15) based on Theorem 4, such that the closed-
loop system in (16) is mean-square stable and achieves the
passive performance.

Theorem 5. Given scalars y > 0, the system in (16) satis-
fies the mean-square stability and achieves the passivity, if
there exist symmetric positive definite matrices R,S, and

ch,ECj, Cej»VirJi» Ky and scalar € > 0 satisfying following
conditions:
r T T T T
Iy T Iy Iy 0 Iy 0 T 0
* [, Iz 0 0 0 0 0 —eD;
* % I;; 0 IL 0 IL 0 0
* x % —I 0 0 0 O 0
« o+ % % -l 0 0 0 0 |<0, (34)
% % ok ok * —el 0 0 0
* % % * * x —el 0 0
% % % * * * * —el 0
|+ x * * * * * —el |
[R 17 (35)
>0, (35
I S|
where
- V,-R-R' ] -2I
e x K,-S-§"

I, =[-C -CS-apC,]

5
ATR+ LB, AT
T = 5T T AT | ~~T pT
A;  S"AT+aclB
Iy, = [eeL; eoL;S]
Te=Tys = [0 &C,]
~T ~ 2
Ip=-F -F-y1
L, = [E[R E|
Vi -
r =
S _Kl:|
ST
s = By o]
Ty, = [eB]R eB!].
(36)
The parameters of controller can be inferred by
A, =R"AS+aR"BC, +B,L,S+ MA,N"
cj 1 1=cj ¢t cj
B, = MB, (37)
= T
C;=CyN .
Proof. In order to remove uncertain term A(k), the inequali-
ties (22) can be rewritten to the following form:
- T, A&,
’ AN
« -F -F,-y1 E |+X 0 Y;
* * -P,
(38)

+ ink)xi + N]-TA (k)" M+ MA (k) N;
0
+UjAR V] +VARU; <o,

where

z, - A, @BC,
BC]LI AC]
Eij = [Ci &Diccj]
X; =[oL; 0 0]
11T
v;=[o 0 B



N; = [C,; 0 0]
vi=[o -pf off
U; = [Ecj 0 0]

C;=1[0 aCy]

—P[l —6; Zz; eQIiT
* —FiT - F,» - yZI EIT 0
* * -p 0
* * * —€l
* * * *
* * * *
* * * *
* * * *
| * * * *

It is not hard to see that there are no uncertain terms, and
we need to eliminate nonlinearities in order to get parameters
of the controller by Matlab LIM Toolbox. Consider the
following inequality:

(7-Q P (B-Q>0. (4)
It implies that
Q'P'Q=2Q+Q" - P. (42)
Define partition matrices Q, Q‘1 as follows:

Q S N

CINT W
(43)

Q! R M

Mt U’

where Q,Q7', M, N € R".
Then, we can conclude from equation QQ7! =1 that

MNT =T -RS. (44)

Mathematical Problems in Engineering
L =[L; 0]
~ T
Bj=[0 B
~ T
B, =[B! o] .
(39)

Using Schur complement and Lemma 3, we can obtain the
inequalities as follows:

0 C;, 0 C, 0]

0 0 0 0 —-eD

B; 0 eB, 0 0

0 0 0 0 0
I 0 0 o o |<O (40)
« - 0 0 0

* * -l 0 0

* * * —€l 0

* % * * —€l |

Suppose that inequalities (34) and (35) hold, then nonsin-
gular matrices R and S can be obtained, which means that
matrices I — RS are also nonsingular, then the nonsingular
matrices M and N can be inferred by (44).

Define

[R I
Hl = >
| M" 0
(45)
(1 S
H, =
[0 NT
By simple calculation, we can get
QH] - HZ)
R I
H{QH, = H  H, =
IS (46)
Vi Ji
P =H' Hy'
* K
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Based on the partition matrices defined above, then premul-
tiplying and postmultiplying inequalities (34) with diag{H; ",

LH",LI,I,I,I,1}

and diag{H;',I,H;',I,I,1,I,1,1} res-

pectively, we can get

r —T —T =T T
P-Q-Q" -Q'C; Q'A; Q¢l; 0 Q'C,; o
T T
* F,-F,-y1 E 0 0 0 0
* * -Pp, 0 B; 0 B
* * * -l 0 0 0
* * * * -l 0 0
* * * * * —el 0
* * * * * * —el
* * * * * * *
| % * % % % % %

Q'C, o
0 -eD;
0 0
0 0
0 o | <o (47)
0 0
0 0
—€l 0
* —€l |

Employing inequalities (42) and (47), we can obtain

r _ —T —T =T T —T 7
-Q"P'Q -QTc,.j QTA,.j Q'eL, 0 QTCCj 0 QTCCj 0
s -FE-F-yI E 0 0 0 0 0 -eD
* * -P 0 B; 0 B 0 0
* * * -l 0 0 0 0 0
* * * « - 0 0 0 o |<0 (48)
* * * * * —€l 0 0 0
* % * * * * —el 0 0
* * * * * * * —€l 0
L * * * * * * * * —el |
Then, performing congruence transformation to (48) with B,=[07 0 0]"
diag{Q ', I, I, 1, 1,1, 1,1, I}, we get (40).
We can conclude that if inequalities (34) and (35) hold, C, =[-01 -0.1 03]
then we can guarantee that inequalities (40) meet the con- T
dition, which implies that inequalities (22) hold. In short, if E, = [0-001 0.003 0-006]
inequalities (34) and (35) hold, then the closed system in (16) D =04
. 1. . .. 1 = VU
is mean-square stability with the guaranteed passivity. O
F, = 0.001
5. Numerical Example . [ 11 1 ]
In this section, the results will be demonstrated by the 'oloa 03 -06]
following example for system (2) which is expressed by T'-S (49)
fuzzy model with two IF-THEN rules (r = 2).
Rule 2.
Rule 1. 0.6 0.8 —0.9
0.3 0.6 0.8 A= 03 060
-0.6 04 0.7
A =[-0207 01
025 0 06 B,=[05 0 0]"



TaBLE 1: y* with different actuator faults.

¥ 0.2731

Actuator faults

0.2741

@ =1la =1 & =09, =0.1

TaBLE 2: ) — p.
yz 0.2731 0.2737 0.4986
Quantization density p 0.9 0.6 0.2
C, =[-0.05 —-0.05 0.2]
E, = [0.003 0.006 0.001]T
D, = 0.6,
F, =0.002
1 0 1
L,= .
-0.1 0.4 0.6
(50)

First, considering the quantization parameters assumed to be
0, = 0, = 0.05, we study the effect of different actuator
failure model on the system passive performance, which
are presented clearly in Table 1. From Table 1, we can see
that, when the actuator failures increase, the system passive
performance will degrade.

Then, we consider the influence of different quantization
density on the system passive performance under conditions
« = 09, a; = 0.6. From Table 2, we can conclude that
the system performance will decrease when the quantization
density reduces.

Now, we assume that the quantization parameters are
0, = 0, = 0.05 and the actuator failures are &; = 0.9,
«, = 0.6. e is chosen to be € = 1. According to Theorem 5 and
using the LMI Toolbox, we obtain the minimum of passive
performance y2 = 0.2731 and the corresponding output
feedback controller parameters are as follows:

©0.0694 1.0686 —11.4408
A, = 00600 -0.7322 -0.6388
[ —0.2004 2.9238 -2.0978
5 10.0596 —4.0088 11.46721"
7 04984 -0.5796 1.6838

C,, = [-0.0070 0.0037 1.5097]

(51)
[ 0.2180 -1.1328 8.6790
A, =1-0.0508 0.8610 1.4932
| 0.2198 -3.1868 1.1138
[—0.8860 3.7404 —11.4998 T
B, =

| 0.1464 0.2686 -1.8178

C., = [0.0002 0.1105 5.5350].
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0.02
0.015
0.01

g

8

2. 0.005

L

5

& 0

o

2 .

£ _0.005 |

L

=

-0.01 -

—0.015

-0.02 : : : - )

0 20 40 60 80 100
k
— x,(k) —- x3(k)
--- x;(k)
FIGURE 1: The state response of x(k).
0.015

0.005 |

The controlled output

-0.005

-0.01 s s s - -
0 20 40 60 80 100
— z(k)

FIGURE 2: Controlled output z(k).

The disturbance noise is

-05 0<k<10
v(k)=105 11<k<50 (52)

0 51 < k < 60.

Then, we can obtain the trajectory of the states which
are shown in Figure 1. Figure 2 demonstrates the controlled
output of the closed-loop system, and Figure 3 depicts the
state response of x. (k) in the closed-loop system.

6. Conclusion

In this paper, we have investigated the passive dynamic
output feedback control of the fuzzy discrete nonlinear
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0.01

0.005

—-0.005

The state response of x (k)

-0.01 -

-0.015 )
0 80 100

— x(k)
--— xp(k)

== xea(k)

FIGURE 3: The state response of x_(k).

system with quantization and actuator failures, where the
measurable output is quantized by a logarithmic quantizer.
The robust passive dynamic output feedback controller has
been proposed to deal with the effects of the actuator failures
and mitigate quantization effects. Sufficient condition has
been obtained to guarantee that the closed-loop system is
mean-square stable and achieves the passive performance. A
numerical example has been provided to show the effective-
ness of the proposed approach.
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