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Abstract

This research work proposes a six-term novel 3-D jerk chaotic system with two exponential nonlinearities. This work
also analyses system’s fundamental properties such as dissipativity, equilibria, Lyapunov exponents and Kaplan-Yorke
dimension. The phase portraits of the jerk chaotic system simulated using MATLAB, depict the strange chaotic attractor
of the system. For the parameter values and initial conditions chosen in this work, the Lyapunov exponents of the novel
jerk chaotic system are obtained as L; = 0.24519, L, = 0 and L; = —0.84571. Also, the Kaplan-Yorke dimension of the
novel jerk chaotic system is obtained as Dgy= 2.2899. Next, an adaptive backstepping controller is designed to stabilize
the novel jerk chaotic system having two unknown parameters. Moreover, an adaptive backstepping controller is
designed to achieve global chaos anti-synchronization of two identical novel jerk chaotic systems with two unknown
system parameters. Finally, an electronic circuit realization of the novel jerk chaotic system is presented using SPICE to

confirm the feasibility of the theoretical model.
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1. Introduction

Nonlinear dynamics occurs widely in engineering, physics,
biology and many other scientific disciplines [1]. There is
great interest in the chaos literature in discovery of chaos in
nature and physical systems. Poincaré was the first to notice
the possibility of chaos according to which a deterministic
system exhibits aperiodic behaviour that depends on the
initial conditions, thereby rendering long-term prediction
impossible [2].

Chaotic systems are nonlinear dynamical systems which
are sensitive to initial conditions, topologically mixing and
also with dense periodic orbits [3]. The sensitivity to initial
conditions of a chaotic system is indicated by a positive
Lyapunov exponent. A dissipative chaotic system is
characterized by the condition that the sum of the Lyapunov
exponents of the chaotic system is negative.

Since the discovery of a chaotic system by Lorenz [4]
while he was modelling weather patterns with a 3-D model,
there is great interest in the literature in the modelling of
new chaotic systems. Many paradigms of 3-D chaotic
systems have been discovered such as Rdssler system [5],
Rabinovich system [6], ACT system [7], Sprott systems [8],
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Chen system [9], Lii system [10], Shaw system [11], Feeny
system [12], Shimizu system [13], Liu-Chen system [14],
Cai system [15], Tigan system [16], Colpitt’s oscillator [17],
Zhou system [18],etc.

Recently, many 3-D chaotic systems have been
discovered such as Li system [19], Pan system [20],
Sundarapandian system [21], Yu-Wang system [22],
Sundarapandian-Pehlivan system [23], Zhu system [24],
Vaidyanathan systems [25-30], Vaidyanathan-Madhavan
system [31], Pehlivan-Moroz-Vaidyanathan system [32],
Jafari system [33], Pham system [34], etc.

The study of chaos theory in the last few decades had a
big impact on the foundations of Science and Engineering
and has found several engineering applications.

Some important applications of chaos theory can be cited
as oscillators [35, 36], lasers [37, 38], robotics [39-43],
chemical reactors [44,45], biology [46,47], ecology [48,49],
neural networks [50-52], secure communications [53-56],
cryptosystems [57-60], economics [61-63], etc.

Furthermore, control and synchronization of chaotic
systems are important research problems in the chaos
literature.

The study of control of a chaotic system investigates
methods for finding feedback control laws that globally
asymptotically stabilize or regulate the outputs of a chaotic
system. Some important methodologies used for this study
are active control [64-67], adaptive control [68-74], sliding
mode control [75-77], backstepping control [78,79], etc.
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Also, since the pioneering research work by Pecora and
Carroll [80], many different methodologies have been
developed for synchronization of chaotic systems such as
active control [81-91], time-delayed feedback control
[92,93], adaptive control [94-105], sampled-data feedback
control [106-109], backstepping control [110-116], sliding
mode control [117-121], etc.

Especially, the study of anti-synchronization of chaotic
systems involves a pair of chaotic systems called master and
slave systems, and the design problem is to find an effective
feedback control law so that the outputs of the master and
slave systems be equal in magnitude and opposite in sign
asymptotically. In other words, when anti-synchronization is
achieved between the master and slave systems, the sum of
the outputs of the two systems converges to zero
asymptotically with time.

In the recent decades, there is some special interest in the
chaos literature in finding novel chaotic systems, which can
be expressed by an explicit third order differential equation
describing the time evolution of the single scalar variable x
given by
X = j(x, %, %) (1

The differential equation (1) is described as “jerk
system” because the third order time derivative in
mechanical systems is called jerk [122]. Thus, in order to
study different aspects of chaos, the ODE (1) can be
considered instead of a 3-D system.

It is well-known that the simplest jerk function that
generates chaos is due to Sprott [123] and this jerk function
contains just three terms with a quadratic nonlinearity:
Jlx,%,%) = —AX + %2 — x (with A = 2.017) 2)

Sprott showed that the jerk system with the jerk function
(2) is a chaotic system with the following Lyapunov
exponents L; = 0.0550, L, = 0 and L; = —2.0720. Sprott
also calcuated the corresponding Kaplan-Yorke dimension
of his jerk chaotic system as Dgy = 2.0265.

In this research paper, we propose a 3-D novel jerk
chaotic system with two exponential nonlinearities. First, we
detail the basic qualitative properties of the novel jerk
chaotic system. We show that the novel chaotic system is
dissipative and we derive the Lyapunov exponents and
Kaplan-Yorke dimension of the novel jerk chaotic system.

Next, we derive an adaptive backstepping control law
that stabilizes the novel jerk chaotic system when the two
system parameters are unknown.

Furthermore, we also derive an adaptive backstepping
control law that achieves global chaos anti-synchronization
of two identical 3-D novel jerk chaotic systems with
unknown parameters.

The backstepping control method is a recursive
procedure that links the choice of a Lyapunov function with
the design of a controller and guarantees global asymptotic
stability of strict feedback systems [124,125].

All the main results in this research paper have been
established using adaptive control theory and Lyapunov
stability theory. MATLAB simulations are shown to
illustrate the phase portraits of the novel jerk chaotic system,
dynamics of the Lyapunov exponents, adaptive stabilization
and adaptive chaos anti-synchronization for the 3-D novel
jerk chaotic system derived in this research paper.

25

Finally, an electronic circuit realization of the 3-D novel
jerk chaotic system using SPICE simulations is presented to
confirm the feasibility of the theoretical model.

2. A 3-D Novel Jerk Chaotic System

In the chaos literature, there is some good interest in finding
chaotic jerk functions having the special form

¥+ A% + % = G(x), 3)

where G is a nonlinear function having some special
properties [125].

Such systems are called as chaotic memory oscillators in
the literature. In [125], Sprott has made an exhaustive study
on autonomous conservative and dissipative chaotic systems.
Especially, Sprott has listed a set of 16 chaotic memory
oscillators (Table 3.3, p. 74, [42]) named as MOy, MOy, -+,
M 0,5 with details of their Lyapunov exponents.

Sprott’s system MO;;is described by the third order
ordinary differential equation
X+Xi+x=5—exp(x) 4

It is convenient to express the Sprott differential
equation (4) in a system form as:

d

dx;

P (5)
d

% = 5—exp(x) —x; — X3

Eq. (5) represents Sprott’s 3-D jerk chaotic system
having six terms on the R.H.S. with one exponential
nonlinearity.

We have chosen the initial conditions for the Sprott
system (5) as:

x%,(0) = 1.5, x,(0) = 0.6, x3(0) = 1.8 (6)

Fig. 1 depicts the strange attractor of the Sprott jerk
system (5) for the chosen initial conditions.

20 -30

Fig. 1. The strange attractor of the Sprott jerk chaotic system.

The Lyapunov exponents of the Sprott jerk system (5)
are calculated as:
L, =0.03514,L, = 0 and L; = —1.30479. (7

Thus, the maximal Lyapunov exponent (MLE) of the
Sprott jerk system (5) is L, (Sprott) = 0.03514.

Since the sum of the Lyapunov exponents in (7) is
negative, the Sprott jerk system (5) is a dissipative chaotic
system.
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In this research work, we propose a new jerk system,
which is given in system form as:

dx;

ax %2

dx,

% % (®
dx.

d—: = a—exp(x;) —exp (x;) — bxs

In Eq. (8), a and b are assumed to be positive constant
parameters.

In this paper, we shall show that the system (8) is chaotic
when the parameters a and b take the values:

a=18,b=0.6 9)

We note that both the Sprott jerk system (5) and the
novel jerk system (8) contain the same number of terms on
the R.H.S.

However, the two systems are not topologically
equivalent since we have replaced the linear term (—x,) in
the third differential equation of the Sprott system (5) with
an exponential nonlinearity — exp(x,) in the novel system
(8). As a consequence, the phase portraits of the two jerk
chaotic systems (5) and (8) will be different.

For the parameter values in the chaotic case (9) and the
initial conditions given in (6), the Lyapunov exponents of
the novel jerk chaotic system (8) are obtained as:

L, =0.24519,L, = 0 and L; = —0.84571. (10)
Thus, the maximal Lyapunov exponent (MLE) of the

novel jerk system (8) is L,(Novel System) = 0.24519

which is significantly higher than L, (Sprott) = 0.03514.

Since the sum of the Lyapunov exponents in (10) is
negative, the novel jerk chaotic system is dissipative.

For the numerical simulations of the novel jerk chaotic
system (8), we have taken the parameter values as in the
chaotic case (9) and the initial conditions as (6).

Figure 2 depicts the chaotic attractor of the novel jerk
system (8) in 3-D view, while in Figs. 3-5, the 2-D
projections of the strange chaotic attractor of the novel jerk
chaotic system (8) on (x4, x5), (x5, x3) and (x5, x;) planes,
are shown, respectively.

X 20 25 X

Fig. 2. The strange attractor of the novel jerk chaotic system.
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Fig. 3. 2-D projection of the novel chaotic system on (x;, x,)-plane.
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Fig. 5. 2-D projection of the novel chaotic system on (x;, x3)-plane.

3. Properties of the 3-D Novel Jerk Chaotic System

In this section, we analyse 3-D novel jerk chaotic system (8)
and detail its fundamental properties like dissipativity,
symmetry and invariance, equilibria, Lyapunov exponents
and Kaplan-Yorke dimension.

3.1. Dissipativity

In vector notation, we may express the system (8) as:
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0 1 0
fr(x1, %2, %3) J(x) = [ 0 0 1 ] (19)
L= ) = |l x2,%3) (11) —exp (1) —exp (x,) b
dt
f3(x1, %2, X3) . . ST . .
The Jacobian matrix at the equilibrium E, is obtained
where as:
0 1 0
f1(xq, %2, x3) - X2 12 Jo=JE)=| 0 0 1 ] (20)
fa(x1,%2,%3) = x3 (12) -18 -1 —-06
f3(x1,x2,%3) = a—exp(x;) —exp(xy) — bxs
Using MATLAB, we find the eigenvalues of ], as:
We take the parameter values as in the chaotic case, viz.
a=18 and b = 0.6 Ay = —2.6995, 1,5 = 1.0498 + 2.3592i 21
Let Q be any region in R® with a smooth boundary and
also Q(t) = ®.(Q), where @, is the flow of f. Thus, the equilibrium E, is a saddle-focus point, which
Furthermore, let V(t) denote the volume of Q(t). is unstable.
By Liouville’s theorem, we have
av 3.3. Lyapunov Exponents and Kaplan-Yorke Dimension

i ﬂ(t)(V-f)dx1dx2dx3 (13)
For the chosen parameter values (9) and initial conditions
The divergence of the novel jerk chaotic system (8) is ~ (0), the Lyapunov exponents of the novel jerk chaotic
casily found as: system (8) are obtained using MATLAB as:

Ly = 0.24519,L, = 0,L; = —0.84571 22
V-op=28 4006 o 06 (14) ! 2 3 22)

ax ax ox
' ’ ’ Since the spectrum of Lyapunov exponents (22) has a

Substituting (14) into (13), we obtain the first order ODE positive term Ly, it follows that the 3-D novel jerk system (8)

is chaotic.
Y_ _06 V(t) (15) The maximal Lyapunov exponent (MLE) of the novel
dat ' jerk chaotic system (8) is L; = 0.24519.
. i1 the uni Luti ) Since the sum of the Lyapunov exponents is negative, it
Integrating (15), we obtain the unique solution as: follows that the novel jerk chaotic system (8) is dissipative.
Also, the Kaplan-Yorke dimension of the novel chaotic
V(t) = exp(—0.6 t) V(0) (16)  gystem (1) is calculated as:
It is evident from Eq.(16) that V(t) — 0 exponentially as Dy =2 + L|1+L|2 = 2.2899 (23)
t > oo, 3
: otk chaofi . ‘
diss’il;)l:tsivzhows that the novel jerk chaotic system (8) is Fig. 6 depicts the dynamics of the Lyapunov exponents

Hence, the system limit sets are ultimately confined into of the novel chaotic system (1).

a specific limit set of zero volume, and the asymptotic
motion of the novel jerk chaotic system (8) settles onto a 2

strange attractor of the system.
15
3.2. Equilibrium Points '
[
£ 05 -
The equilibrium points of the novel chaotic system (8) are 5 L, =0:24519
obtained by solving the following system of equations (with & olae
a=18andb = 0.6) ¢ L,=0
0 0.5
>
X2 = 0 8
{ x3 = 0 (17) 2 ‘ L3 =-0.84571
a—exp(x;) —exp(xy) —bx; = 0 :; "
A simple calculation yields the unique equilibrium point 2
2.8904 25
Eo=] 0 (18)
0 -30 160 260 360 460 560 660 700 800 900 1000
Time (sec)

The Jacobian matrix of the system (8) at x is given by
Fig. 6. Dynamics of the Lyapunov Exponents of the Novel System.

27
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4. Adaptive Backstepping Control of the 3-D Novel Jerk
Chaotic System

In this section, we use backstepping control to derive an
adaptive feedback control law for globally stabilizing the
3-D novel jerk chaotic system with unknown system
parameters.

Thus, we consider the 3-D novel jerk system given by

d
dx.

2 = x (24)
% = a—exp(x;) —exp (x) —bxs+u

In (24), a and b are unknown constant parameters, and u
is a backstepping control law to be determined using
estimates A(t) and B(t) for a and b, respectively.

The parameter estimation errors are defined as:

a—A(t)

eq(t)
{eb(t) = b-B() @5)
Differentiating (25) with respect to t, we obtain
dea  _ _d4
dt dt
dey __aB (26)
a dt

Next, we shall state and prove the main result of this
section.

Theorem 1. The 3-D novel jerk chaotic system (24) with
unknown parameters a and b is globally and exponentially
stabilized by the adaptive feedback control law

u(t) = —3x; — 5x, — (3 — B(t))x3 — A(t) +

2
+ exp(x;) + exp(x,) — kzs @7
where k > 0 is a gain constant, with
Z3 = 2%, + 2%, + X3 (28)

and the update law for the parameter estimates is given by

dA
x - B

s _ (29)
% - X3Z3

Proof. We prove this result via backstepping control
method and Lyapunov stability theory.
First, we define a quadratic Lyapunov function

Vi(z)) =22 (30)
where
Z1 =X (1)

Differentiating V; along the dynamics (24), we obtain

an

p” (32)

=X1Xy = _212 +z1(x1 + x2)

28

Now, we define

Z, =X, + X, (33)
Using (33), we can simplify (32) as:
av;
d—; =—z%+ 27, (34)
Next, we define a quadratic Lyapunov function
1 1
Vo(zy,2,) = Vi(z)) + ;Zzz = ;(212 +23) (3%5)

Differentiating V, along the dynamics (24), we obtain

an

= = —z2 — 72 + 2,(2x; + 2x, + x3) (36)
Now, we define
Zg = 2% + 2%, + x5 (37
Using (37), we can simplify (36) as:
2 —z2 — 72 + 7,25 (38)
dt
Finally, we define a quadratic Lyapunov function
12,1 2,12
V(z, eqep) = Vo(21,2,) + Sz3 tseq+oep (39)

From (39), it is clear that V is a positive definite function
on R5.
Differentiating V along the dynamics (24), we obtain

av dA dB

dt——zlz—zzz—z32+z35—eag—ebz (40)
where
S=z3+z,+ 2=zt +200 272452 4
Simplifying the equation (41), we obtain
S=3x,+5x,+B3—-b)x;+a-— (42)
—exp(x;) —exp(x,) +u
Substituting the control law (27) into (42), we obtain
S=(a—A®)—(b—B(®))x; — kz; (43)
Using (25), we can simplify the equation (43) as:
S=e, —epx3—kz; (44)

Substituting the value of S from (44) into (40), we obtain

av da
Sz - 1+ +e(z-2)+ (45
dB
+ep (—x3z3 - E)
Substituting (29) into (45), we obtain
av
== -zt —z2 — (1 + k)z? (46)
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Thus, it is clear that % is a negative semi-definite
function on R,

From (46), it follows that the  vector
z(t) = (z,(t), z,(t), z3(t)) and the parameter estimation
error (e, (t), e, (t)) are globally bounded, i.e.

[z:(t) 2z2(8) z3(t) e,(t) e,(0)] € Lo (47)
Also, it follows from (46) that
T <—zf -z —7f =z’ (48)
That is,
2o W
lz? < -2 (49)
Integrating the inequality (49) from 0 to t, we get
Lllz@l2de <V (0) - V(t) (50)

From (50), it follows that z(t) € L,, while from (24), it
can be deduced that % €L,

Thus, using Barbalat’s lemma [126], we can conclude
that z(t) » 0 exponentially as t — co for all initial
conditions z(0) € R3.

Hence, it is immediate that x(t) - 0 exponentially as
t — oo for all initial conditions x(0) € R3.

This completes the proof. u

For numerical simulations, the classical fourth-order
Runge-Kutta method with step size h = 1078 is used to
solve the system of differential equations (24) and (29),
when the adaptive control law (27) is applied.

The parameter values of the novel 3-D jerk chaotic
system (24) are chosen as in the chaotic case, viz. a = 18
and b = 0.6. The positive gain constant k is taken as k = 8.

Furthermore, as initial conditions of the novel jerk
chaotic system (24), we have chosen x;(0) = 8.3,x,(0) =
—5.2 and x5(0) = 12.7.

Also, as initial conditions of the estimates A(t) and B(t),
we have taken A(0) = 15.4 and B(0) = 9.2.

In Fig. 7, the exponential convergence of the controlled
states  x;(t), x,(t), x3(t) is depicted, when the adaptive
control law (27) and parameter update law (29) are
implemented.

Time (sec)
Fig. 7. Time-History of the Controlled States x; (t), x, (t), x5 (¢).
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5. Adaptive Backstepping Anti-Synchronization of the
Identical 3-D Novel Jerk Chaotic Systems

In this section, we use backstepping control method to
derive an adaptive control law for globally and exponentially
anti-synchronizing the identical 3-D novel jerk chaotic
systems with unknown system parameters.

Thus, the master system is given by the novel jerk
chaotic dynamics

d

d

Lo (51)
d

f = a—exp(x;) —exp (x;) — bxs

Also, the slave system is given by the controlled novel
jerk chaotic dynamics

dy; _

w - Y2

dy, _

- = s (52)
da

=2 = a—exp(y) —exp (v2) — bys +u

In (51) and (52), the system parameters a and b are
unknown and the design goal is to find an adaptive feedback
control u that uses estimates A(t) and B(t) for the
parameters a and b so as to render the states of the systems
(51) and (52) fully anti-synchronized asymptotically.

The anti-synchronization error between the novel jerk
chaotic systems (51) and (52) is defined as:

e, = ynitx
ez = Y2tx; (53)
es = y3tx;
Thus, the anti-synchronization error dynamics is
obtained as:
d
e _
ddt 3 (54)
=5 = 2a-—bes—exp(y;) —exp (v2)
—exp(xy) —exp(x,) +u
The parameter estimation errors are defined as:
eq(t) a—A(t)
{eb(t) = b-B(D) (53)
Differentiating (55) with respect to t, we obtain
dea  _  _d4
dt dt
dey _ _aB (56)
a dt

Next, we shall state and prove the main result of this
section.

Theorem 2. The 3-D novel jerk chaotic systems (51) and
(52) with unknown parameters a and b are globally and
exponentially anti-synchronized by the adaptive feedback
control law
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u(t) = —3e;—5e,—(3—B(t))e; —24(t) + Z—‘: =—z}—z2 -z} + 2,5~ eaz—j - ebg (70)
+exp(yy) + exp(y,) + exp(xy) + (57)
+exp(x,) — kzg where
where k > 0 is a gain constant, with S=2z3+2z, +d£=z3+zz+2dﬁ+2dﬁ+& (71)
dt dt dat  de
73 = 2e; + 2e; + e3, (58) Simplifying the equation (71), we obtain
and the update law for the parameter estimates is given by S =3e;+5e, + (3—b)es + 2a — exp(y,) (72)
—exp (¥2) — exp(xy) —exp(x,) +u
@ = 273
g; (59) Substituting the control law (57) into (72), we obtain
% - €%
S=2(a—A®) - (b—B())es — kz; (73)
Proof. We prove this result via backstepping control
method and Lyapunov stability theory. Using (55), we can simplify the equation (73) as:
First, we define a quadratic Lyapunov function
S=2e,—epe; —kz; (74)
1.2
Vi(z,) = 24 (60) Substituting the value of S from (74) into (70), we obtain
av dA
where Sz - 1+ +e(222-2) (75
dB
z=¢€ (61) tep (—6323 - ;)
Differentiating V, along the dynamics (54), we obtain Substituting (59) into (75), we obtain
av 2 2 2
e — — — 1
% =eje, = —z{ +zi(e; + &) (62) dt 7=z = A+ (76)

o av . . . .
Thus, it is clear that — is a negative semi-definite
Now, we define dat

function on R°>.

(63) From (76), it follows that the  vector
z(t) = (z,(t), z,(t), z3(t)) and the parameter estimation
error (e, (t), e, (t)) are globally bounded, i.e.

Z, =e te,

Using (63), we can simplify (62) as:
z1(t) zZy(t) z3(t) ey (t) ey(t)] € Lo 77
Bt ens oy O 2O 50 WO oo (77)
Also, it follows from (76) that

Next, we define a quadratic Lyapunov function

av
L T <zt -z3—2% = —all? (78)
Vo(z1,2,) = Vi(z1) + ;Zzz = ;(212 +23) (65)
That is,
Differentiating V, along the dynamics (54), we obtain
2 av
lzll? < ~ 5 (19)
% = —22 — 722 + 7,(2e, + 2e, + €3) (66)

Integrating the inequality (79) from O to t, we get

Now, we define

Lllz@li2dr <v(0) - V(t) (80)
Z3 = 2e, + 2e, + e (67) . . .
From (50), it follows that z(t) € L,, while from (54), it

Using (67), we can simplify (66) as: can be deduced that % € L.
Thus, using Barbalat’s lemma [126], we can conclude
%2 =—z}— 72 + 7,2, (68)  that z(t) > 0 exponentially as t - oo for all initial

conditions z(0) € R3.

Hence, it is immediate that the anti-synchronization error
e(t) » 0 exponentially as t — oo for all initial conditions
e(0) € R3.

Thus, it follows that 3-D novel jerk chaotic systems (51)
and (52) are globally and exponentially anti-synchronized

From (69), it is clear that V is a positive definite function  for all initial conditions x(0),y(0) € R3.
on R®. This completes the proof. u

Differentiating V along the dynamics (54), we obtain

Finally, we define a quadratic Lyapunov function

V(z, eq ep) = Vo(zy,2,) + %zf + ieﬁ + %elf (69)

30
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For numerical simulations, the classical fourth-order
Runge-Kutta method with step size h = 1078 is used to
solve the system of differential equations (51), (52) and (59),
when the adaptive control law (57) is applied.

The parameter values of the novel 3-D jerk chaotic
systems (51) and (52) are taken as in the chaotic case, viz.
a = 18 and b = 0.6. The positive gain constant k is taken as
k =8.

Furthermore, as initial conditions of the master system
(51), we take x;(0) = 4.3,x,(0) = —2.1 and x3(0) = 5.7.
As initial conditions of the slave system (52), we take
v:(0) = —2.7,y,(0) = 6.4 and y;(0) = 3.9.

Also, as initial conditions of the estimates A(t) and B(t),
we take A(0) = 4.5 and B(0) = 3.8.

In Figs. 8-10, the anti-synchronization of the states of the
master system (51) and slave system (52) is depicted, when
the adaptive control law (57) and parameter update law (59)
are implemented. In Fig. 11, the time-history of the anti-
synchronization errors e, (t), e,(t), e3(t) is depicted.

Time (sec)

. 8. Anti-Synchronization of the States x, (t) and y, (t).

L L L ' L
2 4 6 8 10 12 14 16

Time (sec)

Fig. 9. Anti-Synchronization of the States x,(t) and y, (t).
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Fig. 10. Anti-Synchronization of the States x5 (t) and y,(t).
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Fig. 11. Time-History of the Errors e; (t), e, (t), e5(t).

6. Circuit Realization of the Novel Jerk System

In this section, we proposed an electronic circuit modelling
the new jerk system (8). Because the circuit is designed
following an approach based on operational amplifiers
[31,33], the state variables of system (8) are scaled down to
obtain chaotic attractors in the dynamical range of
operational amplifiers. Hence, the new jerk system (8) can
be written as:

dx,
X X,

at

ax,

-z = X, (81)
dax 1 1

d—: = %— sexp(4X,) — - exp (4X;) — bX;

in which X, = x: X,

the designed circuit is shown in Fig. 12.

%2 and X3 = %3. The schematic of

By applying Kirchhoff’s laws to the electronic circuit, its
nonlinear equations are derived in the following form:
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dvc, _ 1
a RiC; G2
1C1
dvc, _ 1
a RyC; €3
dve 1 1 R 82
s - V, ——exp ((1+—8) vcl) (82)
dt R3C3 R4Cs R,
1 R 1
———exp (1+ﬁ)vc -—
RsC3 Ry 2 R¢C3 3

where v¢ , vc,, V¢, are the voltages across the capacitors C;,
C,, and Cj3, respectively.

Here the state variables X;, X,, X5 of system (81) are
the voltages v¢,, vc,, Vc,, respectively.

C

Fig. 12. Circuit diagram for realizing the six-term novel 3-D jerk
chaotic system (81).

The values of the electronic components in Fig. 12 are
chosen to match known parameters of system (20):
R =R =R, =Ry =R, =R;,= 100 kQ, R, = 200 kQ,
Ry = Rs = 400 kQ, Rs = 166.666 kQ, Rg = Ryy =300 kQ,
Ci=Cy=C;=1nF, and V, = -9 Vpc. The power supplies of
all active devices are =15 Volts.

The proposed circuit is implemented by using the
electronic simulation package Cadence OrCAD. Figs 13-15
show the obtained phase portraits in (vcl,vcz)-plane,
(UCZ,UC3)-p1ane, and (vcl,vc3)-p1ane, respectively. Clearly,
the circuital results agree well with numerical simulation
results.
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7. Conclusion

A six-term novel 3-D jerk chaotic system with two
exponential nonlinearities is presented in this work.
Fundamental dynamics of new system are investigated
through dissipativity, equilibria, Lyapunov exponents and
Kaplan-Yorke dimension. In addition, an adaptive
backstepping controller is designed not only to stabilize the
novel jerk chaotic system with two unknown parameters but

also to achieve global chaos anti-synchronization of two
identical such systems with two unknown system
parameters. Furthermore, an electronic circuit realizing of
the novel jerk chaotic system confirms the feasibility of the
theoretical model. Hence, it is believed that the new jerk
system can be used in diverse chaos-based applications.
Complex dynamical behaviors of this system will be further
studied in the future researches.
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